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Abstract

Softmax attention in Transformers suffers from
quadratic complexity in sequence length, mak-
ing it impractical for long-context applications.
Linear attention alleviates this issue by replacing
the exponential kernel with alternative functions
that enable linear-time computation. Among ex-
isting linear attention approaches, recent studies
have shown that polynomial kernels are particu-
larly effective, as they exhibit sparse and spiky
behavior similar to softmax attention, which em-
phasizes large dot products while suppressing ir-
relevant interactions. However, the exact com-
putation of high-degree polynomial kernels is in-
feasible for high-dimensional representations. As
a result, prior work relies on approximate poly-
nomial kernels. This introduces a non-negligible
approximation error. In this paper, we show that,
from the perspective of polynomial kernel ap-
proximation, existing linear attention methods
are still suboptimal. We propose Learnable Low-
Rank Polynomial Sketch (LLoPS), a principled
and flexible framework for approximating poly-
nomial kernels with linear attention. Our method
learns a low-rank polynomial sketch that prov-
ably achieves a strictly smaller approximation
error than existing approaches. Experiment re-
sults show that LLoPS achieves the highest perfor-
mance across extensive benchmarks, comparing
with various linear attention baselines.

1. Introduction

Transformers have become the dominant architecture for
sequence modeling across natural language processing, vi-
sion, and multimodal tasks. Despite their empirical success,
the quadratic time and memory complexity of the attention
mechanism with respect to sequence length severely lim-
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its scalability to long-context settings. This bottleneck is
particularly problematic in emerging applications such as
long-document understanding, code modeling, and retrieval-
augmented generation, where context lengths can easily
reach tens or hundreds of thousands of tokens.

Linear attention methods (Xiong et al., 2021; Team et al.,
2025; Schlag et al., 2021) address this challenge by retaining
the core attention formulation while reducing its complexity
from quadratic to linear in sequence length. By rewriting
softmax attention as a kernelized dot-product and exploit-
ing associativity, linear attention enables streaming compu-
tation with constant memory. Recent large-scale deploy-
ments (Team et al., 2025) demonstrate that linear attention
can attain a strong empirical performance while support-
ing extremely long contexts, thus making it a promising
direction for next-generation foundation models.

Existing work on linear attention can be broadly categorized
into two complementary directions. The first focuses on
improving the state update rule, designing better ways to
accumulate and normalize the running key-value statistics
over time (Team et al., 2025; Yang et al., 2024). The second
direction, which this paper focuses on, aims to improve the
feature map of query and key vectors so that the induced ker-
nel more faithfully approximates softmax attention (Arora
et al., 2024; Zhang et al., 2024; Han et al., 2023).

Prior studies on feature map design have observed that high-
order polynomial kernels can approximate the softmax ker-
nel surprisingly well (Kacham et al., 2023; Arora et al.,
2024; Zhang et al., 2024). Intuitively, both exponential and
polynomial kernels can exhibit sparse, spiky behavior that
emphasizes large dot-products while suppressing irrelevant
interactions. However, computing exact polynomial kernels
is infeasible for high degree kernel and high-dimensional
vectors, as the computation complexity grows exponentially
with the polynomial degree.

To address this challenge, PolySketchFormer (Kacham et al.,
2023) exploits a data-independent sketching technique to
approximate exact polynomial kernels. More recently,
BASED (Arora et al., 2024) realizes state-of-the-art per-
formance in language modeling by combining linear atten-
tion and sliding window attention. In their linear attention
formulation, queries and keys are first compressed into a
low-dimensional space and then the exact polynomial kernel
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is computed in that space.

In this paper, we show that from the perspective of poly-
nomial kernel approximation, the previous methods that
approximate polynomial kernel are suboptimal. Our key
insight is that, when the output feature dimension is fixed,
there exists a theoretically optimal sketch that minimizes
the approximation error to the target polynomial kernel. We
prove that a linear projection for the p-th order outer prod-
ucts of input vectors can achieve this optimal approximation,
whereas existing approaches such as BASED (Arora et al.,
2024) and PolySketchFormer (Kacham et al., 2023) can be
viewed as constrained or data-independent approximations
to this optimal mapping. Building on this observation, we
further propose a structured decomposition of the optimal
linear mapping using low-rank tensor rank decompositions
(also known as CP decompositions) and column-wise Kro-
necker products, which significantly reduces computational
costs. We provide theoretical analysis showing that this
structured approximation is strictly tighter than prior feature-
map constructions under the same dimensional budget.

Our contributions are summarized as follows: (1) We pro-
vide a theoretical characterization of the optimal sketching
strategy for approximating polynomial kernels in the con-
text of linear attention. (2) Motivated by this analysis, we
propose a novel Learnable Low-Rank Polynomial Sketch
(LLoPS), a linear attention kernel that accurately approxi-
mates polynomial attention while remaining computation-
ally efficient. (3) We further derive approximation error
analysis for LLoPS and show that several existing linear
attention kernels can be interpreted as special cases within
our unified framework. (4) Finally, we demonstrate through
experiments that LLoPS consistently improves the effective-
ness of linear attention transformers across a broad range of
benchmarks. Our code will be released upon acceptance.

2. Preliminaries
2.1. Softmax-based Full Attention

Given a sequence of queries Q € R"*9, keys K € R"*4,
and values V' € R"*%  gstandard Transformers compute
attention as

T

Vd

where the softmax is applied row-wise. Because this for-
mulation has O(n?) time and memory complexity due to
the explicit computation of the attention matrix QK ", it is
prohibitively expensive for long input sequences.

Attn(Q, K,V) = softmax(QK ) Vv, (1)

2.2. Linear Attention

Previous studies have observed that softmax attention can
be interpreted as kernelized dot-product attention with an

exponential kernel. By approximating the exponential func-
tion with a feature map ¢ : R? — R™ and exploiting
associativity, attention can be rewritten as

Attn(Q, K, V) = (6(Q)6(K) ") V = ¢(Q)(6(K) V),
@)

where ¢(Q), $(K) € R"*™ are mapped features with di-

mension m and ¢(Q)@(K) T is the inner product in the new

-
feature space that approximates softmax(%).l Cru-

cially, the overall complexity is reduced from quadratic to
linear in the sequence length n. This enables streaming
computation and a constant memory state, which are key
advantages of linear attention.

Recent work reveals that polynomial kernels provide a
strong approximation to the exponential kernel underly-
ing softmax attention. In particular, a degree-p polynomial
kernel, denoted as (-, -), takes the form

kg, k) = (¢ k)", 3)
where g, k € RY are query and key vectors.

However, computing the exact polynomial feature map re-
quired by linear attention involves expanding all degree-p
monomials, i.e., ¢, () = vec(z®?) , where ®p is p-th or-
der outer product, whose dimensionality scales as O(dP).
This makes exact polynomial kernels impractical for real-
world models.

BASED addresses this issue by first compressing the query
and key vectors into a low-dimensional space using a linear
projection,

k=Wik, W, W,eR™ r<d,
“

and then computing exact polynomial features in the com-

pressed space. In practice, BASED utilizes a second-order

polynomial kernel

K(g, k) = 1a(q) "o (k), Q)

which corresponds to the quadratic term in the Taylor ex-
pansion of the exponential kernel >

q= qua

By combining this polynomial linear attention with sliding-
window attention to capture local interactions, BASED
achieves state-of-the-art language modeling performance
while maintaining favorable computational efficiency.

2.3. Related Work

We broadly categorize prior studies on linear attention into
two directions: (i) the design of feature maps for query and

'We use $#(Q) to denote applying &(-) to each row vector in
Q. Similar for ¢(K) and later usages.

“BASED proposes to use the Taylor expansion 1 4 z + 22 /2.
For simplicity, we omit the constant and linear terms, as they can
be handled by concatenation and do not affect the core analysis.
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key vectors, and (ii) the design of state update rules.

Feature Map Design. This line of work focuses on con-
structing efficient and expressive feature maps ¢(-) such
that the softmax kernel exp(q " k) can be approximated by
an inner product ¢(q) " ¢(k) (Katharopoulos et al., 2020;
Choromanski et al., 2020; Qin et al., 2022; Keles et al.,
2023; Meng et al., 2025). Among the many design choices,
several recent studies have identified polynomial kernels as
particularly effective approximations, as they share impor-
tant inductive biases with softmax attention, such as sparsity
and sharp selectivity (Han et al., 2023; Zhang et al., 2024;
Kacham et al., 2023; Arora et al., 2024). As discussed
by (Arora et al., 2024), many existing feature maps are
substantially less effective than polynomial-kernel-based
approaches when evaluated in realistic settings. Moreover,
for current methods that explicitly approximate polynomial
kernels (Han et al., 2023; Kacham et al., 2023; Arora et al.,
2024), their approximation accuracy is still limited. Our
work finds that these approximations can be further im-
proved through a more principled and flexible feature-map
construction. Overall, there remains significant room for
boosting the effectiveness of linear attention feature maps.

Additionally, despite the extensive exploration of feature
map design, many prior works do not assess performance
on large-scale, real-world language modeling tasks. In some
cases, linear attention variants are reported to outperform
softmax attention, which contrasts with empirical observa-
tions in large language models where linear attention usually
has sub-optimal effectiveness.

State Update Rules. Another line of work focuses on
designing improved state update rules for linear attention
that aim to stabilize training and better capture long-range
dependencies (Schlag et al., 2021; Yang et al., 2024; Team
et al., 2025). These methods often resemble state space
models (Gu & Dao, 2024; Peng et al., 2023) in that they
maintain and update a recurrent state, rather than strictly
adhering to the standard attention formulation.

Importantly, these approaches are largely orthogonal to fea-
ture map design: their update rules can be combined with
different feature maps by replacing q and k with ¢(q) and
¢(k). Since our work focuses exclusively on improving
feature maps for polynomial kernel approximation, we do
not directly compare with methods that primarily modify
the state update mechanism.

3. Methodology

Polynomial kernel is considered to be a good candidate to
replace softmax kernel (Kacham et al., 2023; Zhang et al.,
2024; Arora et al., 2024). A key reason for the effectiveness
of softmax attention is its sparse and spiky attention distribu-

tion: for a given query, only a small subset of keys receives
large attention weights, while the majority of keys are as-
signed values close to zero. This behavior arises from the
exponential function, which sharply amplifies differences
in inner products, effectively separating keys that are well
aligned with the query from those that are not.

Polynomial kernels exhibit a similar spikiness property, as
higher-order powers increasingly emphasize large inner
products while suppressing smaller ones. Besides, poly-
nomial functions are often used to approximate exponential
function (e.g., Taylor expansion) (Zhang et al., 2024; Arora
et al., 2024). Thus, a polynomial kernel is a natural and
effective alternative to the exponential kernel in the context
of linear attention. However, as discussed in Sec 2.2, an
exact computation of polynomial kernels becomes impracti-
cal for high degrees or high-dimensional vectors due to the
exponential growth of dimensionality.

Therefore, our work focuses on designing feature maps for
queries and keys separately, denoted by ¢ (Q), ok (K) :
R7™*d _y R™>™ that accurately approximate polynomial
kernels while remaining computationally efficient. Specif-
ically, we aim to minimize the following approximation
error:

¢0(@)éx(K)T — (QKT)™|, ©6)

where *p is the element-wise p-th power and || - || s is Frobe-
nius norm.

To achieve this goal, we introduce Learnable Low-Rank
Polynomial Sketch (LLoPS). We first demonstrate that,
when the output dimension m is fixed, complicated fea-
ture maps are unnecessary to achieve the best compression.
Instead, linear projections of g®P and k®? are sufficient
to attain the theoretically optimal approximation to the tar-
get polynomial kernel. Building on this, we further de-
compose the optimal linear projection and approximate it
using a low-rank CP (CANDECOMP/PARAFAC) decom-
position (Papalexakis, 2016), which is also known as tensor
rank decomposition, that enables a practical computation
with linear attention while preserving the approximation
quality. Finally, we provide a detailed error analysis of the
proposed feature maps and elucidate their connections to
existing linear attention kernels.

3.1. Optimal Sketch of Polynomial Kernel

We first consider the optimal compression of polynomial
kernel when the output dimension m is fixed. For clarity,
let 1, : RY — R¥, where ,(z) = vec(z®P); let A =
(QK ")*? = 9,(Q)¢,(K) "3 andlet UZV T be the SVD
decomposition of A where 3 = diag(o1,- - ,0p).

Since ¢g(Q) and ¢ (K) are both an n x m matrix (n >

*Function 1), is applied to each row of the matrices.
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m), the rank of ¢o(Q)dx(K)" is at most m. By the
property of SVD decomposition, the minimum possible loss

of Eq. 6is > ., oF where o; is the i-th singular value.
It is achieved when
$0(Q)¢x(K) =USm V'’ (7
where X,,, = diag(o1,- - ,0m,0, - ,0).
Wi

W UGC(.’E.’ET) 0, =z 0, =

()

Figure 1. NMustration of LLoPS with an example where p = 2,d =
2,m = 3. (a) Given the optimal linear projection matrix W,
each column of W can be written as a 2 by 2 matrix, and be
approximated by its rank-1 CP decomposition; (b) The rank-1 CP
decomposition can be stacked into two weight matrices 1, @2;
(c) In this way, the linear projection WTvec(w:cT) can be approx-
imated as (©1 x) * (©4 ) where * is an element-wise product.

The following theorem shows how to achieve the minimum
approximation error.

Theorem 3.1 (Optimal Polynomial Sketch). Let i, (x) :
R — RY = vec(x®P). There exists W, Wi € R4 xm
such that qu*Q(Q)(b’;{(I()T =UX,, VT where

$(Q) = p(Q)W, ®

Oic (K) = (KO Wi

The proof is illustrated in Appendix A.1.
Theorem 3.1 suggests that we could compress
Up(Q), ¥p(K) into a m-dimensional space via lin-

ear mapping, while achieving the minimal approximation
error stated in Eq 7.

3.2. Learnable Low-Rank Polynomial Sketch

Although Theorem 3.1 illustrates how to achieve the op-
timal approximation, since Wé and Wy have dP rows,
the linear projection is still too computationally expensive.
To address this problem, we propose to decompose and
approximate the linear projection matrices utilizing their
low-rank CP decompositions (also known as tensor rank
decomposition (Papalexakis, 2016)). Figure 1 depicts an
example of our decomposed sketch for a toy example where
p=2,d=2,m=3.

Let W denote W, or Wi, andlet W; € R (1 <i<m)
denote the i-th column of W. We can write W; as a (p)-way
tensor W; € R4 According to CP decomposition, W,
can be represented, with a sufficiently large R;, as a linear
combination of R; rank-1 tensors:

c@ w), ©

p,

R;
Wi =Y MWl @ w)) ©-

where /\S«i) € R, 'w](lz € R? (1 < j < p), and ® denotes

outer product.

Inspired by the CP decomposition in Eq. 9, the key idea
of LLoPS is as follows. Each row of W is expressed as
a sum of rank-one outer products of learnable vectors, as
illustrated in Figure 1(a). These vectors are trained implic-
itly to approximate the low-rank CP decomposition of each
row vector W,;. We then organize the learned factors into a
collection of projection matrices, as shown in Figure 1(b),
which enables an efficient computation of the feature map,
avoiding explicitly constructing the high-dimensional poly-
nomial features ¢, (Q) and 1, (K) through a sequence of
lightweight matrix multiplications and element-wise opera-
tions instead, as depicted in Figure 1(c).

Specifically, W; can be approximated with its rank-t CP
decomposition, i.e.,

Z“

By reshaping the tensor back to vector, we have an ap-

w) @wy) @ @w) 2W;  (10)

proximate column vector W; = vec(WV;) and thus the
approximate linear projector W = (Wq,--- W,,) €
R4 *™m  Next, we demonstrate how to efficiently com-

pute 1, (Q)W and 1, (K )W without explicitly computing
Up(Q), Yp(K), and W, which are with extremely high di-
mensions.

Notice that the inner product between the outer product of
vectors {wy ., ..., w, .} and vec(xz®P) equals the product
of {{wj,,x):1<j<plie,

(vec(wr, @ - @wp,.), vec(x

p
= [[(w;- =) (D
Jj=1
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So we have

r=1 j=1
Thus
Up(QW = (Y (Q)W1, -+ 9, (Q)W,y,)
t p t p
= TT@ull - o T @ui)
r=1 7j=1 r=1 7j=1 (13)
t P p
=>_ (I Quil - A [T Quit)
r=1 j=1 j=1

where [ ] is the element-wise product.

With Eq 13, we have the following theorem to approximate
the optimal projection matrix W with a set of matrices ©.

Theorem 3.2. Let ©;, € RY™ pe the stack of wj(ﬂ)n Sfor

t1=1,...,m, ie,
1 m m
0, = (AWMl .. A (14)
where 1 < j <p, 1 <r <t Wehave
~ t P
QW => 1] Q0. (15)
r=1j=1

t
W = Z (61,7‘ Ocol 62,r Ocol *** Ocol @13,,,,) (16)
r=1

where o is the column-wise Kronecker product.
Similarly, 1,(K)W = 23:1 H§:1 KO;,

More importantly, this formulation avoids explicitly con-
structing the exponentially large polynomial feature map
¥p(Q): we first compute the projected matrices Q® - for
allj = 1,...,pand r = 1,...,t using standard matrix
multiplications. Then, for each rank component r, we com-
bine the p projected terms via element-wise multiplication,
corresponding to the product over j. Finally, we sum the
resulting features across all ¢ components. Overall, the total
computation cost is reduced from O(nmdP) to O(ndmtp).

In practice, we find that the setting ¢ = 1 already attains an
accurate approximation of the polynomial kernel. Setting
t > 1 will lead to too many learnable parameters. Therefore,
we fix ¢ = 1 and our proposed feature maps is formulated
as below:

Definition 3.3 (Learnable Low-Rank Polynomial Sketch).

p
90(Q) =[] @&f?
o (a7)
oK (K) = HK®§K)
j=1

where ®§Q) and ®§Q) (1 < j < p) are learnable.

The computation complexity is O(ndmp), and the num-
ber of trainable parameters are O(dmp). During training,
©® are trained implicitly to approximate the low-rank CP
decomposition of the optimal projecion matrix W) and

The following theorem analyze the error of our proposed
learnable polynomial sketch.

Theorem 3.4 (LLoPS Error). Let W* € R *™ pe the
optimal matrix suggested in Theorem 3.1. Then

. * 2 * 12 2
oli [W'=€,0...08, |} = [W I\F—Z;n (18)

where

T = max
ller]|=..=llupll=1

(Wi, u1 ®...Qu,) (19)

is the tensor spectral norm (i.e., the largest tensor singular
value) of W;, and W; € R¥ %4 s the order p tensor by
reshaping the ith column of W* € R .

The proof is given in Appendix A.2.

Some previous studies found that making the attention score
of linear attention to be non-negative is helpful for training
stability (Kacham et al., 2023; Han et al., 2023). If non-
negativity is required, we could adopt the approach used in
(Kacham et al., 2023) to apply another square to the feature
map, i.e., $o(Q) = ( le Q@;Q))*2, and similarly for
oK (K).

3.3. Relationship with Existing Feature Maps

In this subsection, we discuss the relationship between our
proposed feature map and several existing approaches for
approximating polynomial kernels in linear attention.

Element-wise Polynomial Feature Maps Some earlier
linear attention methods (Han et al., 2023) adopt element-
wise polynomial feature maps of the form ¢(x) = (@x)*P
where *p denotes the element-wise p-th power. This con-
struction can be viewed as a special case of our formu-
lation in which all projection matrices are shared, i.e.,
©; = --- = ©,. Under this constraint, our kernel reduces
exactly to an element-wise polynomial feature map.

BASED This method (Arora et al., 2024) approximates
the second-order polynomial kernel by first projecting
queries and keys into a low-dimensional space via a lin-
ear mapping, and then applying the quadratic feature map
¥o(+). Specifically, for W € R™ %4 and 2 € R?, BASED
computes

Vo (W) = vee(Wx@Wz) = (W R100n W) vec(zz ),
(20)
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where ®Qy;on 18 the full Kronecker product.

This construction can also be recovered as a special case of
our kernel. In particular, let

GI =W Ocol ]-a (9; =1 Ocol W7

where 1 € R™ %4 is an all-ones matrix. Under this choice,
we have @1 Ol @2 = (W @iron W) . Therefore, with
these specific parameter settings, our feature map exactly
recovers the BASED kernel.

PolySketchFormer This approach (Kacham et al., 2023)
approximates polynomial kernels using randomized sketch-
ing techniques. Its feature map can be expressed as multi-
plication by a randomized sketching matrix R € R% *™
satisfying the (¢, p)-AMM property (Woodruff et al., 2014).
Following prior constructions (Ahle et al., 2020), R can be
formulated as a column-wise Kronecker product of p sparse
randomized matrices, permitting efficient approximation of
high-order polynomial kernels.

From our perspective, PolySketchFormer corresponds to
a special case of our framework in which the projection
matrices {©;}”_, are fixed, randomized, and sparse, rather
than learned from data.

Taken together, these observations reveal that several exist-
ing polynomial-kernel-based linear attention methods can
be interpreted as special or constrained instances of our pro-
posed feature map. By allowing more general and learnable
projections, our formulation strictly generalizes these prior
approaches. As a consequence, for a fixed output dimen-
sion, our method can achieve an approximation error that
is no worse than these existing methods, and in practice
often substantially better, as shown in the next section. This
is equivalent to enforcing a constraint where half of the
learnable matrices share parameters with the other half.

4. Experiments

In this section, we report the main experiment results com-
paring our method with state-of-the-art linear attention meth-
ods. Additional experiments and ablation studies are re-
ported in Appendix B.

4.1. Long Range Arena Benchmark

Following prior work (Zhang et al., 2024; Meng et al., 2025;
Han et al., 2023), we first assess our method on the Long
Range Arena (LRA) benchmark (Tay et al., 2020). Most ex-
isting linear attention papers adopt the original LRA training
protocol where models are trained from scratch on each task.
However, Amos et al. (2023) pointed out that training from
scratch on LRA often produces results inconsistent with
pretrained transformers, and may even suggest that linear
attention outperforms softmax attention, an observation that

contradicts empirical evidence from large-scale language
modeling and real-world deployments.

To obtain a more realistic and informative comparison, we
follow the evaluation protocol of Amos et al. (2023), which
introduces an additional pretraining stage with only the
LRA task data. We apply this protocol uniformly to all
baselines and our method, thereby ensuring a fair com-
parison under a setting that better reflects the behavior of
pretrained transformer models. For baseline methods, we
include the best number recorded in their original paper (un-
der train-from-scratch setting) and our reproduction (under
pre-training and fine-tuning setting). For all the methods,
we only modify the attention layer to different attention
kernels, while the architectures of other layers are identical.
All hyper-parameters are selected based on their original pa-
pers. We compare our method with: Nystrom (Xiong et al.,
2021), Skyformer (Chen et al., 2021), Hedgehog (Zhang
et al., 2024), PolaFormer (Meng et al., 2025), Flatten Trans-
former (Han et al., 2023), and BASED (Arora et al., 2024),
and the softmax attention (Vaswani et al., 2017). For our
method, the polynomial degree p = 4.

The results are summarized in Table 1. First, we observe
that under the pretraining protocol, the softmax Transformer
consistently outperforms linear attention variants, aligning
with common empirical experience and supporting the va-
lidity of this evaluation setting. Moreover, our method al-
ways produces top-3 performance among all linear attention
approaches across tasks, and attains the highest average
accuracy. On average, our method improves accuracy by
2.28% over the strongest linear attention baseline. These re-
sults demonstrate that our approach substantially improves
the effectiveness of linear attention while maintaining its
efficiency advantages.

4.2. Zero-Shot NLP Benchmarks

Additionally, following prior work on alternative sequence
modeling architectures (Gu & Dao, 2024; Arora et al.,
2024), we evaluate our method on a suite of zero-shot NLP
benchmarks. We compare against the standard softmax
Transformer, Mamba, and BASED, using the publicly re-
leased 360M and 1B parameter checkpoints from Arora et al.
(2024). Given that these architectures require extensive pre-
training from scratch, additional linear attention baselines
were excluded from this evaluation.

Since the BASED attention kernel can be viewed as a special
case of our proposed kernel, we initialize our model from
the BASED checkpoint and continue training it to obtain
our final model to reduce training time. For LLoPS-360M,
the polynomial degree p = 4; for LLoPS-1B p = 2. Im-
portantly, the original baselines in Arora et al. (2024) were
pretrained on the Pile dataset (Gao et al., 2020), which is
no longer publicly available. Therefore, we perform con-
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Table 1. Performance comparison across Long Range Arena (LRA) benchmarks. Bold numbers indicate the best performance in linear
attention methods, underlined numbers indicate the second-best, and italicized numbers indicate the third-best.

Method Image  Text Retrieval ListOps Pathfinder Avg

Softmax Attn 64.36  82.96 83.23 48.49 70.45 69.90
Nystrom 58.66 66.19 83.90 45.46 69.71 64.78
Skyformer 58.54 65.25 79.55 46.77 72.73 64.57
Hedgehog 52.68 66.59 82.24 41.03 74.16 63.34
PolaFormer 47.74  73.06 80.50 38.86 70.53 62.14
Flatten 5148 66.13 78.72 38.51 70.27 61.02
PolySketchFormer 51.40  64.60 81.10 43.00 66.20 61.26
BASED 51.13  65.73 80.76 43.55 72.98 62.83
LLoPS 57.54 73.94 82.17 48.29 73.84 67.16

tinued training utilizing the SlimPajama-6B dataset (Sobol-
eva et al., 2023)*, which is 50 times smaller in size com-
pared to Pile. For a fair comparison under this updated
data setting, the BASED models are also post-trained with
SlimPajama-6B for the same number of iterations. This
allows us to isolate the benefits of our proposed kernel from
differences arising purely from additional training data or
compute. The evaluated benchmarks are implemented in
1m_eval (Gao et al., 2023), including: WinoGrande (Sak-
aguchi et al., 2021), PIQA (Bisk et al., 2020), LAM-
BADA (Paperno et al., 2016), HellaSwag (Zellers et al.,
2019), ARC-challenge (Clark et al., 2018), SQUAD (Ra-
jpurkar et al., 2016), SWDE (Lockard et al., 2019; Arora
et al., 2023), FDA (Arora et al., 2023). The tasks include
information extraction and commonsense reasoning QA.

The results are reported in Table 2. Notably, for 360M mod-
els, we observe that after continued training on SlimPajama-
6B, both BASED and our method exhibit a substantial
accuracy drop on the FDA benchmark. We hypothesize
that this degradation arises from a mismatch between the
SlimPajama-6B and the FDA task distribution, which may
induce catastrophic forgetting of task-relevant knowledge.
Since this phenomenon occurs for both BASED and our
method, it is more likely due to the choice of training data
rather than a limitation of our proposed kernel. Despite
this issue, our method produces a higher average accuracy
than BASED. These results further support the effective-
ness of our approach in improving the performance of linear
attention models across diverse zero-shot NLP benchmarks.

4.3. Polynomial Kernel Approximation Error

Furthermore, we directly assess the error of our proposed
sketch in approximating polynomial kernels. To that end,
we obtain a set of query and key vectors with the following
steps: (1) we train a transformer with the exact polynomial
kernel (Attn(q,k,v) = (q" k)Pv, p = 2,3) on the syn-
thetic associative recall (AR) task introduced in Arora et al.

*https://huggingface.co/datasets/DKYoon/
SlimPajama-6B

(2024); (2) we select the first (layer 0), middle (layer 8), and
last attention layers (layer 16) of the trained model and sam-
ple the corresponding query and key vectors with synthetic
AR data. After obtaining the query and key vectors, for each
layer, we apply different sketching methods to approximate
the polynomial kernel on these sampled vectors.

We compare our sketch against the data-independent sketch-
ing approach used in PolySketchFormer (Kacham et al.,
2023) (PSF), as well as neural network-based sketches (NN).
For the neural sketch baseline, the feature maps ¢, and ¢;,
are parameterized as two-layer MLPs and then trained to
approximate the exact polynomial kernel. To quantify ap-
proximation quality, we report the relative mean absolute
error (RMAE), defined as

(q"k)? — ¢q(q) " dr(k)
(qT k)P

The results are summarized in Table 3. We observe that our
sketch consistently achieves substantially smaller approx-
imation error than PSF. This aligns with the intuition that
learnable methods are usually better than data-independent
methods. Furthermore, our learnable sketch also outper-
forms the neural network-based feature maps. We attribute
this to two main reasons. First, Theorem 3.1 suggests that a
linear projection is sufficient to achieve optimal compression
for polynomial kernels, making more complex nonlinear pa-
rameterizations unnecessary. Second, our structured and
decomposed linear formulation is easier to optimize than
MLP-based sketches, which may suffer from additional
training instability. Overall, these results demonstrate that
our proposed sketch provides an effective and accurate ap-
proximation of polynomial kernels in practical transformer
query and key distributions.

RMAE = E, 1, 1)

4.4. Efficiency Comparison

Finally, we conduct a simple benchmark to evaluate the
computational efficiency of our proposed linear attention
kernel. We compare our method against standard softmax
attention and the linear attention kernel used in BASED.
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Table 2. Zero-shot accuracy (%) across diverse NLP benchmarks for pretrained models at two scales. Bold numbers indicate the best
performance among linear-complexity methods within each model size.

360M Models
Method Wino PIQA LAM Hella ARC-E ARC-C FDA SWDE SQuAD Avg
Softmax Attn  51.78  63.71 29.32 33.60 42.85 2432 57.89  56.08 27.88  43.05
Mamba 5036 6376 27.89 3388 4242 24.66 5.90 17.37 24.83 32.34
BASED 5091 6540 27.73 36.85 43.10 25.51 8.35 30.87 26.27 35.00
LLoPS 53.04 66.70 29.23 37.07 43.94 25.51 7.53 31.41 3194  36.26
1B Models
Method Wino PIQA LAM Hella ARC-E ARC-C FDA SWDE SQuAD Avg
Softmax Attn  52.49  67.30 38.07 39.12  51.05 22.10  68.78  68.68 35.79  49.26
Mamba 5130 66.81 3887 39.34  46.80 26.11 11.07  28.17 29.46  37.55
BASED 5122 68.44 3643 4159 47.01 27.30 2441  46.80 36.23 42.16
LLoPS 51.62 68.72 38.11 42.69 47.31 27.13 2632 4797 36.36 4291
Table 3. Relative mean absolute error of different sketches approx-
imating polynomial kernels with degree p = 2, 3. —— softmax
¥ 200 Based
p | Method | Layer 0 Layer8 Layer 15 Avg [} —+— |LOPS
PSF | 0.186 0247 0445 0293 E 1501
2 NN 0.035 0.070 0.058 0.054 L 100,
LLoPS 0.008 0.032 0.025 0.022 5
PSF 0.740 0.738 0.745 0.741 g’ 501
3 NN 0.059 0.114 0.143 0.105 8
LLoPS 0.018 0.040 0.058 0.038 04

For each attention mechanism, we measure the runtime of
the forward pass by repeating the computation 1,000 times,
with sequence lengths ranging from 1,000 to 10,000 tokens.
All kernels are implemented in PyTorch under the same
hardware and software settings. The input vectors have a
dimension of 128. We set the output feature dimension of
our kernel to 256 and p = 2. To ensure a fair comparison,
queries and keys of BASED kernel are compressed to 16
dimensions so that the final dimension of query and key
vectors is 162 + 16 + 1 = 273.

The total forward-pass runtime is seen in Figure 2. As ex-
pected, linear attention methods achieve substantially lower
latency than softmax attention due to their reduced com-
plexity. Moreover, our kernel is consistently faster than the
BASED kernel across all sequence lengths. We attribute
this improvement to the fact that our formulation relies pri-
marily on matrix multiplications and element-wise products,
which are highly optimized and parallelizable on modern
accelerators (e.g. tensor cores in GPUs), whereas BASED
involves additional outer-product style operations that in-
troduce less efficient computation patterns. Overall, these
results highlight that our proposed kernel not only improves
approximation quality, but also offers strong practical effi-
ciency benefits for long-sequence inference.

4000 6000 8000 10000
Input Length

2000

Figure 2. Time cost of different attention kernels at different input
length with p = 2.

5. Conclusion

We studied polynomial-kernel-based linear attention
through the lens of sketching. We provided a theoretical
characterization of the optimal sketch for approximating
polynomial kernels in the linear attention setting, revealing
that structured and learnable projections can significantly im-
prove approximation quality over previous data-independent
feature constructions (Kacham et al., 2023). Building on this
insight, we proposed LLoPS, a Learnable Decomposed Poly-
nomial Sketch that offers an accurate and efficient approxi-
mation to polynomial attention while retaining the favorable
computational properties of linear attention. We further
analyzed approximation error for LLoPS and showed that
several existing linear attention kernels can be interpreted
as special cases within our framework. Empirically, LLoPS
consistently improves the effectiveness of linear attention
Transformers across a diverse set of benchmarks, narrowing
the performance gap between linear and softmax attention
while maintaining strong efficiency advantages.
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A. Proofs
A.1. Proof of Theorem 3.1
Proof. For simplicity, let Q = 1,(Q) and K = v,(K). Notice that

QK™ =(QK'")” (22)
Let $o(Q) = QWl, ox(K) = KW,, where Wi, W, € R¥*™_ We need to prove that there exist W7, W5 such that
QW\W, K" =U,,=,,V,] (23)

where S,, = U, 2., V,| is the truncated SVD decomposition of § = QK .
Notice that the column and row spaces of .S,,, are subspaces of the column and row spaces of S.

Since S = QK' T, the columns gf S are linear combinations of the columns of Q Therefore, the range (column space) of
S is a subspace of the range of Q: ~
range(S) C range(Q) (24)

Similarly, the rows of S are linear combinations of the rows of K ' :

range(S ") C range(K) (25)

As a result, range(U,,,) C range(Q) and range(V,,,) C range(K)
Therefore, there must exist W7, W5 such that QWl = UmZ%2 and K Wy = VmZ,lT/IQ.
So QW (KW>)T = S, O

A.2. Proof of Theorem 3.4
Proof.

m

@Ei?@p IW"=8:0...06,l = ;el min@p,i 1©1:®...0 0y = WL, ill[7 (26)

where ©; ; is the i-throw of @;,1 <57 <p,1 <7 <m.
By the definition of tensor spectral norm and the best Rank-1 CP approximation, for each ¢,

min w1 ; ©...Qwy; — WLil||F = [W*[,il5 — 77 (27)

W1, Gy, Wp g

B. Additional Experiment Results
B.1. Synthetic Associative Recall Task

We compare our method with Based on the synthetic associative reacall task introduced in Arora et al. (2024). For both
methods, the hidden dimension of the model is set to d € {64,128}. The query and key dimensions of BASED is 16. The
sketch dimension of LLoPS m = 256 and p = 4. Table 4 shows the result. We can see that LLoPS achieves higher accuracy
than BASED, further proving its effectiveness.

B.2. Polynomial Degree Ablation

Here, we study how the polynomial degree p affects the effectiveness of LLoPS. We consider the synthetic associative
recall task Arora et al. (2024) and train three 2-layer transformers from scratch using polynomial kernels with degrees
p € {2,4,6}. All models use a hidden dimension of 128, and the output sketch dimension is fixed to 256 across settings.
The results are summarized in Table 5.
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Table 4. Comparion of Based and LLoPS on synthetic associative recall task. For LLoPS, m = 256, p = 4. For both methods d = 128.

d 128 192

BASED 919 98.1
LLoPS 932 99.0

Table 5. Accuracy of synthetic association recall task under different polynomial degree p with d = 128.

P 2 4 6
Acc 88.7 932 86.6

We observe that increasing the degree from p = 2 to p = 4 leads to improved accuracy. This suggests that moderate
higher-order interactions can better distinguish key vectors that align well with the queries from those that do not, thereby
enhancing retrieval performance. However, when further increasing the degree to p = 6, accuracy declines. We hypothesize
that this drop arises because the sketch dimension m remains fixed: as p grows, the polynomial kernel becomes more difficult
to approximate accurately, and the resulting increase in approximation error can negatively impact model effectiveness.
Another possible reason is that, since the number of parameters increase with p, a higher value of p make the model easier to
overfit the training data, which would also cause the test accuracy to drop.

Overall, these results highlight an important trade-off: choosing p requires balancing representational power and approxima-
tion accuracy, and higher degree is not always better in practice.

100
90 /—‘
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Figure 3. Results of how accuracy and forward time changes with sketch dimension m € {64, 128,192,256} and d = 128, p = 4.

B.3. Sketch Dimension Ablation

Here we demonstrate the effect of sketch dimension m to effectiveness and effciency. We fix the model dimension d = 128
and vary m € {64, 128,192, 256}. We measure the accuracy for synthetic association recall task (Arora et al., 2024) and the
forward computation time. The results show that when m increases, the effective improves but the efficiency drops, which
fits the intuition. Nevertheless, we note that when the sketch dimension drops from 256 to 192, the efficiency improves
while the accuracy does not drop. This suggests that our method has great potential in approximating polynomial kernels
with limited budget of state space size.
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