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Abstract

We derive and analyze a generic, recursive algorithm for estimating all splits in a finite
cluster tree as well as the corresponding clusters. We further investigate statistical properties
of this generic clustering algorithm when it receives level set estimates from a kernel density
estimator. In particular, we derive finite sample guarantees, consistency, rates of convergence,
and an adaptive data-driven strategy for choosing the kernel bandwidth. For these results we
do not need continuity assumptions on the density such as Holder continuity, but only require
intuitive geometric assumptions of non-parametric nature.

MSC2010 Subject Classification: Primary: 62H30; Secondary: 62H12, 62G05
Keywords: cluster analysis, kernel density estimation, consistency, rates, adaptivity

1 Introduction

A widely acknowledged problem in cluster analysis is the definition of a learning goal that describes
a conceptually and mathematically convincing definition of clusters. One such definition, which
goes back to Hartigan [7] and is known as density-based clustering, assumes i.i.d. data D =
(z1,...,zy,) generated by some unknown distribution P. Given some p > 0, the clusters of P
are then defined to be the connected components of the level set {h > p}, where h is the density
associated with P w.r.t. the Lebesgue measure. This single level approach has been studied,
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for example in [7, 3, 12, 10, 13]. However, one of the conceptual drawbacks of the single level
approach is that different values of p may lead to different (numbers of) clusters, and there is also
no general rule for choosing p, either. To address this conceptual shortcoming, one often considers
the so-called cluster tree approach instead, which tries to consider all levels and the corresponding
connected components simultaneously.

If the focus lies on the identification of the hierarchical tree structure of the connected com-
ponents, then one can find a variety of articles investigate properties of the cluster tree approach,
see e.g. [7, 20, 2, 21, 9, 23] for details. For example, [2] shows, under some assumptions on h,
that a modified single linkage algorithm recovers this tree in the sense of [8], and [9] obtains
similar results for an underlying k-NN density estimator. In addition, [9] proposes a simple prun-
ing strategy, that removes connected components that artificially occur because of finite sample
variability. However, the notion of recovery taken from [8] only focuses on the correct estimation
of the cluster tree structure and not on the estimation of the clusters itself, cf. the discussion in
[15]. Finally, the most recent paper [23] establishes guarantees including rates of convergence for
each fixed level set, provided that a kernel-density estimator is used to produce level set estimates
and the density has a certain behavior such as a-Hélder continuity.

A third approach taken in [15, 14, 16] tries to estimate both the first split p* in the cluster
tree, and the corresponding clusters. As in the previously discussed papers, finite sample bounds
are derived, which in [16] are extended to learning rates, which can also be obtained by an
adaptive, fully data-driven hyper-parameter selection strategy. Unfortunately, however, [15, 16]
only consider the simplest possible density estimator, namely a histogram approach, and [14]
restricts its considerations to compactly supported moving window density estimates for a-Hélder-
continuous densities. In addition, the method in [14] requires to know «, and in particular, it
is not data-driven. Finally, all three papers completely ignore the behavior of the considered
algorithm for single cluster distributions, i.e. for distributions that do not have a split in the
cluster tree. As a consequence, it is unclear whether and how a suitably modified version of this
algorithm can be used to estimate the split-tree, i.e. all levels at which a split in the cluster tree
occurs, as well as the resulting clusters at these splits

The goal of this paper is to address the discussed issues of [15, 14, 16]. To be more precise,
compared to these articles, we establish the following new results:

i) For single cluster distributions, we propose a new set of regularity assumptions for levels
p at which the level set {h > p} is small. For example, for bounded densities, these
assumptions roughly speaking guarantee, that the level sets do not frazzle for levels p close
to the maximum ||h||s of the density h. Such assumptions were missing in [15, 14, 16].

i1) We present a simple modification of the output behavior of the generic cluster algorithm
of [16] to deal with distributions that do not have a split in the cluster tree. Based on our
new regularity assumptions in i) and the ones from [16], we then show that this new cluster
algorithm is able to: a) estimate the first split p* in the cluster tree whenever there is one;
and b) correctly detect distributions for which there is no such split p*. Note that from
a technical side, a) directly follows from [16], since our modification of the generic cluster
algorithm scans through candidate levels p in exactly the same way as the original algorithm
of [16] does. Therefore, the surprising, and compared to [16] new part of our finite sample
guarantee is the fact that this scanning procedure does not need to be changed for correctly
detecting single cluster distributions in b). Note that a highly beneficial side-effect of this
fact is that our analysis in b) as well as in i) and iv) below, can rely on the extensive set
of tools developed in [16].



iii) We then show how the results of ii) can be used to estimate the entire split-tree by recursively
applying the new generic cluster algorithm. While from a higher perspective this result
does not seem to be too surprising, it turns out that there are still a couple of serious
technical difficulties involved. In a nutshell, these difficulties relate to the fact, that the
generic algorithm may return an estimate poyt for p* for which the connected components of
{h > pout } are not yet sufficiently apart from each other. While such an estimate poyt for p*
is desirable, it also prohibits a direct recursive application of the results of 7). To address
this issue, we analyze the behavior of the generic cluster algorithm above the returned level
Pout- In this analysis, which also goes beyond [15, 14, 16], it turns out, that the algorithm
behaves correctly until it reaches a level p for which the connected components of {h > p}
are sufficiently apart from each other. Above this level p, the results of i) can then be
recursively applied, leading to guarantees for the entire split-tree.

iv) We show that the new generic cluster algorithm does not only work with an underlying
histogram density estimator (HDEs) as in [15, 16], but also for a variety of kernel density
estimators (KDEs). Here it turns out that the results of [16], including those for the adap-
tive, fully data-driven hyper-parameter selection strategy, remain valid for the resulting
new clustering algorithm, provided that the kernel has a bounded support. Moreover, if
the kernel has an exponential tail behavior, then the results remain true modulo an extra
logarithmic term, while in the case of even heavier tails, we show that the rates become
worse by a polynomial factor. Note that compared to [16], all the results for KDEs are new.
Moreover, the results for KDEs substantially extend the results of [14], since there only
moving window kernels were treated, and since [14] only considered a-Hélder continuous
densities with known «. In contrast, our new results do not even require continuous densi-
ties, and for this reason, we also obtain significantly more general results than the currently
best results for KDE-based clustering achieved in [23]. The latter improvement is partially
made possible, because we can rely on the tools of [16]. However, compared to the HDEs in
[16] considering KDEs still requires significant technical efforts such as finite sample bound
for the || - ||oo-distance between a KDE and its population version.

The rest of this paper is organized as follows: In Section 2 we briefly recall the key concepts
of [16]. In Section 3 we first introduce the new regularity assumptions mentioned in ). We
then introduce and analyze the new generic cluster algorithm as described in ii). Moreover, the
recursive approach described in iii) is analyzed in detail. Section 4 then presents key uncertain
guarantees for level sets generated by KDEs, and Section 5 contains the material mentioned in 7v),
namely finite sample bounds as well as consistency results, rates of convergence, and an adaptive
data-driven strategy for choosing the kernel bandwidth. All proofs can be found in Section 6.

2 Preliminaries

In this section we recall from [16] the setup for defining density-based clusters in a general context.
To this end let || - || be a norm on R?. Then we denote the closed unit ball of this norm by By,
and write B (z,0) := x + d B, for the closed ball with center = € R and radius 6 > 0. If the
norm is known from the context, we usually write B(x, d) instead. Moreover, the Euclidean norm

on R? is denoted by || - ||2 and for the Lebesgue volume of its unit ball we write voly. Finally,
|| - lloo denotes the supremum norm for functions.
Let us now assume that we have some A C X C R? as well as some norm || - || on R%. Then,



for 6 > 0 we define
AT = {z € X :d(z,A) <5}, and A0 =X\ (X \ AT,

where d(z, A) := infyc 4 |z —2’||. We further write A for the interior of A and 4 for the closure of
A. Moreover, 0A := A\ A denotes the boundary of A. Finally, 14 denotes the indicator function
of A, and A A B the symmetric difference of two sets A and B.

Let us now assume that P is a non-zero finite measure® on a closed X C R¢ that is absolutely
continuous with respect to the Lebesgue measure A?. Then P has a A%-density h and as explained
in the introduction, one could define the clusters of P to be the connected components of the level
set {h > p}, where p > 0 is some user-defined threshold. Unfortunately, however, this notion
leads to serious issues if there is no canonical choice of h such as a continuous version, see the
illustrations in [16, Section 2.1]. To address this issue, [16] considered, for p > 0, the measures

p(4) = XA {h = p}), AcBRY).
Since p, is independent of the choice of h := dP/ d\?, the set

M, := supp p, (1)

where supp p, denotes the support of the measure p,, is independent of this choice, too. For any
Xl-density h of P, the definition immediately gives

M({h = p}\ My) = M ({h = p} N (RT\ M,)) = 1, (RY\ M,) =0, (2)

i.e. modulo A\%-zero sets, the level sets {h > p} are not larger than M - In fact, M, turns out to
be the smallest closed set satisfying (2) and it is shown in [17, Lemma A.1.2], that

{(h>ptcM,c{h=pt and M, a{h>p}Cd{h>p}. (3)

In order to ensure inclusions that are “inverse” to (2), [16] said that P is normal at level p if there
exist two A-densities h; and hy of P such that

MM\ {hy > p}) = X({ha > p} \ M,) = 0.

It is shown in [17, Lemma A.1.3)2 that P is normal at every level, if it has both an upper
semi-continuous \%-density h; and a lower semi-continuous \%-density ho. Moreover, if P has
a A%density h such that A4(0{h > p}) = 0, then the same lemma shows that P is normal at
level p. Finally, note that if the conditions of normality at level p are satisfied for some A%
densities hy and he of P, then they are actually satisfied for all A\?-densities h of P and we have
(M » A {h > p}) = 0. The next assumption collects the concepts introduced so far.

Assumption P. We have a compact and connected X C RY, pu denotes the Lebesgue measure
on X, and P is a u-absolutely continuous, finite, non-zero measure that is normal at every level.

Let us now recall the definition of clusters from [16]. We begin with the following definition
that compares different partitions.

Tn [16] only probability measures were considered, but for later use it is more convenient to consider finite
measures instead. It it easy to check that all results mentioned in the following remain true for finite measures by
a simple reparametrization of the levels p.

In this lemma, the term “upper normal at level p” means that A*(M, \ {h1 > p}) = 0 for some density
hy1 := dP/dA? while “lower normal at level p” means A?({ha > p} \ M,) = 0 for some density ho := dP/d\%



Definition 2.1. Let A C B be non-empty sets, and P(A) and P(B) be partitions of A and B,
respectively. Then P(A) is comparable to P(B), write P(A) T P(B), if, for all A’ € P(A), there
is a B' € P(B) with A" C B'.

Informally speaking, P(A) is comparable to P(B), if no cell A’ € P(A) is broken into pieces in
P(B). In particular, if P; and Pz are two partitions of A, then P; T Ps if and only if P; is finer
than Py. Let us now assume that we have have two partitions P(A) and P(B) with P(A) C P(B).
Then [17, Lemma A.2.1] shows that there exists a unique map ¢ : P(A) — P(B) such that, for
all A" € P(A), we have

A c¢(A).

Following [15, 16], we call ¢ the cell relating map (CRM) between A and B.

The first example of comparable partitions come from connected components. To be more
precise, let A C R? be a closed subset and C(A) be the collection of its connected components.
By definition, C(A) forms a partition of A, and if B C R? is another closed subset with A ¢ B
and |C(B)| < oo then we have C(A) C C(B), see [17, Lemma A.2.3].

Following [16], another class of partitions arise from a discrete notion of path-connectivity.
To recall the latter, we fix a 7 > 0, an A C R?, and a norm | - || on R%. Then z,2’ € A are
T-connected in A, if there exist z1,...,2, € A such that z1 = x, z, = 2’ and ||x; — z;11]|| < 7 for
alli =1,...,n—1. Clearly, being 7-connected gives an equivalence relation on A. We write C,(A)
for the resulting partition and call its cells the 7-connected components of A. It has been shown
in [17, Lemma A.2.7], that C.(A) T C,(B) for all A C B and 7 > 0. Moreover, if |C(4)] < o0
then C(A) = C,(A) for all sufficiently small 7 > 0, see [16, Section 2.2] for details.

We can now describe finite measures that can be clustered.

Definition 2.2. Let Assumption P be satisfied. Then P can be clustered between p* > 0 and
P > p*,if for all p € [0, p**], the following three conditions are satisfied:

i) We either have |C(M,)| =1 or |C(M,)| = 2.
ii) If we have |C(M,)| =1, then p < p*.
iii) If we have |C(M,)| = 2, then p > p* and C(M~) E C(M,).
Using the CRMs (, : C(My+) — C(M,), we then define the clusters of P by
= U ¢, ie{1,2},
PE(p*,p**]

where Ay and As are the topologically connected components of My« . Finally, we define

T (e) = % ~d(Cpr1e(A1), Gpr1e(A2)) e € (0,p™ — p*]. (4)

Definition 2.2 ensures that the level sets below p* are connected, while for a certain range above
p* the level sets have exactly two components, which, in addition, are assumed to be comparable.
Consequently, the topological structure between p* and p** is already determined by that of M,
and we can use the connected components of M, to number the connected components of M,
for p € (p*,p**). This is done in the definition of the clusters Af as well as in the definition of
the function 7*, which essentially measures the distance between the two connected components
at level p* + €.



The major goal of [15, 16] was to design an algorithm that is able to asymptotically estimate
both the correct value of p* and the clusters A} and Aj. Moreover, [16] established rates of
convergence for both estimation problems, and these rates did depend on the behavior of the
function 7*. However, this algorithm required that the level sets do not have bridges or cusps
that are too thin. To make this precise, let us recall that for a closed A C R¢, [15, 16] considered
the function % : (0,00) — [0, 0] defined by

Y4 (8) :== supd(z, A7), 0> 0.
€A
Roughly speaking, 1% () describes the smallest diameter € needed to “recover” A from A~% in the
sense of A C (A79)*¢, see [17, Section A.5] for this and various other results on 1%. In particular,
we have ¥ (8) > 6 for all § > 0 and % () = oo if A= = (). Moreover, 9% behaves linearly, if
bridges and cusps of A are not too thin, and even thinner cusps and bridges can be included by
considering sets with 1% (6) < ¢67 for some constant ¢ and all sufficiently small § > 0. Finally, for
our later results we need to recall from [17, Lemma A.4.3] that for all § > 0 with A% # () and all
T > 2¢0%(0) we have
C- (A7) < [c(A)] (5)
whenever A is contained in some compact X C R? and |C(4)| < oo.

With the help of these preparations we can now recall the following definition taken from [16],

which categorizes the behavior of T/Jﬁ/jp-

Definition 2.3. Let Assumption P be satisfied. Then we say that P has thick level sets of order
~v € (0,1] up to the level p** > 0, if there exist constants cinick > 1 and dinick € (0,1] such that,
for all 6 € (0, dtnick] and p € [0, p**], we have

Y, (0) < Cnick 07 - (6)
In this case, we call ¥(0) := 3eynickd” the thickness function of P.

The following assumption, which collects all concepts introduced so far, describes the finite
measures we wish to cluster.

Assumption M. The finite measure P can be clustered between p* and p**. In addition, P has
thick level sets of order v € (0,1] up to the level p**. We denote the corresponding thickness
function by ¢ and write 7* for the function defined in (4).

Recall that the theory developed in [15, 14, 16] focused on the question, whether it is possible
to estimate p* and the resulting clusters for distributions that can be clustered. To this end,
a generic cluster algorithm was developed, which receives some level set estimates Lp , of M,
satisfying

Mb C Lo, M, G
for all p € [0, p**] and some £, > 0. The key result [16, Theorem 2.9] then specified in terms of
¢ and 0 how well this algorithm estimates both p* and the clusters A} and A3. What is missing
in this analysis, however, is an investigation of the behavior of the generic cluster algorithm in
situations in which P cannot be clustered because all level sets are connected.

Now observe that the reason for this gap was the notion of thickness: Indeed, if P is a single-
cluster finite measure, i.e. |C(M,)| < 1 for all p > 0, and P has thick level sets of the order v
up to the level p** := sup{p : p > 0 and [C(M,)| = 1}, then the proof of [16, Theorem 2.9] can
be easily extended to show that at each visited level p the algorithm correctly detects exactly
one connected component. Unfortunately, however, the assumption of having thick levels up to
the height p™* of the peak of h is too unrealistic, as it requires M, 0 £ ( for all p € [0, p**] and
0 € (0, Ognick ], that is, the peak needs to be a plateau that contains a ball of radius dnick -



3 A Generic Algorithm for Estimating the Split-Tree

The overall goal of this section is to present a generic algorithm for estimating the entire split-tree.
To this end, we first introduce a new set of assumptions for single-cluster distributions that rule
out irregular behavior of the level sets in the vicinity of the peak of the density. Unlike the naive
approach for extending the results of [16] to single-cluster distributions, which we have discussed
at the end of Section 2, this new set of assumptions includes a variety of realistic behaviors. In the
second step we then present a generic cluster algorithm, whose only difference to the one in [16]
is its output behavior in situations in which no split has been detected. We then show that this
new cluster algorithm, like its predecessor in [16], correctly identifies a split in the cluster tree.
Moreover, we demonstrate that, unlike the one in [16], the new cluster algorithm also correctly
identifies single-cluster distributions. Finally, we combine these insights to develop a new generic
algorithm for estimating the entire cluster tree.

Let us begin by introducing the already mentioned new assumption for dealing with single-
cluster distributions.

Assumption S. Assumption P is satisfied and there are p, > 0, v € (0,1], chigk > 1 and
dthick € (0, 1] such that for all p > p, and & € (0, dtnick], we have:

i) 1e(M,)| < 1.
@) 1f M # 0 then ¢}, () < cinickd”-
iii) 1f Mp_5 = (), then for all ) # A C M;"S and T > 2¢pied” we have |C-(A4)| = 1.

iv) For each & € (0, dipick] there exists a p > p, with Mp_‘; = 0.

Note that condition i) simply means that the level sets of P above p, are either empty or
connected. If they are empty, there is nothing more to assume and in the other case, we can
either have M~ O£ Por M ” O =(. If M, o 9 £ () , then condition ii) ensures that the level set M » is
still thick in the sense of Definition 2.3, while in the other case M % — (), condition 4 ) guarantees
that the larger sets M ; % cannot have multiple 7-connected components as long as we choose 7 in
a way that is required in the case of multiple clusters, too. Finally, iv) is satisfied, for example,
if P has a bounded density, since this even guarantees M, = ) for all p > ||h|o.

Clearly, if all M, above p, are balls, then it is easy to check that Assumption S is satisfied,
and this remains true if one slightly perturbed the shape. Moreover, using the examples discussed
in [18], it is easy to construct further examples of realistic distributions satisfying Assumption
S. On the other hand, Assumption S excludes, for example, distributions whose level sets have a
“bone shape” and whose peak is a horizontal ridge.

The next task is to formulate a generic algorithm that is able to estimate p* and the resulting
clusters if P can be clustered in the sense of Assumption M and that is able to detect distributions
that cannot be clustered in the sense of Assumption S. We will see in the following that Algorithm
1 is such an algorithm. Before we present the corresponding results we first note that the only
difference of Algorithm 1 to the algorithm considered in [16] is the more flexible start level py,
compared to pp = 0 in [16], and the modified output in Lines 8-12. Indeed, the algorithm in [16]
always produces the return values of Line 9. In contrast, Algorithm 1 distinguishes between the
cases M > 1 and M = 0. While for M > 1 the output of both algorithms exactly coincide, the
new Algorithm 1 now returns pg and L,, in the case of M = 0. We will see in Theorem 3.2 that
the latter case typically occurs for distributions satisfying Assumption S. In this respect recall



Algorithm 1 Clustering with the help of a generic level set estimator
Require: Some 7 > 0 and € > 0 and a start level pg > 0.
A decreasing family (L,),>0 of subsets of X.
Ensure: An estimate of p, or p* and the corresponding clusters.
L p<po
2: repeat
3:  Identify the 7-connected components B, ..., By of L, satisfying

B; N Lyyoc # (.

4 p—pte
5. until M # 1
6: p—p+2

7: Identify the 7-connected components By, ..., By of L, satisfying

B; N Lp+25 # 0.

8 if M > 1 then
return py.; = p and the sets B; fori =1,..., M.
10: else
11:  return poy = po and the set L.
12: end if

that L,, can be viewed as an estimate of M, and therefore returning L,, makes sense for such
distributions.

With these preparations we can now formulate the following adaptation of [16, Theorem 2.9]
to the new Algorithm 1. Since the proof of [16, Theorem 2.9] can be easily adapted to arbitrary
start levels pg > 0 and this proof also shows that the case M < 1 is not occurring under the
assumptions of this theorem, we omit the proof of Theorem 3.1.

Theorem 3.1. Let Assumption M be satisfied. Furthermore, let e* < (p™ —p*)/9 , 0 € (0, dtnick],
T € (Y(6), 7" (e%)], and e € (0,€*], and po < p*. In addition, let (L,),>0 be a decreasing family
satisfying (7) for all p > po. Then we have:

i) The level poy returned by Algorithm 1 satisfies pous € [p* + 2¢, p* + €* + 5e] and
7 —(8) <37 (pows — p* +¢) . (8)

it) Algorithm 1 returns two sets By and By and these can be ordered such that we have

2 2
S u(Bi s A) <23 (A (AL )7 (MRS ). ()
=1 =1
Here, Aﬁ)outﬁ € C(Mp, . +<) are ordered in the sense of AZOUHFE C A

Theorem 3.1 shows that the modified Algorithm 1 is still able to estimate p* and the corre-
sponding clusters if the distribution can be clustered in the sense of Assumption M. The main
motivation for this section was, however, to have an algorithm that also behaves correctly for
distributions that cannot be clustered in the sense of Assumption S. The next theorem shows
that Algorithm 1 does indeed have such a behavior.



Algorithm 2 Estimating the split-tree with the help of a generic level set estimator
Require: Some 7 > 0, € > 0 and a start level py > 0.
decreasing family (L,),>0 of subsets of X.

Ensure: Estimates of all splits of the cluster tree and the corresponding clusters.

1: Call Algorithm 1 with py and (L,),>0 and store its return values in the split-tree

2: while pgut > po do
3 Call Algorithm 2 with pou + € and (L1,),>0 and store its return values in the split-tree
4:  Call Algorithm 2 with pous + € and (Lg,),>0 and store its return values in the split-tree
5
6

: end while
: return split-tree

Theorem 3.2. Let Assumption S be satisfied and (L,),>0 be a decreasing family of sets L, C X
such that (7) holds for some fized £,6 > 0 and all p > po. If po > ps, 0 € (0,0nick], and
T > 2¢imickd”, then Algorithm 1 returns pg and L.

Note that Theorem 3.1 requires 7 > 1(d) = 3c¢thickd”, while Theorem 3.2 even holds under
the milder assumption 7 > 2¢piad”. Consequently, if we choose a 7 with 7 > 3c¢ghiad”, then the
corresponding assumptions of both theorems are satisfied. Moreover, the additional assumption
7 < 7*(¢*) in Theorem 3.1 is actually more an assumption on £* than on 7 as we will see later
when we apply Theorems 3.1 and 3.2.

Roughly speaking, Theorem 3.1 shows that Algorithm 1 correctly detects the next split p*
above the start level pg whenever there is such a split, while Theorem 3.2 shows that Algorithm
1 also correctly identifies situations, in which there is no split above the start level pg.

Now assume that the assumptions of Theorem 3.1 are satisfied and that Algorithm 1 returned
pout and the cluster estimates Bi, Bo. Our goal is to apply Algorithm 1 on the two detected
clusters By and By separately in a recursive fashion, see Algorithm 2. To this end, we define the
new level set estimates

L;,:=L,NDB;, 1=1,2, p > pout,

and let the Algorithm 1 run on both families of level set estimates separately. Of course, we want
to use our insights into Algorithm 1 as much as possible. For this reason, we need to replace (7)
by a suitable new horizontal and vertical control.

To find such a new control, let us assume that Assumption M is satisfied and that we have
fixed a p' € (p*, p**]. Moreover, let Ay i, and Ay i be the two connected components of M,
ie. C(M,t) = {Ay 5t, Ay pt}. For i = 1,2 we then define two new probability measures Py and P
by

P(B) = ——~ 10
i(B) PA,,) (10)
for all measurable sets B C X. Moreover, for p > 0 we denote the level sets of P, and P> by
M, , and M> ,, respectively. With the help of these notations we can now introduce distributions
having a finite split tree.

Definition 3.3. Let P be a distribution satisfying Assumption P and |C(M,)| < oo for all p > 0.
Moreover, assume that there is a pmax > 0 such that M, =0 for all p > pmax. Then we say that
P has a finite split-tree with minimal step size € > 0, if one of the following two conditions are
satisfied:



i) P satisfies Assumption S.

ii) P satisfies Assumption M with p** — p* > ¢, and for p' := (p** + p*) the two measures Py
and Py defined by (10) have a finite split-tree with minimal step size € > 0.

Our next goal is to show that Algorithm 2 can be used to estimate the split-tree for distribu-
tions having a finite split-tree with some unknown minimal step size € > 0. To this end, we need
Theorem 3.4 below, which in its formulation requires the sets

Cr(L,) == {B€Cr(Ly): BN Lyw2e #0}, p > 0.

Note that this set consists of exactly those 7-connected components of L, that are identified in
Lines 4 and 7 of Algorithm 1.

Theorem 3.4. Let Assumption M be satisfied. Furthermore, let e* < (p**—p*)/16, 6 € (0, d¢nick],
T € (Y(6),7"(e%)], and e € (0,€*], and po < p*. In addition, let (L,),>0 be a decreasing family
satisfying (7) for all p > po. Finally, let poy be the estimate of p* and By, By be the cluster
estimates returned by Algorithm 1. Then the following statements are true:

i) We have \CT(MP_*EE)] = 2 and the sets Vi = Al_,i** and Vy 1= Aigm are the two T-connected

components of M,;‘Z.

ii) For all p € [pout, p™* — 3] we have |5T(Lp)| = 2. Moreover, we can order the two elements
BY and BY of C-(L,) such that

V; C Bf C B;, i=1,2. (11)

iii) If pl € [p" + " + 62, p" — 5], then for all p > pf +4e we have Ly, € B/ and

M; .. C Lip C M) . (12)

To illustrate Theorem 3.4, we now define pl := (p** + p*)/2 and assume £* < (p** — p*)/16.
For ¢ € (0,e*] we then find pf € [p* + &* + 6¢, p** — 5¢] and

prydes o+ A

Part 4ii) of Theorem 3.4 thus shows (12) for all p > p'f. Consequently, Theorems 3.1 and 3.2 can
be applied to Algorithm 1 when working with the level sets (L;,) p>pit for the distribution F;.
In addition, p** — 3¢ > p'T together with part 7i) shows that for all p € [pout, pT] we have (11),
and therefore Algorithm 1 when working with the level sets (Li,p) pc[po,pt1] does only identify one
connected component in its Line 3. In other words, the loop between its Lines 2 and 5 is not
left for such p. Together, these considerations show that Algorithm 2 can be recursively analyzed
with the help of Theorems 3.1 and 3.2 to show that Algorithm 2 indeed estimates the split-tree
for all distributions P having a finite split-tree with some unknown minimal step size € > 0.
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4 Uncertainty Control for Kernel Density Estimators

The results of Section 3 provide guarantees for Algorithm 1 as soon as the input level sets satisfy
(7). In [16] it has been shown that guarantees of the form (7) can be established for the level sets
of histogram-based density estimators. The goal of this section is to show that (7) can also be
established for a variety of kernel density estimators.

Our first definition introduces the kernels we are considering in the following.

Definition 4.1. A bounded, measurable function K : R® — [0,00) is called symmetric kernel, if
K(x) > 0 in some neighborhood of 0, K (z) = K(—x) for all z € R?, and

K(x)d\(z) =1. (13)
R4
For § > 0 we write K5 := 6K (67'-), and for r > 0 and a norm || - || on R? we define
ki(r) == / K(z) d\%(z), koo(r):= sup K(z).
RNB(0,r) z€RN\B(0,r)

Moreover, k1(-) and koo(+) are called tail functions. Finally, we say that K has:
i) a bounded support if supp K C By.-

i1) an exponential tail behavior, if there exists a constant ¢ > 0 such that

K(z) < cexp(—|z|2), z € R% (14)

Note that kernels of the form K(z) = k(||z||) are always symmetric and if the representing
function k : [0,00) — [0,00) is bounded and measurable, so is K. Moreover, if k(r) > 0 for all
r € [0,€), where € > 0 is some constant, then we further have K(x) > 0 in some neighborhood of
0. The integrability condition (13) is standard for kernel density estimators, and for kernels of the
form K(z) = k(|[z]|) it can be translated into a condition on k. In particular, for k = c1jy ;) we
obtain the “rectangular window kernel”, which is a symmetric kernel with bounded support in the
sense of Definition 4.1 and if & is of the form k(r) = cexp(—r?) or k(r) = cexp(—r), then we obtain
a symmetric kernel with exponential tail behavior. Examples of the latter are Gaussian kernels,
while the triangular, the Epanechnikov, the quartic, the triweight, and the tricube kernels are
further examples of symmetric kernels with bounded support. Finally note that each symmetric
kernel with bounded support also has exponential tail behavior, since we always assume that K
is bounded.

Before we proceed with our main goal of establishing (7) let us briefly discuss a couple of
simple properties of symmetric kernels K in the sense of Definition 4.1. To this end, we first note
that the properties of the Lebesgue measure A? ensure that

Ks(z—y)dX(y)= | K@@—y)d\y)= | Ky-=z)d\(y) =1 (15)
R4 R4 R4

for all z € R?, § > 0, and then by an analogous calculation we obtain

) (16)

ST

[ K-y avie) = [ K(y) d\(y) =
R\ B(z,0) RI\B(0,5/6)
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In addition, we always have x1(r) — 0 for » — oo and if K has bounded support, then the tail
functions with respect to this norm satisfy

K1(r) = keo(r) =0, r>1. (17)

The following lemma considers the behavior of the tail functions for kernels with exponential tail
behavior.

Lemma 4.2. Let K : R — [0,00) be a symmetric, kernel with exponential tail behavior (14).
Then, for all > 0, the corresponding tail functions satisfy

k1(r) < ed?volge Trd!

Koo(r) <ce ™.
Now, let K be a symmetric kernel on R% and P be a distribution on R%. For § > 0 we then
define the infinite-sample kernel density estimator hps : R — [0,00) by

r—y

0

hps(z) =64 9 K( ) dP(y) z € R

It is easy to see that hps is a bounded measurable function with ||hpsec < 6| K||c. Moreover,
a quick application of Tonelli’s theorem together with (15) yields

[omsaxt= [ 570 [ k() ) ap) = [ st apt) = 1.

and hence hps is a Lebesgue probability density. Moreover, if P has a Lebesgue density h, then
it is well-known, see e.g. [4, Theorem 9.1], that ||hps — hll;, (xey — 0 for § — 0. In addition, if
this density is bounded, then (15) yields

_ T —
Ihrslee = sup 6~ [ K (Z=E)nly)dX'(y)
xcRd R4
< Wbl sup [ Koo~ ) aNHw) = [l ()
z€Rd J R4
Clearly, if D = (a;l, ...,xy) € X™ is a data set, we can consider the corresponding empirical

measure 1 3" | 5, Where 0, denotes the Dirac measure at x. In a slight abuse of notation we
also denote this empirical measure by D. The resulting function hps : R? — R, called kernel
density estimator (KDE), can then be computed by

T — T
hp,s(x 5dz ( ), z €R.

Now, one way to define level set estimates with the help of hp 5 is a simple plug-in approach, that
is

Lp,:=1{hps>p}. (19)

One can show that from a theoretical perspective, this level set estimator is perfectly fine. Un-
fortunately, however, it is computationally intractable. For example, if hp s is a moving window
estimator, that is K (z) = cljgq(||z]|) for € RY, then the up to 2" different level sets (19) are
generated by intersection of balls around the samples, and the structure of these intersections
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may be too complicated to compute 7-connected components in Algorithm 1. For this reason, we
consider level set estimates of the form

LD,p = {517 €D: hD,6(:E) > p}+07 (20)

where 0 > 0. Note that computing connected components of (20) is indeed feasible, since it
amounts to computing the connected components of the neighborhood graph, in which two vertices
x; and x; with i # j have an edge if ||z; — z;|| < o0 + 7. In particular, DBSCAN can be viewed
as such a strategy for the moving window kernel.

With these preparations we can now present our first result that establishes a sort of uncer-
tainty control (7) for level set estimates of the form (20).

Theorem 4.3. Let || - || be some norm on RY, K : R% — [0,00) be a symmetric kernel, and r1(+)
and Ko (+) be its associated tail functions. Moreover, let P be a distribution for which Assumption
P is satisfied, and D be a data set such that the corresponding KDE satisfies |hp s — hpslloo < €
for some e >0 and § > 0. For p >0 and o > 0 we define

Lp,:={x€D:hpgs(x) >p}™
and € := max{pr1(%),0 %k ($)}. Then, for all p > 6 koo (%), we have

M, € Loy C M2 21

p—e—€"
Moreover, if P has a bounded density h, then (21) also holds for € = [|h||ock1(§)-

Note that for kernels K having bounded support for the norm considered in Theorem 4.3,
Equation (17) shows that (21) actually holds for e = 0 and all p > 0 and all o > 4. Therefore,
we have indeed (7) for 0 replaced by 20. In general, however, we have an additional horizontal
uncertainty e that of course affects the guarantees of Theorem 3.1. To control this influence, our
strategy will be to ensure that ¢ < e, which in view of € = |h|lcox1(§) means that we need to
have an upper bound on k() and o.

Theorem 4.3 tells us that the uncertainty control (21) is satisfied as soon as we have a data
set D with ||[hps — hpsllec < €. Therefore, our next goal is to establish such an estimate with
high probability. Before we begin we like to mention that rates for ||hps — hpsllcc — 0 have
already been proven in [6]. However, those rates only hold for n > ng, where ng, although it
almost surely exists, may actually depend on the data set D. In addition one is required to
choose a sequence () of bandwidths a-priori. To apply the theory developed in [16] including
the adaptivity, however, we need bounds of the form ||hp s — hps|leo < €(6,n,¢) that hold with
probability not smaller than 1 —e™°. For these reasons, the results of [6] are not suitable for our
purposes.

To establish the bounds described above, we need to recall some notions first.

Definition 4.4. Let E be a Banach space and A C E be a bounded subset. Then, for all € > 0,
the covering numbers of A are defined by
NA | gse) = inf{n >1:3x1,...,2, € E such that A C U(az, +€B||.||)} ,
i=1
where inf () := co. Furthermore, we use the notation N (A, E,¢) := N(A, | - ||g,¢)-

We now introduce the kind of covering number bound we will use in our analysis.
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Definition 4.5. Let (Z, P) be a probability space and G be a set of bounded measurable functions
from Z to R for which there exists a B > 0 such that ||g|lcc < B for all g € §. Then G is called

a uniformly bounded VC-class, if there exist A > 0 and v > 0 such that, for every probability
measure P on Z and every 0 < € < B, the covering numbers satisfy

AB\"
Before we proceed, let us briefly look at two important sufficient criteria for ensuring that the
set of functions

Ks := {K5(a:—-) :a:EX} (23)

is a uniformly bounded VC-class. The first result in this direction considers kernels used in moving
window estimates.

Lemma 4.6. Consider the kernel K = clp , where |-|| is either the Euclidean- or the supremum
norm. Then for all 6 > 0 the set Ks defined by (23) is a uniformly bounded VC-class with
B := 0" K|loo = 6% and A and v being independent of 6.

The next lemma shows that Holder continuous kernels also induce a uniformly bounded VC-
class K, provided that the input space X in (23) is compact. For its formulation we need to recall
that for every norm || - || on R? and every compact subset X C R? there exists a finite constant
C).)(X) > 0 such that for all 0 < e < diam,|(X) we have

NEX |-l e) < Cpp(X)e . (24)
We can now formulate the announced result for Holder-continuous kernels.

Lemma 4.7. Let K : R? — [0,00) be a symmetric kernel that is a-Hélder continuous. For
some arbitrary but fived norm || - || on R we write | K|, for the corresponding a-Hélder constant.
Moreover, let X C R? be a compact subset and Ks defined by (23). Then for all § > 0 with

0 < (%)Ua diam . (X), all 0 < e < 07U K ||oo, and all distributions P on R? we have

N(K&,LQ(P),G) < C”.”(X) Satde . (25)
In particular, Ks is a uniformly bounded VC-class withv := d/a, A := (C”.”(X))a/d\K]aHKHgOlé‘a
and B := 67| K||so.

Now that we have collected sufficiently many examples of kernels for which Ky is a uniformly

bounded VC-class, we can now present the second main result of this section that establishes a
finite sample bound ||hp s — hps|le < €(0,7,5).
Theorem 4.8. Let X C R? and P be distribution on X that has a Lebesque density h € Li(R%)N
L,(RY) for some p € (1,00]. We write 1 + 1% = 1. Moreover, let K : R? — [0,00) be a symmetric
kernel for which there is a 6y € (0,1] such that for all 6 € (0,00] the set K5 defined in (23)
is a uniformly bounded VC-class with constants of the form Bs = 0~ || K||s0, As = Agd™?, and
Ag > 0,a > 0,v > 1 being independent of §, that is,

AOHKHOO(;—(d—i-a))u
€

(26)

N (K5, L2(Q), €) < <
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holds for all 6 € (0,0], all € € (0, Bs], and all distributions Q on R%. Then, there exists a C > 0
only depending on d, p, and K such that, for alln >1, 6 > 0, and ¢ > 1 satisfying

1

. K |o |IBlp" ™ llog 3| _ [|Allp
o< 1) — d - < 27
- mm{ 0 R[5 C o ndd/p Cs @7
we have
n |7 lp log o] ¢ -
P <{D :lhps — hP,cS”&X,(X) <C W >1—e°. (28)

Theorem 4.8 recovers the same rates as [6], but not in almost sure asymptotic form but in
form of a finite sample bound. Moreover, unlike [6], Theorem 4.8 also yields rates for unbounded
densities.

5 Statistical Analysis of KDE-based Clustering

In this section we combine the generic results of Section 3 with the uncertainty control for level
set estimates obtained from kernel density estimates we obtained in Section 4. As a result we will
present finite sample guarantees, consistency results, and rates for estimating p* and the clusters.
Our first result presents finite sample bounds for estimating both p* and the single or multiple
clusters with the help of Algorithm 1. To treat kernels with bounded and unbounded support
simultaneously, we restrict ourselves to the case of bounded densities, but at least for kernels with
bounded support an adaption to p-integrable densities is straightforward as we discuss below.

Theorem 5.1. Let P be a distribution for which Assumption P is satisfied and whose Lebesgue
density is bounded. Moreover, consider a symmetric kernel K : R — [0, 00) with exponential tail
behavior, for which the assumptions of Theorem 4.8 hold. For fized 6 € (0,e7 '] and 7 > 0, we
choose a o > 0 with

> {5 if supp K C Bj|, (29)

§|logé|>  otherwise.

and assume this o further satisfies both o < dinie/2 and T > ¥(20). Moreover, for fized ¢ > 1,
n > 1 satisfying the assumptions (27), we pick an € > 0 satisfying the bound

C /Hh”oo \logélg
> LS == -
c 2 ndd ’ (30)

and if K does not have bounded support, also
e > max{1,2d*volg} - c - §llogol—d (31)

Now assume that for each data set D € X™ sampled from P", we feed Algorithm 1 with the level
set estimators (Lpp),>0 given by (20), the parameters T and €, and a start level pg > €. Then
the following statements are true:

i) If P satisfies Assumption S and py > ps«, then with probability P™ not less than 1 — e™*
Algorithm 1 returns pg and Lo and we have
WLy 8 W1,.) < (VI NL,) + (M, \ ML), (32)

where My, ==, ,. M.
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i1) If P satisfies Assumption M and we have an
e* >e+inf{e' € (0, —p*]: 7*() > 7} . (33)

with 9e* < p** — p* | then with probability P™ not less than 1 —e™°, we have a D € X™ such
that the following statements are true for Algorithm 1:

(a) The returned level pp out satisfies both pp out € [p* + 2¢, p* +€* + be| and
T = 1/}(20) <377 (pD,out - ,0* + E) .

(b) Two sets B1(D) and Bo(D) are returned and these can be ordered such that for A’

. PD,out €
y A *
C(MproerE) ordered in the sense of APD,out+5 C Af we have

2

2
S u(BiD) & A7) <237 p(AN\ (AL, 4 72) + n (M2, N>} (34)
i=1 1=1

For our subsequent asymptotic analysis we note that the assumptions 6 € (0,e™!] and ¢ > 1
of Theorem 5.1 show that (31) is satisfied if

max{l, 2d% volg} - ¢ - sllogdl+d/2 < g
n

and if we choose § in terms of n, i.e., 6 = d,, then (35) is satisfied for large n if §,, € O(n™?) for
some small a > 0. We shall see below, that such rates for §,, are typical.

If we have a kernel with bounded support, then a variant of Theorem 5.1 also holds for
unbounded densities. Indeed, if we have a density h € L1 (R?) N L,(R?) for some p € (1,00], then
all conclusions of Theorem 5.1 remain valid, if we replace (30) by

C 7y log d] s
€2 5\ Thediiin)

Note that for such kernels the additional assumption (31) is not necessary.

While (29) only provides a lower bound on possible values for o, Theorem 5.1 actually indicates
that o should not be chosen significantly larger than these lower bounds, either. Indeed, the choice
of o also implies a minimal value for 7 by the condition 7 > 9(20), which in turn influences &*
by (33). Namely, larger values of o lead to larger 7-values and therefore to larger values for £*.
As a result, the guarantees in (a) become weaker, and in addition, larger values of ¢ also lead to
weaker guarantees in (b). For a similar reason we do not consider kernels K with heavier tails
than (14). Indeed, if K only has a polynomial upper bound for its tail, i.e., there are constants ¢
and a > d with

K(@) < e [lally®, v eR,

then k1(r) < 7774 and koo(r) < r~. Now, if we picked o = 6|log |’ for some b > 0, then we
would need to replace (31) by a bound of the form & ~%|log 6|~ < ¢, and this would rule out
¢ — 0for 6 — 0. As a result, no rates would be possible. Now, one could address this by choosing
o := §° for some b € (0,1), which in turn would require a bound of the form & - gol=b)—d < ¢
instead of (31). Arguing as around (35) this is guaranteed if

asati—ty—az o C [llhllo
— 2 n M
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and if § — 0 the latter would actually require b < 1 — %. In particular, b would be strictly

bounded away from 1. However, such a choice for o would significantly weaken the guarantees
given in (a) and (b) as explained above, and as a consequence, the rates obtained below would be
worse. Note that from a high-level perspective this phenomenon is not surprising: indeed, heavier
tails smooth out the infinite sample density estimator hps and as consequence, the uncertainty
guarantees (21) become worse in the horizontal direction, that is, we get more blurry estimates
Lp,, of M,. However, for the detection of connected components at a level p, less blurry estimates
are preferable.

In the remainder of this section, we illustrate how the finite sample guarantee of Theorem 5.1
can be used to derive both consistency and rates. To deal with kernels with unbounded support
we restrict our considerations to the case of bounded densities, but it is straightforward to obtain
results for unbounded densities if one restricts considerations to kernels with bounded support as
already indicated above.

Corollary 5.2. Let P be a distribution satisfying Assumption P and whose Lebesgue density is
bounded. Moreover, consider a symmetric kernel K : R — [0,00) with exponential tail behavior,
for which the assumptions of Theorem 4.8 hold. Let (6,) be a positive sequence with 6, < n=¢
for some a > 0 and pick a sequence (0,) converging to zero and satisfying (29) for all sufficiently
large n. Moreover, let (e,) and (1,) be positive sequences converging to zero such that ¥ (20y,) < T,

for all sufficiently large n, and

1 -1
8% _ _ . (36)

I eT
Now assume that for each data set D € X™ sampled from P™, we feed Algorithm 1 with the level
set estimators (LD,p)pzo given by (20), the parameters 1, and e,, and the start level py := &,,.
Then the following statements are true:

i) If P satisfies Assumption S with p, = 0, then for all € > 0 we have

lim P"({D €X":0<ppout < e}) =1,

n—o0

and if p({h > 0} \ {h > 0}) = 0 we also have

lim P"({D € X" p(Lp pp o, & {h>0}) < e}) =1,

n—oo
it) If P satisfies Assumption M, then, for all € > 0, we have

lim P"({DeX":0<ph—p <e}) =1,

n—oo

and, if p(A;F U A5\ (A7 U A3)) =0, we also have, for Bi(D), Ba(D) as in (34):

lim P”<{D € X" : u(B1(D) b AY) + u(Ba(D) & A}) < e}) =1.

n—oo

Our next goal is to establish rates of convergence for estimating p* and the clusters. We begin
with a result providing a rate of p;, — p*. To this end we need to recall the following definition
from [16] that describes how well the clusters are separated above p*.
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Definition 5.3. Let Assumption M be satisfied. Then the clusters of P have a separation exponent
r € (0,00], if there is a constant c, > 0 such that

T (6) 2 Csep gl/ﬁ

for all € € (0,p* — p*]. Moreover, the separation exponent k is exact, if there exists another
constant Csep > 0 such that, for all e € (0, p** — p*], we have

7"(€) < Csep gt/

The separation exponent describes how fast the connected components of the M, approach
each other for p \, p*. Note that a distribution having separation exponent x also has separation
exponent x’ for all ¥ < k. In particular, the “best” separation exponent is Kk = oo and this
exponent describes distributions, for which we have d(Aj, A3) > cy,, i.€. the clusters A} and A}
do not touch each other.

The separation exponent makes it possible to find a good value for €* in Theorem 5.1. Indeed,
the proof of Theorem [16, Theorem 4.3] shows that for given € and 7, the value

sep’

e 1=+ (T/ceep)”

satisfies (33) as soon as we have 9¢* < p** — p*.

Theorem 5.1 becomes

Consequently, the bound in part i) (a) of

K
2e < ppout — p° < b6+ <L) (37)
=sep
if we have a separation exponent x € (0, 00]. Moreover, if the separation exponent x € (0,00) is
exact and we choose 7 > 2¢(20), then (37) can be improved to

K

17 7 \* T
- < ) <6 (—) 38
e+ 4 (66561)) S PDout — P S 0E + ( )

Zsep

as the proof of Theorem [16, Theorem 4.3] shows. In order to establish rates, it therefore suffices
to find null sequences (eg,), (d,), (on), and (7,) that satisfy (29) and (30), and additionally
dp € O(n=) for some a > 0, if K does not have bounded support. The following corollary
presents resulting rates of this approach that are, modulo logarithmic terms, the best ones we can
obtain from this approach.

Corollary 5.4. Let P be a distribution for which Assumption M is satisfied and whose Lebesque
density is bounded. Moreover, consider a symmetric kernel K : R — [0, 00) with exponential tail
behavior, for which the assumptions of Theorem 4.8 hold. In addition, assume that the clusters of
P have separation exponent k € (0,00). Furthermore, let (€,), (0y), (05), and (1) be sequences
with

(logn)? - log logn> TaTd

n
(log n)®\ 23574

7~ (5)

log 1\ T5a7a
) Op ~ ( >2WM+d )
n

. ((10gn)3 . loglogn>273ﬁ
" n

9 9

and assume that, forn > 1 D € X" sampled from P", we feed Algorithm 1 with the level set
estimators (LD,p)pzo given by (20), the parameters T, and ey, and the start level py := €,. Then
there exists a K > 1 such that for all sufficiently large n we have

— 1
P"<{D€X”:p}—p*§K€n}>21—5. (39)
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Moreover, if the separation exponent K is exact, there exists another constant K > 1 such that for
all sufficiently large n we have

— 1
P"<€X":L(z—:n§p*D—p*§K€n>21——. (40)
n

Finally, if k = oo and supp K C Bj.|, then (40) holds for all sufficiently large n, if 0y = 0, and

1
Ep ~ <M> 28~ (loglogn)_i , and T, ~ (loglogn)_%d )

Note that the rates obtained in Corollary 5.4 only differ by the factor (logn)? from the rates
in [16, Corollary 4.4]. Moreover, if K has a bounded support, then an easy modification of the
above corollary yields exactly the same rates as in [16, Corollary 4.4].

Our next goal is to establish rates for p(B;(D) A Af) — 0. Since this is a modified level set
estimation problem, let us recall some assumptions on P, which have been used in this context.
The first assumption in this direction is one-sided variant of a well-known condition introduced

by Polonik [11].

Definition 5.5. Let u be a finite measure on X and P be a distribution on X that has a p-
density h. For a given level p > 0, we say that P has flatness exponent ¢ € (0, 00|, if there exists
a constant cqae > 0 such that

p({0<h—p<s}) < (caaes)? s> 0. (41)

The larger 1 is, the steeper h must approach p from above. In particular, for ¥ = oo, the
density h is allowed to take the value p but is otherwise bounded away from p.
Next, we describe the roughness of the boundary of the clusters.

Definition 5.6. Let Assumption M be satisfied. Given some o € (0,1], the clusters have an «-
smooth boundary, if there exists a constant cpound > 0 such that, for all p € (p*, p**], § € (0, d¢nick],
and i = 1,2, we have

p((AD) T\ (A5)7°) < chounad® (42)
where A}, and Ag denote the two connected components of the level set M,.

In R%, considering o > 1 does not make sense, and for an A C R¢ with rectifiable boundary
we always have o = 1, see [17, Lemma A.10.4].

Assumption R. Assumption M is satisfied and P has a bounded Lebesgue density h. Moreover,
P has flatness exponent 9 € (0,00] at level p*, its clusters have an a-smooth boundary for some
a € (0,1], and its clusters have separation exponent € (0, occ].

Corollary 5.7. Let Assumption R be satisfied and K be as in Corollary 5.4. and write o :=
min{«, 9yk}. Furthermore, let (e,), (0n), and (1,) be sequences with

log n\ s5tva __9d__ logn - loglog n\ s54v4
En ~ < ) (loglog n) ™ Se+avd | Op ~ (—) ,
n n
o, ~ <(10gn)3~10glogn)ze%w _— ((10gn)3-(10g10gn)2>ﬁ—”w
n n b n n .

Assume that, for n > 1, we feed Algorithm 1 as in Corollary 5.4. Then there is a constant K > 1
such that, for alln > 1 and the ordering as in (34), we have

1
>1——.

n

(logn)? - (loglog n)2) %)
n

pr <D : ZQ:M(BZ-(D) AAY) < K(
i=1
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Again, the rates obtained in Corollary 5.7 only differ by the factor (logn)? from the rates in
[16, Corollary 4.8]. Moreover, if K has a bounded support, then an easy modification of Corollary
5.7 again yields exactly the same rates as in [16, Corollary 4.8].

Our final goal is to modify the adaptive parameter selection strategy for the histogram-based
clustering algorithm of [16] to our KDE-based clustering algorithm. To this end, let A C (0, 1] be
finite and n > 1, ¢ > 1. For 6 € A, we fix 05, > 0 and 75, > 0 such that (29) and 75, > 2¢(205,5,)
are satisfied. In addition, we define

|log 0| (s + log |A]) log log n
Esn = Cy 5d
n

where C, > 1 is some user-specified constant and the second term can actually be omitted if the
used kernel K has bounded support. Now assume that, for each § € A, we run Algorithm 1 with
the parameters ¢5, and 75,, with the start level py := €5,, and with the level set estimators
(Lp,p)p>0 given by (20). Let us consider a width J7, o € A that achieves the smallest returned
level, i.e.

+max{1,2d*volg} - ¢ - §l1ogdl—d (43)

dp.a € argmin pp s out - (44)
SeA

Note that in general, this width may not be uniquely determined, so that in the following we need
to additionally assume that we have a well-defined choice, e.g. the smallest § € A satisfying (44).
Moreover, we write

A 1= min 45

PD.A FE PD,5,out (45)
for the smallest returned level. Note that unlike the width 5}57 A» the level ,03 A is always unique.
Finally, we define ep A := 6% Am and Tp A = st A me With these preparation we can now present

the following finite sample bound for PD.A

Theorem 5.8. Let P be a distribution for which Assumption M is satisfied and whose Lebesque
density is bounded. Moreover, consider a symmetric kernel K : R — [0, 00) with exponential tail
behavior, for which the assumptions of Theorem 4.8 hold. In addition, assume that the two clusters
of P have separation exponent r € (0,00]. For a fived finite A C (0,e71], andn >1, ¢ > 1, and
Cy > 1, we define €5, by (43) and o5, > 0 and 75, > 0 such that (29), 75, > 2¢(205,,), and

2055 < Othick are satisfied for all § € A. Furthermore, assume that 4C2?loglogn > C||h||so, where
C is the constant in (28) and es5n + (Tsn/ Coep)™ < (0™ — p*)/9 for all 6 € A. Then we have

P"({D € X":epa < ppa—p° < %IéiAH((T(sm/gsop)H + 655,,1)}) >1—e".

Moreover, if the separation exponent k is exact and k < oo, then the assumptions above actually
guarantee

pr (D cmin(e17f, +€50) < ppa—p° < min(ca7s, + 625 n)) >1—e°,
seA ’ ’ ’ SEA ’ ’
where ¢ 1= %(65501))_“ and ca == coy, and similarly

P"({D e X":atpatepa < ppa—p < 2THa +6€D7A}> >1—e".

To achieve our goal of an adaptive parameter selection strategy, it now suffices in view of
Theorem 5.8 to define appropriate A, 05, and 75,. Here we proceed as in [16, Section 5].
Namely, for n > 16, we consider the interval

e[y,

n =
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and fix some n~Y%net A,, C I, of I,, with |A,| < n. Furthermore, for some fixed C;, > 1 and
n > 16, we define o5, by (29), write 75, := agn log log log n, and define ¢5,, by (43) for all § € A,
and ¢ = logn. Following the ideas of the proofs of [16, Corollaries 5.2 and 5.3] we then obtain a
constant K such that for all sufficiently large n > 16 we have

—/(logn)? - (log log n)?\ 7t 1
P"<DZP*D,A7L—P* SK((ogn) Elog ogn) >2“/ +d> >1- L (46)

Here, (46) holds if P has separation exponent x € (0,00), and if the kernel K has bounded
support, it remains true for kK = co. In addition, the upper bound in (46) can be matched by a
lower bound that only differs by a double logarithmic factor provided that the separation exponent
k € (0,00) is exact. Finally, if Assumption R is satisfied, we further find

3. 2, Ok
< ZM D) A AY) SK(OOgn) (loglogn) )2'm+19d> > 1_17

n n

for all sufficiently large n > 16, where K is another constant independent of n.

6 Proofs

6.1 Proofs for the Generic Algorithm in Section 3

Lemma 6.1. Let (X,d) be a connected metric space and A C X be an open or closed subset with
0 # A# X. Then, for all § > 0 we have ¥* () > 4.

Proof of Lemma 6.1: In view of [17, (A.5.1)] it suffices to show d(A, X \ A) = 0. Let us assume
the converse, that is € := d(A,X \ A) > 0. Then, if A is closed we know that X \ A is open,
and for x € A and y € X with d(z,y) < € our assumption yields y € A. In other words, the
open ball with center x and radius ¢ is contained in A, and therefore A is open, too. However,
this gives a partition of X into two open and non-empty sets, which contradicts the assumption
that X is connected. Clearly, by interchanging the roles of A and X \ A, we analogously find
d(A, X \ A) =0 for A open. O

Theorem 6.2. Let p, > 0 and Assumption P be satisfied with |C(M,)| < 1 for all p > p;.
Moreover, let (L,),>0 be a decreasing family of sets L, C X such that

M

. CL,c M, (47)

for some fized €,0 > 0 and all p > py. For all p > p, we then have:

i) If M p+3€ # 0, then for all T > 247}, e () we have |Cr( erE)| = 1 and the corresponding
CRM ¢ : C,( er6) — C-(L,) satisfies

C-(Lp) = ¢(C-(M,

p+€)u{B’eC( p) i B'N Lo =0} . (48)

it) If M p+€ =, Assumption S is satisfied, and § € (0, d¢nick], then we have

‘{B €Cr(Ly) : BN Lyso: # @}( <1, 7> 2imad - (49)
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Proof of Theorem 6.2: i). We first note that M p+3a # 0 implies M p+e # 0. By (5) w
thus find |C; (M, )] <1C(Myy.)| <1, and by the already observed M,,. # 0 we conclude that

IC+( erE)| = 1. To establish (48) we now write A := MerE and B := ((A). Our first intermediate
goal is to establish the following disjoint union:

Cr(Ly) ={BYyU{B' € Cr (L) \{B}: B'N Ly #0}
U{B' €C.(L,): B'NLyys =0}. (50)

To this end, note that Mp_-f?)a # () and ijfga C A together with A C ((A) = B implies

0#MP =ANM, % CBN Ly

This yields {B’ € C;(L,)\{B}: B'NLyy2. =0} ={B’' € C;(L,) : B'N Lyy2. = 0}, which in turn
implies (50).
Let us now show (48). To this end, we first observe that |C; (M,

{A} and hence ¢(C-( pfa)) = {B}. In view of (50) it thus remains to show

93| =1 implies C.( pfe) =

B,mLP+2€:®7

for all B € C;(L,) with B’ # B. Let us assume the converse, that is, there is a B’ € C;(L,) with
B'# B and B'N Lj49. # 0. Since Ljyo. C Mp+€, there then exists an z € B' N M;fe By part
i) of [17, Lemma A.3.1] this gives an 2’ € M, . with d(z,2") < 0, and hence we obtain

d(a’, ML) < iy, (0) <

NS

From this inequality we conclude that there is an 2" € M e satisfying d(2', 2") < 7/2. The CRM

property then yields 2 € M, fa A C B and therefore Lemma 6.1 yields

d(B',B) < d(z,2") < d(z,2') + d(a',2") <5+ 7/2 <oy, (0) +7/2< T

On the other hand, B’ # B implies d(B’, B”) > 7 by [17, Lemma A.2.4], and hence we have found
a contradiction.

ii). Clearly, if L,19. = 0 there is nothing to prove, and hence we may assume that L, . # 0.
Now assume that (49) is false. Then there exist By, By € C-(L,) with By # By and BiNL,2. # 0
for i = 1,2. For i = 1,2 we consequently find 2; € B; N Ly, and for these there exist
A; € Cr(Lpt2:) with x; € A;. Now recall from [17, Lemma A.2.7] that L,4o. C L, implies
C-(Lpt2:) C C+(L,), and therefore we have a CRM ( : C-(Lpt2:) = C+(L,). Our construction
then gives

r;, € A;,NB; C C(AZ)QBZ,

and therefore we have ((A4;) N B; # () for ¢ = 1,2. However, ((4;) and B; are both elements of
the partition C-(L,) and hence we conclude ((A;) = B; for i = 1,2. Moreover, ¢ is a map, and
therefore By # By implies A1 # Ay. Let us write A := A; U As. Since we know from [17, Lemma
A.2.4] that d(A;, A2) > 7, we conclude by [17, Lemma A.2.8] that C;(A) = {A1, A2}, and thus
|IC-(A)| = 2. However, we also have

ACLp+2€ CMp—i—a’

and since M fa = () holds, Assumption S together with § € (0, dtnick] and 7 > 2¢p;d” ensures
|C-(A)| = 1. Since this contradicts |C,(A)| = 2 we have proven (49). O
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Proof of Theorem 3.2: For i > 0 we write p; := pg + ie for the sequence of potential levels
Algorithm 1 visits. Moreover, let i* := max{i > 0 : Mp_ %3. # 0}, where we note that this
maximum is finite part iv) of Assumption S. For ¢ =0, .. , part i) of Theorem 6.2 then shows
that Algorithm 1 identifies exactly one component in its Line 3, and therefore it only identifies
more than one component in Line 3, if ¢ > ¢ 4+ 1. If it finishes the loop at Line 5, we thus

know that p > p;«10, and therefore the level p considered in Line 7 satisfies p > p;x14. Now the

definition of ¢* yields M, f+1+35 0, and since pj=41 +3e = (i* + 1)e + 3e = (i* + 4)e = pi=44,
we find M, % — () for the p considered in Line 7. This implies M » fe = (), and hence part ii) of
Theorem 6.2 shows that Algorithm 1 identifies at most one component in Line 7. O

Lemma 6.3. Let (X,d) be a metric space, A, B C X be two subsets, and 6 > 0. Then we have
(ANB)=A4"nB"".

Proof of Lemma 6.3: From part iv) of [17, Lemma A.3.1] we know that (AUB)™® = A0y B+?
for all A, B C X and ¢ > 0. This gives

(ANB) T =X\ (X\(ANB) " =X\ (X\ 4 Uu((Xx\B)™
=X\ (X\ AU\ B)")

Z(X\(X\A) N (X\(X\B)*™)
A°NB

and hence we have show the assertion. O

Lemma 6.4. Let Assumption M be satisfied, p € (p*, p**], € :== p— p*, and A1, and Ay, be the
two connected components of M, i.e. C(M,) = {A1,, A2 ,}. Then the following statements hold:

i) For all 0 < 7 < 37%(e) we have C-(M,) = C(M,).

ii) For all 0 <6 <1 < 7*(e) we have C;(M,) C C; (M*‘S)—{Alp, ;i}.

it1) For all 5 € (0, 0mick] and ¥(8) < 7 < 7%(e) we have ]CT(M;5)] = 2 with CT(MP_5)
{Al P 2 p
Proof of Lemma 6.4: To adapt to the notation of [16, 17] we write ™, = d(Ay,p, As,). Note
that this definition gives 73, = 3m*(p — p*) = 37*(e).

i). The assertion directly follows part i) from [17, Proposition A.2.10].

ii). The assertion has been shown in part 4ii) of [17, Lemma A.4.1].

i11). We first note that using part i) of [16, Theorem 2.7] with ¢* := ¢ and p = p* + &* we
find |C-(M )| =|C(M,)| = 2. Moreover, we have

d(Avp, As,) = T3y, = 37(e) = 7 > (6) = 3emiad? > Uiy (8) = 6, (51)

where the last inequality follows from Lemma 6.1 since Assumption M implies Assumption P, and
hence X is connected. Consequently, part v) of [17, Lemma A.3.1] yields

M;? = (A1, UAz,) " = ATSUAS (52)

2,p7
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and we additionally note that (51) implies

d(A;g, Agj) > d(Ayp, Asp) > 7. (53)

Now let A; and As be the two T-connected components of C, (M o J ). Let us assume that A; # Aiép
and Ay # AQ_;. Then (52) shows that there exist ' € A1 N Aii and 2”7 € A1 N Aii. Since A is

T-connected, there further exist z1,...,2, € A with z1 =2/, x, = 2” and d(x;, z;,11) < 7 for all
i=1,...,n—1. Byx; € Aii, Ty € AQ_;, and (52) we conclude that there is an i = {1,...,n—1}

with z; € Aii and ;41 € Aii‘ This gives

(A7),

which clearly contradicts (53). O

A2_76p) S d(xi,$i+1) < T,

Lemma 6.5. Let Assumption M be satisfied, and P, and P» be defined by (10) for some fized
pt € (p*, p**]. Then fori=1,2 and p > p! we have

Proof of Lemma 6.5: We first note that since P is normal at all levels p > 0, we have
w(M, & {h > p}) = 0 for all u-densities h of P and all p > 0. For a fixed p > p' > 0. we can thus

find a p-density h of P such that M, = {h > p} and M,; = {h > p'}. Let us define h; := 1, ih

Then h; is a u-density of P; and we have
{hi > p} = My 0 A, (55)
Moreover, by our definitions we find

M;, =suppu(- N{h; > p}),

and hence it suffices to show that M; , = {h; > p}.
For the proof of the inclusion “C” we fix an x € M; , and an open U C X with x € U. The
definition of the support of a measure then yields

pw(UNM,) =pu(UN{h>p}) > pu(Un{h >p}) >0,

which in turn implies x € M. This shows M; , C M,. Moreover, A,  is closed by definition and
we further have

(At 0 {hi > p}) = p({hi > p}) = p(X 0 {h; > p}).
Since the support of a finite measure is also the smallest closed subset having full measure, we
conclude that M; , C A; ot Combining the two found inclusions M; , C M, and M; , C A; ot with
(55) we have thus found the desired M; , C {h; > p}.

For the proof of the converse inclusion we fix an z € {h; > p} = M, N A, ;. Moreover, we fix
an open U C X with = € U, so that it suffices to show u(U N{h; > p}) > 0. To this end, we may
assume without loss of generality that i = 1. Moreover, since d(A; ,i, A3 ,1) > 0and z € A; ;i we
may additionally assume that U N Ay 1 = (). Now, x € M, implies (U N M,) > 0. Let us write
A =M, N Ayt = {hx > p}. This yields M, = A1 U Ay, A1N Ay = (), and

pUNAz) <p(UNAy 1) =0.
Using the disjoint union U N M, = (U N A1) U (U N Asg), we conclude that
p(Un{ht > p}) =w(UNA) =pUnM,) >0.

As mentioned above this shows x € M ,. O
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Lemma 6.6. Let Assumption M be satisfied, and P; and P be defined by (10) for some fized
pt € (p*,p**]. Then, fori=1,2, the following statements are true:

i) For et :=pl — p* and all 0 < § < 7*(1) and p > p! we have M;f‘; M+‘5 N AJ’rgT

i) For all § >0 and p > p' we have M; 0 M N Az_pT

Proof of Lemma 6.6: 7). Let  : C(M,) — C(M,:) be the CRM and By, ..., B, be the connected
components of C(M,). Without loss of generahty we may assume there is an m € {O .,n} such
that &(B )CAlpT for allj—l ym and §(Bj) C Ay, forall j =m+1,...,n. We define
Ay :=ByU---UB,, and Ay := By,11 U---U B,. Clearly, this construction ensures

A C f(Ak) C Ak,pT s k=1,2. (56)
Moreover, we have M, = Ay U A, and hence we find
MF = AU AF°
by part i) of [17, Lemma A.3.1]. In view of (54), we consequently need to prove that
(AU A) N AN = (AP U A N AR (57)
Be begin by observing that
(Al @] Ag) N Az pt = (Al N Az pT) (A2 N Az pT) A;, (58)

where we used both (56) and A ,+ N Ay ;+ = (). Similarly, the right-hand side of (57) can be
written as

(AT UAPS) AT = (A7 M ATS) U (A1 0 A7) (59

In addition, (56) ensures A+5 C A+ ., and by continuing (59) we thus find for £ € {1,2} with
k # i that

(AP uAP)nAl, =AU (47 NA,). (60)

Moreover, by part i) of Lemma 6.4 we know that AIZT and AJ”ST are the two 7-connected

components of M;;‘S for any 7 with 6 < 7 < 7*(ef). Consequently, we have AJ”ST N A o= = (), and

since (56) ensures A:é C A:‘;T we conclude that A:é N A;rlfT = (). Inserting the latter into (60)
gives

(AP uAP) nAL, = AF. (61)

Now, (57) follows from combining (58) with (61).
it). This directly follows from combining (54) with Lemma 6.3. O

Proof of Theorem 3.4: i). We first note that ¢* < &** := p** — p* implies 7*(e*) < 7*(e™).
Consequently, part i) of Lemma 6.4 applied for p := p** gives the assertion.
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ii). We begin by showing that the CRMs &,4. : CT(M ) — Cr( p+€) and & : Cr( p+€) —

Cr (M, it +.) are bijective. To this end we consider the following commutative diagram of CRMs:
-5 Spout +e _5
Cr(M,.2) Cr(M, 20 4c)
gp—l—s 5
C- (M)

Now, part iv) of [17, Theorem A.6.2] shows that &, 4. is bijective, and consequently, &,4. is
injective. Moreover, part z) of [16, Theorem 2.7] shows that 1 < |C-(M, +€)\ < 2, and since we

already know that |C.(M ) is injective, we conclude that |C- (M, +E)| =2 and
that &, is bijective. Usmg the diagram we then see that the CRM ¢ is also bijective.

Our next goal is to show that the CRM Ep :Cr(M L, Jfa) —C (L p) is well-defined and bijective.
To this end, we first recall that our assumption p < p** — 3e together with [16, Theorem 2.8] gives

the following disjoint union:

( ) fp( ( p—l—s)U{B/EC( ):B/QLP‘FQE:@}'

Consequently, we have E,)(CT(M P +€)) = C, (L,), that is, we can view {Ap as a surjective CRM
fp (M, JrE) —C, (L,). Similarly, part ) of Theorem 3.1 ensures

Pout < p* " +5e < p*f + 6" < ptt - 3e,

and repeating the reasoning above we see that the CRM E,)m : Cr(M po5t ve) = Cr(Lpg,,) can

be viewed as a surjective CRM Epm : Cr (M, p_ ore) é\T(Lpout). Finally, consider the CRM
£: C+(L,) = C+(Lyp,,,)- For B € CAT(LP) we then have

0# BN Lyyoe CE(B)N Lya: CE(B)N Lpgyyrae
i.e. we have shown £(B) € CAT(L,,M). Consequently, the restriction
§|€T(Lp) 1 Cr(Lp) = Co(Lpgy,)

is well-defined, and obviously also a CRM. Combining these considerations we obtain the following
commutative diagram of CRMs

gﬁout ~
CT (Mﬁ_oit—i-s) CT (Lpout)
< $E (1)
CT(Mp_—Es) g 5T(Lp)
p

Now, we have already seen that { is bijective, and in addition, part ii) of [17, Theorem A.6.2]

shows that 5 pous 18 injective. Moreover, our considerations above showed that £, : C-(M p_o Ciae) —
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C-(L (L pout) is surjective and hence the latter CRM is bijective. Using the diagram we conclude that

§p: Cr(M, Jfa) —C, (L,) is injective. Since we have already seen that it is surjective, we conclude
that it is indeed bijective.

With the help of these preparations, the first assertion now easily follows from i) and the
bijectivity of £, and {,., namely

|C o)l = ‘gp Ep+=((C (M_(g))‘ = ‘CT(MP_*(E) =2.

To show the second assertion, we write BY := Z‘p 0 {pte(Vi). This immediately gives V; C B! for
i = 1,2. Moreover, using the diagram we find

v

B C &g 1,)(BY) =& (1,) © &0 0 Epre(Vi) = & 06 0 e (Vi) = Bi,

where the latter identity follows from part i) of [17, Theorem A.6.2].
i4i). We first observe that ef := p! — p* satisfies e > £* and by Lemma 6.1 we hence find
§ < *(8) < 7(e*) < 7*(e). Lemma 6.6 then shows

M9 =M7°nA and MP = MF A
P 1,0 P 1,p

By the definition of L; , we thus have to show the following two inclusions

M, PN A; TcL N B; (62)

L,NBi C M7’ nAf,. (63)

We begin by proving (62). To this end, we first observe that (7) ensures Me ote C L,y and hence

it suffices to establish AZ._ST C B;. Now, we have already observed that 7 < 7%(¢*) < 7*(ef),
and consequently part i) of Lemma 6.4 shows that A 6T and A2 ; are the two 7-connected
components of MP_T‘S. Moreover, part i) of Theorem 3.1 shows pout < p* +&* 4 be < pl —e, and

hence we have pf — ¢ € [pous, p** — 3¢]. Applying [16, Theorem 2.8] and the already established
part i) to the level pf — ¢ we then obtain

ApTcBPTa C Bi, i=1,2.

t . . .
Let us now establish L; , C B? *2 Without loss of generality we may assume ¢ = 1. Now,

consider the CRM ¢ : C-(L, N By) — CT(LPTJFQE N By), which is possible since p > p' + 2¢. Let us
assume that there was a B’ € C-(L, N By) with

(B ¢ BYE,

. il . .. .
Since BY +2€ is a 7-connected component of L, ,. N By by part ) applied to the level pf +2¢ €

) f
[Pouts p** —3¢] and £(B’) is another such T-connected component we conclude that £(B")NBY T2
(). Moreover, our construction and part i) give

§BYNBY** c BINBY ¥ c BiNBy =0,
and therefore part i) shows £(B') € C-(L ot 1 2¢). Together with p > p! + 4e the latter implies

B'NL,CB' NLjtye CEB)N Ly =0.
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Consequently, we have found a contradiction, and therefore we have {(B’) C BY T+2e for all 7-
connected components of Ly, = L, N By. Since B’ C £(B’) we have thus found L; , C BPTHE
Let us now show (63). To this end we note that (7) ensures L, C M’ and hence it suffices

p—e>
to prove L,N B; C A+5 Moreover, we have already shown that L, N B; C BY T+2

i ot , and therefore,
it suffices to establish

i
pl+2e +4
B; Cc A ipt

To this end, recall that we have already observed 7 < 7*(¢*) < 7*(ef). Part ii) of Lemma 6.4
thus shows that AMT and A;iT are the two 7-connected components of Mpﬁ‘g. Now consider the

CRM ¢ : Cr(L,i1o.) — CT(M;;‘s). Then the 7-connected component Bfu'26 of Lt o, satisfies

t t . . . .
BY t2e o &(BY +2€), and therefore, exactly one of the following two conditions is satisfied

42 5
By T 44jpT, (64)
BY' T c AfS (65)

2,p1

and part i) gives V; C BpT—i-QE. This gives () #

Vi C BY 42 AI”ST, and therefore we can exclude (65). Consequently (64) is true. The inclusion

However, our construction ensures Vi C Af i

Bf f+2e C AJ”ST can be shown analogously. O

6.2 Proofs for Section 4

Proof of Lemma 4.2: For the tail function ;(-) the estimate follows from

() = / K(z) d\i(z) < ¢ / exp(—|lz]l2) dA(z)
RA\ B(0,r) RA\B(0,r)

o
=cd vold/ e * s ds < ed® volge Trtt,

T

where the last estimate for the incomplete gamma function is taken from [19, Lemma A.1.1]. The
second inequality follows from the monotonicity of the function r +— e™". O

Lemma 6.7. Let K : R — [0,00) be a symmetric kernel with tail function k1(-). Moreover, let
P be a A%-absolutely continuous distribution on R® that is normal at some level p > 0. Then for
all x € R and o > 0 with B(x,0) C M, and all 5 > 0 we have

hes(a) = p— pra (%) (66)
while for all z € RY and o > 0 with B(z,0) C X \ M, and all § > 0 we have

hps(r) < p+8 Troo(§) - (67)
Finally, if P has a bounded density h, then the inequality (66) can be replaced by

hes(@) > p—51(5) - il (69)
whenever 0 < p < ||h]|lo and (67) can be replaced, for all p >0, by

hpgs(@) < p+£K1(5) - |7l - (69)
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Proof of Lemma 6.7: Let h be a A%density of P. We begin by proving (66). To this end, we
first observe that A4(B(z,0) \ {h > p}) < A4 (M, \ {h > p}) = 0, since P is normal at level p.
Therefore, we obtain

/ Ks(z — y) h(y) dXi(y) = / Ks(z —y) hiy) dXI(y)
B(z,0) B(z,0)n{h>p}

> p

/ Ks(z — y) di(y)
B(z,0)n{h2p}

o[ Ksla ) X). (70)
B(z,0)
and this leads to

bhes(w) = [ Kala =) hiw) ax'()

) =
> / Ks(z — y) dAd(y) + / Ks(x — y) hy) dA%(y)
B(z,0) RN B(z,0)

— p/ Ks(z —y) dX%(y) + ,o/ Ks(z —y) dX(y)
B(z,0) R4\ B(z,0)
— p/ Ks(z —y) d\%(y) + / Ks(z —y) h(y) dX*(y)
R\ B(z,0) R\ B(z,0)

2,0—,0/ Ks(z —y) d\Y(y),
R\ B(z,0)

where in the last step we used (15). In the case of a general density h the assertion now follows
from (16), and for a bounded density h and p < ||h|| the inequality (68) is a direct consequence
of (66).

To show (67) we first note that (2) yields

N(B(z.0)\ {h < p}) < N((RT\ M)\ {h < p})= N*({h = p}\ M) = 0.
Analogously to (70) we then obtain

/ K5(x — ) h(y) dx(y) = / Ks(z —y) hiy) dXi(y)
B(z,0) B(z,0)N{h<p}

< p/ Ks(z —y) d\%(y)
B(z,0)n{h<p}

= p/ Ks(z —y) d\(y),
B(z,0)

where for the strict inequality we used our assumption that K is strictly positive in a neighborhood
of 0. Adapting the last estimate of the proof of (66) we then find

hps(z) < p/ Ks(z —y) dX*(y) + / Ks(x —y) h(y) dX*(y)
B(z,0) R\ B(z,0)

= p/ Ks(z —y) dX(y) + p/ Ks(x —y) dA\(y)
B(z,0) R\ B(z,0)

—p / Ks(x —y) d\(y) + / Ks(z —y) h(y) d\(y)
R\ B(z,0) R4\ B(z,0)

<p+ / Ks(z —y) h(y) dXU(y).
R4\ B(z,0)
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Now, in the case of a bounded density h the inequality (69) follows from (16), while in the general
case the estimate

/ Ks(@—p)hy) ) < sup Ko —y) = 5 koo (3)
R\ B(z,0) yeRN\B(z,0)

leads to (67). O

Proof of Theorem 4.3: We begin by proving the first inclusion. To this end, we fix an z €
M;_Eg+€ =R\ (RI\ Myicye)t?°. This means z ¢ (R¥\ M,icq)t%, ie., for all 2/ € RI\ M, oy,
we have ||z — 2'|| > 20. In other words, for all 2’ € R? with ||z — 2/|| < 20, we have 2’ € M.,
i.e., we have found

B(x,20) C Mpjeye- (71)

Let us now suppose that there exists a sample x; € D such that hp s5(z;) < p and ||z — ;]| < 0.
By ||hps — hpslleo < € we then find

hps(zi) < p+e. (72)

On the other hand, ||z — z;|| < o together with the already shown (71) implies B(x;,0) C Mpicye
by a simple application of the triangle inequality. Consequently, (66) together with € > pr1(§)
gives hps(x;) > p + €, which contradicts (72). For all samples x; € D, we thus have hp s(x;) > p
or || — x;|]| > 0. Let us assume that we have ||z — z;|| > o for all z; € D. Then we find

hp.s(x Za dK( ) Za Koo($) = 0 oo (%) <

On the other hand, we have B(x,0) C B(x,20) C Mytcye and therefore (66) together with
€ > pr1(§) gives hps(x) > p+e. By ||hps — hpslle < € we conclude that hps(z) > p,
and hence we have found a contradiction. Therefore there does exist a sample z; € D with
|z — x;|| < o. Using the inclusion (71) together with the triangle inequality we then again find
B(x;,0) C Mpteye, and hence (66) yields hps(x;) > p+e. This leads to hp s(x;) > p, and hence
we finally obtain

S {l‘/ eD: hD&( /) >p}+o :LD,p

Finally, if & has a bounded density, then we have M, = () for p > ||h||« and therefore M2 et
Lp,p is trivially satisfied. Moreover, to show the assertion for p < ||| s, we simply need to replace
(66) with (68) in the proof above.

Let us now prove the second inclusion. To this end, we pick an x € Lp ,. By the definition
of Lp,,, there then exists an x; € D such that ||z — 2;]| < ¢ and hp s(x;) > p. The latter implies
hps(z;) > p—e.

Our first goal is to show that M,_._. N B(z;,0) # 0. To this end, let us assume the converse,
that is B(z;,0) C R*\ M,_._.. By (67) and € > 6 %k (%) we then find hps(z;) < p — e,
which contradicts the earlier established hps(z;) > p —e. Consequently, there exists an & €
M,_._c N B(x;,0), which in turn leads to

d(, Mp—c—e) < |lv = 2| <l =zl + || — 2| < 20

This shows the desired x € M +2§ .- Finally, to show the assertion for bounded densities, we

simply need to replace (67) Wlth (69) in the proof above. O

For the proof of Lemma 4.6 we need to recall the following classical result, which is a refor-
mulation of [22, Theorem 2.6.4].
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Theorem 6.8. Let A be a set of subsets of Z that has finite VC-dimension V. Then the set of
indicator functions G := {14 : A € A} is a uniformly bounded VC-class for which we have B =1
and the constants A and v in (22) only depend on V.

We also need the next result, which investigates the effect of scaling in the input space.

Lemma 6.9. Let G be set of measurable functions g : R4 — R such that there exists a constant
B >0 with ||g|lec < B for all g € §. For § > 0, we define g5 : R — R by gs(z) := g(x/5), v € RY
Furthermore, we write G5 := {gs : g € G}. Then, for all e € (0, B] and all 6 > 0, we have

St;pN(S,Lz(P),E) = SllleN(Sg,Lg(P),E),

where the suprema are taken over all probability measures P on RY.

Proof of Lemma 6.9: Because of symmetry we only prove “<”. Let us fix ¢, > 0 and
a distribution P on RY. We define a new distribution P’ on R? by P'(A) := P(+A) for all
measurable A C R%. Furthermore, let € be an e-net of G5 with respect to Ly(P’). For € := 6’1/5,

we then have |C| = |€'|, and hence it suffices to show that C is an e-net of § with respect to
Lo(P). To this end, we fix a g € G. Then g5 € Gy, and hence there exists an ' € € with
lgs — h'||Lo(py < €. Moreover, we have h := h) 15 € C, and since the definition of P’ ensures

Ep: fs = Epf for all measurable f : R? — [0, 00), we obtain

lg = hllLopy = 1195 — hsllLopry = 195 — Wl pacpry < €

i.e. Cis an e-net of § with respect to La(P). O

Proof of Lemma 4.6: The collection A := {z + B : z € R4} of closed balls with radius 1 has
finite VC-dimension by [4, Corollary 4.2] or [4, Lemma 4.1], respectively. In both cases, Theorem
6.8 thus shows that

§:={K(z—-):zeR}
there are constants A and v only depending on the VC-dimension of A such that

N (S, La(P), | K oce) = N(IK 159, Lo(P)., ) < <é>

€

for all e € (0, 1] and all distributions P on R?. Our next step is to apply Lemma 6.9. To this end,
we first observe that

/

96={K(x—5_1-):$€Rd}:{K(zpé_') :x/GRd}:5dﬂ<5.

Consequently, Lemma 6.9 leads to
sup N (K5, La(P), 5~ %) = sup N (87K, La(P), )
P P

-~ AK |0\
= SllleN(S,h(P),E) < <7>

€

for all € € (0, || K||oc]. A simple variable transformation then yields the assertion. O
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Proof of Lemma 4.7: We first observe that A C E is a compact subset of some Banach space F
and T : A — F is a a-Hdélder continuous map into another Banach space F' with Lipschitz norm
then, for all € > 0, we have

N(T(A), |- l7s | Tlae®) < N (A ] - llzy€)
where |T|, denotes the a-Holder constant of 7. In the following we fix a § > 0 with 0 <

(%)1/ “ diam.; (X) and a probability measure P on RY. For € X we now consider the map

kys: RY — [0,00] defined by

— T —
kps(y) = Ks(x —y) =0 dK( 5 y> , y € RY.

Since K is bounded and measurable, so is k; 5, and hence we obtain a map 7' : X — Lo (P)
defined by T'(x) := k; 5. Our next goal is to show that 7" is a-Holder continuous. To this end, we
pick z,2’ € X. A simple estimate then yields

() s (250

|T(z) — T(2)||oc = sup
yERd

< 5 OFDIK]g [lz — 2|,

i.e. T is indeed a-Hélder continuous with |T|, < 6~(@+9|K|,. By our initial observation and (24)
we then conclude that

N (K - 1 a(pys I TIa€®) = N(TX), | - la(p)s [ T]ac®)
SN(X - [losse) < C||.||(X)e_d

for all 0 < e < diam),|(X). A simple variable transformation together with our bound on |T'|,

thus yields
‘T’a d/a ’K‘a d/a
N(Ks, || | zopy €) < Cp(X) | —= < ()| Jora

€
for all 0 < ¢ < 5+ K|, diam,. (X). Since the assumed

1Ko

< () im0

implies
5 Ko < (diamy. (X)) "o~ T |k,
we then see that (25) does hold for all 0 < € < 6| K| oo- O

For the proof of Theorem 4.8 we quote a version of Talagrand’s inequality due to [1] from [19,
Theorem 7.5].

Theorem 6.10. Let (Z, P) be a probability space and G be a set of measurable functions from
Z to R. Furthermore, let B > 0 and o > 0 be constants such that Epg = 0, Epg? < o2, and
lglloo < B forallg € G. Forn>1, define G: Z™ — R by

1 n
G(z) :=sup |— Zg(zj) , 2=(21,...,2n) € Z".
g€§ anl

Then, for all ¢ > 0, we have

P”({zEZ” : G(2) 24EPnG+\/22—02+§}) <e .
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For the proof of Theorem 4.8 we also need [5, Proposition 2.1], which bounds the expected
suprema of empirical processes indexed by uniformly bounded VC-classes. The following theorem
provides a slightly simplified version of that proposition.

Theorem 6.11. Let (Z, P) be a probability space and G be a uniformly bounded VC-class on Z
with constants A, B, and v. Furthermore, let ¢ > 0 be a constant such that o < B and Epg? < o
for all g € G. Then there exists a universal constant C' such that G defined as in Theorem 6.10
satisfies

(73)

g

B AB > AB
EpnG < C <—” log 22 41/ Y% 1og —) .
n g n

We are now able to establish the following generalization of Theorem 4.8.

Proposition 6.12. Let X C R? and P be a probability measure on X that has a Lebesque density
h € Li(RY) N Ly(RY) for some p € (1,00]. Moreover, let % + Z% =1 and q := 2%, =1- % and
K :RY — [0,00) be a symmetric kernel. Suppose further that the set Ky defined in (23) satisfies
(26) for all § € (0,0¢], where 69 € (0,1]. Then, there exists a positive constant C' only depending
on d, p, and K such that, for alln > 1, all § € (0,8¢] satisfying §||h|h < 4P ||K || oo, and all ¢ > 1

we have

Cs C Clhls c }) )
P* (<D : ||hps—h < —1 1 >1—e°.
({ Ihps—hpslle.x) 5d 108 VAT +\/5d(1+1/p)n 08 sertda| )2 ) = €

Proof of Proposition 6.12: We define § :=1— 2%, =1+ ﬁ. Then K € Li(R?) N Loo(R?) leads
to

1K 2 < IE T NS = KIS -

=K r—
kps =20 5

and fy5:= ky 5 —Epkys. Then it is easy to check that Epf, s = 0 and || f5 slloc < 2|| K || o0~ for
all z € X and 6 > 0. Moreover, we have Epfgé < Epki s and thus

We further define

EPfg?,& =6 /]Rd K? <$ g y> h(y) dX(y)

1 /
< 57| & (22 o))
<o 2l ( [ 1) aigy)

1/p'
=5l (60 [ K@y axiin)

< 5D ||, | K |12
.
for all x € X and § > 0. In addition, for all D € X" we have

Epfug = 1 O Fal) = hog(@) — hs(a). (74)
i=1
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Applying Theorem 6.10 to G := {f, s : © € X}, we hence obtain, for all § >0, ¢ >0, and n > 1,
that

2 26| Allp | K 1128
Ihp,s — hpslle.x) < 4Ep~pnllhp s — hpslle. (x) + ol + T hgd /D)

(75)
holds with probability P™ not smaller than 1 — e™*. It thus remains to bound the term
Epepnllhp s — hpslle. x) = Epmpr sup [Ep fos] -
zeX
To this end, we first note that [Epkys| < ||kz.sllco = 6 ¢||K|lso =: Bs. Consequently, we have

Fs = {fw,(g T E X} - {kmﬁ —b: k‘m’g e Ks, ’b’ < Bg},

and since N ([—Bs, Bs],| - |,€) < 2Bse~! we conclude that for A := max{1, Ay} we have

sup N (F5, L2(Q), €) < 2

<A0HKHoo5‘(d+“)>” 1 [l o6~
Q

€ €

<2A”KH005—(d+a) >u+1
<

€

for all 6 € (0,dp] and all € € (0, Bs|, where the supremum runs over all distributions ) on X. Now,
our very first estimates showed || f; s|lc < 2Bs and Ep fi 5 < O'g and since o5 < 2Bjs is equivalent
to
/(2—260
5 < g IEIE 1K
1 [l

Theorem 6.11 together with 20 = 1 + 1/p thus yields

_ T .
2(’/‘1'1)||KH<>010 2A[| K| oo (4 1) |l |1 K [|ss /v o 2A[| K| oo
nod g og0dta 25d0+1/D)p, &) 7500+a

Epimpn sup|Ep fes| < C(
zeX

for such §. Moreover, we have

24 K || 24 K || 24| K||%
= =lo

lo = ’
& T godta §=d+1/0)2|| || K0 50 a T petda|p |,/

and hence the previous estimate can be simplified to

WK, 24|K||% Vb I K| 24K %
Eprwpn Epf.sl <C 1 I .
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Combining this with (75) gives

S e e
1hps = Ppslleax) < 4Epmpnllhs = heslleox) + 5 + \/ (/D)

: o .
go s, 2AIEIE R IET 24K
} nat T gl OUE I gorda )2

1+1
_£+¢mwwmm”

T 0 d1/p)
Cs ¢ Clhllps ¢
< —log + log
ndt = gudaln)y? Jﬁm”mn et}

with probability P™ not smaller than 1 —e™. O
Proof of Theorem 4.8: By Proposition 6.12, it suffices to find a constant C’ such that

ce ¢ Clihlys c ,. [Tl Nog 3T<
nod 108 5a+dq||hH;/2 \/5d(1+1/p)n 0g 5a+dq”h‘|;/2 = nSd1+1/p) (76)

1/2
To this end, we first observe that §¢+97 < % implies

C < 5—2a—2dq
go+dal| | *

)

and thus we obtain log W < (2a + 2dq)log 6~'. For C" := (2a + 2dq)C we therefore find
p
Cs C Clhlps c C"S 1o g1 ¢waw
— log —— 1 < 1 ——— " logd—1.
ndd ©8 5a+dq‘|h||11)/2 + \/5d(1+1/10)n 8 5a+quh||Il)/2 = nod 0go~ + nod(1+1/p) 0go
Moreover, it is easy to check that the assumption
logd] _ (11l
ndd/r’ — C"s
ensures that
Cre. \/ Cl[hllps | <
n(sd IOg 1) S W IOg 1) s
and from the latter we conclude that (76) holds for C’ := 2v/C”. The assertion now follows for
the constant C" := max{C,C’,C"}. O

6.3 Proofs for the KDE-Based Clustering in Section 5

Lemma 6.13. For all § € (0,e™'] and d > 1 we have §1°891|log §|?4—2 < g§llogdl—d
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Proof of Lemma 6.13: The derivative of the function h(J) := 612 4 1og § is given by

e 1o2vE—1
=5 ~5m

and from this we conclude that h has a global minimum at § = 1/4. Since h(1/4) =2—2log2 > 0,
we thus find |log 6| = —log d < §=1/2 for all § € (0,1]. The latter yields |log />4 < §=¢, and since
|log 8| > 1 for § € (0,e7!], we then obtain the assertion. O

Proof of Theorem 5.1: Let us fix a D € X" with ||hps—hps|e < /2. By (28) we see that the
probability P™ of such a D is not smaller than 1 —e™°. We define € := ||h||oc/1(§). In the case of
supp K C By, this leads to € = 0 5‘”%00(%) =0 < pg as noted after Theorem 4.3. Furthermore,
in the case of (14), Lemma 4.2 shows

€ = [[hlloorr(§) < 1Alloora(|Tog 8]?) < cd® volg €718 | log 5]~
< ed®volg §1'9891=d < ¢ /2|

where in the third to last step we used 0 < § < 1 and in the second to last step we used Lemma
6.13. In addition, we have

_ —d — 2 _
5 d’foo(%) SCé de | log 4| :Cé\logcﬂ d §€§po.

Consequently, Theorem 4.3 shows, for all p > pg, that

M, ?? C Lp, C M. (77)
i). The assertion follows from Theorem 3.2 applied in the case d = 20. Indeed, we have

just seen that (47) holds for all p > pg, if we replace § by §, and our assumptions guarantee
6 € (0, Sthick], po > p«, and ) ) )
T > 1/1(5) = 3Cthick67 > 2Cthickfw .

Moreover, (32) is a simple consequence of (77).

i1). Let us check that the remaining assumptions of Theorem 3.1 are also satisfied for 6 = 20,
if e* < (p** — p*)/9. Clearly, we have § € (0, dnick], € € (0,€*], and ¥(8) < 7. To show 7 < 7*(¢*)
we write

E:={ €(0,p —p:7%() > 7}

Since we assumed £* < 0o, we obtain E # () by the definition of €*. There thus exists an ¢/ € F
with &’ < inf F+¢ < ¢*. Using the monotonicity of 7* established in [16, Theorem A.4.2] we then
conclude that 7 < 7%(¢') < 7%(¢*), and hence all assumptions of [16, Theorem 2.9] are indeed

satisfied with ¢ replaced by 4. The assertions now immediately follow from this theorem. O
Proof of Corollary 5.2: Using Theorem 5.1 the proof of i) is a literal copy of the proof of [16,
Theorem 4.1] and the proof of i) is an easy adaptation of this proof. O
Proof of Corollary 5.4: Using Theorem 5.1 the proof is a simple combination and adaptation
of the proofs of [16, Theorem 4.3] and [16, Corollary 4.4]. O
Proof of Corollary 5.7: Using Theorem 5.1 the proof is a simple combination and adaptation
of the proofs of [16, Theorem 4.7] and [16, Corollary 4.8]. O

Proof of Theorem 5.8: The definition of €5, in (43) together with 4C2loglogn > C||hllw
ensures that (30) and (31) are satisfied for all § € A. In addition, the assumptions of Theorem 5.8
further ensure that the remaining conditions of Theorem 5.1 are also satisfied. Now the assertion
follows by some standard union bound arguments, which are analogous to those of the proof of
[16, Theorem 5.1]. O
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