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Abstract

A key goal in stochastic contextual lin-
ear bandits is to efficiently learn a near-
optimal policy. Prior algorithms for this
problem learn a policy by strategically sam-
pling actions but naively (passively) sam-
pling contexts from the underlying context
distribution. = However, in many practi-
cal scenarios—including online content rec-
ommendation, survey research, and clinical
trials—practitioners can actively sample or
recruit contexts based on prior knowledge of
the context distribution. Despite this poten-
tial for active learning, the role of strategic
context sampling in stochastic contextual lin-
ear bandits is underexplored. We propose an
algorithm that learns a near-optimal policy
by strategically sampling rewards of context-
action pairs. We prove instance-dependent
theoretical guarantees demonstrating that
our active context sampling strategy can im-
prove over the minimax rate by up to a factor
of V/d, where d is the linear dimension. We
show empirically that our algorithm reduces
the number of samples needed to learn a near-
optimal policy, in tasks such as warfarin dose
prediction and joke recommendation.

1 INTRODUCTION

In many applications, algorithm designers seek to
leverage reward feedback to develop contextualized
decision policies. For example, in healthcare, clini-
cal trial outcomes may be used to design medication
dosages adapted to patients’ demographics and health
conditions (Varatharajah and Berryl 2022; Wang and
Tiwari, [2025). Similarly, in recommendation systems,
user interaction data can inform content recommenda-
tions tailored to specific users’ preferences (Bouneffouf
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et al., |2012; |Tang et al., [2014). Personalized decision-
making might also aid in AI alignment to enhance lan-
guage models for use in domains like education, law,
or medicine (Liu et al., |2024; |Chen et al.| |2024]).

Conteztual bandits offer a natural framework to for-
malize such decision-making problems. In a contextual
bandit, we have a finite context set X’ and action set A.
Contexts are drawn from a distribution p € A%, (As
a shorthand, for any set S of size k, A® := A*, where
AF k-dimensional simplex.) Each context-action pair
yields a (possibly stochastic) reward r(x,a). In appli-
cations, contexts correspond, for example, to patients
or users, while rewards might reflect medical outcomes,
user engagement, or preference alignment.

In the exploration setting, or experiment design set-
ting (Zanette et al., [2021} [Krishnamurthy et al., 2023;
Deshmukh et al.| [2018; [Li et al.l [2022b)), the goal is to
design an exploration algorithm which observes sam-
pled rewards {r(zy,a;)}]_, of T context-action pairs
{(w¢,a¢)}]_; and uses these to learn a policy 7. We
measure the quality of 7 by its (simple) regret,

R(7) = max E[r(z, n(2))] - Elr(z, ()], (1)
where II := {7 : X — A} and expectation is taken
with respect to x ~ p and the stochasticity in r. To
design efficient exploration algorithms with theoreti-
cal regret bounds, prior works often consider the set-
ting where the rewards are generated by a noisy d-
dimensional linear model. This is called the stochas-
tic contextual linear bandits (SCLBs) setting (Zanette
et al. [2021; |Krishnamurthy et al. |2023; |Abbasi-
Yadkori et al. 2011} |[Deshmukh et al. |2018}; [Ruan
et al.l [2021}; Lattimore and Szepesvari, 2020)). These
works learn near-optimal policies for SCLBs by sam-
pling rewards of context-action pairs, where contexts
are sampled i.i.d. from p (what we call passive context
sampling) and actions are sampled strategically.

However, in several real-world applications, practition-
ers may already know the context distribution p and
can leverage the fact that p is known a-priori to strate-
gically select both observed contexts and observed ac-
tions for which to sample rewards. This approach
(which we call active context sampling) is naturally
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Figure 1: Active context sampling for contextual bandits.

motivated in the following examples, for instance:

e Clinical trial design: Clinicians typically pos-
sess prior information about patient demographics
and medical conditions. They can deliberately re-
cruit patients (contexts) with specific demographic
or medical attributes, such as rare diseases or partic-
ular genetic markers, and carefully select experimen-
tal treatments (actions) to administer. While tradi-
tional trials often aim to represent general popula-
tions based on surface-level features (e.g., age, gen-
der), incorporating genomic information or detailed
patient-treatment embeddings may provide new op-
portunities to structure trials more efficiently. This
might reduce experimental burden and enhance sta-
tistical power (Fowler et al., 2023; Deng et al. 2011}
Minsker et al., 2016).

e Consumer marketing: Marketing professionals
commonly have prior knowledge about the demo-
graphic profiles of their audiences. With this in-
formation, they can intentionally target consumers
(contexts) from underrepresented segments—for ex-
ample, individuals who rarely respond to traditional
advertising or those in niche market groups—and
craft tailored interventions (actions) for them.
By strategically selecting informative consumer-
advertisement pairs, marketers might decrease the
number of observations required to find effective
marketing strategies (Labrecque et al., [2021).

In such settings, one might hope that by jointly
optimizing the observed context and action pairs
{(z¢,a;)}E_; for which the rewards {r(z¢,a;)}l_; are
observed, an exploration algorithm may be able to
better leverage existence of context-action pairs that
disproportionately reveal useful information about the

reward model. Hence, in this work, we explore the fol-
lowing central question:

Can active context sampling reduce the sample
complezity needed to learn a high performing policy
for stochastic contextual linear bandits?

Now, one natural concern might be: does allowing the
exploration algorithm to choose both contexts and ac-
tions reduce the problem to a linear bandit or classic
active learning? This is not the case, because, while
the algorithm can select contexts and actions during
exploration, at deployment, the environment produces
contexts according to the distribution p. So, we re-
quire a context-dependent policy to achieve low regret,
and the problem does not directly reduce to a linear
banditE Our techniques do build upon prior literature
on active learning for regression, but our objective is
different. In active learning for regression, the loss is
measured by mean squared error, so continuous con-
vex optimization results (Frostig et al. 2015) apply.
In SCLBs, the loss measures the suboptimality of the
policy, which is a discontinuous loss and requires new
insights (see also Appendix [C])

Our contributions. Motivated by practical appli-
cations, we design an exploration algorithm which ac-
tively samples contexts and actions to learn a near-

optimal policy for an SCLB (See Figure )

LOne could treat each context as a separate linear ban-
dit; but, this would lead to sample complexities with linear
dependence on the number of contexts, which in general can
be huge relative to the feature dimension. In the SCLB lit-
erature, one seeks to avoid this linear dependence on the
number of contexts by leveraging linear reward structure.
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e We provide a polynomial-time active context sam-
pling exploration algorithm for SCLBs and prove an
instance-dependent regret bound for our algorithm.
We prove that our instance-dependent regret bound
matches the minimax-optimal rate in the worst-case.

e To demonstrate the power of active context sam-
pling we construct a class of SCLBs where our
instance-dependent regret bounds provably improve
by a vd-factor over the state-of-the-art rates ob-
tained by prior polynomial-time algorithms.

e We support our analysis with numerical experiments
on warfarin dose prescription and joke recommenda-
tions. These show our method requires fewer sam-
ples to learn a good policy, compared to baselines.

2 RELATED WORK

An SCLB is a tuple B = (X, A, ¢, p,v,0*). Here, X is
the context set, A is the action set, ¢ : X' x A — Rio
is a known d-dimensional feature mapping, and
p e A% is a known context distribution. We also
have a 1-subgaussian noise distribution v over R
and unknown linear parameter 8* € R% Rewards
are modeled as a noisy linear function in the fea-
ture mapping, i.e. r(z,a) ~ ¢(x,a)’0* + n where
n ~ v. We assume that the problem is nor-
malized so that max(, . ecxxallé(z,a)] < L and
max(, q)ex x4 E[r(z,a)] € [0,1], where [|-|| is the /o
norm. To ensure well-posedness, we assume the fea-
ture mapping is full-rank, i.e., span({¢(x,a)}) = R%.
For SCLBs, note that the regret simply reduces to
R(7) = E [max¢(z,a)’ 0* — é(z,7(z))"0*]. (2)
z~p acA
Exploration algorithms for SCLBs are well-studied
(Zanette et al) [2021; Krishnamurthy et al., [2023
Deshmukh et al, 2018; [Ruan et al., 2021} [Li et al.
2022bf). All of these prior works design algorithms
which use passive contert sampling. In particular,
[Zanette et al| (2021)) introduced two polynomial-
time algorithms, reward-free LinUCB (RFLinUCB)
(adapted from the LinUCB algorithm of
[Yadkori et al| (2011)) and the Planner-Sampler al-
gorithm. Both algorithms use T reward observa-
tions {r(z¢,a;)}~; to learn a policy # such that
R(#) < O(\/dB/T) with high probability[?] Here, 8
is a parameter, which under mild assumptions satis-
fies /B = O(V/d) (defined formally in Lemmal[3.1} (3)).
This rate is minimax-optimal (up to polylogarithmic
factors) (Zanette et al., [2021} |Chu et al.| |2011[)E|

Inspired by practical applications where active context
sampling may be beneficial, our work focuses on lever-

20(-) hides polylogarithmic factors in d,1/8 and L.
3This rate remains minimax optimal, even in the setting
where contexts are sampled actively, as we discuss further

in Appendix

aging the power of active context sampling to develop
a polynomial-time algorithm with tighter instance-
dependent-regret bounds. also stud-
ied instance-dependent regret bounds for SCLBs; how-
ever, their algorithm again uses passive context sam-
pling and requires exponential time. Thus, it does not
lend itself well to practical applications. We discuss
further in Section and Appendix@
An orthogonal line of work studies algorithms mini-
mizing the cumulative regret, for SCLBs; however this
is not directly comparable to our exploration setting
(see (Lattimore and Szepesvaril [2020; |Abbasi- Yadkori|
et al., [2011)) and Appendix [B.4] for further discussion
of the cumulative regret versus simple regret setting.)

SCLBs are a type of linear Markov Decision Process
(MDP) with effective horizon 1, where contexts are
the MDP states. [Wagenmaker and Jamieson| (2022));
[Wagenmaker et al.| (2022) obtain instance-dependent
rates for MDPs, but neither considers actively sam-
pling states/contexts, and their algorithms are com-
putationally hard to implement. Wang et al. (2021)
and |Gheshlaghi Azar et al. (2013)) consider MDPs in
the generative model setting, where states are sampled
actively but rewards are known a-priori. The SCLB
problem is t¢rivial if rewards are known a-priori.

Our work is related to experiment design and active
learning (Pukelsheim) 2006; [Settles, [2009; Rodemann|
let all, 2024} |[de Campos Silva et al., [2023]). Most re-
lated is work on active learning for regression (Chaud-
lhuri et all [2015) and G-optimal experiment design
for linear bandits (Pukelsheim)| [2006} Lattimore and
\Szepesvari, 2020). |Chaudhuri et al.| (2015) design ac-
tive learning methods for maximum likelihood estima-
tor (MLE) problems such as ridge regression, but their
approach and analysis crucially relies on the differen-
tiability of the MLE objective and classic statistical
bounds for MLEs. SCLBs do not satisfy these assump-
tions: learning a near-optimal policy for an SCLB is
not an MLE problem, and the objective is not
even differentiable due to the max over a € A. To
overcome this, we design an algorithm which combines
techniques from ridge regression and G-optimal design
with a careful matrix-concentration analysis to prove
our theoretical guarantees.

We are unaware of prior work on active context sam-
pling for SCLBs. There has been work on active learn-
ing for other contextual decision making models.
et al| (2019)); ILi et al.| (2022a); Kirschner et al.| (2020

studied contextual Bayesian optimization, where the
reward is modeled as a Gaussian process (instead of a
linear reward). Their guarantees are weaker, requiring
either super-linear dependence on the context-action
space (Char et al., 2019), or explicit dependence on

the dimension d (Li et all 2022a). Lastly, M

(2024)) studied active context sampling in a preference
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framework with a Bradley-Terry-Luce reward model.

Minsker et al.| (2016 studied active context sampling
in the context of clinical trials. However, they make
several assumptions on the setting which are specifi-
cally motivated by filtering in ongoing clinical trials.
In particular, they assume binary actions and that the
policy given a patient (context) samples uniformly at
random over the two actions. Hence, their work does
not yield improved regret bounds in our setting.

3 APPROACH OVERVIEW

Our goal is to design a way to sample rewards of a
set of context-action pairs {(x¢,a;)}_, so that the
resulting dataset of rewards {r(z¢,a;)}7_; allows us
to learn a near-optimal contextual policy 7. This 7
would be used for future deployment, when contexts
are sampled from a known distribution p (recall Fig-
ure [1} see Figure [4}) In this section, we fix A > 0 to
be a regularization parameter, 7' > 0 to be a sample
budget, and B = (X, A, ¢, p, v,0%) to be any SCLB. In
the main body, we assume the context distribution p
is known, in order to inform active context sampling.
Appendix [B-]] relaxes this requirement, allowing p to
be replaced by an approximate context distribution, p.

Notation. We use [n] to denote the set {1,...,n} and
Il to denote the Euclidean norm (if applied to vec-
tors) or the spectral norm (if applied to matrices). We
use [v]; for the i-the entry of v € R%. We use =, =
for the Loewner ordering: A € R%*? satisifes A = 0
(A > 0) if and only if A is positive semi-definite (pos-
itive definite), respectively (see Lemma ) For any
A= 0and 2 € R%, we denote ||z| 4-1 := (xT A= z)1/2.
For any set S € X x A, we define the covariance
matrix Xg := A + Z(z,a)es é(z,a)p(r,a)". For any
we AYA et B, = NTI4E(g 0w ¢(2,a)0(, a)’
denote the w-weighted covariance matrix of the fea-
ture mapping ¢. We also denote the T-sample empir-
ical covariance matrix as follows f]w,T = NT- -1+
T e (e, as)p(zs,a;) " where (x4, a;) ~ w i.i.d.

We first restate a standard result from the SCLB liter-
ature: the next lemma bounds the regret of a learned
policy obtained by fitting a ridge regression model to
dataset S (Lattimore and Szepesvari, 2020) and is the
basis for prior works which obtain polynomial-time
algorithms with minimax-optimal regret for SCLBs
(Zanette et al. 2021} |Abbasi-Yadkori et al., 2011])).

Lemma 3.1 (Ridge regression regret bound). Let A >
0 be a regularization parameter, S = {(x¢,as) }repr) C
X X A, and 6 € (0,1) be a failure probability. For
each t € [T], let ry ~ ¢(xy,ar) T 0* +m; where each
ni~v, independently. Let 6 solve the ridge regres-
sion problem, i.e., 0 = 251 Zte[T] o(x, ap)ry and

1= o — argmax, 4 ¢(z, a)T6. Moreover, define

\/B := 2min (2\/5 \/log(1277_25_1T2 | X[ [A]),
Vd log26-1(1 + TL2/))) + \fAII@*H)

and the uncertainty measure

0(8) = E max|(z,a)l .. (4)

z~p a€A

Then, with probability 1 — §/2, R(7) < /BT(S).

The uncertainty measure quantifies how the design
of the dataset S influences the regret bound when us-
ing ridge regression to learn a policy 7. Prior works
(Zanette et al., 2021; |Abbasi-Yadkori et al. [2011)
design algorithms (RFLinUCB and Planner-Sampler)
which construct a set S by passively sampling contexts
x¢ ~ p and strategically sampling actions a; ~ ()
(where each m; € A“) such that with high probability,

I'(S) = E max|é(x,a)

JE max 522 <O@/T).  (5)
Zanette et al.[(2021);|Abbasi- Yadkori et al.|(2011]) then
essentially instantiate Lemma to obtain an overall
regret bound of O(1/fd/T'), which is minimax-optimal
(Zanette et al. [2021; |Abbasi- Yadkori et al., 2011} |Chu
et al.}|2011)). Interestingly, our next result formalizes a
sense in which the uncertainty bound in is tight if
one restricts to constructing the dataset S by passively
sampling x; ~ p (passive context sampling) regardless
of how the actions a; are chosen.

Theorem 3.2. For each t € [T], let 7, : X — A4
be arbitrary. Let S = {(x1,01),..., (z7,a7)} C X x A
such that for each t € [T], x ~ p and ar ~ w(zs).
Then, as A — 0, Eg[I'(S)] > d/T.

Despite this obstacle, hope remains that active con-
text sampling—strategically sampling the contexts z;
when constructing S—might allow us to leverage the
structure of a given SCLB B to obtain a more fine-
grained, instance-dependent analysis than the stan-
dard minimax-optimal O(1/8d/T) bound. In partic-
ular, we aim to design an algorithm that leverages
the existence of any disproportionately informative
context-action pairs (x,a) € X X A to obtain instance-
dependent regret bounds as low as O(y/3/T) in the
best-case and at most O(y/Bd/T) in the worst-case.

Given Lemma [3.3] one natural approach towards this
goal is to construct S so that is as small as pos-
sible. In particular, we might hope to find the opti-
mal $* = argming v, 4, sj—7 I'(S). Sadly, this is NP-
hard (Civril and Magdon-Ismail, |2009; Welch) [1982).
Nonetheless, we can consider a natural fractional re-
lazation, wherein we seek an optimal sampling distri-
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bution w* (with objective value Cg) defined as follows:

w* ;= argmin E max||¢(x a)
acA

131
WEAX XA TP a Dw

C = |ll 1 E

Theorem shows that @ can be expressed as a
semi-definite program (SDP), enabling a polynomial-
time solution! Intuitively, if we could “fractionally”
sample context-action pairs, then T - w*(z,a) is the
optimal “fraction” of context (x,a) that should be in-
cluded in S. A fractional sampling procedure is not im-
plementable, but we can simulate it: for each t € [T,
let (z¢,a:) ~ w* i.i.d. For large T', we expect:

||E_1

e (7)

I'(S) = m]E meax||¢>(z a)?
~ L ]Epmax”gb(z a)|| 1 :CB/T.

If (7) holds, Lemma implies a regret of
O(+/CzB/T). The next section formally converts the
intuition laid out here into a polynomial-time algo-
rithm (Algorithm([I]) achieving a regret of O(\/CsB/T).
Further, we show the instance-dependent quantity Cp
can be as low as O(1) (indicating that our result can
improve the regret bounds of Planner-Sampler and
RFLinUCB by up to a v/d factor) and that Cp is at
most d (ensuring our algorithm is minimax-optimal.)

4 MAIN RESULT

Algorithm [I] essentially implements the approach in-
troduced in Section [3| (up to some technical details.)
Line [l computes a distribution ¢ that approximates
the G-optimal distribution g*, defined as follows:

Theorem 4.1 (Theorem 21.1 of (Lattimore
and Szepesvari, [2020), restated). Suppose that
q* 1= argminge o x x4 Max(y, a)e;chHd)(z a)l-

Then max(s.ayesex Al 0] 5 = .

There are various polynomial-time algorithms to find ¢
which is a 2-multiplicative approximation to ¢* in the
sense of Line [1] (e.g., Franke-Wolfe or an SDP solver;
see Chapter 21 of [Lattimore and Szepesvari (2020)).

Second, in Line [2| for given constant « € [0,1], the
algorithm computes a distribution w, which approxi-
mates an “a-smoothed” version of w* (denoted w*):
w* = argmin E maxHqﬁ(:c a)H;;l
WEAX XA TP a€ (8)

st. w(z,a) > a-q(z,a), V(z,a) € X x A

The optimization problems for w* and w* @ differ
only in the constraint that w* dominates aq. This
constraint is for a technical reason—it ensures w* is

well-conditioned with respect to the feature mapping
so that finite-sample matrix-concentration arguments
hold. Fortunately, as the next lemma shows, the objec-
tive values attained by w,w*, and w* are all close; so
we can replace w* with w in the approach of Section [3]
at the cost only constants in sample complexity.

*

Lemma 4.2. Let w*, w*, and w be as in @,
8), and Line@ Then, Eznpmaxeeald(z,a)|? 1 <

2E;p Irla)((ze,¢l|\(;5(:13,a)||22,i <2/(1-a)-Cs.
Theorem proves that (8) can be expressed as
a semi-definite program (SDP). The proof leverages
properties of Schur complements (Lemma ) SDPs
can be solved to high accuracy in polynomial time
(e.g., Jiang et al.| (2020)). Thus, one can compute a w
satisfying Line [2| in polynomial time. There are also
many practical, open-source solvers (e.g., Goulart and

Chen| (2024)). We used MOSEK (see Appendix [E])

Finally, the algorithm draws 7" i.i.d. samples from w
to construct S, performs ridge regression, and outputs
a policy using the procedure of Lemma

We prove Algorithm [If has the following guarantee.
Theorem 4.3. Let B= (X, A, ¢,p,v,0%) be an SCLB,
A >0, € (0,1), and T > 0 be a sample budget.
Invoke Algomthml with a < 1/2. Let B be as defined
in (). There exists Ty = O(d?) so that whenever T >
Ty, with probability 1 — 9, Algorithm[1] outputs & with
R(%) < O(\/BCr/T). This regret bound is at most
O(\/Bd/T). The algorithm runs in polynomial time.

Proof sketch. Given Lemmal[3.1] to prove Theorem [4.3]
it suffices to show that for S as constructed in Line
the following holds with high probability:

2
= 18 1 < .
T(S) IIEP aea}HqS(x,a)st <8C/T

We prove this bound in three stages. First, by con-
struction of S in Line ES =T, T Invertlng both
sides, we have TZS = Z Second we use matrix
concentration guarantees Tropp (2012) to show that
for T sufficiently large, with high probability,

TS5 =3, 2 2-3,0 (9)

This concentration argument uses that ¢ is con-
structed to be well-conditioned to the features, in
that max(, qo)cxxallo(z, a)||E . < 2d and that X, =

1/2- %, (since w dominates q/2 ) Thus, we have that
for any (z,a) € X x A,
TH(b(.’IJ, CL)H;71 =T- ¢($7 a)T(ES)_1¢(x7 a)

<2-¢(z,a) S, o(x,a) = 2 [[é(x, a)l[5:.

Third, applying expectation and max to the above dis-
play, and then invoking Lemma [4.2] we conclude

2 2
T E maxo(e )|} <2 E maxo(a, )l < 8Cs.
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Figure 2: Visualization of B3 ,. In context z = 1 any action is optimal. Only a = 1 is optimal in x = 2. As
p(1) > p(2), passive context sampling repeatedly encounters x = 1, and hence require many samples to learn
the best policy. Active context sampling upsamples = 2 to learn the best policy more efficiently.

Thus, I'(S) < 8Cp/T as desired, and Lemma
yields the regret bound R(7) < O(y/8Cg/T). Fi-
nally, to show that Cgp < d, we let ¢* be
the G-optimal design as in Theorem Then,
we see that Cp < E,upmaxeealld(z,a)lf, <

2 a*
maX(z a)exXx.A ||¢(:Caa)||2—*1 =d. U

Next, we highlight some advantages of Algorithm

e Choice of a: The choice & = 1/2 in Theorem
is purely to enable a finite-sample matrix concentra-
tion analysis in the proof. In theory, any constant
a € (0, 1) would suffice for the analysis to go through
(at the cost of constants in the sample complexity).
In practice, we find even @ = 0 works well and avoids
computing ¢q, so we set a <— 0 in experiments.

e SDP approximation: The theoretical analysis
only requires a 2-multiplicative approximation to w*
in Line [2] but in practice, SDPs can be solved to
high accuracy. Tighter approximation would lead to
tighter constants in our regret bound. Consequently,
in experiments, we solve the SDP to convergence.

e Batching: Fort € [T], Algorithmqueries rewards
for {(@, at)}eer) drawn iid. from w in Line Im-
portantly, the ¢-th pair (z;,a:) is not dependent on

Algorithm 1: Active-SCLB

Input: SCLB B = (X, A, ¢,p,v,0%), A >0,
T € Z~¢, smoothing parameter « € [0, 1].

// Compute smoothing distribution ¢ (using

Franke-Wolfe or an SDP solver)
Find ¢ € AY*4 st.  max z,a)|?2_, <2d
q mas loa)l? <

// Compute a 2-multiplicative approximation of the
solution to using an SDP solver
Compute w € AY*A st. w(x,a) > aq(z,a) for all
(r,a) € X x A, and

2 2
JE max|o(,a)lf s <2 E maxl|é(e, a)llf,

// Ridge regression

3 S+ {(x1,a1), ..., (x7,ar)} with (x4, a;)~w i.id.
4 For t € [T] sample ry « r(x¢, ar)

0 x5! >oter) O(@e, a)r

return: 7(z) < x > argmax,c 4 ¢(x,a)’ 0

the history {(z;,a;)}jer—1). This ensures the re-
ward observations can be parallelized. Hence, our
algorithm falls under the batch-learning paradigm
in active learning |Gentile et al.| (2024) and non-
adaptivity paradigm in SCLBs Zanette et al.| (2021)).
This is important in settings where each reward re-
quires long observation horizons. For example, in
drug trials, it may be infeasible to run trials on one
subject at a time to inform selection of the next sub-
ject, so parallelizing reward observations is essential.
e Robustness to approximation of p: Theo-
rem [4.3|assumes the context distribution p is known
exactly. However, in some applications, the context
distribution p is only known approximately, i.e., one
replaces p in Algorithm [1] with p ~ p. In appli-
cations, p might be the empirical distribution from
a historical dataset of sampled contexts. Building
such a p only requires context data (no reward data),
which we believe is available in many applications.
Theorem [B.I]in Appendix [B]|shows that the theoret-
ical guarantees of Algorithm [I|are robust to approx-
imation of p in the sense that they decay smoothly
with the total-variation distance between p and p.
This enables, for example, the following corollary.

Corollary 4.4. Let B = (X, A, ¢,p,v,0%) be an
SCLB, A >0, 6 € (0,1), and T > 0 be a sample bud-
get. Suppose that p is unknown but that one has access
to M = O(|X|d?*e¢?) historical iid samples from p.
Let p be the empirical context distribution constructed
from these M samples. Let B = (X, A, o,p,v,0%) be
the corresponding approzimate bandit instance and 3
be as defined in (B)). There exists Ty = O(d?) so that
whenever T' > Ty, with probability 1 — &, Algorithm
outputs 7 such that the regret evaluated on the true
bandit instance B satisfies

R(7) = z@p[gleaj(r(x, a) —r(z,7(x))]

<O(VB-(Cs+)/T).
Moroever, the algorithm runs in polynomial time.
5 ACTIVE VS PASSIVE SAMPLING
We now demonstrate that the instance-dependent

bound in Theorem [£.3] leads to quantifiably improved
performance on an instance-dependent basis. We de-
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scribe the following family of SCLB instances (param-
eterized by A and d) where active context sampling
(Algorithm [1) achieves improved regret bounds com-
pared to the minimax rate. This instance is adapted
from the hard instance for passive learning in maxi-
mum likelihood estimation (Chaudhuri et al., [2015).

Definition 5.1. Let d € Z>g,A € Z>1. Let B 4, =
(X, A, ¢,p,v,0%) be an SCLB with X = [d], A = [4],
v =N(0,1) and ¢, p, 0* as follows, where ¢; is the i-th
standard basis vector and 1 is the indicator function:

)= Aa=1+er Lo, [0 =1[i£1],
p(x)=(1—(d—1)/d*) 1z = 1]+ 1/d* - 1]z # 1].

Figure [2| provides a visualization for A = d = 2.
This SCLB has one high-probability context z = 1
and (d — 1) low-probability contexts. The high proba-
bilty context always reveals 67, which is 0. Any algo-
rithm can only learn about high-reward actions when
it queries a context z # 1. If an algorithm passively
samples contexts, this happens rarely (only with prob-
ability roughly 1/d.) On the other hand, an active con-
text sampling algorithm can actively upsample these
rarer contexts in order to gain information about 6*’s
remaining (d — 1) coordinates—allowing it to more ef-
ficiently determine the best action to select for these
contexts. This suggests that active context sampling
should perform well on B} ,. We formalize this by
showing CB;A is independent of d, \, | A| as follows.

Lemma 5.2. For any d € Z~o, A € Z>1, Cp; , < 4.

Thus, on Bg, 4 Theorem gives a regret bound
of O(y/B/T). In contrast, prior polynomial-time
algorithms (RFLinUCB and Planner-Sampler) pas-
sively sample contexts and only guarantee a bound of
O(+\/Bd/T), which is worse by a factor of v/d (Zanette
et all [2021)). This illustrates a concrete case where
our result can be stronger than prior work by up to a
Vd factor! We validate this improvement empirically
in Section @ Appendix shows this v/d improve-
ment persists even if p is unknown but approrimated
from roughly ©(d?) i.i.d. context samples from p.

Adaptive sampling SCLB bounds. |Li et al.
(2022b)) use passive context sampling with a data-
adaptive exploration policy to obtain instance-
dependent rates, which, in some cases might be
tighter than Theorem [4.3] Their algorithm uses pas-
sive context sampling to strategically sample actions
with a large reward gap data-adaptively. In other
words, |Li et al.| (2022b) extends prior work on data-
adaptive best-arm identification for stochastic non-
contextual bandits to stochastic contextual linear ban-
dits (SCLBs). However, to our knowledge there is no
polynomial-time implementation of [Li et al.| (2022b))’s
data-adaptive algorithm. Motivated by applications,
our focus is on designing polynomial-time algorithms.

Nevertheless, introducing active context sampling
provably still improves the passive-learning data-
adaptive sampling algorithm in (Li et al.|2022b)! Ap-
pendix [D] presents a data-adaptive active context sam-
pling analog of [Li et al.| (2022b))’s exponential-time al-
gorithm and proves this would improve over the regret
bounds attained in |Li et al.| (2022b)—in particular,
on the class of SCLBs proposed in Definition [5.1] our
active-context sampling variant of [Li et al. (2022b)’s
original passive-context sampling algorithm tightens
the resulting bound by a factor of v/d—just as we find
for our polynomial-time algorithm. While we omit this
analysis in the main body (as our focus is on tractable
algorithms) our results highlight that active context
sampling has the potential to strengthen contextual
bandit algorithms more broadly.

6 NUMERICAL EXPERIMENTS

We implement our exploration policy (Algorithm
with « + 0 (denoted Active-SCLB). We compare
Active-SCLB to RF-LinUCB (Zanette et al., 2021;
Abbasi-Yadkori et al.l [2011) and the Planner-Sampler
method of [Zanette et al. (2021). We also compare to
a third baseline (Passive-SCLB), which is a natural
passive learning analog of our Active-SCLB, where in
Line [2| we enforce additional constraints to force the
contexts to be sampled passively from p.

Additional details explaining these choice of baselines
are in Appendix [E| where, for example, we explain
why RFLinUCB is a fairer comparison than LinUCB.
Using each method (Active-SCLB and baselines) we
collect a dataset of T' samples and train a policy using
ridge regression (recall Lemma and examine how
the regret defined in decays with T

All experiments were performed on a CPU machine
with 12 cores and 36 GB RAM. We use MOSEK as
our numerical SDP solver. Further detail about the
experimental setup can be found in Appendix [E] Code
to reproduce experiments is linked in Appendix [A]

Synthetic experiments. We first study the syn-
thetic SCLB instance B} 4 in Definition We fix
A = le—6 and vary d in the first three columns of
Figure The top row shows the regret gap between
Active-SCLB and baselines is more pronounced as d
grows. This is consistent with the O(v/d) theoreti-
cal gap between the regret bound of Active-SCLB and
other methods, as dicussed in Section [f} The bot-
tom row demonstrates that the baselines need far more
data to match the performance of Active-SCLB at a
given sample budget.

Real-world data. Next, we evaluate our method
on two real-world datasets, Warfarin and Jester. For
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these real-world datasets, we also report the regret
of a naive baseline, which is the regret of the naive
policy that selects the same action for each context
(Tnaive(2) = argmax, ¢ 4 By np (2, a) for all z € X).
This baseline performs poorly, which certifies that
on these real-world datasets, the contextual infor-
mation is useful. To realistically model real-world
settings where context-action pairs would generally
be drawn without replacement, for these real-world
datasets we (slightly) modify each of the methods to
sample context-action pairs without replacement (us-
ing rejection sampling) when reporting our results.

For Warfarin, we use the Warfarin Pharmacogenetics
Consortium dataset in the warfit-learn package, which
is a cleaned clinical dataset of 5650 patients taking
the blood thinner warfarin |(Consortium, (2009)); Truda
and Marais| (2021) (after removing duplicates). Each
patient is associated with 31 features corresponding
to demographics and health history. The task is to
select the best dosage (action) of {“low”, “medium”,
and “high”} for a given patient (context), correspond-
ing to 3 actions and 17,223 context-action pairs. The
right dosage is patient-specific and challenging to de-
termine; too high a dose may cause internal bleeding
but too low a dose may cause blood clots (Consortium,
2009} [Truda and Marais| |2021)). We model the context
distribution p as uniform over contexts. The reward
of a context-action (patient-dosage) pair (x,a) is +1
if the dosage is correct (0 otherwise). The regret of a
(dosage) policy is the fraction of patients mis-dosed.

For Jester, we use the cleaned version (Kong et al.|
2020) of the Jester dataset |Goldberg et al.| (2001)),
which contains ratings of 48,447 users on 100 jokes (we
subsample down to 2,000 users to keep experiments
tractable.) Similar to Kong et al.|(2020), we hold out
the top 5 “gold” jokes with the highest average ratings.
For each user, we create a 30-dimensional feature vec-
tor by multiplying their 95-dimensional feature vector
of joke ratings (for the remaining jokes) with a 95 x 30
matrix whose entries are iid A(0,1) and applying a
sigmoid to each of the resulting 30 values. The task is
to predict the best “gold” joke (action) for each user
(context), resulting in 10,000 context-action pairs. We
model p as uniform across contexts. The reward of
(x,a) is the user a’s rating of gold joke a.

If k£ users have the same rankings, then they would
have the same 95-dimensional feature vector, and the
implicit effect, in our implementation, is that context
is up-weighted by a factor of k in the effective context
distribution, since we assume that is uniform over the
original possibly duplicated users. However, our algo-
rithms and experiments continue to work, since there
is no assumption that different contexts must have dif-
ferent feature vectors.

Th right two columns of Figure [3| show results for
A = le-6. The top row shows Active-SCLB consis-
tently outperforms baselines. The bottom row shows
that on Warfarin, Active-SCLB often requires 5,000
fewer samples to achieve similar regret to the base-
lines; meanwhile, on Jester, it sometimes requires
1,500 fewer samples.

Runtime. Active-SCLB and Passive-SCLB have a
runtime overhead to initialize a sampling distribution,
but after this initial runtime overhead, sampling values
from this distribution is fast even if |X| is large and in
particular, the reward sampling can be done in parallel
(Zanette et all 2021). RFLinUCB has no initializa-
tion overhead because it sequentially selects the next
action, depending on the past. However, each sample
must be implemented sequentially, so its complexity
scales like 7' x R where R is the time to collect a single
reward observation. Thus, while RFLinUCB has low
overhead and is computationally cheap, its practical
application can be slow in settings where each reward
observation takes time (e.g., clinical trials, educational
interventions, world simulations etc.), i.e., when R is
large. As (Zanette et al.| [2021)), this is a key consider-
ation which is not captured in pure numerical simula-
tions, where R is artificially small.

In Appendix we report runtime (minutes) on
Warfarin.  Initialization overhead of Active-SCLB
is slightly higher than Passive-SCLB and Planner-
Sampler due to its added complexity. RFLinUCB has
no initialization overhead and is the fastest; however,
Active-SCLB consistently achieves lower regret (see
Figure 1 of our paper.)

Experiments with approximate p. To evaluate
our results in the setting where p is only known ap-
proximately, in Appendix we run additional ex-
periments on Warfarin and Jester, where we mod-
ified Active-SCLB to replace p with p, where p is
the empirical distribution constructed from |X'|/4 ran-
dom contexts (denoted Active-SCLB-Empirical.) We
find that Active-SCLB-Empirical is sometimes slightly
worse than Active-SCLB but performs similarly over-
all and consistently outperforms baselines. Baselines
require significantly more samples for the average re-
gret to match that of Active-SCLB-Empirical.

Varying regularization parameters. In Ap-
pendix we include additional experiments ablat-
ing the effect of the choice of regularization parameter
A on our results. Overall, we find that our results are
largely consistent across different scales of A.
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Figure 3: Numerical experiments: first three columns show synthetic results on Bj ;, (Definition for d €
{5,10,50}; last two columns show real-world datasets (Warfarin, Jester). Top row: Regret vs. number of samples
(mean + 2 standard errors over 100 trials). Bottom row: Minimum samples required for baselines’ mean regret
to match Active-SCLB’s mean regret. The naive baseline has regret 0.382 (Warfarin) and 0.219 (Jester).

7 DISCUSSION

We present an active context sampling algorithm for
SCLBs. We prove an instance-dependent regret guar-
antee which in the worst-case, matches the minimax-
optimal rate and in the best-case is up to a v/d-factor
tighter than comparable works [Zanette et al. (2021));
|[Abbasi-Yadkori et al| (2011). We validate our theo-
retical analysis with empirical results illustrating the
benefits of active context sampling in SCLBs. We hope
our work provides useful techniques for future research
on the role of active sampling in contextual learning.

We acknowledge two limitations in our work, which we
hope will motivate directions future research. First,
works on SCLBs often make a linear realizability as-
sumption (Zanette et al. [2021} |Abbasi-Yadkori et al.|
2011). However, on the Warfarin and Jester datasets,
our experiments show that Algorithm [T] performs well
even though we expect the true reward models are
nonlinear. This suggests our procedure can perform
well empirically even if the problem is misspecified
as an SCLB. Thus, extending our techniques to more
complex reward models (either empirically or theoret-
ically) would be interesting avenues for future work.

Another limitation in our work is that although SDP-
solving is fast for moderately-sized SDPs, SDP-solving
could be expensive in massive context-action spaces.
On Warfarin and Jester, our experiments show that
our method easily scales to at 15,000 context-action

pairs. On both datasets, we find that SDP solving
takes < 1 hour. To scale to massive problems, prac-
titioners might explore GPU-accelerated SDP solvers
(Fujisawa et all 2012} [Lin et all [2025) or experi-
ment with heuristic approximations of Line 2| (e.g.,
sub-sampling context-action pairs prior to solving the
SDP). While we conjecture it is nontrivial to provide
theoretical guarantees for such heuristics, exploring
heuristic active context sampling techniques may be
valuable direction for empirical researchers.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes; please see Sections 2-5.]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes; we explicitly bound the runtime and
sample complexities of our method.]
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(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes; we include a link to
anonymized source code in the appendix.]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes; assumptions are
clearly stated in Sections 2-4.]

(b) Complete proofs of all theoretical results.
[Yes; these are in the appendix, with a proof
sketch in Section 4.]

(c) Clear explanations of any assumptions. [Yes;
we discuss this in Sections 2-5.]

. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes; this is detailed in the appendix
and link to code.]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes;
this is detailed in the appendix and link to
code.]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes; please see captions for
Figure 3 and explanation in Section 6.]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). [Yes; please see the be-
ginning of Section 6.]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes; we cite existing assets ap-
propriately.]

(b) The license information of the assets, if ap-
plicable. [Yes; we cite the version of assets
used. |

(¢) New assets either in the supplemental ma-
terial or as a URL, if applicable. [Yes; we
provide a link to code.]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A ORGANIZATION OF APPENDIX SECTIONS

We briefly provide an outline of the contents in this appendix. In Appendix [B| we discuss how some of the SCLB
modeling assumptions in the main body can be relaxed to still yield interesting results. In Appendix[C|]we include
a helpful visualization to compare our setting of active context sampling for contextual bandits with prior work
on linear bandits, passive context sampling for contextual bandits, and traditional active learning for regression.
In Appendix [D] we discuss additional theoretical findings, including an active context sampling version of the
data-adaptive ContextualRAGE algorithm proposed in [Li et al| (2022b). In Appendix [E| we discuss additional
implementational details, including additional experiments on Warfarin dosage and Joke recommendation with
different values of the regularization parameter A. In Appendix [F] we include the full proofs of the theoretical
results which were omitted (or only sketched) in the main body.

Link to code for experiments. We have made code available to the reviewers at the following anonymous
repository: https://anonymous.4open.science/r/ACLB_release-1B6E/README.md. If the paper is accepted,
we will release these contents as a public Github repository in the camera ready.

B DISCUSSION OF SCLB MODEL, LIMITATIONS, AND RELAXATIONS

In this section, we discuss in more detail the role of some assumptions of our SCLB model, and how some of
them can be relaxed under appropriate conditions.

B.1 Relaxing the assumption that the context distribution p is known.

One assumption in our work is that the context distribution p is known a-priori. Although we believe this
to be reasonable for some applications (see for example, the motivating examples presented in Section ; in
other settings p may only be known approximately from prior historical data from the context distribution.
Consequently, a natural question is the following:

Suppose that the exact context distribution p is unknown a priori and that the learner only has access to an
approzimate context distribution p € AY. Suppose that one runs Algom'thm with p in place of p. How do the
theoretical guarantees decay as a function of the error between p and p?

To answer this question, in Section we show that the theoretical guarantees of our algorithm decay smoothly
as a function of the total variation distance between p and p, and we quantify the amount of historical context
data needed to control this total variation distance.

Furthermore, Section [B.1.2] we show that on the bandit instance from Definition 5.1} a coarse approximation of p
constructed from a dataset of ©(d?) sampled contexts is sufficient to maintain the v/d improvement over passive
context sampling.

B.1.1 Theoretical guarantees decay with the total variation distance between p and p

In the following, we use tv(p,p’) :=1/2->__ . [p(x) — p'(z)| to denote the total variation distance between two
discrete distributions over a context set X'

Theorem B.1. Let B= (X, A, ¢,p,v,0%) be an SCLB, A >0, § € (0,1), and T > 0 be a sample budget. Suppose
that p is unknown but that one has access to an arbitrary approximation p € AY. Let B = (X, A, ¢,p,v,0%)

be the corresponding approximate bandit instance and (3 be as defined in . There exists Ty = O(d?) so that
whenever T > Ty, with probability 1 — §, Algorithm[1) outputs 7t such that the regret evaluated on the true bandit
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instance B satisfies

T~p a€A T

R(#) = E [maxr(z,a) — r(z,7(z))] < 9] <\/5 ) Clg—l-dtv(p,p’)) .

Moroever, the algorithm Tuns in polynomial time.

To prove the theorem, we first prove the following helper lemma.

Lemma B.2. Consider the setting of Theorem[B.1. Let q be as in Line[l. Let w be the choice that Line[q of
Algorithm 1) would select when invoked on B with « < 1/2. Then,

E 2, < 4Cs +32d - tv(p, ).
L max||¢(z, a)ll5-r < 4Cp +32d - tv(p, )

Proof. For notational convenience, for any bandit B’ = (X, A, ¢, p’, v, 6*) and for any distribution w € A4, we
use the following shorthand in the remainder of the proof.

k(B ,w):= E max|¢(z,a)

2.
x~p’ a€A w

Consider any w which is feasible for for @« = 1/2. Then, by the constraint that w dominates « - ¢ = 1/2q we
have that ¥, = 1/2 - X,, and consequently,

k(B,w) — /f([;',w)) =

Esnplmax [[6(2,0)[35,1] — Eneplmax | 6(z, a)|[3 1]

> p(@) = p()] - max | é(z, a)|[3

zeX
< 3 Ipl@) = plo)] - mag 6, @) 2
zeX
<4d ) |p(x) — p(x)|
TzeX

where the second-to-last inequality holds because X,, = 1/2 - 3, ensures that for any (z,a) € X x A
lp(z,a)[[3-1 < 2[é(z, )31 < 2-2d = 4d,

and the last inequality holds by definition of the total-variation distance tv(p, p).

Now, let w* and w* be the choices of distributions that would select when invoked on B and B respectively.
That is,

w* = argmin E max||¢(x,a)||22,1, subject to w(x,a) > a-q(z,a), V(x,a) € X x A
WEAX XA TP acA w

g
|

= argmin E max|/¢(z,a)

, max subject to w(z,a) > « - q(x,a), V(r,a) € X x A.
WEAX XA TP a

HQEEU
Then, by the argument above, we have that
K(B, %) < K(B,w*) + 8dtv(p, p) < (B, w") +8dtv(p,p) < 5(B,w") + 16dtv(p, p), (10)

where the first step follows because |k(B,w*) — £(B,0*)| < 8dtv(p,p’), the second step follows because of the
optimality conditions for @*, and the third step follows because |x(B,w*) — &(B,w*)| < 8dtv(p,p').

By the definition of w, note that

(B, W) < 2k(B,0*). (11)
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Consequently,
K(B,w) < k(B, W)+ 8dtv(p, p') < 26(B,w*) 4 8dtv(p,p') < 2k(B,w*) + 24dtv(p, p),

where the first inequality holds because |x(B, @) — k(B, )| < 8dtv(p, p'); the second inequality holds by (11); and
the last inequality holds due to . The result now follows by Lemma which ensures that x(B, w*) < 2Cg.

O

Proof of Theorem [B.1. The proof follows identically as that of Theorem except that the second-to-last
display instead holds (by Lemma [B.2)) with

E rnax||¢)(x a)||E 1

8
E mangzS(x a)l3 1 < =Cp +48d - tv(p,p').
z~p a T T

We also obtain the following useful corollary.

Corollary 4.4. Let B = (X, A, ¢,p,v,0%) be an SCLB, X > 0, 6 € (0,1), and T > 0 be a sample budget.
Suppose that p is unknown but that one has access to M = O(|X|d%e~2) historical iid samples from p. Let
p be the empirical context distribution constructed from these M samples. Let B = (X, A, ¢,p,v,0%) be the
corresponding approximate bandit instance and B be as defined in . There exists Ty = O(d?) so that whenever
T > Ty, with probability 1 — &, Algorithm[1] outputs & such that the regret evaluated on the true bandit instance
B satisfies

R(7)= E [maj‘{r(x,a) —r(x,7(x))]

TP aE

<O(VB - (Cs+)/T).
Moroever, the algorithm runs in polynomial time.
Proof. The proof follows by applying Theorem and noting that M = O(|X|d?e¢2) is sufficient samples such
that with high probability, tv(p,p’) < ¢/d (Canonnel [2020).
O

B.1.2 Sustained improvement on the bandit instance from Definition
A natural and important question is whether the gains to active context sampling over passive sampling strategies

still persist when we use an empirical estimate of the context distribution.

We expect this to be true in light of the results in the previous sub-section, and we now show on the example
from Deﬁnition that optimizing with respect to an empirical context distribution (instead of the true context
distribution) still enables our approach to recover our V/d-factor improvement over passive context sampling.

For the example instance in Definition suppose that we build an empirical estimate p using M samples of only
contexts. We believe it is very common for there to be prior large datasets of contexts — consider recommendation
systems, etc. Recall the multiplicative Chernoff bounds: for Xj...j; independent Bernoulli random variables in
(0,1) with mean pg, and € < 1 then

1 2 .
P < E X; >+ e)pk> < e~ Mpr/(2Fe)
and

1
P (M ZXi <(1- e)pk) < 6*62Mpk/2

Set € = .25. Thus, My = % log(2/6) is sufficient to ensure that for the resulting estimate P(px > (1 + €)pr) +
P(pr < (1 — €)pi) < &, where py, is the empirical estimate - >, X;. We use a union bound to ensure this holds
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for all d contexts, and chose the minimum probability p; = 4z, M = 36d*log(2d/d). This ensures that with
probability at least 1 — ¢,

P | (o) = (o) < p(a)/].

zeX

Condition on the above event in the remainder of this argument. Note that under the above event, we have that

for all x > 1,
3 d—1 5 1
b > = - — . — > p(x).
23 (1250 > 5 5 2 i)

Now, consider the SDP problem we solve in Algorithm 1 if we use p in place of p. Note that every context (x, a)
where a # 1 has the feature vector ¢(x,a) = e, and X, depends only on the mass that w places on each e;
for ¢ € [d]. Thus, without loss of generality, we may assume that under w, the feature e; is only accessed at
the context-action pair (z = 1,a = 1). That is, we may assume without loss of generality that w(z,a) is only
supported at a = 1. Consequently, we have

d
Zw = Z ’LU(.’IJ, a)(b(.f, a)¢(x7 a’>T = Z Zieiez—’r
z,a i=1
where z; := w(i, 1) for each ¢ € [d]. Then
d
= Z Zi_l
i=1

and consequently,

max||¢(x a)||Z L= max¢($ a)' S oz, a) Zmaxz llo(z,a)|3.

Recall the definition that ¢(x,a) = e, if @ = 1 and e; otherwise. Hence, the max becomes min(zy, z,) !
Plugging this in the formulation of SDP gives

1
E, maxlo(e. )l = )

z~p a€A min(zl, Zac) .

Next, we prove that z; > z; for all i« # 1. Indeed, suppose for the sake of contradiction that z; < z; for some
i # 1. Then consider 2’ € A% such that 2}, = (21 + 2;) if e = 1 or =4, and 2, = z, for  # 1 and x # i. Note
that 2 = 2, > z; by this construction. Let w and w’ be the weights corresponding to z and z’. Then
p(1 i) . 1
+ z + Z p(x)'min(z Zz)

1 e#£1,ai 1, ~x

3>

E 2., =
B max|o(z,a)[3,,

t\z ‘
.

%(751 + Zz) %(2’1 + 2) el i 21, Zz)
_pd) . 1
% % oy x# min(zi, )
= E z2 .
et alls

Therefore, such w (and thus such z) cannot be a minimizer of the expectation. Hence, the SDP reduces to

min E
ZEA™ p

reX
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p(z)

Bk and optimal value

Using Lagrange multipliers we get the closed form solution, z, =

3>

)

Moreover, using the guarantee above on the accuracy of the learned p(x) parameters given M prior contexts, we

prove
2 2 d 2
(Z \ﬁp@)) < (Z m) _ <~/1~25-d2}2+1+1'25-22> — o).

zeX rzeX

Therefore, given M = 36d? log(2d/J) samples, with high probability the active context sample algorithm using
the empirically-derived context probabilities will also improve over passive context sampling by a v/d factor. This
shows that at least in some settings, using the empirical distribution to estimate the context distribution will
yield the same v/d improvement in the resulting regret bounds, compared to passive context sampling methods.

B.2 Using the G-optimal distribution directly is insufficient
Another, perhaps related, question is the following:

When constructing w, would using G-optimal design (w <+ ¢*)
obtain a similarly strong rate as our Active-SCLB?

In this subsection, we provide a negative answer to this question. Indeed, Theorem [£.1]shows that the G-optimal
design ¢ satisfies max, o) [|¢(, a)||22,1 =d. By Lemma this in general yields a bound of \/d3/T. This gives
no improvement over passive contex?c sampling.

As an illustrative example, consider again the bandit instance from Definition A valid G-optimal design is

the one that selects (x, 1) with probability 1/d for each = € [d]. To see why, note that the G-optimal design tries
to minimize max, q ‘¢<.’L'7G/)qu—l over all ¢ € AY*A. In this setting, because each ¢(x,a) is a standard basis

vector, by symmetry, the G-optimal design must place equal mass on each of the d features. One way to achieve
this is to select the context-action pair (z,1) with probability 1/d for each x € [d].

The G-optimal design upsamples the rare contexts too much, causing a d-dependence in the bound. Indeed, we
find that

d2—d+1)

d
1
Ew~p||€w||22;1 = < d2 d+2ﬁ d:Q<d),

=2

and hence, Lemma suggests that even on this simple bandit instance, if one were to modify Algorithm [1] to
use w < ¢ in Line 2] then one would again obtain a worse d-dependence than using the active context sampling
distribution w = a§ 4+ (1 — a)w as in our original Algorithm

B.3 Our framework naturally enables certain nonlinear reward models

Our method is immediately amenable to some non-linear reward models in the sense that one could always lift
the feature vector into a higher-dimensional space which captures non-linear relationships between the original
feature entries. To briefly explain why this is the case, recall that one can always use linear regression algorithms
to fit a quadratic regression model just by modifying the feature vector to include the transformed variable z2
in addition to x as a feature. What is important is just that the reward is linear (or approximately so) in the
lifted space. See, for example, the empirical section of [Kong et al.| (2020).

Of course, the difficulty with capturing arbitrariy complex nonlinear reward models is that in order to represent
a complex family of reward models, we may need to lift the features into a very high dimensional space (increase
d) and such a transofmation is associated with higher sample complexity and computational costs.

To circumvent this curse of dimensionality, in principle, the idea of active context sampling could also apply to
kernelized contextual bandits. However, the main challenge is that in these more complex reward models, it is
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not clear whether the optimization problem to solve for the optimal sampling distribution is computationally
tractable (e.g., solvable in polynomial time.) Some prior works have discussed greedily sampling contexts for
the kernelized settings, but this does not result in tight guarantees that avoid a dimension dependence (see
the final paragraph of Section ) Thus, while developing theoretically-grounded techniques for very general
reward models might be challenging, we hope that our work provides potentially useful insights towards tackling
more sophisticated reward models as future work. Moreover, as discussed in Section [7} our empirical results on
real-world data seem robust to model misspecification, which indicates that our methods could outperform their
theoretical guarantees even if the true reward model is not linear.

B.4 Pure exploration setting and choice of simple regret as the objective function

In this section, we discuss the motivation for our pure exploration setting as well as our choice of regret function.

Pure exploration setting vs cumulative regret minimization. Recall that our work focuses on the pure
exploration setting, where a learner first collects some reward observations during an exploration phase and then
deploys a learned policy. The quality of the policy is the expected regret during deployment; the learner is not
penalized for regret incurred during the exploration phase (Krishnamurthy et all 2023; |Zanette et al., 2021} |Li
et al. |2022b; [Deshmukh et al., |2018|).

However, we acknowledge that if one’s goal is to minimize cumulative regret during exploration, the techniques
in our paper may not be ideal and alternative algorithms may be preferable, such as the LinUCB algorithm
of [Abbasi-Yadkori et al. (2011). This is because, similar to |Li et al.| (2022b)); [Zanette et al. (2021)), we do not
provide bounds on the cumulative regret.

The reason we focus on pure exploration is that it is better aligned with some important settings where a fixed
experimental period is common. For example:

e Social media companies often run experimental studies on users. A company might be willing to test out
several different strategies (knowing that it may temporarily lose on engagement) in order to quickly learn a
high-quality strategy to deploy in production long-term.

e In medical settings, one might design a monitored clinical trial in which patients are actively monitored in case
of any adverse consequences to the administered treatment. Such monitoring is not possible long-term or at-
scale, however, the willingness to take a measured risk to quickly explore new treatments during a short-term
trial can be valuable for eventually identifying good treatments to prescribe to the general public.

e Another natural setting where the pure exploration setting is well-suited is applications where we have the
ability to simulate the reward of a particular context-action pair by running an (expensive) simulation. This
may arise in scientific decision making where physical or medical simulations are available. In such cases, one
is unconcerned with the regret during exploration.

To summarize, during the exploration period, our regret may be high, however, this freedom to explore actions
freely enables us to quickly (i.e., with few samples) converge upon a near-optimal policy which can be deployed at
scale after the exploration stage. In contrast, if one tries to balance exploration and exploitation as in the online
bandit setting, convergence to an optimal policy could be slower. This is precisely what motivates the extensive
prior work on the pure exploration model |Zanette et al.|(2021); Deshmukh et al.| (2018]); Krishnamurthy et al.
(2023); [Li et al (2022D).

As a very important related note, note that there is a sense in which active context sampling only makes sense in
the pure exploration setting and does not make sense in the cumulative regret minimization setting. As a thought
experiment, suppose we modify the cumulative regret minimization setting to allow the learner to actively select
the context at each round ¢. Then, there is a trivial way to achieve low cumulative regret: the algorithm could
just select the same context =’ in every single round and learn an optimal action for context z’. This would have
low cumulative regret, since the learner only needs to learn a good action in context z’. However, evidently, this
is not a very interesting setting, since the learner would never learn to perform well on the real-world distribution
p. Thus, active context sampling is, in a sense, trivial in the cumulative regret setting.

In contrast, our work allows the learner to actively sample contexts freely during the exploration phase; however,
it must learn a policy that will perform well in the eventual real-world distribution p. This is diagrammed in

Figure [
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Simple regret vs best arm identification. In PAC-learning for best-arm identification, the goal is to find
the best arm in every context |[Soare et al.|(2014). That is, the goal would be to identify an approximately optimal
action in every context.

In contrast, in simple regret, we are okay with using a suboptimal arm in some rare contexts as long as the
learned policy performs well on average over the distribution of contexts. In this sense, best-arm-identification
is a very strict “solution concept” which requires strong performance uniformly over every context. Meanwhile,
simple regret is more relaxed and often more realistic in that it only asks for learning context-to-action policy
which performs well (on average) over the context distribution. In practical scenarios, we are often satisfied with
a policy which works very well on average (even if it is suboptimal in some rare contexts). However, to truly
find the best arm in every context as in best-arm identification, we might need to spend many more samples.

This is why prior works have also looked at simple regret under the SCLB model to better capture real-world
scenarios where average-performance of a policy is the key performance indicator Zanette et al.|(2021)); [Deshmukh|
et al|(2018)); Krishnamurthy et al.| (2023); Li et al. (2022b)).
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C Comparison of active learning settings

In this section, we include a helpful visualization (Figure @) to compare linear bandits, active learning (e.g., for
regression), passive learning for SCLBs, and active learning for SCLBs.

During exploration / data collection During deployment
°
a4 r(a) a i
—> a Loss: maxr(a) — r (@)
a
Algorithm Reward No contexts; always play learned action

) Linear bandits

_*, 1.' £(x) @ 5 2(x) Loss: Eyp [({’(x) - ?(x))z]

Algorithm Label Nature Learned labeling

(b) Active learning (e.g., for regression)

®
@ LN x_,a> 'ﬁ- r(x a) @ — 7(x) Loss: Ex-p [ max r(x,a) — r(x,ﬁ(x))]

Nature Algorithm Reward Nature Learned policy

(c) Passive context sampling for SCLBs

[ ]
X, a r(x,a) @ * ft
— T — ™ Loss: Ey.p [mfx r(x,a) - T(x’ﬁ(x))]

Algorithm Reward Nature Learned policy

(d) Active context sampling for SCLBs

Figure 4: Four learning paradigms. Figure @ describes the typical linear bandit setting, where there are no
contexts and the learner’s goal is to learn a good universal action. Figure db]shows active learning for regression,
with the mean-squared loss. During exploration, the learner actively samples data z to learn a label function 7 (2);
but during deployment, inputs arrive according to the distribution p. In other settings, such as active learning for
classification, this mean-squared loss might be replaced with another smooth, convez loss function. In contrast,
in contextual bandits (Figuresand , the learner needs to learn a policy-to-action mapping. In this case, the
loss function function is the sub-optimality of the policy—which is discontinuous—and consequently, traditional
techniques from continuous optimization do not immediately apply.
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D Additional theoretical results

In this appendix, we expand on additional results which were omitted from the main body.

D.1 Lower bound in active context sampling setting

In this sectionl, we discuss why the minimax optimal lower bound remains valid in our setting, despite our use of
active context sampling. Indeed, the claimed lower bound actually follows directly from lower bounds in Gaussian
linear bandits because SCLBs reduce to Gaussian linear bandits in the case of a single context. Moreover, in the
case of a single context, the knowledge of the context distribution p and ability to actively sample contexts adds
no new statistical power, so we inherit lower bounds from Gaussian linear bandits.

As in (Zanette et all |2021)), we consider the large and small context-action regime separately. First take the
large context-action space regime where the second term in 8 dominates. Theorem 24.1 in Lattimore and
Szepesvari (as cited in our paper) guarantees the regret must be at least on the order of d/ VT and therefore our
result is minimax optimal, up to polylog factors.

Consider the small context-action space regime, where the first term in 4 dominates and /3 = O(y/log(|X]].A])
and our resulting regret bound in Theorem 4.3 is, up to polylog factors, \/d/T. From Theorem 2 in (Chu et al.|

2011)) the regret for d> < T is at least of the order \/d/T. Thus our result is minimax optimal, up to polylog
factors.

D.2 Probably-approximately-correct guarantee

Here, we state a probably-approximately-correct (PAC)-style version of our main result (Theorem [4.3)). The
following theorem is an immediate corollary of Theorem and makes an assumption on 6*, A in order to more
directly compare to the PAC-learning versions reported in [Zanette et al.| (2021)); |/Abbasi-Yadkori et al.| (2011).

Corollary D.1 (PAC-learning version of Theorem. Let B= (X, A, ¢,p,v,0%) be an SCLB and ¢,6 € (0,1).
Assume |0*]] < O(1) and X\ < O(1). When initialized with a sample budget of T > Ty = O(Cp - de =2 + d?) and
a =1/2, Algorithm|1| returns a policy T such that with probability 1 — §, R(7) < e.

Proof. From the definition of 3 (3), it is clear that so long as A, [|*]| < O(1), B < O(d). The corollary now
follows immediately Theorem [4.3] O

In comparison, the methods from |Zanette et al. (2021) and Abbasi-Yadkori et al.| (2011) (RFLinUCB and
Planner-Sampler) require O(d?¢~2) samples to achieve e regret under the same assumptions.

Recalling that Cp < d, we see that our sample-complexity guarantee of O(CBd€72) is always at least as strong
as that of Planner-Sampler and RFLinUCB |Zanette et al| (2021)); |/Abbasi-Yadkori et al|(2011) and may be as
low as O(d + d/e?) when Cz = O(1) (recall Section |5 which gives an example where this occurs.) Thus, in the
PAC-learning setting, we improve over Planner-Sampler and RFLinUCB by up to a dimension factor.

Remark D.2. Note that our restriction to € € (0, 1) is without loss of generality. Because we assume that rewards
are bounded between [0, 1] in expectation, if € > 1, then any policy has regret at most €, and consequently, the
problem is trivial.

D.3 Instance-dependent guarantees and comparison to Li et al. (2022b)

In this section, we compare in more detail against the instance-dependent rates of [Li et al.| (2022b]) for SCLBs.
We did not discuss this in detail in the main body, because the instance-dependent sample complexity rates
of [Li et al| (2022b) for SCLBs are obtained using a computationally intractable algorithm (see, e.g., discussion
around Theorem 2.14 of and conclusion of |Li et al.[ (2022b).) In contrast, our goal in this work is to focus on
practical applications where active context sampling may be helpful; hence, our goal was to design polynomial-
time implementable algorithms which obtain instance-dependent rates for SCLBs. Because it is not known how
to implement or even approximately implement the guarantees of [Li et al.| (2022b)) in polynomial time, note that
the result of Theorem 2.14 in [Li et al| (2022b) may be an unfair comparison to our result Theorem (4.3

Correspondingly, our goal of this section, is to discuss the result of [Li et al.| (2022b)) in greater detail and show that
their rates can also be improved with active context learning—if we disregard the concerns over computational
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tractability. In Section we first state the main result of [Li et al.| (2022bf), which uses passive context
sampling to design an instance-dependent algorithm (ContextualRAGE) for SCLBs. In Section we will
show that using active context sampling, we can generalize (ContextualRAGE) to design a new active context
sampling algorithm, which we call Active-ContextualRAGE. Finally, in Section [D.3.3] we show that our family
of SCLBs from Definition remains an instance where Active-ContextualRAGE outperforms ContextualRage
by a V/d factor in its regret bound (which corresponds to a d factor in the PAC-learning sample complexity).

The main takeaway for the results in this section is (1) theoretically, we can prove that active context sampling
improves over the rates of |Li et al.[(2022b)), however, the algorithm achieving this improved rate is not computa-
tionally intractable; and (2) even if we consider computationally intractable algorithms as in (Li et al., [2022b]),
active context sampling improves over the rates achieved by passive context sampling on the family of SCLBs
proposed in Section

D.3.1 Restating the main result of |Li et al. (2022b)) for SCLBs

To aid in the statement of the main result of [Li et al.| (2022b)), we first introduce some additional notation. For
any policy = € II, we denote ¢, := E,, ¢(z, 7(2)) .

Theorem D.3 (Theorem 2.14 of |Li et al. (2022b)), restated). Let B = (X, A, ¢,p,v,0%) be an SCLB, ||0*|| < 1,
and €,6 € (0,1). Define

F= {w eAVA Yz e X)) w(x,a) =p(w)} :
acA

Let m* : X — A be the optimal policy given by

7" (x) := argmax ¢(x, a) ' 6*. (12)
acA

Define

pas . ||Q57T - ¢;”;;1
pB,E = Imin max

WEF mimHET* max(e, <§Z57r - ¢7r*70*>)2 .

Moroever, let

A, = max (e, min  (Pr+ — Py 0*}) . (13)

mellim#r*

Then, with probability at least 1 — 9§, ContextualRAGE (Algorithm 1 of|Li et al| (2022b)) returns a policy & such
that R(7) < € after making at most

O (o os(min{dlog(1 /), log [IT]} + log(1/5)) lo(A ;")) (14)

reward observations. Moreover, it is always the case that s upper bounded by 0(d2/62).

This result gives a fine-grained PAC-learning guarantee, which may be much stronger than the minimax-rate of
O(d?/e?) when pif'? < d? /€.

However, as discussed in Section 3.3 and Section 4 of |Li et al.| (2022b]), the ContextualRAGE algorithm presented
in (Li et al., 2022b|) is computationally ineffcient because it requires maintaining a set of policies I, from round
to round. Because |II| = X, even maintaining IT; at the start of the algorithm requires exponential-time. Thus,
while Theorem is very interesting information theoretically, it does not directly lend itself well to practical
applications of contextual bandits.

Nonetheless, in the following section, we show that if we disregard computational implementability, we can obtain
a similar result to our Theorem in particular, we present a new active-learning variant of |Li et al.| (2022b))’s
ContextualRAGE that achieves an even tighter instance-dependent rate than Theorem [D.3]
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D.3.2 Developing tighter instance-dependent rates using active context sampling

Here, we propose an algorithm that takes advantage of active context sampling to achieve a better instance-
dependent PAC learning guarantee than the passive instance-dependent sample complexity bound stated in [Li
et al| (2022b)). The pseudocode is shown in Active-ContextualRAGE (Algorithm [2). As with the Contextu-
alRAGE algorithm (Theorem , Active-Contextual RAGE is computationally infeasible for the same reason
that Contextual RAGE is infeasible: it requires explicitly maintaining a set of policies which could be as large as
IT in every iteration.

Algorithm 2: Active-Contextual RAGE
Require: ¢: X x A —R? § € (0,1)
1: Initialize II; = II
2: for £ =1,2,---,[logy(1/€)] do
30 e =274 6,:=d/(202|0))
4:  Let ny be the minimum value s.t.:
I Eenpl(, m(x)) — ¢(x, 7' (2))]|I3,- . log(1/d¢)

min max <€
wEAxx A T, Ell, Ny

with argmin given by w(®.
5. For each t € [ng], pull (ct,az) ~ w®, observe reward r;
Compute O; = E;(le)qb(ct,at)rt
7. For m,n’ €Il

@

Ag(m,7') = Cat({( E [¢(x, 7(x)) — (x, 7' (2))], 0i) }iy)

r~p

8:  Update .
Mpyr =T\ {n" €11 | max Ag(m, ') > e}
mell,

9: end for
10: return Il

We first state a lemma that guarantees the optimal policy is inside the candidate policy set II; after elimination,
and all policies in II; have small gaps. The following lemma is the same as Lemma 3.1 in |Li et al.| (2022b) and
the proof follows the identical argument as in |Li et al.| (2022b)).

Lemma D.4 (Lemma 3.1 of [Li et al] (2022b)), restated). In the ezecution of Algorithm [3, with probability at
least 1 — 6, for all ¢ > 1, m, € IIy and maxem, V(%) — V(7) < 4ep.

Next, we state a theorem that gives a PAC upper bound for Algorithm [2] using active context sampling. Note
that the upper bound O(d?/€?) in this theorem is quite loose, and we show in Section that the active
complexity bound can be much smaller than the passive one.

Theorem D.5 (Active-ContextualRAGE). Let €,d € (0,1), ¢: X x A — Re, |0*]| < 1, and let A., 7 be as in
and , respectively. Define

A% ]2
p%t = min  max o~ d)ﬂHZ;I
s€ 7

WEAX XA mirshu* max(e, <¢7\' - ¢7r*79*>)2 .

Then, with probability at least 1 -0, Active-Contextual RAGE (Algom'thm@ returns a policy & such that R(7) < e
after making at most

0] (p%c,i(min{dlog(l/e), log |TI|} + log(1/0)) log(Agl)) (15)

reward observations, which is itself upper bounded by O(d2/62).

Proof. For notational convenience, for any w € II, let

V(r)= E ¢(z,n(x))" 6.

xr~p
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Define Sy = {r € Il : V(n*) — V(7)) < 4¢;}. Lemma implies that with probability at least 1 — § we have
No=1{I, C S¢}. Observe that if for any V C II we define

2

E [¢(xz, 7(x)) — ¢(z, 7' (z))]

T~~p

b
st

p(w® V)= min  max
WEAx x4 m,m' €I,

then

p(w 1) = min max || E [¢p(x,7(z)) — (b(xaﬂ/(ac))]”;*l

WEAxx A m,m €Il T~D

< E - =:p(S

< Juin - max || E (e, 7(@)) - ola, 7' (@))l5 0 = p(S0).

By line 4 of Algorithm we know that for each £, ny = [p(w®, TI,) log(l/ég)egﬁ. Also, for £ > [logy(4A-1)] we
have for all 7 € S;, V(7*) — V(r) < € (by Lemma[D.4] and Definition of S; and €;), thus the sample complexity
to identify any 7 in Sy is

[og,(4A71)] Mog,(4A71)]
ne= Y [4e p(w®) TI;) log (2% [T1|/6)]
=1 =1

[og, (4A71)]
< > 4 p(So) log (20T /6) + 1
=1
[ogo (44711

< clog(log(A,)[I/8) 3. e20(50)
=1

for some absolute constant ¢ > 0. We now note that

min  max [Eznplo(z, m(2)) — p(z, W*(Z‘))]H;;l
WEAx x A mEI\T* <Ex~p[¢(l”, w*(x)) - (b(x, W(m))], 0*>2 V€2
=, Byl m(2)) — ol (@)1,

max
WEAX A (< logy (AT €St (B d(x, 7 (2)) — (@, m(x))],07)7 V €
log, (4A1
1 o fomelc ] |Eans[é(z, 7(2)) - d(@, 7 (@))] 550
> ————7 min max 3
[logy(4Ac )| webaxa = 7€Se (Eppld(a, 7 (x)) — ¢(x, m(x))], 0%)7 V €
(max lower bounded by average)

[og, (4A71)]

1
e 4e min max z,m(x)) — oz, 7 (x))]]|% -1
> oy X (e i mal B ot n(e) — ol ]I

(m € Sp implies that gap less than e, and 4e; > ¢)

Moga (4A1)]

1 S min max || E (g 7(2) — 6z 7 @)l

> -
T 64 |—10g2(4A;1)~| — WEAxx A T,/ ESy TP

Mogy (4A71)]

1 -2
GilemaTy] X P

where for the last inequality, we have used the fact that for any m, 7’ € Sy,
ILE [é(z, m(x)) ¢, 7' (@))]5-1 = dr — o150

( ¢71' )TE (¢ - ¢7r )
( ¢7r +¢7r* _¢ﬂ ) _1(¢7T_¢7T* +¢7r* _¢w’)
( ) w (¢7r - ¢W*) + (d)‘rr* - qur/)TE;l(d)ﬂ'* - ¢7r’) + 2(¢7r - QSW*)TE;l(Qbﬂ'* - ¢7r’)
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< 2 maX ||¢ﬂ.// (b’ﬂ'*

;;1 +2(¢n — Gre) TSP 2 (G — D)

//E
<2 Thax l|ox G llg-1l|pmr — Sr -1 (Cauchy-Schwarz)
< dmax| E ¢(z, 7(z)) - ¢z, 7 (2))]|[5-1-
Therefore,
Mogy(4A71)]
Y ne < 6delog(log(A71)[TI|/6) [logy (4A7 )] pis. (16)

=1
We now use a discretization argument to show the bound in (14). Define e-ball T; := {7 : Vr, 7, (¢r — ¢/, 07) <
€} and let 7 be a cover for II using those balls, ie. T := {7 ,}\TI Since 6* € RY, the covering number
IT| < O((1/e)). Let Iy := {m; : m; € T¢ z}|T| be a collection of policies where we take one policy from each

e-ball in the cover T. Then |[II7| = |T| < O((1/€)?). The exact argument holds for identifying the optimal policy
in I, i.e. it takes at most

G4clog(log(A7)[T7|/6) [logy (4A71)1pis’ = O((dlog(1/€) +log(1/5)) logy (AT )pige) (17)

samples to 1dent1fy 77 € Ily. However, note that the global optimal policy 7* must lie in some ball 7T ;,,

V(r*) = V(ny) < V(r*) = V(m,) < € so 74 is an e-optimal policy. The first part of the statement follows by
taking the minimum of and (I7). As for the inequality bounding the sample complexity by O(d?/e?), note
that pi’t is upper bounded by pjz;, so this upper bound follows directly from the second part of Theorem 2.14

,€

of |Li et al.| (2022Db)). O

Theorem |IL5| improves over Theorem @ in the following sense. Note that because the minimization in gg . is
over a strictly larger distribution class (A**“)than the minimization in pi* (which is only minimized over F),
we have that

act pas
PB.e < pB,e’

In the following section, we demonstrate that that on the hard instance for passive context sampling described
in Section [5( (Definition |5.1), we have that p§’t is indeed a ©(d)-factor smaller than pj";.

€

D.3.3 Demonstrating the power of active context sampling

The main result of this section is the following.

Lemma D.6. Let A,d € Z~1. Let B 4 be the SCLB instance from Definition . Then, for any € € (0,1) we
have that

act 8 ppas
deA,e = d B(’;'A,e'

Proof. For notational convenience, we let B = B , inside this proof. The optimal policy 7* is given by ™ (x) =
1,Vz € X. From the definitions of pg , 08,, and B, it is enough to show that

2 _ 8 . « 2
wehhon AR N0m = el < G g o 0 = 0l 18)

Note that due to the structure of the SCLB—wherein all actions besides a = 1 reveal the same feature e;—one
maximizing policy in the inner maximization will be given by m(x) = 2,Vz € A. Thus, without loss of generality,
we can fix

d d
d—1 1 d—1 1
(bﬂ' - (bﬂ'* =€1 — <(1 - d2> e + E E €i> = 761 - E ﬁei. (19)
=2 =2

and show that

min 6 — G5 lsr® < 5 - muin e — 6 g® (20)

WEAX XA
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The remainder of the proof is devoted to proving .

Now, consider the right-hand-side of . We need to reason about the optimal choice of w. Note that all
actions for a # 1 reveal the same feature vector—which corresponds to 0 reward; so, without loss of generality

we can restrict the minimizing sampling distribution’s support to a = 1. Moreover, because w € F constrains
the marginal of w with respect to x to be equal to p, this indicates that one minimizing sampling distribution

for the right-hand-side of is given by

1—(d-1)/d? x=1a=1
w(z,a) =< 1/d? r#1l,a=1.
0 otherwise

. — . . . . 27
In this case, ¥,' is a diagonal matrix with &—g+!

Hence, we have

d

d>—d+1 (d—1)? 1
: * 12 _ 2
i lor = 0fliz = —— T PG
> —d+1 (d-1)2 d-1
I T S
1
>77
= 2d

where the last inequality uses that d > 1.
Next, we turn to the left-hand-side of (20). Consider the (active) sampling distribution

4 r=1a=1
w'(z,a) = ﬁ r#la=1.
0 otherwise

in the first entry, and d? on the remainder of the diagonal.

In this case, ¥,/ is a diagonal matrix with 2 in the first entry, and 2(d — 1) on the remainder of the diagonal.
This distribution is actively sampling contexts in the sense that its marginal with respect to x is not p. A similar

calculation as above shows that

(d—1) ]
. * (|2 2 — —
nin (lér = 0350 < 10 — 67115 = 25— +2(d - 1);@
d—12 2d-12% 4
=rE T a sg
Thus, we conclude that
. * 2 4 1 . * 2
wergg&f‘ ¢ — ¢l »ot < d =8- 2% < 831612“(?5'” — 7 nol o

as desired.

O

This result shows that from the PAC-learning perspective, Active-ContextualRAGE (Algorithm [2)) once again
improves the dimension dependence from [Li et al.| (2022b)) on an instance-dependent basis. However, as neither
is known to be implementable in polynomial time, it remains a future work to explore possible implementations
or heuristics to approximately simulate these algorithms. We hope our work provides insight on how to incor-
porate active context sampling, if a polynomial-time implementation or approximation of Contextual-RAGE is

eventually developed in future research.
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E Additional experimental details
This appendix contains additional experimental details to aid in reproducing our empirical results.

E.1 Overview of passive context sampling baselines

Here, we briefly describe the two baselines against which we compare our empirical results.

Reward-free LinUCB (RFLinUCB). RFLinUCB is a slight modification (proposed in|Zanette et al.| (2021))
of the LinUCB algorithms (proposed by |Abbasi- Yadkori et al.| (2011)) in order to adapt it for the pure exploration
setting. The RFLinUCB algorithm implements the standard LinUCB algorithm of |Abbasi- Yadkori et al.| (2011))
with the reward function set to 0. The original LinUCB algorithm contains the reward function in its exploration
policy because it is designed to minimize the online regret (rather than the simple regret, which is of interest in
the pure exploration setting), and this is an unncessary in the pure exploration setting (Zanette et al.l 2021)).

Planner-Sampler |Zanette et al.[(2021) point out that one limitation of the RFLinUCB algorithm is that the
algorithm is adaptive to the observed context-action pairs, in the sense that the t-th observed context depends
on the history {1, a1}, ..., {xt,a:}. This can be challenging to implement in certain real-world scenarios, since
it requires sequentially querying context-action pairs. To address this, the planner-sampler algorithm of |Zanette
et al. (2021)) is designed to match the regret bound of RFLinUCB with a fized, non-adaptive policy. The
Planner-Sampler algorithm proceeds in two stages.

First, a “Planner” algorithm observes the features (but not the rewards) of Ty contexts {¢ (¢, at)}iery],aca for
an offline set of contexts drawn independently x; ~ p. The Planner uses these observed features to design a
stochastic exploration policy 7’ : X — A.

In the second stage, a “Sampler” algorithm samples the rewards of T' context-action pairs drawn according to
the Planner’s policy n’. That is, the Sampler observes r(x},a}), ..., r(a/, a) where each z} ~ p and a} ~ 7'(x})
independently. [Zanette et al.|(2021) study various tradeoffs of Ty and T.

In our experiments, we generously set Ty = |X| in order to ensure fair comparison with RF-LinUCB and our
active context sampling approach, which use knowledge of the full feature mapping. We then measure the regret
as a function of the number of reward observations, T" required by the “Sampler”.

Active-SCLB and Passive-SCLB. Recall that in our experiments, we run Algorithm [I] with o < 0 and
solve the SDP in Line[2]of Algorithm [I]to convergence. In this setting, there is a natural passive context sampling
analogue of our Algorithm: instead of (approximately) solving

W =~ argmin ||¢(z, a)

”2 -1y
wEASXA 2o

we can solve the same problem with the additional constraint that the marginal distribution of w with respect
to x must match p. That is, we can define

F= {w €AV Yz e X)) w(x,a) =p(x)}

acA

and solve

W & argmin||¢(z, a)\\;fl.
weF w

Note that restricting the feasible space to F only requires some additional linear constraints, and consequently it
is easy to see that the problem can still be formulated as an SDP. For completeness, we include a full pseudocode
of the versions used in our numerical experiments in Algorithm [3| and Algorithm

E.2 Implementation details for SDP solving

In all of our experiments, we used CVXPY (an open source Python-embedded modeling language for convex
optimization problems) to model the SDP variables, objectives, and constraints. Within CVXPY, we used the
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Algorithm 3: Active-SCLB

Input: SCLB B = (X, A, ¢,p, v, %), regularization parameter A\ > 0, sample budget T' € Z~.
Output: A policy 7: X — A

// Approximately solve the following using an SDP solver.

Compute 1w = argmin, e axxa Ezop maxqc 4l ¢(z, a) HQE,I

// Draw samples and apply ridge regression to compute a 1Tmli(:y 7. Recall in synthetic experiments, we sampled
with replacement, while in experiments on real-world datasets, we sampled without replacement using rejection
sampling.

S+ {(z1,a1), ..., (xp,ar)} where each (z, a;)~w i.i.d.

é - Egl Z(mt,at)es (b(xtv at)rt
return: 7(x) < = — argmax,c 4 ¢(x, a)Té

Algorithm 4: Passive-SCLB

Input: SCLB B = (X, A, ¢, p, v, 0%), regularization parameter A\ > 0, sample budget T' € Z~.
Output: A policy 7: X — A

// Approximately solve the following using an SDP solver.

Compute W = argmin,, ¢ r Ezp maxqea|é(z, a) H;,l

// Draw samples and apply ridge regression to (:()111])1,1111 a policy 7. Recall in synthetic experiments, we sampled
with replacement, while in experiments on real-world datasets, we sampled without replacement using rejection
sampling.

S« {(x1,a1), ..., (xr,ar)} where each (zy, ay)~w i.i.d.

0« z5! Z(mt,at)es O(xe, ap)ry
return: 7(z) ¢ > argmax, 4 ¢(z,a) 0

Mosek (Version 10) SDP solver for solving the SDPs (described further in the following paragraph.) All solver
hyperparameters were fixed to their default values in CVXPY.

MOSEK is a software package for solving structured optimizations such as SDPs. Although it is not open-
sourced, MOSEK is available to academic users for free Additionally, for non-academic users, MOSEK offers a
free trial period.

To ensure numerical stability, when applying the SDP solver, we (1) included a small amount of numerical
regularization for the SDP constraints, on the order of le-6, to avoid numerical stability errors and (2) normalized
all features such that ||¢(x,a)||2 < 1. For consistency, the feature normalization was applied to all baselines as
well as Active-SCLB in our experiments.

E.3 Runtime.

Active-SCLB and Passive-SCLB have a runtime overhead to initialize a sampling distribution, but after this
initial runtime overhead, sampling 7" values from this distribution is fast even if T is large and in particular, the
reward sampling can be done fully in parallel (Zanette et al.| [2021)).

On the other hand, RFLinUCB has no initialization overhead because it sequentially selects the next action,
depending on the past. Each sample must be implemented sequentially, so its complexity scales like T' x R where
R is the time to collect a single reward observation.

Thus, while RFLinUCB has low overhead and is computationally cheap, its practical application can be slow
in settings where each reward observation takes time (e.g., clinical trials, educational interventions, world sim-
ulations etc.), i.e., when R is large. As (Zanette et al., [2021) explain, this is a key consideration which is not
captured in pure numerical simulations, where R is artifically very small.

In Table |1} we show runtime (minutes) on Warfarin in the same setup as Section 6. An entry of 0 indicates a
value < 1 minute. We show the initialization time as well as the additional time required to draw T samples
for a few values of T'. Initialization overhead of Active-SCLB is slightly higher than Passive-SCLB and Planner-


https://www.mosek.com/products/academic-licenses/
https://www.mosek.com/products/trial/
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5000 10000 15000 ‘ 5000 10000
Number of samples Number of samples
—}— Active-SCLB - Planner-Sampler
—}— Active-SCLB-Empirical RFLinUCB

---- Passive-SCLB

Figure 5: Experiments on Jester and Warfarin with subsampled p. Overall, we see that Active-SCLB-Empirical
performs competitively wuth Active-SCLB, sometimes even outperforming it (possibly due to some regularization
affects associated with using an empirical p).

Sampler due to its added complexity. RFLinUCB has no initialization overhead and is the fastest; however,
Active-SCLB consistently achieves lower regret (see Figure 1 of our paper.) As discussed above, RFLinUCB
sequentially samples rewards which can be slow in some practical applications.

Method Initialization T=1,000 T=5,000 T=10,000
RFLinUCB 0 1 2 4
Planner-Sampler 22 0 0 0
Passive-SCLB 17 0 0 0
Active-SCLB 24 0 0 0

Table 1: Runtime comparison on the Warfarin dataset.

E.4 Experiments with approximate p.

We modified Active-SCLB to replace p with p’, where p’ is the empirical distribution constructed from |X|/4
random contexts (denoted Active-SCLB-Empirical) in Figure [5} The setup is otherwise identical to Section @

Active-SCLB-Empirical is sometimes slightly worse than Active-SCLB but performs similarly overall and consis-

tently outperforms baselines. Baselines require significantly more samples for the average regret to match that
of Active-SCLB-Empirical.

E.5 Experiments with different regularization levels.

In this section, we include results on our real-world datasets for differing values of the regularizer A\. The choice of
A is typically a design choice, which practitioners use to balance bias-variance trade-offs (see also, the discussion
in (Zanette et all [2021))). Smaller values of A reduce bias at the risk of increased variance; larger values of A
increase bias (often at the benefit of reduced variance).

Figures |§| and m show that our improvements remain largely consistent as we vary A € {le-6, le-4, 1e-2}. These

results were omitted in the main body for brevity, because the results are largely consistent across different values
of .
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Figure 6: Warfarin dataset. Top: Regret vs. number of samples (mean + 2 standard errors over 100 trials).

Bottom: Minimum number of samples required for baselines’ mean regret (over 100 trials) to match Active-
SCLB’s mean regret for a given sample budget.

F  Omitted proofs

This section contains proofs which are omitted in the main body. Recall that when applied to matrices, |||
always denotes the spectral norm. When applied to vectors, ||-|| denotes the Euclidean norm.

In Section [F.1] we collect some established results in SCLBs and PSD matrix theory, which we use in our analysis.
In Section we prove Theorem In Section we include omitted proofs from Section

F.1 Omitted proofs of standard results in SCLBs and PSD matrix theory.

We first prove some standard facts about the Lowener order. We believe the facts in the following Lemma
are well-known; however, we collect them here for the sake of completeness.

Lemma F.1 (Lowener order facts). The following facts hold whenever A, B,C € R¥*¢ are positive semidefinite.
(i) A= B if and only if for all z € RY, 2" Az > 2" Bx.

(ii) If A= 0, A1 = 0.

(i) If A = (=)B, then for any symmetric F € R4 we have FAF = (=)FBF.

(iv) If A= B =0, then A= < B71.

(v) If A= B+ C then A = B.

(vi) If || B=*2(A — B)B~'/2|| < € for some ¢ € (0,1), then (1 —€)B < A < (1 +¢)B.
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Figure 7: Jester dataset. Top: Regret vs. number of samples (mean + 2 standard errors over 100 trials). Bottom:
Minimum number of samples required for baselines’ mean regret (over 100 trials) to match Active-SCLB’s mean
regret for a given sample budget.

Proof. We prove the facts one-by-one.

(i) If A= B, then A— B = 0. For any = € R?, we have
' (A—B)x >0 implies x' Az >az'Buz.
Conversely, if T Az > 2T Bz for all x € R%, then for any 2 € R¢
" (A-Br=2"Ar — 2" Bx >0,
and hence A — B = 0—thus, we have A > B.

(if) Since A > 0 (i.e., A is positive definite), it is invertible and its inverse is also positive definite. This follows

because for any = # 0,
T A7 e = (A7) TA(A ) > 0.

Thus, A~ = 0.
(iii) Suppose A = B. Then for any = € RY,
z' Az > 2" Bx.
Now, for any y € R? let 2 = F'y. We have that

x| Az > Z‘TB$,
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and consequently using that F' is symmetric, we have
y' FAFy >y  FBFy,
The proof if A > B is identical, replacing the > with >.

(iv) Suppose A = B = 0. Since B > 0, B is invertible. For any nonzero vector z € R%, define y = B~/2z.
Then, note that
2"A e <2"B 'z ifand only if 3y  BY2ATIBY2y < ||y|%.

Define the matrix M = BY/2A-1B1/2, We aim to show that M < I, which, by the above argument, implies
A1 < B~

Since A = B = 0, then B"Y/2AB~'Y/2 = [, by (iii). This ensures that the smallest eigenvalue of
B~Y2AB~1/2 = I is at least 1. Consequently, (B 1/2AB~1/2)=1 < I. Now,

(B~Y24B71/2)71 < I implies BY?A7'BY2<T.
Therefore, by (i), we have that for all 2 € R,
A e =y " My<y'y=a"B 'z,

and hence A=! < B~1, as desired.
(v) fA=B+Cand C =0, then A— B=C > 0,50 A> B.
(vi) If |[B~Y/2(A — B)B~'/2|| < ¢, then for any = € R?,

—-x'x< mTB_l/Q(A — B)B_1/2gc <e-x'x
Consequently, by (i), we have that
—el < BTV2(A—B)B Y% < ¢l
Now, applying (iii) we have
“¢B=<(A-B)<eB
Rearranging, we obtain

(1—e)B=<A=<(1+¢B.
O

Next, we provide a proof of Lemma The proof follows the exposition in Section 3 of [Zanette et al.| (2021)
closely, however, we re-prove the result here for the sake of completeness.

Lemma 3.1 (Ridge regression regret bound). Let A > 0 be a regularization parameter, S = {(x¢,a¢) }rer) C
X x A, and § € (0,1) be a failure probability. For each t € [T, let ry ~ (b(mt,at) 0* + ny where each n~v,
independently. Let 0 solve the ridge regression problem, i.e., 0 = X3 Zte[T d(xg,an)ry and T = x —

argmax, . 4 ¢(x,a) 0. Moreover, define

/B = 2min (2\/5 Viog(127=25-1T2 [ X[ | A]),
Vd log26-1(1+ TL2/N)) + fH(?*II)

and the uncertainty measure

0(S) = E max|o(z,a)l_.. (4)

z~p acA

Then, with probability 1 — /2, R(7) < 1/BT(S).
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Proof. Recall that by ,

R(7) = E [maxe(x,a)' 0" — ¢(x, 7(x))"0"].

T~p a€A

Let * : & — argmax,¢ 4 ¢(z,a) ' 6*. Now, for any = € X,

oz, 7 (2)) 0" — ¢z, 7(x)) 0" = ¢(x,7*(2)) "0 — (x, 7 (x)) 0" + (x, 7" (2)) 0" — p(z,7*(x)) "0
(2)) "0 + ¢(a, 7 (2)) 0" — p(x, 7" (x)) "0

—0") + d(a, 7 (2)) (0% - 0),

\_/\_/

where the inequality follows because by construction of 7, we know that
oz, 7(x)) 0 > ¢z, 7" (x)) .

By Proposition 1 and 2 of |Soare et al.| (2014)) (or Theorem 19.2 of [Lattimore and Szepesvari (2020)), derived
originally from [Abbasi-Yadkori et al.| (2011))), we have that with probability 1 — §/2, for all (z,a) € X x A,

|é(a,a) (0 —6%)] < V/B/2- max||¢(z, a)||gs-1-

Condition on this event in the remainder of the proof.

Now, combining the preceding two displays and applying a triangle inequality, we can conclude

R(%) < E ¢(a,#(2))T (0 —6%) + d(z, 7" (x)) " (8" —6)

z~p
< j— 9*)|] < . i
2 B [max|o(e, )T (0 - 0%)]| < VB B maxlo(z, )l

Now, note that Jensen’s inequality ensures

2
(& meloaly ) < & mago ol

z~p a€A z~p a€A

or equivalently,

B, w60, 0l < [ B, maglo(e. o)l

T~p a T~p a€

Thus,

< VBB malow ol (21)

The following lemma about Schur complements will later be helpful for justifying the SDP formulation of Line [2]
in Algorithm [I] We believe the following Lemma is well-known, but we include the proof for completeness.

Lemma F.2 (Schur complements). Let M € RUFDX(AHD) be o symmetric matriz of the form

a b’
- )
where a € R,b € RY, C € R4 and C = 0. Then, M > 0 if and only ifa—b" C~'b > 0. The quantity a—b"C~'b
is called the Schur complement of block C.

Proof. First, note that C' > 0 is invertible, and so let

1 —bpTC?
G_(O ; )
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Note that G is invertible, and in particular, it is easy to verify that

(1 bTC?
o= (1 e,

Next, observe that

+ (a=bTC" 0
e = (20 0),

Now, to prove the claim, first, suppose that M >= 0. Then, consider any z € R% and note that
2TGMG 2= (G 2)"M(G"2) >0,

and hence GMGT = 0. However, GMG is also block-diagonal, so we can conclude that each block must be
positive semi-definite. Thus, a — bTC—1b > 0.
On the other hand, suppose that a —b' C~'b > 0. Then, because GMG T is block-diagonal and C' > 0, we have
that GMGT > 0. Then, consider any z € R*! and note that

0< (G H ) TGMGT(GHT2)=2" Mz,
Thus, we conclude that M > 0. O

F.2 Proof of Theorem [4.3]
In this section, we prove Theorem H Throughout this section, we fix B = (X, A, ¢, p,v,0*) to be any SCLB
instance.

We divide our proof of Theorem [£.3] into two sub-sections. First, in Section we explain how to formulate
@ as an SDP in order to implement Line [2| of Algorithm [1| This, along with the discussion of Theorem in
Section [4] ensures that the algorithm is implementable in polynomial time.

Second, in Section we formally carry out the regret analysis, which was sketched in Section

F.2.1 Expressing @ as an SDP to implement Line

In this section, we show how to express the optimization problem @ as an SDP.
Theorem F.3 (SDP formulation). Let h € R)Z(OXA be such that 3°, yexx.ah(z,a) < 1. Then, the optimization

problem

C 2
minimize: x]EpIgleaj(Héb(z:a)”g;lv

subject to: w € AYXA (22)
w(x,a) > h(z,a) V(z,a) € X x A

is equivalent to the following semi-definite program (SDP):
minimize: Z t(z) p(x),
reX
subject to: w € AYXA,

t(x)  P(z,a)"
o(z,a) Yw

(23)
) =0 V(z,a) € X x A,

w(z,a) > h(z,a) V(z,a) € X x A
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Proof. By Lemma the optimization problem is equivalent to

minimize: Z t(x) p(x),

reX

subject to: w € AYXA,
Hx) — (z,0) S5 0(w,0) 2 0 ¥ (z,a) € X x A,
w(z,a) > h(z,a) Y(z,a) € X x A

Next, note that t(x) — ¢(z,a) " S, ¢(x,a) > 0 if and only if t(z) > [|¢(z,a)[|2_,. Thus, is further equivalent
to

minimize: Z t(z) p(x),

rzeX

subject to: w e AY*A,
2
t(x) 2 max|¢(z, alls . Ve,

w(z,a) > h(z,a) Y (z,a) € X x A.
From the above display we conclude that is equivalent to

minimize: Z p(x) I;leaj(ﬂqﬁ(:r, a)||221:1,
reEX

subject to: w e AY*A,
w(x,a) > h(z,a) V(z,a) € X x A.
which is equivalent to @ O

Remark F.4. In the special case where ¢ = 0, is equivalent to (@ Meanwhile, it is also easy to see that

generalizes ({8)).

F.2.2 Regret analysis

In this section we carry out the regret analysis outlined in Section

Matrix concentration. Our regret analysis relies on the following standard matrix version of Hoeffding’s
inequality.

Theorem F.5 (Matrix Hoeffding (Theorem 1.3 of Tropp| (2012), restated)). Consider a finite sequence of
independent, symmetric, random matrices X1, ..., X7 € R>? and v > 0 such that

E[X:] =0, and th = 'sz almost surely.

Then, for alln > 0,

2
U
P Amax | O Xi | =np <dexp <_872T>'
te[T)

In fact, we will only need to use the following (simple) corollary of Theorem [F.5

Corollary F.6 (Matrix Hoeffding Corollary ). Consider a finite sequence of symmetric matrices X1,..., X €
R4 gnd v > 0 such that

E[X:] =0, and || X¢|| < almost surely.
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Then, for allm > 0,
2

1 n°T

te(T]

Proof. Note that || X;|| <~ implies that X? < v2I. Thus, for all > 0

1
P >\max T Z Xt > ne = P )\max § Xt > T’I]
te[T] te[T]

2T2 2T
<o (~gp) oo (55

where the inequality holds by Theorem Applying the same analysis to —X;, we have that

1 1 n?T
P Amax T Z —Xi | 20 =P Amin T Z Xi | <—np <dexp (_872> .
te[T] te([T)
The corollary now follows by a union bound over the events in the two preceding displays. O

With these concentration inequalities, we are prepared to analyze the concentration of iw,T to Y.

Concentration of iw,T to ¥,. To aid the analysis, we define some additional notation. Let w*,¢* be as in
@, Theorem respectively; w* be as in , w, q be as in Algorithm [1f and

. y—1/2 —-1/2
M =315, 5,12

We collect some useful properties in the following lemma.

Lemma F.7 (Properties to aid concentration analysis). Let w,q be as in Algorithm . Then, the following hold.
(i) Ly = aXy.

(ii) M = al.

(#ii) For each t € [T), let Z; be a random matriz defined as follows. Draw (x¢,a:) ~w (i.i.d. for each t) and let

_ _ A _ _
Zt - M 1/2 |:Zq 1/2 (TI+¢(xt7at)¢(xt7at)T) Eq 1/2 M:| M 1/2.

Then, E[Z] = 0.
(iv) 1 Z:]l < 3.

Proof. We prove the claims one-by-one. Recall that w,q € AY*4 and consequently, we can write w = (1 —
Q)W + aq for some w € AY*A,

(i) By Lemmal[F.I] (v), we have that
So=010-a)Sz+aX, = aX,.
(ii) Expanding out M, by Lemma[F.1] (v), we have

M =3%"2((1-a)Sg + aXy)s, /2
=(1- )3, ?8:5, Y2 + ol = al,

where the last inequality used Lemma (v).
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(iii) To see that E[Z;] = 0 note that by linearity,

E |:;I + ¢($t,at)¢(xt,at)1 = Ew-

So, by linearity of expectation and the definition of M, we have

I A
E|x;1/? <TI + ¢(xs, ar)p(xy, at)T) S, - M| =0.

Applying linearity of expectation once more,

_ _ A _ _
E[M 12y (TI—I—(;S(:rt,at)(ﬁ(xt,at)T) S MMV =0

(iv) Notice that we can expand Z; into three terms as follows.

AN ey 1 ae /g
Zt:TM V2o MY 4 MRS (2, an)|[M PSS 2, ar)] T - T

We analyze this term by term and apply triangle inequality.

e The spectral norm of the first term is bounded using submultiplicativity:

>

1

—1/2y—1 —-1/2
MR Y

A
T

>

A -1 -1
< ZIMs <

QI

T
The last inequality in the display above used the fact that ¥, > %I and the fact from part (ii) that

M = aI to deduce (using Lemma (iv)) that X;' < LT and M~' < 11
e Meanwhile, the second term is a rank-one matrix, and hence,

H[M_1/22;1/2¢(xtaat)][M_l/qu_l/Qﬁb(xtyat)]T]H _ ||M_1/22q_1/2¢(xtaat)”2
= ¢(xr,a0) 'S PM TSP (e, an)
= ¢($t7at)TZ;1¢($t, a).

However, note that by (i) and Lemma (iv), we know ;' < 31 Thus, by Lemma (i) we

have that
_ 1 _
¢(xr,a0) " T dw, ar) < a@b(ﬂ?tvat)TEq Yo(xr, ar)
1 2d
= E|\¢($t,at)Hg;1 <

where the last inequality holds by construction of ¢ in Line [1] of Algorithm
e The last term is —1, whose spectral norm is 1.

Consequently, by triangle inequality,

1 2d  4d
1Z:] € = +1+4 =< —,
e « (07

where the second inequality used that d > 1, < 1 implies 1 + 1/a < 2d/c.

O

Lemma F.8 (Application of matrix Hoeffding). Let w,q,a be as in Algorithm . Define Ty = 512 -
d?/a?log(4d/S). Then, for any T > Ty, with probability 1 — 6/2,

||M—1/2[Eq—1/22w7T2;1/2 _ M]M—1/2|| <

| =
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Proof. Let Z; be as in Lemma We will apply Corollary with Xy < Z;, v « 4d/a,n + 1/2. Note that

M_l/Q[Eq_lpiw,TEq_l/g -1/2 _ Z 7,
te[T

and hence Lemma [F.7] along with Corollary [F-.6| ensures that
. T
—1/2py2—1/2 ~1/2 ~1/2
P{”M P Plu s - MM 2 1/2} < 2dexp (_3272) -
Whenever T' > Ty = 3272 log(4d/§), the right-hand side is at most §/2. O

Next, we fill out the proof of Lemma
Lemma 4.2. Let w*, w*, and w be as in (6), (§), and Line @ Then, Egopmaxgealld(z,a)?
2B, np maxaeal|p(z, a)ll3-1 <2/(1-a) Cp.

2, <

Proof. The first inequality holds immediately by Line For the second inequality, let v’ = (1 — a)w* + agq.
Note that w’ is feasible for (8)). Since ¥, = (1 — @) - X+ implies Yo =1/(1—a)S,t,

E max|o(e,a)|3, < B maxlé(r, a3 < 1/(1-a) B maxlié(z,o)]?

z~p a€A z~p a€A T~p a€A ”E;i

where the first inequality is by the optimality of w* and the second inequality is by the Loewner ordering. The
lemma now follows by definition of Cg. O

Finally, we are prepared to prove Theorem

Theorem 4.3. Let B= (X, A, ¢,p,v,0%) be an SCLB, A >0, § € (0,1), and T > 0 be a sample budget. Invoke
Algom'thm with a < 1/2. Let 3 be as defined in ([3). There exists Ty = O(d?) so that whenever T > Ty, with

probability 1 — 6, Algorithm outputs 7 with R(7) < O(\/BCs/T). This regret bound is at most O(\/Bd/T).

The algorithm runs in polynomial time.
Proof. Take a = 1/2 and Ty as in Lemma Then, by Lemma with probability 1 —§/2,

| MY S 28, p2 Y2 - MIM~Y?) < 1/2.
Condition on this event in the remainder of the proof. Now, by Lemma (vi),

1/2- M 227128, 512 <3/2- M.
Multiplying through by Zé/ % on the left and right and applying Lemma (iil), we have
1/2 1/2 S 1/2 1/2

1/2-S2MBy/? 2 8, 0 23/2- 812 ME.

Substituting in the definition M = Z;l/zEwZ(;l/Q, we can simplify the above display to obtain

1/2- 8y < Spr <3/2-5,,.

Consequently, by Lemma (iv), it follows that
sol=2.n0t

Now, note that for S as defined in Line|3} X5 = T, 7 and hence, TS5 = EwlT Thus,

Dt ) D (24)

Nl
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Consequently, Lemma (i), (24) ensures that for any (z,a) € X x A, we have

B(r,0) 53 6(,0) = o @)

Nl

o2, )51 = é(w,a) TS5 é(w, a) <

Taking expectation and max and applying the above display point-wise, we have

2
JE maxllo(e, o) < 7 B maxllor,a)lj < C&

where the last inequality holds due to Lemma
Now, by applying a union bound with the guarantee of Lemma |3.1] we see that with probability 1 — ¢, R(7) <

O(+/CsB/T).
Finally, to show that Cg < d, we let ¢* be the G-optimal design as in the Kiefer-Wolfowitz Theorem (Theorem [4.1)).
Then, by the definition of Cz, (recall (7)) we have

< 2 < 2 <d.
Cp < xIEpI;lea}HWx,a)qu* < (Lg?ea%XAHW%G)HZq* <d

F.3 Miscellaneous omitted proofs

Lemma 5.2. For any d € Z~o, A € Z>1, Cp; , < 4.

Proof. Consider w(z,a) defined as follows

1-(d-1)/2d), z=1,a=1
w(z,a) = ¢ 1/(2d), r#lLa=1,.
0, otherwise

Note that because X = [d], we have

Z w(x,a)zz (xl)—l—(d;dl)—k(d—l)-izl.

(z,a)EX XA z€[d]

Then, we can see that

C .= Z w($,a)¢(xva)¢($vQ)T»

(z,a)eX XA

is a diagonal matrix with

o _ 1= d=1)/Cd), i=1
" 1/(24), i1

Thus,

2d 2d
-1 < 24 L
ngpgleaxé(m a)'Cto(z,a) < i1 + E d2 max <2d )

a1
2d 1 1

< — 42

S ggq hAd- )max<d d(d+1)>

§2+2(d_1)<4

=<4

where the second-to-last inequality holds because d(d + 1) > d. 0
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Theorem 3.2. For each t € [T)], let m : X — AA be arbitrary. Let S = {(z1,a1), ..., (x7,ar)} C X x A such
that for each t € [T], v+ ~p and a; ~ m(xt). Then, as X\ = 0, Eg[T'(S)] > d/T.

Proof. Note that

E[Ss] =AM+ > > pa) Y [m(@)]ad(z a)p(x,a)7,

te[T] zeX ac€A

and consequently,

e 21 S e ¥t

TEX te [T] acA

=2 Y ) | g X @)l ) oo @)t

(z,a)eXx.A te[T]

So, for each (z,a) € X x A, let

We then observe that

Thus, we can observe that

_ 2
T E max|é(z,a)lligs -1 = E max|é(z,a)l3_

2
o ool
JE 19 o)l
= E ¢z, a)TE;lgb(o:, a)

(z,a)~w

= Y tr(w(za)é(e, a)d(r,a) S,

(z,a)eX x.A

=t Y w@a)dza)d(ra)

(z,a)eX XA

where the inequality follows from the simple fact that the expectation is always at most the maximum; the
second-to-last equality uses the cyclic property of the trace; and the last equality uses linearity of the trace.
Substituting in the formula for ¥, and dividing both sides of the above display by T,

1 _
IIEP?&X||¢(I a’)“ ES])_l Z ?tr Z w(xva)¢(xaa)¢(xaa)TEwl
(z,a)eXxA
—1

= %tr Z w(z,a)p(z,a)p(z,a)’ %I—l— Z w(z,a)p(x,a)p(x,a)’

(z,a)eXx A (z,a)eXx A
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Finally, using that E[Xg'] = (E[Es]) " and Lemma 1| (i), we have

2
zIEpI;laXHQf’(JC a)”([g[z)s]) 1 < ]E maX||¢(1? a)||E[Egl]'

Combining the two above displays, we conclude that

d
2 —
fiy B, molo@ )lgsgy 2 7

as desired.
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