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Abstract

The complex nature of artificial neural networks raises concerns on their reliability, trust-
worthiness, and fairness in real-world scenarios. The Shapley value—a solution concept
from game theory—is one of the most popular explanation methods for machine learning
models. More traditionally, from a statistical perspective, feature importance is defined
in terms of conditional independence. So far, these two approaches to interpretability and
feature importance have been considered separate and distinct. In this work, we show
that Shapley-based explanation methods and conditional independence testing are closely
related. We introduce the SHAPley-EXplanation Randomization Test (SHAP-XRT), a
testing procedure inspired by the Conditional Randomization Test (CRT) for a specific
notion of local (i.e., on a sample) conditional independence. With it, we prove that for
binary classification problems, the marginal contributions in the Shapley value provide lower
and upper bounds to the p-values of their respective tests. Furthermore, we show that the
Shapley value itself provides an upper bound to the p-value of a global (i.e., overall) null
hypothesis. As a result, we further our understanding of Shapley-based explanation methods
from a novel perspective and characterize under which conditions one can make statistically
valid claims about feature importance via the Shapley value.

1 Introduction

Deep learning models have shown remarkable success in solving a wide range of problems, from computer
vision and natural language processing, to reinforcement learning and scientific research (LeCun et al., 2015).
These exciting results have come hand-in-hand with an increase in the complexity of these models, mostly
based on neural networks. While these systems consistently set the state-of-the-art in many tasks, our
understanding of their specific mechanisms remains intuitive at best. In fact, as neural networks keep getting
deeper and wider, they also become opague (or unintelligible) to both developers and users. This lack of
transparency is usually referred to as the black-box problem: the predictions of a deep learning model are
not readily interpretable, entailing theoretical, societal, and regulatory issues (Zednik, 2021; Tomsett et al.,
2018; Shin, 2021). For example, it is still unclear whether a loss of interpretability is unavoidable to increase
performance (Rudin, 2019). Furthermore, certain regulations may require companies and organizations who
rely on autonomous systems to provide explanations of their decisions (e.g., what lead a model to reject a
loan application) (Casey et al., 2019; Kaminski & Malgieri, 2020; Hacker et al., 2020).

These concerns on the reliability and trustworthiness of machine learning have motivated recent efforts
on explaining predictions. A distinction exists between inherently interpretable models and explanation
methods. The former are designed to provide predictions that can be understood by their users. For example,
rule-based systems and decision trees are considered inherently interpretable because it is possible to trace a
prediction through the specific rules or splits learned by the model. On the other hand, when models are not
explicitly designed in an interpretable fashion (e.g., deep neural networks), we usually rely on a-posteriori
explanation methods to find the most important features towards a prediction. These methods assign an
importance score to every feature (or groups thereof) in the input, and the resulting scores can be presented
to a user as an ezplanation of the prediction. Explanation methods have been widely adopted given their
easy implementation and their ability to explain any model, i.e. they can be model-agnostic. Since the
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introduction of CAM (Zhou et al., 2016), DeepLift (Shrikumar et al., 2017), and LIME (Ribeiro et al., 2016),
the explainability literature has witnessed remarkable growth, and various approaches have been proposed to
identify important features (Selvaraju et al., 2017; Lundberg & Lee, 2017; Chen et al., 2018; Covert et al.,
2021; Kolek et al., 2021; Jiang et al., 2021; Kolek et al., 2022; Teneggi et al., 2022a; Mosca et al., 2022) with
varying degrees of success (Adebayo et al., 2018; Shah et al., 2021).

In particular, the SHAP framework (Lundberg & Lee, 2017) unifies several existing methods while providing
explanations that satisfy some desirable theoretical properties. More precisely, it brings the Shapley value
(Shapley, 1951)—a solution concept from game theory (Owen, 2013)—to bear in the interpretation of machine
learning predictors. In cooperative game theory, a solution concept is a formal rule that describes the strategy
that each player will use when participating in a game. For Transfer Utility (TU) games, the Shapley value is
the only solution concept that satisfies the properties of additivity, nullity, symmetry, and linearity, and it
can be derived axiomatically.’ In the context of explainability, the SHAP framework considers a TU game
represented by the predictive model, where every feature in the input is a player in the game, and it computes
their Shapley values as a measure of feature importance.” We remark that the axiomatic characterization of
the Shapley value implies that it is the only explanation method that satisfies these theoretical properties.
The most important limitation of the Shapley value is its exponential computational cost in the number of
players (i.e., the input dimension), which quickly becomes intractable for several applications of interest. Thus,
most Shapley-based methods rely on various strategies to approximate them (Chen et al., 2023), some with
finite-sample, non-asymptotic, and efficiency guarantees (Chen et al., 2018; Lundberg et al., 2020; Teneggi
et al., 2022a). An alternative approach is to relax some of the axioms. This yields several other explanation
methods based on a feature’s marginal contribution, such as semivalues (Dubey et al., 1981) and random
order values (Frye et al., 2020).

While theoretically appealing, and often useful in practice, this Shapley-based approach to interpretability
remains questionable:

What does it mean for a feature to receive a large Shapley value?

Previous works have explored the connection between feature selection and the Shapley value (Cohen et al.,
2007; Fryer et al., 2021; Rozemberczki et al., 2022) as well as some statistical implications of large (or small)
Shapley values (Owen & Prieur, 2017; Hooker, 2007; Ma & Tourani, 2020; Verdinelli & Wasserman, 2021;
2023). However, a general and precise connection between the Shapley value and statistical importance has
been missing. In particular, it is unclear how to provide false positive rate control (i.e., to control the Type I
error) when feature selection is performed on the basis of Shapley values. This is a fundamental issue as
explanation methods are increasingly used in high-stakes scenarios to inform decision making, especially in
medicine (Zoabi et al., 2021; de Almeida et al., 2022; Liu & Xie, 2020). For example, consider a clinical
setting where a predictor is used to support diagnosis and treatment. Given each feature’s Shapley value,
which ones should we deem important? For example, if a patient’s age, blood pressure, weight, and height
receive Shapley values of 0.30, 0.15, 0.35, and 0.20, respectively, which should we report? We could, for
example, decide to report the most important feature (i.e., weight). This choice will likely underreport
findings and potentially mislead the clinician. Symmetrically, reporting all features with a positive Shapley
value would be uninformative with respect to the decision process of the model. This example shows the lack
of a rigorous way to perform statistically-valid feature selection by means of the Shapley value. It is easy to
see how overlooking this question could lead to potentially harmful consequences in real-world scenarios.

In this paper, we show how relating the Shapley value to statistical notions of conditional independence
provides a principled way to select important features. Indeed, the statistics literature has a rich history of
studying variable selection problems (Blum & Langley, 1997; James et al., 2013; Guyon & Elisseeff, 2003), for
example, via conditional independence testing and controlled variable selection (Candes et al., 2018). That
is, a feature is unimportant if it is independent of a response once conditioned on the remaining features.
In other words, knowing the value of an unimportant feature does not provide any more information about
the response when the rest of the data is known. The Conditional Randomization Test (CRT) (Candes

In a TU game, players can exchange their utility without incurring in any cost.
2Herein, we will implicitly refer to the Shapley value of a feature according to the definition of SHAP attribution in Lundberg
& Lee (2017).
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et al., 2018) is a conditional independence test that does not make any assumptions on the conditional
distribution of the response given the features, while assuming that the conditional distribution of the features
is known instead. This setting is particularly useful in applications where unlabeled data may be abundant
compared to labeled data (e.g., genomics research, as shown in (Candes et al., 2018; Sesia et al., 2021; Sesia
& Sun, 2022), or imaging data (Nguyen et al., 2019)). While the original CRT procedure is computationally
intractable for large models, fast and efficient alternatives have been recently proposed, such as the the
Holdout Randomization Test (HRT) by Tansey et al. (2022) and the Distilled Conditional Randomization
Test (DCRT) by Liu et al. (2022).

We remark that in this paper we consider feature importance with respect to the response of a fixed
predictive model on an individual sample. This differs from the traditional statistical setting in which one
analyzes features with respect to an observed response at the population level. Nonetheless, this notion
of interpretability is indeed important in many scenarios. For example, one may wish to understand the
important features for a model that computes credit scores (Demajo et al., 2020; Biicker et al., 2022), or one
may need to verify that the important features for the prediction of an existing, complex model agree with
prior-knowledge (Burns et al., 2020; Jiang et al., 2021; Fong & Vedaldi, 2017).

1.1 Related work

Previous works have explored granting the Shapley value with some statistical notion of importance. For
example, Owen & Prieur (2017) and Verdinelli & Wasserman (2021; 2023) study the Shapley value for
correlated variables in the context of ANalysis Of VAriance (ANOVA) (Hooker, 2007) and Leave Out
COvariates (LOCO) (Lei et al., 2018) procedures, respectively. Importantly, Verdinelli & Wasserman (2021)
precisely raise the issue of the lack of statistical meaning for large (or small) Shapley values when features are
correlated. Information-theoretic interpretations of the Shapley value have also been proposed. SAGE (Covert
et al., 2020) translates the Shapley value from local (i.e., on a sample) to global (i.e., over a population)
feature importance, and shows connections to mutual information. Most recently, (Watson et al., 2023)
propose a modified Shapley value with precise information-theoretical properties to study the independence
between the true response and the features. In the context of data attribution methods, Ghorbani et al.
(2020) define the Distributional Shapley value to include information about the underlying data distribution
into the original Shapley value. Finally, and most closely to this work, Ma & Tourani (2020) try and deploy
ideas of conditional independence to the Shapley value for causal inference on data generated by a Bayesian
network. Our work differs from these, as we now summarize.

1.2 Contributions

In this paper, we will show that for machine learning models, computing the Shapley value of a given input
feature amounts to performing a series of conditional independence tests for specific feature importance
definitions. This is different from Watson et al. (2023) in that we do not assume the predictor to be the true
conditional distribution of the response given the features. As we will shortly demonstrate, the computed
game-theoretic quantities provide upper and lower bounds to the p-values of their respective tests. This
novel connection provides several popular explanation techniques with a well-defined notion of statistical
importance. We demonstrate our results with simulated as well as real imaging data. We stress that we do
not wish to introduce a novel explanation method for model predictions. Our aim is instead to expand our
fundamental understanding of the Shapley value when applied to machine learning models, particularly as its
use for the interpretation of predictive models continues to grow (Moncada-Torres et al., 2021; Zoabi et al.,
2021; Liu et al., 2021). These novel insights should inform the design of explanation methods to guarantee
the responsible use of machine learning models.

2 Background

Before presenting the contribution of this work, we briefly introduce the necessary notation and general
definitions. Herein, we will denote random variables and random vectors with capital letters (e.g., X), their
realizations with lowercase letters (e.g., X = x) and random matrices with bold capital letters (e.g., X).
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Let X,) be some input and response domains, respectively, such that (X,Y) ~ D is a random sample
from an unknown distribution D over X x ). We set ourselves within the classical binary classification
setting. Given X C R™, Y = {0, 1}, the task is to estimate the binary response Y on a sample X by means
of a predictor f: X — ) that approximates the conditional expectation of the response on an input, i.e.
f(z) = E[Y | X = z]. We will not concern ourselves with this learning problem. Instead, we assume we are
given a fixed predictor which we wish to analyze. More precisely, for an input = € R™, we want to understand
the importance of the features in 2 with respect to the value of f(z). This question will be formalized by
means of the Shapley value, which we now define.

2.1 The Shapley value

In game theory (see, e.g., (Peleg & Sudhélter, 2007)), the tuple ([n],v) represents an n-person cooperative
game with players [n] := {1,...,n} and characteristic function v : P([n]) — R, where P(n) is the power
set of [n]. For any subset of players C' C [n], the characteristic function outputs a nonnegative score v(C)
that represents the utility accumulated by the players in C. Furthermore, one typically assumes v()) = 0. A
Transfer Utility (TU) game is one where players can exchange their utility without incurring in any cost.
Given a TU game ([n],v), a solution concept is a formal rule that assigns to every player in the game a
reward that is commensurate with their contribution. In particular, there exists a unique solution concept
that satisfies the axioms of additivity, nullity, symmetry, and linearity (Shapley, 1951) (see Appendix B for
details on the axioms). This solution concept is the set of Shapley values, ¢1([n],v),..., ¢, ([n],v), which are
defined as follows.

Definition 1 (Shapley value). Given an n-person TU game ([n],v), the Shapley value of player j € [n] is

o5y =D we-W(CU{j}) (O], (1)

CCn]\{5}

where we = |C|! - (n — |C| — 1)!/nl. That is, ¢;([n],v) is the average marginalized contribution of the j*!
player over all subsets (i.e., coalitions) of players.

2.2 Explaining model predictions with the Shapley value

Definition | shows how to compute the Shapley value for players in a TU game, and it is not immediately
clear how this would apply to machine learning models. To this end, let f(x) be the prediction of a learned
model on a new sample 2 € R™. For any set of features C' C [n], denote z¢ € RIC! the entries of x in the
subset C (analogously, z_¢ € R*~I¢l for —C := [n] \ C, the complement of C). We will refer to

Xc = [zc,X_c]€R" (2)

as the random vector that is equal to x in the features in C' and that takes a random reference value in its
complement —C'. Following Lundberg & Lee (2017), we let X_¢ be sampled from its conditional distribution
given z¢, i.e. X_¢ | X¢ = z¢.” Note that, in this way, X_¢ is independent of the response f(x) by
construction. For the sake of simplicity, we write )?c ~ Dx,=z.- Then, for a predictor f and every subset
Cccinl,f ()~(C) is a random variable whose source of randomness is the random reference value.” This way,
with abuse of notation, one can define the TU game (z, f), where every feature in the sample z is a player in
the game. Therefore, analogous to Definition 1, the Shapley value of feature j € [n] is

¢z, f)= > we-Ef(Xcuyy) — F(Xe)l. (3)
CCn]\{s}

We note that ¢;(x, f) can be negative, i.e. feature j has an overall negative contribution to the prediction
of the model. This is different from the game-theoretical setting, where feature attributions are usually

3Herein, we do not touch upon the discussion on observational vs. interventional Shapley values, and we refer the interested
reader to (Sundararajan & Najmi, 2020; Chen et al., 2020; Merrick & Taly, 2020; Janzing et al., 2020).

4When C = [n], f(X¢) is simply the prediction f(z), which is not random.
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considered nonnegative. In the context of explainability, we look for a subset C* C [n] (e.g., the smallest
subset) such that xc+ are the observed features that contributed the most towards f(z).

We remark two main differences between the original definition of the Shapley value from game theory
(Equation (1)) and its translation to machine learning models (Equation (3)) in common settings: (i) the
characteristic function v can predict on sets of players, whereas the predictive model f typically has a fixed
input domain X C R™ (e.g., for a convolutional neural network);” and (i¢) the characteristic function v is
usually not data-dependent, while in this machine learning setting the model f was trained on samples from
a specific distribution D. As a result, given a subset of features C' C [n], one cannot simply predict on the
partial input vector z¢ € RIC! because f(z¢) is not defined. Instead, the missing features in the complement
of C' must be masked with a reference value that does not contain any information about the response in
order to simulate their absence. Furthermore, this reference value must come from the same data distribution
D the model was trained on, hence the need to sample from the conditional distribution X_¢ | X¢ = z¢.
Both the need to approximate the conditional distribution as well as the exponential number of summands in
Equation (3) make the exact computation of Shapley values intractable in general.

2.3 The Conditional Randomization Test (CRT)

Before introducing our novel conditional independence testing procedure, we provide a brief summary of
variable importance from the perspective of conditional independence. Given random variables X, Y, and
Z we say that X is independent of YV given Z (succinctly, X 1L Y | Z) if (X |V, Z) 4 (X | Z), where <
indicates equality in distribution. Put into words, knowing Y does not provide any more information about
X in the presence of Z. Recall that for each j € [n], X; € R is a random variable that corresponds to the
j feature in X, and X_; € R*~1 — j:=[n]\ {j} is its complement. Then, the CRT procedure by Candes
et al. (2018) implements a conditional independence test for the null hypothesis

HSST s X, LY [ X, (4)
which can be directly rewritten as
d
Hgi s (X5 Y, X)) = (X5 | X)) (5)

Let Xj(k) ~X;| X_;, k=1,...,K be K null duplicates of X. X](k) are called nulls because, by construction,
they are conditionally independent of the response Y given X_;. Under H&?T, for any choice of test statistic
T(X;,Y,X_;), the random variables T(X;,Y, X_;), T(X\", Y, X_;),..., T(X\"),Y, X_;) are i.i.d., hence
exchangeable (Berrett et al., 2020). Then, ﬁchT—the p-value returned by the CRT—is valid: under Hg}w,

]P’[ﬁfRT < a] < a, Ya € [0,1] (see Candes et al., 2018, Lemma F.1). For completeness, Algorithm
summarizes the CRT procedure.

3 Hypothesis testing via the Shapley value

Given the above background, we will now show that the Shapley value for machine learning explainability
(Equation (3)) is tightly connected with conditional independence testing. Formally, we present the SHAPley
EXplanation Randomization Test (SHAP-XRT): a novel modification of the CRT that—differently from
the original motivation in Candes et al. (2018)—evaluates conditional independence of the response of a
deterministic model f on an individual sample X = x, X ~ Dy. That is, SHAP-XRT, akin to the CRT,
provides a permutation-based p-value to test for the conditional independence of two distributions without
making any assumptions on the conditional distribution of the prediction of the model, while requiring
access to the conditional distribution of the data. Differently from the CRT, the distributions considered
by SHAP-XRT are built on top of a single observation x instead of over a population, and the response

5As noted in Jain et al. (2022); Covert et al. (2022); Teneggi et al. (2022b): Deep Sets (Zaheer et al., 2017) and Transformers
(Vaswani et al., 2017) architectures do not suffer from this limitation.

6Note that Equation (5) is equivalent to H&?T (Y| X5, X_5) 4 Y| X_j).
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Algorithm 1 Shapley-Explanation Randomization Test (SHAP-XRT)

procedure SHAP-XRT (model f: R™ — [0, 1], sample x € R™, feature j € [n], subset C' C [n]\ {j}, test
statistic 7', number of null draws K € N, number of reference samples L € N)
— L
Sample X oyg;) ~ (DXcu{j}:wcu{j})
Yeugy < f(Xcugy) B
Compute the test statistic ¢ < T'(Youy,y)
for k<~ 1,...,K do

k
Sample 5\(%0) ~ (Dxp—ze)”
> (k)
v f(Xe) )
Compute the null statistic £*) < T(Yc(k))
end for

return A (one-sided) p-value

K
1 -
S XRT (k)
> 14+ E 1tV >t
pjc K+ 1 ( 2 [ = ])

end procedure

is a deterministic function of the input rather than a random variable. As we will present shortly, there
is a fundamental difference between the Shapley value and SHAP-XRT; the former computes the average
marginal contribution of a feature by differences of conditional expectations, whereas the latter provides a
p-value for a test of equality in distribution.

3.1 The Shapley Explanation Randomization Test (SHAP-XRT)

Going back to our motivating example of an automated system in a clinical setting, we would like to deploy
ideas of conditional independence testing to report the most important features for the model’s prediction on
a patient. For example, we might be interested in knowing whether the response of the model on a specific
patient is independent of age when their blood pressure and weight are collected. This way, we could provide
precise statistical guarantees on the generated explanations, such as Type I error control. More precisely,
this is equivalent to testing for the independence of the response of a model f on a feature z;, j € [n] when
the features in ¢, C C [n] \ {j} are present (e.g., j = age and C' = {blood pressure,weight}). We now
formalize this question by means of our novel SHAP-XRT null hypothesis.

Definition 2 (SHAPley EXplanation Randomization Test). Let X C R™ and f: X — [0,1] be a fixed
predictor for a binary response Y € {0,1} on an input X € X such that (X,Y) ~ D. Given a new sample
X =z, X ~ Dy, a feature j € [n], and a subset of features C' C [n] \ {j}, denote X¢ = [x¢, X_¢] the
corresponding random vector where X ¢ is sampled from its conditional distribution given X¢ = x¢. Then,
the SHAP-XRT null hypothesis is

d

HFET f(Xouy) = f(Xe). (6)

Recall that )}Cu{ ;1 and )~(C are random vectors equal to x in the features in C'U{j} and C, respectively, and
that take unimportant random reference values in their complements (Equation (2)). Then, the SHAP-XRT
null hypothesis is equivalent to

F(Xeop)) | Xeuy = zeugy ) = (F(Xe) | Xo = e ), (7)
( )= ( )

which precisely asks whether the distribution of the response of the model changes when feature j is added to

the subset C'. We remark that the p-value returned by the SHAP-XRT procedure—akin to other conditional

independence tests—is one-sided. Rejecting Hg'5" implies that in the presence of the features in C, the
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observed value of feature j is important in the sense that f()?Cu{j}) is often larger (i.e., closer to 1), or
stochastically greater, than f(X¢). If one desires to reject HOSJX(I}T for features whose f(Xcuygjy) is often

smaller than f ()A(:c), it suffices to use 1 — f in lieu of f. Similarly, the SHAP-XRT procedure encompasses
multi-class classification settings where g : R? — AM predicts one of M classes and f(z) = g(2)m, m € [M].
We stress that in contrast with the CRT null hypothesis (Equation (4)), H&']?ng is defined locally on a specific
input x rather than over a population. Furthermore, ngfg‘T can be generalized to any predictor f: X — )
for arbitrary domains, but we consider binary classification in this work. Finally, and differently from the
Interpretability Randomization Test (IRT) by Burns et al. (2020), Hg;j{(gT: (i) asks for the conditional
independence of the response with respect to a single feature j € [n] rather than a collection of subsets of
features, and (4¢) it allows to condition on arbitrary subsets C' C [n]\ {j} of features instead of restricting to
C = —j, i.e. all features but j.

IEE)W shc:uld one Eest for this null hypothesis? Denote YCU{J»} = ()?g&{j}: .. ’)?é‘Lu){j}z € REX" and
Xeo=(X él ), X éL)) € RE*™ the random matrices containing L duplicates of Xcugjy and X¢, respectively,

such that ?Cu{j} = f(fcu{j}) and Yo = f(kvc) are the predictions of the model. Algorithm | implements
the SHAP-XRT testing procedure and it computes the respective p-value, ﬁjs:é(RT, for any choice of test

statistic 7" on the response of the model, e.g. the mean. We now formally state the validity of this test.
Theorem 1 (Validity of ﬁjs-:é(RT). Under the null hypothesis H()S:'J-)’(CRT, ﬁf"CXRT—the p-value returned by the
SHAP-XRT procedure—is valid for any choice of test statistic T, i.e. P[ﬁigRT <a] <a, Va€el0,1].

See Appendix for the proof of this result, and let us make a remark about the involved distributions.
Recall that the SHAP-XRT procedure is defined locally on a sample z. Intuitively, under the null H(?"]?fg‘T,
the distribution of the response of the model f is independent of z; (the observed value of the 4§ feature in )
conditionally on X¢ = x¢. Since f is a deterministic function of its input, it is natural to ask when the random
variable f(Xcyug;3) has a degenerate distribution. Suppose that for each C' C [n]\ {j}, X ¢ | X¢ = z¢ is

not degenerate (e.g., it is not constant), otherwise f()?cu{j}) is trivially degenerate. For C = —j (i.e., all
features but the 5™ one), Xcyyq;y = @ because C U {j} = [n] by definition of the complement set —(C U {j})

is empty, i.e. no reference value is sampled. It follows that for this choice of C, f ()?Cu{j}) is point mass at
f(z), and SHAP-XRT retrieves the IRT procedure (Burns et al., 2020).

3.2 Connecting the Shapley value and the SHAP-XRT conditional independence test

We now draw a precise connection between the SHAP-XRT testing procedure and the Shapley-value for
machine learning explainability. This novel relation furthers our fundamental understanding of Shapley-
based explanation methods, and, importantly, it clarifies under which conditions one can (and cannot)
make statistically valid claims about feature importance through the Shapley value. We stress that—as
we will discuss—this conditional independence interpretation is not intended to overcome the well-known
computational limitations of the Shapley value in any way, nor to replace existing methods. Rather, it offers
a previously overlooked perspective of such methods, and it suggests new strategies to develop more powerful,
statistically well-grounded alternatives. To begin with, let 7" in the SHAP-XRT procedure be the identity
and set L = 1 (we will discuss the effect of L on our results later). Then, for a sample z, a feature j € [n],
and a subset C C [n]\ {j}, the SHAP-XRT test and null statistics become t = f(XCU{j}) and { = f(X¢),
respectively. Denote

Ijc = f(Xouyy) - F(Xe) (8)
the random marginal contribution of feature j to the subset C' such that
e =Elpe™]  and  47ch = Ellc] (9)

are the expected p-value of the SHAP-XRT procedure and the expected marginal contribution, respectively.
Note the expectations are over both X3 and X¢. This is to take into account the randomness in the
draw of test statistic £. Then, it is easy to see that the Shapley value of feature j can be rewritten as

$i(e, )= D wo-vEtT (10)

CCn\{5}
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SHAP S- XRT

We now show that each summand ~7 ¢

Theorem 2. Let X C R, and f: X — [0,1] be a fized predictor for a binary response Y € {0, 1} on
an input X € X such that (X,Y) ~ D. Given a sample X = x, X ~ Dy, a feature j € [n], and a subset

C C [n)\{j}. define Tjc = f(Xcugy) — f(Xo) such that pSEET = B[pSXRT] and ?#AF = B[T; ¢]. Then,

can be used to construct both upper and lower bounds to p;’a

K
0 < <1 - A s )
and furthermore, if 'ySHAP <0
77 U+ KO <ple™™ <1, (12)

where K > 1 is the number of draws of null statistic in the SHAP-XRT procedure.

We defer the proof of this result to Appendix . We note that the theorem above is presented in expectation,
and an analogous finite-sample result can be derived by means of concentration inequalities by estimating
WSPCIAP with an empirical mean (as long as it is computed over samples independent of f). We now discuss
the meaning of Theorem 2 and its behavior as a function of K and L in the SHAP-XRT procedure, i.e.
the number of draws of null statistic and the number of random reference values sampled at each iteration,

respectively.

Behavior of Equations (11) and (12) as a function of K. As K — oo, i.e. as the number of draws
of null statistic in the SHAP-XRT procedure goes to infinity, K /(K 4+ 1) — 1, and Equations (11) and (12)
become

0<ppo™ 1= and () <pfET <1 (13)

respectively. Furthermore, we remark that the coefficient K/(K +1) in the bounds above is a mild requirement
in practical scenarios. In particular, in order to expect to reject Hg ]XgT at level a for fySHAP =1, it suffices
for K to grow as (1 —a)/a (e.g., a =0.05 = K >19).

Behavior of 55" XRT as a function of L. Recall that L is the number of samples of reference values over
which the test and null statistics are computed in the SHAP-XRT procedure. So far, we presented our results
for L =1 and T being the identity. These choices were instrumental for showcasing the connection between
the SHAP-XRT test and the Shapley value. Here, we discuss the behavior of the SHAP-XRT p-value as L
increases. First note that if L > 1, the test statistic T cannot simply be the identity because T is a function
that maps RY — R. The SHAP-XRT procedure is valid for any choice of test statistic, T, and so for L > 1,
choices of mean, median, quantile, max, etc, are all valid. For example, let T be the mean and in the limit

L —o0,t= E[f()?cu{j}ﬂ and t = E[f()?c)] Then, p5XRT = =(1/(K + 1))1[7?7%AP>0]'

Implications of Theorem The result above provides a novel understanding of the Shapley value from a
conditional independence testing perspective. In particular, it shows that the expected value of each summand

'ijHAP (i.e., the expected marginal contribution of feature j to subset C) in the Shapley value of feature j

provides a lower and an upper bound to pS ART the expected p-value of its corresponding SHAP-XRT test
(i-e., the test which asks whether the dlstrlbutlon of the response of the model is conditionally independent of
j When the features in C are present). Until now, it was unclear whether the marginal contributions carried
any statistical meaning at all. Theorem 2 precisely characterizes under which conditions one can (and cannot)
use them to make statistically valid claims about feature importance. In particular, given a critical level
a in the SHAP-XRT test, we can identify three separate conditions: (i) large positive contributions (i.e.,

WJS%AP > 1 — «) can provide sufficient evidence against the null hypothesis Hg)']?%{T, and so one can expect
to reject it; (i) large negative contributions (i.e., fy]SI({;AP < —y/a) cannot provide sufficient evidence against

the null hypothesis Hj JXCE”T, and so one should not expect to be able to reject it; (i) small contributions

(ie. —ya < vi%AP <1 — a) cannot provide enough evidence against the null nor guarantee one should not
expect to observe a p-value smaller than «. That is, one cannot expect to make any statistically valid claims.
Figure | illustrates the bounds (when K — o) and the three regimes described above.
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Figure 1: Pictorial representation of the upper and lower bounds on p>&™" as a function of ’ijHAP described

in Theorem 2 (as K — 00). For a critical level a (e.g., @ = 0.20 in the figure) the bounds indicate under

what conditions one can expect to reject, or to fail to reject, the null hypothesis H§ *5T by means of 75HAP.

3.3 The Shapley value as a global hypothesis test

The results presented so far study the statistical meaning of each summand (i.e., contribution) in the Shapley
value. However, the overall Shapley value—and not just its individual summands—is used in practice to
explain model predictions. Since every summand is linked to the p-value of a specific local hypothesis test, a
naive approach would be to compare all p-values to level a, where rejecting at least one hypothesis implies
feature j is important with respect to some subset C' C [n] \ {j}. However, this approach is known to inflate
the Type I error, and corrections are required (i.e., Bonferroni correction (Shaffer, 1995)). Instead, we ask
whether the Shapley value is inherently linked to a global hypothesis test.” If so, what is the null hypothesis
of this test? and what notion of importance does it convey? We now move onto answering these questions,
for which we first introduce the definition of a global hypothesis test.

Given k null hypotheses Hy 1, ..., Hp ; with their respective p-values p1, ..., px, the global null hypothesis
is defined as Hy = ﬂle Hj,; and it is true if and only if every individual null hypothesis is true (Hommel,
1983). Several classical procedures exist for global hypothesis testing, both based on the ordering of the
p-values of the individual tests (Hommel et al., 2011) and on ways of combining them (Tippett et al., 1931;
Pearson, 1933; Fisher, 1948). More powerful alternatives have been recently proposed to overcome some of the
limitations of these long-established methods, and, importantly, to make no assumptions on the dependency
structure of the individual p-values (Heard & Rubin-Delanchy, 2018; Futschik et al., 2019; Wilson, 2019; Vovk
& Wang, 2020; Liu & Xie, 2020).

With the above background, we now show how to aggregate all SHAP-XRT tests for feature j € [n] into a
global SHAP-XRT null hypothesis test, provide a valid p-value for it, and finally highlight its relation to the
Shapley value of feature j. Recall that there exists a SHAP-XRT test with null hypothesis ngfg‘T for each
C C[n]\ {j}- Using all these tests, we can define the global null hypothesis

Hoj= () Ho &, (14)
CCn]\ {5}

which is false as soon as one of the ng%T hypotheses is false. Put into words, rejecting Hy ; implies that

feature j is important (i.e., it has an effect on the distribution of the response of the model) with respect to
at least one subset C' C [n] \ {j}. This way, Ho ; tests for a global notion of importance of feature j over
all possible conditioning subsets. We remark that this is possible precisely because SHAP-XRT—differently
from other conditional independence tests—allows to condition on arbitrary subsets of features. We now
provide a valid p-value for this global test.

Lemma 1. In the setting of Definition 2, and under the global null hypothesis Hy ; (Equation (14)) the

random variable
=2 Y wo-pE (15)
CC[H]\{J}
is a valid p-value, i.e. P[p; < a] <, Vo € [0,1].

This statement follows directly from (Vovk & Wang, 2020, Proposition 9) and its proof is included in
Appendix . We remark that the choice of weights is not unique as long as they belong to the simplex.

"Here, the term global is used according to its meaning in the statistical theory literature, and not in the machine learning
explainability literature.
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Figure 2: Demonstration of the upper and lower bounds of pjs-:é(RT for the test H(?:]?ng : f(XCU{j}) 4 f()?c)
with j =1, C ={3,4,5,6} for the known response function experiment. Displays the upper bound with
02 = 2 for all samples with ; ¢ > 0. Displays the lower bound with #, = —2 for all samples with v; ¢ < 0.

Here, we use the same weights as the Shapley value’s (i.e., uniform distribution over all possible subsets),
as this will allow us to show that overall Shapley value of feature j indeed provides an upper bound to
the expected p-value for the global SHAP-XRT test. Alternative weighting functions—which give rise to
semivalues (Dubey et al., 1981; Wang & Jia, 2023) and random order values (Frye et al., 2020)—are subject
of current research (Kwon & Zou, 2022) and we consider the study of their statistical meaning as future work.

Corollary 1. Denote p; = E[p;] the expected p-value for the global null Hy ;. Then,

py <2 (1 - KKH@(M)) 7 (16)

where ¢;(x, f) is the Shapley value of feature j € [n].

The proof is included in Appendix . This result shows that the Shapley value itself, and not only its
summands, provides an answer to a statistical test. A straightforward implication of this result is that, given
a desired significance level «, one can expect to reject Hy ; when ¢;(z, f) > %(1 — 5 ). In simple terms,
a large positive Shapley value, ¢;(z, f) ~ 1, implies that there exists at least one C' C [n]\ {j} for which
its expected p-value, p%:;fCRT is small and HOS"J?%T is expected to be rejected. This result grants the Shapley

value statistical meaning by demonstrating that it is linked to a global hypothesis test.

The natural questions that remain are then: (i) when ¢;(x, f) =~ 1 which tests, amongst nCC[n]\ U H&‘J?%LT,
are being rejected? and (i) similarly, do large negative Shapley values, ¢;(z, f) = —1, carry any statistical
meaning? We answer these questions with the following corollary in a similar fashion to Theorem

Corollary 2. For a feature j € [n], if ¢j(z, f) > 1—¢€, €€ (0,1), then VC C [n]\ {j}

K w-—e
sxnr g K 17
pj,C = K+1 ’II)/ ) ( )

where W = mingc)\ ;3 Wo. Furthermore, if ¢j(x, f) < =14 € with € < w, then VC C [n] \ {j}

1 e—w\’
SXRT > & (14| . 1
bic —K+1<+ @ (18)

The proof is included in Appendix , and we now provide a few remarks. Firstly, Corollary 2 grants large
positive (i.e, ¢;(x, f) = 1) and large negative (i.e., ¢;(z, f) = —1) Shapley values with statistical meaning.
Recall from Corollary | that one can expect to reject the global null Hy ; for large positive values of ¢;(x, f).
This means that at least one of the SHAP-XRT null hypotheses of feature j is expected to be false. In other
words, there exists at least one subset C' C [n] \ {j} such that j affects the distribution of the response
of the model when the features in C are present. Corollary 2 makes this statement more precise. In fact,
it shows that all SHAP-XRT tests needs to have small p-values, and one should expect to reject all tests.
Symmetrically, it shows that for large negative Shapley values, one cannot expect to reject any SHAP-XRT
null hypothesis for feature j. That is, feature j does not contribute to the distribution of the response of the
model given any subset C' C [n] \ {j}.

10
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Figure 3: Estimation of the power of 1 —~; ¢ at level 0.05 for a simple CNN and a simple FCN on a synthetic
dataset of images. Displays power as a function of the number of samples m used for training, with fixed
noise level 0% = 1/d?, while shows power as a function of the level of the noise in the test dataset while
training on m = 320 x 103 samples with fixed noise level 02 = 1/d?. We set K = 100 x 103 and L = 1 in the
SHAP-XRT procedure.

Secondly, Corollary 2 offers a statistical interpretation of the exponential cost of the Shapley value. Note
that for the upper bound in Equation (17) not to be vacuous (i.e., less than 1) and for the lower bound in
Equation (18) to hold (i.e., all contributions be negative), e must be smaller than @ (i.e., w—€ >0 = e<w
for Equation (17), and € < @ for Equation (18) by construction). For n features, the weights w¢ in the
Shapley value assign a uniform distribution over all possible 2"~! subsets C' C [n] \ {j}. It follows that w is

n4n/2
Then, € needs to decay exponentially fast with n for the bounds to be informative. This is a well-known
limitation of the Shapley value in practical high-dimensional settings. We remark that studying under which
settings the computational cost of the Shapley value can be reduced is subject of ongoing research that is
orthogonal to the contribution of this paper (Chen et al., 2019; Lundberg et al., 2020; Teneggi et al., 2022a).
Rather, Corollary 2 shows the statistical implications of the exponential number of subsets one needs to
account for when computing the Shapley value of feature j.

~ _ 1
the inverse of the central binomial coefficient, i.e. w = % . (LTL} J) =0 i ) by Stirling’s approximation.
2

Finally, Corollaries | and 2 open the door to variations of the Shapley value inspired by more sophisticated
and powerful ways of combining p-values other than averaging, which may provide more effective in practice
while guaranteeing false positive rate control. We consider these potential extensions as part of future work.

4 Experiments

We now present three experiments, of increasing complexity, that showcase how the SHAP-XRT procedure
can be used in practice to explain machine learning predictions, contextualizing the Shapley value from a
statistical viewpoint. All code to reproduce experiments will be made publicly available.

Known response function We first study a case where both the distribution of the data and the ground-
truth function are known. Let d € N such that X C R?? and denote X = [X1, ..., X4] € R?? the concatenation
of d vectors X; = [X; 1, Xi2] € R%. We define the ground-truth function f(X) = S(67X) where S is the
sigmoid function” and = [01,6, -+ ,024] € R?*L. Fori € [d], X;1 ~ N (1,1) and X; 2 ~ N (3,1/4) if X; 1 > 3
and M(—1,1) otherwise. We set d = 3 and let 9 = 154 with the exception that 65 = 2. We concern ourselves
with the null hypothesis ngng : f(XCU{]}) f(XC) with j = (1,2) and C' = {(2,1),(2,2),(3,1),(3,2)}.
That is, we are aiming to detect when X 5 (i.e., feature j = (1,2)) increases the value of f(XcU{j}) relative to

f(X¢) in the presence of {X5, X3} (i.c., the features in C' = {(2,1), (2,2), (3,1),(3,2)}. Using the SHAP-XRT

procedure with K = 100, we calculate ps JRT and 'ijHAP for 1000 samples. In Figure 2a, for all samples with
SHAP S-XRT SHAP S- XRT —1_ _K_, SHAP

Vj.C > 0, we plot P asa function of vjiC and display the upper bound PiC yresuiNe
To demonstrate the vahdlty of the lower bound, we keep the experiment the same except that now 0, = —2.
In Figure 2b, for all samples with WJSHAP < 0, we plot pS -ART a5 a function of nySHAP and display the

lower bound ps ART — e +1 (1 + K ( SHAP )? ) Figure shows the gap between performing conditional

8S(u) = 1/(1 +e~%).

11



Under review as submission to TMLR

input image

S—XRT
P3¢

o®
.
ik

0

— - 0 i

[STRETS TS BTN TN B 5 SO D o 5y 5
Q C S e o 0,’5‘ £ 2 P el 0}‘
¢ Cc

(a) (b)
Figure 4: Demonstration of Shapley value (¢;) and the p-values of their respective hypothesis tests, p; ¢,
for two images of the BBBC041 dataset. Here, each feature is a quadrant, and important regions are those
containing trophozoites (indicated by ground-truth green bounding box).

independence testing by means of marginal contributions (v,%44F) or SHAP-XRT p-values (p55%T) as a

WA 21— a | T < al

)

function of the significance level o by estimating P[vj

Synthetic image data We now present a case where the distribution of the data is known, but we can
only estimate the response through some learned model. Let X € R¥ %45 d r s € N be images composed of
an r x s grid of non-overlapping patches of d x d pixels, such that X; ; € R%*%4 ig the patch in the i*"-row
and j*"-column. We consider a synthetic dataset of images where the response Y € {0,1} is positive if
the input image X € R%*9s contains at least one instance of a target signal zo € R¥*?. Denote images
in R?¥? as vectors in RP?, D = d?, and let v ~ N(0,02 - Ip) be random noise. Define an important
distribution Z = x¢ + v for some target signal zq € R”, and its unimportant complement Z¢ = v, such
that X; ; ~a;;-Z+ (1 —a,;)-Z° and a; j ~ Bernoulli(n) are independent Bernoulli random variables with
parameter 7. Then, Y(X) =1 < 3(4,j) € [r] x [s] : X;; ~Z. In particular, welet d =7, r =5 =2
and xg be a cross (an example is presented in Figure ). Furthermore, we set n = 1 — (1/2)"/("*) such
that P[Y = 0] = P[Y = 1] = 1/2. Figure shows some example images and their respective labels for
different noise levels o2. We train a Convolutional Neural Network (CNN) and a Fully Connected Network
(FCN) to predict the response Y (see Appendix for further details). Recalling that the power of a test is
defined as 1 — § = Plreject Hy | Hy is false], we estimate the power of performing conditional independence

testing via Shapley coefficients at a chosen level a by evaluating P[1 — v ;)¢ < « | Hgng{)TC is false]
on a test dataset of 320 samples. We remark that Hg‘éﬂ;“)TC is false for all patches X; ; ~ Z such that

X jnec ~I¢ C C[r] x [s]\{4,7}. Figure 3 shows an estimate of the power of 1 — 7(; ;)¢ for both models
as a function of number of samples shown during training (Figure 3a), and noise in the test data (Figure 3Db)
over b independent training realizations.

Real image data Finally, we revisit an experiment from Teneggi et al. (2022a) on the BBBC041 dataset
(Ljosa et al., 2012), which comprises 1425 images of healthy and infected human blood smears of size
1200 x 1600 pixels. The objective of this experiment is to showcase how Theorem 2 translates to a real-world
scenario where the same object of interest receives two different Shapley values, and how this affects the
p-values of the individual SHAP-XRT null hypotheses. Here, the task is to label positively images that contain
at least one trophozoite—an infectious type of cell. We apply transfer-learning to a ResNet18 (He et al.,
2016) pretrained on ImageNet (Deng et al., 2009) (see Appendix for further details). After training, our
model achieves a validation accuracy greater than 99%. In this high-dimensional setting computing the exact
Shapley value for each pixel is intractable, hence we take an approach similar to that of h-Shap (Teneggi et al.,
2022a) and define features as quadrants in order to compute the p-value of each SHAP-XRT null hypothesis.
Since there are 4 quadrants, each Shapley value (¢;) comprises only 8 marginal contributions (7, ¢) that can
be computed exactly without any need for approximation. We extend the original implementation of h-Shap
to return the SHAP-XRT tests that reject (or fail to reject) their respective nulls, thus assigning a collection
of p-values to every quadrant. We note that in this experiment, we use the unconditional expectation over
the training set to mask features—as it is commonly done in popular Shapley-based explanation methods.
Figure shows the reference value used for masking and some example masked inputs. Figure 4 presents the
two examples. The first, Figure 4a, depicts a case where there exists only 1 cell in the upper right quadrant,
i.e. j = 2. Thus, this quadrant receives a Shapley value ¢ ~ 1. Naturally, all p-values are approximately
zero (as also guaranteed by Corollary 2). This implies that the quadrant j = 2 is statistically important in
the sense that all SHAP-XRT null hypotheses are rejected. On the other hand, in Figure 4b, there are two

12
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quadrants that contain sick cells, i.e. 7 = 3,4, and ¢3 =~ ¢4 ~ 0.5 by symmetry. Based on our theoretical
results, ¢3 and ¢4 can be decomposed in the sum of 8 terms that bound the p-values of their respective
SHAP-XRT tests. As can be seen, j = 4 is indeed statistically important in that half of the null hypotheses
are rejected (i.e., all tests Hi ;" such that 3 ¢ C'). However, the bound in Corollary 1 shows that a Shapley
value of ¢4 ~ 0.5 is not large enough to reject the global null Hy 4 even if it is clearly false. These results
highlight the suboptimality of the Shapley value from a statistical testing perspective, which motivates future
work to develop more powerful alternatives.

5 Conclusion

The Shapley value and conditional hypothesis testing appear as two unrelated approaches to local (i.e., sample
specific) interpretability of machine learning models. In this work, we have shown that the two are tightly
connected in that the former involves the computation of specific conditional hypothesis tests, and that every
summand in the Shapley value can be used to bound the p-values of such tests. For the first time, this
perspective grants the Shapley value with a precise statistical meaning. We presented numerical experiments
on synthetic and real data of increasing complexity to depict our theoretical results in practice. We hope that
this work will enable the further and precise understanding of the meaning of (very popular) game theoretic
quantities in the context of statistical learning. Restricting the Shapley value to an a-priori subset of null
hypotheses may prove successful in devising useful algorithms in certain scenarios, and alternative ways other
than the weighted arithmetic mean—which is employed by the Shapley value—may yield powerful procedures
to combine SHAP-XRT’s p-values to test for global null hypotheses.
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