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Abstract

In open multi-agent systems without centralized authority,
agents cannot rely on predefined norms and must instead
learn them through decentralized norm identification. Exist-
ing data-driven and machine-learning methods are vulnerable
to data quality, lack explainability, and often require labeled
datasets, limiting their applicability in open environments. To
address these issues, this paper proposes a logic-based ap-
proach to norm identification by integrating the method of
reflective equilibrium and structured argumentation. Identi-
fying norms is then conceived as constructing a consistent
moral theory, and a moral theory is represented as an ar-
gumentation theory. This allows us to inductively construct
a consistent moral theory from moral judgments reflecting
prevalent morality in a community, and any potential con-
flict within the theory are resolvable by its priority structure
comprised of specificity and firmness orderings. The theory
can also develop arguments that justify an agent’s decision
by such theory. We prove that, whenever the firm part of
the constructed theory applies, the agent can always derive
a definite moral answer, fulfilling the dual demands of con-
sistency and justification. Moreover, when presented with a
set of prima facie norms as inputs, our method ensures the
path-independent identification of any firm core that exists.

Introduction

Norms are one of the important elements that agents need
to consider for decision-making apart from their belief, de-
sire and intention. Research on norm-based reasoning inves-
tigates how to resolve the conflicts between goal achieve-
ment and norm compliance (Broersen et al. 2001; Knobbout
and Dastani 2012; Criado et al. 2014), or how to design ap-
propriate sanction-based norms in order to enforce desired
system behavior (Dastani, van der Torre, and Yorke-Smith
2017; Knobbout, Dastani, and Meyer 2016; Dell’ Anna, Das-
tani, and Dalpiaz 2020; Akinkunmi and Babalola 2020). All
this research assumes that agents are aware of norms so that
agents can decide whether to comply with the norms or not.
Yet, in open multi-agent systems without a central author-
ity, this awareness cannot be pre-programmed; it must be
learned. This brings us to the fundamental area of norm iden-
tification. Here, scholars investigate how agents can discern
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the norms already prevalent in a society through their own
experiences and observations of others, thereby making the
initial assumption a reality through decentralized learning
(Cranefield and Dhiman 2021).

Currently, norm-identification techniques rely on big data
and machine learning. For example, Awad et al. (2020) ex-
tract ethical principles from dilemma vignettes using in-
ductive logic programming (ILP) , and Cranefield and Dhi-
man (2021) identify norm candidates from a normative lan-
guage using Markov Chain Monte Carlo (MCMC) search,
and Woodgate, Marshall, and Ajmeri (2025) create eth-
ical norm-learning agents that operationalise maximin in
their reinforcement learning processes by balancing soci-
etal well-being with individual goals. However, these data-
driven methods are vulnerable to the input data quality, in
that data has to be labeled consistently and the right data
properties need to be described in a machine-processable
way to obtain an accurate training of machines (Tolmeijer
et al. 2020). Data-driven methods are also impossible to de-
fend agents’ norm-based decisions, since there is no argu-
ment behind the identified norms.

Alternatively, norms can be identified through logical rea-
soning. Typically for moral norms that are not written in
text but are enforced by personal beliefs and public opinion,
agents receive moral judgments through social practice and
transfer them to moral norms for constructing their coherent
moral theory. Some attempts have been done by Johnston
and Governatori (2003) on theorizing a legal database us-
ing induction of defeasible logic, but the superiority relation
over a set of rules is given instead of being derived empiri-
cally.

In this paper, we see norm identification as a problem of
theory construction using the method of reflective equilib-
rium. Inspired by structured argumentation, a moral theory
is represented by an argumentation theory, to capture the de-
feasibility of normative reasoning and the priority structure
therein. The argumentation theory is inductively constructed
to include moral judgments (as prima facie norms) from the
environment and to generate the priority structure among
them by means of specificity ordering and firmness order-
ing. The result is a set of identified norms which are as con-
sistent as possible and able to justify the agent’s decisions
through derived arguments. We prove that, as far as the firm
part of the constructed moral theory can apply, the agent can



always derive a definite moral answer. This fulfills the task
of norm identification, in particular the expectation of con-
sistency (as much as possible) and capability of moral de-
fense. Besides, given a set of moral norms that are uncontro-
versially followed and practiced by agents within the com-
munity, the agent can always path-independently identify
them through our method of construction. Our method does
not rely on consistent data and can provide justification for
agents’ norm-based decisions. Moreover, compared with ex-
isting learning-based approaches that allow agents to iden-
tify norms during training before execution, our logic-based
approach allows agents to identify norms directly during
execution, making it more possible to deploy autonomous
agents in open and unknown environments.

Seeing Norm Identification as Reflective
Equilibrium

In a broad sense, norms of a society provide the rules of en-
counter under which that society’s members interact. They
can be legal norms that are promulgated and enforced by
authorities, or social norms that are shared and considered
acceptable by majority of a society, or moral norms that
are inherently used to judge actions, behaviors and states
of affairs. Different from legal norms that are fixed in laws,
codices, regulations, orders etc., the violation of which leads
to punishment enforced by public authority, social norms
and moral norms are not written but are enforced by per-
sonal beliefs and public opinion. Among these, social norms
are upheld by convention and the pressure of public opinion,
while moral norms operate as deeper standards used to judge
actions, behaviors, and states of affairs.

The norms that we consider in this paper are moral norms
that have been accepted and used for judgment by a commu-
nity, thus it makes sense to identify them from what agents
in the community approve or disapprove, namely their moral
judgments. The moral judgments might be expressed di-
rectly in words, or indirectly by sanctioning signals such as
emotions and behavior. In this paper, We treat judgments as
prima facie norms that serve as inputs to our logical system
and do not care about the way through which agents receive
moral judgments from other agents.

Now the question arises as to what method an agent can
use to identify moral norms from the received moral judg-
ments. In general the method should serve as a device for
theorizing the moral system that underlies the moral judg-
ments. To speak more specifically, it should be able to gen-
eralize the moral norms that govern the moral judgments,
and to resolve the inconsistencies between moral judgments
and moral norms that the agent believes govern the judg-
ments. The inconsistencies may arise because norms might
have exceptions but they haven’t been identified by the agent
(queue jumping can be allowed for emergency), or the agent
might interpret other agents’ moral judgments in a wrong
way, or stereotype the whole community with local attitudes
of a minority, and etc. For considerations as such, in this
work we propose that the agent with the task of norm iden-
tification can use the method of reflective equilibrium, pro-
posed by John Rawls (Rawls 1951, 1974, 1999) for expli-

cating moral judgments and by Ronald Dworkin for inter-
preting social practices (Dworkin 1986), to identify moral
norms from moral judgments and to resolve the inconsisten-
cies therein.

Reflective equilibrium is a method that we use to con-
struct a consistent moral theory. It works back and forth
among moral judgments and general moral principles that
are supposed to justify the judgments, revising any of these
elements wherever necessary in order to achieve an equilib-
rium in which all judgments are justified by principles. A
moral judgment is some particular belief or feeling that we
might have as to whether a certain action is right or wrong in
some situation. For example, if we find out that a person has
been murdered, we usually think that this is terrible. Given
this moral judgment, we then try to generalize and come up
with a general moral principle that explains this judgment.
In this particular case, we can have “we should never kill any
people” as a principle for explaining why we feel bad when
knowing a person gets murdered. As we practice in the soci-
ety, we come up with many such moral principles. Accord-
ing to the method of reflective equilibrium, we should check
whether these principles are compatible with each other and
consistent with the other judgments we have. If they come
into conflict then we can either revise the principle in order
to keep our moral judgments, or accept a principle and revise
our judgments instead.

For illustration, let us continue to discuss the above exam-
ple. Suppose that we encounter another case where a person
killed another person for self-defense. Most people would
probably consider murder for self-defense as morally right.
So we now have another moral judgment. But if we apply
the moral principle that we should never kill any people to
this case, inconsistency between the moral judgment and the
moral principle arises. To resolve it, one option is to modify
the original principle as, for example, we should not kill any
people unless we do it for self defense. We can also keep the
original principle and see self defense as a wrong act. This
illustrates that, to understand morality is to theorize our intu-
itive judgments into a consistent moral theory, as consistent
as it can be. This process of reflective equilibrium can go
on and on, in order to achieve an equilibrium in which all
judgments are justified by principles, as depicted by Fig.1.
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Figure 1: The method of Reflective Equilibrium.
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cal deliberation. Both examine moral norms that emerge or-
ganically rather than being decreed by an authority. Their
shared objectives are to clarify what these norms are, under-
stand the mechanisms of compliance, and establish a sound
justification for decisions based on them. Seeing moral prin-
ciples as abstract moral norms (more general than moral
judgments), an agent can use reflective equilibrium for iden-
tifying norms. It can start from having moral judgments.
Different from the process we introduced above, the moral
judgments do not come from the agent itself, but are col-
lected from environments, e.g., received from other agents
in a community. The moral judgments can be communicated
to the agent in words, or through sanctioning signals such
as emotions and behavior. Here we assume that the agent
already has data-driven mechanisms for language process-
ing and emotion recognition and is able to infer moral judg-
ments from them. It then looks for moral norms that justify
the judgments. Whenever inconsistencies are encountered,
the agent can either revise its beliefs of moral judgments, or
modify its beliefs of moral norms. This is done incremen-
tally, until finally reach an equilibrium between the judg-
ment set and the norm set. At this final stage, the moral
norms are identified because they can explain and justify the
judgments of approval or disapproval for certain actions.

Modeling Moral Theory and Reasoning
through Structured Argumentation

We formalize a moral theory and reasoning with the the-
ory by means of structured argumentation, in particular
the renown ASPIC T framework (Modgil and Prakken 2013,
2014). In a nutshell, ASPIC ™ is a non-monotonic reason-
ing formalism comprised of customizable representational
language, monotonic/non-monotonic inference rules and
knowledge base. From these components it accounts for
the formation of argumentative structures within and be-
tween arguments that represent (non-)monotonic proof se-
quences. The result of (non-monotonic) reasoning is then
determined by argument acceptability semantics founded
by Dung (1995). In what follows, we will define a sim-
plified ASPIC " formalism, which differs from the original
ASPIC™ but maintains its core idea. We start with our model
of moral theory as a special type of argumentation theory:
contextual argumentation theory.

Definition 1 (Contextual argumentation theory). A contex-
tual argumentation theory CAT is a tuple (L, R*,R%,C),
where:

e L is a logical language closed under negation and has
expressivity rich enough to express deontic formulas in
the form of Oy, Py, etc.

* R? is the set of strict inference rules of the form
©1, .-+, pn — Y reflecting the inferences of a monotonic
proof system S over L, such that:

O1y---pn =V ERIff {1, ..
with Sy satisfying:

<)071} FSL 7/’

— Propositional reasoning is conducted by the classical
Propositional Calculus.

— Contains the classical definitional scheme between de-
ontic operators.

» R% is a finite set of defeasible inference rules of the form
D1y o0 = O, where © is a general reference of
deontic operators expressed in L (e.g., Op, Pp, Fp).

«C ={c|ce€?2 andcV¥s, L} isa collection of
contexts, where L~ is the fragment of L free of deontic
formulas.

All defeasible rules are representation of norms of the
form: 1, pa, -+ = OY.

Defined as such, a CAT intends to reflect some key fea-
tures of a moral theory.

1. The background reasoning over facts and deontic no-
tions. Rules of such reasoning as included in R°.

2. Norms that comprised of condition to apply and norma-
tive consequence, by which the reasoning is mostly de-
feasible. R? represents moral norms with this structure
and defeasible character. Elements in R? can be consid-
ered as norms with different degree of generality, from
the most concrete moral judgments to the more abstract
moral principles.

3. Contexts that have moral relevance. Intuitively speaking,
a moral theory always have a set of contexts in mind that
it wants to give moral answers. For instance, a theory of
Al ethics will take into account various scenarios where
Al system interact with human being, such as data col-
lection, recommendation, user profiling. In each scenario
(or in our term, a ‘context’), the theory must answer how
an Al system should behave: when a user is visiting a
website, the cookies should only be obtained by the web-
site subject to user’s consent; when a user expresses an
intention to suicide to a language model, the model must
not encourage the user to actually conduct suicide. The
set C collects these contexts. To construct a moral the-
ory then requires taking into account relevant contexts as
many as possible. If readers are familiar with ASPIC ™,
then C can be considered as a set of knowledge bases K
that only contains axiomatic premises (as elements of a
context are factual description of the context, therefore
are not supposed to be challenged).

Next we define arguments based on a CAT. These argu-
ments signify different types of reasoning under a moral the-
ory. For simplification, we require that each argument con-
tains at most one defeasible rule. This suffices for express-
ing the common type of moral reasoning that derives each
moral argument from a single norm and consider moral dis-
agreement as attack relation between moral arguments. As
is the case in original ASPIC * . for an argument we use
Prem to return its premises, Conc its conclusions, Sub its
sub-arguments, DefRule the defeasible rules it used and
TopRule the inference rule it used in its last argument step .

Definition 2 (Arguments). Let CAT = (£, R*,R%,C). Let
¢ € C be a context. An argument A defined in CAT with
respect to c is:
* v if ¢ € c with: Prem(A) = {p
Sub(4) = {¢}, DefRule(4) =
undefined;

}, Conc(A) = ¢,
(), TopRule(4) =



e Ay,..., A, =V ifAy,..., A, are arguments such that

there exists a strict rule Conc(A1),...,Conc(A,) — ¢
in R®, and:

Prem(A) = Prem(A;) U...UPrem(4,),

Conc(A) = 1,

Sub(A) = Sub(A4;) U...USub(4,)U {4},
DefRule(A) = DefRule(A;)U...UDefRule(A4,),
TopRule(A) = Conc(Ay),...,Conc(A,) — 1.

e Ay,.. Ay = Y 0f A, . A, = Y is an ar-
gument such that there exists a defeasible rule
Conc(4;),...Conc(4,) = ¢ € R and:
Prem(A) = Prem(A;) U... UPrem(4,),

Conc(A) = 1,
Sub(A4) = Sub(A4;)U...USub(A4,)U {4},
DefRule(A) = {Conc(A;),...,Conc(4,) = o}

(a singleton as each argument contains at most one
defeasible inference rule. )
TopRule(A) = Conc(A;),...,Conc(A,) = 1.

We use A° to denote the smallest set of finite arguments
generated by CAT with respect to a context c.

Given that DefRule(A) is always a singleton in our for-
malization. For the rest of the paper, instead of writing
DefRule(A) = {r}, we will slightly abuse the notation and
directly write DefRule(A4) = r.

In our simplified ASPIC ™, since we do not specify a nam-
ing function and the premises of arguments are facts of a
contexts that cannot be attacked, an argument can only at-
tack another argument through rebutting.

Definition 3 (Attacks). Argument A attacks argument B if
and only if Conc(A) = — for some B’ € Sub(B) of the
form BY ..., Bll = 4.

We use ‘—’ for the case where Conc(A) is contradictory
to Conc(DB).

Definition 4 (Contextual normative conflict). Let CAT =
(L, R*, R, C). Let A° be the smallest set of finite arguments
generated by CAT based on a context ¢ € C. For any x,y €
R%, 2,y are in contextual conflict with respect to ¢, denoted
as

T ooy

if there are A, A" € A°, such that Conc(A) = — Conc(A’),
and DefRule(A) = x,DefRule(A’) = y.

Note that by this definition, the argument A, A’ attacks
each other. This match the underlying intuition that when
we say two norms are in conflict, we are referring to a case
where the two norms can be used to derive incompatible nor-
mative decisions, i.e., arguments that rebut each other’s con-
clusion. Note also that the relation «~. is symmetric.

Besides reasoning mechanism (R?, R%) and contexts (C),
a moral theory typically contains priority structure of the
norms. This structure is crucial to determine which norm
prevails over another when they are in conflict. This is cap-
tured by the following definitions of prioritized contextual

'An argument is finite if the set of strict and defeasible rules
that used by the argument is finite. This is a default setting of
ASPICT (Modgil and Prakken 2014).

argumentation theory and attack/defeat relation between
moral arguments.

Definition 5 (Prioritized contextual argumentation theory).
Let (L,R*,R% C) be a contexual argumentation theory.
(L, R*,R%,C, <) is a prioritized contextual argumentation
theory, notation PCAT, if <C R® x R4

Let z,y € R x < yisread as y is at least as prioritized
asz. If z < yand y 9 x, then we write x <! y, meaning y is
more prioritized than x. If x < y and y < z, then we write
T ~ Yy, meaning x is as prioritized as y.

Again, as every argument in our formalization contains at
most one defeasible rule, instead of defining another relation
between singletons DefRule(A) and DefRule(A’), we will
slightly abuse the notation and just write DefRule(A) <
DefRule(A’).

Definition 6 (Structured contextual argumentation frame-
work). Let PCAT = (L£,R*,R% C,<). A structured con-
textual argumentation framework with respect to PCAT and
a context ¢ € C, notation SCAF®, is a tuple (A°,att, <),
where:

o A€ is the smallest set of finite arguments generated by
PCAT under c.

o Forany A, A’ € A°, (A, A’) € attifand only if A attacks
A

o XC A° x A€ is an ordering over arguments.

The strict version < and equal version ~ of < is defined
as usual. Since our formalism only has axiomatic premises
and each argument contains at most one defeasible rule, < is
determined rather straightforwardly by the ordering < over
R4,

Definition 7 (Determination of < by ). Let PCAT =
(L,R*,R%,C,<). Let SCAF® = (A, att, <) be defined by
PCAT with respect to a context ¢ € C. For any A, A’ € A°:

o IfDefRule(A) = () then A £ A';
* [fDefRule(A) # () and DefRule(A’) = 0, then A <
A'; else

o A < A" ifand only ifDefRule(A) < DefRule(A’).
Proposition 1. Let PCAT = (L,R*,R%C,<). Let
SCAF® = (A°, att, <) where ¢ € C and att is determined
by < according to Definition 7. This produce the same argu-
ment ordering as those defined by weakest link or last link

principle, using either elitist or democratic preference lifting
in Modgil and Prakken (2014).

Definition 8 (Defeat). Argument A defeats argument B if
and only if A attacks B and A £ B.

Proposition 2. Argument A defeats argument B if and only
if A attacks B and:

* DefRule(A) =0, or
» DefRule(A) ¢ DefRule(B).

Definition 9 (Contextual argumentation frameworks). Let
PCAT = (L,R*,R%,C, Q). Let SCAF® = (A°,att, <) be
defined by PCAT with respect to a context ¢ € C. A contex-
tual argumentation framework with respect to the context c,
notation CAF¢, is a pair (A°, D), where (X,Y) € D¢ iff
X defeats Y.



This argumentation framework reflects the moral argu-
ments and the argumentative structure in-between when we
are using a moral theory to derive moral answers, faced with
specific contexts,. As mentioned earlier, the answer depends
on which arguments we accept according to the semantics
in Dung (1995), or using Dung’s terminology, whether an
argument is in a particular ‘extension’ defined based on an
acceptability notion. The next theorem shows that the way
we define CAF* framework meets the rational postulates to
avoid bizarre behaviors in non-monotonic reasoning.

Theorem 1 (Satisfaction of rationality postulates). Let
CAF® = (A°,D°) be a contextual argumentation frame-
work based on Definition 9. For any complete extension E
of CAF€ under the Dung’s semantics, E satisfies the follow-
ing rational postulates proposed by Caminada and Amgoud
(2007).

* Subargument closure;

e Closure under strict rules;
e Direct consistency;

e Indirect consistency.

Now we can formalize how a moral theory may give defi-
nite moral answers. Intuitively, a definite answers is derived
from arguments that are either uncontroversial or can be de-
fended by uncontroversial arguments. In terms of Dung’s se-
mantics, this means that the answer should be derived from
arguments in grounded extension. We prove that if a moral
theory is well-structured, then all of its extensions are equiv-
alent to grounded extension. This means that the theory is
‘clear enough’ such that its answer is always acceptable with
respect to any acceptability standard. Based on Theorem 30
in (Dung 1995), it amounts to show that the contextual ar-
gumentation framework defined by a well-structured the-
ory is well-founded, and that there is no infinite sequence
Ajq,...,A,, ... such that A;,; defeats A; for each i.

Definition 10 (Well-structured argumentation theory). Let
PCAT = (L, R*,R%,C, ). PCAT is well-structured, if

e < is a preoder, and
o forany x,y € RY, if x «ws. y for some c € C then either
z<dyory <.

Proposition 3. Let PCAT = (L£,R*,R% C,<) be well-
structured. Let ¢ € C be a context and CAF® = (A°,D°).
For any sequence of defeasible arguments A1, ..., Ag, ...
from AS, if A;1q defeats A; for each A; in the sequence
(2 < n — 1 when the sequence only contains finite n argu-
ments), then DefRule(A;) < DefRule(A;;1).

Theorem 2. Let PCAT = (L£,R*,R%,C,<). If PCAT is
well-structured, then CAF¢ is well-founded for any c € C.

Theory Construction by Reflective
Equilibrium
Now question arises as to how such well-structured argu-
mentation theory (conceptually a moral theory) can be actu-
ally constructed, so as to fullfil the task of norm identifica-
tion through theory construction. Inspired by reflective equi-
librium, we first introduce specificity ordering and firmness
ordering on which < is based, and then we design a theory

construction procedure to obtain a well-structured PCAT in
finite steps of construction.

Specificity ordering. Specificity ordering reflects a com-
mon principle of ranking moral norms: more specific norm
takes priority. Given a defeasible rule r, let body(r) de-
note the conjunction of its antecedent, and head(r) its con-
sequent. For example, if 7 is @1, 92,90, = O, then
body(r) = w1 A w2 A ... A @p, and head(r) = O.

Definition 11 (Specificity ordering). Let CAT =
(L, R, R%C). A specificity ordering <° over R? is
defined as: For any x,y € RY,

x <% y iff body(y) — body(z) € R®

Further, x <®yifx <Sybutnoty <% x, x ~* yife Iy
and y <° x.

It is easy to see that <® is reflexive, transitive and anti-
symmetric, i.e., a partial order.

Definition 12 (Structural coherence). Let CAT =
(L,R*,R%,C). R% is structurally coherent under
(LR*\REC), if for any z,y € R if & e y for
some ¢ € C then either body(x) — body(y) € R® or
body(y) — body(z) € R®.

Proposition 4. Let CAT = (£, R*,R%,C). If Rlis struc-
turally coherent, then any A C R% is also structurally co-
herent.

Proposition 5. Let PCAT = (L£,R*,R%,C,<). If R% is
structurally coherent and < is the specificity ordering on R®
according to Definition 11, then PCAT is well-structured.

Together the two propositions reflect the intuition that if
any contextual conflict within a moral theory is resolvable
by the specificity ordering over norms, then the moral theory
always gives definite answers.

Firmness ordering. The lesson from reflective equilib-
rium is that we can conceive moral theory construction as
searching and expanding the reliable part of our moral sense.
By reliable we mean that one would be more confident to
hold a moral judgment if it is supported by a principle, and
moral judgments with their supporting principles together
form a firm part of our moral sense. This lead us to divide
R% into R4+ and R?~ signifying respectively the firm and
uncertain part of our moral sense, and specify that rules in
the former take priority over those in the latter.

Definition 13 (Firmness ordering). Let R, R~ be two
set of defeasible rules. Let CAT = (L,R*,R%,C), where
R? = RI*T URI". A firmness ordering <* over R% is de-
fined as: For any z,y € R,

x < yiffy € R and x € R4~

Further, x < yifx <t ybutnoty <t z, x ~* yifzx <ty
and y <t z.

On condition that R*t "R~ = (), it is easy to verify that
<t is asymmetric. In this case, z <f y implies y <i® .



Theory construction process. With reflective equilibrium
in mind, in our work a prioritized contextual argumentation
theory (£, R*,R%,C, <) is inductively constructed through
inputs of moral judgments and operations on defeasible
rule set according to the supportive relation between norms
(judgments and principles are both norms but differs in de-
gree of generality). We first set out some auxiliary notations.

* The construction process is represented as a sequence of
stages @ = (0, ...,n). The number 0 denotes the initial
stage where no construction is made.

* For each i € (), a moral judgment is input in the form of
c; = O, where ¢; is the context of the judgment. This
input rule is denoted as 7;. In this way, each judgment
can be conceived as conveying prima facie norms. We
further require that there are no r;,7;(z,j € Q) in the
form ¢; = ©p,c; = O such that -5, ¢; < ¢; and
Fs,. ©p <> ©1.This means that input rules are supposed
to be distinct moral judgments. 2

* The theory PCAT; to be constructed at stage ¢ is denoted
as (E, Rs,Rg,Ci, ﬂz)

PCAT; in each i € @ is a result of inductive construction.

For each i € @, the construction intuitively goes as follows:

1. When a moral judgment r; is input at ¢, we need to ver-
ify two things: (1) whether the judgment, as a defeasible
rule, has any contextual conflict with the firm set R,
at preceding stage, and whether the conflict can be re-
solved by specificity ordering; (2) whether the context c;
of r; will let us discover new unresolvable (by specificity)
conflicts between norms already in R%T, . For both cases,

if we find contextual conflicts within {r;} U R, and
the conflicts are not resolvable by specificity ordering,
then we discover vagueness in our moral sense, and the
conflicting norms should tentatively be considered unre-
liable, and move to the uncertain set Rf*.

2. If r; survives the aforementioned verification, then it can
be added to R%T,, meanwhile retrieves those norms it
‘support” from the R, to RT,, so long as they do
not have unresolvable conflicts with R, after its vague
norms are removed. The reason for doing so is that the
retrieved norms now find a support from a norm in the
firm part of our moral sense, just like a moral principle
justifying a moral judgment in reflective equilibrium.

3. For any norm 7’ in Rffl, if all the norms that serve as the
reason for it to be considered reliable are removed due to
vagueness, then / should be moved to R¢™, due to lack
of ‘ground’. In our work, a norm losing ground means it
was previously retrieved to the firm set and any norm that
supports it is already removed.

4. The new firm set Ri” and uncertain set Rf is formed
according to the operations describe earlier.

Now we give formal definition of the operations men-
tioned above: supportive retrieval, vagueness removal and

This can prevent an irrational belief change: using a norm
which is essentially equivalent to another norm (already deemed
unreliable) as input. It reconsiders the latter without any reason.

ground removal. After that we will define theory construc-
tion based on these notions. And we verify some of their
important properties which are crucial to a rational theory
construction.

Definition 14 (Support between norms). Let CAT =
(L,R*,R%,C). For any z,y € R, x supports y (notation
x > y), if body(y) — body(x) € R® and head(z) —
head(y) € R®.

Proposition 6. Let CAT = (£, R*,R%,C). The support re-
lation > on R is reflexive and transitive.

Proposition 7. Let L be a logical language, R* the set of
strict rules reflecting monotonic inferences over L. Let R?
be a set of defeasible rules, and >> the support relation on
R based on R®. For any r € RY, the set {x € R | r >
x} contains no contextual conflict under (L, R*,R%,C) for
any set of contexts C.

Definition 15 (Supportive retrieval). Let £ be a logical
language,R? the set of strict rules reflecting the monotonic
inferences over L, C a set of contexts, and A, A be two de-
feasible rule sets. Let v be a defeasible rule. The supportive
retrieval by r from A to A with respect to C is defined as
follows:

ret(r,A,A,C) ={z € A | r> xz,and forany y € A,
if © e~y for some c € C
under (L, R°, AU {z},C)
then either body(z) — body(y) € R®
or body(y) — body(z) € R*}

Proposition 8. Let L be a logical language, R? the set of
strict rules reflecting the monotonic inferences over L. Let
A, A be two defeasible rule sets, and r a defeasible rule,
then:

1. For any set of contexts C, ret(r,A,A,C) contains no
contextual conflict under (L, R*,ret(r,A, A,C),C).

2. If A is structural coherent under (L, R°, A\, C), then A U
ret(r, A, A,C) is structural coherent under (L, R*, AU
ret(r,A,A,C),C).

3. Let Ty = ret(r, Ao, Ao, C), where Ag = A and Ay =
A Let Ty = UyGFk ret(y, Agt1, Agt1,C), where
Apy1 = Ap — T and Ay = A, UTy. Foranyi € N,
[; Cret(r,AAC).

The third item needs some special attention. It shows that
the ret is ‘closed’ in the sense that any norm that can be
retrieved by the norms retrieved by r are also retrieved by 7,
due to the transitivity of support relation.

Definition 16 (Vagueness removal). Let L be a logical lan-
guage, R? the set of strict rules reflecting the monotonic in-
ferences over L, C a set of contexts, and A a defeasible rule
set.The vagueness removal rem’ on A with respect to C is
defined as follows.
rem'(A,C) ={x € A | thereisa y € A, such that

x e~ y for some ¢ € C under (L,R°,A,C)

and it is not the case that either

body(x) — body(y) € R® or

body(y) — body(z) € R*}



Proposition 9. Let L be a logical language, R* the set of
strict rules reflecting monotonic inferences over L, C a set
of contexts, and A a defeasible rule set, then:

1. For any x,y € A that x «~. y for some ¢ € C un-
der (L,R°,A,C), x € rem(A,C) if and only if y €
rem(A,C).

2. If A is structurally coherent under (L, R°,A,C), then
rem'(A,C) = 0.

3. A — rem"(A,C) is structurally coherent under

(L,R*,A —rem'(A,C),C).

The ground removal is rather special, it is defined with
respect to a theory construction process. We will formulate
ground removal when defining the theory construction pro-
cess.

Definition 17 (Theory construction through reflective equi-
librium). Let @ = (0,...,n) be a sequence of construc-
tion stages. For each stage i € @, denote the input rule
¢ = Y as r;. The prioritized contextual argumenta-
tion theory at stage i, notation (L,R*,R¢,C;, <;) where
RE = RIT URY™, is subject to inductive construction as
follows.

* 4 = 0. In this case: Cy = ), RBH' =0, Ry =0, <=0
e i=k+1(0 <k < n). In this case:
- Cry1 = Cr U {cry1}
d d—
- R = Rkil U Ry 1, where:

« If RET U {rpq1} is structurally coherent under
(E, RS?, RiJr U {Tk+1}, Ck;Jrl), then:
RE, <REU i)
ret (Tk+17 RZ77 Rer, Ck+1)
RZ_T_l :’RZ_ - ret(rk+1,RZ_,Ri+,Ck+1).
% FElse:
(1) ifri1 € rem” ({rg41} U Rz+,C;§+1), then
Rit =Ry — rem’ (rip1 URLT, Crin)) —
remg(’Rz+7 Q)
Ry, =R{ Uren' (rpr1 URLT, Crgr)U
remg(R?‘7 Q)
(2) if rie41 ¢ rem” ({rg41} U RZ+,C;¢+1), then
R =(RiT —rem" ({ris1} URLT, Cioyr))
remg(RZ"‘, Q)
Rity =Ri" U {reatu
ret(rgy1, Rgf, RZJF/ ,Crt1)
th =R~ — ret(rk+17RZ77RZ+,7CI€+1))U
rem’ ({rg+1} URIT, Cry1) UremE(RET, Q)

where rem® is the ground removal on RZ+ defined as
follows:

rem(R{T, Q) = {x € RYT | thereisa j € Q

such that j < k with x € ret(rj,R?:l,R;lfl,Cj)

and z € R?‘k], and for anyy € RZ+,U‘y >x
then y € rem’ (111 URET, Cri1)}

- SlkJFl:S]i-i—l U {(ZL',y) | T,y € Rg+1 and x §12+1

y but not y Sl}le x}, where ﬁiJrl, <% and respec-
tively the firmness and specificity ordering defined on
R, according to definition 11, 13.

Proposition 10. Let QQ be a sequence of constructions, and

(L, R?*,RE,Ci, Q) where RIT = RIT URI™ be defined

as in Definition 17. For each i € Q:

1 RIT = U{r:}

RIT AR =0

R;H' is structurally coherent under (L, R?, R;H', Ci).

<; is a preorder.

Ao

Can such construction process leads to a well-structured
moral theory, and give definite moral answers? The follow-
ing theorem says yes! With regard to those contexts con-
sidered in the construction, so long as they can make use
of norms in the identified firm set to deal with moral dis-
agreement, then the relevant moral theory is always well-
structured, and therefore leads to well-founded argumenta-
tion framework whose extensions are all grounded. This ex-
actly matches the core idea of reflective equilibrium: by find-
ing principles that support our moral judgments, we make
clear of our moral sense and can give definite answer by way
of this clear part of moral sense.

Theorem 3. Let Q = (0,...,n) be a construction se-
quence, and PCAT; = (L,R*°,R¢,C;,<;) be constructed
at stage i according to Definition 17. CAF = (A¢,D°) is
well-founded, for any set of contexts C C C; satisfying:
forany c € Cand any A, A’ € AS, if A artack A’ then
DefRule(A) € RIF or DefRule(A’) € RIT

where CAFY = (A%, D) is defined by PCAT, =
(L,R*, R, C, ;) with respect to a ¢ € C, according to
Definition 6 and Definition 9.

Now we have one last thing to verify. Suppose that in a

community, there are a set of moral norms that are uncontro-
versially followed and practiced by agents within the com-
munity. Can these norms be identified by our method of the-
ory construction? Again, the answer is yes! Moreover, the
positive result is also independent of the order that the judg-
ments expressing the norms are input to construction! This
means that our method has path-independence with regard to
identifying a ‘clear’ morality existing in a community. This
result is shown in the final theorem, with the aid of some
auxiliary definitions.
Definition 18 (Conflict closure). Let CAT =
(L,R°,R*C). A set A C R is a conflict closure
under CAT if and only if. for any x € A if thereisay € R®
such that x e~ y for some ¢ € C then y € A.



Definition 19 (Coherent sub-structure). Let CAT =
(L,R*,R%,C). A set A C R is a coherent sub-structure
with respect to C, if A is a conflict closure under CAT and
structural coherent under CAT = (L, R*%, A, C).

In order to represent an input sequence, we introduce an
input function that labels each defeasible rule with a natu-
ral number. Different input functions over the same set of
defeasible rules thus represent different input sequences.

Definition 20 (Input function). Let A be a finite set of dis-
tinct defeasible rules. Let Q = (0,...,|A|). An input func-
tion f regarding (A, Q), is a bijection from the elements of
Q other than 0 to A.

Given an input function f, we denote f (i) as r;, signify-
ing the input rule at stage i € Q.

Theorem 4. Let A be a finite set of distinct defeasible rules,
and Ca = {cy | © € A} be the set of contexts appear
in A. Let Q = (0,...,|Al|) be a sequence of construction,
and (L,R*,R%,C;, ;) be the theory constructed at stage
i € @ according to Definition 17. For any input function
f regarding (A, Q) and any coherent sub-structure A C A
with respect to Ca,
d
P ACR
o« IsACQ N (where <A s the specificity ordering on \).

Conclusion

This paper addresses the fundamental challenge of norm
identification in open multi-agent systems, where agents
cannot rely on pre-programmed knowledge. We have pro-
posed a logic-based approach that frames norm identifica-
tion as a problem of consistent moral theory construction.
We adopt the method of reflective equilibrium, represent-
ing a moral theory as an argumentation theory. This frame-
work inductively incorporates moral judgments as prima
facie norms that are input from the environment and con-
structs a priority structure through specificity and firmness
orderings. The resulting theory achieves a maximally con-
sistent set of norms capable of justifying an agent’s de-
cisions through derived arguments. We have demonstrated
that, whenever the firm part of this constructed theory is
applicable, the agent can derive a definitive moral answer.
Furthermore, given a set of uncontroversial moral norms in
a community, our method guarantees the path-independent
identification of them.

The primary contributions of this work are twofold. First,
it provides a norm identification method that is robust to
inconsistent data and inherently supplies justifications for
an agent’s norm-based decisions. Second, by enabling di-
rect, real-time norm identification during execution—rather
than requiring a separate training phase—our logic-based
approach enhances the feasibility of deploying autonomous
agents in truly open, dynamic, and unknown environments.
This bridges a critical gap between the assumed awareness
of norms in normative reasoning and the decentralized real-
ity of multi-agent systems.

However, several promising directions remain for further
investigation to enhance its applicability and robustness. For

example, while our method requires agents to resolve nor-
mative conflicts once a prime facie is input to construction,
we might allow agents to perform the conflict resolution
only once every certain number of inputs. This “batch pro-
cessing” approach would improve computational efficiency
by amortizing the cost of reasoning over multiple observa-
tions, better simulating how humans accumulate experience
before revising their moral judgments.
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Appendix

Proposition 1. Letr PCAT = (L,R*,R%C,<). Let
SCAF® = (A°att, <) where ¢ € C and att is determined
by < according to Definition 7. This produce the same argu-
ment ordering as those defined by weakest link or last link

principle, using either elitist or democratic preference lifting
in Modgil and Prakken (2014).

Proof. Easy to verify by applying the weakest link or last
lint principle coupled with either elitst or democratic prefer-
ence lifting to determine <. O

Proposition 2. Argument A defeats argument B if and only
if A attacks B and:

* DefRule(A) =0, or
* DefRule(A) 4 DefRule(B).

Proof. Assume A attacks B. It then suffices to show that
A £ B if and only if: DefRule(A) = (J, or DefRule(A) 4
DefRule(B).

* =. Assume the contrary: DefRule(A) =# () and
DefRule(A) <t DefRule(B). Then A < B and B £ A,
namely A < B. Contradiction!

* <. We consider two cases separately. (1) Assume
DefRule(A) = (). Then A B, and then A 4
B. (2) Assume DefRule(A) < DefRule(B). Then
DefRule(A) ¢ DefRule(B) or DefRule(B) <
DefRule(A), and then A £ B.

O

Theorem 1 (Satisfaction of rationality postulates). Let
CAF® = (A, D) be a contextual argumentation frame-
work based on Definition 9. For any complete extension E
under the Dung’s semantics, E satisfies the following ratio-
nal postulates proposed by Caminada and Amgoud (2007).

* Subargument closure;

e Closure under strict rules;
* Direct consistency;

* Indirect consistency.

Proof. According to (Modgil and Prakken 2014), the proof
amounts to showing that CAT satisfies axiom consistency,
transposition or contraposition, argument preference order-
ing is reasonable. The first is satisfied as the context is as-
sumed to be consistent; transposition and contraposition is
both satisfied given the propositional reasoning uses propo-
sitional calculus; the reasonableness of argument ordering is
a direct result of Proposition 1. O

Proposition 3. Let PCAT = (L£,R*,R%,C,<) be well-
structured. Let ¢ € C be a context and CAF® = (A°,D°).
For any sequence of defeasible arguments Ay, ..., Ay, ...
from AS, if A1 defeats A; for each A; in the sequence
(i < n — 1 when the sequence only contains finite n argu-
ments), then DefRule(A;) <t DefRule(A;41).

Proof. Assume A;;; defeats A; for each A; in
the sequence. Then Conc(A;y;) = —t¢ for some
Al € Sub(A;) of the form Bi,...,B, = 4%, and
DefRule(A;11) 4 DefRule(A}). It follows that
DefRule(A;+1) ew. DefRule(A}), and furthermore
DefRule(A;) < DefRule(A;y;) since CAT is well-
structured. As each argument contains at most one
defeasible rule, DefRule(A}) = DefRule(A4;), and then
DefRule(A;) < DefRule(A;t1). O

Theorem 2. Let PCAT = (L£,R*,R%,C,<). If PCAT is
well-structured, then CAF® is well-founded for any c € C.

Proof. Assume there is some ¢ € C, such that CAF® is not
well-founded. Then there is an infinite sequence of argu-
ments Ap, Az, ..., such that A;; defeats A;. It is easy to
see that such sequence contains no strict argument. There
are two cases we need to consider.

e Case 1: Nor € R< is used more than once in the infinite
sequence (namely, DefRule(A;) # DefRule(Ay) for
any A;, Ay, in the sequence with j # k). But then R?
must be infinite. Contradiction!

e Case 2: Some r € R% is used more than once in the infi-
nite sequence. Then there are two argument A;, Aj with
Jj<l<kork <l < jforsome A; between A;, Ay in
the sequence, and DefRule(A;) = DefRule(Ay) = 7.
By proposition 3 and < being transitive, if £ < [ < j
then DefRule(Aj) < DefRule(A4;), if j < I < k
then DefRule(A;) <\DefRule(Ay). AsDefRule(A;) =
DefRule(Ay) = r, in either case we have r < r, namely
r <and r £ r. Contradiction!

O



Proposition 4. Let CAT = (£, R*,R%,C). If Riis struc-
turally coherent, then any A C R% is also structurally co-
herent.

Proof. Straightforwardly by definition. O

Proposition 5. Let PCAT = (L,R*,R%,C,<). If R% is
structurally coherent and < is the specificity ordering on R%
according to Definition 11, then PCAT is well-structured.

Proof. Straightforwardly by definition. O

Proposition 6. Let CAT = (£, R*,R%,C). The support re-
lation > on R is reflexive and transitive.

Proof. Reflexivity is straightforward. For transitivity, as-
sume z > y and y > z, then: body(y) — body(z) € R?,
body(z) — body(y) € R®, and therefore body(z) —
body(y) € R®; head(z) — head(y) € R, head(y) —
head(z) € R?, and therefore head(x) — head(z) € R”.
Together, body(z) — body(z) € R® and head(zx) —
head(z) € R®,s0 x> z. O

Proposition 7. Let L be a logical language, R® the set of
strict rules reflecting monotonic inferences over L. Let R?
be a set of defeasible rules, and >> the support relation on
R? based on R*. For any r € R?, the set {x € R | r >
x} contains no contextual conflict under (L, R*, R%,C) for
any set of contexts C.

Proof. Assume the contrary, then there is a C and some
z,y € {x € RY | r > z}, such that z «~, y for some
¢ € C. Then there are A, A’ € A° with DefRule(A) =
{z},DefRule(A’) = {y} and Conc(A) = — Conc(A’).
Therefore, head(z) = —head(y), or there is a strict
rule head(z) — —head(y) € R®. But given r > u,
head(r) — L € R?®, which contradicts the assumption that
head(r) s, L. O

Proposition 8. Let L be a logical language, R* the set of
strict rules reflecting the monotonic inferences over L. Let
A, A be two defeasible rule sets, and r a defeasible rule,
then:

1. For any set of contexts C, ret(r,A,A,C) contains no
contextual conflict under (L, R*, ret(r, A, A,C),C).

2. If A is structural coherent under (L, R*, A\, C), then A U
ret(r, A, A, C) is structural coherent under (L, R*, AU
ret(r,A,A,C),C).

3. Let Ty = ret(r, Ag, Ao, C), where Ag = A and Ay =
A Let Tyy1 = Uyer, ret(y, Aps1, Agt1,C), where
Ak+1 = A, — Ty and Ak+1 = Ay UT. For anyi € N,
I'; Cret(r,A,A,C).

Proof. The first item is a corollary of proposition 7. The sec-
ond item is straightforward by definition. The third item fol-
lows from the first item and the transitivity of >>. O

Proposition 9. Let L be a logical language, R® the set of
strict rules reflecting monotonic inferences over L, C a set
of contexts, and A a defeasible rule set, then:

1. For any x,y € A that x «~. y for some ¢ € C un-
der (L, R*,A,C), x € rem(A,C) if and only if y €
rem(A,C).

2. If A is structurally coherent under (L, R°,A,C), then
rem'(A,C) = 0.

3. A — rem"(A,C) is structurally coherent under

(L,R?,A —rem"(A,C),C).

Proof. The first item is easy to verify, by observing that the
«~s, is symmetric. The second item directly follows from
the definition of structural coherence.

For the third item, assume the contrary. Then there are
z,y € A — rem'(A,C), such that x <. y under
(L,R*,A — rem”(A,C),C) and not the case that either
body(x) — body(y) € R° or body(y) — body(z) €
R*. Since A — rem”(A,C) C A, it follows that the said
z,y € A, with  «~. y under (£, R°,A,C) and not the
case that either body(z) — body(y) € R® or body(y) —
body(x) € R?®. Then z,y € rem'(A,C), furthermore
z,y ¢ A —rem’(A,C). Contradiction! O

Proposition 10. Let Q) be a sequence of constructions, and
(L, R*,RE,Ciy <) where RET = RIT URY™ be defined

as in Definition 17. For each i € Q:

1. R&T = U{ri}

2. RITARIT =0

3. R;H is structurally coherent under (L, R, R;-”, Ci).
4. <, is a preorder.

Proof. The first and second items are easy to verify, by ob-
serving that at each 7 € @ the input rule r; goes to either
RI* or R, and the retrieval /removal operations are mov-
ing a subset of Rf:l to Rf+ (respectively Rffl to R?_).
For the third item, there are two cases we need to consider.

e ¢ = (.Insuch case Rng = (), whose structural coherence
holds trivially.

e i =k + 1(0 < k < n). There are three sub-cases that we
need to consider.

- Case 1: R{T U {rg41} is structurally coherent under
(L,R*, R U {rks1},Crir). In this case, Rgil =
RZJF U {rks1} U ret(rkH,Rg*,RZﬂCkH). As-
sume that Rgil is not structurally coherent. Then
there are @,y € R{T,, such that & «w. y
for some ¢ € C and it is not the case that ei-
ther body(z) — body(y) € R*® or body(y) —
body(z) € R* If 2,y € RYT U {rp41}, then
2,y € RYT U {rgy1} is not structurally coherent,
contradiction! If z,y € ret(ry11, R{, RET, Cri1),
then ret(rkH,RzﬂRzﬂCkH) contains contex-
tual conflict with respect to Cj1, which contradicts
Proposition 8! If z € R{T U {rgy1} and y €
ret(rk+1,Rz_,Rz+,Ck+1), by Proposition 7, x #
711, therefore z € RYT, which contradicts the defi-
nition of ret(rgy1, Re , Ry, Cry1)!



— Case 2: R{T U {rgy1} is not structurally coher-
ent under (£,R*, RYT U {r11},Cri1) and 741 €
rem'(rg41 U RZJF,CkH). In this case, RiL =
(RZ"' —rem’(rgp41 U RZ+,C;€+1)) — remg(Ri"', Q).
By Proposition 9, RZJF — rem"(rg4q U RZJF,C;CH)
is coherent under (£,R*,RY{T — rem(rgy1 U
RIF, Cry1),Crr1). Since R{T — rem(rpyq U
RET,Cri1)) —remd(R{T, Q) C RET —rem” (rpq1 U
RZ+, C+1), it follows that Rzil is structural coher-
ent under (£, R?, Riil, Crt1)-

- Case 3: R{*T U {rp41} is not structurally coher-
ent under (L,RS,RiJr U{rk+1},Crt1) and rgy1 ¢

rem"(rp11 U RYT,Crpr). In this case, RzL =

ng U{ri}Uret(rpi1, RE, R?’/, Cr+1) Where
RET = (REF = rem'(rey1 U RET,Chpn)) —
rem$(R{T, Q). By a proof similar to Case 2, ’Rf’l
is structural coherent under (£, R?, Rfr/ ,Cry1), fur-
thermore, RiJr/ U {741} is also structural coherent
under (£, R?, Riy U{7k+1}, Cr+1). By another proof
similar to Case 1, RzL is structurally coherent under
(L RY R, Con),

For the fourth item. Regarding reflexivity: by R;‘H N
RI™ = 0 it follows that for any = € RY, x <% z and

not z < z, therefore z <; z. Regardingl Eransitivity: let
z,y,2 € RY such that # <; y and y <; z, then: in the case
that 2, y, 2 € RIT (or 2,y, 2 € RI™), since R{T NRYE™ =
@, it follows z <¢ yand y <¢ %, and then x <% z but not
z Slf x, therefore x <; z; in the case that some of x, y, z is
in R~ and some in R4T, by RIT N R~ = () it follows
z ¢ R, then: if € RY™ and y, 2 € RIT, then = <f y
and x ﬁf z, therefore x <; z;if x,y € R?_ and z € Rf+,
then z <f 2, therefore z <; 2. O

Theorem 3. Let Q = (0,...,n) be a construction se-
quence, and PCAT; = (L,R* R%,C;, <;) be constructed
at stage i according to Definition 17. CAF = (A, D°) is
well-founded, for any set of contexts C C C; satisfying:
forany c € Cand any A, A’ € AS, if A attack A’ then
DefRule(A) € RET or DefRule(A’) € RIT

where CAFS = (A°, D) is defined by PCAT, =
(L, R*,RE,C, ;) with respect to a ¢ € C, according to
Definition 6 and 9

Proof. Let C be a set of contexts that satisfy the said con-
dition. We first show that PCAT, = (£,R*,R¢,C,<;) is
well-structured. By Proposition 10, <; is a preorder. Now
assume two =,y € RY, such that z «~.. y for some ¢ € C.
According to the said condition satisfied by C, there are two
cases we need to consider.

* Case I: 2,y € R¥T. By Proposition 10, R¢™ is structural
coherent under (£, R®, R;H, C;), with C C C; this yields

either body(z) — body(y) or body(y)tobody(z), then
either « <f y or y <¢ «, and then either x <, y or y <; x.

e Case 2: x € R;-H and y € Rf‘ (or vice versa). Then
y <f x, and then y <; x (respectively = <; y in the case
that y € 7'\’,,;1+ and x € Rff).

All in all, we have either x <; y or y <1; x. Therefore,
PCAT, = (L£,R*,R%,C,<;) is well-structured. Then by
Proposition 2, CAF;* = (A¢, D°) is well-founded. O

Theorem 4. Let A be a finite set of distinct defeasible rules,
and Ca = {c; | © € A} be the set of contexts appear
in A. Let Q = (0,...,|Al) be a sequence of construction,
and (L,R*,R%,C;, <;) be the theory constructed at stage
i € Q according to Definition 17. For any input function
f regarding (A, Q) and any coherent sub-structure A C A
with respect to Ca, A C Rldgl and ﬁS'AQﬁ‘A‘ (where <sA
is the specificity ordering on \).

Proof. Fix an input function f. First note that for any r € A,
there is an i € @ (¢ > 0) such that f(i) = r. To show that
A C R‘dgl, it suffices to that for any ¢ and any » € A such
that f(i) =, f(i) € R?IAI] (i.e., f(i) € RIT and stay till

d+
Riap- .

Assume the contrary, then there is a £ € @ such that
i < kand f(i) € rem’({ry} U R{T,,Ch). Then there is
ar’ € R{T,, such that f(i) . 1 for some ¢ € C
under (£, R*, {ry} URYT,,Cx) and it is not the case that
either body(f(i)) — body(r’) € R*® or body(r’) —
body(f(i)) € R®. Since R{T, C A and Cy C Ca, it fol-
lows f(i) «~. 7’ for some ¢ € Ca under (£, R*,A,Ca).
As A is a conflict closure with respect to Ca, f(i),7" € A.
But then A is not structural coherent under (£, R*, A,Ca).

Contradiction!

<+AC Q) A immediately follows from A C R‘dg » based

on the way we define SN according to Definition 17.  [J



