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Abstract

We consider (stochastic) softmax policy gradient (PG) methods for finite Markov Decision Processes
(MDP). While the PG objective is not concave, recent research has used smoothness and gradient
dominance to achieve convergence to an optimal policy. However, these results depend on having
extensive knowledge of the environment, such as the optimal action or the true mean reward vector,
to configure the algorithm parameters. This makes the resulting algorithms impractical in real
applications. To alleviate this problem, we propose PG methods that employ an Armijo line-search
in the deterministic setting and an exponentially decreasing step-size in the stochastic setting.
We demonstrate that these proposed algorithms offer similar theoretical guarantees as previous
works but now do not require the knowledge of oracle-like quantities. Furthermore, we apply the
similar techniques to develop practical, theoretically sound entropy-regularized methods for both
deterministic and stochastic settings. Finally, we empirically compare the proposed methods with
previous approaches in single-state MDP environments.
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1. Introduction

Stochastic policy gradient (PG) methods have played a vital role in the achievements of deep
reinforcement learning (RL) [6, 19, 20]. Zhang et al. [24] first proved convergence results for
stochastic PG methods to locally-optimal policies. However, it’s only been recently that these
methods have been rigorously proven to demonstrate convergence to a globally optimal policy in the
tabular setting [1]. Despite the non-concave nature of the PG objective, recent research has harnessed
concepts like smoothness and gradient dominance to achieve convergence towards an optimal policy.
Specifically, for softmax policy gradient methods, recent studies have established global convergence
rates in both deterministic [3, 10, 11] and stochastic settings [11, 13, 14, 23]. . Furthermore, the use
of regularization techniques such as entropy [5, 10] or log-barrier [1] has also been studied. These
approaches have been shown to expedite the convergence rate, at the cost of additional bias in the
resulting policies.

While these convergence results are notable, the methods that stem from them are impractical for
real applications. This impracticality arises from the methods’ dependence on oracle-like knowledge
of the environment, which includes factors such as the concentrability coefficient, the optimal action,
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the true mean reward vector, and even access to the full gradient in stochastic settings. The need
for this oracle-like knowledge renders previous PG methods ineffective because there is already
sufficient information to derive an optimal policy. Our objective is to design practical approaches
while retaining similar theoretical guarantees. To this end, we make the following contributions.

Contribution 1: In Section 3, we consider the deterministic setting and present a practical PG
method employing Armijo line-search [2] to determine the step-sizes, thus enabling the utilization
of the objective’s local smoothness. In the worst-case, the method achieves a convergence rate of
O(1/T), and under more practical conditions, it can attain a linear convergence rate.

Contribution 2: In Section 4, we consider the stochastic setting for which previous approaches
relied on various oracle-like quantities to choose the step-size [11, 14, 23]. To design a practical
algorithm that adapts to the amount of stochasticity, we utilize exponentially decreasing step-
sizes [9]. These step-sizes have been demonstrated to achieve desirable convergence rates for
smooth, non-convex functions for which the Polyak-Lojasiewicz (PL) condition [16] is satisfied [8]
but have not been analyzed for PG methods. We extend the use and analysis of these step-sizes
to encompass the more general gradient domination case, which is of particular interest in the
context of RL. Following [14], we make use of the strong growth condition (SGC) [18] which
implies that the variance in the stochastic gradients decreases as we approach a stationary point.
Under this condition, Mei et al. [14] prove faster convergence, but require using typically unknown
problem-dependent quantities. By utilizing exponential step-sizes, we demonstrate that the same PG
algorithm can achieve an O(1/T + 1/71/3) convergence rate, which smoothly transitions between the
deterministic and stochastic settings, and does not require any unknown quantities.

Contribution 3: In Section 5, we consider maximizing the entropy-regularized objective in the
deterministic setting. Since the entropy regularization introduces a bias, prior work [10] decays
the entropy at an appropriate rate. However, prior strategies again require (typically unavailable)
information about the environment to set the algorithm parameters. We introduce a multi-stage
algorithm to iteratively reduce the entropy regularization. This results in convergence to the globally
optimal policy at an O(1/¢) rate, while eliminating the reliance on unknown quantities. In Section 6,
we combine the multi-stage approach with exponential step-sizes and design a practical theoretically
principled algorithm to maximize the entropy-regularized objective in the stochastic setting.

Contribution 4: Finally, in Appendix G, we experimentally benchmark the proposed algorithms
on synthetic single-state MDPs. Our empirical results indicate that the proposed practical algorithms
have comparable performance as baselines that require oracle-like knowledge.

2. Problem Formulation and Background

An infinite-horizon discounted Markov Decision Process (MDP) [17] is defined by tuple
(S, A, P,r,p,7v), where S is the set of states, A is the set of actions, P : S x A — Ag is the
set of transition probability functions, p € Ag is the initial state distribution, 7 : S x A — [0, 1]
is the reward function, and v € [0, 1) is the discount factor. In this work, we consider the set-
ting when the policy mp : & — A4 is parameterized with the softmax function i.e. my(als) =
exp(0(a.9)/S ., exp(6(a’,s)) given the logits § € RS, For a given policy 7y, action-value function
Q™ : S x A — Ris defined as: Q™ (s,a) := E[>52v'r(st, ar)], with so = s, ap = a and for
t > 1, s¢41 ~ p(|st,ar) and agq ~ wp(+|s¢), the value function V™ : S — R is defined such that
V70 (s) = Eqry(1s)[Q™ (5, a)], and the discounted state visitation distribution d7? € As is defined
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such that d70 := (1 —7) Y72 7' Pr[s; = s|so, mg] where Pr[s; = s|so, mg] denotes the probability
of encountering state s at time ¢ under policy .

The objective is find a policy that maximizes J(my) := E4.,[V7(s)]. Let us denote the special
case when MDP has |S| = 1 with stochastic rewards as the bandit setting. In the bandit setting, the
objective is f(0) := E[r, r], where r is sampled from some unknown distribution and reduces to
the single-state MDP setting when the rewards are deterministic. To cover all presented settings,
we will abstract the objective as f(6) and note that it is L-smooth! and upper-bounded by f*.
Finally, we note that f(6) is non-concave [1], but satisfies a non-uniform Lojasiewciz condition
IVF(O)|2 > CO)|f*— f(0)]*¢ for some & € [0,1] [10]. When C(6) is constant, and & = 1/2, this
condition matches the well studied PL condition [16]. Details of C'(#) for each abstract environment
can be found in Appendix A. We define p := inf;>1 C(6;).

3. Policy Gradient
We first consider the deterministic setting and consider Softmax PG with the following update,
Update 1 (Softmax PG, True Gradient) 011 = 60y + 1.V f(6;).

In this setting, the non-uniform Lojasiewciz condition is satisfied i.e.||V f(0)||2 > C(0) | f* — f(0)|
and is required to prove global convergence guarantees [10]. In order for softmax PG to be able to
adapt to the objective’s local smoothness, we propose to use Armijo line-search to set the step-size.
Armijo line-search [2] searches for a prospective step-size 7j; until it satisfies the following equation:
F(0: + 7V f(6)) > f(0:) + hii||V f(6:) |3 where h € (0, 1) is a hyper-parameter. The line-search
is guaranteed to return a step-size 7, that satisfies 7; > min{2(1=h)/L, Nax} » Where npax is the
maximum allowable step-size and L is the smoothness of f. In Appendix B.1, we prove that the
resulting algorithm can achieve a convergence rate of O(1/7). This rate is consistent with the one
obtained when employing a fixed step-size of n, = 1/ [10].

Although softmax PG with Armijo line-search results in an O(1/T) convergence in the worst
case, it can result in faster convergence in practice. This is because the objective satisfies a non-
uniform smoothness property, making it possible to iteratively increase the resulting step-size. The
Geometry-Aware Normalized Policy Gradient (GNPG) approach introduced in [11] is able to exploit
this non-uniform smoothness and exhibits a convergence rate of O(exp(—u 1")). However, for MDPs,
GNPG requires the knowledge of intricate constants like C,, = max, Hdz / ,uHOO to determine the
step-size. In contrast, softmax PG with Armijo line-search does not require such information but can
exploit the non-uniform smoothness to achieve fast convergence towards the optimal policy. This
result is presented in Theorem 1 with a non-asymptotic rate and is proved in Appendix B.2.

Theorem 1 Using Update 1 and an increasing line-search of Nmax, = TknmaXO where k is the
number of times Nyax has been returned by Armijo line search, then we obtain a convergence rate of

1 L 1 1
*— f(or) < — 1{k>0 1

In the worst-case, Armijo line-search requires back-tracking in each iteration meaning that k = 0
and we recover the O(1/T) convergence rate. However, in our experiments, we observe that k is large
and the resulting convergence is linear.

1. For definitions of smoothness, and the specific non-uniform Lojasiewciz conditions see Appendix A
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4. Stochastic Policy Gradient

In the stochastic setting, we construct a gradient estimator using importance sampling (IS) that
is unbiased and has bounded variance. For illustrative purposes, we consider the bandit setting.

For each iteration ¢ € [1,7], sample an action a; ~ 7y, and construct the IS reward estimate
f’ (a) — Jl{at:a}
t 7o, (a)

- 2
gradient estimator satisfies E[V f(0)] = Vf(#) and IEHVf(H) — Vf(G)H2 < 0% [11]. We now

consider the following stochastic gradient updates,

r(a) for each a € A. The stochastic objective is f(6;) = Tréz 7 and the resulting

Update 2 (Stochastic Softmax PG, Importance Sampling) 0,1 = 0, + 0V f(6;)

Yuan et al. [23] have also considered the stochastic setting under the same assumptions, but their
method required the knowledge of 1 = my(a*) when setting the step-size; hence, knowledge of
the optimal action is required. A faster O(1/vT) rate can be achieved but requires the true gradient
IV f(6;)|| when setting the step-size [11]. By using an exponentially decaying step-size [9] we
can match the O(1/T + o%/77/3) rate in [23] without the knowledge of . The following theorem is
proved in Appendix C.1.

Theorem 2 Given € > 0, assuming ji := inf;>1 C(6;) > 0, T' > 3, using Update 2 with ng = %
1
and n; = 1o ot where o = (%) " B > 0 results in the following convergence: IFE[f* — f(6y)] > €

forallt € [1,T] then,

. 5L0(8) (%)UQ —0.69p ( T .
BL* — F(0)] < g — s + C(Bexp | = (= 10)) @

T
h’lﬁ

where C(f) = exp(kT“ ln(%>> Otherwise, min,e(y ) E[f* — f(01)] < €

We note that the proof requires the assumption 1 := inf;>; C(6;) > 0 which we verify exper-
imentally, and leave a formal proof of this claim to future work. Additionally, although g is a
hyperparameter, it does not depend on any problem-dependent constants. To obtain e-convergence,
let T = max{O(e~?),0(e *log ') }. This results in a convergence rate of O + */1/3).
The previous result assumes that the variance o is a constant. However, it has been observed that
the noise decreases as we get closer to a stationary point and the policy become more deterministic,
meaning that 02 — 0 as t — oo. Using the same gradient estimator with IS, Mei et al. [13] has

~ 2
shown that the SGC [18] holds, implying that E; HV f(6y) H2 < p||[Vf(6,)] for a problem-dependent

p > 0. Using Update 4 in the bandit setting and knowledge of p, a faster convergence rate of O(1/7)
rate can be achieved [14]. However, the resulting algorithm requires setting the step-size proportional
to p that has a dependence on the reward gap A := min;;|r(i) — r(j)|. This implies that the true
mean reward vector is required when setting the step-size of the algorithm, rendering it ineffective in
most practical cases. In Appendix C.2, we show that the A dependence on p is necessary, meaning
that it is unlikely to achieve fast convergence rates by exploiting SGC, while still being practical.
Hence, we aim to develop a practical algorithm that can automatically adapt to both p and 2. We use
the same exponentially decreasing step-sizes for this and analyze its convergence in Appendix C.4.
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Theorem 3 Under the same assumptions as Theorem 2 and SGC, Update 2 with exponential
step-sizes has the following convergence: if E[f* — f(0;)] > e forallt € [1,T] then

. aT . 4pCal 320 B — [(60)]
_ < = _ =
]E[f f(eT)] = Cl eXp < K hl(T)) E[f f(el)] + €2 T2 (3)
where K = ﬁ, Cl = ﬁ%, CQ = eXp(nhf(gﬂ/ﬁ)> 642'(322 1112(T/,8), T() =

T max { lﬁffﬁ/%) , 0}, Ny = %8 and p and L are known problem dependent constants. Otherwise,
mingep 7 B[f* — f(0:)] < e

In comparison to Theorem 2, the algorithm achieves an O (1/T + T /3/T2/ 3) convergence rate. If
no < 4%, Ty = 0 and we obtain a “fast” O(1/7) rate. In the worst-case, if we choose 7 to be large,

Ty = O(T), resulting in the “slow” O(1/7/3) rate. Hence, the resulting algorithm can is robust to p
and can interpolate between the “slow” and “fast” rates. In Appendix C.3, we show that the SGC
property is not limited to bandits and also holds for the general MDP setting.

5. Policy Gradient With Entropy Regularization

For the following sections, we restrict our analysis to the single-state MDP setting, but note that
the results can also be extended to the general MDP setting. The entropy regularized objective for
single-state MDP is defined as: f7(6) := m ] (r — 7log mp) where T > 0 denotes the strength of the
entropy regularization. In this case, V f7(0) := H(my)(r — 7log mgp) where H(m) := diag(mp) —
7797r9T e RMI*IMI The entropy regularized objective satisfies following non-uniform Lojasiewciz
condition [10]: ||V f7(8)[]2 > C(8)|f* — f7(6)|"? where C(6) := /27 ¢ and ¢ := min, mp(a).
This property can be interpreted as the non-uniform variant of the classical PL condition [7]. In the
subsequent sections, we assume that p := inf;>; C(6;) > 0 across the iterations and 7 < 1. The
update for the entropy regularized objective is given as,

Update 3 (Softmax PG with Entropy Regularization, True Gradient)
Oir1 =0, + VfT(Ht) =0; + UtH(Wg)(T — 7log 7T9)

In Appendix D.1, we prove softmax PG with entropy regularization and Armijo line-search will
converge to a biased optimal policy with an O(exp(—pT')) convergence rate which also matches
the rate when employing a fixed step-size 1, = 1/L7 [10]. The resulting policy is biased due to
the presence of entropy regularization. In order for entropy regularized objectives to converge to
the globally optimal policy, 7 — 0. Using Update 3, prior work [10] used a two-stage approach
to decay 7, but the resulting algorithm requires knowledge of A, rendering the method ineffective.
Consequently, in Theorem 4 we establish a rate of convergence to an e-neighbourhood of the optimal
policy by choosing a sufficiently small 7 that does not depend on A and prove the following result
in Appendix D.2.

Theorem 4  Setting i, = 1/L7, 7 = ¢/ (2W ((AI=1)/e)) where W (x) is the Lambert function,
Update 3 achieves e-suboptimality after O (1/elog 1/¢) iterations.

We note that in the proof we treat ¢ := min, mg(a) and hence y as a constant. We conjecture
that there is a hidden strong dependence on € in ¢, and that this dependence can be weakened by
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proving a tighter bound on p. Unfortunately, using a fixed 7 leads to a O (1/elog 1/¢) convergence
rate that is slower than PG methods without the presence of entropy. Thus, we present Algorithm 1
that decays the entropy in stages and achieves a O (1/e) rate, matching the two-stage approach in [10],
but without requiring the prior knowledge of A. Additionally, in comparison to Theorem 4, the
algorithm do not require € to be set advance. We analyze Algorithm 1 and prove it’s convergence
rate in Appendix D.3.

6. Stochastic Policy Gradient With Entropy Regularization

Following Section 4, we construct a gradient estimator using IS for the entropy regularized objec-
tive. This estimator V f7(6;) has been shown to be unbiased and has bounded variance [5], i.e.

- ~ 2
IEHVfT(Qt) - E[VfT(Gt)]HQ < b:=8(1+ (7 log|.A|)?). We consider the following update,

Update 4 (Stochastic Softmax PG with Entropy, Importance Sampling)
Orr1 = 0; + V[T (0;) = 0y + nH(mg) (7 — 7log mg)

Under the same setting, prior work [4] proposes a two-stage approach that converges to a globally
optimal policy by modifying the batch size to counteract the variance at a @(1/62) convergence
rate, but requires knowledge of the optimal policy to set the algorithm parameters. Using the same
rationale as in Section 4, using Update 4 with fixed 7 and in conjunction with an exponentially
decaying step-size to mitigate the variance, we can converge to an e-neighbourhood of a globally
optimal policy after O (1/e 4 b/e3) iterations. We prove the following theorem in Appendix E.1.

Theorem 5 Assuming ¢ := inf;>omin,mg,(a) > 0. Using Update 4 with T =
e/ (2(W (IAI=1/e) +log |A|)) and using exponential decreasing step-size 1, = 1o ', where
no = 1/L7, achieves e-suboptimality after O (1/e + b/e3) iterations.

Finally, we extend the multi-stage approach of Algorithm 1 to the stochastic setting, resulting
in Algorithm 3 in Appendix E.2. In Theorem 19 in Appendix E.2, we prove an O (1/e 4 b/e3)
convergence rate for the resulting algorithm. This matches the corresponding rate in Theorem 2.

7. Discussion

We propose and analyze (stochastic) PG methods that can be used in the wild since they do not require
oracle-like knowledge to set algorithmic parameters. In comparison to prior work, we achieve similar
theoretical guarantees, but we are able to use our proposed algorithms in practice. We additionally
propose practical multi-stage methods to decay PG methods with entropy regularization that allows
the algorithms to converge to a globally optimal policy. We experimentally validate our results
and display competitive results compared to prior work. For future work, we aim to remove the
assumption in the stochastic setting that the non-uniform Eojasiewciz condition infy>; C(6;) > 0
and tighten the non-condition for the entropy regularized setting.
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Supplementary Material

Organization of the Appendix

A Definitions

B Policy Gradient Proofs
B.2 Proof Of Theorem 1

C Stochastic Policy Gradient Proofs
C.1 Proof Of Theorem 2
C.4 Proof of Theorem 3

D Policy Gradient with Entropy Regularization Proofs
D.2 Proof of Theorem 4

E Stochastic Policy Gradient with Entropy Regularization Proofs
E.1 Proof of Theorem 5

F Algorithms

G Experiments

H Extra Lemmas

Appendix A. Definitions

A function f is L-smooth if for all v and w

L
) < fw) +(VF(w),v = w) + o — w3 “)
The non-uniform Lojasiewciz condtion of degree & for £ € [0, 1] is defined as
IV = CO)NF* = FOF* )
Setting f(6) c(6) 13 L
Single-State MDP T mo(a*) 0 5/2
General MDP V7o (p) min, g (a*(s)[s) 0 8/(1—~)3

Vistlla /a7 ..
Single-State MDP T .
with Entropy Regularization 7y (r — Tlogmg) | V2T min, mg(a) | 1/2 | 5/2 4 57(1 +log K)

Table 1: Summary of abstracted objectives, smoothness, and non-uniform Lojasiewciz condition

Appendix B. Policy Gradient Proofs

B.1. Policy Gradient with Armijo line-search

In the following theoerm, we show that PG with Armijo line-search obtains the same O(1/T) rate as
using a constant fixed step-size of n; = 1/L [10].

10
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Theorem 6 . Using Update 1, softmax policy gradient and Armijo line-search converges to a
globally optimal solution with a rate OfO(%) .

* L 1 1
f _f(eT)SmaX{Q(l—h)’nmax}T,u (6)

where L is the smoothness of f, u is the non-uniform PL-constant, Ny ax is the maximum allowable
step-size, and h € (0,1) is a hyperparameter from Armijo line-search. In the single-state MDP

setting, L = % and p = minj<i<7 7p,(a*). In the general MDP setting, L = (1_87)3 and |1 =

«
us
dp

—1
-2

min;<¢<7 Minges my, (a*|s)

Proof For simplicity, we will present the proof for the single-state MDP setting, but note that this
proof can easily extend to the general MDP setting.

For any L-smooth function the step-size 7, returned by the Armijo line-search is guaranteed to satisfy

T > 1 > min{ 20-h) nmax} (Lemma 1 in [21]) which implies that

o) = 00+ minf 2020 L1 @3 )

By Theorem 21, L = %

4(1

o) 2 g0+ min{ = Vw00l ®

Adding f* to both sides and multiplying by —1

7= 1) < 1= 100 —min = H 190013 ©)
Let 5(00) = J* — (0)
o(0rs2) < 3060~ min{ U= v 601 (10
By Theorem 29
<60 — mind = ) 5002 an
Let i := inf;>1 mp, (a*)
<000~ pmin{ U=} 560 12

11
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Therefore, we have

T-1
1_1+[1_1} (13)
o(0r)  6(00) = 0(01)  O(0k)
1 T-1 .
) 50r) 806, 0 ol 14
o) " =0 [5(9t+1)5(9t) (0(6:) = o t+1))] (14)
By Eq. (12)
T-1
1 1 1
56 e ¢ O 15
= d(6o) * ;[5(9t+1)5(9t) C (6%) } (15)
Since 6(60;) > 6(6¢41)
1 T-1
- c 16
= 5(60) ; C (16)
1 T
T
- c (18)

Now let us show that using Update 1 with Armijo line-search guarantees that y := inf;>1 g, (a*) > 0.
We will now present an extended proof of Lemma 5 of [10] where the authors originally show that
using a fixed step size of n = % guarantees that inf;>1 mg, (a*) > 0. We modify the proof to work for
any step size returned by Armijo line-search. Let

K A
and
A=r(a")— rr;émg r(a) >0 (20)

denote the reward gap of r. We will prove that inf;>; 7y, (a*) = minj<¢<y, mg, (a*), where ty =
min{t : 7y, (a* > #‘ll}. Note that ¢y depends only 6; and d. Define the following regions

T T
_ . T T Ty T *
Rl_{e'dG(a*)ZdG(a)’va#a} 21
Ro ={0:mp(a”) > mg(a),Va # a*} (22)
N, = {9 : mo(a”) > Ci 1} (23)

We will make the following three-part claim. Claim 1:

a R; is a "nice" region, that if §; € R, then, with any n > 0, following a gradient update (i)
O¢+1 € R1 and (ii) my, , (a*) > mp, (a™).

b We have Ro C Ry and N, C Ry.

12
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¢ Forn, = min{ 2(1; h) , nmax}, there exists a finite time ¢y > 1 such that 6;, € N, and thus

(9,50 € R1, which implies that inftZl Ty, (a*) = minlgtgto o, (a*)
We note that Claim 1: a) holds for any n > 0 and Claim 1: b) is independent of r. Thus we will
only prove Claim 1: ¢). To show that 7y, (a*) — 1 as t — oo, we will use the same convergence
result as in [1], but extend it to work for any arbitrary n > 0 as long as it satisfies Theorem 20 (see
Lemma C.2 in [1]). Let n; be returned by Armijo line-search and thus satisfies

o) = 00— minf 2020 L1 @13 e

and therefore
f(Ors1) > f(0r) (25)

Since we have monotonic improvement and f(6) is bounded above, by monotone convergence
theorem, it must converge to some limit point. The rest of the proof follows summarily as in the
proof of Theorem 5.1 in [1]. Continuing from Lemma 5 in [10], there exists £y > 1, such that
oy, (a*) = #‘ll, which implies 6y, € N, C R1. Therefore 7y, (a*) in increasing in Ry and we have
infy g, (@*) = minj<¢<¢, mp, (a*), where ¢y depends on initialization and ¢ depends on the problem
only. |

B.2. Proof Of Theorem 1

Theorem 1 Using Update 1 and an increasing line-search of Nmax, = rknmaXO where k is the
number of times Nyax has been returned by Armijo line search, then we obtain a convergence rate of

1 L 1 1

Proof The analysis is similar to the proof in Theorem 6. Suppose that we satisfy Armijo’s condition
for k iterations, then we will have the following update for ¢ € [k] where the Armijo’s condition is
satisfied:

5(Be41) < 0(0;) — pnmax, 0(6¢)? (26)
N——
C%
and otherwise 21— h)
5(‘9t+1) < 5(975) - Tﬂhnax 5(9t)2 (27)
1
C

for remaining T' — k updates. Following similar steps in Theorem 6 we have

1 1 T—k—1 1 k 1
> - 4y = 28
son 25 b 2 ot 29
k—1
> o 2; r (29)

13



PRACTICAL PRINCIPLED POLICY OPTIMIZATION FOR FINITE MDPs

Since r > 0, we can throw away smaller terms

T—k
> T + u nmaxork_l (30)

Appendix C. Stochastic Policy Gradient Proofs

C.1. Proof Of Theorem 2
Theorem 2 Given € > 0, assuming i := inf;>1 C(6;) > 0, T' > 3, using Update 2 with ng = %

1

and n; = 1o ot where o = (%) i B > 0 results in the following convergence: If E[f* — f(0;)] > €
forallt € [1,T] then,

. 5L0(8) (%) o’ —0.69u ( T .
E[f f(et)] < 62(52,u2 T + C(/B) exp I3 (f f(et)) (2)

In

w3

where C(f3) = exp(kT“ ln(%)) Otherwise, minyey ) E[f* — f(0;)] < €

Proof

Starting with the smoothness of f

£ (Bus1) = £8) = (V760),0ur1 = 0)] < 5 16, — 04 G

F(Ous1) = F0) = (T80, 0011 — 00) 2 — 04— 1] (2

Using update 0;4+1 = 6; + 1.V f(6;)

FOusr) = 10 = (V500,900 ) = =5 7P| |v 00 ()
FOu) > £0) +m(V 1600, VF600) ~ 5 | w00
(34)

Multiplying both sides by —1 and adding f*

P = 1O < 1 = 100~ {00, 9(00) + = n V00|
G5)
36)

14
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Taking expectation with respect to the gradients on both sides

E[f* = f(6r1)] < ELS* = 100 -V £(8.), E[VF(00)] ) + ?E[HVRMHH (37)

0(0¢+1) (9t)

By Theorem 25, the gradient is unbiased
Ln? ~ 2
= 5060~ w615 + 57 5| [VF60] G8)
5, Ln? = 2
=306 -V 001+ “5 | VFen - vseo e vs@f)] oo

Expanding the square and since E [<Vf(0t), V6, — Vf(@t)ﬂ =0

< 00— v 01 + 2L | 5t00 - s00|[] + ZoE 19 0018
(40)

By Theorem 25, the variance is bounded

Ln?
< 8(6) = IV £8) 3+ S5 (o0 + E[ IV £(8) 3] ) (1
Since 1y < %
2
<80~ V191013 + Zo(0,)? @)

By Theorem 29 and the assumption that y := inf;>; C'(6;) > 0
L 2
< 6(61) — 75 6(6)” i+ =0 (01)? 43)
For clarity, let 4 = 11/2 and o = max; o(6;)
2

L
< 6(6,) (1 - ga(et) u’) + 77702 (44)

Hence, we have the following recursion,

5(0041) < (1 - nd(6))3(61) + 2o

To turn this inequality into the structure as the PL-condition, let’s consider when the sub-optimality
gap is small for some constant & > 0 to be chosen later. If for some ¢ € [0, — 1] we have §(6;) < &
then we are done and have converged to a d-neighbourhood within 7 iterations and have achieved

tg[lllr;]E[f —f(0)] <6 (45)

15
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Otherwise, we have 6(6;) > 6 and thus

2

L
6(0ur1) < (L= 0pm)3(00) + =1

By recursion on (46), and using 1 — = < exp(—x) and Lemma 2 in [9] we have
LO'2 T T
d(0r41) < eXp( op Z m) (61) + 5 Z exp (—M Z m) i
t=1 i=t+1
Let’s start by lower bounding Zle i
T+1

T
a—«
E m=no—————
l1—«
t=1

By Lemma 4 in [9]

S oo 2m0p
T l-a ln%
By Lemma 5 in [9]

069770 27’]05

=T
T
lng lnﬁ

Now let’s upper bound Zthl exp (—5,u ZZT:Hl m) n?

T T attl _ oT+1 o
Sesp(-ou 3w -nozexp( ™ =0
t=1

i=t+1

Using (50)
< /“7004t+1> 2
g exp «
11—«

T _
ed at—i—l
< 7780(5)2<2m>

11—«
t=1

Using the fact that exp(—z) < (%)V, Vo > 0,7 > 0, withy = 2and z = o!*!
T -2
e 5ﬂat+1
< 20 _ 2t
= (6);<2L(1+a)(1—a) “

42 K1 1
<~ N m? =
- 62(5u)2t21a2 " <a)

1022 In* §
< =
T e (op)?T

16
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Combining the bounds we have (47):

5LC(8) In* o

I~ (6] < s — +C(6>exp<0§95“(m )) (f° = @) 6D
B

Now to pick . The dominating term in the above equation is ﬁ. In order to converge € > 0
close to the optimal solution. Let § = ¢ and 7' = O(62e~!). Picking § = ¢, we have T=O(¢ %) R

C.2. Strong Growth Condition - Dependence of Reward Gap

We first show that the dependence of the reward gap A in the SGC constant p cannot be removed.
Theorem 7 The dependence of A in [14, Lemma 4.3] is necessary.

Proof Consider a 2-arm bandit problem with deterministic rewards: 1 := r(1) and 2 := r(2).

Assume that A := r; — 9 > 0, and hence arm 1 is the optimal arm. We will show that in SGC [14,

Lemma 4.3], the dependence of A in the SGC constant p is necessary. Let #(a) := ﬂfrzt(:a';} r(a) for
t

alla e A

p || 2] ] < p Tl 9)
Calculating the LHS,
At — 2 (=) = mita) rla) — | P S = ) = 0] )
(59)
Let p := mg(a1) as the probability of pulling the optimal arm.
=[[Z{ar = a1} - p] r(an))” + [[Z{a: = ag} — (1 = p)] r(ar)]? (60)
dl(mo, 7] ||*] _ d[(me, )] || o, = a1| Pria, = ay We,m] ? w2 a | Prla £ a
E!Hd‘g 2]—E Hd9 2|t— 1| Prla; =a1] + E H 2’zt7é 1]P[t7é 1]
(61)
= ((1=p?r?+ 1 =p)?*r3) p+ (P°ri+0°73) (1-p) (62)
— LHS = 2p (1 —p)*r{ +2(1 —p)p*r3 = 2p (1 — p) [(1 — p) 1§ + pr] (63)
Calculating the RHS,
‘W = 79(a) [ra — (m9,7)] (64)

Zﬂe [ra = (mo,7)]* = p* [r1 = (mo, 7)]* + (1 = p)? [ra — (mg, 7)]?
(65)

17
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=p? [ —[pri+ @A —p)raP + (1 —=p)? [r2— [pr1+ (L —p) r2]]* (66)
=p?(1—p)° A%+ (1—-p)°p° A? =2p° (1 —p)* A? (67)

T”H =V2p(1-p)A (68)

Hence,

V2 [(1—p)ri +pr3]
A

V2 [(1—p)ri +pr3]

LHS =
A

RHS = p=

For rewards r; > ro > 0, the numerator is a constant independent of A irrespective of p, while the
denominator is A. Since we have derived an equality, the dependence on % in p is necessary. W

C.3. Strong Growth Condition - General MDP Setting
Theorem 8 Using Update 2, we have for allt > 1

~ 2
B |[v7eo]] < 1w seol. ©9)

3 2/3 . . . .
where p = % in the bandit setting with A = ming.y|r(a) — r(d')| and p =

4 dZGt (5)2 @ @ . h A L . ) T / S/ L . dﬂ.e O
Yises (it az\ s ) With Bs i=ming|Q™ (s,a)—Q™ (s,d")|, S" := {s : d™(s) > 0}
and 0 = mingecg d™ (s) in the general MDP setting.

Proof The proof in the bandits setting can be found in Lemma 4.3 in [13]. For the general MDP
setting first recall that

V™o, 1 o, o
ae(s,(/;; = 1 A s) ma(als) A7 (5, 0) (70)
1
VV™ (1) = ﬁESNCIWeEaNﬂ'Q(\S) [A™ (s,a)V logmp(als)] (71)
and let B )
VIB0)s = g A (s) ma(als) (@7 (s @) = mo,(19)TQ™ (5, (72)

and given t > 1, denote k(s) := argmax,c 4 mp, (a|s) as the action with the largest probability at
state s. From the second part of the proof of Lemma 11 in [11], forall s € S,

18
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S (als) " 7, (als)? (07 (5,0) — 75, (15)T Q™ (5.))’

acA acA
=N g (als)? | ) = 9 o
—GEZAQAH[MG,) Q™ (s.0)"
~, La(s) = a)

ﬂatsaﬂ. TAﬂ'gtS - STATr@ts 2

A S sy m 197 @ >+( 0 (1)T Q™ ( >)] @3)

:Qﬂet(s,a(s)) — 27p, (a(s)]s) Q™ (s, a( 2 4 Z 7o, (als) Q?Tgt Lals ))2 (74)
aFal(s)

= (1 m,(a(s)[s))* Q™ (s,a(s))* + D mo,(als)* Q™ (s, a(s))’ (75)
a#a(s)

Taking expectation over a(s) ~ g, (|s)

o, [Z 7, (als) <Q”9t (s,a) — mg, ( \S)T@m)t (s, ))2]

acA

= D mola(s)ls) (1 —m,(als)ls))” Q7 (s, a(s))”
a(s)emg, (|s)

+ ) malals)ls) D m,(als)? QM (s, a(s))? (76)
a(s)Emp, (|s) ata(s)

Since ||z(|2 < [|z||1

<2 Y m(a(s)ls) (1 - m,(a(s)]$)? Q7 (s, a(s))? )
a(s)emg, (|s)
Since Q™ (s,a) < ﬁ

< (1_27)2 (m(kt(s)s) (1= 7o, (ke(9)]5))> + > mg(als)]s) (1— m(a(s)s))Q)
a(s)#ke(s)

(78)
Since g, (a|s) € (0,1)

EREpaY) ((1 — 7o, (ke(s)|$)) + D 7Tet(a(S)S)) (79)

a(s)#kt(s)

" (= (a(9)]s) 0

19
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Now to lower bound

A% (5)2
95008 = 30 (= 3 w4750 1)
acA
dzet(S)Q < 2 2 AT (s,a)’
=) A (s,a')> " 7, (als) ’ (82)
— ~)2 Z ’ Ot o, N2
seS (1 7) a’'eA acA ZQIEAA ’ (S’ a )
Using Jensen’s inequatliy
e 2
d‘u9t (8)2 9 AT (5 a)2
> AT (s,a’) 7o, (als) — (83)
SES (1 B 7)2 a’ze;él (;4 ' ZQ’EA AT (S’ a/)2
2
)’ (s5)? 1
> = )A™ 84
- s€ES (T=7)2\ XweaA™ (s, a') Zﬂet (als)A™ (5, 0)" (84)
Since A™:(s,a) < (1 —~)~1
) 2
> Wdet [Z 7o, (als) AT (s, a) ] (85)
s€S acA
Let § = minges dzgt (s) and since all terms are non-negative
(86)

2
T Zm(aw)w(s,aﬁl

acA

Taking the square roots of both sides gives,

Zﬂgt (als)A™ (s, a)? \/ HVf 0| 87

acA

20
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To connect (76) and (87) let’s label actions a € A as a € [K].

S o, (als) (Q (s,a) — V7 (5))?

acA
K 2
= "m0, (1) Q7 (s, 4) [ZW@ ] (88)
=1
K K—-1 K
= 10, (i) Q™ (5,)” Zwet 2Qm(5,i)2 —2 Y 7o, (1) Q7 (5,6) > 0, () Q™ (5, )
=1 i=1 =it
(89)
K K—-1 K
=3 "m0, (1) Q7 (5,0)(1 — o, () — 2w, (1) Q% (5,8) Y m,(j) Q% (5,5) (90)
i=1 i=1 j=i+1
K K-1 ’
= Zﬂ'@t Qﬂ-et S Z Zﬂ'@t -2 Z 7T9t(i) Qo (Svi) Z 7T9t(j) Qo (S7j) On
=1 J#i i=1 j=i+1
K-1 K
=" m,(ils) Y mo,(ils) (@0 (5,9)* + Q% (s, 5)%)
i=1 j=i+1
K
—22% ) Q™ (s,1) > ma,(j]5) Q7 (s, 5) (92)
j=i+1
K-1 K ’
= mo(ils) Y mo,(ils) (@ (5,1) — Q0 (s, 5))? 93)
i=1 j=i+1
This implies
70, (als) (Q (s,a) — V™ (s))?
acA
kt 8) K
> Z mo,(ils) 3w, (jls) (Q (s,4) — Q (s, ) (94)
j=i+1
(s) 1
> Y o (il s) o, (ku(s)]) (Q% (s,8) — Q% (s, ku(s))”
=1 p
+g, (ke(s)]s) Y o, (ils) mo, (Ke(s)|s) (Q (s, ke(s)) — Q0 (s,5)°  (95)
j=ke(s)+1
= 7o, (ke(s)]s) D o, (als) (Q (s,a) — Q™ (s, ky(s))? (96)
a#ki(s)
Let Ay = ming . |Q™ (s,a) — Q% (s, d’|
2
> (1— g, (ki (5)]5)) ﬁu ©7)

(98)
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This implies that,
(1 7, (ku()]5)) < B0 3™, a]s) (Q (s,0) — V7 (5))? 99)
5 ac A

Therefore the upper bound is,

2

B |[9700)[;] = Batremn 09 {Z T als)? (@7 (s0) =0, (19)T Q1 (5,)
(s,a)

-2 "
| (100)
By (73)
7r9t 2
Z — 7g, (ke(s)]5)) (101)
S
By (94)
<4 Z “( IAI th (als) (A™ (s, a))? (102)
sGS
Let S := {s € S|d, " (s) > 0}
”Qt 2
Z |A| Zﬁef (als) (A7 (s, a))? (103)
es’
By (87)
di" (s)* |A| IA!
:42( i azy s V7@l (104)
ses’
da" (s)* Al []A]
=4 (Z =)t A2 ) IV £(60)] (105)
seS’
|

C.4. Proof of Theorem 3

Theorem 3 Under the same assumptions as Theorem 2 and SGC, Update 2 with exponential
step-sizes has the following convergence: if E[f* — f(0;)] > e forallt € [1,T] then

. aT . 4p02L 21 ELf* — f(6)]
E[f* — < —— | E[f* —
7 = 502)] < Gy exp (~ 0= ) B - pe0n)] + : ®
where kK = ﬁ C, = ﬁ% Cy = exp(ﬁ%) 62;2 ( T/g), Ty :=
T max { ln((llf/?)) , O} n = % and p and L are known problem dependent constants. Otherwise,

minte[l,T [f —f(et)}
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B

~ 2
Proof Starting from Eq. (44), using Theorem 8, EHVf(Ht) H2 < plIVf(6)

5(011) < 6000 — e IV SOIE + 2220 19 £(0,)) (106)
Using non-uniform smoothness [14, Lemma 4.1], L, = 3 ||V f(6)]|

(00) <560 w19 160015 + 22 19 £0) 19160 (107)
Bounding ||V £(6,)|| according to [14, Eq 96], ||V f(6,)|| < 1_%%/2 IV £(0)]. TEmy < 1,

8(0141) < () = ne |V (0015 + 200V £ (60)13 (108)

Phase 2: Let us first consider the case when 7; < 4—1p. In this case, starting from PL-condition

5(6141) < 6(60) — LIV £ < 6(60) — L 5(6,)° (109)
If 6(6;) < 0 for some ¢t € {1,...,T}, then we are done. Else for all ¢t € {1,...,T}, 6(6;) > 6.
Hence,

o
6(0u1) < 0(00) — 2= 6(61) (110)
Phase 1: When 7; > ﬁ, define o7 := 2p ||V f(6;)||3. Hence, using the P E.-condition

5(0r41) < 8(0:) — e [V F(O)I5 + me” 0F < 6(64) = me 118(00)* + mi” o (111)
If 6(6;) < 0 for some ¢t € {1,...,T}, then we are done. Else forall ¢t € {1,...,T}, 6(6;) > 6.
Hence,

6(0rs1) < 6(0r) — e 8 6(0y) + U? (112)

l/T
We will use the exponential step-sizes [22] s.t. 1; = 19 o where o := a! where o = (%) . Since

o < 1,if g < Tls then the condition on the step-size is satisfied. For 7, < 4—1p, we require that

t/T
0 <ﬁ> g% — > T, ::Tln(4gn)

T
Hence, when ¢ > T, the step-size is small enough so that we are in Phase 2. Using Eq. (110) and
recursing from ¢t = T to 7T,

(113)

6wﬁnsaw»—m§5&@> (114)
1 —2x <exp(—2z)
5 T
= 6(0r41) < exp —/WQO tET: ne | 6(6m) (115)
=40
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Sum of geometric series

5 aTo _ aT—I—l
—_— (5(9T+1> S exp (—M 2770 1 — o > 5(9TO)

(116)

Now let us consider Phase 1 where ¢t < Tj. Using Eq. (112) and recursing from¢ = 1to 7y — 1,

Nt 0

6(0r41) < 0(6:) —

To—1
9T0<H(

5(0;) +ni2 ol

To—1 To—1 #577
at) LY alo? ] ( 0 )
t=1

i=t+1

Using 1 — x < exp(—2x), deﬁnlng = ’“5770 and by summing up the geometric series,
1 a— ot To—1 , Tg 1

— §(A7,) < 5(61) exp <—K ) Z afof ] < )

i=t+1

Let us now bound the second term on the RHS.

To—1 To—1 To—1 1 To—1
S atot {1 (1 Lor) < X atof s < S az>
t=1 i=t+1 ,{7, t+1

t=1
To—1 attl
=eXp< o ) Zatat exp< (1—a)>

Using that exp(—x) < (3)2

Since 1 — z < In(1/x)

Putting everything together,

o (8 () () T

1—a 1— e2a? T2
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Combining the results of Phase 1 and Phase 2,

50 < 1 alo — oT+1 50 1 a—aTo aTo 4K? IHQ(%) ZtTOllUtQ
2o (27 i (25522 v (i) 450

K 1—« e2q?

(127)

2(T To—1 2
1 a— o1 T+1 a2 (5 ) D22 of
=§(61) exp <_/-$ M) + exp < (a > " <B> (128)

11—« k(1—a)) e2a? T2

0‘T+1

Using that A=) < 7 (T/ﬂ)

from [22, Lemma 5],

To—1 2

28 1« 28 12 2 (F) S o
< 8(0n) exp (mmw ) o <‘H = a> o ( ln(T/ﬂ)> Pa? T2
(129)

Using that H(loia) > - h‘f‘(q; 75 from [22, Lemma 5],

< 5(6,) exp (f&%) exp <_ﬁ1:(1;/5)> 4 exp <K 132/@) :252 2 (5) Zf“Tl; o}

=Cq =Co
(130)
ol ZtTOl 'of

< _ 131
5(9T+1) ~ Cl exXp ( - ID(T/ﬁ)) (51 + 02 T2 ( )
(132)

Let us now simplify o = 2p ||V £(6;)||3. Since f is L uniform smooth, for any u, v

L

F©) < f(u) + (Y f ()0 = u) + 5l — ol (133)

Setting v = u — 1V f(u),

fv) < flu) = ﬁHVf(U)Hg = |Vf()ll3 < 2L [f(u) = f(0)] < 2L[f(u) - f*] (134)

— o2 <A4pL[f(6;) — f*] = 4pL 5(6;) (135)
5(0r.1) < C AN 50 +4pC 1 Xz 50 (136)
7+1) = L1 €xp (T/ ) 1 pPL2 T2

Making the dependence on the constants explicit,

MMoB) ox <—u5nooz
n(7/5)) P \ (7))

pémo BY 16 In*(T/s) 37071 6(6:)
In(7/8) ) e2a? p?n3 &2 T2
(137)

= 0(0741) Sexp( T) +4pL exp(
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Appendix D. Policy Gradient with Entropy Regularization Proofs
D.1. Proof of Theorem 9

Theorem 9 (Softmax Policy Gradient with Entropy Regularization) Using Update 3, softmax
policy gradient with Armijo line-search converges to the soft globally optimal solution with a rate of

O(exp(=T))

pro=gron) < 57— 760 exp (- 202 bur) - as

where 11 := minj <¢<7 min, 7, (als), L™ = 3 + 57(1 + log|A|) and h € (0,1).

Proof

For any L-smooth function the step-size 7, returned by the Armijo line-search is guaranteed to satisfy

e = T > min{ 20-9) nmax} (Lemma 1 in [21]) which implies that

F(01) > F7(0) + mm{“j;’“,nmax}erT<et>\|§ (139)
Subtracting f*7 from both sides and multiplying by —1
[ = fT(O1) < 77 = f7(0) — min{z(ll—;h)v nmax}\VfTWt)Hg (140)
Let 07(6;) = f*7 — f7(64)
57(611a) < 07(8) —mind 202 IV 7001 141
By Theorem 31, with C'(6) := 27 min, mg(a)
< 67 (6y) (1 — min{2(1L_Th), Umax}C(Qt)> (142)
Recursing from ¢t = 0 to 7" — 1 and for let y := min;<;<7 C(6;)
57(0r) < 37(60) exp (- mind 202 s} ) (143

D.2. Proof of Theorem 4

Lemma 10 ifV, [(7* — n})"r] = 0, then all suboptimal rewards must be equal.
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Proof Setting gradient of the bias of softmax optimal policy (7* — 7%) "7 with respect to the reward
vector 7 equal to a zero vector, the derivative of the bias with respect to an arbitrary suboptimal
reward r(a), where @ is a suboptimal action, should be 0:

r(a)
d Za;ﬁa*e i A(CL)

dr(@) 5~ "

=0 (144)

— 5 =0 (145)
r(a’)
(Zw )
S (S, (@)~ r(@) - 7))
T ) T - - r(a) .
R =0 = Y e [r(a)—r(a)—7] =0 (146)
(Za’ e ) a
Now, for any two suboptimal actions a; and a;, we have
r(a) r(a)
= Y e [r(a)—r(@)—7] =Y e+ [r(a) —r(d;) — 7] =0-0 (147)
a a
r@) . A A A
= e [r(a;)) —r(a;)] =0 = r(a;) = r(a). (148)
a
Therefore, all suboptimal rewards must be equal. |

Lemma 11 We have (* — 72)Tr < 7W ('AL_1>, where W : Rt +— R is the principal branch
of the Lambert W function, which is defined by W (x)e"'®) =z VY > 0.

Proof We want to find an upper bound on the difference between the expected reward achieved
by the optimal policy 7* and the softmax optimal policy 7 = softmax(r/7). Denoting A(a) =
r(a*) —r(a), A = ming,q- A(a), and a* is the optimal action, we have

r(a)
et Ala
(v =) = Y m @) (e~ S ma) i) = Y wi) Ale) = =2 2 )

aFa* o€ 7

To find the upper bound, it is enough to find a reward vector ~ € R that maximizes the bias. To do
so, we find a unique stationary point and then prove that it is the reward vector with the maximum
bias. First, we show that decreasing all rewards by a constant value ¢ does not change the bias:

r(a)—c c r(a)
e Ala e T e Aa
(7‘('* - W:)T(T o C].) :Za;ﬁa o ( ) _ an;éa — ( ) (150)

Y€ T e Ty e T

= =(r*—7)Tr (151)
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Therefore, without loss of generality, we assume that the smallest reward value equals 0. Furthermore,
according to Theorem 10, stationary reward vectors must have equal values for all non-optimal
actions. Therefore, we assume that the reward vector has a value of r,« = A for the optimal action
and O values for all other actions. In this case,

r(a)
Za#a* € A(a’) (‘.A‘ — 1)A

(7" =) Tr= = : (152)
! et er + A -1
Now, we find the reward gap A that makes the first derivative of the bias with respect to A equal to 0:
A
a Al—1)Ae7T
d (A - 1A (]«4]—1)(674—].,4\—1)—7(‘ | T)e
A s, V= < 3 =0 (153)
€7 A1 (e + 141 - 1)
A
Al —1)Aer
— (JA] — 1) (e%+]A\—1> —(HT)e:o — T(B%—F’A’—l) — Ae~ (154)

A A—T a A—T a-r |A] —1
T = —e T = —
T

— (A= 1) = (A-T)e” = S=TeT = |4l -1 (155)

e
:>W<|A|e_1):AT_T — A:T(W<|A|e_1)+1>, (156)

where W : R — R is the principal branch of the Lambert W function. Since this value is the only

stationary point of the bias with respect to the rewards vector, A = 7 (W (|A| 1) + 1) is either the

global maximum or the global minimum point. Since 7* is the optimal policy, the bias (7* — ) Tr

is always non-negative. For A = 0, the bias is equal to 0, so the unique stationary point must yield
the global maximum. Substituting it in Eq. (152), we get

e U G A
(" —m7) r < (= <)+1<+ A>1 ) (157)

Now, since e’ \*) =

(A= n7 (W('Al 1) +1)

(158)
W)6&|i) +'L4|_‘1
W (’A - 1) . (159)
(&
|

Lemma 12  For a fixed T, assuming ¢ = infy <;4, min, mp, (a) > 0, and using the update rule
Orr1 = 0: + nV f7(0:), where n = 1/L7, we have

7 = fT(0,) < exp{—nTc (ta — t1)}[f* — f7(0n)], (160)

where t1 < to.
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Proof Using the L7-smoothness of the entropy regularized objective function, we have

LT
FT(O0r11) > f7(01) + (VfT(01), 0141 — Or) — 7!|'9t+1 — 0413 (161)

Using the update rule 6,11 = 0; + nV f7(6;),

=70 + IV 50013 - v 6013 (162)
Usingn = 1/L7,
=F7(600) + 3|1V 17003 (163)
Using Theorem 31, we have
>f7(0:) +n7 minmg, (a)* [f*7 = f7(0)]- (164)
— [ = [ O) < (1= 7 min, (0)2) [F7 57 (00)] (165)
Now, using 1 — = < exp(—x),
<exp (—n ming, (0)?) (£ = £7(61)] (166)
Assuming ¢ = inf;, <z, min, g, (a) > 0, we have
<exp(—7 ¢ (ty — t))[f*7 = J7(0r)]. (167)
|
Lemma 13  For a fixed 0 and T, we have
(5 —m9) 'r < f*7 — f7(0) + 7log | A (168)
Proof
(75 —79) ' r =n " (r — Tlogw) — | (r — Tlog mp) 4 7(nt log 7 — my log mg) (169)
Since log ﬁ <7yl logmg <0 V0,
<sr =@+ (0108 (170)
=f*" — f7(0) + T log | Al (171)
|
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Theorem 4 Setting n, = 1/L7, 7 = ¢/ (2W ((AlI=1)/e)) where W (x) is the Lambert function,
Update 3 achieves e-suboptimality after O (1/elog 1/¢) iterations.

Proof We have
5 (0:) =(x* —mg,) 7 (172)
=(r* —75)'r+ (7f —mp,) "7 (173)
Now, using Theorem 11,

A -1

<tW <
e

) + (7 —7g,) T (174)

Furthermore, using Theorem 13, we have

< (W ('““"1) +1og|A|) P ) (175)

Using 7 = ¢/ (2 (W ('Ale_l) + log |A|>),
<S+ =170 (176)

€, it suffices that
;=) < 5

According to Lemma 13 from [10], we have min, mp,(a) > ¢ V¢ > 0, where ¢ =
1/(| Al exp(L) exp(4(||6o||oo + 1)1/]A[)) > 0, which we consider as a constant. Therefore, we
can use Theorem 12:

Therefore, to show that §7 (6;)

aa77)

F17 = f7(0)) < exp(=n 7 )7~ f7(60)] (178)

Now, to show that (7} — mg,) "r < . it suffices that
exp(—n 7 )[f* — f7(00)] < (179)
> 2[1""‘7——]”(90)] (180)

N

— exp(Tnct)

€
o f*r — T
<:>7'7762t210g <[ff(00)]> (181)
€
Sincen = 1/L™ =1/ (5 + 75 (1 + log|A])),
5
2 5(1+ loglA 2[f* — f7(0
TC €
Again, using 7 = €/ (2 (W (‘A‘e_l) + log |.A|)>,
W (2 Flog Al 4y 2f* — f7(6
—t>5 ( )2 4 + (;g\.A\ log ([ff(o)]) ) (183)
€c c €
Therefore, only T' € O (% log %) iterations are required for achieving e-suboptimality. |
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D.3. Proof of Theorem 15

Lemma 14 For a fixed 0, if o < 11, then

Al -1
Jr = fRO) < - O 4 W (‘e) sl 9
Proof Assuming 7 < 71, we have
[ = RO = [ = 7 O)] = [f2 = ] = [f7(0) = [ (0)] (185)
= [72,7 (= mlog ) — w3, T (r — mulog )| — mo " (r — 2 logma) —m (r — 71 log )]
(186)
=(m7, — wjl)—rr - [7’2 7ij2T log 7y, — 117y, * Tlogm* ] + (19— 1) g logmg (187)
Since log TAT ‘ 7o logmy <0 V6,

* * 1 * *
<(mh, — ) - |:7—2 logm -7 0] + (12 — 11) log — ].A] < (n* —7r) v+ 7 logl Al (188)
Now, using Theorem 11,
* T * T |A| -1
= f'2 — f2(0) < f'— f7(0)+ W — + 71 log | Al. (189)
[ |

Theorem 15  Using step size n; = 1/L™, and considering ¢ = inf;(¢;) as a constant, where

¢ =1/(]A] exp(%) exp (4(\ Orast; 1 |loo + %_)\/ |A ), Algorithm 1 achieves e-suboptimality after
@) (%) iterations.

Proof Observe that in Algorithm 1, we use 7; and 7); at stage ¢ > 1, which starts at iteration last;_; +1,
log ( Timl (1 +W (w%l) + log \A|)> iterations, and ends at iteration last;.

runs for T; = p

Now, we prove by 1nduct10n that f*7i — f7i(Olae,) < 7 max <1, w) forall 7 > 0:

70

Base Case: For 7 = 0, we have

(190)

£ — F™(8g) < max(r, f*0 — f(6)) = m max ( f_Tf()> _

Induction Step: Suppose f*7i-1 — fTi=1(fhg, ,) < 7;,—1 max (1,1“70%];”)(90)) holds. Since

¢; = MiNyg, , <t<last; Ming 7y, (@), we use Theorem 12 for stage i
f*Ti - fTi(elasti) < eXp(_Ti i sz Tz)[f*n - fTi(elasti,l)] (191)
71— |'A|71
log (T ! (1 +W <T> + log \A\)) we have

f*Ti - fTi (elasti,l)

" e {log (751 (14w (H) +10g141) ) }
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Now, using Theorem 14,

Frriet = 7 O + i W () 4 mislog 4]

e

- o (U W (1) + log 1A) o
Using the inductive hypothesis,
s () e (B2 i)
Tic1 (1 + W (lAlT_l) + log |A|>
L (1) (1w (M) +1og14) (195)
14w (M) 4 1og|Al
7 max (1, Fro =17 ) WO)) | (196)
70

Therefore, f*7i — f7i(Olast,) < 7 max (1, w) holds for all 7 > 0. As a result, we can use

70

Theorem 13 to find an upper bound for (77, — 7, ) T'r that is proportional to 7;:

(75, = o, ) 7 <S* = 7 (Bhast,) + 7 log | A| (197)
X _ ) 0
<7 (max <1, fof(o)) + log A\) (198)
70
Therefore, using Theorem 11, the total suboptimality at the end of each stage ¢; := (7 — T, )
has an upper bound that is proportional to the corresponding 7;:
€ =(m" — Welasli)TT (199)
=(n* — 7)) "+ (7h = ma,) T (200)
<1; C (201)

where C1 = W ('“4'7_1) + max (1, WO%W) + log | A|. Now, since 7; = 2% 7y, the subopti-
mality €; has an exponential rate in terms of the number of executed stages:

<277 Cy (202)
Therefore, the required number of stages Nyges in terms of the final suboptimality € := € Nutages is

2Nslages < TO Cl

70 C
= N@tages < log, ( 06 1) . (203)

€

On the other hand, we have the required number of iterations at stage i:

T, = ; (204)
i Ti €
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where Cy = 1 + W ('“4'7_1) + log |A|. According to Lemma 13 from [10], we have ¢; =
Wil <t<last; Wil 79, (a) > &, where & = 1/(|A] exp(+) exp(4(|[fasi 1 |loo + 7)v/[A])-

We also assumed that ¢ = inf;~ ¢; is a constant. Since ¢; > ¢; > ¢, we have
log (%Cg)
L S —
T omiTié?

Since n; = 1/L7 =1/ (5 + 75 (1 + log|A])),

[3+75(1 + loglAJ)] log (%2Cs)
T; 62
% log (%Cg)

e 16
T; C

where C3 = 5 (1 + log|A|) log(2 Cy)/é2. Since 7; = 2% 1, we have

_ % log(2 C5) 2t

To 62

+ Cjs,

Consequently, we can calculate the total number of required iterations 77, in terms of e:

TTotal = Z Tz < Z

=1 =1
Ns'ta es g
5 log(20y) S o

Nslages Nslages 5 1
2 log(2C5) 2"
! 2 g( 2) + Cg

T0 62

o &2 + CS N, stages
5 Nitages+1
35 log(2 Cg) [2swees ™5 — 2
=2 ( ,)7_(E &2 ] +C3 Nstages
5 log(2 Cy) 2Nsuees
< g( Az) + C3 Nstages
T C

Using Eq. (203), we have

log(2
S5Cl Oi( 02) 4 03 10g2 (7’0 C1>
€EC €

1
— TTotal €O <€> .

Appendix E. Stochastic Policy Gradient with Entropy Regularization Proofs
E.1. Proof of Theorem 5
Lemma 16 Forall C > 0, if T > max(2,2C log C), then % > C
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Proof If C' < 2, knowing that T > 2, we have

>2>C.

logT
Otherwise, if C > 2,
2C logC =C(log C +1log C)
Since C' > 2 logC VC > 0,
>C(log C + log(2log C)) = C'log(2C log C)

2C logC
log(2C log C)
Therefore, knowing that ' > 2 C' log C, since 2 C' log C' > 4log 2 > 2.72, we have

>C.

T S 2C logC

> C.
logT ~ log(2C logC) — ¢

Lemma 17 Forall C > 0, if T > max(5583,4C log? C), then

T
>
log?T — C.

Proof If C' < 75, knowing that T" > 5583, we have

T
—5 > 75> C.
log=T

Otherwise, if C > 75,
4C log? C =C(log C + log C)?
Since C > 4 log2 C VYC > 175,
>C(log C' 4 log(4log? 0))? = C'log?(4 C log? C)

2
4C log“C S C
log?(4C log?C) —

Therefore, knowing that 7' > 4 C' log2 C,since 4 C log2 C > 300 log2 75 > 8, we have

r _ _4cC log? C
log? T ~ log?(4C log>C) ~
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Lemma 18 Assuming ¢ = ming, <;«4, min, mp, (a) > 0. Using Update 4 with exponential step-size
ne = My, &1, where n;, = 1/L7 and o = (1/T)7, where T = to — t; > 0, é-suboptimality is

achieved if T = max(5583,2Y] log Y1,4Ys log? Ys), where

2B E[f*TA—fT(Qtl)] Beb
-3 (225)

1 < € >
Y = Y, =
! 2 By 1 c? D PP
.and B3 = 5 (3 +5(1 +log K)) exp(%).

where By = exp (), By = 5+10(113-810gK)
Proof According to Theorem 1 from [9], using exponential step-size 1; = 7, o'~ 1, where 1, =
1/L7 and o = (l/T)l/T, where T' = t5 — t1, we have
T . X3b
E[f* = f7(0)] < X1 exp( —Xop = | E[f*" = f7(0:)] + 75—, (226)
logT' w2 —5
log= T
where 2 0.69 5LT X
H : 1
1 exXp <LT 10gT> 3 2 LT’ 3 2 ( )
According to Theorem 31 and since 0 < 7 < 1, we have = 27 min, 7(f) < 2. Furthermore,
5<L"=3+57(14logK) < 2+5(1+log K) and logT > 1. Therefore,
8
X1 <Bj = exp <5) ) (228)
0.69
X9 >By = 5 ; (229)
5+5(1+1logK)
5(5+5(1+1logK)) exp(®
(3451 + 1o K)) exp(3) .

X3 <B3 =
e

Hence, we can safely substitute variables X1, Xo, X3 with their corresponding constants B, By, B
Now, assuming that ¢ = inf;>o ming g, (a) > 0, according to Theorem 31, we have ; > 27 2.

Therefore,
T . - Bsb
E[f* — f7(0s,)] < By exp| —2 By 1 ¢? E[f* — f7(6:,)] + ;T (231)
logT dr2cl log2 T
We show that if the inequalities % >Y; and bgLQT > Y5 are satisfied, where
log (*2H ) Bb
Y = Y, = 232
! 2 By T 2 © 2T gy (232)
then E[f* — f7(0;,)] < € holds. we have
* T 2B1 [f*T_fT(et )] * T
I~ £7(6)) <8y oxp( 287 5ot tog ( ) VBT - £ (6y)
(233)
Bsb € €
Bab :§+§:€ (234)

2 4
47c 272cte
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Now, according to Theorem 16, for 1 7 > Y1 to hold, it suffices that T" > max(2,2Y) log Y1).
1o§;T > Y5 to hold, it suffices that 7' >

max(5583,4Y, log? Y5). Therefore, the required number of iterations to achieve é-suboptimality is
T = max(5583,2Y] log Y1,4Y5 log? Y3). [ |

Furthermore, according to Theorem 17, for

Theorem 5  Assuming ¢ := inf;>omingmg,(a) > 0. Using Update 4 with T =
€/ (2(W (lAI=1/e) +log|A|)) and using exponential decreasing step-size n: = 1o al, where
no = 1/L7, achieves e-suboptimality after O (1/e + b/e3) iterations.

Proof We have
E[§;] =E[(n* — mq,) 7] (235)
=(r* — ) Tr + E[(n* — mp,) 7] (236)
Now, using Theorem 11,
-1
<rw (M=) 4 BiGet - ma) T 37)
e

Furthermore, using Theorem 13, we have

STOVCACJ)+MQN>+EW”—fWM (238)

Using 7 = ¢/ (2 (W ('Ale_l) + log |A|>),
€
<_
-2

+E[f = fT(0)]- (239)

Therefore, to show that E[d;] < e, it suffices to show that
€

E[f* — £7(6) < 5.

Since ¢ = inf;>o ming mg, (@) > 0, according to Theorem 18, using exponential step-size 1, =
noat, where g = 1/L7™ and a = (l/T)l/T, for E[f*~ — f7(07)] < § to hold, it suffices that
T = max(5583,2Y logY1,4Y5 log? Y3), where

4B E[f*T—f7(0
Y_log( 1 [fgf(tﬁ]) b Bub e
= 2By T2 rTET e
where By = exp (8), B, = ngmw and B3z = e% (5+5(1+log |A|)) exp(Z). Again, using

7':6/( <W<|A| 1>+log\A|>),WehaVe

<W<|A| 1) —|—log|A|) log (431 [f*T—fT(Go)})

€

(240)

Y, > 242
1= B2 C2 3 ( )
4 B (W (‘A‘ 1) + log]AD
Yy > e (243)
Therefore, only T' € O (% + E%) iterations are required for achieving e-suboptimality. |
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E.2. Proof of Theorem 19

Theorem 19  Assuming that ¢ = inf; mingy, | <t<ias;, ming 7, (@) > 0 for each stage i. Using Al-
t—last; _1

gorithm 3 with exponential step-size 1; = 1 jast;_; ; , where 1 jq;;, , = 1/L" achieves

e-suboptimality after O (% + e%) iterations.

Proof Observe that in Algorithm 3, we use 7; at stage ¢ > 1, which starts at iteration last;_; + 1,
ends at iteration last;, and runs for T; = max(5583,2 7} logT;,4T; log? T, ) iterations, where

o (2 k)
T/

Ti 1 Bsb
L= T = 244
! 2BQTZ‘C% ’ ! 27’2-30?7 ( )
where By = exp (8), By = WﬁogK)’ and By = 5 (5 4+ 5(1 + log K)) exp(%). Now, we
prove by induction that f*7i — f7i(fag,) < 7; max (1, f*m;i{:o(ao)) for all s > O:
Base Case: For ¢+ = 0, we have
*r9 — £70 0
f*TO — fTO (90) < max(ro, f*TO — fTO (90)) = Tp max (1, fof(())) . (245)
70

Induction Step: Suppose E[f*7i-1 — fTi=1(f,g, ,)] < 7,—1 max (1, w) holds. Since

T0
¢ = MiNjg;  <t<last; Ming g, (a) > 0, according to Theorem 18, using exponential step-size Nit =

i last; 1 ~a§_la5ti’1, where 7); jas; , = 1/L7 and o; = (1/Ti)1/Ti at stage ¢, for E[f*7i — f7i (Qast; )] <
T; Mmax (1, Lfm(eo)) to hold, it suffices that 7; = max(5583,2 X; log X;, 4 X; log? X;), where

70

2B E[f*Ti —fTi (elasti,1 )]

T; max (174f*70 *TfT0 (90)> / Bab
o ;X = . (246)
2By T c; 271'3 C;L max (1’ frfo—f 0(00))

T0

log
X, =

Now, using Theorem 14,

2B (E[f*n-fl =T (Bhas; 4 )]“!‘Tiflw(w%l)'f‘ﬂ'—l log |A|)

log e
T maX(Lf o 77_):0 (60) )

2BsT; c?

X; < (247)
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Using the inductive hypothesis,

*T0 —£70 (9 —
2 By (Ti—l max(l,if TJ; ( 0))+Ti_1W<7|'AL 1>+T¢_1 log|A|>

log T; max (1 1770 - —fTO(Qo))
, 0
< 248
B 2 By 1; CZ2 ( )
2B1Ti_1 max(l,f*m:_i{)m(go)) (1+W(‘A‘T_1)+log \A\)
log T max(l 1770 - —fTO(Go))
b 7—0
< 249
- 2BoT; sz ( )
231 Ti—1 1+W ‘AI%l +log\.A\
bg( (o (42) es1a)
= =71 250
2By c? ¢ (250)
On the other hand, we have
/ B3b /
X < =T 251
tT2r3dd v (251)

which is exactly the number of iterations at stage i. Therefore, E[f*mi — f7(Ong,)] <
f770—f70 (o)

P ) holds for all # > 0. As a result, we can use Theorem 13 to find an

T; max (1,

upper bound for E[(77, — 7, ) T'r] that is proportional to 7;:

E[(7F, = 7y,,) | 7] SE[f*7 — 7 (Brast,)] + 7i log | Al (252)
*r9 — £T0(f,
<7;(max (1, fOf(o)> + log |A]) (253)
70

Therefore, using Theorem 11, the total suboptimality at the end of each stage ¢; := E[(7* — 7, ) 7]

has an upper bound that is proportional to the corresponding 7;:
ei =E[(r* — 7g,,.) 7] (254)
=(r* — ;)T + E[(n}, — 7,,,) 7] (255)
<7, Cq (256)

where C, = W <|A|_1) + max (1, w) + log | A|. Now, since 7; = 2% 7y, the subopti-

e T0
mality €; has an exponential rate in terms of the number of executed stages:

<277 Cy (257)
Therefore, the required number of stages Nyages in terms of the final suboptimality € := €., 1S

2Nstages < 7-0 Cl

70 C
= Nstages < log, < OE 1) . (258)

€
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On the other hand, we have the required number of iterations at stage ¢:

log (231 Ti—1 02) log <2Bl Ti—1 C2> 9 Bab Beb
T, = 5583, o 1 - et 2 =3 259
o max 2 T C? ©8 2By T; cZ2 TZ-3 cgl 2 TE’ c;l (259)

where Co = 14+ W (IAWT—l) + log | A|. Since ¢ = inf;~¢ ¢;, we have

g (222314

<max | 5583,

2By 11 C:
1og(7”n1 2) 2 By b 2<ng
log

260
2 By 7 ¢2 Tt 273 04) (260)

1

Now, since 7; = 27" 1,

log(4 By Cy) 2¢ log(4 B; C) 2!\ 2B3b8 ., (B3b§!
= 5583 1 261
fax < " Botyc? i 2 By g 2 8t 275 ¢4 261)
log(4 By Cy) 2! log(4 By Cy) 2N\ 2 B3b8' By b8Nsases
< 5583 1 -
_maX< ’ B2T0C2 2327‘002 ’ 7'5’64 © 27’5’64
(262)
log(4 B1 Cq) 2" _ 2B3b8&
— max ( 5583, P8 B2y 28508y (263)
BQ T0 62 70 C4

_ 10g(4 B1 Cg) 2Nstages o 2 ( Bsb & Nstages
where Y1 = log < 3By ro 2 and Y> = log Rr Consequently, we can calculate

the total number of required iterations 7o, in terms of e:

Nstages
TTotal = Z T'@ (264)
=1
£ log(4B; C) 2 | 2B5b8’
og 102 3
< 5583 v v 265
>~ ; max ( 5 BQ - CQ 1, 7_03 C4 2) ( )
log(4 B) Cy) Yo 9i 9By Yo roue gi
<max | 5583 Nyages; 5 iz Yy, : 14_ Y, 266)
270¢ T C

Since Y7 2’ = 22l W > 1,0 > 0, we have
Ngtages+1 _
log(4 By Cy) [2Nsseestl — 2] 2B3b [SgiH - 1}
<max | 5583 NstageSa By 1o 2 Y1, TS’ A Y,
(267)
1 4B C 2Nstages+1 2B b 1 8Nstages+1
S max (5583 Nstage57 Og( é 2) 2 Yl, 3 73 1 Y2 (268)
270C 7o C
2 log(4 By Cg) 2Nsaees 16 By b 8 Vsuees
< 5583 N, , , 269
S max ( stages By 7o 2 1 7 7_03 ! 2 ( )
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Using Eq. (258), we have

<max [ 5583 log,

log(4 By C3) C
00\ 2 log(4 By C3) C1 log (%)
? By c?e ’

16 B3 C3 log? (Bifcfb) b

2 4.3
3 £ (270)
~ (1 b
= Trom €O -+ = /- (271)
€ €
|

In Theorem 15, we assumed that the ¢; = minj,g, | <t<last; Ming 7, (@) constants, which come
from the non-uniform Eojasiewicz constant C'(f) = /27 min, 7y(a) in Theorem 31, have a lower
bound. In practice, we observe that ¢; quickly decreases as the algorithm progresses, thus Algorithm 1
does not seem to achieve the proposed O (%) rate of convergence. Our experiments suggest that
we can tighten the non-uniform f.ojasiewicz condition by substituting the min, mg(a) term with
\ [* — f7(0). We also know that Algorithm 1 maintains f*7 — f7i(0;) > 7; Vlast;_1 <t < las;
at every stage ¢. Therefore, we can estimate the number of iterations 7; at stage ¢ by substituting c;
with /7;, which results in Algorithm 2. According to the experiments, Algorithm 2 seems to achieve
an O (%) rate of convergence to the global optimal policy. Similarly in Algorithm 3, we substitute c;
by /7; to calculate the number of iterations 7; at stage i.

Appendix F. Algorithms
F.1. Multi-Stage Entropy Regularized Policy Gradient

Algorithm 1: Multi-Stage Entropy Regularized Policy Gradient

Output: Policy 7y, = softmax(6;)
Initialize parameters 6y € ]RA, 0 € R;
t <+ 0;
lasty < t;
while i > 1 do
Ti < Ti—1/2;
i < 1/LTi;
¢+ 1;
do
¢; < min (¢;, min, 7y, (a)) ; /% ¢ =minyase, |<t<last, Ming mp, (@) */
Or1 < Or + iV 7 (0);
t+—t+1;
last; < t;

Lo log (% (14+ W (E22) +1og K) );

while last; — last;_1 < e i

end
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Algorithm 2: Practical Multi-Stage Entropy Regularized Policy Gradient

Output: Policy 7y, = softmax(6;)

Initialize parameters 6y € R 7 e R;

t <+ 0;

lasty « t;

while 7 > 1 do

Ti ¢ Ti—1/2;

n; < 1/L7

Ci — \/Ti; /% ¢; 1s substituted by /7 */
T; + ﬁlog (TZT—? (1 + W (‘A‘e_l) + log]AD);

while t — last;_1 < T; do

Q1 < 0 + 0V [7(0r);
t+—t+1;

end
last; < t;
end
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F.2. Stochastic Multi-Stage Entropy Regularized Policy Gradient

Algorithm 3: Stochastic Multi-Stage Entropy Regularized Policy Gradient

Output: Policy 7y, = softmax(6;)
Initialize parameters 0y € R 7y € R;

t <+ 0;
lasty + t;
while 7 > 1 do
Ti < Ti71/2;
¢ — T /* ¢; 1s substituted by /7 */
Bi «+ exp (%);
By ¢+ —438 .
5+10(1+log [A])

B < 2 (3 4+ 5(1+log|Al)) exp($):
b < 8(1+ (7; log |A)?);

/ B Ti— .A—

T; + max(5583,2 7T, log T, 4T, log? T} );
o; < (1)T;)Y7,
Mig < 1/L7
while ¢ — last;_1 < T; do
Opr1 < O0r + 0V 7(01):
Nit+1 < Miyt Qs
t+—t+1;

end
last; < t;

end

Appendix G. Experiments

We evaluate the presented step-size schedules in single-state MDP environments in both the deter-
ministic and stochastic setting. In the deterministic setting, we compare PG with line-search (PGLS)
to PG with a fixed step-size (PG), GNPG [11], and PG with entropy regularization (PG-E) [10]. In
the stochastic setting, we compare SPG with exponential step-size (SPG-ESS) to prior work that
uses the full gradient (J-SPG) [11] and the reward gap (B—SPG) [14] when setting the step-size.
Additionally, we compare the presented multi-stage PG with entropy regularization Algorithm 2 in
deterministic setting (PG-E-MS) and Algorithm 3 in stochastic setting (SPG-E-MS). We find that
SPG-ESS and SPG-E-MS are competitive with J-SPG even though they do not access to the full
gradient. B—SPG preforms poorly since a small reward gap leads to a small step-size.

For each experiment, we plot the average (across 50 independent runs) suboptimality gap against
the number of iterations. In each run, a deterministic reward vectors is randomly generated in the
range of [0, 1] with | A| = 10 and, with a maximum reward gap A := max 2, r(a*) —7(a) = 0.5
and vary the minimum reward gap A := ming-, r(a*) — r(a) with A € {0.2,0.1,0.05}. We use

uniform initialization such that 7y, (a) = ﬁ for all a € |.A|. For each entropy regularized method,
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we initially set 7 = 1. Note that due to entropy-regularization, PG—E cannot converge to the globally
optimal policy since 7 is fixed. For SPG-ESS, we used 3 = 7.5 x 10% when the minimum reward
gap is 0.05 or 0.1 and 8 = 1 otherwise. 8 was determined via grid-search.
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Appendix H. Extra Lemmas

For completeness, we append external lemmas here.

Lemma 20 (Ascent lemma for smooth function (Lemma 18 in [10])) Ler [ : R — R be a
L-smooth function, 0 € R and §' = 0 + + V f(0). We have,

) 1
10) = f(8) < 57 V10113 (272)

H.1. Policy Gradients

Lemma 21 (Uniform Smoothness (Lemma 2 in [10])) Vr € [0,1]5 0 — w;,r 7 is 5/2-smooth.

Lemma 22 (Non-uniform Smoothness (Lemma 2 in [12])) Denote 0 := 0 + ( (' — 0) with
some ¢ € [0,1]. For any r € [0,1]X, 6 — 7, r satisfies B(0;) non-uniform smoothness with

dwggr
B0c) = 3| -
2
Lemma 23 (Lemma 3in [12]) Let® =60+ n dﬂ‘iﬁr‘ Denote 6 := 6 + (0" — 0) with some
7]
do
2
¢ € [0,1]. We have for all n € (0, 3),
dﬂ(}rf 1 ’ dﬂ';?” 273
d@c ) ~1-3n do 9

H.2. Stochastic Policy Gradients

[On-policy IS (Definition 1 from [11])] At iteration ¢, sample one action a ~ 7y, ( ). The IS reward

estimator 7; is constructed as 74(a) = li(;t(:a';} r(a) forall a € [K].
t

Lemma 24 (Equation (115 - 117) from [11] / Proof of Theorem 2 in [12]) Denote 6 := 0 +
¢ (0" — 0) with some ¢ € [0,1]. By Theorem 22 we have

dﬂ-g; 3 d?T;—tT
(70,0 — m0,) 7 — <d€t7‘9t+1 - 9t> <5 dﬁ; . 16141 — 0413 (274)
By Lemma (23) with ) € (0, %)
3 1 dmg v )
<z ! Ori1 — 0 275
- 91— 3,,7 det ) || t+1 t||2 ( )
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Lemma 25 (Lemma 5 from [11]) Let 7 be the IS estimator using on-policy sampling a ~ 7, ( ).
Then stochastic softmax PG estimator is:

Unbiased: Eq, ., [vf(e)} — V£(9)
vf(a)Hz < 2 = o = Emg[vf(e))—w(f)] -
VIO)||, ~ Eanrs VS O3 < 2

Bounded Variance: E,r,

2
2

EaNﬂ'g

Note: Following Lemma 4.3 in [15], we can also show that the variance converges to 0 as the
policy becomes deterministic

Proof
2
~ dm) 7
E|Vi)| = Y ||| o]l lae =a (276)
a€[K] t
< 2Rr2nax Z o, (a)(l — T, (a))Z (277)
a€[K]
Let ky 1= arg max,c(x) 79, (@)
(278)
= 2R} | o, (ke) (1 = g, (k) + Y ma,(a)(1 = g, (a))? (279)
a;ék:t
Since 7y, (a) € (0,1)
<ARL (1 — g, (ke))? (280)
|

Lemma26 ¢ — m) (r —7logmg)is 5 +75(1+ log K)-smooth.
Proof Starting with the definition of L-smooth

dﬂ';(?“ —Tlogmg)
pT .00 —0

dm, d—m, |
(mgr — 7r9)T1" + 7’(—71'; log mgr — (—71'3— log mg) — < "o 7”9, — 9> — 7_<7r90g7r979, — 9>‘

7y (r — Tlog mer) — 7, (1 — Tlog mg) — <

do do
(281)
let h(0) = —m, logmy
-
< |(mgr — m) T — dmg 0 — 0N £ rn@) - ho) - on(6:) 0 —0 (282)
do 00
By Theorem 21 and Theorem 28
5
< /2+T5(;+logK)HH,_9H2 (283)
|
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Lemma 27 (Lemma 4.3 in [14]) Using Update 2, we have for allt > 1,

SR3 . K3/?

A2

dT[';ZTA't 2
do,

dﬂ-gt f't

db;

E: (284)

2

where A = min;;|r(i) — r(j)|.
Lemma 28 (Lemma 14 from [10]) 6 — —779T log g is 5 (1 + log K)-smooth

Lemma 29 (Non-uniform Y.ojasiewicz (Lemma 3 in [10])) Assume r has one unique optimal
action. Let m* = max ¢y 7' r Then

dwgr
do

>C0) (x* —mp) " r (285)
2

with
C(0) :=mp(a™) (286)

Lemma 30 (Non-uniform Y.ojasiewicz (Lemma 8 in [10])) We have,

oV (1)
o0

ZCO V() - V™)(p) (287)

with
(288)

C(0) = ming mg(a*(s)|s)

RGN

Lemma 31 (Proposition 5 in [10]) In the single-state MDP setting the non-uniform Lojasiewicz
condition is

T — 1
H dimy (r dHT logmo)} |- C(0) (Bamns [r(a) — Tlog w7] — Bgeur, [r(a) — Tlogm]) 2 (289)
2
with
C(6) == V27 mainm(a) (290)
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