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ABSTRACT

We study the transfer learning process between two linear regression problems.
An important and timely special case is when the regressors are overparameter-
ized and perfectly interpolate their training data. We examine a parameter trans-
fer mechanism whereby a subset of the parameters of the target task solution are
constrained to the values learned for a related source task. We analytically char-
acterize the generalization error of the target task in terms of the salient factors in
the transfer learning architecture, i.e., the number of examples available, the num-
ber of (free) parameters in each of the tasks, the number of parameters transferred
from the source to target task, and the correlation between the two tasks. Our non-
asymptotic analysis shows that the generalization error of the target task follows a
two-dimensional double descent trend (with respect to the number of free param-
eters in each of the tasks) that is controlled by the transfer learning factors. Our
analysis points to specific cases where the transfer of parameters is beneficial.

1 INTRODUCTION

Transfer learning (Pan & Yang, [2009) is a prominent strategy to address a machine learning task
of interest using information and parameters already learned and/or available for a related task.
Such designs significantly aid training of overparameterized models like deep neural networks (e.g.,
(Bengi10,2012;|Shin et al., 2016;|Long et al.,[2017)), which are inherently challenging due to the vast
number of parameters compared to the number of training data examples. There are various ways
to integrate the previously-learned information from the source task in the learning process of the
target task; often this is done by taking subsets of parameters (e.g., layers in neural networks) learned
for the source task and plugging them in the target task model as parameter subsets that can be set
fixed, finely tuned, or serve as non-random initialization for a thorough learning process. Obviously,
transfer learning is useful only if the source and target tasks are sufficiently related with respect to
the transfer mechanism utilized, e.g., (Rosenstein et al.| 2005 Zamir et al.| [2018}; [Kornblith et al.,
2019). The importance of transfer learning in the contemporary common-practice should motivate
corresponding fundamental understanding of its main aspects via analytical frameworks that may
consider linear structures, e.g., (Lampinen & Ganguli, 2019)).

In general, the impressive success of overparameterized architectures for supervised learning have
raised fundamental questions regarding the classical role of the bias-variance tradeoff that guided
the traditional designs towards seemingly-optimal underparameterized models (Breiman & Freed-
man, [1983). Recent empirical studies (Spigler et al., 2018} |Geiger et al.,|2019; Belkin et al., [2019a)
have demonstrated the phenomenon that overparameterized supervised learning corresponds to a
generalization error curve with a double descent trend (with respect to the number of parameters in
the learned model). This double descent shape means that the generalization error peaks when the
learned model starts to interpolate the training data (i.e., to achieve zero training error), but then the
error continuously decreases as the overparmeterization increases, often arriving to a global min-
imum that outperforms the best underparameterized solution. This phenomenon has been studied
theoretically from the linear regression perspective in an extensive series of papers, e.g., (Belkin
et al.l 2019b; Hastie et al, [2019; Xu & Hsu, [2019; Mei & Montanari, |2019). The next stage is
to provide corresponding fundamental understanding to learning problems beyond a single fully-
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supervised regression problem (see, e.g., the study of overparameterized linear subspace fitting in
unsupervised and semi-supervised settings (Dar et al., 2020)).

In this paper we study the fundamentals of the natural meeting point between overparameterized
models and the transfer learning concept. Our analytical framework is based on the least squares
solutions to two related linear regression problems: the first is a source task whose solution has
been found independently, and the second is a target task that is addressed using the solution already
available for the source task. Specifically, the target task is carried out while keeping a subset of
its parameters fixed to values transferred from the source task solution. Accordingly, the target task
includes three types of parameters: free to-be-optimized parameters, transferred parameters set fixed
to values from the source task, and parameters fixed to zeros (which in our case correspond to the
elimination of input features). The mixture of the parameter types defines the parameterization level
(i.e., the relation between the number of free parameters and the number of examples given) and the
transfer-learning level (namely, the portion of transferred parameters among the solution layout).

We conduct a non-asymptotic statistical analysis of the generalization errors in this transfer learning
structure. Clearly, since the source task is solved independently, its generalization error follows a
regular (one-dimensional) double descent shape with respect to the number of examples and free
parameters available in the source task. Hence, our main contribution and interest are in the charac-
terization of the generalization error of the target task that is carried out using the transfer learning
approach described above. We show that the generalization error of the target task follows a dou-
ble descent trend that depends on the double descent shape of the source task and on the transfer
learning factors such as the number of parameters transferred and the correlation between the source
and target tasks. We also examine the generalization error of the target task as a function of two
quantities: the number of free parameters in the source task and the number of free parameters in the
target task. This interpretation presents the generalization error of the target task as having a two-
dimensional double descent trend that clarifies the fundamental factors affecting the performance
of the overall transfer learning approach. Specifically, we show how the generalization error of the
target task is affected by the interaction among the source-target task relation, the form of the true
solution, and the specific set of transferred parameters. Moreover, we analytically characterize the
cases where transfer of parameters is preferred over constraining them to be zero valued (where the
latter is equivalent to omitting features).

This paper is organized as follows. In Section [2| we define the transfer learning architecture exam-
ined in this paper. In Sections [3}{4] we present the analytic and empirical results that characterize
the generalization errors of the target task, and outline the cases where transfer of parameters is
beneficial. Note that Section [3|studies a simplified setting where transferred parameters are chosen
uniformly at random, whereas Section [f] examines transfer of specific (i.e., not random) sets of pa-
rameters. Section [5]concludes the paper. The Appendix includes all of the proofs and mathematical
developments as well as additional details and results for the empirical part of the paper.

2 TRANSFER LEARNING BETWEEN LINEAR REGRESSION TASKS: PROBLEM
DEFINITION

2.1 SOURCE TASK: DATA MODEL AND SOLUTION FORM

We start with the source data model, where a d-dimensional Gaussian input vector z ~ N (0, 1) is
connected to a response value v € R via the noisy linear model

v=270+¢, (1)

where £ ~ N (0, aé) is a Gaussian noise component independent of z, and @ € R? is an unknown

vector. The data user is unfamiliar with the distribution of (z, v), however gets a dataset of 7 inde-
pendent and identically distributed (i.i.d.) draws of (z, v) pairs denoted as DA {(z(i), v(i))} .
i=1

The 7 data samples can be rearranged as Z 2 [z(1) ... z(™]T and v £ [v(M), ... v™)]T that sat-
isfy the relation v = Z@ + £ where £ £ [5(1), . ,f(ﬁ)}T is an unknown noise vector that its i*?

component () participates in the relation v(9) = ()79 + £(*) underlying the i*" data sample.
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The source task is deﬁned for a new (out of sample) data pair (z(tebt) v(*esY)) drawn from the

distribution induced by independently of the n examples in D. For a given z(t*s%) | the source
task is to estimate the response value v(**s%) by the value ¥ that minimizes the corresponding out-of-
sample squared error (i.e., the generalization error of the source task)

Eont 2 {(ﬁ—u“est))Q} :a§+1E{H§—0Hz} o)

where the second equahty stems from the data model in and the corresponding linear form of
= z(tesY).79 where 8 estimates 6 based on D.

To address the source task based on the 7 examples, one should choose the number of free param-
eters in the estimate & € RY. Consider a predetermined layout where p out of the d components
of @ are free to be optimized, whereas the remaining d — p components are constrained to zero
values. The coordinates of the free parameters are specified in the set S £ {sy,..., sp} where
1 <s; <---<s5 <d and the complementary set S¢ = {1,...,d} \ S contains the coordinates
constrained to be zero valued. We define the |S|xd matrix Qs as the linear operator that extracts
from a d-dimensional vector its |S|-dimensional subvector of components residing at the coordi-
nates specified in S. Specifically, the values of the (k, s) components (k = 1,...,|S|) of Qg are
ones and the other components of Qg are zeros. The definition given here for Qs can be adapted
also to other sets of coordinates (e.g., Qsc for S¢) as denoted by the subscript of Q. We now turn
to formulate the source task using the linear regression form of

6 = argmin ||v — Zr||§ subjectto Qgscr =0 3)
reRd

that its min-norm solution (see details in Appendix |A.I) is
6=QLzZiv 4)

where Z is the pseudoinverse of Zs £ ZQZL 5- Note that Zs is a 7 X p matrix that its i*™® row is

formed by the p components of z(*) specified by the coordinates in S, namely, only 7 out of the

d features of the input data vectors are utilized. Moreover, 6 is a d-dimensional vector that may
have nonzero values only in the p coordinates specified in S (this can be easily observed by noting
that for an arbitrary w € RIS, the vector u = QLw is a d-dimensional vector that its components
satisfy us, = wg for k=1, ...,|S| and u; = 0 for j ¢ S). While the specific optimization form in
(3) was not explicit in previous studies of non-asymptotic settings such as (Breiman & Freedman|
1983; |Belkin et al.l 2019b), the solution in coincides with theirs and, thus, the formulation of
the generalization error of our source task (which is a linear regression problem that, by itself, does
not have any transfer learning aspect) is available from (Breiman & Freedmanl 1983} Belkin et al.,
2019b) and provided in Appendix in our notations for completeness of presentation.

2.2 TARGET TASK: DATA MODEL AND SOLUTION USING TRANSFER LEARNING

A second data class, which is our main interest, is modeled by (x,y) € R x R that satisfy
y=xTB+e 5)

where x ~ N (0,1,) is a Gaussian input vector including d features, € ~ N (0, 052) is a Gaussian
noise component independent of x, and 3 € R? is an unknown vector related to the 8 from @) via

0=HB+7 ©)

where H € R?? is a deterministic matrix and n ~ N (0,021,) is a Gaussian noise vector. Here
7, X, €, z and £ are independent. The data user does not know the distribution of (x,y) but re-

ceives a small dataset of n i.i.d. draws of (x,y) pairs denoted as D = {(x(i),y(i))} . The n
i=1

data samples can be organized in a n x d matrix of input variables X £ [x() ... x(™]7 and a
n x 1 vector of responses y = [y(l) y(")]T that together satisfy the relation y = X3 + € where
€2 [ ... T is an unknown noise Vector that its i*" component € is involved in the con-

nection 3 = x0T 3 + € underlying the i*" example pair.
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The arget task considers a new (out of sample) data pair (x(*s*), y(*st)) drawn from the model in
independently of the training examples in D. Given x(***) | the goal is to establish an estimate 7
of the response value y(*°st) such that the out-of-sample squared error, i.e., the generalization error

of the target task,
250} =t +2{[B -]

is minimized, where jj = x(test) T3 B and the second equality stems from the data model in ( '

The target task is addressed via linear regression that seeks for an estimate B € R? with a layout
including three disjoint sets of coordinates F, T, Z that satisfy F U T U Z = {1,...,d} and corre-
spond to three types of parameters:

e p parameters are free to be optimized and their coordinates are specified in F.

e { parameters are transferred from the co-located coordinates of the estimate 0 already
formed for the source task. Only the free parameters of the source task are relevant to
be transferred to the target task and, therefore, 7 C S and ¢t € {0,...,p}. The transferred
parameters are taken as is from 0 and set fixed in the correspondmg coordmates of ﬁ ie.,
fork e T, Bk = Hk where ﬁk and Hk are the k*® components of B and 0 respectively.

e /parameters are set to zeros. Their coordinates are included in Z and effectively correspond
to ignoring features in the same coordinates of the input vectors.

Clearly, the layout should satisfy p +t + ¢ = d. Then, the constrained linear regression problem for
the target task is formulated as

B = argmin |ly — Xb||2 (8)
beR4

subjectto Q7b = QTE
Qzb=0
where Q7 and Qz are the linear operators extracting the subvectors corresponding to the coor-
dinates in 7 and Z, respectively, from d-dimensional vectors. Here 8 € R is the precomputed
estimate for the source task and considered a constant vector for the purpose of the target task. The
examined transfer learning structure includes a single computation of the source task (3), followed
by a single computation of the target task (8) that produces the eventual estimate of interest 3 using
the given 8. The min-norm solution of the target task in (8) is (see details in Appendix |

B=QLx; (y - XTaT) +Qtor ©)
where 07— = QTH X, & XQT, and X} is the pseudoinverse of X £ XQZL 7. Note that the
desired layout is indeed implemented by the ﬁ form in @) the components corresponding to Z
are zeros, the components corresponding to 7 are taken as is from 0 and only the p coordinates
specified in F are adjusted for the purpose of minimizing the in-sample error in the optimization

cost of (8) while considering the transferred parameters. In this paper we study the generalization
ability of overparameterized solutions (i.e., when p > n) to the farget task formulated in (8)—(9).

3 TRANSFER OF RANDOM SETS OF PARAMETERS

To analytically study the generalization error of the target task we consider, in this section, the
overall layout of coordinate subsets L = {S, F, T, Z} as a random structure. The simplified set-
tings of this section provide useful insights towards Section ff] where we analyze transfer of specific,
non-random sets of parameters.

Definition 3.1. A coordinate subset layout £ = {S, F, T, Z} thatis {p, p, ¢ }-uniformly distributed,
for pe {1,...,d} and (p,t) € {0,...,d} x {0,...,p} such that p+¢ < d, satisfies: S is uni-
formly chosen at random from all the subsets of p unique coordinates of {1,...,d}. Given S, the
target-task coordinate layout {F, 7T, Z} is uniformly chosen at random from all the layouts where
F, T, and Z are three disjoint sets of coordinates that satisfy F U T U Z = {1,...,d} such that
|Fl=p,|T|=tand T C S,and |Z|=d —p —t.
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Recall the relation between the two tasks as provrded in (@) and let us denote ﬁ(H) HpB. The
following definitions emphasize crucial aspects in the examined transfer learning framework. The

. . . B || +do?
signal-to-noise ratio is defined for the source task as I'y;¢ & w , and for the farget task as

£

(H)
tht ”ﬁ H2 . The normalized task correlation between the two tasks is p = W. The task
2 4%
s 8%} +do}
energy ratio between the two tasks is w = W
2

The following characterizes the expected out-of-sample error of the target task with respect to trans-
fer of uniformly-distributed sets of parameters [H

Theorem 3.1. Let L = {S,F,T,Z} be a coordinate subset layout that is {p, p, t}-uniformly dis-
tributed. Then, the expected out-of-sample error of the target task has the form of

1812 | = - Lo (d—p+d T +t - Airansior) forp <mn —2,
Eﬁ{gout} = d 2. p,pnil (d p + d- tht +t- Ag‘cransfer) +p —-n fOVp Z n+ 27 (10)
00 otherwise.
where
1—2p+% forp <m—2
Agtramsfer =wX (1 — 2,0 + %) forﬁz n + 2, (11)
00 otherwise.

is the expected error difference introduced by each constrained parameter that is transferred from
the source task instead of being set to zero.

The last theorem is proved using non-asymptotic properties of Wishart matrices (see Appendix [B).
Figure |1| presents the curves of E g{é’out} with respect to the number of free parameters p in the

target task, whereas the source task has p = d free parameters. In Fig.[I] the solid-line curves
correspond to analytic values induced by Theorem [3.1] and the respectlve emprrlcally computed

0.025 - d. See additional details in Appendix D). The number of free parameters p is upper bounded
by d — ¢ that gets smaller for a larger number of transferred parameters ¢ (see, in Fig.[I] the earlier
stopping of the curves when ¢t is larger). Observe that the generalization error peaks at p = n and,
then, decreases as p grows in the overparameterized range of p > n + 1. We identify this behavior
as a double descent phenomenon, but without the first descent in the underparameterized range (this
was also the case in settings examined in (Belkin et al.|[2019b} |Dar et al.l 2020)).

By considering the generalization error formula from Theorem 3.1]as a function of p and p (i.e., the
number of free parameters in the source and target tasks, respectively) we receive a two-dimensional
double descent behavior as presented in Fig.[2Jand its extended version Fig.[5|where each subfigure is
for a different pair of ¢ and a . The results show a double descent trend along the p axis (with a peak
at p = n) and also, when parameter transfer is applied (i.e., ¢ > 0), a double descent trend along the p
axis (with a peak at p = 7). Deﬁnitionimplies thatp € {¢,...,d}andp € {0,...,d—t}, hence,
a larger number of transferred parameters ¢ eliminates a larger portion of the underparameterized
range of the source task and also eliminates a larger portion of the overparameterized range of the
target task (see in Fig. [5] the white eliminated regions that grow with ¢). When ¢ is high, the wide
elimination of portions from the (p, p)-plane hinders the complete form of the two-dimensional
double descent phenomenon (see, e.g., Fig. 2d).

An increased transfer of parameters limits the level of overparameterization applicable in the target
task and, in turn, the potential gains from the transfer learning are also limited. Yet, when the
source task is sufficiently related to the target task (see, e.g., Figures[Ta] [ID), the parameter transfer

'Our expectation over uniformly random choice of coordinates (together with a deterministic 3) can be
interpreted instead as considering fixed indices and 8 modeled as isotropic random vector and H = alq4
for some real value o. This alternative interpretation relates to settings used for linear regression analysis in
Section 4 of [Hastie et al| (2019) and in Xu & Hsu (2019). Also, note that in our Section [d] we formulate the
generalization error (without expectation over £) for a specific £ and a specific choice of parameters.
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Figure 1: The expected generalization error of the target task, E . {&,ut , with respect to the num-

ber of free parameters (in the target task). The analytical values, induced from Theorem [3.1] are
presented using solid-line curves, and the respective empirical results obtained from averaging over
250 experiments are denoted by circle markers. Each subfigure considers a different case of the
relation (6) between the source and target tasks in the form of a different 03 value, whereas H = I;
for all. Each curve color refer to a different number of transferred parameters.

Analy tical: U = Analytical: 02 =05 t=16 Analytical: 0;27 =0.5 t=32 Analytical: H% =0.5 t=48
800 80 800 80 800 80 800
600 60 600 60 600 60 600
140 4000 40 400 12 40 a 400 1 40 400
200 20 200 20 200 20 200

0 0 0
20 20 20 40 60 80 20 40 60 80
P P
(a) (b) (© (d

Figure 2: Analytical evaluation of the expected generalization error of the target task, E L{Sout },

with respect to the number of free parameters p and p (in the source and target tasks, respectively).
Each subfigure considers a different number of transferred parameters ¢. The white regions corre-
spond to (p, p) settings eliminated by the value of ¢ in the specific subﬁgure The yellow-colored
areas correspond to values greater or equal to 800. All subfigures are for o =0.5and H =1,. See

Flg Ifor settings with different values of 0‘ . See Fig. |§|f0r the correspondmg empirical evaluation.

compensates, at least partially, for an insufficient number of free parameters (in the target task). The
last claim is evident in Figures[Ta] [Tb| where, for p > n + 1, there is a range of generalization error
values that is achievable by several settings of (p, t) pairs (i.e., specific error levels can be attained by
curves of different colors in the same subfigure). E.g., for (7127 = 0.5 (Fig. , the error achieved by
p = 60 free parameters and no parameter transfer can be also achieved using p = 48 free parameters
and ¢t = 32 parameters transferred from the source task. In Appendix |C| we elaborate on the two
special cases that are induced by setting ¢ = 0 or p = 0 in the general result of Theorem [3.1]

Let us return to the general case of Theorem [3.1]and examine the expected generalization error for a
given number of free parameters p in the target task. We form analytical conditions on the required
number of free parameters p in the source task to get a useful parameter transfer that reduces the
generalization error of the target task compared to the option of setting parameters to zero.

Corollary 3.1. Let p € {0,...,d} and i be given quantities. Consider p € {1,...,d}. Then,
the term A& anster, Which quantifies the expected error difference due to each parameter being

transferred instead of set to zero, satisfies A& ranster < 0 (i.e., parameter transfer is beneficial) if
the source task is sufficiently overparameterized such that

p>n+1l+(d—n+d-T5l—1)/2p for p>0,n<d-1, (12)
or sufficiently underparameterized such that
d—n+d- T3l +1

p<n-—1-— e I,n<d(1+4+T +1 1

p<n 2= 1) for p>1,n (+ src) , (13)
- d— d-Tgl+1 -

or W—1- ";Ep_f)rﬁ <p<d for0§p<1,n>d(1+r;i)+1, (14)

or 1<p<d for p>1, n>d(1+FsrC) (15)
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Figure 3: The analytical values of A& anster defined in Theoremfor a random coordinate layout
(namely, the expected error difference due to transfer of a parameter from the source to target task)
as a function of p and 2. The positive and negative values of A& anster appear in color scales
of red and blue, respectively. The regions of negative values correspond to beneficial transfer of
parameters. The positive values were truncated at 2 for the clarity of visualization. The solid black
lines denote the analytical thresholds for useful transfer learmng as implied by Corollary B} Each
subfigure refers to another task relation model induced by H = fId, H=1,H= 7Id

Otherwise, Atyanster > 0 (i.e., parameter transfer is not beneficial).

The proof of the last corollary is provided in Appendix [E.I} The analytical thresholds for useful
transfer learning are demonstrated by the black lines in Fig.[3] Importantly, Figures [7dH{7] show
that the analytical thresholds excellently match the regions where the empirical settings yield useful
parameter transfer (i.e., where A& anster < 0 is empirically satisfied). The details on the empirical
computation of A& anster are available in Appendix Fig.[3|considers settings where n < d — 1
and, thus, refers to the analytlcal conditions formulated in (T2)-(T3). See Appendlx@for empirical
results for settings where 7 > d that correspond to the conditions in (

4 TRANSFER OF A SPECIFIC SET OF PARAMETERS

Equipped with the fundamental analytical understanding of the key principles formulated in the
former section for the case of uniformly-distributed coordinate layout, we now proceed to the
analysis of settings that consider a specific non-random layout of coordinates £ = {S, F, T, Z}.
The following theorem (see proof in Appendix [F) formulates the generalization error of the tar-
get task that is solved using a specific set of transferred parameters indicated by the coordi-
nates in 7. First, we define the next quantities with respect to the specific coordinate lay-
out used: The possibly-transferred to actually-transferred energy ratio of the source task is

yr 2 (,% ol +ta%> / ()

source task ¢ = ( H

2
ﬁ(;{)H + tcrf]). The zeroed-to-transferred energy ratio of the
2

2
+ to > / <H B(H) H + to%). The constrained-coordinates SNR

is defined for the source task as I'gese = (Hﬁ

+ (d — ;5)0%) /oZ, and for the rarget
task as D'gp 7 = |8 fc||§ /o2, The normalized task correlation in T between the two tasks

is T = <ﬁ7’ 7/8T

or & (|80 + 103) 116515

Theorem 4.1. Let L = {S, F, T, Z} be a specific, non-random coordinate subset layout. Then,
the out-of-sample error of the target task has the form of

2
( ‘ ﬁg{{) H + to%). The task energy ratio in T between the two tasks is
2

_ T,S8 2
) nﬁpil I+ tht Fe + Agt(raunszer ||ﬁ.7:C ||2 forp S n— 27
_ — 7,8 2 —n 2
gout B pfnil 1+tht Fe +Agt(ranszer ||16]:”||2 + pT HIG]:”z fOl’pZ ’I’L+2, (16)
o0 otherwise.
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Figure 4: Analytical (solid lines) and empirical (circle markers) values of 5(5 for specific, non-
random coordinate layouts. All subfigures use the same sequential evolution of L with p. Here
o2 = 0.5. See Figures for the complete set of results.

where
1-2p7 4 ST e ) forp<i—2,
Al =7 0 2 (W —2py 4+ LD e s‘)> forp>i+2,
> otherwise.

is the error difference introduced by transferring from the source task the parameters specific in T
instead of setting them to zero.

Figures ¢ show the curves of Eout, for specific coordinate layouts £ that evolve with respect
to the number of free parameters p in the target task. The excellent fit of the analytical results to the
empirical values is evident. The effect of the specific coordinate layout utilized is clearly visible by
the less-smooth curves (compared to the on-average results for random coordinate layouts in[T). We
examine two different cases for the true 3 (a linearly-increasing and a sparse layout of values, with
the same norm, see Appendix [G) and the resulting error curves significantly differ despite the use of
the same sequential construction of the coordinate layouts with respect to p (see, e.g., Figs. Fallc).
The linear operator H in the task relation model greatly affects the generalization error curves as
evident from comparing our results for different types of H: an identity, local averaging, and discrete
derivative operators (see, e.g., Fig. a] vs. Fig. [db] Fig. [Ad| vs. Fig. and also the complete set of
results in Figs. [IOHTT). Theorem[&.1|yields the following rule on the benefits from transfer learning.

Corollary 4.1. Let F and S be given. Then, the parameter transfer induced by a specific
T c {FC NS} is beneficial if AEt(T"S) < 0. Otherwise, this specific parameter transfer is not

ransfer
beneficial over zeroing the parameters (i.e., omitting the input features) corresponding to T .

The last corollary is an extension of the simplified case for uniformly-distributed coordinate layouts
as formulated in Corollary Our results also exhibit that a specific set 7 of ¢ transferred parame-
ters can be the best setting for a given set F of p free parameters but not necessarily for an extended
set F/ O F of p’ > p free parameters (see, e.g., Fig. Where the orange and red colored curves do
not consistently maintain their relative vertical order at the overparameterized range of solutions).

5 CONCLUSIONS

In this work we have established an analytical framework for the fundamental study of transfer
learning in conjunction with overparameterized models. We used least squares solutions to linear
regression problems for shedding clarifying light on the generalization performance induced for a
target task addressed using parameters transferred from an already completed source task. We for-
mulated the generalization error of the target task and presented its two-dimensional double descent
shape as a function of the number of free parameters individually available in the source and tar-
get tasks. We characterized the conditions for a beneficial transfer of parameters and demonstrated
the effects of various crucial aspects such as the source-target task relation, the specific choice of
transferred parameters and its interaction with the form of the true solution. We believe that our
work opens a new research direction for the fundamental understanding of the generalization ability
of transfer learning designs. Future work may study additional transfer learning layouts (like fine
tuning of the transferred parameters) and their implications to practical neural network architectures.
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APPENDICES

The following appendices supports the main paper as follows. Appendix [A] provides additional
details on the mathematical developments leading to the results in Section [2| of the main paper. In
Appendix [B] we present the proof of Theorem [3.1] that formulates the expected generalization error
of the target task in the setting of uniformly-distributed coordinate layouts. Appendix [C]includes
the explicit formulations of two special cases of Theorem [3.1] that were discussed in Section 3| of
the main paper. Appendix [D] provides additional empirical results and details for Section [3] of the
main paper. In Appendix [E| we provide the proof of Corollary [3.1] as well as related analytical and
empirical evaluations and details. In Appendices we refer to the setting of transfer of a specific
set of parameters from Section [4] of the main text. Specifically, in Appendix [F] we prove Theorem
(.1 and in Appendix [G] we provide additional analytical and empirical evaluations.

A  MATHEMATICAL DEVELOPMENTS FOR SECTION 2

A.1 THE ESTIMATE 8 IN EQ.

Let us solve the optimization problem provided in . Using the relation Qng + Qgc Qs =1,
we can rewrite (3)) as

0= argmin |[v — ZsQsr — ZgcQger |§ 17

reRd
subject to Qscr =0

where Zs £ ZQZL and Zs- = ZQL.. By setting the equality constraint in the optimization cost,
the problem in becomes
= argmin ||v — ZsQSI‘H; (18)
reRd
subject to Qgcr = 0.

Without the equality constraint, (I8) is just an unconstrained least squares problem that its solution
is
0=Q5iZiv (19)

where Z; is the Moore-Penrose pseudoinverse of Zs. Note that 0 in ll satisfies the equality
constraint in (I7) and, therefore, (T9) is also the solution for the constrained optimization problems

in (T7), (18), and (3).

A.2 THE DOUBLE DESCENT FORMULATION FOR THE GENERALIZATION ERROR OF THE
SOURCE TASK

The generalization error of a single linear regression problem (that includes noise) in non-asymptotic
settings is provided in (Belkin et al., 2019b) for a given coordinate subset (i.e., deterministic S in
our terms). The result of (Belkin et al.|[2019b) can be written in our notations as
_ 9 L
(1+ #) (||050||2—|—0§> forp<mn—2,
Eout = { 0 forpe{n—-1,nn+1}, (20
7 2 2 7 ~ ~
(1—1—]#) (||93c||2+02) + 116513 (1— ") forp>n+ 2.

The analysis in our work considers the coordinate subset S to be uniformly chosen at random
from all the subsets of p € {1,...,d} unique coordinates of {1,...,d}. Then, we get that

IES{||05||§} = %||9||§ and IES{||05c||§} = % H0||§ Accordingly, the expectation over S of
the generalization error of the source task leads to the following result

U

1 (14 52) (a-p+a-Tal) for p < 7 — 2,
Es{amt} =~ 116134 forp e {f — 1,7, 7 + 1},
<1+ﬁ7271) (d—ﬁ—i—d-l"src*l)—}—]bv—ﬁ forp >n+2,

21

10
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lell3
2
T¢

where fsrc = . Note that the expectation of fsrc with respect to the noise vector 7 yields the

fsrc quantity that was defined before Theorem in the main text.

A.3 THE ESTIMATE 3 IN EQ. (10)

The optimization problem in (), given for the target task, can be addressed using the relation
QLQr + QFQ7r + Q% Qz =1, and rewritten as

B =argmin [y - X7Qrb ~ X7Qrb ~ XzQzbl; (22)
beR
subject to Q7b = Qr/é
Qzb=0

where X 5 £ XQL, X7 = XQ;-, and X z = XQZ. By setting the equality constraints of in
its optimization cost, the problem (22)) can be translated into the form of

~ ~ 2
B —argmin ||y - X7 Q78 - X5Qsb| (23)
beRd 2
subjectto Q7b = erb\
Qzb =0.

The last optimization is a restricted least squares problem that can be solved using the method of
Lagrange multipliers to show that

B =QLxX; (y - XTb\T) +Qtor (24)

where 57— = Q7—§ and Xf{- is the Moore-Penrose pseudoinverse of X ~.

B PROOF OF THEOREM 3.1

This section is organized as follows. Section[B.T|presents auxiliary results on uniformly-distributed
coordinate subsets. Section [B.2] provides results on non-asymptotic properties of Gaussian and
Wishart matrices. The auxiliary results are utilized in Section to prove the formulations given
in Theorem [3.1| for the generalization error of the target task in the setting of uniformly-distributed
coordinate subset layout.

B.1 AUXILIARY RESULTS ON THE UNIFORMLY-DISTRIBUTED COORDINATE SUBSET
LAYOUT

Recall Deﬁnitionin the main text that characterizes a coordinate subset layout £ = {S, F, T, Z}
that is {p, p, ¢t }-uniformly distributed, for p € {1,...,d} and (p,t) € {0,...,d} x {0,...,p} such
that p + ¢ < d. Here we provide several auxiliary results that are induced by this random structure
and utilized in the proof of Theorem 3.1

For S that is uniformly chosen at random from all the subsets of p unique coordinates of {1, ..., d},
we get that the mean of the projection operator QL Qs is
d—1
(5-1)

EL{QEQS} = ES{QEQS} = @ I, = gld (25)
D

where we used the structure of Q% Qs that is a d x d diagonal matrix with its j** diagonal component
equals 1 if j € S and O otherwise.

Definition also specifies that, given S, the target-task coordinate layout {F, 7, Z} is uniformly
chosen at random from all the layouts where F, 7, and Z are three disjoint sets of coordinates
that satisfy FUT U Z = {1,...,d} such that |[F|=p, |[T|=tand 7T C S, and |Z|=d —p — 1.
Accordingly,

()

ee{QFar} = Es{Ee{Qfar}} - T es{Qtas} = zEs{QfQs} = oL @0
t

11




Under review as a conference paper at ICLR 2021

and similarly

R )
E:{QEQs} = 27, (28)

Another useful auxiliary result, based on the relation qug = I (carefully note the transpose
appearance), is provided by

pe{QsQfQrat} - Bs{Qskes{Qfar}al) - tEs{QsQiasQl} - i (9)
The results in 26)—(28) imply that

ec{l6r13} = 87z {QFar b= L1al:. (30)

Ec{l8-13} = 8"Ec{QFQr B =2 1813, GD)

E{18213} = 8B { Qs = L= g2, ()

where B+ 2 Q78, Br £ Qr3, and Bz = Qz3. Note that the expressions in — hold also
for d-dimensional deterministic vectors other than 3, e.g., - hold for 3 (H) 2 Hg.

B.2 AUXILIARY RESULTS USING NON-ASYMPTOTIC PROPERTIES OF GAUSSIAN AND
WISHART MATRICES

The random matrix X £ XQ; is of size n X p and all its components are i.i.d. standard Gaussian
variables. Then, almost surely,

1 forp<n
+ _ —_ )
E{Xfxf} =1y x { forp > n, 33)

S

where Xj{-X £ is the p X p projection operator onto the range of X . Accordingly, let a € RP be a
random vector independent of the matrix X » and, then,

+ 2 - 2 1 forp S n,
E{|X3Xrall;} = E{llal} > {Z forp > (34)

Since the components of X 5 are i.i.d. standard Gaussian variables then XZX = ~ W), (I,,n) is a
p x p Wishart matrix with n degrees of freedom, and X ]-‘Xg ~ W, (I,,, p) is a n x n Wishart matrix
with p degrees of freedom. The pseudoinverse of the n x n Wishart matrix (almost surely) satisfies

1 -B forp<n-—2,

n—p—1
E{(XIXJTT)*} - E{X;Tx;} —1, x {0 forpe {n—1,mn+1}, (39
pf’ifl forp >n+2,

where the result for p > n + 2 corresponds to the common case of inverse Wishart matrix with
more degrees of freedom than its dimension, and the result for p < n — 2 is based on constructions
provided in the proof of Theorem 1.3 in Breiman and Freedman| (1983)).

Following @ let u € R™ be a random vector independent of X . Then,

1 nf;q forp <n—2,
E{HX}uHi} = EE{HuH;} X { 00 forp € {n—1,n,n+ 1}, (36)
infl forp >n+ 2,
that specifically for u = X <3 r. becomes
n7271 forp <n-—2,
B{|XXr B3} =B{I18 )3} x {00 forpe{n—tmn+1}, (3D
pJ;l forp >n+2.

12
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The results in (33)-(37) are presented using notions of the target task, specifically, using the data
matrix X and the coordinate subset 7. One can obtain the corresponding results for the source task
by updating (33)-(37) by replacing X, T, n and p with Z, S, 7 and p, respectively. For example, the
result corresponding to (33)) is

1 forp<n
+ T L >N,
E{ZSZS} = Iy x {g for p > n, (38)

where Z}'ZS is the p X p projection operator onto the range of Zs.

B.3 PROOF OUTLINE OF THEOREM 3.1

The generalization error ., of the target task was formulated in Eq. for a specific coordinate
subset layout £ = {S,F,T,Z}. Here we prove the formulation given in Theorem for the
expecation of &,,; with respect to a {p, p, t}-uniformly distributed layout £ (see Definition .
While in the main text the expectation with respect to £ is explicitly denoted as E.-{-}, in the
developments below we use the notation of E{-} to refer to the expectation with respect to all the
random elements (that may also include £) of the expression it is applied on. The developments
start with

se{eon} = ot + {8 4]}

= o2+ ={18213} + B{ %5 (v - X787) - 8]} + B{|or - 7]}, 39

where the last decomposition shows the expected squared error Eg{é‘out} as the sum of the irre-

ducible error o2 and the expected errors corresponding to each of the three subvectors induced by
the coordinate subsets Z, F, T .

Using the expression for the estimate 0 given in (4) and the relation y = X3 + €, the expected error
in the subvector induced by F, i.e., the third term in , can be developed into

Bl [X5 (v~ Xr07) - 82} =B IXE (X8 + e - X7QrQEzgv) - )
= B{ X5 (Xr 87 +e)[3} +E{[X3X7QrQEzsv];]
+EB{||(L, - X$X5) B[} — 28{ 8T (XEXr)" XEX7QrQbzEv ). (40)

The four terms in the decomposition in are further developed as follows. The first term in (40])
can be computed using the results in (3I)), (36) and to receive the form of

E forp <mn-—2,

9 d—p n—p—1
E{||X;(Xfcﬁfc+e)||2} = (dg||§+af) x { 00 forpe {n—1,n,n+ 1},
p7271 forp > n+ 2.

(41)

The second term in (0] is developed next using the relations v = Z6-+¢ and @ = HB3+n), as well as
the results in (29), (36), (38) and the forms of Iy, and w that were defined before Theorem[3.1]in the
main text. Also, note that X;XT ~ W; (I, n) is a Wishart matrix with mean E{X?XT = nl,.

13
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Then,

B{|X5XrQrQizivl);} = {HX*XTQTQ§Z+(ZHﬁ4—Zn+5|\}
p

] T forp <n—2,
2
= EE{HXTQTngg (ZHB + zr,+§)”2} x { 00 forpe {n—1,n,n+1},
;)—72—1 forp > n+ 2,
L forp<n-2,
t 2 n—p
:;E{HZ&WZH,@—&—Zn—i—{)’b}X 00 forpe {n—1,nn+ 1},
p pJLl forp > n+ 2,
S1IBI5 x £ x wx
) forpe{n—1,n,n+1}orpe {n—1,n,n+1},
e (1+d7f_+;_rf") forp<n—2andp<n—2,
n d—p+d-T'] ~ ~
n_g_l.;<1+ppT forp<n-—2andp>n+2, (42)
n d— +dF ~ _ ~
p,;,1(1+ L ) forp>n+2andp<n-—2,
- %( “*“ ) forp>n+2and 5> 7 + 2.

In the last development we also used the next result

E{||z% (ZHB + Zn+ ¢)|;} =

2
2
2
= 5{|z3zs (88" +ns)|,} + B{ 5 (2088 + 2z + €) [}
B (H) 2 forp <n,
“off e} ({3 rrsh
= forp<mn-—2,
1 (H) 2 " IO
+%]E{HZSCESC +Z3cn5c+£H2}x o0 forpe{n—1,nn+1},
] forp >n+ 2,
_P, <mW 2 1 forp <,
d (H'B 2T ) N E forp s,

p
ﬁ D n —
(5 (o) o)« ({57 m3E

00 forpe {n—1,n,n+1},
1
= = 11813 x wx

forp>n+2,
5 forB < ﬁf;l forp<n-2,
({]3 °”fo’>+(d F+d T3l x [{x forp € {f — 1,7, 7 + 1},
<

]

=[S =

I

fi o~
n forp > n, for p>7i+2,

]’5(1 + 7d_§+§'r;i) for p
1 n—p—1

= = 1BII3 x w x § o0 for p € {fi — 1,7, 7 + 1}, (43)
p

(1 + %) for

14



Under review as a conference paper at ICLR 2021

Next, the third term of (#0) can be developed using (31 and (34) into
2 0 for p < n,

E{[|(1, - X$X5) Bz } = E{ 185113 } {1 w

»

for p > n,

1 2 0 forp < mn,
S 44
d”ﬂ||2x{p—n forp > n. “4)

The fourth term of (@0) is developed next using the relatlon v = ZH,B + Zn + £ and the indepen-
dence of 17 and ¢ with the other random variables. Using (35) and (38) one can get

B{67 (XiX7)" X$X7QrQbziv} = B{ 87 XF X} TX*XTQTQE 252565 }

00 forpe{n—1,nn+1torpe{n—1,nn+1},
n7271 forp<n—2andp <n-—2,
_ §<g<H),g> x{akg L forp<n-—2andp>7i+2, 45)
,JH forp>n+2andp <n-—2,
p7271~% forp>n+2andp >n+ 2,

where the last expression can be rewritten using the relation (3™, g8) = || ﬂ||§ -w - p that stems
from the definitions provided before Theorem3.1]in the main text for the normalized task correlation
and the task energy ratio. At this intermediate stage, one can use the results provided in @0)-@3) to
formulate the expected error in the subvector induced by F, i.e., the third term in (39).

We now turn to develop an explicit formula for the expected error in the subvector induced by 7T,
i.e., the fourth term in (39)

—~ 2
E{|[or - 87| } = E{ll@rQ¥ztv - 7]} - E{|QrQbzs ZHB+ Zn+€) - 85}
~E{|QrQbzt zHB + zn + €)|;} + E{I8713} - 2E{ATQrQbz{ZHB} (o)
Using ([@3), the first term in ) can be developed into the form of

e{llaratz; (zup+ zn+ )|} = 25{|z5 @H8 + Zn + ©)[} =

d—p+d-T',

) 1+71 forp <n -2,
—EHﬁH;xtxwx 00 forp € {7 — 1,7, + 1}, (47)

n (1 d=ptdlog for 7> 74 2

5 —+ o1 orp > n-+ 2.

The second term in {6) is given in (30) as
2 t 2
E{l8715} = - 1815 (48)

The third term in (6] can be developed using (38) to obtain the expression

forp <m,

e{prQrQizszng) = 5{7QrQlzszsa | = S8 ) x { 49)

2 forp > n,

where the last expression can be also written differently using the relation (3 8) = || ﬂ||§ “wep.

Setting the results from nd into (39), and noting that o2 = || ﬁHz th%, leads to the

formula given in Theorem

Ec{€ou} = 21813

(1 + nfzpjfl) (d—p—|— d- Ftigi +1- Agtr::msfer) forp <n—2,
> forp e {n—1,n,n+1}, (50)
<1+P n— 1) (d_p+d'rt_gi+t'A€transfer)+p_n fOIpZn+2’

15
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where )

1—2p+% forp<n -2,
AStmnsfer =W X 4§00 fOI‘ﬁG {ﬁ - Lﬁv’ﬁ'_‘_ 1}) (51)

(1—2p+'ﬁf:+7§ff“i) forp > n+ 2.

hSH

C SpPECIAL CASES OF THEOREM 3.1

Let us emphasize two special cases of the general result in Theorem[3.1] The first case considers the
solution of the target task without transfer learning, i.e., t = 0. The corresponding generalization
error is formulated in the following corollary that shows that our general formula from Theorem
reduces for ¢ = 0 into the expectation (over £) of the standard double descent formula (in non-
asymptotic settings such as in (Belkin et al., 2019b)). The red-colored curves in the subfigures of
Fig. [I]are identical and correspond to the formula of this case.

Corollary C.1 (No transfer learning). Fort = 0, i.e., no parameters are transferred from the source
task to the target task. Then, forp € {0,...,d},

1 (1+n,f,,1) (d—P-f—dT‘{g%) forp<n-—2,
Ec{€5:" } = 51854 o0 forp € {n—1,n,n+1},
(14 52) (d=p+d T +p—n forp>n+2

(52)

The second special case corresponds to transferring parameters from the source task to the target task
without applying any additional learning. This case is induced by setting p = 0 in the formula of
Theorem [3.1] as explicitly formulated in the following corollary. The corresponding generalization
errors are demonstrated in the left-most vertical slices of each of the subfigures in Fig. [5 that are
clearly affected by the relation between the source and target tasks and the number of transferred
parameters.

Corollary C.2 (Parameter transfer without additional learning in target problem). For p = 0, i.e.,

no parameters are learned in the target problem using D. The target estimate (3 includes only
t € {0,...,p} parameters transferred from the source task, and the remaining components are set
to zeros.

= 1 2
Be{ei®} =1t + o2 < (S0 02) »

d—p+d-T;!

1=2p+ —— forp<mn—2,

x 4 00 forpe{n—1,nn+1}, (33)
- = —1
%(1—2/)—1— %) forp>i+2.

D EMPIRICAL RESULTS FOR SECTION 3: ADDITIONAL DETAILS AND
DEMONSTRATIONS

In Fig. [6] we present the empirically computed values of the out-of-sample squared error of the
target task, B4 Equs ¢, With respect to the number of free parameters p and p (in the source and

target tasks, respectively). The empirical values in Fig. [6] (and also the values denoted by circle
markers in Fig. |I)) were obtained by averaging over 250 experiments where each experiment was
carried out based on new realizations of the data matrices, noise components, and the sequential
order of adding coordinates to subsets (such as S) for the gradual increase of p and p within each
experiment. Each single evaluation of the expectation of the squared error for an out-of-sample
data pair (x(*¢st), y(*st)) was empirically carried out by averaging over a set of 1000 out-of-sample
realizations of data pairs. The deterministic 3 € R used in the experiments has an increasing
linear form that starts at zero and satisfies ||3||3 = d. Since we consider averaging over uniformly
distributed layout of coordinate subsets, the results depend only on ||3]|3 and not on the shape of the
sequence of values in 3.
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Figure 5: Analytical evaluation of the out-of-sample squared error of the target task, ]Eg{gout},

Analytical: o7 =2 ¢ =16 . Analytical: 07 =2 ¢ =32 0 Analytical: o7 =2 ¢ =48

with respect to the number of free parameters p and p (in the source and target tasks, respectively).
Each row of subfigures considers a different case of the relation () between the source and target
tasks in the form of a different noise variance 03] whereas H = I for all. Each column of subfigures

considers a different number of transferred parameters ¢. Here d = 80, n = 50, n = 20, ||33 = d,
o2 =0.05-d, a? = 0.025 - d. The white regions correspond to (p, p) settings eliminated by the
value of ¢ in the specific subfigure. The yellow-colored areas correspond to values greater or equal
to 800. See Fig. |§|f0r the corresponding empirical evaluation.

One can observe the excellent match between the empirical results in Fig.[6]and the analytical results
provided in Fig.[5] This establishes further the formulation given in Theorem 3.1}

E PROOFS AND ADDITIONAL DETAILS ON PARAMETER TRANSFER
USEFULNESS IN THE SETTING OF UNIFORMLY-DISTRIBUTED
COORDINATE LAYOUTS

E.1 PROOF OF COROLLARY 3.1

Recall that Eq. (TI) in Theorem [3.1] formulates A anster and defines it as the expected error dif-
ference introduced by each constrained parameter that is transferred from the source task instead of

17
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Figure 6: Empirical evaluation of the out-of-sample squared error of the target task, ]Eg{gout},

with respect to the number of free parameters p and p (in the source and target tasks, respectively).
The presented values obtained by averaging over 250 experiments. Each row of subfigures considers
a different case of the relation () between the source and target tasks in the form of a different noise
variance a whereas H = I, for all. Each column of subfigures considers a different number of
transferred parameters ¢. Here d = 80, 1 = 50, n = 20, |83 = d, 02 = 0.05 - d, ag = 0.025 - d.

The white regions correspond to (p, p) settings eliminated by the value of ¢ in the specific subfigure.
The yellow-colored areas correspond to values greater or equal to 800.

being set to zero. Accordingly, Corollary [3.1] presents the conditions on the number of free param-
eters p in the source task, such that the parameter transfer is useful, namely, A anster < 0. The
conditions provided in Corollary [3.1]separately refer to the case where the source task is overparam-
eterized (i.e., p > m) and the case where the source task is underparameterized (i.e., p < n).

E.1.1 PROOF FOR THE OVERPARAMETERIZED CASE

Let us start by proving the condition in Eq. (I2) that refers to an overparameterlzed source task, i.e.,
p > 1. Then, according to (IT), Afyanster < O is possible only when p > 72 + 2 and

d—p+d- Fsrc

1-2p
+ p—n—1

< 0. (54
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For p > 0, the last inequality can be rewritten as
SO d—n+d-T'zl—1
pea+1+ 8T tee =L (55)
2p
The overparameterization condition of p > n + 2 impliesd > p > n + 2 and, thus, d —n — 1 >
1. Then, together with p > 0 (and because I';;! is always non-negative) we get that the term

~ -1
% in is positive valued and, hence, the lower bound of p in is atleastn + 1 and

when the SNR of the source task or the task correlation are lower then a greater overparameterization
is required in the source task (i.e., larger p) for having a useful transfer of parameters. At this
intermediate stage we finished to prove the condition given in Eq. of Corollary and now we
turn to prove that this is the only overparameterized case that enables A& anster < 0.

src

For p = 0, the condition in (54) induces the requirement of 7 > d + d - I';,! — 1 and, because I';;}
is non-negative by its definition, this requirement also implies that 7 > d — 1 that contradicts the
basic overparameterization relations of d > p > n + 2. Hence, one cannot obtain A& psfer < 0

when p > n and p = 0.
For p < 0, the condition in (54) means that
d—n+d-Tgl—1

p<n+1+ e (56)

2p
where d —n +d - T;l —1 > 0 again due to p > 7 + 2. However, here p < 0 makes
to imply that p < n + 1 that clearly contradicts the overparameterized case of p > n + 2. Ac-
cordingly, A& anster < 0 is impossible when p > 7 and p < 0. This completes the proof for the

overparameterized part of Corollary

E.1.2 PROOF FOR THE UNDERPARAMETERIZED CASE

We now turn to prove the conditions in Eq. (I3)-(I5) that refer to underparameterized settings of the
source task, i.e., p < 7. Then, by (I1)), A anster < 0 is possible only when p < 7 — 2 and

d—p+d-Tg!
l—op P H 8 e (57)
n—p—1
For p > 1, the last inequality can be also formulated as

. d—n+d-Tl+1
717 Src
p<n 20— 1) (58)

which, due to the required intersection with p < 7n — 2, remains in its form of only for
n<d+d-TZ!4+1. Forn>d+d-TZ!+1, the condition in becomes p < d (because

src src

then the right hand side of isatleastn — 1 whereas p < d < n — 1).
For p = 1, the condition in can be developed into 72 > d + d - T';;! + 1 that naturally conforms

sSrc
with the underparameterization condition p < 7 — 2 (this is because always p < d and ;! > 0 by

their definitions). Then, for p=landn > d+d- T3l +1weget1 <p < d. o

src

For 0 < p < 1, the condition in (57) can be rewritten as

. d—n+d-TZl+1
_1_ Src .
p>n 3(p—1) (59)

Ifn<d-+d-T;l +1then implies p > n — 1, which contradicts the underparameterized case

src

of p<n—2.Hence,for0 < p<landn < d+d-T;! + 1itisimpossible to get A& anster < 0.

src

Ifn > d+d- Tl + 1 then the right hand side of is lower than » — 1 and, thus, the condition

_ d—n+d-Tl+1 _
n—1-— 2T <p<d (60)
2(p—1)

can be feasible (for > d + d - Tl + 1) in underparameterized settings.

For p < 0, the condition in (57) is equivalent to
d—p+d-Tg!
Rt AR 61)
n—p—1
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which implies

-1 .
p>§(n+d+d-r;§—1). (62)
Then, for nn > d+d~I‘S}é+1, the inequality inleads to
p>d+d-Tol>d (63)

that clearly contradicts the basic demand p < d in our general settings. If n <d+d-T;l+1
then the form of is also relevant for p < 0 and yields that p > 7 — 1, which contradicts the
underparameterized case of p < 1 — 2. Hence, we showed that for p < 0 and any 7 it is impossible

to get A&iranster < 0. This completes the proof of all the conditions in Corollary@

E.2 DETAILS ON THE EMPIRICAL EVALUATION OF A& ansfer

The analytical formula for A& anster, given in Theorem [3.1} measures the expected difference in
the generalization error (of the target task) due to each parameter that is transferred instead of being
set to zero. Accordingly, the empirical evaluation of A&, anster for a given p can be computed by

) o { 5(5,tp,t:m>} — B, { 5(5’tp’t:0)}
3gtramsfer = 75 Z = = (64)
d—3 p=1,....n—2,n+2,....d me a(p)
where
al o 1+n$71 forp <n—2,
o(p) = d 181> 1+ pi—z—l forp>n+2, (65)

is a normalization factor required for the accurate correspondence to the analytical definition of

A& ranster provided in Theorem in a form independent of p. Here E, 5§§’f ’t:m)} is the
out-of-sample error of the target task that is empirically computed for m transferred parameters,
p free parameters in the target task, and p free parameters in the source task. Correspondingly,

£, [ gPpt=0)

it } is the empirically computed error induced by avoiding parameter transfer. There-
fore, the formula in (64) empirically measures the average error difference for a single transferred
parameter by averaging over the various settings induced by different values of p while p is kept
fixed. To obtain a good numerical accuracy with averaging over a moderate number of experiments

we use the value m = 5.

Each empirical evaluation of E L{eéﬁf’ *) }, for a specific set of values p, p, t corresponds to aver-

aging over 500 experiments where each experiment was conducted for new realizations of the data
matrices, noise components, and the sequential order of adding coordinates to subsets. Each single
evaluation of the expectation of the squared error for an out-of-sample data pair (x(teSt), y(teSt))
was empirically computed by averaging over 1000 out-of-sample realizations of data pairs.

E.3 EMPIRICAL RESULTS FOR PARAMETER TRANSFER USEFULNESS IN THE SETTING OF
UNIFORMLY-DISTRIBUTED COORDINATE LAYOUTS

We start by providing the full set of analytical and empirical results for the case of n < d — 1. The
analytical results in Figures are the same as in Figure [3] and provided here again for easier
comparison with their corresponding empirical results in Figures

In Fig. We present analytical and empirical values of A& anster induced by settings where 11 < d,
which naturally enable the corresponding overparameterized (i.e., n < p < d) and underparameter-
ized (i.e., p < m < d) settings of the source task.

Here we provide in Fig. B] the analytical and empirical evaluations of A& apnster that correspond to
settings where 7 > d. Note that 7 > d implies that, by the definition of p, the corresponding settings
(of the source task) are underparameterized with p < d < m. Like in Fig.[3] the results in Fig. [§|show
the excellent match between the analytical and empirical results and, specifically, the accuracy of
the analytical thresholds (from Corollary [3.1)) in determining the empirical settings where parameter
transfer is beneficial.
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Figure 7: The analytical and empirical values of A&, anster defined in Theorem (namely, the
expected error difference due to transfer of a parameter from the source to target task) as a func-
tion of p and 0727. The positive and negative values of A&, .nster appear in color scales of red and
blue, respectively. The regions of negative values (appear in shades of blue) correspond to beneficial
transfer of parameters. The positive values were truncated in the value of 2 for the clarity of visual-
ization. The solid black lines (in all subfigures) denote the analytical thresholds for useful transfer
learning as implied by Corollary [3.1] Each subfigure corresponds to a different task relation model
induced by the definitions of Has H = 11, H = I, and H = 31,;. For all the subfigures, d = 80,

7 =50, 8]} = d.o? = 0.025 - d.
F TRANSFER OF SPECIFIC SETS OF PARAMETERS: PROOF OF THEOREM 4.1

In this section we outline the proof of Theorem[d.I|for the generalization error of the target task in the
setting where a specific coordinate subset layout £ determines the transferred set of parameters. The
proof of Theorem [4.1] resembles the one of Theorem [3.1] given in Appendix [B] with the important
difference that now we cannot use the simplified constructions that were provided in Section [B.]
for uniformlly-distributed coordinate subsets. Hence, we start in Section [F.I] by providing auxiliary
results that use non-asymptotic properties of random orthonormal matrices (that in our case originate
in SVD of the random matrices Z and X that have i.i.d. Gaussian components) in order to formulate
quantities important for the setting of specific coordinate subset layouts. We also use our results
that were provided in [B2] based on non-asymptotic properties of Gaussian and Wishart matrices
and without any necessary aspect of random coordinate subset layouts. Then, in Section [F2] we
prove Theorem 1] This proof has a similar general structure as the proof given for 3.1} but with
several important modifications. Therefore, it is recommended to read first the proof provided for
Theorem [3.1] in Section [B] before getting into the details of the following proof for the case of a
specific coordinate layout.

F.1 AUXILIARY RESULTS FOR THE SPECIFIC COORDINATE SUBSET LAYOUT SETTING

Here the coordinate subset layout £ = {S, F, T, Z} is specific, i.e., non random, and therefore the
induced operators such as Qs, Qr, Q7, Qz are also fixed and do not have any random aspect.
Recall that Q5 Qs is a d x d diagonal matrix with its 4" diagonal component equals 1 if j € S
and O otherwise. Similarly holds for the other coordinate subsets. Accordingly, here the norms of
vector forms such as B+ £ Q73, B = Q3. and Bz = Qz, are directly referred to as ||,BT||;,

2 2 .
1872 1Bzll5, respectively.
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Figure 8: The analytical (top row of subfigures) and empirical (bottom row of subfigures) values
of A& anster defined in Theoremm (namely, the expected error difference due to transfer of a pa-
rameter from the source to target task) as a function of p and 0727. The positive and negative values
of A ansfer appear in color scales of red and blue, respectively. The regions of negative values
(appear in shades of blue) correspond to beneficial transfer of parameters. The positive values were
truncated in the value of 2 for the clarity of visualization. The solid black lines (in all subfigures)
denote the analytical thresholds for useful transfer learning as implied by Corollary [3.1] Each col-
umn of subfigures correspond to a different task relation model induced by the definitions of H as
H= %Id, H=1I;andH = %Id. For all the subfigures, d = 80, 7 = 50, || 3|3 = d, ag =0.025-d.

Recall that 7 C S. Then, for a deterministic vector w € R%,

2 ~ ~
2 ||WT||2 fOI'p S n,
B{|QrQfzszsQsw} =9 & (s o 2 . AP
I sTs ||2 D ((n + 57%) [lwrll5 + (1 - ﬁ) t||w$||2> forp > m.
(66)

y ﬁ—g—l forp<mn-—2,

2 ~ ~ ~ ~

]E{HQTng;ZSCQSCWHQ} =~ [lwse |3 x 0o forpe{n—1,mn+1},  (67)

p s forp=n+2.

For two deterministic vectors w,a € R4,

1 forp <m,
E{(Qra, QrQiz{ZsQsw) | = (a7, wr) x {_ forf > 7 (68)

= .

For a deterministic vector r € R™,
i F<i—
N " , - forgﬁn~ 2,~~
E{|QrQizir;} = = livls x qoo - forpe (- Linq+1), (69)
a7 forp>n+2.

In our case we have the n x p matrix Zgs that its components are i.i.d. standard Gaussian variables,
thus, Zs can be decomposed into a form that involve an independent Haar-distributed matrix, i.e., a
random orthonormal matrix that is uniformly distributed over the set of orthonormal matrices of the
relevant size. This let us to prove the results in (66)-(69) using some algebra and the non-asymptotic
properties of random Haar-distributed matrices, see examples for such properties in Lemma 2.5 in

(Tulino & Verdd, 2004) and also in Proposition 1.2 in (Hiai & Petz, [2000).
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F.2 PROOF OUTLINE OF THEOREM 4.1

The generalization error &, of the target task was expressed in its basic form in Eq. ((7) for a specific
coordinate subset layout £ = {S,F, T, Z}. Please note that, unlike in the proof of Theorem
in Section [B] the expectations below do not include the expectation with respect to £, which is
non-random here.

We start with the relevant decomposition of the error expression, namely,
~ 2
o =0t +E{ 8- ]

= o2 + 1813+ B{ X5 (v - Xr87) — 82} + {|or 8/} @0

Then, we use the expression for the estimate 0 given in (4)) and the relation y = X3 + €, to decom-
pose the third term in as follows

Bl [X5 (v~ Xr07) - 82} = B{IXE (X8 + e - X7QrQEzgv) - )
— B{IX5 (X + 02} + B{ XX 0 Qg2

2 T
+{I(1, - X3X5) 075} - 28 {07 (XiX7)" XpXrQraizgvy.  an
The four terms in are further developed as follows. The first term in can be computed using
the results in (36)) and to receive the form of

n7§71 forp <mn — 2,
§+a§)x 0 forpe {n—Lnn+1}, (72)

p;Zil forp > n+2.

E{ X5 (XreBr + €|} = (185

The second term in is developed next using the relations v = Z6 + £ and 8 = HB + n, as well
as the results in (36), (66)-(67). and the forms of I';c se and w7 that were defined in the main
text before Theorem , respectively. Also, note that X7T—XT ~ W, (I, n) is a Wishart matrix with

mean E{X;XT} = nl,. Then,

JE{ HX;XTQTQEz;sz} = E{ |XEX7QrQEZE (ZHB + Zm + g)Hj}

P forp <n —2,

5 n—p—1
:E{HQTngg (ZHB+Z77+£)H2} x { 00 forp € {n—1,n,n+1}, (73)
pfzfl forp >n+2,
= [|Bre 3 X Wy X
00 forpe {n—1,n,n+1}
orpe{n—1nn+1},
_ —1
(1427 @fiﬂmsc) forp<n—2and p <7 —2,
n—p n—p
_ p2—np np—1 d—p) (1472} o _ ~
I ((,, DYraTpl | 2Dl s )) forp<n—2andp>ni+2 (74)
_ -1
| (1 4 o ?j;i““sa) forp>n+2andp <n — 2,
7 (P—np np-1 d—p) (14T} e .
pf'zf]_ . % ((p Z;){);/iq#* 'y + ¢7—( ?f(ﬁilsrc,s )) forp 2 n _|_ 2 andp Z n + 2.

In the last calculations we also used the following result

B{|QrQizs (zHB + Zn + €)||;} (75)
- efaratzses (52005}

2

2

+E{||QrQizizs: (880 + s )|} + E{lQrQizte; ]
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that using (66)-(67). (69) leads to
E{[lQrQbzs (zHB + 20 + ©)||; ) = (76)

2
”ﬁng)” +§U727 forp < n,

7 ~ A =) (H) _ I
p(p+1) z(n-i- ﬁ) (H/GT H2 +ta,2,> + (1 — —) (Hﬁ H —i—paf,)) forp > n,

forp<n-—2,

F—p—1
(H (d—@ai—ka?) X o0 forpe {n—1,n,n+1},
s forp=>n+2,
1 forﬁg ﬁ,
2
= [1BFllz x wr x 7 (PP—7P)Yr+ap—1 for 5> 7
? . T or p > n,
, ﬁf;%q forp <n—2,
1B |? X wr x o7 x (d @(Hrmsc)x %0 forp e {7 — 1,7, 7 + 1},
S forpai4,
p— -1 .\ o~ ~
14 274 ?f(;tllﬂ“’“) forp <mn —2,
= Brelly x wr x §° ) forp e {7 — 1,7 +1},
= (=) pr+iap-1 o7 (d—p)(14+T5) 4o .
2 <(p ”;)Qfl R giﬁfl S ) forp >n+2.
ps” | o 5|85 | +ien s Po
where 1 £ % - ” , and Tge 5c = H—p were already
|57, <3 ] 7
defined before Theorem . 1lin the main text.
Now, the third term of can be developed using (34) into
4 2 o 2 O forp S n,
E{)| (1, - X£X5) 825} = 18713 {1 5 forpon (77)

The fourth term of is developed next using the relation v = ZHS + Zn + £ and the indepen-
dence of ) and £ with the other random variables. Using (33)) and (68) we get

E{T (X3X7)" XEX7QrQbzgv) = E{BTXTX LT XEXrQrQE 282588 |

00 forpe{n—1,n,n+1}orpe {n—1,n,n+1},
o1 forp<n—2andp <n-—2,
<,3(H) By) X n_Z;_l .% forp<n—2andp>n+2, (78)
P forp>n+2andp <n -2,
pffky% forp>n+2andp >n+2,

and the last expression can be reformulated using the relation <,6g1 ), B+) = |87l - wr - pr that
relies on the definitions given before Theorem [.1] in the main text. At this intermediate stage,
one can use the results provided in (7I)-(78) to formulate the error in the subvector induced by the
specific F of interest (namely, this part of the error is represented by the third term in (70).

We proceed to the formulation of the error in the subvector induced by the specific 7 of interest,
i.e., the fourth error term in ((70)

a{|or - o, |} ={|@rQtzsy - 5,1} = B{| QrQlzs @HE + 20 + ) - 5]}
= B{lQrQbzs (zHp + 20 + ©)||;} + 18+1; - 28{ 87 Q7 Qb2 ZHB] (19)

Note that the first term in (79) was already developed in (7€) into an explicit form. The second term
in remains as it is because 7T is fixed in the current setting.
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The third term in can be developed using (68) into
e{s7Qraizizng} - E{87QrQfzszs8e" }

1 forp<mn,

= (BF".87) x {rz
p

where the last expression can be also written differently using the relation
<B$),6T> = ||Bre H; - w7 - p7 that was already mentioned above.

Setting the results from — into , and noting that 02 = || 3 x|/ Ft_gi, 7o, yields the formula
given in Theorem[d.1] i.e,

for p > n, (80)

- - TS 2
nﬁpil L+ Ptgi,}—c + A(c“'t(ranszer ||B.7:C ||2 fOfp <n-— 2,
@ - —1 - 7.8 2 — 2
gout N pfn71 L+ th}ﬁ,}_c + Agt(raunsger ||16]:‘||2 + % H/G]-‘”Q forp > n—+2, (81)
o0 otherwise.
where
7 (d—p) (14T} sc o
1—=2pr+ T 57(15,1 = ) forp<n-—2,
(7.8) = i ((P°—7p)vr+Ap—1 d—p) (14T} se L~
Buranster = T 7 <M;3)2—T1m) —2p1 + o7 ?_(5_15“’5 )> forp>n+2,
o0 otherwise.

G TRANSFER OF SPECIFIC SETS OF PARAMETERS: ADDITIONAL
ANALYTICAL AND EMPIRICAL EVALUATIONS OF GENERALIZATION
ERROR CURVES

The following results are for two different forms of the true solution 3: the first is a form with
linearly increasing values (Fig. Da), the second is a form with sparse value where only 25% of

coordinates have non-zero value (Fig. . Note that both forms satisfy ||,6H§ =d.

The three types of linear operator H in our evaluations are as follows. First, H = I that is the iden-
tity operator. Second, is the circulant matrix H that corresponds to a shift-invariant local averaging
operator that uniformly considers 11-coordinates neighborhood around the computed coordinate.
Third, is the circulant matrix H that corresponds to discrete derivative operator based on the convo-
lution kernel [—0.5, 0.5].

Figures [TO} [TT] present the analytical and empirical values of the generalization error of the target
task with respect to specific coordinate layouts £ that evolve with respect to the value of p (this
evolution of £ is the same in each of the subfigures and it is not particularly designed to any of
the combinations of the true 3, H, and 072,). It is clear from Figures that the increase in

0’%, which by its definition corresponds to less related source and target tasks, reduces the benefits
or even increases the harm due to transfer of parameters (one can observe that in Figs. [I0} [IT]by
comparing the error curves among subfigures in the same row).

The effect of H with respect to the true 3 is also evident. First, the identity operator H = I,
does not reduce the relation between the source and target tasks and therefore does not degrade the
parameter transfer performance by itself (i.e., for H = I , only the additive noise level 0727) can
reduce the relation between the tasks). Second, when H is a local averaging operator it does not
reduce the benefits from transfer learning (e.g., compare second to first row of subfigures in IO} [LT))
in the case of linearly-increasing 3 shape (because local averaging does not affect a linear function,
except to the few first and last coordinates where the periodic averaging is applied), in contrast, the
local averaging operator significantly degrades the parameter transfer performance in the case of the
sparse 3 form. Lastly, when H is a discrete derivative operator it renders transfer learning harmful
in the case of linearly-increasing 3 shape (e.g., compare third to first row of subfigures in[I0). In
the case of the sparse 3 form the discrete derivative reduces the potential benefits of the parameter
transfer but does not eliminte them completely in the case these benefits exist for H = I; (e.g.,
compare third to first row of subfigures in[TT).
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Figure 9: The two types of true solution 3 used for the analytical and empirical evaluations.
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random coordinate layouts. The true solution 3 has linearly-increasing values. All subfigures use
the same sequential evolution of £ with p. Each subfigure considers a different case of the relation
between the source and target tasks: each column of subfigures has a different o2 value, and each

row of subfigures corresponds to a different linear operator H. The analytical values, induced from

Theorem [.1] are presented using solid-line curves, and the respective empirical results obtained

from averaging over 750 experiments are denoted by circle markers. Each curve color refer to a

different number of transferred parameters.
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Figure 11: Analytical (solid lines) and empirical (circle markers) values of Sout for specific, non-
random coordinate layouts. The true solution 3 has a sparse form of values. All subfigures use
the same sequential evolution of £ with p. Each subfigure considers a different case of the relation

between the source and target tasks: each column of subfigures has a different o2

n

row of subfigures corresponds to a different linear operator H. The analytical values, induced from
Theorem [.1] are presented using solid-line curves, and the respective empirical results obtained
from averaging over 750 experiments are denoted by circle markers. Each curve color refer to a
different number of transferred parameters.
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