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Abstract

Matrix-based optimizers have demonstrated immense potential in training Large
Language Models (LLMs), however, designing an ideal optimizer remains a
formidable challenge. A superior optimizer must satisfy three core desiderata:
efficiency, achieving Muon-like preconditioning to accelerate optimization; stabil-
ity, strictly adhering to the scale-invariance inherent in neural networks; and speed,
minimizing computational overhead. While existing methods address these aspects
to varying degrees, they often fail to unify them—either incurring prohibitive
computational costs like Muon, or allowing radial jitters that compromise stability
like RMNP. To bridge this gap, we propose Nora, an optimizer that rigorously
satisfies all three requirements. Nora achieves training stability by explicitly stabi-
lizing weight norms and angular velocities through row-wise momentum projection
onto the orthogonal complement of the weights. Simultaneously, by leveraging
the block-diagonal dominance of the Transformer Hessian, Nora effectively ap-
proximates structured preconditioning while maintaining an optimal computational
complexity of O(mn). Furthermore, we prove that Nora is a scalable optimizer and
establish its corresponding scaling theorems. With a streamlined implementation
requiring only two lines of code, our preliminary experiments validate Nora as an
efficient and highly promising optimizer for large-scale training.

1 Introduction

The training of Large Language Models (LLMs) relies heavily on adaptive optimizers such as Adam
[1L2]. However, these methods primarily estimate diagonal curvature, neglecting the rich off-diagonal
structural information inherent in the loss landscape [3]]. Recently, matrix-based optimizers like Muon
have emerged to bridge this gap, achieving state-of-the-art data efficiency through orthogonalized
updates [4]. Despite its remarkable performance, Muon relies on the Newton-Schulz iteration
[S], which introduces significant computational overhead of O(m?n), where the weight matrix
w € R™*™ typically satisfies m < n in large-scale settings.

Subsequent research has sought to approximate this preprocessor. [6] identified the row-wise block-
diagonal dominance of the Transformer Hessian, a phenomenon also noted by [7]], who proposed a
simplified preprocessor approximating Muon via diagonal matrices. This led to the development of
RMNP, a Row-wise Momentum Normalization method. Although RMNP is computationally superior,
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it overlooks a fundamental property of modern neural networks: weight space symmetry [8]. Due to
the pervasive use of BatchNorm [9]], RMSNorm [[10]] and LayerNorm [11], network representations
exhibit scale invariance [12]]. Radial updates—those aligning with the weight vector—do not alter the
functional output [13]. However, radial momentum noise can interfere with the preprocessor’s output
and the direction of weight learning. Simultaneously, it silently perturbs the weight norm, leading to
chaotic oscillations in the effective learning rate and ultimately undermining network training [14]].

Beyond these, other classical or state-of-the-art optimizers typically suffer from one or more deficien-
cies: they either neglect the use of preconditioners 15,116, 17], fail to account for the scale-invariance
of neural networks [18|[19], or incur excessive computational complexity [20} 21]. In fact, many
existing methods simultaneously lack several of these essential properties.

Our motivation stems from a commitment to the three core principles of optimizer design: efficiency,
stability, and speed. To this end, we introduce Nora. The design of Nora relies on a simple row-wise
orthogonality property: row-wise normalization preserves row-wise perpendicularity to the weight.
This property enables us to unify preconditioning estimation, scale-invariance, and rapid computation.
Specifically, we first project the momentum v, onto its component that is row-wise perpendicular to
w; to obtain v}, which ensures training stability through orthogonality. Subsequently, we apply a
diagonal preconditioning estimation to v} to derive the update d;. This step efficiently approximates
the Muon-like preconditioning for enhanced efficiency, yet computationally simplifies to a mere
row-wise normalization, thereby simultaneously satisfying both the speed and stability requirements.

Furthermore, leveraging the Maximal Update Parametrization (uP) framework [22], we demonstrate
that Nora is a scalable optimizer and derive its optimal learning rate scaling laws. We also provide
a rigorous convergence analysis, establishing theoretical guarantees for Nora in non-convex opti-
mization landscapes. Remarkably, the core logic of Nora can be implemented in just two lines of
matrix-based code, ensuring its seamless compatibility as a plug-and-play module for any existing
optimizer. We evaluate Nora by training LLaMA models [23]] of various scales across a range of
learning rates. Our experimental results demonstrate that Nora achieves superior performance in both
convergence speed and wall-clock execution time. Our contributions are three-fold:

* We propose Nora, a novel optimizer that simultaneously achieves efficiency in precondi-
tioning estimation, stability by respecting the scale invariance of neural networks, and high
computational speed during training.

* We evaluated Nora by training LLaMA models across various learning rates. Extensive
experiments demonstrate that our algorithm achieves better results in terms of both training
efficiency and computational wall-clock time.

* We rigorously prove through theorems that Nora is a scalable optimizer and provide scal-

ing criteria. We also provide rigorous convergence guarantees for Nora in non-convex
optimization, demonstrating that our approach is characterized by theoretical completeness.

2 Notations

Throughout this paper, w € R™*™ denotes the learnable matrix parameters, and f(w) denotes the
loss function. Let wy, g4, and v; denote the parameters, gradients, and momentum at iteration ¢,
respectively. The operator diag(-) keeps the diagonal entries of a square matrix and sets all off-
diagonal entries to zero. We denote the (7, j)-th entry of the momentum matrix by v; ;; and its ¢-th
row by vy ;.. We decompose momentum into vl and v, the components parallel and orthogonal to
w. Similarly, v"!l and v" denote row-wise parallel and orthogonal components, while v°ll and v+
denote the corresponding column-wise components. The symbol ® denotes the Kronecker product,
and ® and © denote element-wise multiplication and division. The notation (-)7" denotes matrix
transpose, and H ~1[-] denotes the action of a preconditioning operator on a vector or matrix.

3 Related Work

3.1 Matrix-Based Optimizers and Muon

Adaptive optimizers such as AdamW [24] scale gradients with diagonal preconditioners and therefore
ignore off-diagonal curvature in the loss landscape f(w). Matrix-based optimizers instead treat the



weight w € R™*", typically with m < n, as a structured matrix [23]]. Let g; = V f(w;), and let
vy = Bur—1 + (1 — 8)g: denote the exponential moving average of the gradient. Muon orthogonalizes

this momentum and uses the update direction dM = (v, )_%vt, thereby applying a global structural
preconditioner. To avoid the exact inverse square root, Muon uses the Newton—Schulz iteration
Xiy1 = %Xk (31 — X,CTX ) from a scaled initialization X, o< v;. This update improves the
conditioning of the search direction, but the dense matrix multiplications in the Newton—Schulz loop
cost O(m?n) [26]], limiting scalability in large LLM layers.

3.2 Row-Momentum Normalized Preconditioning

Recent studies show that the layer-wise Hessian matrices of Transformers exhibit strong row-wise
block-diagonal dominance [27]]. Muon can be written as applying the full-spectral preconditioner

Hy = (vtvtT )% ® I,,, where v; is the momentum matrix. Row-Momentum Normalized Precondition-

ing (RMNP) uses the row-dominant structural prior by retaining only the diagonal blocks of the Gram

matrix: Hp = (diag(v;v]))2 ® I,,. This approximation reduces matrix orthogonalization to row-

wise ¢ normalization of the momentum: H 1;1 [ve]:: Utii By eliminating the Newton—Schulz

= Torill2
loop, RMNP reduces the per-iteration complexity from O(mn - min(m,n)) to O(mn). However,
this algebraic simplification neglects the scale symmetry of neural networks and allows unconstrained
radial updates that inject noise into the training dynamics.

3.3 Scale-invariance in Neural Networks

The widespread use of BatchNorm, RMSNorm, and LayerNorm makes scale invariance a cen-
tral property of modern neural networks [28]]. For scale-invariant parameters w, the loss satisfies
fw) = f(Aw) for any A > 0. This property implies that the gradient is orthogonal to the weights:
(V f(w),w) = 0. Thus, the magnitude of w is decoupled from the loss value, and learning changes
the angular orientation of the parameters [29} 30]. In this setting, the radial momentum component
vll interferes with angular optimization and perturbs the weight norm. This perturbation destabilizes
the effective learning rate, defined as the relative angular step size, and hinders stable training [31]].
Our goal is therefore to update along directions d; satisfying (d;, w;) = 0, so that the update remains
orthogonal to w;.

4 Nora Optimizer

4.1 Design Concept

Modern neural networks contain many scale-invariant parameters: changing ||w||r does
not change the loss. The wuseful motion is therefore angular rather than radial.
Based on the principle of stability, the angular velocity should remain controlled by the learning-
rate schedule. Because preconditioning typically produces an update magnitude determined by the
matrix dimensions R™*", the preconditioned direction must remain perpendicular to w;. Otherwise,
radial components change the weight norm and the effective learning rate. Tangential updates keep
norm growth controlled and allocate momentum to directions that affect the network output.

Existing preconditioners do not satisfy this requirement. Even when applied to tangential momentum
vi-, the Muon operator produces an update dM = (vt (v-)T)~ 2o} that deviates from the tangent
direction, so (dM,w;) # 0. RMNP has the same issue: its preconditioner can destroy the orthogonal-
ity of the update to w;. SSO [32] preserves this geometric property, but it relies on a computationally

intensive bisection method and is too slow in practice.

Inspired by prior work on the row-diagonal dominance of the Transformer Hessian, we observe
that preconditioning can be made compatible with tangential updates by considering v} . Here,
vt is obtained by orthogonalizing v; against each row of wy, ensuring that (vﬁ, wy;:) = 0 for
every row i. Based on the principle of efficiency, we seek a preconditioner for v-. Given the

row-diagonal dominance of the Transformer Hessian, it follows that v} (vi+)7 also exhibits row-
diagonal dominance. We therefore adopt the diagonal elements of v/ (v )7 as the preconditioner,
specifically Hy = (diag(v}* (v} 1)T))2 ® I,,. Consequently, the preconditioned update simplifies



to Ht[urt] = (diag(vr L (v7)T))~ 207, Through algebraic simplification, we arrive at:
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In other words, applying the preconditioner H [ to vj* is mathematically equivalent to performing
a simple row-wise normalization. Furthermore, the followmg Equation (2) leads to our long-sought
objective: by preconditioning v/ (which is already row- orthogonal to wy), we simultaneously
achieve optimal efficiency while preserving the orthogonality between v}~ and w;. This ensures that

the update consistently adheres to the principle of stability.
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From the perspective of Speed, Nora maintains high efficiency and stability while introducing mini-
mal computational overhead. The additional computation consists solely of row-wise projections of v,
onto the tangent space of w;, which are element-wise operations that consume virtually no additional
time compared to RMNP. Furthermore, by exploiting the diagonal dominance of the Transformer
Hessian, Nora replaces the computationally intensive Newton-Schulz (NS) iterations used in Muon
with simple row-wise normalization. This effectively reduces the overall time complexity and ensures
optimal training throughput.

Furthermore, updating along the direction of (diag(vi+(vi+)T))~2vlL offers additional advan-
tages. First, the discrete tangential updates ensure that the norm of each row increases only at a
second-order rate. This growth is both monotonic—guaranteeing steady progression without er-
ratic fluctuations—and gentle, remaining strictly controllable throughout training. Moreover, the
row-wise orthogonality of d; relative to w,; ensures a uniform growth rate across all rows of w;.
By upholding the geometric consistency of scale-invariant parameters, this mechanism effectively
mitigates internal covariate shift and maintains the representation balance of the neural network.

The synthesis of these three properties forms the core design philosophy behind Nora, ensuring
that it inherently satisfies the requirements for training efficiency, stability, and speed. The com-
prehensive procedure of the Nora algorithm is detailed in Algorithm [I] Furthermore, Table [I]
presents a comparative summary of how various optimizers adhere to the three core design principles.

Algorithm 1: The Nora Optimizer

Require: Layer Weight w; € R™*™, momentum v, € R™*"™, learning rate 7, at step ¢, momentum
coefficient (3, and weight decay coefficient A (Default A=0).
Initialize vy < 0 € R™*™ t < 0.
for each step do
g < Vf(we)
Vg = Bo_1 + (1= B)ge

Vf T Vg — %w“ {For all Row}

di < (diag(U{L(U{L)T))féva‘ {Row Normalization}
Wiy — wy — N (dy + A0y)
end for

4.2 Theoretical Analysis

We now analyze Nora as a scalable optimizer and establish non-convex convergence guarantees. For
a matrix z € R™*", define:

ez =3 llwille, Nolloon = max flael>



Table 1: Comparison of Optimizers Based on the Three Design Principles

Optimizer | Nora | Muon [4] | RMNP [7] | SSO [32] | SGD [33] | Adam [I] | AdamP [16]

Efficiency | v | v | v | v | X | X | X
Swhiliy | ~ | X | X | </ | x | x | v/
Speed | vV | X | v | X | v | v | v

For any matrix w with nonzero rows, a matrix z is row-wise perpendicular to w if (z;., w;.) = 0 for
every row 7. The row-wise perpendicular projection is:

B <xi:awi:>
[Jwi |3

[Pt ()i = s w;.. 3)

We use row-wise normalization with the convention 0/0 = 0:

Li:
T L 7& 07
[RN(z)]s. := { [l@i:ll2 %)
07 Ti. = 0.
Throughout this subsection, the scalar m denotes the number of rows of w € R™*", and v, denotes
the momentum sequence. Fort = 0,...,T — 1, we analyze the core Nora update without decoupled
weight decay:

gt = V(wg; &), vigr = Bue+ (1 — B)ay, vg = 0,
vt = Pur(visr),  di = RN(vj), Wiy = wy — 1dy.

&)

4.2.1 Scaling for Nora

In this section, we address the most fundamental engineering question in LLM training: How should
the learning rate 1 of Nora scale with the model width? According to the core principles of Maximal
Update Parametrization (uP), an optimal optimizer must ensure that the change in hidden layer
activations, Ah, remains on the scale of ©(1) as the network width increases (n — o00). This
ensures the network neither fails to learn features due to vanishing updates nor suffers from numerical
explosion. We derive the rigorous learning rate formula required for Nora to satisfy this limit through
the following theorem:

Theorem 4.1 (Nora Scaling under the Scaling Hypothesis). Consider a neural network layer defined
by h = wx, where the weights w € R"™*". Assume the input activation x € R" satisfies the scaling
hypothesis under standard deep learning initialization: ||x||2 < y+/n, where v = ©(1) is a constant.
Suppose the parameters are updated using Nora: w11 = wy — mdy. Then |Ah;| < myyy/n. To
achieve the stable feature learning limit required by P theory—specifically, to ensure the activation
update magnitude satisfies |Ah;| = ©(1)—the learning rate n; for Nora must follow the width-scaling

rule, ny < 1//n.

The theorem provides an upper bound on the forward update, |Ah;| < n;:y+/n. This bound ensures
training stability but raises a more precise question: do Nora’s projection and normalization operations
substantially weaken the effective gradient components in practice, causing Ah; to fall significantly
below y/n or even vanish? To show that Nora achieves Maximal Update Parametrization (uP), we
must evaluate the true order of Ah; in the high-dimensional limit n — oo. To this end, we use the
following theorem.

Theorem 4.2 (Asymptotic Convergence). Consider a hidden layer h = wx, where w € R™*".
Under the standard infinite-width random initialization hypothesis, assume the row vectors of w
follow w;, ~ N(0,02 I,,/n), and the components of the input activation x € R™ are independent
with zero mean and variance o2 = O(1). Let the error signal backpropagated to this layer be
§; = O(1), and let the vanilla gradient without momentum be g;. = 6;x . If Nora generates the
update direction d;. = RN(PIL(g;.)), then as the network width n — oo, the inner product between
the update direction and the input converges in probability to (d;., x) LN sgn(0;)o+/n. Therefore, to
obtain non-trivial feature learning with Ah; = ©(1), Nora must use 1 = ng/+/n.



4.2.2 Convergence Analysis

We next prove non-convex convergence guarantees for Nora. Define the natural filtration as:

]:t = O'(U}Q,é-(), cee 751571)-
It is the sigma-algebra generated before sampling &;. Equivalently, w; and v, are F;-measurable, and
the conditional expectations below are taken only over the current stochastic gradient. We measure
stationarity by the row-wise projected gradient:

Gr := Py, (V[ (wr)). ©)
This is the relevant first-order signal for Nora because each row of d; is perpendicular to the
corresponding row of w;. Hence its descent inner product depends only on the row-wise perpendicular
component of the true gradient, not on the radial component removed by the projection. Under
row-wise scale invariance, G; coincides with V f(w;), so the projected stationarity measure reduces
to the standard first-order one.

Compared with RMNP, Nora inserts one row-wise perpendicular projection before row-wise normal-
ization. This additional step preserves the RMNP proof structure; the main new ingredient is the
non-expansiveness of P5 in the norms used below.

Assumption 4.3 (Smoothness). The objective f : R™*"™ — R satisfies one of the following
conditions:

(a) (Frobenius smoothness) There exists Lz > 0 such that, for all w, w’,
IVf(w) = Vf@)|r < Lp|w—w'|F. @)
(b) (Matched (o0, 2)-smoothness) There exists Lo, 2 > 0 such that, for all w, w’,

IVf(w) = V()2 < Loc2lw — 0]l 2- ®)
Theorem 4.4 (Nora under matched (oo, 2)-smoothness). Suppose Assumptions[d.3(b) hold. If Nora

uses a constant step size n; = 1, then:
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Here m is the row dimension of w. With the choice:

(1=p)A 1[3min{ Ve } (10)

Lo 2T 7’ 2/moVT’
Nora reaches an e-stationary point in the projected || - |12 sense after:
T = O(mLe 20 Ae™?) (11)
iterations.

Proposition 4.5 (Frobenius-smooth counterparts). Under the same conditions of Theorem 4.4} if
Nora uses a constant step size 0y = 1, then:

T—1
1 A Lpny/mp o 1-— ﬁ Lrnm
“SCE[IGF] € o+ (V1) ( ) +-Z . (12)
T pard Tn T 1-5 \f 2
The corresponding projected || - ||1,2 bound is:
A Lpnm Vmo Lpnm
— Tn T VB 2
Consequently, Nora reaches an e-stationary point in either projected measure after:
T = O(m*Lpo®Ae?) (14)

iterations.

Corollary 4.6 (Standard first-order stationarity under row-wise scale invariance). Assume, in addition,
that f is row-wise scale invariant:

f(Dw) = f(w), Yw € R™*™ VD = 0 diagonal. (15)
Then V f (w;) is row-wise perpendicular to wy for all t, i.e.,
P;fi (Vf(wt)) = Vf(w). (16)

Therefore, Theoremand Propositionhold with G replaced by V f (w).



Proof sketch. The proof follows the RMNP descent argument and adds one projection lemma: for

fixed w, the row-wise perpendicular projector P~ is non-expansive in || - ||, || - [|1,2, and || - [|c,2.
Because each row of d; is perpendicular to the corresponding row of wy,
(Vf(we),de) = (Pt (Vf(wy)), de) = (Gr, dy). (17)
Define the projected momentum tracking error as:
e = v{il — Gs.
The row-normalization identities give:
<gtudt> > Hgt‘1,2—2||€t‘1,2, <gtadt> > Hgth—(\/rrL—i—l)HetHF. (18)

Combining these inequalities with smoothness-based descent and the standard momentum recursion
yields the stated bounds. Full proofs and standard assumptions are deferred to Appendix [A]

4.3 Compared with Mano

In this section, we delineate the distinctions between Mano [34] and Nora. Mano alternates between
row-wise and column-wise perpendicular projections, followed by normalization. Specifically,
Mano accumulates momentum v, in the standard manner. During odd iterations, it removes the
row-wise radial component to obtain v}+ and applies row normalization: d; = RN(v/~). During
even iterations, it removes the column-wise radial component to obtain v and applies column
normalization: d; = CN(v§t).

The design philosophy of Nora diverges significantly from that of Mano. Nora originates from
the properties expected by the optimizer itself, while Mano comes from Riemannian optimization
[35,136,[37]. In practical implementation, Nora is more streamlined as it eliminates the need to track
iteration parity (odd vs. even steps). More importantly, Nora is explicitly designed to leverage the
block-diagonal dominance characteristic of the Transformer Hessian. By removing the heuristic
column-wise orthogonal projection and normalization used in Mano, Nora demonstrates superior
properties in ablation studies. These empirical results suggest that the diagonal dominance of the
Transformer Hessian is a critical structural prior that must be prioritized in LLM optimizer design.

S Experiments

We evaluate Nora on autoregressive language modeling with LLaMA-style Transformer models
at two scales: 60M and 135M parameters. We compare Nora with three matrix-based optimizers,
Muon, Mano, and RMNP, under the same data pipeline, tokenizer, context length, global batch size,
learning-rate schedule, precision, evaluation cadence, and checkpointing cadence. Detailed model
and training configurations are deferred to Appendix [B]

The compared optimizers differ only in the optimizer rule, the matrix learning-rate sweep grid, and
weight decay. For all non-matrix parameter groups, we use the same auxiliary Adam setting within
each model size. For matrix-shaped parameters, we tune the matrix learning rate over optimizer-
specific grids and select the best run by validation loss. Muon uses a slightly different sweep range
from the other matrix optimizers because it is more sensitive to large matrix learning rates in our
preliminary runs. The full sweep grids are listed in Appendix |B| Importantly, Nora uses weight decay
0 in all runs, whereas Muon, Mano, and RMNP use weight decay 0.1. We treat this as part of Nora’s
optimizer configuration and report it explicitly in all result tables.

5.1 Best Results from Different Optimizers

Table 2]reports the main language-modeling results. For each optimizer and model size, we report the
matrix learning rate selected from the sweep, the validation loss at the selected setting, and validation
perplexity. This format separates peak validation performance from the final checkpoint quality.

Figure[T|shows the 135M training dynamics from 10k to 20k steps. RMNP has the strongest early-
stage loss and perplexity, while Muon improves more slowly and plateaus at a higher value. Mano
and Nora start from higher loss and perplexity, but both continue to improve after 15k steps. Nora
shows the clearest late-stage improvement: it overtakes the other methods near the end of training



Table 2: Main language-modeling results. For each optimizer and model size, the matrix learning rate
is selected by validation loss over the sweep grid in Appendix [B] Lower validation loss and perplexity
are better. Best results are shown in bold.

Optimizer Weight decay 60M 135M

Best matrix LR~ Val. loss  Val. ppl. Best matrix LR~ Val. loss  Val. ppl.
Muon 0.1 0.01 3.44 31.09 0.01 3.142 23.17
Mano 0.1 0.004 3.39 29.55 0.003 3.097 22.13
RMNP 0.1 0.004 341 30.12 0.01 3.112 22.46
Nora 0.0 0.004 3.37 28.94 0.003 3.079 21.74

Table 3: Comparison of Mano and Nora (Model: 135M, wd = 0)

0.003 0.005 0.01 0.02
ppl loss ppl loss ppl loss ppl loss
Mano 22.13 | 3.097 | 22.14 | 3.098 | 23.34 | 3.150 | 25.07 | 3.222
Nora 21.74 | 3.079 | 21.86 | 3.085 | 22.43 | 3.111 | 23.39 | 3.152

Optimizer

and reaches the lowest final loss and perplexity. This indicates that Nora uses the same training
budget more efficiently, achieving better optimization quality without requiring additional training
steps. This trend is consistent with Table[2} where Nora achieves the best 135M validation loss and
perplexity among the compared optimizers.

5.2 Runtime Comparison

We also compare the cost of row normalization with Newton—Schulz orthogonalization on representa-
tive matrix shapes from LLaMA-style models. The benchmark uses CUDA with bfloat16 precision,
20 warmup iterations, and 200 measured iterations. Newton—Schulz uses five iterations. As shown in
row normalization is consistently cheaper than Newton—Schulz. The gap is already about
one order of magnitude for small and medium matrices, and becomes much larger for the 1B-scale
MLP matrices, where Newton—Schulz is more than 70 times slower. This highlights the substantial
speed advantage of row normalization in practical training settings. Results support the practical
motivation for replacing matrix-level orthogonalization with a row-wise normalization step.

Table 4: Runtime comparison between row normalization and five-step Newton—Schulz orthogonaliza-
tion on representative LLaMA-style matrix shapes. Times are mean kernel runtimes in milliseconds
under CUDA and bfloat16 precision.

Model scale Matrix shape Representative layer Row normalization (ms) NS(5) (ms) NS /row-norm
60M 512 x 512 attention: hidden x hidden 0.0689 0.6554 9.52x
60M 1376 x 512 MLP: intermediate x hidden 0.0682 0.6853 10.05x
60M 512 x 1376 ~ MLP: hidden x intermediate 0.0688 0.6623 9.63x
135M 768 x 768 attention: hidden x hidden 0.0686 0.6520 9.50x
135M 2048 x 768  MLP: intermediate x hidden 0.0692 0.6871 9.93x
135M 768 x 2048  MLP: hidden x intermediate 0.0691 0.6534 9.46x
350M 1024 x 1024  attention: hidden x hidden 0.0674 0.6397 9.49x
350M 2816 x 1024 MLP: intermediate x hidden 0.0687 0.8625 12.56x
350M 1024 x 2816 MLP: hidden x intermediate 0.0675 0.6941 10.28 x

1B 2048 x 2048  attention: hidden x hidden 0.0684 2.0552 30.06x
1B 5461 x 2048 MLP: intermediate x hidden 0.0985 6.9985 71.02x
1B 2048 x 5461 MLP: hidden x intermediate 0.1084 7.9678 73.51x

5.3 Ablation Experiment between Nora and Mano

To verify that row-normalization indeed captures the row-diagonal dominance inherent in the Trans-
former Hessian, we conducted an ablation study. Given that Nora and Mano share similar algorithmic
frameworks, it is crucial to distinguish their structural advantages from hyperparameter effects. While
the previous experiments utilized Mano’s recommended wd = 0.1 against Nora’s default wd = 0,
we eliminated this discrepancy in the ablation study by setting Mano’s wd to 0. As shown in Table 3]
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Figure 1: Training dynamics on the 135M model. Left: loss over training steps. Right: perplexity
over training steps. Nora continues to improve late in training and finishes with the lowest loss and
perplexity.

the results demonstrate that Nora’s superiority stems from its intrinsic algorithmic architecture rather
than an advantage gained from weight decay settings.

Loss, Ir=0.003 Loss, r=0.005 Loss, Ir=0.01 Loss, Ir=0.02
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Figure 2: Training dynamics on the 135M model. This figure illustrates the perplexity and loss decay
curves for Nora (default wd = 0) in comparison with Mano (under wd = 0 and wd = 0.1).

Furthermore, Figure [2]illustrates the perplexity and loss decay curves for both Mano and Nora at the
135M model scale, under configurations of wd = 0 and wd = 0.1. It is evident that Nora consistently
outperforms Mano across all settings. For a comprehensive overview, all remaining experimental
results and corresponding convergence curves are provided in Appendix [B] where we focus on the
sensitivity of hyper-parameters and stability of our proposed optimizer.

6 Conclusion

We introduce Nora, a normalized orthogonal row-alignment optimizer for scalable LLM training.
Nora is motivated by the geometry of scale-invariant neural networks, where effective learning
should mainly occur along angular rather than radial directions. By projecting momentum onto
the row-wise orthogonal complement of the weights and applying row-wise normalization, Nora
preserves stable scale-invariant dynamics while retaining efficient Muon-like preconditioning under
the row-diagonal structure of Transformer Hessians. We further establish Nora’s scalability through
pP-based width-scaling analysis and provide non-convex convergence guarantees. Experiments on
LLaMA-style models show that Nora achieves the best validation loss and perplexity among the
compared matrix-based optimizers, while its row-wise normalization brings a clear speed advantage
over Newton—Schulz orthogonalization. Overall, Nora demonstrates that efficiency, stability, and
speed can be unified through a simple row-wise geometric principle, offering a practical and principled
direction for scalable optimizer design.
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A Proof of Theorem

A.1 Proof of Theorem 4.1

Theorem 4.1 (Nora Scaling under the Scaling Hypothesis) Consider a neural network layer defined
by h = wx, where the weights w € R"™*". Assume the input activation x € R" satisfies the scaling
hypothesis under standard deep learning initialization: ||x||2 < y+/n, where v = ©(1) is a constant.
Suppose Nora updates the parameters by wy1 = wy — nydy. Then |Ah;| < nyy+/n. To achieve the
stable feature learning limit required by uP theory—specifically, to ensure the activation update
magnitude satisfies |Ah;| = ©(1), the learning rate 1, for Nora must follow the width-scaling rule,

7’]150(%.

Proof. For any output neuron 4, the change in the hidden activation Ah; during the forward pass is:
Ahi = (Wep1,5: — We)x = —ne(dp i, ) (19)
By taking the absolute value and applying the Cauchy-Schwarz inequality, we obtain:
|Ahi| = ne ((de)iz, 2)| < nell(de)ic (2]l ]]2 (20)

Nora’s row-wise normalization strictly ensures ||(d;);.||2 < 1. Combined with the input assumption
[lz]l2 < v+/n, substituting these into the inequality yields a rigorous upper bound for the forward
update:

|Ahi| <me - 1-yv/n=nyv/n 1)

To ensure that the feature update magnitude |Ah;| neither diverges nor vanishes as n — oo (i.e.,
satisfies the Maximal Update condition |Ah;| = ©(1)), we require the upper bound 7;v+/n to also

be of order O(1). Given that y is a constant, this necessarily implies 7; = ﬁ, where c is a constant

independent of n. This completes the proof.

A.2 Proof of Theorem 4.2

Theorem 4.2 (symptotic Convergence)) Consider a hidden layer h = wx, where w € R™*™.
Under the standard infinite-width random initialization hypothesis, assume the row vectors of w

2
Jollow w;. ~ N (0, %”In), and the components of the input activation x € R™ are independent with

zero mean and variance o2 = ©(1). Let the error signal backpropagated to this layer be §; = ©(1),

and the vanilla gradient (without momentum) be g;. = 6;x'. If Nora is applied to generate the
update direction d;. = RN(P"(g;.)), then as the network width n — oo, the inner product between

the update direction and the input converges in probability to (d;., z) 2 sgn(8;)oz\/n. To achieve
non-trivial feature learning such that Ah; = ©(1) as n — oo, the Nora learning rate must scale as

n= 7l

Proof. For output neuron ¢, Nora first removes the row-wise radial component of the gradient.
Writing row vectors as columns inside inner products, this gives:

51‘(% w1>

(22)
[[ws |3

We now compute the high-dimensional orders. Since z; has variance o2 and w; ; has variance 02 /n,
the weak law of large numbers gives:

z]13 & not = ||zl|l2 = ouv/n + 0p(v/). (23)

Similarly:
lwil3 # o7, = ©(1). (24)

Because = and w are independent and centered, (x, w;.) is a sum of n independent products with
total variance o202 . The central limit theorem gives:

(z,w3) S N(0,0202) = 0,(1). (25)
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Let ;. denote the radial component removed by the projection. Its Euclidean norm satisfies:
0, wi:) 10:]|Op(1)]
2 o = PR

Jlws: 13 b
The primary gradient term d;2 has norm ©(/n), while the removed radial component is O,(1).
Hence the projected vector satisfies:

[uisll2 = 0z = ri:ll2 = [0l |zll2 + Op(1) = |6iloav/n(1 + 0p(1)). 27

Row-wise normalization gives:

[7i:ll2 = ow = Op(1). (26)

(T 0T — 1
luillz [dilowy/n(1+ 0p(1))
The forward update depends on the inner product:

0i{x,x) — (ry, x)
di;, x) = . (29)
) = T o/ W1+ 0y 1)
Since (z,x) = no + op(n) and [(ri;, z)| < [|rs:|l2]|z]|l2 = Op(v/n),
§ino2 — O, (y/n)
dy. x) = —"% — p — san(d; ,
(d;., ) Balony/ml + 0y(1)) sgn(d;)oxv/n + op(v/n) (30)
Thus (d;., ) TN sgn(d;)o,+/n holds. The actual forward update is Ah; = —n(d;., ) = Fnoz/n.
To achieve Ah; = ©(1) for non-trivial feature learning, it is necessary that = ©(n~"'/2).

di: = (28)

A.3 Preliminaries for Theorem 4.7—Corollary 4.9

A.3.1 Setup

For the convergence analysis, let m denote the number of rows in w € R™*"™, We reserve v; for
the momentum sequence. For any matrix w with nonzero rows, define the row-wise perpendicular
projection:

LY e g i Wis)
[P (2)]i: = i Twn 2 31)

This projection removes the row-wise radial component: ([P%*(z)];.,w;.) = 0 for every row i.
Equivalently, a matrix z is row-wise perpendicular to w when (z;., w;.) = 0 for all i.

Fort =0,...,7 — 1, Nora is indexed as:
gt = Vf(w; &), Vi1 = Bog + (1 — B)ge, vo =0, (32)
vfﬁl = P;tl(vt+1), dy = RN(U{_ﬁl), Wiyl = Wy — Ndy. (33)

Thus d; is the row-wise normalization of the component of the momentum that is row-wise perpen-
dicular to w;. We use the convention 0/0 = 0 in RN, applied row-wise:

L, zi: # 0,
[RN(z)]s: = < llzill2 (34)
O, T = 0.
For a matrix x € R™*", define:
ol i= 3 loida:  lollooz i= mx, ol G5)
We also define the natural filtration:
-Ft = U(U}O7£O,...7£t_1), (36)

so that wy is F;-measurable and g; is sampled conditionally on F;. Finally, define the projected
gradient and momentum-tracking errors:

G = 7;5)% (Vf(wt)), et = vy — Vf(wy), € 1= vgil -Gy = P;f(et). (37)
The projected gradient G; is the relevant stationarity measure because Nora uses directions that are

row-wise perpendicular to w;. Therefore radial components of V f(w;) do not contribute to the
descent inner product with d;.
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A.3.2 Auxiliary Lemmas

Lemma A.1 (Row-wise projection is non-expansive). For any w € R™*™ with nonzero rows and
any x € R™*™

P @lr <zl I1Ps @)z < llellz, 1P (@)lleo2 < l2llec2. (38

Proof. For each row i, let

Tons.
pi=1, — it (39)
[ 13
Then [P+ (z)];; = z;. P;. Since P; is an orthogonal projector on R™,
[2i: Pill2 < (|22 (40)
Summing over rows gives the Frobenius and || - ||1 2 bounds, while taking the maximum over rows

gives the || - ||oo,2 bound.

Lemma A.2 (Basic geometry of Nora). Let z = Pl (z) and d = RN(z). Then:

(d;.,w;.) = 0 for every row i;
- ldlle < v/m;

- llloo.2 <1

(z,d) = [|z]l1,25

(2,d) > ||z F.

LR W N~

Proof. Each row z;. is orthogonal to w;.. Every nonzero row of d is a scalar multiple of z;., so it is
also orthogonal to w;.. Thus d is row-wise perpendicular to w.

For every row, ||d;.||2 < 1. Thus:

m
% = Zl ldicl3 < m. lld]loo2 = max dill2 < 1. (41)

Moreover, . .
)= Y (2 ) = Y sl = [l @)

Finally, = -

1/2
lelhz =Dzl > (Z ||Zi:||§> = ||zl F, (43)

which gives (z,d) > ||z||F.
Lemma A.3 (Descent under Frobenius smoothness). Under Assumptiond-3(a), for every t,

2
Flw) — Flwinn) 2 (9 f(wn), do) — “E1 @)

Proof. Let A := w1 — wy. By the fundamental theorem of calculus,

1
f(wt + At) - f(wt) = /; <Vf(wt + SAt), At> ds. (45)

Subtracting (V f(w:), A;) and applying Cauchy—Schwarz gives:
1
Fla A0 = ) = (V). A = [ (9w + 500 = V(i) A0 ds (46)
0

1
< / IV F(wr + s8r) — Vi (wn)lr | Al ds. @7)
0
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Assumption[d.3|a) implies:
IV f(wi 4 s8¢) = V(w)llr < Les|| A p-

Hence the standard quadratic upper bound follows from the stated smoothness assumption:
L
flwe + Ay) < fwe) +(Vf(we), Ay) + 7F||At||%-

Substituting Ay = —nd; gives:

Lpn?

a3

f(wi1) < fwe) =V f(we), di) +

Using Lemma ii), l|d¢||2 < m, which yields the claim.

(48)

(49)

(50)

Lemma A.4 (Descent under matched (oo, 2)-smoothness). Under Assumption b ), for every t,

I 2
Jwe) = f(wen) = (9 (we), i) - =5
Proof. Let A; := w1 — wy = —nd;. By the fundamental theorem of calculus,

Flw+ A — f(we) = (Vf(wn), Ag) + / (Vf i+ $Dr) — V f(wr), Ar) ds.

For any matrices A and B, the (1, 2)—(c0, 2) duality bound gives:
(A, B)| < [[A]|1,2] Blloo,2-
Therefore, by Assumption[4.3(b),
[(Vf(wi + s8¢) = Vf(wi), Ag)| < [V f(we + 58¢) =V f (wi)[1.2]| Al oo 2
< Loo 28l A3 2-

Lemma [A.2iii) gives || A¢|[oc,2 = 7]|d¢[|oc,2 < 7. Hence:

1
) = Flawn) < =n(V (o)) + [ Lo ds = =n(¥fwn).d) + =

Rearranging proves the claim.

Lemma A.5 (Projected inner-product lower bound in Frobenius norm). For every t,

(Vf(we),di) > 1Gel|lr — (Vm 4 1)lles]

Loo,2772

(S

(52)

(53)

(54)
(55)

(56)

(57)

Proof. Since d; is row-wise perpendicular to w; by Lemma i), and V f(w;) — G is row-wise

parallel to w;, we have
(Vf(wr),di) = (Ge,di).
Since G; = v{j_‘l — €,
(Ge,di) = (Vi1 de) — (Er, dy).
By Lemma[A2{v),
(vf31,de) > opialle-
By Cauchy—Schwarz and Lemma [A.2ii),
[(er,de)| < el plldellr < vm e r.
Also,
[visille = G +elle > 1G]l F — llé]| r-
Combining the above,
(Vf(we),die) = [|Gellr — (Vm + 1)|e]| p-
Finally, by Lemma[AT]
el r = [IPa; (e)llr < lleclr-

This proves the claim.
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(60)

(61)

(62)
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Lemma A.6 (Projected inner-product lower bound in (1, 2)-norm). For every t,

(Vf(we), de) = [|Gell1,2 — 2lle]12- (65)
Proof. As in Lemmal[AZ3]
(Vf(we), di) = (Ge,dy) = <U{i17dt> — (&1, dy). (66)
By Lemma[A2(iv),
(vit1, de) = [lvi e 67)
By duality and Lemma[A-2[iii),
[(€r, di)| < [l€cllr2lldelloo,2 < [|€2][1,2- (68)
Also,
[viille = 1Ge + el 2> [1Gell2 — [ledl 2 (69)
Hence,
(Vf(we), de) > [|Gell1,2 — 2[€]1,2- (70)
Using Lemma[AT]
lleellie < lleelr,2, (71)

and the proof is complete.

Assumption A.7 (Unbiased stochastic gradients). For all ¢,
Elg: | F2] = V f(we). (72)

Assumption A.8 (Bounded variance). There exists o > 0 such that, for all ¢,
o2

< B

- B

E[llg: — V£ (we)|3 | F] (73)

where B is the batch size.

Assumption A.9 (Lower bounded objective). The objective is bounded below by f*. We write
A= f(’LU()) — f*.

Lemﬁ A.10 (Momentum tracking under Frobenius smoothness). Under Assumptions[{.3(a),[A.7]
and

T-1
Lpny/mp o [1-0
Ellle <T-1)—/F+T—4/ —. 74
Proof. Let ¢ := g: — V f(wy). Then
ElG | F] =0 (75)
by Assumption[A.7] and
2
o
ElllGlE | 7] < & (76)
by Assumption[A8]
Fort > 1,

e = vip1 — V[(wy)
= vy + (1 = B)ge — V f(wy)

= B(ve — V fwi1)) + BV (wer) = V) + (1 - B)G 7
= fei1+ 5(Vf(’wt—1) - Vf("wt)) + (1= B)¢,
while eg = (1 — 8)(o. Unrolling the recursion gives
ce= BTIA=PG+ Y BTNV (i) = VI (wy)). (78)
3=0 j=1
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Therefore,

t

ledlr < |D B =BG + D BTV f(wi—1) = VF(w)|r (79)

Jj=0 g J=1

Using Assumption[4.3{a), w; — w;_1 = —nd;_1, and Lemma[A2{(ii),

t

t
D BTNV f(wi) = VE(w)lr <> BT Lpllw; 1 — wl|e

j=1 j=1

t
=S B Liyldya | ¢
j=1 (80)

¢
< Lpnvm Z g

k=1

< LFW\/TTL1 — 5

For the noise term, Jensen’s inequality implies

2
t t
E|Y 870 -8)¢| < |E|D_B1-8)| - (1)
J=0 F =0 F

Since {(;} is a martingale difference sequence, the cross terms vanish, and thus

2
t t

BI> 87A=-8)G| =2 8718 EIGIE

=0 p =0
o2 0 ok (82)
< SU-pP)_ 8
k=0
<121_'8
~ B1l+
Hence,
t
, 1-8
E 1= B)G| < =y [ 2. 83
;ﬂ(mg <7m\ivs (83)
I= F
Combining the previous bounds and summing overt = 0,...,7T — 1 yields
T-1
Lpnymp o [1-0
Elle <(T-1)————+T —_—. 84
3 Ellledle] < (T =0 =75+ T 7 (75 (84)

Lemma A.11 (Momentum tracking under matched (0o, 2)-smoothness). Under Assumptions b ),
[A.7) and[A.§|

T-1

LOO,Q']?ﬁ \/ﬁa 1 — B
;E[Iletum]g(ﬁl) s TS T s (85)
Proof. The recursion for e; is the same as in Lemma[A:10] Hence,
t t
e = B =BG+ > BTV (wj1) — VI(wy)). (86)
3=0 j=1

19



By the triangle inequality,

¢ ¢
lecllhe < |87 A= B)G||  + D BTV (wi—1) = Vf(ws)lhe: (87)
j=0 i=1
1,2
Using Assumption @b), wj —wj_1 = —nd;_1, and Lemma@iii),
t t
S BTV (wi—) = V(wi)lie <D BT Lo allwj—1 — wjlloe2

Jj=1 Jj=1

t
=N BT L il .2

=1 (88)
t
< Loo,277 Z Bk
k=1
B
< Ly .
= ,2771 By
For the noise term, we use || 4|12 < v/m/|A| r, hence
E|Y 8701 -8)¢|| <vmE|> BT1-8)G| - (89)
=0 1,2 =0 F
Applying the Frobenius-noise bound from the proof of Lemma[A-T0]
t
iy \/70'
E|I) 871 =B)G (90)
B 2

1,2

Summing overt =0, ...,T — 1 proves the lemma.

A.4 Proof of Theorem 4.7
Theorem 4.7. Suppose Assumptions[d.3(b),[A.7] and[A9\hold, and Nora uses a constant step
size ny = 1. Then:

T-1

A
ZE 1Gell1,2] < T777+2

t=0

1
T

L
T 2’277. 1)

(1-5) =25 i

With the parameter choice:

1=p)A 1—,8:mm{v Loo2lh 1}, (92)

Loo,ZT ’ 2\/%0'\/?,
Nora reaches an e-stationary point in the projected || - ||1 2 sense with complexity:
T = O(mLo 20 Ae™?). (93)

Proof. Summing Lemma[A:4|over t = 0,...,T — 1, we obtain

= T Lo o1’
f(wo) = f(wr) =1 ;<Vf<wt>7dt> - = (94)
By Assumption[A.9]
z_: V f(wy), TL%Z"Q (95)
t=0
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Applying Lemma[A.6]

T-1 T-1
TLe
AzpY |G : TLos2n® (96)
t=0 t=0
Taking expectations and using Lemma[A.TT]
T-1 T-1
TL00.2772
n Y E[lGil2] <A+20> E[lledz] S —
t=0 t=0 ©7)
TLo on?
<Ay |(T- ke 2"5 pYme 0.2
<A+2n|( ) +T iz 5
Dividing both sides by 7' yields
A [e’e] 2776 \/>0 Loo 277
E < +2111—= .
7 Z [1Gill1 2] < ( T) 75 S8

This proves the explicit bound.

To derive the rate, set ¢ := 1 — 3. For B = 1, the preceding bound implies, up to universal constants,

A L
Rr S ot %’7 + VMo + Loo 21 (99)

Since ¢ < 1, the last term is dominated by L, 21/q. For a fixed ¢, we balance the descent term and
the momentum-tracking term:

A Looom . . qA
— < : hich = .
7 P which gives n 5

(100)

With this choice, the bound reduces to

Ry </ °°2A+\Fa\f (101)

The first term increases as g decreases, whereas the stochastic-noise term decreases. Balancing them

gives ¢ < /Lo 2A/(y/mo/T). Thus we take
/Loo oA —
g=1-f—mind V22 L JA=HA (102)
2\/mo\/T LOO72T

This is a constructive parameter choice used to obtain the complexity bound; it is not meant to be a
unique tuning rule for practical training.

A.5 Proof of Proposition 4.8

Proposition 4.8. Suppose Assumptions|d.3{(a),[A.7 [A.8} and[A.9 hold, and Nora uses a constant step
size Ny = 1. Then:

1= A LenymB | o 1—5 Lrnm
T;E[IIQtIIF]sT—nHﬁH) (1—T) -5 tyg\izs| Tz 0 09
and similarly,
T—1
A Lpnm,@ vVmo Lrnm
TZ [11G¢ ]<ﬂ+2 (1—T> + NG + (104)

Consequently, Nora reaches an e-stationary point in either projected measure with complexity:

T =0(m?’Lpo’Ac?). (105)
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Proof. We first prove the Frobenius-norm bound. Summing Lemma[A3Jover t = 0,...,T — 1 gives

T-1

TLrn*m
F(wo) = flwr) = Y (Vf(wn), di) - —SL (106)
=0
By Assumption[A.9] f(wr) > f*, hence
T-1
TLrn*m
A > dy)y — ———. 107
_77;<Vf(wt)7 t) 5 (107)
Applying Lemma[A.3]
T-1 T-1
TLrn?*m
A>UZNWJF* ¢*+1§;wmpf——;—a (108)
Taking expectation and using Lemma[A.10]
T-1 T-1 TLpnPm
P
1Y ENIGIF] < Ay + 1) Y Elllel ] + 22
=0 t=0

Lpny/mp o [1- 6- TLpn*m

<A+n(vVm+1)

(109)
Dividing both sides by T yields

T-1

1 A L o 1-— Lenm
TMMMMSM+MMM(MT)T@5ﬂﬁ 5+%Lam
We next prove the || - ||1,2 bound under the same Frobenius smoothness assumption. Starting again
from Lemma
2 (V£ (wr), % (111)
Using Lemmal[A 6] =
T-1 T—1
A>77;||Qt||12—217§|e¢||12—TLF277 o (112)

Since [|All1,2 < v/m||A]| r, Lemma|A.10/implies

T-1 T-1

Lpnmp vmo |[1—p
El|le <vm Ej|le <(T-1 +7T . 113
2 Elledia] < vm 3 Blllellr] < (T - DI 75+ T2 55 (19
Substituting the above bound and dividing by T'n) gives
T—1
1 A 1\ Lpymp mo Lpnm
= E <—+42(1-= . 114
7 2 EllGihal < 7+ (1-7) + : (114)

It remains to justify the stated complexity. Take B = 1 and choose:
(1-B)A . { NITEN }
n=4—<—, 1 — 3 = min , 1.
LrmT 20VT
Substituting this choice into either of the two preceding bounds gives

T—1
%E: A <¢ml®ﬂA Jm“A> (116)

t=0

(115)
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and similarly,

T-1
1 4 m2LFU2A mLFA
7 2 ElIGlha] =0<¢ A ) (a1

Thus Nora reaches an e-stationary point in either projected measure with iteration complexity:

T =0(m’Lpo*Ae™?). (118)

A.6 Proof of Corollary 4.9

Corollary 4.9. Assume, in addition, that f is row-wise scale invariant, namely:
f(Dw) = f(w), Vw € R™*"™ VD > 0 diagonal. (119)
Then V f (w;) is row-wise perpendicular to wy for all t, i.e.,
Pisy (V1 (wr)) = Vf(wn). (120)
Therefore, Theorem{.4|and Proposition .5 hold with G, replaced by V f (wy).

Proof. Fix any row index ¢, and define the diagonal matrix

Di(c) :==1I+ (c— 1)ese] , c> 0. (121)
By row-wise scale invariance,
FDi(c)w) = f(w),  VYe>0. (122)
Differentiating both sides with respect to c at ¢ = 1, we obtain
d
0= %f(Di(c)w) = (Vf(w)., w;) . (123)
c=1
Since i is arbitrary, every row of V f(w) is orthogonal to the corresponding row of w. Hence
Pt (Vf(w) = Vf(w). (124)
Applying this identity to every iterate w; shows that

Therefore, the statements of Theorem [4.4] and Proposition 4.5 hold with G, replaced by V f (w;).
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Table 5: Detailed model and training configurations.

Configuration 60M 135M
Layers 8 12
Hidden size 512 768
Attention heads 8 12
MLP size 1376 2048
Maximum context length 256 256
Training steps 10,000 20,000
GPUs 2 4
Per-GPU batch size 64 64
Gradient accumulation 4 2
Global batch size 512 512
Nominal token budget 1.31B 2.62B
Base learning rate 1x1073 1x1073
Auxiliary Adam learning rate 5x 1073 3x 1073
Warmup steps 1,000 2,000
Learning-rate schedule cosine cosine
Gradient clipping 1.0 1.0
Precision bf16 bf16
Evaluation frequency every 1,000 steps  every 1,000 steps
Checkpoint frequency every 5,000 steps  every 5,000 steps

Table 6: Matrix learning-rate sweep grids.

Model size  Optimizer ~Weight decay Matrix learning-rate grid
60M Muon 0.1 {0.005,0.01,0.02,0.03,0.04}
60M Mano 0.1 {0.001,0.004, 0.005,0.01, 0.02}
60M RMNP 0.1 {0.001,0.004, 0.005,0.01,0.02}
60M Nora 0.0 {0.001, 0.004, 0.005, 0.01, 0.02}
135M Muon 0.1 {0.005,0.01,0.02,0.03}
135M Mano 0.1 {0.003,0.005,0.01,0.02}
135M RMNP 0.1 {0.003,0.005,0.01,0.02}
135M Nora 0.0 {0.003,0.005,0.01,0.02}

B Additional Experimental Details

B.1 Model and Training Configurations

Table 5| reports the detailed model and training configurations used in the 60M and 135M experiments.
Both settings use context length 256, global batch size 512, cosine learning-rate decay, bf16 precision,
gradient clipping at 1.0, evaluation every 1,000 steps, and checkpointing every 5,000 steps.

B.2 Matrix Learning-rate Sweep Grids

Table [6] lists the matrix learning-rate sweep grids for all optimizers. Nora uses the same matrix
learning-rate grid as Mano and RMNP, but differs in weight decay: Nora uses weight decay 0, while
Muon, Mano, and RMNP use weight decay 0.1.

B.3 Other Experimental Results

In Tables[7] [8] 0] and [I0] we present the perplexity and loss results across 60M and 135M model
scales, evaluated under various algorithms and learning rate configurations. As illustrated, Nora
demonstrates a significant advantage over all compared baselines across these diverse settings.
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Table 7: Perplexity results of all baselines under different learning rates. (60M)
Perplexity | 0.001 | 0.004 | 0.01 | 0.02

Mano | 34.09 | 29.55 | 31.53 | 34.39
RMNP | 35.42 | 30.12 | 30.30 | 93.26
Muon | 41.65 | 31.44 | 31.09 | 31.99
Nora | 31.24 | 28.94 | 29.89 | 31.17

Table 8: Loss results of all baselines under different learning rates. (60M)
Loss | 0.001 | 0.004 | 0.01 | 0.02
Mano | 3.529 | 3.386 | 3.451 | 3.538
RMNP | 3.567 | 3.405 | 3.411 | 4.535
Muon | 3.729 | 3.448 | 3.437 | 3.466
Nora \ 3.442 \ 3.365 \ 3.398 \ 3.440

Table 9: Perplexity results of all baselines under different learning rates. (135M)
Matrix LR | 0.003 | 0.005 | 0.01 | 0.02

Mano 22.13 | 22.14 | 23.34 | 25.07
Nora 21.74 | 21.86 | 22.43 | 23.39

Matrix LR | 0.005 | 0.01 | 0.02 | 0.03

RMNP 22.62 | 22.46 | 22.64 | 22.67
Muon 2340 | 23.17 | 24.06 | 23.23

Table 10: Loss results of all baselines under different learning rates. (135M)
Matrix LR \ 0.003 \ 0.005 \ 0.01 \ 0.02

Mano ‘ 3.097 ‘ 3.098 ‘ 3.150 ‘ 3.222

Nora | 3.079 | 3.085 | 3.111 | 3.152
Matrix LR | 0.005 | 0.01 | 0.02 | 0.03
RMNP | 3.119 | 3.112 | 3.120 | 3.121
Muon | 3.153 | 3.143 | 3.180 | 3.146
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C Running and Reference Code

C.1 Run Quickly

We provide a dedicated repository containing the Noreﬂ source code, along with detailed rationales
and instructions for replacing Adam with Nora. Additionally, a separate reproduction repositoryﬂis
made available to facilitate the rapid replication of all experimental results presented in this paper.

Please set up the C4 [38]] dataset yourself and download the reproduction repository, then run:

SCRIPT_DIR="$(cd "$(dirname "${BASH_SOURCE[O0]}")" && pwd)"

exec "$SCRIPT_DIR/train_universal.sh" \
--model_size 135m \
--optimizer mnora \
--num_gpus 4 \
--1lr_matrix 0.005 \
--1lr_adam 0.02 \
--num_steps 20000 \
--batch_size 64 \
--total_batch_size 512 \
--warmup_steps 2000 \
--weight_decay 0.1 \
--save_every 10000 \
--eval_every 1000 \
n $@ "

It should be noted that the results for Muon, RMNP, and Mano can be reproduced using the exact
same experimental setup as Nora.

C.2 Reference Code

import math

import torch
import torch.nn.functional as F

LOW_PRECISION_DTYPES = (torch.floatl6, torch.bfloatl6)

class Nora(torch.optim.Optimizer):
"""Normalized Orthogonal Row Alignment optimizer for scalable
matrix training."""

def __init__(
self ,
param_groups,
lr_nora=0.005,
lr_adam=0.001,
momentum=0.95,
beta=0.95,
weight_decay=0.0,
betas=(0.9, 0.95),
eps=1e-10,

defaults = dict(
lr_nora=1lr_nora,
lr_adam=1r_adam,
momentum=momentum,
beta=beta,

3https://github.com/Yuan-Jinghui/Nora
*https://github.com/JiaxuanZou07 14/Lrp

26



weight_decay=weight_decay,
betas=betas,
eps=eps,

)

super () . __init__(param_groups, defaults)

def step(self, closure=None):

loss = None
if closure is not None:
loss = closure()

for group in self.param_groups:
lr = group["1lr"]
momentum = group.get("momentum", 0.95)
beta = group.get("beta", 0.95)
weight_decay = group.get("weight_decay", 0.0)
betas = group.get("betas", (0.9, 0.95))
eps = group.get("eps", 1e-10)
is_nora = group.get("is_nora", True)

for p in group["params"]:
if p.grad is None:
continue

grad = p.grad.data
param_state = self.state.setdefault(p, {})

use_master_param = p.data.dtype in
LOW_PRECISION_DTYPES
if use_master_param:
if "fp32_param" not in param_state:
param_state ["fp32_param"] = p.data.detach().
float () .clone ()

elif param_state["fp32_param"].dtype != torch.
float32:
param_state ["fp32_param"] = param_statel["
fp32_param"].float ()
param_data = param_state["fp32_param"]

grad_data = grad.float ()
else:

param_data = p.data

grad_data = grad

if is_nora and grad.dim() >= 2:
if "momentum_buffer" not in param_state:
buf = torch.zeros_like(grad_data)
else:
buf = param_state["momentum_buffer"]
if use_master_param and buf.dtype != torch.
float32:
buf = buf.float ()

buf .lerp_(grad_data, 1 - beta)
m_t = grad_data.lerp(buf, momentum)

theta_hat = F.normalize(param_data, p=2, dim=-1,
eps=eps)

dot_product = torch.sum(m_t * theta_hat, dim=-1,
keepdim=True)

v = m_t - dot_product * theta_hat

v_hat = F.normalize(v, p=2, dim=-1, eps=eps)
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scale = max(1l, math.sqrt(grad_data.size(-2) /
grad_data.size(-1)))
update_direction = v_hat * scale

if weight_decay > O0:
param_data.mul_(1 - 1r * weight_decay)

param_data.add_(update_direction, alpha=-1r)

if use_master_param:
p-data.copy_(param_data.to(dtype=p.data.dtype)
)

param_state ["momentum_buffer"] = buf
else:
if "exp_avg" not in param_state:
param_state["exp_avg"] = torch.zeros_like(
grad_data)
param_state["exp_avg_sq"] = torch.zeros_like(
grad_data)
param_state["step"] = 0
elif use_master_param and param_state["exp_avg"].
dtype != torch.float32:
param_state["exp_avg"] = param_state["exp_avg"
].float ()
param_state["exp_avg_sq"] = param_statel["

exp_avg_sq"].float ()

exp_avg, exp_avg_sq = param_state["exp_avg"],
param_state["exp_avg_sq"]
param_state["step"] += 1

exp_avg.mul_(betas[0]) .add_(grad_data, alpha=1 -
betas [0])

exp_avg_sq.mul_(betas[1]).addcmul_(grad_data,
grad_data, value=1 - betas[1])

bias_correctionl = 1 - betas[0] ** param_statel["
step"]

bias_correction2 = 1 - betas[1] ** param_statel["
step"]

step_size = 1lr * math.sqrt(bias_correction2) /

bias_correctionl

denom = exp_avg_sq.sqrt().add_(eps)
adam_update = exp_avg / denom

if weight_decay > O0:
param_data.mul_(1 - step_size * weight_decay)

param_data.add_(adam_update, alpha=-step_size)
if use_master_param:
p.data.copy_(param_data.to(dtype=p.data.dtype)

return loss

def get_nora_optimizer(
model,
lr_nora=0.005,
lr_adam=0.001,
weight_decay=0.1,
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momentum=0.95,
beta=0.95,

nora_params = []
adam_params []

for name, param in model.named_parameters():
if param.requires_grad:
if param.ndim >= 2 and "embed" not in name and
not in name:
nora_params .append (param)
else:
adam_params . append (param)

param_groups = [
dict (
params=nora_params,
lr=1r_nora,
lr_nora=1lr_nora,
lr_adam=1r_adam,
weight_decay=weight_decay,
momentum=momentum,
beta=beta,
is_nora=True,
))
dict (
params=adam_params ,
lr=1r_adam,
lr_nora=1lr_nora,
lr_adam=1lr_adam,
weight_decay=weight_decay,
momentum=momentum,
beta=beta,
is_nora=False,
))
]
optimizer = Nora(param_groups)
return optimizer
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