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ABSTRACT

Language models are increasingly adopting smaller architectures optimized for
consumer devices. In this setting, inference efficiency is the primary constraint.
Meanwhile, vocabulary sizes continue to grow rapidly, making the classification
head a critical bottleneck that accounts for up to 60% of model parameters, and
50% of inference compute. We introduce FlashHead, the first efficient drop-in
replacement for the dense classification head that is training-free and hardware-
friendly. FlashHead builds on principles from information retrieval, where the
output head is viewing the output head as a retrieval problem rather than a dense
computation. FlashHead introduces four key innovations: (1) equal-sized cluster-
ing of embeddings, (2) multi-probe retrieval to model heads, (3) a novel inference-
time sampling mechanism, and (4) selective quantization, enabling effective low-
bit computation in the head. Experiments on Llama-3.2, Gemma-3, and Qwen-3
show that FlashHead delivers model-level inference speedups of up to 1.75x while
maintaining output accuracy compared to the original head. By overcoming the
classification head bottleneck, FlashHead establishes a new benchmark for effi-
cient inference and removes a key barrier to developing smaller, capable models
for consumer hardware.

1 INTRODUCTION

As small language models (SLMs) become central to wide adoption of machine learning systems
across society, their deployment on consumer-grade hardware is becoming increasingly important
Belcak et al. (2025); Shakhadri et al. (2024); Lu et al. (2025); Zhang et al. (2025). In state-of-the-
art SLM architectures such as Llama-3.2 Research (2024), Gemma 3 Team (2025), and Qwen 3
Yang et al. (2024), the classification head alone accounts for between 20% and 60% of total model
parameters and dominates inference cost. As the general trend is toward increasing vocabulary sizes
Tao et al. (2024), this problem is likely to be a central challenge for efficient inference in SLMs.

Prior to the recent emphasis on SLMs, research on efficient deployment of large language models
concentrated almost entirely on the transformer body. Quantization techniques Frantar et al. (2022);
Lee et al. (2024); Lin et al. (2024) were developed to compress weights and activations while main-
taining model accuracy, yet these methods explicitly avoid quantizing the classification head. This
limitation is also reflected in inference frameworks like vLLM Kwon et al. (2023), which as of the
latest release leave the output head in higher precision to avoid accuracy degradation.

Prior work targeting the model head largely predates the current emphasis on SLMs, and relatively
few approaches have been designed with inference efficiency as the primary goal. Proposed methods
span hierarchical softmax Morin & Bengio (2005) and vocabulary-trimming strategies Ushio et al.
(2023), to adaptive output layers Zhao et al. (2021). However, these typically require additional
fine-tuning Mnih & Hinton (2008); Morin & Bengio (2005); Joulin et al. (2017); Chen et al. (2015;
2025); Zhao et al. (2021), task-specific calibration Ushio et al. (2023), or fail to faithfully capture
the full output probability distribution Shim et al. (2017); Zhang et al. (2018).

At their core, these methods view the classification head as a two-stage retrieval mechanism. One
family of approaches replaces the dense head with Approximate Nearest Neighbor (ANN) algo-
rithms Zhang et al. (2018); Chen et al. (2025); Zhao et al. (2021). Variants of the inverted file (IVF)
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index are commonly used, and several methods Chen et al. (2025); Zhao et al. (2021); Chen et al.
(2018) explicitly exploit spherical K-Means Dhillon & Modha (2001) to align with the natural se-
mantic structure of language models Petukhova et al. (2025). Despite their promise, these methods
inherit the same drawbacks noted above.

Motivated by these limitations, we propose FlashHead: the first efficient drop-in replacement for
the dense classification head that is both training-free and hardware-friendly. FlashHead introduces
four key innovations:

1. Equal-sized clustering: We employ a variant of spherical K-means that enforces strictly
equal cluster sizes. This design allows centroids to be packed into compact tensors, en-
abling fast and predictable memory access. To our knowledge, FlashHead is the first LLM
head that clusters token embeddings into strictly equal-sized spherical clusters.

2. Efficient multi-probing: Whereas prior work typically restricts retrieval to the single most
likely cluster, our compact clustering enables aggressive use of multi-probing Lv et al.
(2007). We depart significantly from existing applications of information retrieval in lan-
guage models by scaling from hundreds of clusters to tens of thousands. We achieve this
by employing hundreds to thousands of probes to simultaneously score several clusters.
This expanded probing strategy, designed specifically for inference in language models, is
highly accurate while remaining efficient.

3. Probabilistic probe sampling: Unlike hierarchical softmax, which factorizes and learns
the probability distribution end-to-end, our method naturally bridges retrieval and proba-
bilistic decoding. We introduce a multinomial sampling step at the probe-selection stage,
allowing top-token retrieval and sampling to be seamlessly unified.

4. Selective quantization: FlashHead admits coarse quantization in the first stage of its re-
trieval process. By distributing probability mass across such a large number of clusters and
probes, it becomes naturally robust to quantization. This makes FlashHead the first method
to enable safe and effective quantization of the output head. Flashhead in higher precision
outperforms quantization of the dense head, and in combination with quantization delivers
even greater performance.

The four components are not independent optimizations but synergistic mechanisms, whose combi-
nation is crucial for the overall improvements, as demonstrated in our experiments. Overall, Flash-
Head turns the output head from a dominant bottleneck into a negligible component of inference.
Crucially, the gains are not just at the head level: across all benchmarked models we see consistent
model-level speedups. For instance, FlashHead accelerates Llama-3.2-1B by up to 1.75x, Gemma-
3-270M by 1.35%, and Qwen-3-1.7B by 1.31x, all without retraining and marginal accuracy loss.
Even at the 8B scale, FlashHead delivers a 1.13x speedup where baseline inference already saturates
consumer GPUs. In effect, what previously consumed a large portion of compute is compressed into
an insignificant fraction, enabling state-of-the-art SLMs to run faster and leaner on commodity hard-
ware.

Our main contributions can be summarized as follows:

1. We introduce FlashHead, the first training-free and hardware-friendly drop-in replacement
for the dense classification head, which substantially improves inference efficiency while
preserving accuracy.

2. We provide a comprehensive evaluation of FlashHead against existing alternatives, cover-
ing reasoning, multilingual, and instruction-following benchmarks across multiple model
families, as well as detailed on-device latency measurements.

3. We release a public implementation of FlashHead integrated into several state-of-the-art
models, including Llama 3.2, Gemma 3, and Qwen 3 (available at [REDACTED URL DUE
TO BLIND REVIEW]), to facilitate adoption and further research.

2 RELATED WORK

Research on efficient alternatives to the dense classification head falls into two categories: trainable
replacements and training-free replacements.
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2.1 TRAINABLE REPLACEMENTS

Several works replace the dense head with structures that must be retrained or fine-tuned alongside
the model. Hierarchical softmax organizes the vocabulary into a tree to reduce complexity, but
suffers from tree construction bias and limited flexibility Morin & Bengio (2005). Adaptive softmax
groups tokens by frequency and learns cluster heads jointly with the model Joulin et al. (2017), while
differentiated softmax allocates higher-rank embeddings to frequent tokens and lower-rank ones to
rare tokens Chen et al. (2015).

Prior work has also considered spherical K-means clustering of context vectors as a retrieval mech-
anism for inference Chen et al. (2018). These methods partition queries rather than keys and thus
depend on training-time statistics to define candidate sets. ANN-based training methods such as
ANN-Softmax Chen et al. (2025) or MIDX Sampler Zhao et al. (2021) adopt inverted-file or
product-quantization indexes also based on K-means to accelerate training.

While several of these approaches rely on K-means to partition the vocabulary, they cluster queries
(context vectors) and depend on training-time statistics or retraining to define candidate sets. Flash-
Head clusters the keys (token embeddings) once, offline, and introduces several innovations that
enable a novel multi-probe retrieval, preserving the full probability distribution without any retrain-
ing or data.

2.2  TRAINING-FREE REPLACEMENTS

Training-free replacements avoid retraining and therefore represent the most practical deployment
alternatives. Vocabulary trimming Ushio et al. (2023) discards infrequent tokens using a calibration
set, offering speedups but fundamentally restricting the vocabulary and reducing robustness to rare or
out-of-distribution prompts. SVD-Softmax Shim et al. (2017) pioneered low-rank decompositions
for accelerating large-vocabulary softmax layers. However, because sampling occurs only after
the coarse approximation step, probabilities are reliable primarily for high-likelihood tokens. Fast
Graph Decoder Zhang et al. (2018) introduced approximate nearest neighbor search as a training-
free replacement for classification heads. Its formulation, however, outputs only a top-k candidate
set rather than modeling the full probability distribution, limiting its applicability. With the exception
of vocabulary trimming, these works were developed before the transformer era, when recurrent and
embedding-based models dominated.

FlashHead belongs to the training-free category, while addressing existing limitations. In our exper-
iments we therefore compare primarily to existing training-free replacements, which represent the
most practical deployment alternatives.

3 METHODOLOGY

In LLMs, the dense classification head transforms a d-dimensional hidden state vector h € R¢
(where d is the embedding size) to a vocabulary-sized logit vector. The hidden state vector encodes
the contextual state produced by the model body after processing an input sequence. Concretely,
the classification head applies a single matrix multiplication: z = E x h, where E € R"*¢ is the
output-embedding matrix (with v being the total number of tokens in the vocabulary) to produce the
logit vector. Each row e; is the d-dimensional embedding of token i.

For greedy retrieval the next token is selected as t = argmax(z), i.e. the index of the largest logit
in z.
For probabilistic token sampling, the logits are scaled by a temperature 7 > 0 and converted to a
distribution

y = softmax(%), t ~ Categorical(y).

3.1 CLUSTERING THE EMBEDDING MATRIX
In FlashHead, a one-time offline clustering step is applied to partition the v embedding vectors of

E € R"*? into ¢ < v disjoint clusters {Cy,...,C.}. Specifically, spherical k-means Dhillon &
Modha (2001), a variant of k-means that measures similarity with the cosine metric, is applied.
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Cosine distance is a natural choice because empirical studies show that the semantic information
in token embeddings is largely encoded in their direction, with vector length playing only a minor
role Mikolov et al. (2013).

Objective. Given a number of clusters ¢, spherical k-means minimizes the negative cosine simi-
larity between points and their assigned centroids Dhillon & Modha (2001):

. ° . Z c. €i
1—e]cy), th cp = st
min ) ) (L-elan),  with o= =R o

k=1 i€Cy

Because every centroid is re-normalised after each batch update, the algorithm alternates between
(i) assigning each token to the closest centroid on the sphere, and (ii) recomputing centroid directions
as the mean of the cluster members.

We implement a modified assignment step that enforces an equal cluster size of v/c tokens per clus-
ter (thus c is always a divisor of v). If a cluster exceeds its capacity, its lowest-similarity members
are reassigned greedily to clusters that still have available slots, prioritizing the most similar eligible
centroid. This ensures that all clusters have identical capacity while preserving semantic grouping.
Enforcing exactly equal sized clusters is critical for efficiency as discussed below.

Initialization and convergence. Empirically we converge within a budget of 1000 iterations for
all models evaluated. Clustering is a one-time cost and goes relatively fast. For example clustering
the 128 256-token vocabulary of Llama-3.2 into ¢ = 8016 clusters takes 4 hours on a single A40
GPU.

Centroid matrix. After clustering we store the normalized centroid matrix C € R°*?, In addition,
we require the mapping between clusters and token indices stored in a matrix C2T € R°*?, where b
is the size of the clusters. When clusters are not equalized (for ablation studies), see 4.5, it represents
the largest cluster (rows corresponding to smaller clusters are padded).

3.2 TOKEN RETRIEVAL FROM HIDDEN VECTOR

At inference time, FlashHead transforms the hidden state h € R? into the next token via a dynamic
two-step retrieval process inspired by the inverted file (IVF) index (see Algorithm 1). We support
both decoding scenarios mentioned in Section 3; their key differences in FlashHead are illustrated
in Figure 1.

Deterministic / greedy decoding. For tasks such as classification, after the matrix multiplication
C x h, the top p centroids are selected given the produced centroid logits. FlashHead gathers tokens
in these clusters into a reduced vocabulary embedding matrix E. Given this embedding, token logits
are computed over this smaller set, z = E x h, and the next token is chosen as ¢ = argmax(z).

Stochastic / sampling decoding. For open-ended generation, after the matrix multiplication
C x h, p centroids are sampled without replacement, based on the softmax operation applied on
the centroid logits. As for the deterministic/greedy decoding, FlashHead gathers tokens in these
sampled clusters into a reduced vocabulary embedding matrix E. In the second step, after the ma-
trix multiplication E x h, a token is sampled based on the softmax operation applied on the token
logits.

Complexity. The dense head requires O(vd) multiplications, where v is the vocabulary size.
FlashHead reduces this to
O(cd + pbd),

where c is the number of clusters, b = v/c the cluster size, and p < ¢ the number of probes used at
inference. In practice, p - b < v, yielding significant savings in both compute and memory access.
Notably, as c increases, b decreases, and our design choices allows a practical implementation where
we can exploit this to scale to very large ¢ and p while remaining efficient. We demonstrate this
scalability and its impact on accuracy—efficiency trade-offs in Section 4.5.
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Figure 1: Several clusters of tokens are selected conditioned on the hidden vector produced by
the model body. The reduced subset of token embeddings are multiplied with the hidden vector
to make the final token selection.. Illustration of the proposed FlashHead algorithm, highlighting
the difference between greedy approach of selecting the most likely next token, and the sampling
approach allowing for probabilistic sampling of new tokens.

ee

Next Token

A critical source of efficiency comes from the cluster-to-token mapping C2T. Although not re-
flected in the multiplication count above, C2T governs how token embeddings are retrieved after
probe selection. Enforcing equal cluster sizes allows C2T to be stored as a dense [¢ X b] tensor, so
token indices can be computed with simple modular arithmetic. Without equal cluster sizes, C2T
becomes ragged and requires per-cluster length tracking and masked gathers, which significantly in-
crease memory access cost on accelerators. Section 4.5 shows that equal-sized clustering is essential
to eliminate this overhead while preserving accuracy.

Quantization note. The first stage as described in Algorithm 1 (computing centroid logits C x h)
is straightforward to quantize because (i) it is a fully static matrix multiplication, and (ii) the coarse
centroid probabilities are refined in the second stage using higher-precision token logits. As shown
in Section 4.5, this selective quantization yields significant speedups while maintaining accuracy.

4 EXPERIMENTS

Evaluating language models (LMs) is nontrivial because open-ended generation intertwines correct-
ness, fluency, and factuality Biderman et al. (2024); even small divergences in early tokens can
cascade into valid but different continuations. We therefore report: (i) standard LM benchmark re-
sults on generation and reasoning tasks; (ii) Top-k Containment to isolate head-level fidelity; and
(iii) on-device latency as time-per-output-token, both for the head alone (TPOT™) and the full
model (TPOT).

Models, datasets, and harness. We conduct extensive evaluations across several popular fam-
ilies of models: Llama-3.2, Llama-3.1, Qwen-3, Gemma-3. Unless stated, the base model is
Llama-3.2-1B-Instruct with the LM-Evaluation-Harness for: MMLU-Pro Wang et al.
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Algorithm 1 FlashHead.

Input: Hidden vector generated by the model body h € R?, where d is the embedding size, Em-
bedding Matrix of all tokens E € R¥*d where v is the total number of tokens in the vocabulary.

Hyperparameters: Number of probes p, Number of clusters &

Output: Next token t € R?

Initialize: cluster centroids C € R¥*? < cluster E into k clusters

Inference:
¢ cR¥« Cxh (compute centroid logits)
C, € RF*P + select p centroids given centroid logits ¢’
E € R**? + select tokens from E corresponding to selected centroids C,,, according to C2T.
zZ cR*«— Exh (compute token logits)
t € R? « select next token based on token logits.

Table 1: Evaluation on LM benchmarks. MMLU-Pro (exact_match, custom-extract), HellaSwag
(acc_norm), IFEval (avg. of four metrics), BoolQ (acc_norm), BBH (exact_match), TruthfulQA-gen
(bleu_acc), GSMSK (exact_match) for Llama 3.2 1B Instruct as the baseline.

MMLU
Method Pro Hella " ppoal  BoolQ  BBH Truthful 5y e
Swag QA

Baseline 0.18 0.59 0.45 0.69 0.38 0.36 0.46
Vocab. Trimming ~ 0.18 0.53 0.35 0.65 0.37 0.36 0.46
SVDSoftmax 0.16 0.44 0.44 0.69 0.13 0.36 0.26
FGD — N/A 0.32 N/A — 0.42 —
FlashHead 0.18 0.59 0.45 0.69 0.38 0.36 0.46

(2024), HellaSwag Zellers et al. (2019), IFEval Zhou et al. (2023), BoolQ Clark et al. (2019),
BBH Suzgun et al. (2022), TruthfulQA-gen Lin et al. (2022b), and GSMS8K (8-shot CoT). We use
a combination of alpaca_eval Taori et al. (2023); Dubois et al. (2023), MATH-Hard Hendrycks
et al. (2021) and XNLI Conneau et al. (2018) to get a detailed head-level fidelity on challenging
multilingual/logic datasets. For probability-based tasks (e.g., HellaSwag, BoolQ), FlashHead uses
Monte Carlo sampling to estimate log-likelihoods. To keep runtime tractable, we average over a
100-example subset. We refer the reader to Appendix D.1 for more details on the Monte Carlo
sampling.

Baselines. We compare FlashHead to training-free baselines: Vocabulary Trimming Ushio et al.
(2023), SVDSoftmax Shim et al. (2017), and Fast Graph Decoder (FGD) Zhang et al. (2018).
FGD is CPU-only and float32 (as in the original implementation), so it is omitted where GPU or
probability-based scoring is required. For comparability, we keep method hyperparameters fixed
across tasks: FlashHead uses c=8016 clusters, p=512 probes (unless varied in ablations or used for
other models). Vocabulary Trimming keeps 64,000 tokens (50% of the baseline vocabulary) while
SVDSoftmax uses window size 256 (1/8 of embedding) and 12,000 top-n, both in line with original
implementations. In case of FGD, we use a top K of the nearest neighbors 384, e fSearch = 300,
and M = 40, which are significantly larger than the values used in the original paper Zhang et al.
(2018) to match the larger vocabulary size for the baseline model.

4.1 COMMON EVALUATION BENCHMARKS

Table 1 summarizes task-level performance. FlashHead is the only method to consistently match
the baseline on all aggregate metrics (within rounding). Notably, FlashHead accomplishes this feat
while being significantly faster to execute on-device, see Section 4.3. In Appendix C we also provide
the variance across these tasks between independent clustering runs.
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Table 2: Top-k Containment (¢=8016, p=512) vs. training-free baselines on
Llama-3.2-1B-Instruct. For k=1, containment = accuracy.

Top-1 Top-3
Method Alpaca MATH-Hard XNLI Alpaca MATH-Hard XNLI
Baseline 1.00 1.00 .00 1.00 1.00 1.00
Vocab. Trimming  0.99 0.99 0.51 1.00 1.00 0.69
SVDSoftmax 0.94 0.96 096  0.99 0.99 0.99
FlashHead 1.00 1.00 0.97  1.00 1.00 1.00

Table 3: GPU latency (ms) for head (TPOT) and full model (TPOT) under bfloat16 and int4
heads. Note that FGD lacks GPU support. Extended CPU and parameter results appear in the
Appendix A

Method TPOTH | TPOT (BF16) | TPOT (INT4) |
Baseline 1.94 7.69 3.60
Vocab. Trimming  1.07 (1.81x) 6.82 (1.13%) 2.73 (1.32x)
SVDSoftmax 0.61 (3.18x) 6.36 (1.21x) 2.27 (1.59%)
FGD N/A N/A N/A
FlashHead 0.40 (4.85x) 6.15 (1.25%) 2.06 (1.75x)

4.2 Topr-K CONTAINMENT

To isolate the classification head, we run both the baseline head and modified ones under identical
hidden states and KV-caches and compute Top-k Containment: the fraction of cases where the token
produced by a method appears in the baseline head’s top-k. The results for FlashHead and other
methods is aggregated in Table 2. FlashHead alone attains a near-perfect match in top-1 (within
rounding) on all datasets except for the challenging multilingual dataset XNLI where it achieves
97%. When looking at top-3, FlashHead alone achieves a near-perfect match even for XNLI.

4.3 ON-DEVICE LATENCY

We report TPOT™ (head-only) and end-to-end (model-level) TPOT on an NVIDIA RTX 3500
Ada Generation GPU; additional CPU results and effective parameter reductions are deferred to
Appendix A due to space. Unless noted otherwise, latencies are measured using vLLM Kwon et al.
(2023), averaged over 128 generated tokens, averaged over 100 prompts, with 10 warm-up prompts,
in either bfloat16 or W4A16 (int4) precisions for model computations.

Unless otherwise stated, the batch-size is 1. Because our focus is edge-inference and consumer
devices, where both memory is limited and user queries must be answered immediately, batching
is typically not applicable. As prior work shows Jiang et al. (2018); Wotk et al. (2019); Lin et al.
(2022a)), latency and throughput are commonly reported at batch size 1 to reflect realistic on-device
conditions.

Table 3 shows that FlashHead achieves the best TPOT™ and significantly improves full-model
TPOT.

4.4 GENERALIZATION ACROSS MODELS

Table 4 demonstrates that the head-level speedups translate across families (Llama-3.2, Llama-3.1,
Qwen-3, Gemma-3). These results highlight FlashHead’s robustness as a drop-in head for a wide
variety of language models spanning parameter ranges from 270 million parameters to 8 billion.
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Table 4: BBH and GPU latency improvements across models. Values in parentheses are speedup
factors vs. the dense head. A comprehensive accuracy table and CPU metrics are included in Ap-
pendix B. Note that the 8 billion parameter Llama 3.1 model is too big for inference in bfloatl6
precision (Out-of-Memory, OOM).

Model BBH ¢ TPOTH | TPOT (BF16) | TPOT (INT4) |

Llama-3.2-1B  0.38 — 0.38 1.94 — 0.40 (4.9x) 7.69 — 6.15(1.2x)  3.60 — 2.06 (1.8x)
Llama-3.2-3B 0.57 — 0.57 2.13 — 0.68 (3.1x) 18.60 — 17.15 (1.1x) 7.11 — 5.66 (1.3x)
Llama-3.1-8B  0.71 — 0.70 2.72 — 1.21 (2.2%) OOM 13.55 = 12.04 (1.1x)
Qwen-3-1.7B 045 — 045 1.61 —+0453.6x) 997 =881 (1.1x) 4.85—=3.69 (1.3%)
Gemma-3-270M 0.27 — 0.27 099 — 0.37 (2.7x) 252 —=190(1.3x) 2.38 = 1.76 (1.4x)
Gemma-3-1B 0.38 -+ 0.38 1.66 -+ 0.52(3.2x) 6.77 =+5.63(1.2x) 4.12 =298 (1.4x)

Table 5: Impact of head quantization on BBH and GPU TPOT!. Latencies are measured and
quantization is performed with the transformers Wolf et al. (2020) and HQQ Badri & Shaji (2023)
libraries, due to their support of quantizing language model heads.

Method Precision BBH{ GPU TPOTH |

Baseline BF16 0.381 1.433
INT4 0.369 0.486
FlashHead BF16 0.381 0.320
INT4 0.379 0.258

4.5 ABLATIONS

Quantization of the head. Quantizing dense LM heads often degrades accuracy, which is why
deployment stacks typically avoid it. In contrast, FlashHead’s stage-1 (centroid scoring) is robust
to low-bit quantization because final token probabilities are re-generated in stage-2 in higher preci-
sion. Table 5 shows that FlashHead with an int4 stage-1 achieves TPOTH gains over a quantized
dense head while preserving BBH accuracy much better (bfloat16 FlashHead already matches the
baseline).

Equal-sized clustering. Equal-size clusters enable a dense cluster-to-token mapping (C27') with
predictable memory access and lower gather overhead on accelerators. Table 6 quantifies the benefit:
equal-sized clustering simultaneously improves accuracy and reduces TPOTH.

Number of clusters and probes. FlashHead exposes a smooth latency—accuracy trade-off: in-
creasing probes p or clusters ¢ improves containment, with modest effect on TPOT because cluster
size b=v/c shrinks as ¢ grows. Table 7 shows that while these parameters can be used to trade ac-
curacy for further latency gains, we pick (¢c=8016, p=512) as the default to showcase FlashHead’s
unique ability to maintain accuracy while delivering significant model-level speedups.

5 DISCUSSION

FlashHead is most impactful for small and mid-scale language models, where the classification
head constitutes a large fraction of parameters and runtime. In such settings, our results indicate that
FlashHead reduces the head to a negligible share of overall cost, yielding significant model-level
speedups without any fine-tuning.

A promising direction is extending FlashHead to server-side deployment scenarios where large batch
sizes are critical. In particular, speculative decoding Zhao et al. (2025) has emerged as a key tech-
nique to accelerate inference by generating multiple candidate tokens in parallel. This line of work
would adapt FlashHead beyond edge inference toward high-throughput server settings, where la-
tency—throughput trade-offs differ substantially from consumer hardware. Future work may also
explore tighter integration with inference frameworks, low-level kernel optimizations, and exten-
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Table 6: Equal vs. Unequal clustering on BBH and GPU TPOTH.

Method BBH{ GPUTPOTH |
Unequal clusters  0.371 0.520
Equal clusters 0.381 0.320

Table 7: Top-1 containment and GPU latency as a function of clusters ¢ and probes p. We report
head latency (TPOT™) and full-model TPOT in BF16/INTA4.

Top-1 GPU Latency (ms)

#clusters #probes

H TPOT TPOT
Alpaca MATH-Hard XNLI =~ TPOT" | (BF16) | (INT4) |

Baseline 1.00 1.00 1.00 1.94 7.69 3.60
4008 128 0.99 0.99 0.93 0.18 (10.78x) 5.93 (1.30x) 1.84 (1.96x)
256 0.99 0.99 0.95 0.33(5.88x) 6.08 (1.26x) 1.99 (1.80x)
512 1.00 1.00 097 0.58 (3.34x) 6.33(1.21x) 2.24 (1.61x)
8016 128 0.98 0.99 093 0.12(16.17x) 5.87 (1.31x) 1.78 (2.02x)
256 0.99 1.00 096 0.17 (11.41x) 5.92 (1.30x) 1.83 (1.97x)
512 1.00 1.00 0.97 040 (4.85x) 6.15(1.25x) 2.06 (1.75%)
16032 128 0.99 1.00 096 0.21(9.24x) 5.96(1.29x) 1.87 (1.92x)
256 0.99 0.99 097 0.28 (6.93x) 6.03 (1.28x) 1.94 (1.86x)
512 1.00 1.00 0.99 0.30(6.47x) 6.05(1.27x) 1.96 (1.84x)

sions beyond text, such as adapting FlashHead to multimodal models. Another promising direction
is to combine FlashHead with training-time modifications, or to accelerate the training process itself,
potentially improving efficiency further.

There are also limitations. FlashHead does not provide a closed-form probability distribution over
the entire vocabulary. This is not a drawback at inference time, but for evaluation in a research
setting, we need to compute probability distributions over all tokens in the vocabulary which we
currently do via Monte Carlo simulations, see Appendix D.1 for more details, which slows down
likelihood-based evaluation. The clustering itself introduces modest additional storage, though this
overhead is negligible compared to full model size.

6 CONCLUSIONS

We introduced FlashHead, the first training-free and hardware-friendly replacement for the dense
classification head in language models. By combining equal-sized clustering, aggressive multi-
probe retrieval, probabilistic probe sampling, and selective quantization, FlashHead collapses the
head from a dominant bottleneck into a negligible cost. Across Llama-3.2, Llama 3.1, Gemma-3,
and Qwen-3, it preserves accuracy while delivering up to 1.75x end-to-end speedups, even at billion-
parameter scales. By removing a key obstacle to deployment on consumer hardware, FlashHead sets
a new baseline for output-layer design and opens the path toward faster, smaller, and more widely
usable language models.

7 REPRODUCIBILITY STATEMENT

We have made all efforts to ensure that the results presented in this paper can be independently repro-
duced. The FlashHead algorithm is clearly outlined as pseudocode, allowing readers to understand
and re-implement it without ambiguity. All hyperparameters and experimental settings are reported
in detail in the respective tables to enable faithful reproduction of the experiments. Furthermore, we
provide code implementations of FlashHead for several models. We believe these steps will enable
the community to readily reproduce, verify, and build upon our work.



Under review as a conference paper at ICLR 2026

REFERENCES

Hicham Badri and Appu Shaji. Half-quadratic quantization of large machine learning models,
November 2023. URL https://mobiusml.github.io/hqgq_blog/.

Peter Belcak, Jason D. Lee, et al. Small language models are the future of agentic ai. arXiv preprint
arXiv:2506.02153,2025. URL https://arxiv.org/abs/2506.02153.

Stella Biderman, Hailey Schoelkopf, Lintang Sutawika, Leo Gao, Jonathan Tow, Baber Abbasi, Al-
ham Fikri Aji, Pawan Sasanka Ammanamanchi, Sidney Black, Jordan Clive, et al. Lessons from
the trenches on reproducible evaluation of language models. arXiv preprint arXiv:2405.14782,
2024.

Jin Chen, Jin Zhang, Yi Yang, Defu Lian, Enhong Chen, et al. Adaptive sampled softmax with
inverted multi-index: Methods, theory and applications. arXiv preprint arXiv:2501.08563, 2025.

Patrick H Chen, Si Si, Sanjiv Kumar, Yang Li, and Cho-Jui Hsieh. Learning to screen for fast
softmax inference on large vocabulary neural networks. arXiv preprint arXiv:1810.12406, 2018.

Welin Chen, David Grangier, and Michael Auli. Strategies for training large vocabulary neural
language models. arXiv preprint arXiv:1512.04906, 2015.

Christopher Clark, Kenton Lee, Ming-Wei Chang, Tom Kwiatkowski, Michael Collins, and Kristina
Toutanova. Boolq: Exploring the surprising difficulty of natural yes/no questions. In NAACL,
2019.

Alexis Conneau, Ruty Rinott, Guillaume Lample, Adina Williams, Samuel R. Bowman, Holger
Schwenk, and Veselin Stoyanov. Xnli: Evaluating cross-lingual sentence representations. In
Proceedings of the 2018 Conference on Empirical Methods in Natural Language Processing.
Association for Computational Linguistics, 2018.

Inderjit S Dhillon and Dharmendra S Modha. Concept decompositions for large sparse text data
using clustering. Machine learning, 42:143—-175, 2001.

Yann Dubois, Xuechen Li, Rohan Taori, Tianyi Zhang, Ishaan Gulrajani, Jimmy Ba, Carlos
Guestrin, Percy Liang, and Tatsunori Hashimoto. Alpacafarm: A simulation framework for
methods that learn from human feedback. In Thirty-seventh Conference on Neural Information
Processing Systems, 2023. URL https://openreview.net/forum?id=4hturzLcKX.

Elias Frantar, Saeed Ashkboos, Torsten Hoefler, and Dan Alistarh. Gptq: Accurate posttraining
quantization for generative pretrained transformers. arXiv preprint arXiv:2210.17323,2022. URL
https://arxiv.org/abs/2210.17323.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn Song,
and Jacob Steinhardt. Measuring mathematical problem solving with the math dataset. arXiv
preprint arXiv:2103.03874, 2021.

Ziheng Jiang, Tianqi Chen, and Mu Li. Efficient deep learning inference on edge devices. 2018.

Armand Joulin, Moustapha Cissé, David Grangier, Hervé Jégou, et al. Efficient softmax approxi-
mation for gpus. In International conference on machine learning, pp. 1302-1310. PMLR, 2017.

Jaewoong Kwon, Beomseok Kim, Youngbin Kim, Geunsik Lee, Junghoon Park, Minyoung Seo, and
Jinhyuk Yoo. Efficient memory management for large language model serving with vllm. arXiv
preprint arXiv:2309.06180, 2023. URL https://arxiv.org/abs/2309.06180.

Changhun Lee, Jungyu Jin, Taesu Kim, Hyungjun Kim, and Eunhyeok Park. Owq: Outlier-aware
weight quantization for efficient fine-tuning and inference of large language models. In Proceed-
ings of the AAAI Conference on Artificial Intelligence, volume 38, pp. 13355-13364, 2024.

Ji Lin, Ligeng Zhu, Wei-Ming Chen, Wei-Chen Wang, Chuang Gan, and Song Han. On-device
training under 256kb memory. Advances in Neural Information Processing Systems, 35:22941—
22954, 2022a.

10


https://mobiusml.github.io/hqq_blog/
https://arxiv.org/abs/2506.02153
https://openreview.net/forum?id=4hturzLcKX
https://arxiv.org/abs/2210.17323
https://arxiv.org/abs/2309.06180

Under review as a conference paper at ICLR 2026

Jiayi Lin, Yibo Zhu, Shaohuai Zheng, Xiaowei Lin, Ziheng Song, Xiaojian Wu, Conglong Zhu,
Mingyuan Sun, Yujun Lin, Fan Wu, Zhifeng Jia, Hong Zhang, Fan Yang, Yuxin Wang, Yufei He,
Yuwei Cai, Xiaodong Cui, Jie Zhang, Kurt Keutzer, and Sheng Zhang. Give me bf16 or give me
death? accuracy—performance trade-offs in llm quantization. arXiv preprint arXiv:2402.18158,
2024. URL https://arxiv.org/abs/2402.18158.

Stephanie Lin, Jacob Hilton, and Owain Evans. TruthfulQA: Measuring how models mimic human
falsehoods. In Smaranda Muresan, Preslav Nakov, and Aline Villavicencio (eds.), Proceedings
of the 60th Annual Meeting of the Association for Computational Linguistics (Volume 1: Long
Papers), pp. 3214-3252, Dublin, Ireland, May 2022b. Association for Computational Linguis-
tics. doi: 10.18653/v1/2022.acl-long.229. URL https://aclanthology.org/2022.
acl-long.229/.

Zhenyan Lu, Xiang Li, Dongqi Cai, Rongjie Yi, Fangming Liu, Wei Liu, Jian Luan, Xiwen Zhang,
Nicholas D Lane, and Mengwei Xu. Demystifying small language models for edge deployment.
In Proceedings of the 63rd Annual Meeting of the Association for Computational Linguistics
(Volume 1: Long Papers), pp. 14747-14764, 2025.

Qin Lv, William Josephson, Zhe Wang, Moses Charikar, and Kai Li. Multi-probe Ish: efficient
indexing for high-dimensional similarity search. In Proceedings of the 33rd international confer-
ence on Very large data bases, pp. 950-961, 2007.

Todor Mihaylov, Peter Clark, Tushar Khot, and Ashish Sabharwal. Can a suit of armor conduct
electricity? a new dataset for open book question answering. In EMNLP, 2018.

Tomas Mikolov, Ilya Sutskever, Kai Chen, Greg S Corrado, and Jeff Dean. Distributed representa-
tions of words and phrases and their compositionality. Advances in neural information processing
systems, 26, 2013.

Andriy Mnih and Geoffrey E Hinton. A scalable hierarchical distributed language
model. In D. Koller, D. Schuurmans, Y. Bengio, and L. Bottou (eds.), Ad-
vances in Neural Information Processing Systems, volume 21. Curran Associates, Inc.,
2008. URL https://proceedings.neurips.cc/paper_files/paper/2008/
file/1e056d2b0ebd5c878c550dabac5d3724-Paper.pdf.

Frederic Morin and Yoshua Bengio. Hierarchical probabilistic neural network language model. In
International workshop on artificial intelligence and statistics, pp. 246-252. PMLR, 2005.

Alina Petukhova, Jodao P Matos-Carvalho, and Nuno Fachada. Text clustering with large language
model embeddings. International Journal of Cognitive Computing in Engineering, 6:100—108,
2025.

Meta Al Research. Llama 3.2: Revolutionizing edge ai and vision with open, customizable models.
Technical report, Meta Platforms, Inc., September 2024. Technical report available at https:
//www.llama.com/llama—-downloads; details on model design, multimodal capabilities,
and optimized inference on edge devices.

Bhargava Shakhadri, Omkar Aralimatti, et al. Shakti: A 2.5 billion parameter small language model
optimized for edge ai and low-resource environments. arXiv preprint arXiv:2410.11331, 2024.
URL https://arxiv.org/abs/2410.11331.

Kyuhong Shim, Minjae Lee, Iksoo Choi, Yoonho Boo, and Wonyong Sung. Svd-softmax: Fast
softmax approximation on large vocabulary neural networks. Advances in neural information
processing systems, 30, 2017.

Mirac Suzgun, Nathan Scales, Nathanael Schirli, Sebastian Gehrmann, Yi Tay, Hyung Won Chung,
Aakanksha Chowdhery, Quoc V Le, Ed H Chi, Denny Zhou, , and Jason Wei. Challenging big-
bench tasks and whether chain-of-thought can solve them. arXiv preprint arXiv:2210.09261,
2022.

Chaofan Tao, Qian Liu, Longxu Dou, Niklas Muennighoff, Zhongwei Wan, Ping Luo, Min Lin,
and Ngai Wong. Scaling laws with vocabulary: Larger models deserve larger vocabularies, 2024.
URL https://arxiv.org/abs/2407.13623.

11


https://arxiv.org/abs/2402.18158
https://aclanthology.org/2022.acl-long.229/
https://aclanthology.org/2022.acl-long.229/
https://proceedings.neurips.cc/paper_files/paper/2008/file/1e056d2b0ebd5c878c550da6ac5d3724-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2008/file/1e056d2b0ebd5c878c550da6ac5d3724-Paper.pdf
https://www.llama.com/llama-downloads
https://www.llama.com/llama-downloads
https://arxiv.org/abs/2410.11331
https://arxiv.org/abs/2407.13623

Under review as a conference paper at ICLR 2026

Rohan Taori, Ishaan Gulrajani, Tianyi Zhang, Yann Dubois, Xuechen Li, Carlos Guestrin, Percy
Liang, and Tatsunori B. Hashimoto. Stanford alpaca: An instruction-following llama model.
https://github.com/tatsu-lab/stanford_alpaca, 2023.

Gemma Team. Gemma 3 technical report. Technical report, Google DeepMind, March
2025. Available at https://storage.googleapis.com/deepmind-media/gemma/
Gemma3Report . pdf; covers multimodal capabilities, extended context, and evaluation bench-
marks.

Asahi Ushio, Yi Zhou, and Jose Camacho-Collados. An efficient multilingual language model
compression through vocabulary trimming. arXiv preprint arXiv:2305.15020, 2023.

Yubo Wang, Xueguang Ma, Ge Zhang, Yuansheng Ni, Abhranil Chandra, Shiguang Guo, Weim-
ing Ren, Aaran Arulraj, Xuan He, Ziyan Jiang, Tianle Li, Max Ku, Kai Wang, Alex Zhuang,
Rongqi Fan, Xiang Yue, and Wenhu Chen. MMLU-pro: A more robust and challenging multi-
task language understanding benchmark. In The Thirty-eight Conference on Neural Information
Processing Systems Datasets and Benchmarks Track, 2024. URL https://openreview.
net/forum?id=y10DM6R2r3.

Diana Wofk, Fangchang Ma, Tien-Ju Yang, Sertac Karaman, and Vivienne Sze. Fastdepth: Fast
monocular depth estimation on embedded systems. In 2019 International Conference on Robotics
and Automation (ICRA), pp. 6101-6108. IEEE, 2019.

Thomas Wolf, Lysandre Debut, Victor Sanh, Julien Chaumond, Clement Delangue, Anthony Moi,
Pierric Cistac, Tim Rault, Rémi Louf, Morgan Funtowicz, Joe Davison, Sam Shleifer, Patrick
von Platen, Clara Ma, Yacine Jernite, Julien Plu, Canwen Xu, Teven Le Scao, Sylvain Gugger,
Mariama Drame, Quentin Lhoest, and Alexander M. Rush. Huggingface’s transformers: State-of-
the-art natural language processing, 2020. URL https://arxiv.org/abs/1910.03771.

An Yang, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, Chengyuan Li,
Dayiheng Liu, Fei Huang, Haoran Wei, et al. Qwen2. 5 technical report. arXiv preprint
arXiv:2412.15115, 2024.

Rowan Zellers, Ari Holtzman, Yonatan Bisk, Ali Farhadi, and Yejin Choi. HellaSwag: Can a
machine really finish your sentence? In Anna Korhonen, David Traum, and Lluis Marquez
(eds.), Proceedings of the 57th Annual Meeting of the Association for Computational Linguistics,
pp. 47914800, Florence, Italy, July 2019. Association for Computational Linguistics. doi: 10.
18653/v1/P19-1472. URL https://aclanthology.org/P19-1472/.

Minjia Zhang, Wenhan Wang, Xiaodong Liu, Jianfeng Gao, and Yuxiong He. Navigating with
graph representations for fast and scalable decoding of neural language models. Advances in
neural information processing systems, 31, 2018.

Wei Zhang, Jun Li, et al. Empowering large language models to edge intelligence: A survey of edge
techniques. Journal of Systems Architecture, 2025. doi: 10.1016/j.sysarc.2025.102030. URL
https://doi.org/10.1016/j.sysarc.2025.102030.

Kang Zhao, Liuyihan Song, Yingya Zhang, Pan Pan, Yinghui Xu, and Rong Jin. Ann softmax:
Acceleration of extreme classification training. Proceedings of the VLDB Endowment, 15(1):
1-10, 2021.

Weilin Zhao, Tengyu Pan, Xu Han, Yudi Zhang, Ao Sun, Yuxiang Huang, Kaihuo Zhang, Weilun
Zhao, Yuxuan Li, Jianyong Wang, et al. Fr-spec: Accelerating large-vocabulary language models
via frequency-ranked speculative sampling. arXiv preprint arXiv:2502.14856, 2025.

Jeffrey Zhou, Tianjian Lu, Swaroop Mishra, Siddhartha Brahma, Sujoy Basu, Yi Luan, Denny
Zhou, and Le Hou. Instruction-following evaluation for large language models. arXiv preprint
arXiv:2311.07911, 2023.

12


https://github.com/tatsu-lab/stanford_alpaca
https://storage.googleapis.com/deepmind-media/gemma/Gemma3Report.pdf
https://storage.googleapis.com/deepmind-media/gemma/Gemma3Report.pdf
https://openreview.net/forum?id=y10DM6R2r3
https://openreview.net/forum?id=y10DM6R2r3
https://arxiv.org/abs/1910.03771
https://aclanthology.org/P19-1472/
https://doi.org/10.1016/j.sysarc.2025.102030

Under review as a conference paper at ICLR 2026

A APPENDIX: EXPANDED ON-DEVICE BENCHMARKS

In the main text (Section 4.3), we presented GPU results for FlashHead and baselines, demonstrating
that FlashHead consistently reduces both head-only and full-model latency. Here, we expand those
results with additional CPU latencies and active parameter counts for completeness. The CPU
device is Intel Core i17-10870H @ 242 2.20GHz x 16 CPU, and measurements are performed using
the transformers Wolf et al. (2020) and HQQ Badri & Shaji (2023) libraries.

These results confirm that FlashHead delivers speedups across both CPU and GPU, while reducing
the number of active parameters in the head to a fraction of the dense baseline.

Table 8: On-device latencies and parameter counts for all methods. Latencies are reported in time-
per-output-token (ms), averaged over 128 generated tokens. Factors in parentheses indicate relative
speedup or reduction compared to the baseline.

(a) GPU Latency

Method TPOTH | TPOT (BF16) | TPOT (INT4) |
Baseline 1.94 7.69 3.60
Vocab. Trimming  1.07 (1.81x) 6.82 (1.13x) 2.73 (1.32x)
SVDSoftmax 0.61 (3.18%) 6.36 (1.21x) 2.27 (1.59x%)
FGD N/A N/A N/A
FlashHead 0.40 (4.85%) 6.15 (1.25%) 2.06 (1.75x)
(b) CPU Latency (BF16)

Method TPOTH | TPOT |

Baseline 15.92 85.75

Vocab. Trimming  7.74 (2.06x) 77.56 (1.11x%)

SVDSoftmax 30.94 (0.51x) 100.77 (0.85x%)

FGD 4.74 (3.36 %) 74.56 (1.15x%)

FlashHead 3.73 (4.27x) 73.55 (1.17 %)

(c) Active Parameters

Method Paramst | Params |
Baseline 263M 1.236B
Vocab. Trimming 131M 1.104B
SVDSoftmax 59M 1.032B
FGD 0.79M 974M
FlashHead 33M 1.006B

B APPENDIX: EXPANDED RESULTS ACROSS MODELS

In Section 4, we showed that FlashHead generalizes across model families and scales, providing
consistent speedups from small (270M) to large (8B) models. Here, we provide a more compre-
hensive view with two sets of results: (a) benchmark accuracy across LM tasks, and (b) efficiency
metrics including head parameters, total parameters, and latency. These expanded results confirm
that FlashHead’s gains are robust across model families.
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Table 9: Evaluation of models across (a) LM benchmarks and (b) efficiency metrics. We exclude
BoolQ and HellaSwag due to the high cost of Monte Carlo simulations. Params™ and Params indi-
cate active and total parameters.

(a) LM evaluation benchmarks

Model Method MMLU- gy Truthful - ypp o GsMsk
Pro QA

Baseline 0.31 0.57 0.57 0.57 0.77
Llama-3.2-3B FlashHead 0.31 0.57 0.58 0.56 0.77
Baseline 0.41 071 0.62 053 0.85
Llama-3.1-8B FlashHead 041 070 062 0.52 0.85
Baseline 0.18 038 036 045 047
Llama-3.2-1B FlashHead  0.18 038 036 045 0.46
Owen-3.1.78 Baseline 0.38 045 047 0.24 0.13
: FlashHead  0.38 045 047 0.25 0.12
Comma3. 1B Baseline 0.15 038 031 055 0.42
FlashHead  0.15 038 031 0.49 0.39
Baseline 0.09 027 031 032 0.02
Gemma-3-270M b Head 0,09 027 032 0.30 0.02

(b) Efficiency and throughput metrics

Model Method  Paramst | Params | TPOTH | (];Flf fg I (ILI}?‘;F !

Llama-3.2-1B Baseline 262M 1.236B 1.94 7.69 3.60
’ FlashHead 33M 1.006B 0.40 (4.85%) 6.15(1.25%x) 2.06 (1.75%)

Llama-3.2-3B Baseline 394M 3.213B 2.13 18.60 7.11
’ FlashHead 50M 2.869B 0.68 (3.13x) 17.15 (1.08x) 5.66 (1.26x)

Llama-3.1-8B Baseline 525M 8.030B 2.72 OOM 13.55
: FlashHead 100M  7.605B 1.21 (2.25x%) OOM 12.04 (1.13x%)

Qwen-3-1.7B Baseline 311M 1.721B 1.61 9.97 4.85
W ’ FlashHead 36M 1.446B 0.45 (3.58x) 8.81 (1.13x) 3.69 (1.31x)

Gemma-3-270M Baseline 168M 268M 0.99 2.52 2.38
FlashHead 21M 12IM  0.37 (2.68x) 1.90 (1.33x) 1.76 (1.35%)

Baseline 302M 1.000B 1.66 6.77 4.12

Gemma-3-1B b hHead  38M  736M  0.52 (3.19x%) 5.63 (1.20x) 2.98 (1.38x)

C ROBUSTNESS TO INDEPENDENT CLUSTERING RUNS

FlashHead relies on a one-time offline spherical k-means clustering of token embeddings. Because
k-means is sensitive to random initializations, it is natural to ask whether rebuilding the clusters
from scratch affects either predictive quality.

To answer this question, we repeat the common evaluation benchmarks used for the main FlashHead
results reported in the main text five (5) times, regenerating the complete set of 8 016 clusters in each
run.

Table 10 reports the mean and standard deviation across the five runs. Rebuilding the clustering
neither helps nor hurts any benchmark.
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Table 10: Mean and standard deviation of FlashHead performance on LM-Eval benchmarks (Llama-
3.2-1B-Instruct); scores are averaged over five independent clusterings.

MMLU-Pro BBH Truthful QA IFEval  GSMSK (chat)
(gen)
0.181 £ 0.001 0.377 + 0.004 0.363 =+ 0.002 0.452 + 0.003 0.465 =+ 0.003

D ESTIMATING THE MARGINAL DISTRIBUTION

For evaluation tasks such as HellaSwag and BoolQ, we need log-likelihoods w.r.t. the full vocabu-
lary, but enumerating all c clusters is precisely what FlashHead avoids.

FlashHead first samples a subset of centroids S C C := {C,...,C.} (size Nprobes) and then samples
a token ¢ within those centroids, see Figure 1. Consequently the exact marginal p(t | h) = Eg [p(t |
h,S )] requires an expectation over (n Cb ) subsets, which is infeasible to compute.

probes

For results of FlashHead reported in the main text where the full log-likelihood is required, we
estimate the true underlying distribution using a Monte-Carlo approximation, which we explain in
more detail in Appendix D.1.

All hyper-parameters (number of clusters, number of probes, vocabulary size, window size, etc.) are
identical to those listed in Section 4 of the main text. Datasets and their settings used in this section
are the same as those originally described in Section 4.1. To ensure good precision, we accumulate
probabilities in 64-bit floating point format (everything else remains in bfloat16).

D.1 MONTE-CARLO SIMULATION

For each of a total of N probe sets S, ..., Sy ~ p(S | h) we evaluate the full conditional distribu-
tion p(v | h, S;) and accumulate it

N

$n(vlh) =Y pv|hS).

=1

Averaging these N conditional distributions yields a properly normalised marginal,

) _dn(w[h) 1 | ; _
pn(v | h) N sz(mh,sl), > bn(v|h)=1.
i=1

tey

Because each probe set contributes a full distribution rather than a single token, this Monte-Carlo
estimator has substantially lower variance than sampling individual tokens.

If a token is never present in any of the S;, then py (v | h) = 0 and the log-likelihood becomes
—o0. To avoid undefined accuracies we clip such zero entries to the minimum non-zero probability
observed in the same context before computing task metrics.

Figure 2 shows the accuracy obtained on BoolQ and HellaSwag as a function of N. Beyond N ~
10,000 the curves are flat, so we used that setting for all headline results. With smaller sample sizes
(< 10,000) the “never-sampled-token” issue becomes more common. All Monte-Carlo runs were
performed on an NVIDIA RTX 3500 Ada Geneneration; generating the 10 000 probe sets for each
evaluation subset of HellaSwag or BoolQ took roughly 2 seconds.
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Convergence of Monte-Carlo Estimation
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Figure 2: Convergence of the Monte-Carlo estimator when used to evaluate accuracy on the BoolQ
and HellaSwag datasets. An average is taken over five independent clustering procedures with dif-
ferent random seeds. Shaded ribbons show +1 s.e.

E MODELS, HYPER-PARAMETERS, DATASETS AND EVALUATION SETTINGS

In our experiments, we explore all methods using the baseline Llama-3.2-1B-Instruct model. The
alternative heads are initialized with their own set of hyper-parameters (e.g., number of clusters,
vocabulary size). We list all such settings in Table 11.

To evaluate model performance (LM-Eval benchmark tasks and Top-K Containment) and on-device
latencies, we use several datasets listed in Table 12. For each dataset we provide both a formal
literature reference and direct links to their public HuggingFace or GitHub repositories. In case of
latency and Top-K Containment benchmarks, we use the Alpaca (eval) dataset and the test splits for
the MATH-Hard and XNLI datasets. In the case of vocabulary trimming, we use the train split to
mine the high frequency tokens to use for the reduced vocabulary.

All LM-Eval benchmarks are conducted through the LM-Evaluation-Harness framework. Table 13
details, for each benchmark, the reported metric and the relevant generation settings.

F EXAMPLES OF CLUSTERS

To demonstrate the clustering used by FlashHead, we provide ten (out of the total 8,016) randomly
selected clusters in Table 14. These examples illustrate how the tokenizer groups related spellings,
capitalization variants, and domain-specific affixes.
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Table 11: Methods and hyper-parameters used in the various implementations.

Method

Hyper-parameters

Baseline (LLaMA-3.2 1B Instruct)

Vocab. Trimming

SVDSoftmax

Spherical K-Means
Fast Graph Decoder (FGD)

num_hidden_layers: 16

hidden_size: 2048

intermediate_size: 8192

num_attention_heads: 32

num_key_value_heads: 8

head_dim: 64

hidden_act: silu

mlp_bias: false

attention_bias: false

rms_norm-_eps: le-5

max_position_embeddings: 131072

rope_scaling: {factor: 32.0, high_freq: 4.0
low_freq: 1.0, original_max: 8192}

rope_theta: 500000.0

bos_token_id: 128000

eos_token_id: [128001, 128008, 128009]

vocab_size: 128256

dtype: bfloat16

vocab_size: 64,000

Top tokens filtered by frequency based on the Alpaca
(train) dataset for all LM-Eval tasks, and the relevant
train dataset for Top-K Containment evaluations

window: 256
top_n: 12,000

n_clusters: 100, 20.

K: 384

ef_search: 300

index_M: 40

ef_construction: 300

FGD implementation is CPU-only with dtype: float32

Table 12: Overview of the datasets used in this paper.

Dataset name Reference Link
Alpaca (train and eval)  Taori et al. (2023); Dubois et al.  tatsu-lab/alpaca, tatsu-
(2023) lab/alpaca_eval

MATH-Hard

Hendrycks et al. (2021)

lighteval/MATH-Hard

XNLI Conneau et al. (2018) facebook/xnli

MMLU-Pro Wang et al. (2024) TIGER-Lab/MMLU-Pro
Hella-Swag Zellers et al. (2019) hellaswag

IFEval Zhou et al. (2023) google/IFEval

BoolQ Clark et al. (2019) google/boolq

BBH Suzgun et al. (2022) suzgunmirac/BIG-Bench-Hard
Truthful-QA (gen) Lin et al. (2022b) sylinrl/Truthful QA

OBQA Mihaylov et al. (2018) allenai/openbookqga
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Table 13: Evaluation settings for LM-Eval tasks.

Benchmark Reported metric Settings
MMLU-Pro exact_match,custom-extract max_gen_toks: 2048
num_fewshot: 5
HellaSwag acc_norm num_fewshot: 0
IFEval average of (prompt_strict, in- num_fewshot: 0

struction_strict, prompt_loose, in-
struction_loose acc)
max_gen_toks: 1280

BoolQ acc num_fewshot: 0
BBH exact_match,get_answer num_fewshot: 3
max_gen_toks: 1024
Truthful-QA (gen) bleu_acc num_fewshot: 0
OpenBookQA (OBQA) acc_norm num_fewshot: 0

Table 14: Tokens for 10 randomly sampled clusters from LLaMA-3.2-1B-Instruct. Tokens are
comma separated without extra padding; perceived leading spaces belong to the tokens themselves.

Cluster Tokens

661 change, change, Change, Change, _change, .change,
_CHANGE, CHANGE, CHANGE, Changing, —change, changing,
(change, Changing, \tchange, /change

1593 javax, . junit, javafx, TestBed, .slf,.jupiter, .testng,
. jboss, . joda, NUnit, JUnit, .hamcrest, \TestCase, /gtest,
junit, .assertj

3824 distr, district, distur, districts, disturbing,
distress, disturb, distortion, distraction,
disturbed, distorted, disturbance, distort,

distressed, . district, disturbances

4336 UART, USB, usb, _UART, .USB, PWM, USART, uart, _PWM, _usb,
UART, _uart, pwm, USART, pwm, PWM

4389 exem, exempt, exemption, nesty, exponential, pardon,
exemptions, exo, Amnesty, spree, ambush, amnesty,
pard, Ames, impunity, exon

4584 done, done, Done, dice, done, Done, .done, (done, \tdone,
_DONE, DONE, Gone, .Done,DONE, undone, —-done

5065 ictureBox, .ToolStrip, ToolStrip, .toolStrip,
pictureBox, .menuStrip, toolStrip, .ToolStripButton,
pictureBox, ToolStrip, .toolStripSeparator,toolStrip,
.toolStripButton, Bunifu,PictureBox, PictureBox

5251 pack, pack, Pack, PACK, .pack, _PACK, packs, Pack, pack,
PACK, pak, Packers, -pack, -Pack, Packs, (pack

7376 peed, acceler, acceleration, hast, accelerate, accel,
Acceler, accelerated, _accel, Acceler, accelerator,
accel, accelerating, .accel, Acceleration,
accelerometer

7656 check, check, Check, Check, _check, .check, checks,

checking, CHECK, -check, (check, Checks, \tcheck,
Checking, Checking, checking
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