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Abstract

We propose a novel stochastic bandit algorithm that employs reward estimates using
a tree ensemble model. Specifically, our focus is on a soft tree model, a variant
of the conventional decision tree that has undergone both practical and theoretical
scrutiny in recent years. By deriving several non-trivial properties of soft trees, we
extend the existing analytical techniques used for neural bandit algorithms to our
soft tree-based algorithm. We demonstrate that our algorithm achieves a smaller
cumulative regret compared to the existing ReL.U-based neural bandit algorithms.
We also show that this advantage comes with a trade-off: the hypothesis space of
the soft tree ensemble model is more constrained than that of a ReLU-based neural
network.

1 Introduction

The stochastic bandit framework is a powerful tool for addressing sequential decision-making tasks
in uncertain environments. A significant challenge in applying stochastic bandits is managing
large action spaces. For example, in recommendation systems, there is often a vast action space
generated by various combinations of users and items [38]]. Standard algorithms designed for finite-
armed bandits are inadequate in these scenarios. Consequently, numerous studies have focused on
structurally modeling the reward process and using limited observed data to estimate rewards for
unobserved actions. These approaches include algorithms that employ estimation methods such as
linear models [3, 15, [12]], kernel regression [[11}32], and neural networks [30, 41[], which are referred
to as linear bandit (LB), kernel bandit (KB), and neural bandit (NB) respectively. The effectiveness
of these algorithms largely depends on the accuracy of the underlying reward models. Therefore,
developing the bandit algorithms that leverage suitable reward estimation models is crucial.

Motivated by these considerations, this paper explores the stochastic bandit algorithm using tree
ensembles, a model type that has gained popularity following neural networks but remains relatively
underexplored in the bandit context. Specifically, we focus on the soft tree ensemble model, which
has recently been the subject of both practical and theoretical investigations and has demonstrated
strong empirical performance on tabular data [18] 21} 22 [25, [28]]. Unlike hard trees, which update
decision rules greedily and sequentially, soft trees employ gradient descent to update decision rules
for the entire tree. This characteristic of soft trees facilitates the extension of existing analyses of NB
and ensures a no-regret performance under suitable assumptions.

Related works. In the field of stochastic bandits, prior research has established various structural
assumptions about underlying rewards. For instance, the assumption of Lipschitz continuity of
rewards is explored in Lipschitz bandits [8], linearity of rewards is examined in LB [3| 5 [12], and
more generally, the assumption that rewards lie in a known reproducing kernel Hilbert space (RKHS)
is studied in KB [11}32].

38th Conference on Neural Information Processing Systems (NeurIPS 2024).



Our paper studies a type of bandit algorithm that employs a tree structure model, a topic with limited
prior exploration. Féraud et al. [[15] proposed a bandit algorithm using random forests, but the theory
of their algorithm exhibits linear dependence on the number of actions, making it unsuitable for large
action spaces. Elmachtoub et al. [14] introduced a Thompson sampling-style algorithm utilizing
decision trees; however, their algorithm’s construction relies on heuristics and does not provide a
regret guarantee.

Additionally, our theory is closely related to NB. Zhou et al. [41] proposed an upper confidence
bound (UCB) algorithm using a deep neural net (DNN) regressor, and Zhang et al. [40] extended
this analysis to Thompson sampling. Their analysis yields a regret upper bound of O(d\/T),
where d denotes the effective dimension of the problem, and O(-) represents an order notation that
ignores logarithmic dependence. However, generally, DNNs employing ReLU activation functions
lead to d = O(T(4~1/4), resulting in super-linear growth of O(dv/T) regret, which becomes
meaningless [23]. Several studies address this issue by employing algorithms in the form of a
sup-variant of UCB [37]] or phased elimination-style algorithms [7}, 26], proving a regret upper bound
of @(T(Qd_l)/ (2d)) 23] [24, 30]. These studies combine theoretical analysis via the neural tangent
kernel (NTK) [4} [19] for DNN regression with regret analysis techniques from KB, constructing
algorithms and performing regret analysis. Our proposed algorithm can be seen as a generalization of
NB theory using a soft-tree regressor from DNN.

Contributions. Our contributions are as follows:

* In Sec.[3.1] we introduce a new UCB-based algorithm: soft tree-based upper confidence
bound (ST-UCB), which leverages the soft tree ensemble model. This algorithm can be
considered an extension of the existing NN-UCB algorithm [41]], incorporating the theory
of the tree neural tangent kernel (TNTK) in soft trees [21} 22]]. To our knowledge, this paper
represents the first effort to extend the theory of NB to a tree-based structural model.

* In Sec. we derive several non-trivial properties of the soft tree ensemble model. These
include the decay rates of eigenvalues of the TNTK (Lemma 3.1]), concentration properties
of TNTK (Lemma [3.2)), and upper bounds on the spectral norm of the Hessian matrix
(Lemma[3.3). Leveraging these results, we demonstrate that the ST-UCB algorithm achieves

aregret of O( VT ) under appropriate regularity conditions.

* In Sec.[] we elucidate the distinctions in properties and assumptions between the existing
NN-UCB and ST-UCB algorithms. Specifically, while NN-UCB generally lacks a no-regret
guarantee in general action (or context) spaces, ST-UCB consistently offers a no-regret
guarantee across general action spaces. Additionally, we examine the relation between
the hypothesis spaces induced by the TNTK and those induced by the NTK using ReLLU
activation. This comparison reveals that the hypothesis space derived from soft trees,
although more constrained, may lead to lower regret.

2 Preliminaries

Problem setting. We consider a sequential decision-making problem whose goal is to maximize the
total reward under bandit feedback. Let f : X — R be an unknown reward function, where X C R4
is a finite set of action candidates. At each time step ¢, the environment reveals an action set X; C X’;
thereafter, the learner chooses an action x; and receives the corresponding reward y; = f(x;) + €,
where ¢, is a noise random variable whose mean is zero. As a performance metric, we adopt the

pseudo cumulative regret Ry = Z;T:l [f(x}) — f(x)], where @} € arg max,cy, f(x). In our
problem setup, the action set &; is allowed to change at each step ¢. In addition to the standard
bandit setup that assumes &X; = X, this formulation includes a contextual bandit setup by setting
X: = {(et,a) | a € A(eq)}, where ¢; is a context vector at step ¢, and A(c;) is the corresponding
action set.

Soft tree ensemble. At each time step ¢, our algorithm constructs a soft tree-based estimator of
the reward function f. We describe the definition of soft trees based on Kanoh and Sugiyama [21]].
Now, let us consider M € N perfect binary trees whose depths are D € N, . Note that each tree has
N = 2P _ 1 internal nodes and £ := 2P leaf nodes. Furthermore, for technical reasons, we assume
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Figure 1: An illustrative image of a soft tree structure with D = 3. As shown in the left plot,
we have N := 2P — 1 internal nodes (green) and L = 27 leaf nodes (orange), indexed using
breadth-first ordering. The right plot shows an illustrative example where a soft tree calculates the
weight probabilities p,(-) for the leaf nodes.

that M is an even number. Let w'™ € R? and ﬂ'l(m) € R be the parameters of the n-th internal and

l-th leaf node of the m-th tree, respectively. We index these parameters according to breadth-first
ordering, as described in the left plot of Fig.[I] Moreover, we also denote all internal and leaf node
parameters as w(™ = (w(™ ", .. w{ )T € RV and (™ = (x{™, .. 20T € RE. The
output of a standard decision tree is obtained as the parameter of some leaf node which is chosen
deterministically based on the hard-splitting rules of internal nodes. On the other hand, the output of
the soft tree is given by replacing the hard-splitting operation of the standard decision tree with a
probabilistic one. Specifically, given parameters 0™ = (w™T 7(™T)T and any input z € X,
the correspondlng output h(w O(m)) of the m-th soft tree is defined as

h(x; 0(™) Zw( )pl(a: w™), where p;(z;w) H o(w, ) ]11/" [1-o(w,z)] ]l"\‘l.
=1

Here, 1; -, and ]ln\l are indicator functions. If the [-th leaf node belongs to the left (resp. right)
sub-tree whose root is the n-th internal node, 1; -, (resp. 1,,~ ;) is one; otherwise, zero. Furthermore,

o(-) : R — [0, 1] is a soft decision function. The right plot of Fig. l 1| shows an illustrative i 1mage of
the calculation of p;(-). As with [21]], we use the scaled error function o (w,, ) = ferf(aw, =)+ 5

with some pre-specified scaling parameter o > 0, where erf(b) = % fob exp(—22)dz for any b € R.

By aggregating M soft trees, the whole output h(x; @) of the soft tree ensemble model is defined
as h(x;0) = M h(z;00™)/v/M, where @ := ()T ... 9ADT)T ¢ RMAN+L) Under the

m=1
model structures as described above, the training of the model parameters 0 is conducted based on
the gradient descent optimizer, which aims to minimize some pre-specified loss functions. In our

algorithm, we adopt a regularized square loss, whose detailed definition is given in Sec.[3.1}

Neural tangent kernel theory for overparameterized model. The neural tangent kernel
(NTK) [19] is an effective theoretical tool for understanding the learning properties of overpa-
rameterized neural networks. Let Axn(;0) : R? — R be a feed-forward neural network with
a ReLU activation function, L hidden layers whose width is M, and network parameters 6.
Given any fixed inputs z,& € R9, and 8y ~ N(0, I), it has been shown that the inner prod-
uct (Vehnn(z; 00), Vohnn(E; 09)) of gradients converges to a fixed kernel function knrk (x, Z)
(i.e., (Vohnn(;00), Vohnn(2:00)) 2 knrx(x, &) as M — o0). The kernel function kyrk is
called the NTK. Moreover, in the overparameterized regime, hnn (; @) trained with gradient descent
with an infinitesimally small learning rate coincides with the kernel ridge-less regressor hntk (),
whose kernel function is kntk [4]. This property motivates us to analyze NB problems by bridging
original NB to KB problems whose underlying kernel function is the NTK. Indeed, some existing
works [23] 24} 130, |41]] show the regret upper bound of NB problems by carefully combining NTK
theory with existing theoretical tools of KB. In our paper, we consider soft tree variants of these
existing works.

Recently, Kanoh and Sugiyama [21]] generalized the NTK theory to the soft tree ensemble model.
Let g(x, 0) := Vgh(x;0) € RP be the gradient vector of the soft tree ensemble model at parameter



Algorithm 1 The soft tree-based upper confidence bound (ST-UCB) algorithm

Input: ¥ c S, DeN,,JeEN,,7>0,p>0,a>0,M cN,, TeN,,3>0.
1: Initialize 6y randomly as described in Sec.
2: Define Gg = 0 € RP.
3: fort=1,...,Tdo
4:  Obtain X;.
=2 . T -1 T \~1
5 Calculate 67 () == g(x;60)" (I, + p7'Gi—1G/_1) ~ g(=;6)) on X,.
6: x; + argmax [h(x;0;—1) + B5¢—1(x)].
rCEX,
7 Obtain Yt = f(.’]}t) + €.
8: ot — TrainST(ta 00) (wi7 yl)zG[t] ) Ja 0, Da a, m)
9:  Define Gy = [g(x1;00),...,9(xs; 00)] € RP*!
10: end for

Algorithm 2 TrainST (t, 0o, (x4, ¥i)ie[y, J, 1, D, o, M)
1: 0t;0 “— 00

2. forj=1,...,Jdo

3:  Calculate gradient of L;(8;; 1) == S 0_, [h(z;0r-1) — vil? + pl|6s;—1 — 6o|3.
4:  Update parameter: 6;.; < 6;.;_1 — VoL (6;-1).

5: end for

6: return 0, ;.

0 € RP, where p := M(dN + L) denotes the total number of parameters. Then, given fixed
inputs «, & € X and 6y ~ N(0, I,), the inner product (g(z, 6y), g(&, 0y)) has also been shown to
converge in probability to some kernel function krntk (2, &) as the number of ensemble models M
grows infinitely (see Theorem 1 in [21]]). This limiting kernel kpntk is called the tree neural tangent
kernel (TNTK) as an analogy to the NTK and is defined as follows:

krntx (2, @) = 2P &(T (2, %)) P T (z, ) + (27 (x, £))7, (1
where:
1 o2z & 1
r) = — 1 - 2
T(z, ) 5 arcsin <\/(a2me TRy 0.5)> 1 2
2
T, 3) = & = 3)

om0 +2a2z @)1+ 202 &) — dad(z )2

It should be noted that even if we follow the existing NTK-based techniques of NB, generalizing the
result of Kanoh and Sugiyama [21] to the analysis of sequential decision-making tasks is non-trivial.
Specifically, the existing analysis of NB heavily relies on the following results of ReLU-based NTK:
i) non-asymptotic bounds of NTK [4], ii) the spectral properties of the Hessian matrix around the
initial model parameters [27]], and iii) the upper bounds of maximum information gain (MIG) of
NTK [35], which measure the complexity of the KB problem depending on the underlying kernel.
These results are unique to DNN architectures with a ReLU-based activation function and are not
applicable to the soft tree ensemble model.

3 UCSB strategy based on soft tree ensemble model

3.1 Proposed algorithm: ST-UCB

The pseudo-code of our proposed algorithm, soft tree-based UCB (ST-UCB), is shown in Algorithm/[T}
ST-UCB is interpreted as the soft tree-based variant of NN-UCB [41]. We summarize each part of
ST-UCB below.



Initialization. ST-UCB first chooses the initial parameter 8y, € RP for the gradient descent
method as follows. Let Opuse ~ N (0, I, /2) be a base initial parameter, with p = M (dN + L).

Using Byase, we set the initial parameters 6y as 6y = (03— +,0(—)'—_)T, where 0y, € Rr/?
and @,_ € RP/? are defined as Oy, = (wéﬁj,wéizj, . éi\i/z)—r ﬁéﬁﬁ/z)—r)T and Op_ =
( tgii/ 2+1)T, ﬂéi\/[/ 2+1)T .. Igi\:[e)-r, éﬁ)—r) respectlvely This initialization procedure

ensures that the initial model output is 0 (i.e., h(x; 00) = 0 for all x € X'), which is essential for our
theoretical analysis.

Learning. At each step ¢, ST-UCB learns the model parameter 6; based on a regularized squared
loss L (0) :== Yt_, (h(xi;0) — i) + p||@ — 6o]|3, where p > 0 is a regularization parameter.

UCB-based selection of x;. At each step ¢, ST-UCB selects x; as follows:

x; € arg max[h(z;0;-1) + Bo—1(x)], 4)

rEX:

where 67, (z) = g(x;600) " (I, + p’th,lGll)fl g(x; 0p) with g(x;0) = Veh(x;0) € RP
and G;_1 = (g(x1;6),...,g(x4_1;00)) € RP*!. In ST-UCB, the quantity 67 ; (x) quantifies the
uncertainty of the model output h(x; 8,) and is essential for the construction of confidence bounds.
Furthermore, the quantity 67 () is interpreted as the predictive variance of a Bayesian linear
regression whose feature map is the gradient of the initial model output h(x; 6y). We note that a
similar quantity is leveraged in existing NB algorithms [23} 130, 41].

3.2 Theory of ST-UCB

Assumptions for theoretical analysis. We make the following assumptions for our theory:

Assumption 3.1. (i) The output noise €, is conditionally o-sub-Gaussian for some o > 0. Specifically,
Elexp(Ae;) | Hi—1] < exp(N\20?/2) holds for any t € [T] == {1,..., T} and any history H;_1 =
(X1, Y1, Te_1,Ys_1). (ii) The input space X C R? is a subset of the hyper-sphere S*™™! == {x €
R | ||z||2 = 1}. (iii) The underlying reward function f is an element of the RKHS corresponding to
kintk, where kynyk is the TNTK induced by the same soft tree structure used in ST-UCB. (iv) The

| - [ITnTK denotes the RKHS norm corresponding to kryrk.

Remark 3.1. In Assumption (i) is the standard assumption for the stochastic bandit problem and
is quite mild. For example, Bernoulli, Gaussian, and any bounded reward models are included in this
assumption. Assumption (ii) is often assumed in existing NB literature [23| 124,130, 40, 41l] and holds
without loss of generality by transforming the original input space through a bijection map. For

example, given any original input space X C RY, we can construct a new input space X on the hyper
1 R T
sphere S% as X = {(l 2", (1— |3l )1/2) | &€ X C S% where | = max; |2

Assumptions (iii) and (iv) are similar to those in existing NB works [23] 124} 130]. The only difference
is that we use TNTK instead of NTK to define the hypothesis space (RKHS) to which f belongs. We
omit the basic definition and properties of RKHS; see, e.g., [20] for details. In Sec. | we further
discuss the relationship between the RKHSs corresponding to NTK and TNTK.

Similar to NB with ReLLU, our theoretical guarantees rely on two crucial tools in the context of KB.
The first is the maximum information gain (MIG) [32]], which quantifies the complexity of the problem
in the context of kernel-based sequential decision-making tasks. MIGs depend on the underlying
kernels, and their upper bounds have been provided when using well-known kernels, including the
NTK corresponding to NNs with ReL.U [23}135,136]. We show the upper bound of MIG when the
underlying kernel is TNTK. The second tool is the confidence bound. Constructing valid confidence
bounds is crucial for obtaining meaningful regret bounds in stochastic bandit algorithms. These two
elements are not only essential for the theoretical analysis of ST-UCB but also of independent interest
in general sequential decision-making problems. Hereafter, we present our MIG and confidence
bounds results for our ST-UCB algorithm, concluding with the regret upper bound for ST-UCB.

Maximum information gain (MIG) of TNTK. Let us define the quantity vy as
1 _
yr = max et (Ir+p'Kr), 5)



where K is the T' x T kernel matrix whose (4, j)-th entry is krnrk (s, ;). This y7 is called
the maximum information gain (MIG) since the quantity 0.5 Indet(I7 + p~ ' Kr) is equal to the
information gain from 7" observations in a Gaussian process regression model, characterized by the
covariance function krnrk and the noise variance parameter p [32]]. The following Theorem is
our main result about MIG, which shows that v grows logarithmically.

Theorem 3.1 (Upper bound of MIG of TNTK). Fixany o € (0,00), d > 2, D € N, and X C S1.
Then, yr = O(lnd T). Here, the implied constant depends on d, o, and D.

The proof of Theorem [3.1]is given in Appendix[A.2] The analysis of MIG is well-studied in existing
KB literature [32, 36]]. The key component to quantify the upper bound of MIG is the decaying rate
of the eigenvalues of the underlying kernel. The following lemma gives the decay rate of TNTK
eigenvalues, which plays a central role in the proof of Theorem 3.1}

Lemma 3.1 (Eigendecomposition of TNTK). Fixanyd > 2, a € (0,00), and D € N. Furthermore,

let us define Ng ., as Ngp = W (n ;ﬁ; 3), for any n € N, where <Z> = ﬁib)! isa

binomial coefficient. Then, for any z, & € S*~!, the TNTK corresponding to o and D satisfies

oo Nd,n

kTNTK(waaE) = Z Z )\nYn,j(ﬁc)Yn,j(-’i)a (6)

n=0 j=1

where (An)nen and (Yo j)nen,je[N,. ] are eigenvalues and eigenfunctions of (the integral operator
of) TNTK that satisfy \og > A1 > --- > 0. In addition, for any n € N, the eigenvalue \,, satisfies

1
A < Cc(vl,%) exp (—nDln (1 + 4042)> , 7

where CS_%) > 0 is a constant, which depends on o and D.

Remark 3.2. The eigenfunctions (Yy, j)je(n, ) are known as spherical harmonics of degree n with

multiplicity Ng , (see, e.g., [13|]). Furthermore, on the hyper-sphere Se=1 the kernels that have
rotationally invariant form can be represented in the form of Eq. (6). TNTK and NTK with ReLU
activation function are included in the rotationally invariant class of kernels; therefore, NTK can
also be decomposed as Eq. (6) [33]], while corresponding eigenvalues differ from those of TNTK.

The proof of Lemma [3.1] is given in Appendix [A.1] Lemma [3.1] demonstrates the exponential
eigenvalue decay of TNTK, in contrast to the polynomial eigenvalue decay of NTK with ReL.U
activation [6} 35]. This difference leads to faster convergence of ST-UCB compared to NN-UCB,
albeit with a smaller corresponding RKHS of TNTK. We discuss more details in Sec. 4]

Confidence bound. The following shows the confidence bounds for the soft tree-based model.

Theorem 3.2 (Confidence bounds based on the soft tree ensemble model). Suppose Assumption
holds. Fixany 6 € (0,1), p >0, « > 1, and D > 2. Let Krntk(X) = [krnTk (2, )]z 5cx €
RIXXIX gnd Ny = Amin (KTnTK (X)) > 0 be the kernel matrix over X x X and the minimum
eigenvalue of KrnTk (X), respectively. If the number of soft tree ensemble models M is sufficiently
large to satisfy M > Poly(T,p~', B,a, 2P, \;',|X|,In(1/6)) and the learning rate 7 satisfies
n < O((T?2*Pa21n(M/68) + p)~1), then, the following event holds with probability at least 1 — §:

T?(InT)?(In M)

Vte[T],Va:eX,f(w)—h(a:;@t_l)g(’)( T

) + Boi-1(), ®)

where:
73/2  T3(InT)(In M3/?)
M1/2 + /7M

Remark 3.3. The minimum eigenvalue \y of the kernel matrix of TNTK is guaranteed to be strictly
positive if X C S, See Proposition 1 in [21]].

620( T + +T3/2(1nT)(1nM)(1—2np)J/2>. )



We provide the proof of Theorem [3.2]in Appendix [B.3]with the precise conditions about M and the
dependence of constant factors. Our proof strategy for Theorem [3.2] follows the existing analysis
of confidence bounds in NB works; however, the application of their proof techniques to the soft
tree regressor is not straightforward. Specifically, the existing proof of the confidence bounds in NB
depends on the concentration results of NTK (Theorem 3.1 in [4]), and the spectral norm bounds of
the Hessian matrix of NN (Theorem 3.2 in [27]). To prove Theorem [3.2] we provide the following
soft tree versions of their results.

Lemma 3.2 (Concentration to TNTK). Fix any x, & € S*%, 6 € (0,1), and € € (0, C'S)D) with
Cg‘% = 22PH220. If M > C’maX{Cc(fg, 22P1e21n(16/4), then,

P(|krxrk (2, ) — (g(x, 60),9(Z, 69)) | < 4¢) 21—, (10)

where 0y is the initial parameter of ST-UCB, and C, C > 0 are absolute constants.

Lemma 3.3 (Spectral norm upper bound). Forany ¢ € (0,1) and o > 1, with probability at least
1 — 6, the following holds for any R > 0, @ € RP, and x € S~ !

COMRTVD? 2o

6—6 <R=|H(x0)| < 1 11

160 = 6oll> < | H (z,0)] < i n—, (11)

where H(x,0) = Vah(x;0) € RP*P is the Hessian matrix of the model output, and Cﬁ;) =
V6a?22P . Furthermore, for any A € RP*P, || A|| == max,cgr—1 || Az||2 denotes the spectral norm.

The proofs of Lemma [3.2] and Lemma [3.3] are given in Appendix [B] By carefully combining
Lemma [3.2 and Lemma [3.3] with the existing proof strategy of NB, we derive Theorem [3.2] The
overview of the proof is summarized in Appendix [B.3.1]

Regret upper bound of ST-UCB. By combining Theorem [3.1and Theorem 3.2 with the standard
proof technique of the kernelized UCB algorithm, we obtain the O(+/T") regret upper bound for
ST-UCB as stated in the following theorem. The proof is provided in Appendix [C]

Theorem 3.3. Suppose that Assumption 3.1 holds. Fix any 6 € (0,1), « > 1, p > 0, and D > 2.
Furthermore, assume that the confidence width parameter (3 satisfies Eq. Q). If the number of
soft tree ensemble models M and the total step size J of the gradient descent are sufficiently
large to satisfy M > Poly(T, p~', B,a, 2P, \; ', |X|,In(1/6)), and the learning rate 1 satisfies
n < O((T?2*Pa?In(M/68) + p)~1), then, the following holds with probability at least 1 — §:

o 6 8T (yr +1) d
Ry <1+ <\/§B+1—|—\/ﬁ\/2 (7T+1+ln5>> \/M—O(ﬁln T). (12)

4 Comparison of NN-UCB and ST-UCB

Comparison of regret. In the existing NN-UCB algorithm [41]], a regret upper bound of O(J\/T)
is provided, where d represents the effective dimension of ReLU-based NTK. It is generally known
that the worst-case bound of the effective dimension and MIG are equivalent up to logarithmic
dependencies [37]. Considering the upper bound on MIG of NTK, V;NTK) = @(T(dfl)/ 4) 23,
35], the regret of NN-UCB becomes O(T(@~1/d+1/2)(= O (yN™) \/T)). This results in a super-
linear regret, and meaningful guarantees for NN-UCB are not achievable without further restricted
assumptions on the input set X; (e.g., see the discussion in Appendix D in [40]). To address these
issues in a general setting, it is necessary to construct more complex algorithms that incorporate
concepts such as a sup-variant of UCB [23,[30] or phased elimination [24]], yielding a regret upper

bound of O(4/ *y(TNTK)T ). In contrast, due to Theorem the MIG of TNTK *y(TTNTK) diverges

on a logarithmic scale. Therefore, ST-UCB achieves a regret bound of @(ﬁ) without requiring
additional assumptions on the input set /;, maintaining a simple UCB-style algorithmic structure.



Comparison of hypothesis space. In our analysis, we assume in Assumption that the reward
function f belongs to the RKHS Hynrk associated with TNTK. Conversely, in existing NB research,
it is assumed that f belongs to the RKHS Hnrk associated with NTK. By combining Lemma [3.1
with the well-known Mercer’s representation theorem (e.g., Theorem 4.51 in [33]]), we derive the
following lemma, which describes the relationship between Hyntx and Hnrk.

Lemma 4.1. Fix any o« > 0 and D € N, and define the corresponding TNTK as krnTk :
Sl x S41 & R. Let kntk : S¥1 x S471 — R be an NTK corresponding to a ReLU-based
L-layer neural network structure, where L is any natural number. Then, Hrntk C HnTk holds,
where Hntk and Hrntk are RKHSs corresponding to kntyk and krntk, respectively.

The proof of Lemma[4.T]is provided in Appendix[D] Lemma.1|indicates that the regret upper bound
of ST-UCB is guaranteed in a more constrained hypothesis space compared to NN-UCB. While
NN-UCB generally does not guarantee a no-regret property, the O(\/T ) guarantee in ST-UCB can be
interpreted as being due to focusing on a more constrained hypothesis space.

It should be noted that whether this property is specific to the tree structure of the model or depends on
the choice of the soft-decision function is unknown. We constructed and analyzed our algorithm based
on the definition of soft trees from [21]; however, we conjecture that by using a more non-smooth
soft decision function, although the regret may degrade to a level similar to NN-UCB, we can align
the hypothesis spaces used in NN-UCB and ST-UCB to be almost the same. We leave the detailed
analysis to future work.

5 Numerical experiments

In this section, we compare ST-UCB and NN-UCB to empirically demonstrate the usefulness of the
tree-based model. Additionally, to evaluate the characteristics of UCB-based algorithms, we include
e-greedy based ST-greedy and NN-greedy as comparative methods.

Real-world dataset. We use Energy Efficiency dataset [34] registered in UCI Machine Learning
Repository [[L]. This dataset provides the load required to maintain comfortable indoor air conditions
for each of the 768 residential buildings — two types of data are provided as non-negative real
values: heating load (HL) and cooling load (CL). For each building, eight types of context are
included as explanatory variables. We randomly sample residential buildings without replacement
to create a dataset of K < 768 arms, where K is a hyperparameter. The inputs are denoted as
T = (Touilding, L) € X, where Tpuiiding is @ K -dimensional one-hot vector used to identify the
arms, and & is a vector that aggregates the eight types of context. In most real-world data, the
rewards depend not only on the observable context & but also on other information. To account for
arm-specific characteristics that cannot be represented by & alone, we use @yuilging s part of the input.

We consider each arm of the multi-armed bandit problem as an individual residential building, and
we define the reward of the arm selected in each round as f; = —(HL; + CL;). Additionally, we

standardize the rewards across K arms to have a mean of 0 and a standard deviation of 1.

Synthetic dataset. We evaluate the algorithms using synthetic data similar to that used in [41]].
Here, the number of arms is set to 20, and the dimension of the input vector x for each arm is
set to 50. Additionally, the input vectors are chosen uniformly at random from the unit ball. We
consider the three reward functions: (i) f()(z) = 10(z " a)?, (i) f@(x) = 2" AT Az, and (iii)
@) (x) = cos(3x " a) where a € R is randomly generated from uniform distribution over unit
ball, and each entry of A € R?°*50 is randomly generated from standard normal distribution. Similar
to the real-world dataset, we standardize the rewards across all arms.

Setup. We define the cumulative regret up to round 7" as Ry = ZtT: 1 [* — fi where f* represents
the maximum reward among all arms. We assume that the response used for training the machine
learning model is generated from y; = f; + €; where ¢, is randomly drawn from a normal distribution
with mean 0 and standard deviation op0ie = 0.2. Since the rewards are standardized, this setting of
Onoise €ffectively acts as noise.

In this experiment, we will use an e-greedy based algorithm as an additional comparative method;
In each round, an arm is selected randomly with a probability of €, while the arm with the highest
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Figure 2: The average cumulative regret with one standard error. The experiment was conducted
over 10 episodes with different initial parameters for the model.

predicted value from the machine learning model is selected with a probability of 1 — €. Here, we will
perform a grid search to choose the value of e from the three candidates e € {0.05,0.1,0.2}. Mean-
while, in UCB-based algorithms, /3 is provided as a parameter to control the degree of exploration.
We use a grid search to select the value of § from the three candidates 8 € {0.01,0.1,1}.

We employ a fully connected neural network model with two intermediate layers. Including the input
and output layers, the total number of layers is four. Each of the two intermediate layers contains
33 units, one of which is a bias term. As for the tree-based model, we consider an ensemble of four
soft-trees, the depth of each soft-tree is three. The regularization coefficient A for the parameters
is fixed at 10™%, regardless of the machine learning model. Supplementary details related to the
implementation of the algorithms are summarized in Appendix [F.1]

Results. The results for each algorithm are shown in Fig.[2] In real-world dataset, three different
numbers of arms were considered, with K being one of {20, 40, 60}. These experiments were
conducted over 10 episodes with different initial parameters 8, for the model. Additional results
without the grid search for €, 5 are summarized in Appendix

In all settings of real-world dataset, the regret of ST-UCB was not smaller in the early rounds, but the
increase in the cumulative regret became more gradual as the rounds progressed. For example, in
the setting of K = 60, after round 150, there was no change in the cumulative regret of ST-UCB.
However, from round 1 to 70, the regret of ST-UCB was relatively high compared to other methods.
In our experiment, UCB-based policies (NN-UCB, ST-UCB) tended to actively select arms that
had not been chosen before in the early rounds. As the rounds increased, exploratory behavior
was suppressed, and there was a stronger tendency to select only arms with high rewards. On the
other hand, in policies based on e-greedy (NN-greedy, ST-greedy), the exploration rate is kept at €
across all rounds. Therefore, the regret continues to accumulate gradually as the rounds increase,
raising concerns about worsening cumulative regret over extended long rounds. In the f() and f(2)
settings of synthetic dataset, ST-UCB outperformed the other policies, and the convergence stability
of cumulative regret in f(3) was comparable between ST-UCB and NN-UCB.

6 Conclusion and future direction

In this paper, we propose a new regret-minimization algorithm based on a soft tree ensemble model.
Our analysis extends the theoretical framework of existing neural bandit (NB) approaches to the soft
tree ensemble model, demonstrating, under appropriate assumptions, the achievement of O(v/T)
regret. To our knowledge, this is the first application of NB theory to models other than neural
networks; we believe that our work marks an important first step toward developing exploration and
exploitation theory using various complex models beyond neural nets.



Our future research directions are outlined below. Firstly, it is important to study the extension when
employing hard decision trees. In this paper, as the scale parameter o approaches infinity, the soft
tree regressor approaches that of a hard tree. We conjecture that our algorithm also works in this
regime; however, since our regret analysis assumes a fixed «, our proposed method is not guaranteed
to maintain the no-regret property with a varying scale parameter . Hence, a more careful theoretical
treatment is needed for this extension. Secondly, we plan to generalize the theory to encompass more
common learning methods of the ensemble tree model. Specifically, learning algorithms using hard
trees often utilize optimization methods in a greedy format rather than gradient descent. Therefore,
developing theoretical foundations for ensemble tree learning methods that are more practically
applicable is crucial.
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A Information gain of TNTK

A.1 Proof of Lemma[3.1]

Firstly, we formally define the dot product kernel on the sphere.

Definition A.1 (Dot product kernel on the sphere [31]). Let d > 2 and S be the unit sphere of
R®. Then, a kernel k : S¥=1 x S4~1 — R of the following form is called a dot product kernel on the
sphere S~ 1

k(z, &)= bn(x'&)" forallz,& €S, (13)
n=0
where (by,)nen is an absolutely summable sequence. Furthermore, if b, > 0 foranyn € N, kis a
continuous positive semi-definite kernel on the sphere S4~1.

As described in Sec. 2 in [31], continuous positive semi-definite dot-product kernels are decomposed
as Eq. (6) by using spherical harmonics (Y7, ;).

The following lemma shows the eigendecay of dot product kernels depending on coefficients (b, )nen.
Lemma A.1 (Proposition 2.3 in [31]). Let d > 2 and (YnJ)je[Nd,n] be the spherical harmonics
of degree n. Furthermore, let k(x, &) == > o~ by(x " &)" be a continuous positive semi-definite

dot-product kernel on S*='. Here, if there exist v € (0,1) and ¢ > 0 such that b, < cr™ holds for
any n € N, then, there exists constant C' > 0 and (A, )nen such that A, < Cr™ and k(x, &) =

S0 o S Yo ()Y (&) hold for all ®,& € S, and n € N.

To prove Lemma [3.1] we consider the Maclaurin series expansion of TNTK; then, Lemma [3.1] is
given from Lemma[A.T]

Proof of Lemma[3.1} First, we respectively define functions f; : [-1,1] - Rand f>: [-1,1] = R
as

1 . a’a 1
f] (a) = %arcsul (M) =+ Z’ (14)
a? 1

fa(a) =

15)

Fa V(I +2a2)2 —4ata?
Then, since &, & € S 1, the following holds directly from the analytical expression of TNTK [21]]:

krnri (2, 2) = 2PD(x " &) fi(x " &) P fo(x " @) + 20 fr(a " &)P. (16)
Here, since —1 < % < 1 holds for any a € [-1,1],
1 . oa 1
fl(a) = %arcsm (M) + Z (17)
1S (2n)! a2 N\,
= — - 18
27rnz:%4”(n!)2(2n+1) (a2+0.5> LS (18)

from the Maclaurin series expansion of the inverse sine function. Furthermore, since —1 <
2
2
( 2a°g ) < 1 holds for any a € [—1,1],

1+2a2
a? 1
a)=— 19)
f2(a) T /(1+2a2)% — 4ata? (
a? 1
= - 20)
(1 4 2a2) ez )2
- (1—&-3042) a?

a2 = n -0.5 a2 o n
" (14202 Z(_l) ( n )<a2+0.5) @, 1)

n=0
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where the last line follows from the fact that (1 4+ )¢ = > ;) 2™ holds for any ¢ € R and
€ (—1,1). Here, (;) denotes a generalized binomial coefficient, which is defined as <2> =1

if n = 0; otherwise, <’fcl> = dc*l)ﬂw By rearranging Eq. (I8) and Eq. Z1), f1 and f> can

respectively be rewritten as f1(a) = > .o, bgl)ai and fo(a) = > .2, bz(?)ai, where the coefficients

bgl) and b§2) are defined as
3 ~ifi=0,
1 i—1)! o? L . .
bt = (277)2"—1(i(((1i)*'1)/2)!)2 <a2+0-5) fIneN, i=2n+1,, 22
0 otherwise,
B ifi =0,
2 i
b =1 e (5555) Ghn 051505405 1) if3neN, i=2n, (3
0 otherwise.

From the Stirling’s inequality: e(n/e)™ < n! < en(n/e)™, for any ¢ such that i = 2n + 1 holds,

(2”)2i_1("2((_(i111 /212 ~ (277)22"((22:1 ()2 (24)
- (277)223(6;52—:—1/1(;):27271/6)2" (25)
- (27r>(22++1)e (26)
: (2717)6 27)
< o8

Therefore, 0 < bgl) <e ! (%) holds for any ¢ € N. Furthermore, for any ¢ such that : = 2n
holds,

a? 1 .

= +202) (i/2)! [0.5-1.5---(0.54+0.5¢ — 1)] (29)

o? 1
7T15—ﬁ;m5]6 (0.5 +n—1)] (30)

2 1
<7r(1i2042)n! (1-2---m) 6D

a?

- 7(1+2a2) 2

2

< Tiiean (ﬁ) holds for any 7 € N. Now, we rewrite Eq. (I6) by using
the multiple Cauchy product formula as follows:

Therefore, 0 < bgz) <

vtk (@, ) = > bi(a &), (33)
i=0
where,
=& o ,m )
1 1 1 2
b _2DD Z Z Z Z (b’t )Z2b52 7/3 bED 1— lDb'LD)>
’LQ 013 0 ZD 1= Ol'D_O

(34)

ip—2 ip-_1

fP Y S (0 ).

i9=013=0 ip—1=01p=0
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By combining Eq. (34) with the upper bounds of bz(-l) and bEQ),

1 D—-1 OZQ a2 1D i—1 g ip_2 Ip_1
b, <2PD|( = 1
<0(1) hmlats) X X

12=013=0 ip—1=01p=0

. (35)
1 D a2 7 ip—2 ID-1
D
() (B0 e ¥ S
’LQ_O 23_0 lD 1= OZ'D 0
D-1 2 2 iD D 2 D
1 a « 1 «Q
<2PD|( - — 1P 2P (= — ) P (36
- (e) (14 2a?) (a2—|—0.5> (=17 + (6) <a2+0.5) i (30)
D-1 9 D o iD
1 « 1 «@
< [2PD|( = - 4+9P (= _ iD. 37
= l (e) a1t 202) (e) ] <a2+0.5) ! 7
Therefore, there exist constant CN'Q,D > 0 such that
2 1D
by < Cop [ —2 (38)
ST E a2 4025
holds for any i € N. By applying Lemma[A.T| with Eq. (38), we have
" o2 iD
N< o ——r 39
P = YD (a2+0.25> @9
=" exp (D1 o (40)
= xp [ iDln [ ———
D P a2+ 0.25
1
=) exp (—m In (1 + W)) (41)
for some constant C’S%} > 0. ]

A.2 Proof of Theorem 3.1]

Our proof strategy of Theorem [3.1]is adapted from [23] [35].

Proof of Theorem[3.1] Fix any deterministic sequence x1,...,z; € X C S®1. Forany M € N+,

let us define kernel functions k%NTK and k%&jT)K as

M Ndn
M -
ok (@, 2) = > 37 MY, (@)Y (&), (42)
n=0 j=1
o0 Ndn
M -
Fork (@ @) = 3 3 Ao ,(@)Ya (). (43)
n=M+1 j=1

Furthermore, let K%?T)K and K%QK be t x t-kernel matrices whose (7, j)-th entry are kTNT)K(ch, x;)

and l%%?ﬂwh x;), respectively. As with the proof of Theorem 3 in [36], we have the following
decomposition:

1
—Indet (I + p~ ' Krnrk)
2

1 M 1 M) \ b o “h
= 5 Indet (I *1K(TN)TK) + 5 Indet <It +pt (It +p 1K(TN?rK> K(TN)TK> .
By following the same argument as the proof of Theorem 2 in [33]], the first term of Eq. [@4) is
bounded from above as follows:

1 1 (M) Ny kit
5 Indet (1 + p K ) < A U (45)
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where Ny = Zﬁil Ng., and k = maxgexy krnrk(x, ). Furthermore, by following the same
argument as the proof of Theorem 3.2 in [23], the second term of Eq. (44) is bounded from above as
follows:

—1 -
= ln det (It +o7 (L o7 KN ) KS[‘%%“K) (46)
_ltr K”E“AI\{)TK)
<! )
n=M+1
¢ 00
P n=M+1

Then, from Lemmalzfl, there exists some constants C' > 0 and C,, ¢ > 0 such that

Z AnNgn < Z CS’)DCexp(—C’oﬂ)n)nd_2 (50)
n=M+1 n=M+1
< Y pCCaaexp (~0.5C4Dn). (51)
n=M+1

where we set C,, as C,, = In(1 + 1/(4a?)). Furthermore, Eq. (50) follows from N, ,, = ©(n?=2)
(see, e.g., [23]]). Therefore,

3" MNiw < C1pCC0 / exp (—0.5C, D) da (52)
n=M+1 M
- C.DM
< Cq,p,d €Xp <— 5 >, (53)

where we set CN’C“D,d as CN(O“D’d = CS%)CCa,d- Now, by noting Ny, = O(M9~1) [23], there exists
the constant C' > 0 such that

1 Ny
5 Indet (It + pilKTNTK) S 71 <1 + > + — 5 A Nd n (54)
n=M+1
o)t it Dl DM
< ¢ In <1 + > + Co.pat exp (C > . (55)
2 p 2p 2

By choosing M as

— -1
M = {QCQIDI In (éa,p,dtplél [m (1 + kptﬂ ﬂ : (56)
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M > 1 for sufficiently large ¢, and we have

— -1
M= {20;129—1 In (éa,udt,o‘lé—l [ln (1 + kt)] ﬂ (57)
e

= M >20;'D  In (C’a,ndt,o_lé_l {m ( LM
p
DM ~ 1 A
& exp (C 5 > > Cq p,dtp 1o-t [m( )] 59)
C.D

1

- - kt\1
& 1> Cypatp™tC™? {ln (1 + )] exp ( ) (60)
p
R\ DM
=M > CppatptC7! {hl (1 + p)] exp ( 9 ) (61)
CMt kt\ _ Cap.at CoDM
= In(1+=)> 222 op (- . (62)
2 p 2p 2
Therefore,
1
5 Indet (It + p_lKTNTK) (63)
. kt
<CM*“'In (1 + ) (64)
P
o _1yd-1 _
—1py-1 A —1A4-1 kt A kt
< |12C, "D " In|Cypatp” C " |In |14 " Cln(1+ W (65)
=0 (). (66)
The above inequality holds for any choice of x4, . . ., x4; hence, the proof is completed. O

B Confidence bounds of soft trees

B.1 Proof of Lemma[3.2]

To prevent the subscript from becoming redundant hereafter, unless specifically stated otherwise, we
denote the initial parameter 8 by 6 := 60, and the initial parameters of the m-th tree are denoted

by a(m)
for E(m) are denoted by @™ and 7™ respectively. First, following [21]], we decompose the finite
sample approximation of the TNTK as follows:

. Moreover, the initial parameter vectors corresponding to the internal nodes and leaf nodes

(67)

)
- % Xﬂj: <vf<m) ey B >(a; 60") Vgt k™ (6§ ) (68)

w(m) (5 h) 5 0(()m)> s Vagm) (1) h(m) (N ; Oém)> >

(v (
= (69)
%Z< o wh ™ (2360 ) Vgt oo h™ (2:65™) )
(v

ey A (ac; 0gm>) V(o h(™) (w egm))> . (70)
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Here, E(m)’(T), wm)-(L ), and w(™)®) represent the parameters of the root (top) node, all internal

nodes of the left subtree, and all internal nodes of the right subtree of the m-th tree at the initial

values, respectively. Now, we define k(TTN)TK(a:, x), k(TLl\%TK(:c, z), k(TII%\I)TK(w, ), and k(TJIB\I)TK(m, x)

as follows:
K (%) = E < Sy ACON P e(m)) Vg h(™ )(53 0! >)>} (71)
< ) Vs (m), (L)h(m) (1: 9 )>} , (72)
K (2, %) =E <vw<m) wh™ (20" )) S )(w 0(m>)>}, (73)
v

Rk (@, @) = B [( Vo h (560" ), Vi b (7360 ))] 4)

(
k’(I‘li\?TK(w7i:) =E [ Vagm), oy h™) (
(

Note that, since the initial parameters of each tree follow the same distribution, the definitions
mentioned above do not depend on the choice of m. Now, assuming that the initial parame-
ters follow a multivariate normal distribution independent across dimensions, by using the law
of large numbers, Egs. (68), (69), and (70) converge in probability, respectively, to k(TTN)TK(a:, z),
k:(TLI\%TK(sc z) + kT’;TK(w z), and kT%TK(:c 5;) From the continuous mapping theorem, it fol-
lows that krnTk (2, ) = kr(n\;TK(a: z) + kTNTK(m z) + kTNTK(a:, z) + kr(fi)TK(w, &) can be
expressed [21]]. Note that the convergence to the above TNTK also holds for the initialization strategy
of ST-UCB. Actually, regarding Eq. (68)), we have

M
]. m ~ m
2 2 (Vo h™ (2:60™) , Vg b (2:65™ ) ) 75)
m=1
1 M/2
5[ Z < wscm. oy B (:c;egm)) VAR NGO ( o )>
o M/2
M <VE<M/2+m),<T>h(M/2+m) (CC; 9((JM/2+M)) 5 VE(M/Hm),(T)h(m) (ZE; 0(()M/2+m)) >} .
m=1

(76)

The first and second terms correspond to the inner products of gradients when initializing M /2 soft
trees with the standard normal distribution and converge in probability to k(T:IIlI)TK(w, ). There-
fore, by the continuous mapping theorem, Eq. ( converges in probability to k%Tl\I)TK(a:, Z).

Similar arguments apply to le\?TK( z) + ke N)TK(:B x) and k(TN)TK(:B &), indicating that in
the initialization strategy of ST-UCB, <VQ0h(:B 60), Vo, h (2;0)) also converges in probability

to krntk (x, ). The following three lemmas each evaluate the concentration to k%Tl\I)TK(:c, z),
k(Tll’\?TK(:c, x) + k(TI;)TK(x, x), and k(TBN)TK(w, ) for Egs. (68), (69), and (70), respectively.

Lemma B.1. For any x,x € S and € > 0, we have
< 6)

g
(77)

(D) o1

Rk (@.2) = 37 3 (Voo b (2205 ) T cor ™) (2:05™) )

Fep).

where K = 402CL2. Furthermore, C, ¢ > 0 are absolute constants.

i

>1—4dexp (—cmin{
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Lemma B.2. Forany:c,:iESd_l,ezo, and D > 2, we have
P<

2
>1—4exp | —cmin e—i M ).
- K2 K

k%\?TK(w’i) ]\14 3 <Vﬁ<m>=<L>h(m) (3950(()m)) , Vagsmy. ) h ™) (i;@ém))>

(78)
Furthermore, we have
;M
( k(T};)TK( ,T) — i <Vm<m>,<R>h(m) (m; Oém)> s Vg h (™) (5:; Gém))> < e)
m=1
>1—4exp | —cmin i £ M
> exp | —¢ K :
(79)

Lemma B.3. Forany x,& € S*! and ¢ > 0, we have
B T m m m - n
P (82~ 3y 3 (T (1067 Tt (057

M
>1—4dexp <—C€£2 ) .

Here, ¢ > 0 is an absolute constant.

< 6>
(30)

In proving the above lemmas, following [21], we denote a single soft tree of depth D determined by
the internal node parameters w € R4(2”~1) and leaf node parameters 7w € R2” as h.; A, w, ).

Proof of Lemma[B.1} Fix any D < D, w € Rd@ﬁ_l), and 7 € R2”. From the definition of the soft
tree, the following recursive formula holds [21]:

hp(x,w, )
=0 (w(T)T.’B) hp_y (-’B,w(L),Tr(L)) + {1 -0 (w(T)Tmﬂ hp_y ($C7w(R),7T(R)) . 1)

Note that »("™) (x; 0(’")) = hp (w, w(™), W(m)). Here, 7(L) 7 (R) represent the parameters of the
leaves belonging to the left and right subtrees, respectively. From Eq. (81), we have

Vo hp (@, w,m) = xo ('w(T)Tw> {h{)q (:c,'w(L),ﬂ'(L)) —hp_ (sc w, (R))} , (82)

where ¢ (b) == aexp(—a?b?)/\/T is the derivative of o(-). Therefore,
<Vw('1‘)h5(m, w, 71') Vw(T) hz (:i’ w 7T)>

=z &5 (w(T)T ) (w(T ) [h~ (ar: w(L),ﬂ'(L)> hp_y (:i,’w(l'),ﬂ'(L)>
—hps, (w’w@)m(m) hpg_, (j,wm)m(m)
—hp_, (m,wm)’ﬂ(m) hp (j’wmm(m)
)

+hp_y (w,w(R),ﬂ'(R)) hp_y (ﬁz,w(R),w(R) ]

(83)

Here, let us define pj ,(z, w) = Hii;l o (w,x) L 1-0(w,z)] T as the weight proba-
bility function of leaf [ in a soft tree of depth 15; then, we have

hp_ 1(:1: w( ) Zwl Dp_ 11(“3 w® )> (84)
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Since the sub-Gaussian norm of the normal distribution is bounded from above by a constant multiple
of its standard deviation (see, e.g., Example 2.5.6 in [39]), for any m € [M], we have

2’D71

Jo-s (w0, m @) | = |3 w0 (2w @) |
P2 =1 i
2

Q’Dfl

<|[3° wm® (86)
=1 )
< CL, 87)
where the first inequality follows from ’ PD—11 (m,ﬁ(mML)) ‘ < 1. Similarly,
th,l (:c,ﬁ(m)’(R),f(m)’(R)N =L (88)
2

Due to [|6(-)||oc < a/y/7, |2T&| <1, and Lemma we obtain

—(m —(m 4 2,22
H <vﬁmh<m> (a:; 8" )) Vo h(™) (a: 6" ’)>‘ = 4C°La" (89)
1 0
From the centering lemma (Lemma i , there exists an absolute constant C' > 0 such that
—(m - 40C?L2a?
[FRnsc(@.@) = (o (2:877) T h (2:87))| < == o0
1 m

<4CC2%L%a%.  (91)

Therefore, taking CC? as a new absolute constant C' and using the independence of parameters for
each m € [M /2], the application of Bernstein’s inequality (Lemma|E.2) yields

P k%“Tl\?TK(w,j) - % Aiﬂ <Vﬁ<m),<r)h(m) (az; Oém)) s Vg, (ry (™ (j; gém))> > e
m=1

< 2exp | —cmin i £ M
= 2exp 2K2 2K '

92)

Note that the similar inequality also holds for m € [M]\ [M/2]:

9 M
P k’(l’j;\%TK(a:aj) Vi Z <Vﬁ(m),mh(m) (m;eém’)) ,Vﬁ(m),<T>h(m) (i;@ém))> > ¢
m=M/2+1
. e e

= 2exp (‘Cm““ {QK 2K} M) :

(93)

By taking union bound in Eqs. (92)) and (93)) and taking ¢/2 as an new absolute constant ¢ , we obtain
the desired result.

O

Proof of Lemma([B.2] We only show Eq. (78) for simplicity. Fix any w € R and 7 € R
corresponding to the parameters of a soft tree of depth D. Furthermore, let w;. and ;. (1 <7 < N)
represent the internal node parameter vectors and the leaf node parameter vectors, respectively, for the
subtree rooted at the ¢-th internal node (note that the parameter indices are assigned in breadth-first
order, hence by definition, wy. = w"), w3, = w™). From Eq. (8T), we have:

Voo hp(z,w,m) =0 (w(T)Ta:) Ve hp_1 (m, w), 7T(L)) . (94)
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Given that ||o(+)||cc < 1, for any m € [M], we have:

H<VE<M>,(L>h(m) (w;G(()m)) ,Vw<m>,(L>h(m) (5’350(()m)>>’ "

< H<vﬁ(m)v<L)hD—1 (x THGOReD ,,(m»(L)) Vet hp1 (m wH (L) 7 m), <L>>>’

Y1
95)

Now, decomposing the gradient of the subtree rooted at the left child of the root node, we have:

<Vw<L> hp_1 (w,w(L),W(L)) , Vamhp_1 (:E,w(L),ﬂ'(L))> (96)
= (Va,. hp—1 (@, wa:, T2.) , Vg, hp—1 (&, wa., 2.)) 7
<V (T)h’D 1 (z, wa:, m2.), vwg’:l“)hD_l (.’f},’ll)g;,ﬂ'g;)>
<Vw nho-1 (@, wa;, w2) , V10 hp 1 (537’w2;7772:)> (98)
<V (0 hp—1 (T, wa;, 2.) Vwéf%)hpq(fi,wzuﬂ'z:»

Considering that ws. are parameters for a soft tree with £/2 leaves, similar to the proof of Lernma
there exists an absolute constant C' such that for any m € [M]:

H<V (), mhp_1 (m wg ™) *(m)) ,Vmgtn),mhp,l (:c w2 ™) *é )>>le <4a’Cr(L/2)%

99)
Similarly to Eq. (93), we have:
o o 57) 5 s )|
: : 1
< H<Vﬁgn),<mhb—2 (wvﬁgn“mvf(z@’(m) s Vagim.m hp—2 (l‘ wy ) w (L)>>’ o
(100)
Similarly, for the right subtree:
9o (257 ) o s ),
B 1
< H<VU§:">’(R) hp_o (:13 ﬁ(m) (R) —(m) (R)) 7Vﬁ§:n)‘(m hp_o (:C ﬁ(m) (R) —gn) (R))>‘ -
(101)
Therefore,
(T s (.0 B Gy (200000, 1) )| )
1
< 4a?Cr Y (L/2)?
+ H<Vﬁgn),<mh1)72 (w,wém)V(L)vfém)iL)) 7vﬁgn)«(lf)hl)72 (:iamg7rl),(L),fém)7(L))>’ ¥
+ H<Vﬁgn>,<m hp_2 (maﬁ(27:n)7(R)7f§@7(R)> V—(m) mhp_2 (l' (m) (’) 7(7”) (R)>>‘ o
(102)

By repeating the above described argument, we can further decompose the second and third term of
Eq. (102) as follows:
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H<V@<m>,<mh94 (wyﬁ(m)’(L)af(m)’(Lo s Vagemy,(y hp_1 (i,ﬁ(m)’(L),f(m)7(L)>>’

Y1
(103)
<4a?Cr(L/2)? (104)
+2 x 4a*Cr (L /4)? (105)
(m f(m
+ <Vﬁgn>h1)73 (33 wg ) V_. (m)hD 3( , W >> " (106)
+ |[(Taggrros (.06 75 ) Vo hp-s (& w0 7)) (107)
9: Y1
+ (Vi -3 (=, w{{?’ﬁm ) Vagphos (w55 750)) )| (108)
+ <Vﬁgyﬁ)hD,3 (:B w11)7f171n> V_ (m)hD 3 (:IJ wgql),f(ﬂn)>> 1[11. (109)
By recursively applying the above discussion until reaching the leaves of the tree, we find:
H<VE(M')v(L)hD—1 (:B,E(m)’(L),f(m)’(L)> , Vagemy,(y hp—1 (:ﬁ,ﬁ(m)’(l‘),f(m)’(m>>’ “
£\2 £\2 £ \?2
<4o*Cr! (2> +2 x 40Ot <4) + .4+ 2P72 4020t (22)1
(110)
Thus, we conclude:
(T (2:86™) . Fapim i (:05™) )| (i
1
< (112)
9 2 2 D-1 )
i=1
2012
< 20°CL (114)
7r
<4a’CL? (115)
=K. (116)

Finally, by applying centering lemma (Lemma [E.3), Bernstein’s inequality (Lemma[E.2), and the
union bound, we obtain the desired result. O

Proof of Lemma[B.3} From the definition of h(™), we have:

Ve oy h(™) (w;Oém)) = (p1 (az;ﬁ(m)) DL (w;ﬁ“’”))T (117)

Noting that |p; (x; w)| < 1, we have:

(et (5067) e ()}, <3 o ()

<CL. (119)

(118)

Therefore, by applying the centering lemma (Lemma [E.3)) and the general Hoeffding’s inequality
(Lemma [E-T)) with union bounds, the desired result is obtained. O

Lemma[3.2]is derived by taking a union bound over the three preceding lemmas and rearranging the
entire expression.
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Proof of Lemma[3.2] Fix any e > 0 such that e < K. Then, min

N—— ——
v

—

|

= >

K?_ 16 €
> In—— _ e
M > > In 5 =1 4exp< CKQM (120)
£ 16 ée? M )
Therefore, from Lemma|[B.T| Lemma[B.2] and Lemma[B.3] by applying the union bound,
K? [? 1
MZmaX{,{}e_QIDG (122)
c’ ¢ 6
= P (Jkrnre(z, ) — (9(x, 00), 9(2, 60))| < 4e) > 1 — 4. (123)
Finally, let C' = max{1/c, 1/¢}, then
~ 1
MszaX{KQ,L'Q}e_an; (124)
K? [? 1
:MZmax{,{}e_QIDG. (125)
c’ ¢ 6
By defining C'((j)D as C’((j%) = K, the desired result is obtained. O

B.2 Proof of Lemma[3.3]

Proof scketch Since the parameters of the different soft trees are independent, we can confirm that
the Hessian H («, 0) is given as the block diagonal matrix. Since we know the fact that the spectral
norm of the block diagonal matrix equals the maximum over the spectral norms of the block matrix,
the remaining interest is the upper bound of the spectral norm of each block matrix. Then, we obtain
Lemma 3.3 by carefully evaluating the upper bound of the spectral norm of each block matrix with
its Frobenius norm.

Proof of Lemma[3.3) Define H (™) (a:, 0("”)) = V?g(m)h(’”) (:B; 0(7”)) € RP*P where p = dN + L.
Then, H(x, 0) is represented by the following block diagonal matrix:

H(l) (w,B(l)) Oﬁxﬁ Oﬁxﬁ

1 05%5 H® (z,02) ... 055
H(z,0) = —— o (2,6%) o . (126)

VM : : :
Oﬁxﬁ Oﬁxﬁ H(Iw) (:I:,H(M))
where 055 represents a p X p zero matrix. Therefore,
1

H(x,0)|| = — max ’Hm (w,H(m)) H . 127
[ H @, 0)] =~ max. (127)

Here, assume the following event holds:
Vm € [M], Vl € [£], Vn € [N],

2M(L+ N) 2M(L+ N) (128)
) ) '

Since 0 is initialized by a standard normal distribution, by the union bound, the above event occurs

with probability at least 1 — §. Therefore, it is sufficient to show that Eq. (TT) holds under the event

7™ <\ J21n

and ’E;mﬁm’ <4/21In

Now, the derivatives of 2(™) (a; (")) up to the second order are given by:

92 h(m) x; O(m) £ 102 < apy (M)
(m)( o) ) >om" pisnmf - (m>)’ (129)
Owy 0wy, =1 Owy, 0wy
o2 h(m) : 0(m) b < ngy(m)
<m§m (m) ) pl(x’::z) )’ (130)
6wn aﬂ'l 6wn
H2p(m) (m;g(m))
oy (131)
awlm awlf“
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From the definition of p;, we have

opi(@;w™) [ﬂl/nwd (wg”)T:n) —1 \laza( (m) T )}

dw’™
)T L ()T Lo, (132)
Lo () o ()
n#n
o? : (m)
%w()) = [lll/nacscT(f' (wﬁfnﬁm) — lln\lwacT(f' (w%m)Tasﬂ
Owy, dwy "
]11,/73 ]lﬁ\l (133)
L) )
n#N
82 : (m)
pl((aj w( )) [ﬂl/ n@o (w(m)T ) ~ lonazo (“’gmﬁ“’)}
owy™ dw™
-
x [lazo (wi @) — Lo (wi” o) (134)
]ll/ﬁ Ilﬁ\l
X H o (wf{”)—rw) [1 —0 (wém)-rmﬂ .
AEn,AER

In the third equation, it was assumed that n # n. Now, let us evaluate the upper bound of the above
expressions. First, from the definition of o(-), we know that ||o(-)||co < 1 and ||6(*)||co < a/+/T.
Additionally, for any a € R, |5(a)| < 2|a|a?/y/7. Then,

M < (m)T H]l —1 || (135)
awﬁf”)aw%’”) = |7 l/nwx mEE
2
<2 ‘w;’”)—rw‘ % H:B:ETHF (136)
T T T o? 2
(‘w“”) wm x‘+‘@£{”> m‘)ﬁnxnz) (137)
2M(L+N)\ o?
2| R 2ln —— | —. 138
= ( +\/ TS NG (138)
Furthermore, as for n # n,
02p;(; w™) (139)
8w%m)8w;m) P

< H []ll/nicd (w,(lm) ) — L gxo <w( )Ta:)]
[hans (w07e) v (wiT)]

= H]ll/n]ll,/ng( (m)T ) ( Slm)Tw) :B:E — ]ln\l Hl/na( (m)Ta:) o (’w(Am)T:B) QBEL‘T
(

(140)

— ]ll/n]lﬁ\(la' (wﬁlm) ) ) ( nm)Tw) 33113 + ]ln\l]ln\l0< (m )Tm) o <wELm)T$) QJ:BTHF

(141)

< No()Zllea T (142)
2

<= (143)
™
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Moreover, we have
92 (m) (x; g(m))
9w’ ™ o™
n A

82pl (w’ w(nL))
PCEWE

(A )

IN

=

F

e I

IN

~
Il
—

pr (z;w™)
aw,(mm)ﬁwém)
82]7[ ( . w('m))

M

<

<R+\/21n QM('/“;S+N>>

=1

Therefore,
1 (w.0)

< [l (0},

NN 52hem (a; 00m)

mMm>x0WU
ow’™ o™

L
2 ow™ or™

2 N

[
(]
(]

n=1n=1 n=1[1=1 o
L L [52pm) (w;e(m))>
+ - N 7
; § ( awl(m)awlgm)
N m m m
SZ 92h( )(m;g( )) 2R )( .g(m )

(m) 5,,(m)
F n#£h 8wn 311)&

i[z <R+\/21 ('C;N))
> [i; <R+ \/2111 ZM“;N))

0%py (:c; w(m))
ow'™ ow' ™

I
|

%py (:1: w(m))
ow" 8w(m)

ow! (m) Ow m)

a3y

11=1

th(m) $ 9

ow™ or(™

N L
<3 ar <R+\/21n2M(£5+N)) Ly <R+\/2ln

n#n

4 4 2
< AN2L? <R+ \/21112‘]”([;“\/)) % +2N£O‘?

4
< AN L2 (R—|— \/QIHW{FM) at + N2 L2t

4
< 6N2L2 <R+ \/21n 2M(£5+N)> at,

where:

* Eq. (I30) follows from Eq. (T3T).
* Eq. (I3])) follows from Egs. and (130).
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(147)
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(151)

(152)

(153)
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e The first and second term of Eq. (I532) follows from Eq. (T43) and Eq. (138), re-

. . 6pl(w;'w(j))
spectively. Furthermore, the third term of Eq. (132) follows from e || S
Wy, F
. HT . HT . o
H]ll/naca ('wf«f) :c) — Ly xo (w,(f) :1;) HF <lo0)lleo < 2=
* Eq. (134) follows from 1/ < 1 and o > 1.
4
* Eq. (I33) follows from (R +4/2In QM(?'N)) > (V2In2)* > 1.
By combining Eq. (I33) with Eq. (I27), we have
2
2 2M
|H (z,0)] < V6a?NL R+\/21n(£+/\[) (156)
VM )
2
222D 2M
< V6a?22P R+\/21n(£+/‘f) . (157)
VM d
Finally, from the definition of CéB)D
V6a22?P (R +v2)? = CC) (R + V2)? (158)
2
VB (B < C® (R + V2)? (159)
In 2M(§+N) :
2 (3) 2
292D oM Cop(R+V2 2M
o V622D R—|—\/21n (£+N)) . Canl P 2MEFN) g
VM é VM o
2 3) 2
292D oM CPL(R+V2)? 9Pty
o V6o22P R+\/21n (£+N))  Can M , (161)
VM 0 VM )
where Eq. follows from In(2M (N + £)/6) > In6 > 1. Furthermore, Eq. (T61) follows from
L+ N <2771 By combining Eq. (T61)) with Eq. (I57), we obtain the desired result. O

B.3 Proof of Theorem 3.2

Instead of showing Theorem [3.2] directly, we show the proof of the following detailed version of
Theorem [3.21

Theorem B.1 (Detailed version of Theorem [3.2). Suppose that Assumption holds. Fix any
0 €(0,1), a >1,p>0, and D > 2. Furthermore, suppose that the number of ensemble M is
sufficiently large to satisfy the following four conditions:

16].X)?
M > 64C | X225 % In ‘5 | , (162)
_o. 16|XJ?
M > el 161X (163)

5 )

2
o 20702 (— 127 c9D+2 N 2
R4(R+2)4§37773p kB +oy/2In —— (ln6> , (164)
56C%3 J J
oy (- 127 6-2P+2 1 6M
ZoPT (EB 4oy /2ln—— | (In =2 ) /2= <1 165
i kB + o n— (n 5 > n— <1, (165)
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where:

1

~ M [ —
% (2R +2P)\/TC), 1106T <l~cB+U\/21n ) V3T +R|,
R= (kB+J\/21 1ET>,/T. (167)
P

Then, if the learning rate 0 satisfy n < 471 (p +2(2R + QDC’)QTC’ In 6M) , with probability
at least 1 — §, the following inequality holds for any t € [T'] and x € X ;

72120%) [ 27\ 6.2+
|f(w)—h(w;0t,1)|§rT:2’D kB+m/21nT In =~ + f31(x), (168)

where:

R=R+ (166)

T,/TC') (96| X|2/5)
B=|v2B+-Z |2|vr+ V1eis +nd

oV M d
= c\ 127 6. 2D+2)1 GM  (169)
_ 2 2 a,D, T
+ o E + 403, N FB+0y[2In = <1n5) In ==

2
_ 12T /T M
+(1—2np)"/2<k3+a 21n5> <+TO4)22D02 6 )
p

1)
Here, C > 0 and C' > 0 are absolute constants. Furthermore, C D > 0, C D > 0, and CQG)D >0
are constants that depend on o and D. Moreover, k= maxXgex \/ kTNTK (X, ) is the square root
of the maximum value of TNTK, and CS,%))T = O(T?3) is the constant that depends on o, D, and T.

3

B.3.1 Proof overview

In this section, we briefly summarize the overview of our proof. We first define the following six
events:

CCL(R+2)% | .oD+2
51:{VG,w,R,||0—90||2§R:>||H(:c,9)||§ ’D\/M In 82— M}.

= {VG,:I:,R, 16 — 6ol < R=|g(x;0)3 < Cé%(zRJr 2P()2 1n%}.

o _ CUBR® . gm
VO, x, R, ||0 — 02 < R=|g(x;0) — g(x;0p)]|5 < In .

M
vt € [T), |yell2 < (EB+U,/21n%)\/£}.
Tl = . A ac) 2% 96\/’\6\2
Ve, &, |krntk (2, ) — k(z, )| < min ST In 4C’

. &= {Vt €Ny Vo € X,|f(@) — (@) < (VEB+ 52+ n $)) &t_l(w)}.

The quantities k, Céf%), C ((15,)@ CC(YG%), 1, k, and 7; are defined in Lemma l Only the above
six events require probabilistic arguments in our proof. Actually, from Lemma[3.3]and Lemma[B.4}-
which we will show later, we can confirm the events &1, ..., s simultaneously holds with
probability at least 1 — ¢ for sufficiently large M by taking union bound; therefore, it is enough to
show Eq. under the event [, <6l &;. Hereafter, we show Theoremin the following steps:
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1. For sufficiently large M, we show that each of the events & N &3, &4, and & holds with
probability at least 1 — /6 in Lemma [B.4 - Lemma [B.5] E and Lemma [B.6) - respectively.
Furthermore, as shown in Lemma- B.7| the event &g holds with probability at least 1 — 6/3
Since we already know the event £; holds with probability at least 1 — § /6 from Lemma

we can show P (ﬂl cl6] Ei) > 1 — ¢ in this step by applying the union bound.
2. As with the proof of Salgia [30], the error term | f(x) — h(x; ;)| is decomposed as follows:

|f(x) — h(z; 0,)|
< |f(®) = fu(z)| + | () — (g(x;60),0: — 00)| + [(g(x;60), 0: — o) — h(z4;0y)].
(170)

Based on the above decomposition, we derive the upper bound of each term under the
event mi6[6] &; with sufficiently large M. The first term of the above inequality is bounded
from above by combining the event & with Lemma [B.12] The second term is bounded
by resorting to the arguments from [41], which is based on the optimization error of the
gradient descent of the linearized squared loss (Lemma[B.9 and Lemma[B.TT). The upper
bound of the third term is obtained by combining the event £; with the fact that the error
of the first-order Taylor approximation can be characterized by the spectral norm of the
Hessian.

B.3.2 Lemmas for the events £5—E¢
Lemma B.4 (Gradient norm bounds). Let § € (0,1), M > 3, and o > 1. Furthermore, let 0 be an

initial parameter of ST-UCB. Then, with probability at least 1 — 8, for any x € S*~!, R > 0, and
0 € R? such that ||@ — 6y||2 < R, we have

lg(; 03 < CLlp (2R +27C)? I~ a7
C(O) R2 M
10) — g(x;00)|3 < —22—In — 172
lg(w:6) — gla:60)} < 2 n = (172)
where C' > 0 is an absolute constant. Moreover, Cc(f%) = 2P+202 and CS)D =7-28PCa2
Proof. Suppose there exists u > 1 such that the following event holds:
c
vm e [M], > [7™| < u. (173)
=1
Following the proof of Lemma 8 in [21]], we can derive that
lg(2:0)]13 < N(R + u)*a® + L, (174)
lg(a; 8) — g(a; 60) |3 (175)
RS (m) _ () (m) _ g5(m)
m —(m m —m
§M2[;< Z\ |+2auZHw B > (176)

L /N 2
3D fwlm wﬁf”llz) ] (177)



Furthermore, in the second inequality, we obtain the following upper bound from the Schwarz’s
inequality:

1 M N L N 2
7 [Z (aZ ™ =7 + 200y [l w%"”llz) (178)
=1

m=1|n=1 =1
2
+ < > llwi™ wSZ”Iz) (179)
=
1 M
< 2 (m) _ =(m)2 2 272 (m) _ ==(m)|2
< Mmz_[; (202£]1m ™ — 7|3 + 402N ™ — w (™ 3) (180)
L
+ NIW%’”)—wEJ")II%] (181)
=1
L« (m)
— 2 2,2 (m) _ plm)2
< Mmz:%/\/(za L+ 40N + L) |6 6" |2 (182)
N (202L 4+ 402uN + L _
- i )IIG—GH% (183)
TN Lu?
<— R 184
- M (184)

Here, using the general Hoeffding’s inequality (Lemma|E-I)) and the union bound, the event (T73)

holds with probability at least 1 — § when u = /CLIn(M/§), where C' > 1 is an absolute constant.
Therefore, with probability at least 1 — §:

2
M
lg(:6)]5 <N <R+ \/051115) o>+ L,

(185)
C((XS) R2 M
lg(x:6) — g(:00) 3 < —*—In .
Finally, from the definition of C|"),,
2PH2(2R + £C)2a? = OV, (2R + LC)? (186)
& 2P 2R + LO)%a? +2(2R + LC)?a? = CVL (2R + LC)? (187)
= 2P(2R + LC)?0® + 2L < O}, (2R + LC)? (188)
=N (2R+ Ve ) 0® +2L < C) (2R + LC)? (189)
2 r .
( ) o + 5 < Cp S QR+ LC)? (190)
1n2 In
R ’ c
=N LC) a?+ ——— < OL) 2R+ LC 191
( Sy ) m(M/5) ol ) (191
@N<R+\/£01n> o+ L£<C5) 2R+ L) In 5 (192)

where:

* Eq. (T88) follows from (2R + L£C)2a2 > Lsincea>1,C >1,and R > 0.
* Eq. (T89) follows from A < 27 and LC > 1.
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* Eq. (T90) follows from v/In2 > 1In2 > 0.5.
* Eq. (I91)) follows from the fact that In(M/§) > In 2 holds under M > 2.

O

Lemma B.5. Fixany d € (0,1) and f € Hrnrk with || fllrntk < B. Furthermore, suppose that
€+ is a o-sub-Gauss random variable for any t € [T]. Then, with probability at least 1 — §, the
following inequality holds for any t € [T):

— 2T
ly:llz < <kB+a\/21n 5) VA, (193)

where k = maxge x \/krnTK (T, T).

Proof. From the reproducing property of RKHS and Schwarz’s inequality, for any x € X', we have

f(x) = (f, kN (%, ) 2rnrx (194)
= || fllo~rk || frnTk (2, ) [l TNTK (195)
= Hf”TNTK\/m (196)
< Bk. (197)
Thus,
t
lyell3 = [f (@) + e (198)
1=1
t
<3 (BE+al)” (199)
i=1

By using the concentration property of o-sub-Gauss random variable, for any ¢ € [T'] and be (0,1),

]P’(|ei|<m/21n§> >1-3. (200)

By setting dasd =20 /T and taking the union bound, we complete the proof. O

Lemma B.6. Let 6 € (0,1), D > 2, and X C S% L. Furthermore, let Krnri(X) =
[FrNTK (2, &)]0,3ex € RIFXI¥N and Ny = Ain (KtnTR (X)) > 0 be kernel matrix over X x X
and the minimum eigenvalue of Krnrti (X), respectively. Moreover, assume that

16|12 16|x2
o ol

M > 64C )| X[*A5% In and M > CLCC %1 (201)
hold, where C’S?)D =C maX{CS)g ,22PY. Here, C and C’S)D are defined in Lemma Then, with

probability at least 1 — 0, the following inequality holds for any x, & € X':

N [4CC), 162
In

s\ o ey A s o)

lkrntk (2, &) — k2, &)| < min

where l;(a:,:’i:) = (g(x;60),9(x; 60)).

Proof. From Lemma and the union bound, for any ¢ € (0, CS;D), we have

©) o, 16]X|?
M= Clpe = (203)

= P(V:E,CINJ c X, |]€TNTK<CL',£22) — <g(33, 00),9(:2‘, 90)>| < 46) >1-9.
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Here, we set € as ¢ = min{\y/(8|X]), \/Cgf)p 1n(16\X|2/5)/M7Cé%)D}; then, € € (O,Cgf)p).
Therefore, by using Eq. (Z03)), we have

-2

(6)
. X [Cap, 16|X]2 o 16]X|?
M>c® oD o 204
Z Cg,pmin 8|X| ) M n 5 ' “aD 5 ( )
N JACED  16XE | o)
=P | Ve, € X, |krnrk (2, ) — k(x, )| < min Ak M’ 1 5 ACTD
>1-09.
(205)
Furthermore,
16]X|? _o. 16|
21 > 640 g 2O ana s> 00,02, 10 9D
—2
() ) (206)
o . ) X [Cap, 16]X]7 o 16|
=M > Cé7)D min s[a] N In 5 70154,’)D In 5
By combining the above implication with Eq. (203), we complete the proof. O

Lemma B.7. Fixany § € (0,1) and f € Hrnri with ||f||tnTk < B. Let us define k as I%(a:,a’é) =
(g(x;60),9(x;00)). Furthermore, suppose that (€;)en, are conditionally o-sub-Gaussian random
variables. Then, under the event Es, with probability at least 1 — 6,

Vi e Ny, Ve € X, |f(x) — fir—1(x)| < (\/iB + % 2 (’% +1In (1$>> Gi—1(x). (207)

Here, we respectively define [i;—1(x) and ¥ as

- - -1
fir(z) =k, (2) (Kt + pIt) Yt (208)
1 .
Y = = max Indet (It + p_th) , (209)
2 x1,...,z¢

where ky(z) = [k(z,x:)]icyy € R and Ky = [k(zi,z;)]ijeqg € R with k(z, ) =
(9(w;600),9(x;600)).

Proof. From the definition of &, we have |krnTk (x, £) — (g(x, 00), 9(Z,00))| < Xo/(2|X]|) for
any x, & € X. Therefore, \/Em,ie?( lkrnTi (2, 2) — (9(2,60),9(E, 00))|> < Ao/2. Here, by

combining this inequality with the arguments of the proof of Lemma C.5 in [24], under the event &5,
we have f € H; with || f||; < v/2B. Therefore, since ji; and &, are defined as the posterior mean

and the posterior variance of Gaussian process characterized by the kernel function k, we obtain the
desired result by applying Lemma 3.11 in [2]]. O

Lemma B.8. Fixanyé € (0,1); then, P(N;c6) ;) > 1 — 6 holds.

Proof. From Lemma 3.3 [B.5] and[B.6] we have P(£f) < §/6 for any i € [5]/{2,3}. In addition,
from Lemma B.4] we have P(€5 U £5) < §/6. Here, from Lemma [B.6|and Lemma|[B.7] we have

P(&g) = P(&5 | &5)P(E5) + P(Eg | E5)P(E5) (210)
5 6
<sts @211)
5
=3 212)
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Therefore, by taking the union bound, we have

P(mie[ﬁ]gi) =1- ]P(Uie[G]gic) (213)
>1—[P(&) +P(ESUES) +P(EF) + P(ES) + P(&§)) (214)

>1-0. (215)

O

B.4 Lemmas for the upper bounds of Eq.

Definition B.1. Define it(B)for anyt € N :

Li(8) = |GT (6 —60) — w5+ 16 — 60ll3.- (216)
Furthermore, let us define 0~t;1, ... 7ét;J as
ét;j = ét;jfl =1 {QGt [G: (ét;jfl - 90) - yt:| +2p (ét;jq - 00)} ) (217)

where ét;o = 0,.
Lemma B.9 (Adapted from Lemma C.4 in [41l]). Suppose that the events E; and &, simultaneously

. 1
hold. Furthermore, assume that n < 27! (TC’222DC§)D In(6M/0) + p) holds. Then, the
Sollowing inequalities hold for any t € [T] and j € [J]:

_ _ 127
1605~ 60| g(kB—i—U\/an) L (218)
2 1) p
- 127
‘ L < (1 - 2np)’/? (kB+U\/2ln5 >\/7 (219)
P

where k is defined in Lemma Furthermore, the constants C' and C’g% are defined in Lemma

~ 1
6.5 — 00 — (pI, + GthT> Gy

Proof. From the definition of L, (), we have

ViL,(0) = 2G,G; + 2o, (220)
<2(IGl% +p) I, 221)
<2 ( 16222 1 % + p) I, (222)

where Eq. (222) follows from Lemma [B.13| Therefore, L;(8) is 2 (tCA’222DCé4)D In M 4 p)—

smooth function. Furthermore, L;(0) is 2p-strong convex because VaL;(0) = 2pI, holds. By
combining the definition of 1 with the standard result of gradient descent for the strongly convex and
smooth objective function (e.g., Theorem 3.6 in [16])), L:(6:,;) > L4(0y,;—1) holds for any j € [J].
Therefore,

~ 2
01— 00| (223)

- 2 ~ 2
bus-af: < |6 (6us-00) o[ ]

d

< HG: (ét;o - 00) — Y z + p‘ ét;O - 00Hz (224)

<yl (225)

2
< <k3+a,/zln 12;) ‘) (226)

where Eq. (226) follows from the event £,. Furthermore, since the unique minimum of L;(8) is

given as 0% := 0y + (pIp + GtG;r) ! Gy, we have the following inequalities from Theorem 3.6
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in [16]:

’ ét;j — 00 — (pIp + GtG:)_l tht ) (227)
< (1—2np)’ 60 — 6715 (228)
1 r~ N
< (1-20p) - [Lt(eo) — I, (a*)} (229)
< (1 - 2qpy L8 (230)
) 2
§(12ﬁpy|hﬁﬂ2 231)
2
kB—I—U,/QIleT t
< (1—2np)’ ( ) ; (232)

p

where:

* Eq. @29) follows from V L;(8*) = 0 and the fact that L; is the 2p-strong convex function.
« Eq. (230) follows from L;(6*) > 0.
* Eq. (232)) follows from the event &,.

O
Lemma B.10 (Adapted from Lemma C.3 in [41]]). Fixany R > 0, j € [J] and t € [T|. Suppose
. 1
that the learning rate 1 satisfies n < 4~! (,0 +2(2R+ 2D0)2T0(4) In ﬂ) , and 0, 5 satisfies
— 6o||2 < Rforall j € [j). Furthermore, assume that R satisfies the following mequalzty

2 -2
—4 — 3n2A4p2 — [ 12T 6-2PT2 M
ok 1+ 220 tc®- 1M (7B 4+ & 21n— V3t+R|.
a,D 5

Then, under the events E; and E4,

_ [ 12T
[hejer — yelly < (kB +04/2In 5) V3t, (235)

where hy.; = [h(x1;05), ..., h(x;0:5)] T € R

Het]

where:

R=R+ —

% (234)

Proof. We first assume that |[h; — y|| < (EB +04/2In %) /3t holds. Here, by resorting the

same arguments as the proof of Lemma C.3 in [41]], for any 8,0’ € R? such that |@ — 0| < R, we
have

VoL:(0)|2
- VOLONE 11, 0) ~ yilelet@” o)l (230

< Li(0) - L (9> (237)
<2(VgLi(0),0" — 0) +2|[h(0) — yll2[le(6",0) |2

2
. 6M (238)
(2R +2PC)\ 1Oy In = ] 107 = 013 +2[le(6".0)[13 + pll6" — 6.
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where 6(0/, 0) = ht(al) — ht(0> — Gt(O)T(B' — 0) with ht(e) = (h($1, 0), ey h([l:t, 0))T € Rt
and G¢(0) = (g(x1;0),...,9(x;0))T € RP**. From the upper bound of L;(8") — L:(0), by
setting @’ € RP as 8’ = 0 — nVL.(0), we have

Li(6 —nVeLi(9)) — L(0) (239)
< —2cn||VoLi(6)|3 (240)
+201Ru(8) — willa (8 — 10 Li(8), 0)]12 + 20e(8 — 1o Ly(8), O)]1,

where ¢ = {1 -7 [p +2(2R+ QDCA')QtC’((j%) In %} } € (0,1). Furthermore, for any 8’ € R?, we

obtain the following inequality by combining the lower bound of L;(8’) — L:(6) with the above
inequality,

Li(6 — 1VoLi(8)) — Li(6) (241)
< 2enp[Le(0') — Li(0) + 2[|hi(8) — yel|2]le(0', 0)]|2] (242)
+2|[h(0) — yill2lle(0 — nVeLi(6), )2 + 2[le(6 — nVeL(0),0)|3
I 1
< 2enp | Ly(6") — Ly(6) + Z”ht(e) —yull3 +4[le(6’,0)[3
L (243)
1 4
+ 2077,01||ht(9) —yell3 + 2CWHQ(“) —nVeLi(0),0)|3 +2|le(6 —nVeLi(6),0)|3
S
< 2enp | Lu(8') = 5Lu(6) | + 8enplle(6', 6)]13
- (244)

2
+ %IIE(G ~1VeL:(0),0)[3 + 2lle(0 — 1VoL:(6),0)]13,

where the second inequality follows from the Peter-Paul inequality, and the last inequality follows
from || (0) — y:||3 < Li(0). Rearranging the above inequality with & = 6;.; and ' = 6y, we have

Li(Buser) — Lu(60) (245)
< (1 —enp) [Le(By;5) — Li(60)] + cnpLy(6o)

2 (246)
+ 8cnplle(80, 0:5) 5 + %”e(et;ﬁrlv 0:.5) |15 + 2[|le(0r5+1, 0.5 I3
2
— 12T
< (1= cnp) [Le(B;5) — Le(60)] + cnp (kB +o4/2In (5> t
(247)
2
+ 8cnplle(80, 0:5) 15 + %He(et;jﬁ-la 0::5)113 + 2[[€(8s;5+1,05) 13-
Then, from Lemma [B.T3]
2
le(B0, 0::5) 115 = || P(80) — he(Bs;5) — Ge(B1;5) T (B0 — O45) |, (248)
t
= Z (h(ai; 60) — h(wi; 01,5) — (g(i; 04s5), 00 — 1)) (249)
=1
4#RYR+2)*CCR 1 6.9P+2r\ 2
< 2= (1 2
< i (n 5 ) (250)
45 3)2 2
4R (R +2)4C" . 9D+2
< ( M) oD (ln6 25 M) . 251)
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Furthermore, from ||h:; — y¢l2 < (kB +o04/2In 12T) \/3t, we have
101541 = Ojll = 0l Vo,,; Lit(645)ll2

1

ZpHQGt;j(ht;j —yt) +2(0; — 0o) |2

IN

1
< 2 (1G5t — yell2 + 1|65 — Ooll2)

IN

2p
= 60:541 — 60l < R.

Combining the above inequality with LemmaB.T3] we have

9 4R (R + 2)405232 6-2D+2 1\
le(Or;j+1,0:5) 5 < i In 5
Therefore,

2
8cnplle(Bo, at,J)Hz ||e(0t,3+1» 0t,a)||2 + 2He(0tu+1a 0t,y)H2

IN

>4tR (R+2)'cP (1 6.2D+2M>
n

(8677p++2 5

_ 3 4R YR+ 2102 | 62072
E— n
~ cnp M )

/ 12T
< cnp (k;B 4+ o4/2In 6) t,

(2R+2D),/tc§;f;1n¥ (k:B+J\/21n> V3t+ R

(252)
(253)

(254)

(255)

(256)

(257)

(258)

(259)

(260)

(261)

where the second line follows from the fact that 8cnp + 2 < 1/(enp) holds due to np < 1/4 and
¢ € (0,1). Furthermore, the last line follows from the condition (233) with ¢ > 3/4. By combining

Eq. (243) with Eq. (261)), we have

2
i1 — yelly — llyell3
= Li(0;5+1) — Li(60)

12T
< (1 —cnp)[L¢(0y5) — Li(60)] + 2¢enp (kB +0o4/2In 5) t
_ 2
. 2enp (kB—i—m/Zln%) t

- 1—(1—cnp)

2
=2 (kB+U\/21n125T> t.

By combining the event £, with the above inequality, we obtain the desired inequality.

(262)
(263)

(264)

(265)

(266)

Finally, we check the assumption ||hs; — y¢|l2 < (k‘B +o04/2In 12T> V3t If j = 0, lhy; —
Yill2 < (EB +04/2In %) /3t clearly holds from the event & and h¢,o = 0. Here, by applying
the aforementioned arguments, we can also verify ||,z — [l < (kB +04/21n 12T) /3t for

7 = 1. Repeating the same arguments for j = 2,3, ..., j, we obtain the inequality IR

(EB—I—OW/QIH%) V/3t.
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Lemma B.11 (Adapted from Lemma B.2 in [41]). Suppose the following inequalities hold:

2
2 2 o o9D42 —2
B Rt < M0 (p o fom 2 (1,82 7MY (267)
560 )2 5 5
c 12T 6-2D+2 [ 6M
—DL (%R 4+ 04/2In In—" )y /ln— <1 268
i +o0o 6 (n 3 > n 5 =L ( )
M
n<4- 1<p—|—2(2R+2DC') rc{)In 66 ) , (269)
~ D (4) 6M [—
(2R +27) TCC“DIHT kB + o 21n7 V3T + R
R= (kB—&-J\/Ql 125T>,/T. (271)
P

(7)
Furthermore, we set C, 1, 1 as

where:

R=R+ (270)

Cilpr = 2V3T*2 ™82\ [C0L 4 16T (R4 22+ 2°C)C0p [Olp. @72)
Then, under the events &, Es, and &y, the following inequalities hold for any t € [T] and j € [J]:

L 12T\ [T
(- 127 6.2D+2 ) 6M
< ZoDT (Tp 2n —— | (2= 22t 274
| = S toyEny (n 5 ) " 274)

Proof. We show by induction. Let us define G,; and hy; as Gy.; = [g(x1; 6y, ]) .. ,g(wt, 0..,) €
RP** and by ; = [h(@1;045), - . ., h(zt; 05)] € RY, respectively. First, Eqs. (273) and (274) clearly
hold if j = 0. Next, fix any j € [J], and suppose that Egs. (273)) and (274) hold for any j < j. Then,
as with Lemma B.2 in [41], we have

‘ Orj — Or; ’2 < H [T, = 2n (I, + GiG/)] (et;j—l - ét;j—l) H2

+ 277H(Gt;j71 - Gy) (hyj1 — yt)H2 (275)

et;j - ét;j

+ 2TIHGt [ht;j—l - G: (Or;5-1 — 90)] H2

By resorting the similar argument of the proof of Lemma B.2 in [41]], the first term is bounded from
above as follows:

|1, =20 (o1, + GGT)] (8151 = 01|, < (1= 2p) Ouja|| . 76)
As for the second term of Eq. (273)), from Lemma [B.10|and Lemma we have

|(Grims = G0 (s =) @)

<|NGtj—1 — Gl [hei—1 — yelly (278)

< |Ghj-1 = Gillp [[hej—1 — well, (279)
! 127

<\ D llg(@ii 0r-1) — g(wi; 00) (133t (kB+a\/21n 5) (280)
i=1

<V3TRM™'/? <l-cB + a\/Q In 12;) \/CC(;)D 624 (281)

where:
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* Eq. (280) follows from Lemma[B-I0} the condition (267), and the induction hypothesis.

* Eq. 281) follows from the event &5 and the induction hypothesis.

Furthermore, from Lemma|[B.13]and Lemma[B.13] we have

HGt [hej—1 = G (8151 — 69)] H2 (282)
<Gl |hej—1 — G/ (8151 — 60)|, (283)
_MRR+2’CH 22C) 0P, (10 82570 ) ol 1n o4t st
< NI .
By combining Eqs. (276)), 281), and (284) with Eq. (Z73)), we have
o0,

< (1= 21p)|10s5-1 — Orj-1ll2

. _ 127 M
+2V3yTRM /2 (kB + 0\/2 In 5) \/cfj;) e

0 (286)
. WTRA(R +2)%(2+ 2PC)CL, (n S50 )\ o) o4t
VM
. 12T M
<VBTM~Y?p~'R (kB + a\/2 In 5) \/cfj;) In 67
(287)
L R . . 2D+2M M
+ATp M Y2RY (R + 2)%(2 + 2PC)0), <ln 65> o) In 67
2
. 12T M
< MY? (kB +0y/2In 5) 2v/37%/2p=3/2 [0 In 67
(288)

5 apIn;

< (Fo o BT) 1, 20
P

where Eq. (289) follows from the condition (268). From the triangle inequality and Lemma [B.9]

~ R .9D+2
+16T%p 2(R+2)%(2 +2P0)C), (m 62M) c“ 6M]

1615 60l < 61— 8a], + 615 - %0
<2 (k:B +m/2111125T> L (291)

p
O]

Lemma B.12 (Adapted from Lemma C.1 in [24]). Under the event s, the following inequality holds
foranyt e N,:

£1/tC ) In(96] X[2/5)
VM ’

Yt <+ (292)
where the constant C'(()f%) is defined in Lemma @
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Proof. Fix any x1,...,x; € X. Then,

1
3 In det (It + p_lG;rGt)

1
3 In det [It +p 'K, +pt (G:Gt - Kt)]

1 1 .
< det (L +p7'K) + o ((L+p7'K) GG — K

2p
1 1 —1 T
S%-FZH(L-FP Kt) HFHGt Gt—KtHF
Vit N N
<ty krnrk (2, 2) — (9(x, 00), 9(&, 0))|°

z,z€{x1,...., 21}
11/tC % n(96]X[2/5)
pVM ’

<7+

where:

(293)
(294)
(295)

(296)

(297)

(298)

* Eq. (293) follows from the concavity of Indet(-) and the fact that Vx Indet X = X!
holds for any symmetric matrix X . In Eq. (293)), (-, -) represents the matrix inner product.

* Eq. (296) follows from the definition of ;.

Eq. (297) follows from H(It + p‘th)_lHF < HI[IHF <Vt

* Eq. (298) follows from the event &.

O

Lemma B.13. Let us define G;(0) as G1(0) = (g(1;0),...,g(z:;0))" € RP*. Then, under the
event Es, the following inequality holds for any R > 0, t € N, and 0 € RP such that |0 —0y||2 < R:

A M
1G(6)1r < (2R +270), 10y m L

where the constants C and C S”D are defined in Lemma

Proof. From the definition of || - || 7, we have

t
IG(O)]F = lg(xi; 0)]3
=1

61

<tCU, (2R +2PC)? In =

Here, the last inequality follows from the condition &s.
Lemma B.14. Under the event &, the following inequality holds for any t € N :
A 6M
oL, + GG/ || < p+ 0, C%2P I 2,

where the constants C and C’éf)D are defined in Lemma
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(300)
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Proof. Under the event £, we have

oL, + GG/ || = p + |GG/ || (303)
t
<p+ Y |lg(@i;00)g(xi60)" || (304)
=1
t
<p+ > |lg(@i00)g(xi:00)" | . (305)
i=1
t
=p+>_llg(@:;60)|3 (306)
=1
6M

< p+1Cp2PC% In (307)

K
where:
* Eq. (304) follows from GG = 25:1 g(xi;00)g(xi;00) " and the triangle inequality.
* Eq. (306) follows from the fact that ||z " ||z = ||=||3 holds for any .
* Eq. (307) follows from the event &,.

O

I:e{nma B.15. Under the event &1, the fol{owing inequality holds for any © € S*~1, R > 0, and
0,0 € RP such that ||@ — 0g||2 < Rand |6 — 0|2 < R:

N ) . 2R2CB) (R+2)2  g.9D+2
h(zx;0) — h(x;0) — (g(x:0),0 — 8)| < 0.0 ) ln6 2 M. (308)
0

=

where the constant C' ) p is defined in Lemma

Proof. From Taylor’s theorem, there exists a € [0, 1] such that

|n(@;0) — h(w: 6) - (g(x;6),6 - 6) (309)
%’ 6)"H (2,00 +(1-)0) (6 - (310)
S%Hé é( HH (.00 + (1 - )) (6 - é) 2 311)
< % Hé é( HH (a:,a0+ 1- a)é) ’ (312)
Here, from the conditions of 0 and 0, we have
ool <o, oo <2n
and
Haé T (1—a)d— 90H2 <a Hé . 00H2 +(1-a) Hao - éH2 <R. (314)
Therefore, from the event &1,
’h(w; 6) — h(z;0) — (g(x:6),0 — 6)| < % Hé - éHz HH (:n ad +(1— a)é) H (315)
O
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Proof of Theorem|[B.1] Suppose that the events £1—Eg hold. As proposed in [30], we decompose the
error term | f (x) — h(x; 0y)|:

|f(x) — h(z; 0,)] (317)
<|f(z) — fu(@)| + |fe(x) — (g(x;60), 0, — 80)| + [{g(x;00),0; — O0) — h(x;0:)|.

By combining the event £ with Lemma [B.12] the first term of Eq. (317) is bounded from above as
follows:

|f(@) — fi()] (318)
6
< <\/§B + % 2 <’~Yt +1n 5)) Gi—1(x) (319)
1 /tC (961X [2/8) ¢

Furthermore, we obtain the following inequalities for the second term:

|fie(x) — (g(x; 00),0; — 6o)] (321)
-1
_ ‘g(w; 00)" (oI, + G:G}) ' Gryr — (g(w; 6,), 6, — 00>‘ (322)
-1 N
<p! ‘ 0; — 00 — (pI, + G:G{) Gy , oI, + GG/ || 57 () (323)

< /E2+4c§fg’9ﬁ00f (oI, + G:G]) " Guy,
- o[ 127\’ [ 62020 60

_ 2 2 a,D, T
< p WK +4c?), 2 EB+0y/2In—— <1n6) In >

2
— / 12T T

. 6M
x (p +TC2°PC% In 6) 5o(x),

oL+ GG/ | 6i(x)  (324)

(325)

4]

where:

* Eq. (322) follows from the feature space representation of fi;. Actually, we have fi,(x) =
9(z:00) " Gi(pI; + G/ Gy) "ty = g(x;60)" (pI, + GthT)_1 Gy;, where the last

equality follows from the matrix identity G (pI; + G{ G;)~™* = (pI, + GtG;r)_1 G,
(e.g., Lemma 3 in [29]).

* Eq. (323) follows from the fact that (z1,z5) < (2 A7lzy) - (29 Azs) <
(2] A=1z1)||A||2||22||2 holds for any positive definite matrix A € RP*? and z, 25 € RP.

* Eq. (324) follows from &¢(x) < \/ k(x,x) < \/ B+ 40333, where the last inequality
follows from the event &s.

* Eq. (325) follows from Lemma[B.9 and Lemma
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By using Taylor’s theorem for the third term, there exist a € [0, 1] such that:

|h(x; ;) — (g(x;600),0; — 0o)| (326)
= 2 10— 00) T H(ab, + (1 — )60)(0: — 60)| G27)
< 316, B0lls [T (a8, + (1~ )80) (6, — 60) (328)
< 516~ B0l E (a0, + (1~ a)fy)] (329)

72720%) [ 2\’ 62PN
< 2P (EB+oy/2ln— | n—= (330)
\/Mp2 ) )

where Eq. follows from h(x;6y) = 0 holds for any x € X, and Eq. (330) follows from
Lemma and the event &;. Finally, since the events £,—&g holds with probability at least 1 — ¢

from Lemma [B.8] we obtain the desired result by aggregating Eqs. (320), (325)), and (330). O

C Proof of Theorem

Theorem C.1 (Detailed version of Theorem 3.3). Suppose that Assumption [3.1) holds. Fix any
5 € (0,1), «a > 1, p > 0, and D > 2. Furthermore, suppose that the number of en-
semble M is sufficiently large to satisfy Eqs. (162)—(163). Then, if the learning rate 7 satisfy

. A -1
n <471 (p +2(2R+ 2DC’)2TC$%) In 6%5”) , with probability at least 1 — 6, the following in-

equality holds:
14473C%) [ [ 12r\" 6-2P+2m
Rp<———2P (kB +o5y/2In—— 1n67 (331)
vVMp 4] )

ST T\/TC) n(96].x[2/6)
- + i ,
m(l+p2) |7 oM

L s (332)

where [3 is defined in Theorem [B.1| Furthermore, if M and J is sufficiently large to satisfy the
following additional three conditions:

14473C®) [ 27\ 6202
— P (EB+oy/2In — ln67§1, (333)
\/Mp 1) 6

T\/TC) In(96/.X[2/5)
oV M
@)

2
= o | C _ /12T 6- 2P0 6M
1 2 (2) o, D, T
2
R I
p

o 6 8T(yr +1)

The proof of Theorem [C.I|leverages the following lemma, which describe the relation between the
sum of &;_1 (x;) and MIG.

<1, (334)

(335)
<p +TCp22PC% In 62\4) <1,

then,
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Lemma C.1 (Lemma 5.3 and Lemma 5.4 in [32]). Fix any T € N,. Then, for any sequence
T1,...,Ty the following inequality holds:

T ~
8T
E Gi—1(ms) < 7111(1 +7;,2)~ (337)

Proof of Theorem From Theorem B.T] with probability at least 1 — 4,

T
Ry = Z )] (338)
144T30<3 12T 6-2D+2 ][ d
< — P kB +0y/2ln —— 5 lnf +28) 6v1(a) (339)
t=1
144T3C§’33 o1 12T 41 6- 2020 8747 340
- Bto HT . 4] +h In(1 4 p=2) (340)
144T30<3 _9D+2
< "ab P (kB +o4/2In 2T In 6-277°M
5 5
(341)
s ST N T,/TC), In(96|x]2/5)
m(l+p2) (7 oM ’

where Eq. (339) follows from the definition of «;, and Eq. (340) follows from Lemma|[C.1] Further-
more, Eq. (341) follows from Lemma[B.12] O

D Proof of Lemma 4.1

Proof. Fix any function f € HrnTk. According to Mercer’s representation theorem (see, e.g.,

Theorem 4.5.1 in [33]), there exists a sequence (wy, ;) such that Y7 E;le" w? ; < ooand

[e o] Nd,n

FO =20 wa gAY (). (342)

n=0 j=1

Furthermore, the RKHS norm || f|| rxrk is obtained as || f||3x1x = Doneo Z;le" w?

Note that, similar to the TNTK, the ReLU-based NTK can be expanded using spherlcal harmonics
(Y, ;) as follows (see, e.g., [33])):

oo Ndn

bnti (T, 8) = Y > AnYo i (2)Yn 5(2), (343)

n=0 j=1

where (:\n)neN are the eigenvalues of the NTK. Here, the function f can be written as

oo Nd,n
=D D W (\/ ) AV (): (344)
n=0 j=1 "

By noting both TNTK and NTK can be expanded by (Y, ;), the following equation holds from
Mercer’s representation theorem:

oo Nan

£ Rer =Y Y w (345)

n=0 j=1
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According to Bietti and Bach [6]], 5\n = @(n_d) and there exists a constant Cy . > 0 such that
Cy, rn~% < \,. Combining this with Lemma we have:

oo Nd,n
2 2 1) ~=1_4d 1
£ lI%rx < ; ; w2 O8N0y pn exp (— In (1 + 4a2> Dn) . (346)
Since n exp (—In (14 723) Dn) — 0 (as n — 00), there exists a constant C 4 > 0 such that
n?exp (—In (14 425) Dn) < Cy,q holds for any n € N. Thus,
[ele] Nd,n
1fIRrk < COpCatCaa D D wh i = CopCaiCail flinrk <00 (347)
n=0 j=1
From the above, it follows that HrnTk C HNTK. ]

E Helper Lemmas

Definition E.1 (Sub-Gaussian norm, Definition 2.5.6 in [39]). Let X be a real-valued random
variable. Then, the following quantity || X ||, is called the sub-Gaussian norm of X :

X2
[ X[l = inf {t >0 ‘ E [exp (tgﬂ < 2} : (348)

Moreover, if || X ||y, < 0o holds, we call the random variable X a sub-Gaussian random variable.

Definition E.2 (Sub-exponential norm, Definition 2.7.5 in [39]). Let X be a real-valued random
variable. Then, the following quantity || X ||y, is called the sub-exponential norm of X :

10, = int {1 > 0| & [exn ()] <2} (349)

Moreover, if || X ||y, < 0o holds, we call the random variable X a sub-exponential random variable.

Lemma E.1 (General Hoeffding’s inequality, Theorem 2.6.2 in [39]]). Let X1, ..., XN be indepen-
dent, mean-zero, sub-Gaussian random variables. Then, for every t > 0, the following holds:

al ct?
- >i= X105,

>_Xi
i=1
Lemma E.2 (Bernstain’s inequality, Theorem 2.8.1 in [39]). Let X1, ..., Xy be independent, mean-
zero, sub-exponential random variables. Then, for every t > 0, the following holds:

N 2 ,
P >t] <2exp| —cmin , ’ (351)
( = ) ( {Zf\il 16|13, maxie[n] ||Xi||w1}>

pIRE
where ¢ > 0 is an absolute constant.

where ¢ > 0 is an absolute constant.

=1

Lemma E.3 (Centering, Lemma 2.6.8 and Exercise 2.7.10 in [39]). For any sub-Gaussian random
[(XT|lpy < C|| X ||, holds. Furthermore, for any sub-exponential random
Y|lp, < C|Y ||y, holds, where C' > 0 is an absolute constant.

Lemma E.4 (Product of sub-Gaussians is sub-exponential, Lemma 2.7.7 in [39]]). Let X and Y
be sub-Gaussian random variables. Then, XY is a sub-exponential random variable whose sub-
exponential norm satisfies || XY ||y, < 1Y [] -

F Details of numerical experiments

F.1 Our implementation of algorithms

Here, we provide additional information on the implementation of the ST-UCB and NN-UCB
algorithms. Our implementation includes the following three simplifications:
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(a) In the calculation of the gradient in line 5 of Algorithm (1} we use g(x;6;_1) from the
previous round, rather than the initial gradient g(x; 8,).

(b) In the regularization of parameters in line 3 of Algorithm 3] we do not consider the residual
from the initial parameters 6. In other words, we apply L2 regularization directly to the
parameters themselves.

(c) Instead of initializing 8 as described in Sec. we initialized 8, by the Glorot’s uniform
initializer [17]].

It should be noted that the simplification (a) is the same implementation as the original NN-UCB,
while the other simplifications are for the sake of simplicity in implementation. We train two models
(ST, NN) using stochastic gradient descent (SGD) with a momentum term. The learning rate and
the momentum are set to 0.01 and 0.9, respectively. When the momentum is greater than zero, past
gradients are considered as a weighted average. SGD is performed in all rounds, with a mini-batch
size of 64 and 5 epochs, and we do not use early stopping.

F.2 Parameter sensitivity

In the results shown in Fig. [2]of the experimental section, we presented the outcomes with optimal
hyperparameters of €, 5. Here, the experimental results for each parameter € € {0.05,0.1,0.2}, 5 €
{0.01,0.1, 1} are summarized in Fig. [3|(real-world dataset) and Fig. 4| (synthetic dataset). In most
cases with the real-world dataset, as the rounds progressed, ST-UCB demonstrated better performance
than NN-UCB, and UCB-based policies outperformed e-greedy based policies when 5 = 0.01. In
the f(!) setting for the synthetic data, the regret of ST-UCB converged the fastest. On the other hand,
in the f ) and f ®3) settings, NN-UCB sometimes performed well, however the trend of cumulative
regret over the rounds was comparable between ST-UCB and NN-UCB.

G Summary of the existing works

G.1 Derivation of TNTK
Our analysis relies on the TNTK derived by Kanoh and Sugiyama [21]. From the definition of the
soft tree ensemble model, we have
M
! (2 9 (2 9™
(Voh(x:;6), Voh(;0)) = - > (Vo h(a; 0™, V g h(a; 0™))). (352)
m=1

If & ~ N(0,1,), ((V(,(m)ﬁ(m;O(m)),Vg(m)iz(a:;B(m)»)me[M] is mutually independent; there-
fore, from the law of large number, the inner product (Vgh(x; ), Veh(x;0)) converges to
E[(Vgim h(z; 0(m)),~V9(m)h(:c; 9(’”))>~] in probability as M — oo. Kanoh and Sugiyama [21]]
shows that E[(V g(m) h(2; 00™), V gim) h(z; 80™))] equals the expression in Eq. (T) by relying on
the recursive expressions of the soft tree (such as Eq. (81)).

G.2 MIG and effective dimension

As described in Section [3.2] MIG is commonly used as the problem complexity parameter of the
kernel-based decision-making problem. On the other hand, instead of MIG, some existing works

quantify the problem complexity based on the following effective dimension d [10, (37, |40} 41]]:
d=Tr(Kr(Kr + pIp)™h). (353)

Due to the following inequality [9,|10], the MIG is bounded from above by the worst-case effective
dimension up to logarithmic scale:

Indet(p ' K7 + Ir) < Tr(K7r(Kr + pIr) " )(1+ In(p | K7 + 1)). (354)
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Figure 3: The average cumulative regret with one standard error in the real-world dataset.
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Figure 4: The average cumulative regret with one standard error in the synthetic dataset.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The details of our contributions summarized in the abstract and introduction
are given in Sec.[3.2]and Sec.[d] The sections in which the details of each contribution are
described are explicitly stated in the introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The assumptions for our main result are given in Assumption [3.1] and the
discussions of their validities are described in Remark 3.1.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The assumptions for our main result is given in Assumption[3.1} The complete
proofs of our main results are given in Appendix[A] [B] [Cl and[D}

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The detailed information for our experiment is given in Sec. [5] and Ap-
pendix [F 1]
Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We are not yet ready to release the required codes and will do so as soon
as our paper is accepted. Furthermore, we believe that the lack of experimental codes is
not problematic because our experiment are not too complex, and the information given in
Sec.[5]and Appendix [FI]is sufficient to reproduce numerical experiments.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The information of our model hyperparameter is given in Sec. [5] and Ap-
pendix [}

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The error bars, which represent one standard errors, are given in our experi-
mental results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: Since our experiments are limited to simple problem setups and our contribu-
tions are primarily theoretical, the computational resources used are not significant.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We confirmed that our paper conforms, in every respect, with the NeurIPS
Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Our paper cited the original papers to use UCI-Machine Learning Repository
in Sec.

Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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