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Abstract

Video world models must remain faithful to physical reality
over long prediction horizons—a requirement that is funda-
mentally at odds with the exponential error accumulation of
standard autoregressive architectures. We identify the root
cause as the repeated application of a nonlinear transition
function whose Lipschitz constant amplifies errors geomet-
rically with depth. Leveraging Koopman operator theory,
we show that every action-conditioned nonlinear dynamical
system admits an equivalent linear representation in a lifted
function space, in which errors accumulate only linearly
with the prediction horizon. We formalise this insight into
the Koopman World Model (KWM), an end-to-end video
generation architecture comprising a ViT-based encoder that
lifts pixel observations into a Koopman embedding, a set
of unitary action-conditioned transition matrices parame-
terised via the matrix exponential, and a video decoder. We
prove rigorously that (i) the T-step prediction error of KWM
is O(T) versus the O(LT) of nonlinear baselines; (ii) the ef-
fective memory horizon of KWM grows proportionally to the
budget § /e, versus logarithmically for prior art; (iii) long-
horizon rollouts can be computed in O(log T') parallel time
via the prefix-product algorithm. Experiments on RoboDesk,
DM Control, Minecraft, and nuScenes confirm the theoreti-
cal predictions: KWM achieves FVD improvements of 2.7 X
at horizon T=128 and task-success improvements of up to
2.2x in model-based planning compared with DreamerV3,
IRIS, and Genie, while matching real-time throughput on a
single GPU.

1. Introduction

A video world model is a system that, given a history of
visual observations and a stream of agent actions, predicts
future frames of the world at pixel fidelity [13, 14, 22]. Such
models are a cornerstone of embodied intelligence: they
enable agents to plan ahead without interacting with a poten-
tially costly real environment, to reason about counterfactual
action sequences, and to serve as a photorealistic simulator
for downstream policy learning [4, 12, 27].

Despite rapid advances in video generation quality at

short horizons [28, 38, 40], modern world models degrade
severely over long prediction horizons. DreamerV3 [16]
and IRIS [27], for example, maintain reasonable fidelity for
T < 30 steps but become incoherent well before T'=128—a
horizon that is essential for planning manipulation tasks or
navigating complex environments.

The fundamental problem. We trace this failure to a
single, structural cause. Every existing world model ap-
plies a learned nonlinear transition function f with local
Lipschitz constant L > 1 iteratively. Because errors com-
pound multiplicatively, the T-step prediction error satisfies
er = O(LT)—an exponential explosion in 7. No amount
of architecture engineering or data scaling can fix this: it
is a consequence of the geometry of nonlinear dynamical
systems.

Our approach: Koopman lifting. Koopman operator
theory [21, 26] provides a classical solution. The Koop-
man operator K, is a linear operator acting on an (infinite-
dimensional) function space that encodes exactly the same
dynamics as the nonlinear map f(,a). In a finite-
dimensional approximation, the world evolves as a simple
matrix recurrence z;4; = K,2;, where K, € R%*¢ with
IK.]] < 1. In this lifted space, errors accumulate only
linearly: ey = O(T') (Theorem 2).

We instantiate this theory as the Koopman World Model
(KWM), depicted in Figure 1. KWM lifts video frames into a
d-dimensional Koopman embedding via a ViT encoder, prop-
agates the embedding with action-conditioned unitary matri-
ces, and decodes back to pixels with a lightweight decoder.
The unitary constraint is enforced exactly via the matrix ex-
ponential parameterisation K, = exp(A4yp(a)), guaranteeing
|| Kall, = 1 at all times and for all actions.

Contributions. We claim the following contributions:

1. Theory. Seven theorems formalising the Koopman world
model, proving linear error accumulation, effective mem-
ory horizon scaling, a necessary embedding dimension
lower bound, and O(log T') parallel rollout (Section 3).



2. Architecture. KWM: an end-to-end video world model
with an encoder, unitary Koopman matrices, and a video
decoder (Section 4).

3. Experiments. Comprehensive evaluation on four bench-
marks with five baselines; ablations; and model-based
planning results (Section 5).

2. Related Work

Video world models. Ha and Schmidhuber [12, 13] intro-
duced the paradigm of learning a compressed world model
for planning. DreamerV1-3 [14-16] extend this with recur-
rent state-space models, achieving strong results in Atari and
continuous control, but rely on nonlinear GRU/Transformer
transitions and suffer from the exponential error accumu-
lation we characterise theoretically. IRIS [27] employs a
discrete tokeniser with a GPT-style transformer; Genie [4]
learns interactive world models in an unsupervised manner.
UniSim [37] and related work [40] scale video prediction to
large datasets, but share the same architectural bottleneck.

Koopman operator methods. The Koopman operator was
introduced in 1931 [21] and brought into modern dynami-
cal systems analysis by Mezi¢ [26]. Deep Koopman meth-
ods [23, 25, 32] parameterise the lifting map as a neural
network and learn a finite matrix approximation. KODE [36]
applies this to model-based RL with low-dimensional control
state vectors. Linearly-solvable MDPs [34] exploit linear
structure in the value function, but not the dynamics. Our key
departure from all prior Koopman work is the application to
the video observation space, with a visual encoder/decoder,
proof of long-horizon consistency in terms of FVD, and the
parallel rollout result.

Efficient video generation. Token-parallel decoding [6]
and consistency distillation [3 1] accelerate generation; Flow-
Matching [24] and rectified flows improve training stability.
None of these address the fundamental error-accumulation
problem we target, and our O(log T') parallel rollout is or-
thogonal—it can be combined with any of these accelera-
tions.

Error bounds in sequence models. Error propagation in
recurrent networks is studied in [2, 10]; transformer out-
of-distribution generalisation in [1]. Closest to ours is the
analysis of autoregressive diffusion in [17], but that work
does not connect to Koopman theory and does not prove the
linear-versus-exponential dichotomy we establish.

3. Theoretical Framework

3.1. Problem Setup

Let X be a smooth n-dimensional manifold (the world state
space), V = RH*XWX3 the video observation space, and A
a compact action space. The true world dynamics are given
by an unknown map f: X x A — X, and observations are
produced by a rendering function g: X — V. A video world
model estimates the conditional distribution p(V;11 | V1.4,
a1.1+1) without access to the latent state x;.

3.2. The Koopman Operator

Definition 1 (Action-Conditioned Koopman Operator). Let
F = L?(X, 1) be the Hilbert space of square-integrable
observables on X with respect to an invariant measure [i.
For each a € A, the Koopman operator o : F — F is
defined by

(Kap)(2) = ¢(f(z,a)), YeeF.
The defining property of IC, is that it is linear in ¢, re-

gardless of whether f(-, a) is nonlinear. This linearity is the
key to our long-horizon consistency guarantees.

Theorem 1 (Unitarity of the Koopman Operator). If f(-, a)
is measure-preserving with respect to u for all a € A, then
Ko is a unitary operator on F with | K, || = 1.

Proof. Isometry. For any ¢ € F,

1Ko = /X o(f (@ a))[? dpu(z)

© /X o) duly) = loll?,

where (x) uses the change of variables y = f(z,a) and
measure-preservation of f(-,a). Surjectivity. Since f(-,a)
is surjective p-a.e., for any ¢ € Fset o = o f(-,a)"%;
then K, = 1. An isometric surjection on a Hilbert space
is unitary. O

Remark 1. For dissipative dynamics, measure-preservation
fails and || K, || < C < oo. All subsequent results extend by
replacing the unit spectral bound with | K, || < C.

Definition 2 (Finite Koopman Approximation). A
d-dimensional Koopman approximation is a triple
(@9, {Kataca, gy) where ®g: X — R is a lifting
encoder, K, € R with | K, |, <1, and gy: R — Vs
a decoder. The one-step approximation error is

Eapprox(d) = sup ||(I)0(f(x7 a)) - Ka (I)Q((E)H2 :

zeEX,acA



3.3. Long-Horizon Error Bounds

Theorem 2 (Linear Error Accumulation of KWM). Under
Definition 2, for any action sequence ag.r—1 € AT and
initial state xoy € X,

H(I)O(-rT) - KaT,l te Kao (I)Q(-rO)H2 < T- <€approx(d)-

Proof. Define z; = ®y(x¢), 2t = Ka,_,2t—1, 20 = 20,
and one-step residuals §; := z;y1 — Kg, 2 with ||6;]] <
Eapprox (d). Telescoping:

T—1
27— 2r = Z (KQT—l T K(lt+1>5t'
t=0
Applying the triangle inequality and ||K ar_y Kapy H2 <
5 T—1
L flzr = 2rlly < 32i—g 16tlly < T - capprox(d). 0

Theorem 3 (Exponential Accumulation of Nonlinear Mod-
els). Let f be a learned transition with local Lipschitz
constant L > 1 and one-step error ¢ > 0. Then
lzr — 27|, < e(L® — 1)/(L — 1). Consequently,
Erroryaive(T) /Errorgum(T) ~ LT /[T(L — 1)] — oo as
T — 0.

Proof. Lete; = ||x; — Z¢||5, €0 = 0. Then e, < Ley +e,
giving ep < sZkT,;Ol Lk =¢(LT —1)/(L — 1). The ratio
bound follows from Theorem 2. O

3.4. Memory Horizon and Capacity

Theorem 4 (Effective Memory Horizon). Define T*(§) as
the largest T with prediction error < §. Then

Tiam(6) = | 8/2appron(d) .
ravel6) = [log(148(L-1)/¢) /log L,

and T/ T

aive

— 00 asdfe — oo.

Proof. Set each error bound equal to § and solve for 7.
For KWM: T - e4pprox = 6. For the nonlinear model:
e(LT —1)/(L — 1) = 6, giving LT = 1+ §(L — 1)/e.
The ratio asymptotics follow from 1’Hopital’s rule applied to
(5/€)/0g(5/). O

Theorem 5 (Necessary Embedding Dimension). For
Eapprox(d) < €, the embedding dimension must satisfy
d > n. Furthermore, if the true system has M distinct
Koopman eigenvalues, d > M is necessary for €approx — 0.

Proof. d > n: ®y must be injective (otherwise indistin-
guishable states cannot be predicted differently). By the
invariance of domain theorem, an injective continuous map
from an n-manifold into R¢ requiresd > n.d > M: Adxd
matrix has at most d independent eigenvalues. If M > d, at
least M — d modes are unrepresentable, each contributing
O(1) to €approx- O

Table 1. Theoretical comparison. L: Lipschitz constant; €: one-
step error; M: Koopman mode count.

Property Nonlinear model ~ KWM
T_

T-step error (0] ( L1 E) O(Te)

Memory horizon O (%) (0] (g)

Rollout time O(T) sequential ~ O(log T') paral-

lel

Min. capacity n max(n, M)

Theorem 6 (Parallel Rollout in O(log T') Time). The T-step
Koopman rollout zp = (Kg,_, -+ Kq,) 20 can be com-
puted in O(log T') parallel rounds using O(T) processors.

Proof. Matrix multiplication is associative, so the ordered
product Hz:ol K,, is computed via the parallel prefix-
product (Blelloch scan) algorithm [3]:
* Round k (k = 1,..., [log, T']) computes T'/2" indepen-
dent pairwise matrix products in parallel.
* After [log, T'| rounds, all prefix products are available.
Total parallel rounds:  O(logT). Total work:
pealpiok — T(1 - 1/T) = O(T) matrix multi-
plications, each costing O(d“). An autoregressive model
requires Q(T') sequential steps, yielding a theoretical
speedup of O(T'/log T). O

Theorem 7 (Video Consistency Bound). Let gy : RY — V
be Ly-Lipschitz and let ny ~ N'(0, 0213w ) be frame-level
noise (with SHW dimensions matching V = RTXWx3)
Then

E[HVT - VTH | < Ly-T-capprox(d) + oVZHW.

2
Proof. By the triangle inequality and the Lipschitz property
of gy:

|ve = V||| < Lo er = 22lly + Il

Taking expectations, applying Theorem 2, and using
E[|nrl,] = oV3HW (since nr € R3W | the factor of
3 accounts for all three RGB channels) yields the result. [

Table | summarises the theoretical comparison.

4. Koopman World Model

Figure 1 illustrates the three-stage KWM pipeline: (i) lifting,
(i1) Koopman propagation, and (iii) decoding.

4.1. Stage I: Lifting Encoder ¢y

We parameterise the encoder as a Vision Transformer (ViT-
B/16) [8] that maps a stack of £k = 4 context frames to a
single embedding vector:

2 = ®(Viog14) €RY, d = 256.



Constraint: [[K_al| 2 <= 1 (Theorem 1)
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Figure 1. KWM architecture. A ViT encoder lifts video frames
into the Koopman embedding z;; action-conditioned unitary ma-
trices K, = exp(Ag(a)) propagate the embedding one step; a
decoder renders the next frame. The spectral norm constraint
| Kall, < 1 (Theorem 1) prevents error amplification and is en-
forced exactly by the matrix-exponential parameterisation.

The embedding dimension d = 256 is selected to satisfy
Theorem 5: it exceeds the intrinsic state dimension n of all
benchmark environments (estimated empirically as n < 128
via intrinsic dimensionality estimation [9]).

4.2. Stage II: Koopman Propagation

Parameterisation. For each action a € A, we require
K, € R™4 with | K,|, = 1. We parameterise

K, = exp(Ay(a)),

where Ag: A — R¥*? is a small MLP that outputs a skew-
symmetric matrix (i.e., Ag(a) + Ag(a)T = 0, enforced by
antisymmetrising the raw output). Since the matrix expo-
nential of a skew-symmetric matrix is orthogonal, K, is
orthogonal with || K,||, = 1 exactly—no approximate pro-
jection is needed.

Continuous action spaces. When .4 C R is continuous,
Ay is a two-layer MLP with hidden size 512 and Tanh
activations. For discrete action spaces (Minecraft, Atari), we
learn a separate embedding per action and antisymmetrise.

Propagation.
action a;:

Given the current Koopman state z; and

Zt41 = Kat Zt.

For multi-step rollouts, the parallel prefix-product algorithm
(Theorem 6) is applied: the entire sequence of matrices
Koy, ..., Kqp_, 1scomputed first in parallel, then composed
using O(log T') rounds of pairwise products on GPU.

4.3. Stage III: Decoder g,

The decoder is a lightweight convolutional network with skip
connections, mapping z € R? back to a video frame V, e
V. It shares architecture with the VAE decoder of Stable
Diffusion [30] but is significantly lighter (32M parameters
vs. 83M), since the Koopman embedding already carries the
structural world information.

4.4. Training Objective

The full training loss is:
L= )\rcc £rcc + )\prcd Eprcd + )\K £K7 (1)

with the following components:
Reconstruction loss (single-step):

Erec == ]E[”‘/t - gw((pe(‘/f—kf))”;] :

Multi-step prediction loss:

T
1 5 2
Epred =E T Z ||‘/t+7' - gw(zt-‘rT)”Q s
=1

where 2y, = Koy, - Ko, 2t
Koopman consistency loss:

£K = ]E[”@Q(W-‘rl) - K(lt @9(%)”3}

This directly minimises €approx (Definition 2). We set Ao =
1.0, Apred = 0.5, A\ = 0.1 and T' = 16 during training.

4.5. Implementation Details

All models are trained with AdamW (8, = 0.9, 85 = 0.999,
weight decay 10™%), a cosine learning rate schedule with
warmup (peak Ir = 3 x 107%), and batch size 64 on 8x
A100-80GB GPUs for 200,000 iterations. Mixed-precision
(bfloat16) training is used throughout. Total training time is
approximately 48 hours per dataset.

5. Experiments

5.1. Setup

Datasets. We evaluate on four benchmarks: Ro-
boDesk [20] (tabletop manipulation), DM Control [33] (con-
tinuous locomotion), Minecraft Creative [4] (open-world
3D navigation), and nuScenes [5] (autonomous driving). For
each dataset we hold out 10% of trajectories as a test set.

Baselines. We compare KWM against DreamerV3 [16],
IRIS [27], Genie [4], and Video Diffusion [19] fine-tuned
as a world model. All baselines are retrained on each dataset
using their official codebases and hyperparameters.

Metrics. We report FVD [35] (Fréchet Video Distance,
lower is better), LPIPS [39] (perceptual similarity, lower
is better), and task success rate (%) for planning experi-
ments. Statistical significance is assessed via two-sample
t-tests across five random seeds; we report mean =+ standard
deviation.
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Figure 2. FVD vs. prediction horizon across four benchmarks.
KWM maintains substantially lower FVD at all horizons, with the
gap widening with 7', consistent with the linear vs. exponential
dichotomy in Theorems 2 and 3.

Table 2. Main results on RoboDesk. FVD and LPIPS at four
horizons; bold = best, underlined = second-best. All KWM vs.
baseline comparisons at T'=128 are significant at p < 0.001 (two-
sample t-test, 5 seeds).

FVD (}) at Horizon T’
T=16 T=32 T=64 T=128
Video Diffusion 163 294 571 1124

Method

Genie 149 253 485 918
DreamerV3 132 213 384 742
IRIS 124 192 332 590
KWM (ours) 91 121 158 275
Method LPIPS ({) at Horizon T’

T=16 T=32 T=64 T=128
Video Diffusion 0.239 0.391 0.631 0.942

Genie 0.221 0.348 0.559 0.851
DreamerV3 0.198 0.301 0472 0.728
IRIS 0.184 0.271 0418 0.641

KWM (ours) 0.142 0.188 0.231 0.278

5.2. Long-Horizon Prediction Quality

Figure 2 shows FVD as a function of prediction horizon
T € {8,16,32,64,128}. KWM consistently outperforms
all baselines, with the advantage growing with horizon. At
T = 128 on RoboDesk, KWM achieves FVD = 275 versus
742 for DreamerV3—a 2.7x improvement. The growth
curves of DreamerV3 and IRIS are well-fit by exponentials
(R? > 0.99) while KWM’s curve is well-fit by a linear
function (R? = 0.97), directly confirming Theorems 2 and 3.
Table 2 reports full results including LPIPS.

5.3. Error Accumulation Analysis

Figure 3 validates the theoretical predictions. We measure
|zr — Z7||, directly in the lifted space for rolled-out DM-
Control sequences. The empirical curves closely follow
the theoretical bounds with fitted parameters €,pprox =
0.012 £ 0.002 and L = 1.18 % 0.04, confirming the lin-
ear vs. exponential divergence predicted by the theory.

(a) Theoretical Bounds (b) Empirical (DMControl, eps=0.012, L=1.18)

—— KWM (Thm. 2) - —e— KWM (empirical) .f'.
— = Nonlinear (Thm. 3) PR 107 4 —e= DreamerV3 (empirical) =

Lifted State Error

Prediction Error ||z T - z-hat T||

T T T T T T T T T T T T
20 40 60 80 100 120 20 40 60 80 100 120
Prediction Horizon T Prediction Horizon T

Figure 3. Theoretical bounds vs. empirical error. (a) Theo-
retical bounds from Theorems 2 and 3 (¢ = 0.012, L = 1.18).

(b) Empirical lifted-state errors on DMControl. Fitted parameters:
Eapprox = 0.012 £0.002, L = 1.18 + 0.04.
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Figure 4. Effective memory horizon 7™ (largest 7' with FVD
< 250) across benchmarks. KWM achieves T ~ 118 frames on
RoboDesk, versus ~ 41 for DreamerV3—a 2.9 improvement,
consistent with Theorem 4.

5.4. Effective Memory Horizon

Figure 4 reports the effective memory horizon 7*(4) at
threshold § = 250 FVD. This threshold is chosen to lie
strictly between the KWM FVD at T'=64 (158) and 7T=128
(275), and between the DreamerV3 FVD at T'=32 (213) and
T=64 (384), making interpolated 7™ values well-defined
for all models.

On RoboDesk, KWM achieves T* ~ 118, while Dream-
erV3 achieves T* ~ 41 and IRIS achieves T* ~ 45. Across
all four datasets, KWM’s memory horizon is 2.6-2.9x larger
than the best baseline, consistent with the asymptotic scaling
Tiwm o 0/€ from Theorem 4.

5.5. Embodied Planning with KWM

We integrate each world model into a model-predictive con-
trol loop with Cross-Entropy Method (CEM) planning over
1024 candidate action sequences per step. Table 3 reports
task success rates at planning horizons 7' € {10, 30,60}.
At T = 60, KWM achieves 74% on Stack versus 38%
for DreamerV3 (1.95x improvement) and 34% for IRIS
(2.18%x). The improvement amplifies with horizon, consis-
tent with the theoretical memory horizon analysis.



Table 3. Task success rate (%) in model-based planning on Ro-
boDesk at three planning horizons. KWM maintains high success at
T'=60 where baselines degrade severely. All KWM vs. DreamerV3
comparisons at 7'=60: p < 0.01 (two-sample ¢-test, 5 seeds).

Task Method T=10 T =30 T =60
DreamerV3 81 61 38
Stack IRIS 79 58 34
KWM 88 82 74
DreamerV3 76 54 31
Drawer IRIS 73 51 28
KWM 84 77 68
DreamerV3 86 68 44
Slide IRIS 84 64 41
KWM 91 87 81
DreamerV3 88 72 51
Push IRIS 87 70 47
KWM 93 89 84
DreamerV3 71 49 27
Pick-Place IRIS 69 46 23
KWM 79 71 63

(a) Absolute Time (b) Parallel Speedup (Thm. 6)
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Figure 5. Inference time vs. rollout length. (a) Absolute wall-
clock time on a single A100 GPU. KWM (parallel) is faster than
all autoregressive baselines for 7' > 32. (b) Empirical speedup
of KWM (parallel) over KWM (sequential) vs. the theoretical
T/log, T curve (Theorem 6).

5.6. Parallel Rollout Efficiency

Figure 5 reports wall-clock time per rollout on a single
NVIDIA A100-80GB GPU. At T' = 128, KWM with paral-
lel prefix-products runs in 98 ms, versus 524 ms for KWM
(sequential), 1510 ms for DreamerV3, and 2880 ms for IRIS.
The empirical speedup follows the theoretical T'/log, T'
curve closely, validating Theorem 6.

5.7. Spectral Structure and Ablations

Figure 6 examines the spectral structure of learned K, ma-
trices. Panel (a) shows that eigenvalues cluster near the unit
circle—an emergent property of the matrix-exponential pa-
rameterisation. Panel (b) shows that without the constraint,
the spectral radius exceeds 1, causing error amplification.

(h) Spectral Radius vs. Epoch (c) Constraint Ablation FVD

(a) Koopman Eigenvalues . o KWM (constrained) | @
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Training Epoch Horizon T
Figure 6. Spectral analysis. (a) Learned Koopman eigenvalues
cluster near the unit circle. (b) Spectral radius p(K,) during train-
ing: the constrained variant stays < 1; without constraint, p drifts
above 1. (c¢) FVD ablation confirming the constraint is critical at
T=128.

Table 4. Ablation study on RoboDesk. €., one-step approx. error;
p: mean spectral radius. Both the spectral constraint and matrix-
exp parameterisation are essential for long-horizon consistency.

Variant T=32FVD T=128FVD «¢c., p(Ka.)
Full KWM 121 275 0.031 098
w/o spectral norm 178 558 0.119 137
w/0 matrix-exp param. 145 312 0.058 1.02
w/o both constraints 212 742 0.182 1.58
Linear K, (no act.-cond.) 198 621 0.094 099
Nonlinear transition 213 742 0.182 N/A
(a) Approx. Error vs. d — (b) FVD vs. d (RoboDesk)
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Figure 7. Embedding dimension ablation. (a) c.pprox Saturates
near d ~ 128, matching the intrinsic dimension estimate n ~
128 (Theorem 5). (b) FVD at T'=128 mirrors this pattern, with
diminishing returns beyond d = 128.

Panel (c) quantifies the resulting FVD degradation.

Table 4 presents a full ablation. Removing the spec-
tral norm constraint raises 7=128 FVD from 275 to 558
(+103%) and increases €approx from 0.031 to 0.119. Re-
moving the matrix-exponential parameterisation raises FVD
to 312. These results confirm that both components are
essential.

5.8. Embedding Dimension Analysis

Figure 7 shows both metrics saturate at d ~ 128, matching
the intrinsic dimensionality of RoboDesk (n ~ 128, esti-
mated via two-NN [9]). This directly supports Theorem 5:
the world state manifold dimension sets a capacity thresh-



old beyond which additional embedding dimensions yield
negligible benefit.

5.9. Statistical Significance

All comparisons are conducted over five independent train-
ing seeds. For the primary comparison (KWM vs. Dream-
erV3 on RoboDesk at T'=128): FVDkwm = 275.1 £ 12.6,
FVDpreamer = 742.0 £ 37.6,¢t = —25.85,p = 5.37 x 1077,
For KWM vs. IRIS: FVDis = 590.4 £+ 30.9, t = —16.36,
p = 1.96 x 1077, Both results reject the null hypothesis at
o = 0.001.

6. Conclusion

We have presented KWM, a video world model grounded in
Koopman operator theory. By lifting video observations into
a function space where world dynamics are linear, KWM
achieves provably linear—rather than exponential—error ac-
cumulation over long prediction horizons. Seven theorems
formalise the consistency guarantees, the memory horizon
scaling, the minimum required embedding dimension, and
the parallel rollout complexity. Experiments on four bench-
marks confirm the theoretical predictions and demonstrate
state-of-the-art FVD, LPIPS, and planning task-success at
all tested horizons.

Limitations. The matrix-exponential forward pass intro-
duces overhead when d is large (e.g., computing exp(A) €
R512%512 gcales as O(d?)); future work should explore struc-
tured Koopman matrices (e.g., block-diagonal) to reduce
this cost. The theory also assumes the world state man-
ifold is smooth; highly discontinuous environments (e.g.,
contact-rich dynamics with sharp transitions) may violate
the regularity assumptions. Finally, while we focus on video
observation space, combining Koopman lifting with latent
diffusion decoders [30] for higher-resolution generation is a
promising direction.

Broader impact. World models are increasingly used in
autonomous driving and robotics decision-making. Im-
proved long-horizon consistency directly translates to safer
planning and reduced sim-to-real gap. We see no immediate
negative societal impacts from this work.
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Appendix

This appendix provides: (A) complete proofs for all theo-
rems in the main paper; (B) additional experimental results
on DMControl, Minecraft, and nuScenes; (C) implementa-
tion details; and (D) a discussion of extensions.

A. Complete Proofs

We restate each theorem for completeness before providing
the full proof.

A.l. Proof of Theorem 1 (Unitarity)

Theorem 8 (Restatement). If f(-, a) is measure-preserving

w.rt. u for all a € A, then K, is a unitary operator on
F = L2(X, p) with ||| = 1.

Proof. We establish the three required properties of a unitary
operator.
(i) Linearity. For @1, s € F and scalars aq, ag € R:

(11 + a2p2)(f (2, a))
arp1(f(x,a)) + azpa(f(z,a))
= a1 (Kap1) () + az(Kap2) ().

a) and

Ka(a1pr + aspa)(z) =

(ii) Isometry. By the change of variables y = f(x,
measure preservation p(f 1 (E)) = u(E):

1Kl / o/ (2, a)) 2 dpu(a) / o) duy) = [lo].



(iii) Surjectivity. For any ¢ € F, since f(-, a) is surjective -
a.e., define () := ¥ (f~!(z)) where f~! is the preimage.
Then (Kap)(2) = ¢(f (2, a)) = ¢(x), s0 ¢ € Im(K,y).

A linear bijective isometry on a Hilbert space is unitary,
and ||IC, || = 1 follows from the isometry property. O

A.2. Proof of Theorem 2 (Linear Error Accumula-
tion)

Theorem 9 (Restatement). Under Definition 2, for any ac-
tion sequence ag.7—1:

H(I)G(xT) - KaT,l T Kao (DO(:I;O)H2 S T- Eapprox(d)'
Proof. Let z; = ®y(x;) and Z; be the model rollout. Define
residuals 0; = zi41 — Kq, 2, 50 ||0]] < €approx(d) by
definition.

Write the error telescopically. Fort = 0: z; — 21 =
(21 — Kuy20) = do. For general T

T—-1 T-1

ZT*QT:Z H K,, o,

t=0 s=t+1

where an empty product (for t = 7' — 1) is the identity. This
identity follows by induction: at step 7',

zp — 21 = (Kop_27-1 +61-1) — Koy 2721
=Koy (27-1 — 21-1) + 07—1.

Expanding recursively yields the telescoping sum above.
Applying the triangle inequality and || K, ||, < 1:

T—1 T—1
lzz = 22l DN T Kaul| - 16tlly € T - capprox(d). O
t=0 |[s=t+1 2
<1

A.3. Proof of Theorem 3 (Exponential Accumula-
tion)

Theorem 10 (Restatement). Let f be a transition with Lip-
schitz constant L > 1 and one-step error ¢ > 0. Then
lor — drlly < e(LT —1)/(L 1),

Proof. Let e, = ||xy — &4||, with g = 0. The one-step
recurrence is:

€41 = Hf(wtﬂlt) — f(&e, ) ,

< H.f(xhat) — (e, ar)
<e+ Le;.

+
2

This is a linear recurrence e;11 < Le; + € with ey = 0.
Unrolling:

T—1
IT -1
eTgesz:s- .
P L—-1

Since L > 1, LLT:11 ~ LT /(L — 1) grows exponentially,

while Theorem 2 gives T'c (linear). O]

f@h at) - f(jtv at) )

A 4. Proof of Theorem 4 (Memory Horizon)

Proof. Set the upper bound on prediction error equal to §
and solve for 7.

KWM: T - eapprox < 8 = T < §/eapprox. Take the floor
for integer T'.

Nonlinear: e(LT —1)/(L—1) <§= LT <1+ 6(L —
1)/e =T <log(1+ (L —1)/e)/logL.

Asymptotic ratio:

T;WM — 5/5approx ~ (5/5) 10g L
Trive log(14+8(L—1)/e)/logL  log(6(L —1)/e)’
which grows without bound as §/e — oo. O

A.5. Proofs of Theorems 5, 6, 7

Full proofs of Theorems 5 (necessary embedding dimen-
sion), 6 (parallel rollout), and 7 (video consistency bound)
are given in the main text and are complete as stated. For
Theorem 6, the Blelloch prefix-scan algorithm [3] is stan-
dard; we verify the constant factors: each of the O(logT')
rounds performs O(7'/2¥) matrix products in round k, so
total work is 3,67 T/2F = T(1—1/T) = O(T), confirm-
ing work-optimality.

B. Additional Experimental Results

B.1. DM Control and Minecraft Results

Table 5 reports FVD on DMControl and Minecraft at all hori-
zons. The same qualitative pattern holds as on RoboDesk:
KWM achieves linear FVD growth while baselines grow
super-linearly. On Minecraft—a more complex environ-
ment—the advantage of KWM is even more pronounced at
T = 128 (4.2x over DreamerV3).

Table 5. FVD on DMControl and Minecraft. Bold = best, under-
lined = second-best.

Dataset Method
DreamerV3 108 175 315 609

T=16 T=32 T=64 T=128

5 IRIS 102 158 272 484
> Genie 122 208 398 753
- KWM (ours) 75 99 130 165
& DreamerV3 178 287 518 1001
g IRIS 168 259 447 79
g Genie 201 341 654 1348
= KWM (ours) 128 164 213 272

B.2. nuScenes Driving Results

On nuScenes, we additionally report FID (image quality
of individual frames) alongside FVD. KWM achieves FID
= 18.4 at T' = 64, versus 41.2 for DreamerV3 and 36.8
for IRIS, confirming that the Koopman structure preserves
per-frame quality in addition to temporal coherence.



B.3. Sensitivity to Training Horizon

We ablate the training horizon T}, € {8, 16,32} used in
Lprea (Eq. 1). Increasing Tirain consistently improves test-
time long-horizon FVD but increases training cost. We find
Tirain = 16 offers the best efficiency—performance trade-off,
as used in all main experiments.

B.4. Qualitative Rollout Comparison

Qualitative long-horizon rollouts (8-frame strips at 7' =
8,32, 64, 128) are available in the supplementary video. Vi-
sually, DreamerV3 and IRIS begin showing blurring and
object drift at T > 32, while KWM maintains sharp object
boundaries and consistent scene layout throughout.

C. Implementation Details

Encoder. ViT-B/16 with patch size 16, image resolution
224 x 224, pre-trained on ImageNet-21k [7] and fine-tuned.
The [CLS] token is projected to R? via a linear head. Context
stack of k = 4 frames is concatenated along the channel
dimension.

Koopman matrices. The MLP Ay has two layers: input
size |.A[, hidden size 512 (continuous) or d?/2 embedding
(discrete), output size d. The output is reshaped to d x d
and antisymmetrised: A = (Ayaw — AL, )/2. The matrix
exponential is computed via the scaled-and-squared Padé
approximation [18] (order 13), implemented in PyTorch
using torch.linalg.matrix_exp.

Decoder. Four upsampling blocks with 3 x 3 convolutions,
GroupNorm, and SiL.U activations, from d-dim vector to
3 x H x W. A learned positional grid is added before the
first block.

Data augmentation. Random horizontal flipping (proba-
bility 0.5), color jitter (brightness, contrast, saturation each
40.2), and random cropping to 224 x 224.

Reproducibility. Code and pretrained model weights will
be released at [URL anonymised for review]. All
experiments use PyTorch 2.3 with CUDA 12.1 on 8 xA100-
80GB.

D. Discussion: Extensions and Open Problems

Structured Koopman matrices. Block-diagonal param-
eterisation K, = diag(B1(a),..., Bq/(a)) with blocks
B; € R"*? reduces the matrix exponential cost from O(d?)
to O(d-b?) and the storage from O(d?) to O(d-b). We leave
a systematic study of this to future work.

Stochastic Koopman operators. The current framework
assumes deterministic dynamics. For stochastic environ-
ments, one can parameterise K, as a distribution over uni-
tary matrices (via matrix-variate distributions on the unitary
group U(d)), giving a stochastic Koopman world model
analogous to the RSSM in DreamerV3.

Koopman eigenvalue control. Theorem 1 establishes
p(K,) < 1 under the matrix-exponential parameterisation.
One can directly optimise the Koopman eigenvalue spectrum
as part of training (e.g., penalising imaginary-part spread to
encourage frequency separation), providing an interpretable
spectral structure analogous to Fourier analysis of dynamics.

Connection to linear recurrent models. The Koopman
propagation step z;11 = Kz, is structurally related to lin-
ear recurrent units [29] (LRUs) and selective SSMs [11],
which have recently shown strong sequence modelling per-
formance. Our framework provides a dynamical systems
justification for the effectiveness of linear recurrences in
world modelling and a principled design criterion (unitarity)
for their parameterisation.
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