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Abstract

In this study, we tackle an optimization problem
with a known function and an unknown decision-
dependent distribution, which arises in a variety
of applications and is often referred to as a perfor-
mative prediction problem. To solve the problem,
several zeroth-order methods have been devel-
oped because the gradient of the objective func-
tion cannot be obtained explicitly due to the un-
known distribution. Although these methods have
theoretical convergence, they cannot utilize the
information on the known function, which limits
their efficiency in reducing the objective value.
To overcome this issue, we propose new zeroth-
order methods that generate effective update di-
rections by utilizing information on the known
function. As theoretical results, we show the con-
vergence of our methods to stationary points and
provide the worst-case sample complexity anal-
ysis, which improves the state of the arts when
the maximum objective value dominates the cube
root of the decision variable’s dimensionality in
order. Our simulation experiments on multiple
applications show that our methods output solu-
tions with lower objective values than the existing
zeroth-order methods do.

1. Introduction

In this study, we consider the following problem:

min  F(x) := E¢op(a)[f(2,€)], (H

xR
where F' : R? — R is generally non-convex, f is a given

differentiable function, and D(«) is an unknown distribu-
tion of random variables £. This formulation is known as

'Communication Science Laboratories, NTT Corpora-
tion, Kyoto, Japan.  Correspondence to: Yuya Hikima
<yuya.hikima@ntt.com>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

the performance prediction problem (Perdomo et al., 2020).
The main feature of this problem is that the probability
distribution D () depends on decision vector & and is un-
known. This problem appears in a wide range of applica-
tions. For example, in pricing applications, a seller aims
to optimize the prices « of products and services for their
revenue, considering the price-dependent distribution D ()
of stochastic demand (Ray et al., 2022; Hikima & Takeda,
2025b). In strategic classification in financial practices, a
lender aims to train the parameter a of a classifier for finding
good customers, considering the parameter-dependent data
distribution D (), which is caused by customers who may
react to the deployed classifier (Levanon & Rosenfeld, 2021;
Liu et al., 2024a). Various studies (Perdomo et al., 2020;
Mendler-Diinner et al., 2020; Chen et al., 2024) have ad-
dressed problem (1). because of its importance in practical
applications.

Since the gradient of the objective function is inaccessible
as a result of the distribution D(x) being unknown, various
zeroth-order methods have been proposed, which update
the decision vector by some estimated gradient on the basis
of function evaluation(s). For example, (Chen et al., 2024;
Hikima & Takeda, 2025b) proposed zeroth-order methods
based on the following gradient estimator:

g:= 5 (f@+ )~ [z — ) u. @
where ;1 € R>( is a constant, u € R%is sampled from some
distribution (e.g., the standard Gaussian distribution), & LN
D(z+pu), and €2 ~ D(z — ). Not limited to the above,
various studies (Ray et al., 2022; Liu et al., 2024a) proposed
zeroth-order methods using different gradient estimators.

Although these existing zeroth-order methods are theoreti-
cally valid for solving problem (1), they treat the function
f as a black box and do not leverage its gradient informa-
tion, which limits optimization efficiency. Specifically, an
unbiased stochastic gradient of the objective function F' in
(1) can be written as follows (Liu et al., 2024b; Hikima &
Takeda, 2025a):

Vo f(@, &) + f(x,§)ValogPr(€ | x), £ ~ D(x). (3)

Here, although we cannot obtain the second term since
Pr(& | «) is unknown, we can calculate the first term, that
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is, Vg f (x, €), since f is known. Thus, we can access partial
information on the gradient of objective function F'.

The fact that existing methods do not fully utilize the infor-
mation leads to slow convergence and increases the number
of samples € ~ D(x). Such an increase is undesirable
in practice because a decision (&) must be deployed in
real-world to obtain a sample & ~ D(x). For example, a
decision maker must sell some products at prices @ to obtain
sample demand & ~ D(x).

In this work, we propose guided zeroth-order methods
that integrate partial gradient information derived from the
known structure of f. Inspired by (Maheswaranathan et al.,
2019), our methods use the gradient estimator (2) with
u ~ N(0,X), where N'(0, X) is a normal distribution with
a variance-covariance matrix X € R4*?, The key to our
methods is to incorporate partial gradient information in 32
in order to generate an updating direction w that tends to de-
crease the objective value. We design two interchangeable
methods for obtaining partial gradient information. One
method computes, as the information, the first term of (3)
from new sample(s) & ~ D(xy) at the current iteration k.
The other method approximates it from historical sample(s)
& ~ D(x;) in past iteration(s) i.

Our theoretical analysis shows that our methods converge
to stationary points and provides the worst-case sample
complexity, which represents the number of samples £ ~
D(x) needed to obtain a stationary point & such that
E[||VF()]|?] < €% In particular, we show that the worst-
case sample complexity of our methods is O(c3d*e~°),
where E¢.p(z) [(F(x) — f(x, €))% < o? forany © € R%.
Since the sample complexities of the existing methods are
O(c®d? e %) (Hikima & Takeda, 2025b) and O(GSd2e0)
(Liu et al., 2024a), where G = sup,, ¢ | f(z, §)|, our meth-
ods outperform them when G = w(d?) or G is unbounded.
Note that even if f is a simple loss function such as squared
error, GG is unbounded. This improved order is achieved
by employing a tighter convergence analysis compared to
(Hikima & Takeda, 2025b), which involves tuning algo-
rithmic parameters such as mini-batch size and step size.
Furthermore, the proposed zeroth-order methods incorpo-
rate partial gradient information without making any as-
sumptions about its correlation with the true gradient, and
crucially, without deteriorating the convergence rate.

We conducted simulation experiments on multiple products
pricing and strategic classification applications. The results
show that our methods output solutions with lower objective
values than the existing zeroth-order methods do.

Notation. Bold lowercase symbols (e.g., , y) denote vec-
tors, and ||x|| denotes the Euclidean norm of a vector x.
Bold uppercase symbols (e.g., 3) denote matrices, and || X||
denotes the spectral norm of a matrix 3. The inner product

of the vectors x, y is denoted by = " y. Let R+ (R>g) be
the set of positive (non-negative) real numbers. Let N be
the set of natural numbers. The gradient for a real-valued
function f(x) w.r.t. x is denoted by V f(x). We let I; be
a d-dimensional identity matrix and let N'(0, X) be a Gaus-
sian distribution with a co-variance matrix 3. We denote
the set of d x d positive definite matrices by S% , . Let [N]
be the set {1,2,..., N}.

2. Related Work
2.1. Zeroth-Order Optimization Methods

Zeroth-order optimization methods have been proposed for
solving optimization problems where gradient and Hessian
information are either unavailable or computationally ex-
pensive to calculate (Powell, 2006; Ghadimi & Lan, 2013;
Nesterov & Spokoiny, 2017; Ragonneau & Zhang, 2024).
Recently, various studies have proposed zeroth-order meth-
ods for solving problems with decision-dependent distri-
butions (Ray et al., 2022; Liu et al., 2024a; Chen et al.,
2024; Hikima & Takeda, 2025b). (Chen et al., 2024) de-
rived the conditions under which (1) can be reduced to a
convex optimization problem and solved the reduced con-
vex problem by using a zeroth-order method. (Hikima &
Takeda, 2025b) proposed zeroth-order methods with one-
point and two-point gradient estimators and derived the
iteration and sample complexities for reaching stationary
points. (Ray et al., 2022; Liu et al., 2024a) proposed zeroth-
order methods for (1) with time-varying decision-dependent
distributions. Although these studies effectively develop
zeroth-order methods within their settings, they fail to lever-
age the known structure of the function f. In this study, we
propose new zeroth-order methods by using the information
on f to generate updating directions.

2.2. Other Methods of Solving Stochastic Problems with
Decision-Dependent Distributions

Here, we list methods other than zeroth-order ones for (1).

Retraining methods (Perdomo et al., 2020; Mendler-
Diinner et al., 2020; Roy et al., 2022; Mofakhami et al.,
2023; Li & Wai, 2024; Khorsandi et al., 2024). Re-
training methods update the decision vector without ac-
counting for the distribution shift at each iteration. Specif-
ically, repeated gradient descent (Perdomo et al., 2020)
updates the decision vector such that @11 := proje (i —
Mg D(ay) [Vaf (X, §)]), where C is the feasible region
and proj. is the Euclidean projection operator onto C. This
method makes the decision vector to converge to a perfor-
matively stable point Tps = arg ming B¢ p(zps)[f (2, §)].
Subsequent studies have explored several directions, in-
cluding variants of the above approach (Mendler-Diinner
et al., 2020), a setting where the data distribution follows a
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Markov chain with a state-dependent transition kernel (Roy
et al., 2022), relaxed assumptions on the objective function
(Mofakhami et al., 2023; Li & Wai, 2024), and improved
convergence analyses (Khorsandi et al., 2024). However,
these methods focus on obtaining performatively stable solu-
tions and do not aim to (nor is capable of) finding stationary
points, which may result in worse function values.

Stochastic first-order methods (Liu et al., 2024b; Hikima
& Takeda, 2025a). These methods assume that Pr(¢ |
x) and V,Pr(€ | =) are known and update the decision
vector by using the unbiased stochastic gradient (3) of the
objective function. However, these methods cannot be used
for solving (1) with an unknown distribution D(x).

Performative gradient descent (Izzo et al., 2021). This
method updates the iterates using an approximate gradient
obtained by estimating V, log Pr(£ | «) in the second term
of (3). While this approach can find an optimal point rather
than a performative stable point, it relies on several restric-
tive assumptions. For example, they assume that the distri-
bution can be written as Pr(¢ | ) = p(q(x), &), where the
function p is known and the intermediate parameter ¢ can be
approximately obtained through samples. They also assume
that the objective function F' is convex. In contrast, our
study suppose looser assumptions: the distribution D(x) is
completely unknown and the objective function is generally
nonconvex.

Distribution approximating approaches (Miller et al.,
2021; Lin & Zrnic, 2024). These approaches estimate
models of the distribution map D(-) and optimize prob-
lem (1) by using the estimated distribution. While these
approaches perform well when the distribution is approxi-
mated accurately, they assume specific distributions or func-
tions. For example, (Miller et al., 2021) assume that the
distribution map is included in location-scale families, i.e.,
D(z) needs to satisfy & ~ D(x) < & := &y + Az, where
&o is a random variable independent of « and matrix A is
constant. Moreover, they assume that f is strongly con-
vex. In this paper, we tackle the design of (more) generic
methods for solving (1) without such specific assumptions.

Search optimization (Bergstra & Bengio, 2012; Frazier,
2018; Xue & Shen, 2020). Search optimization tech-
niques, such as Bayesian optimization (Frazier, 2018), ran-
dom search (Bergstra & Bengio, 2012), and sparrow search
algorithm (Xue & Shen, 2020), aim to find a global solution
by iteratively evaluating objective values across the search
space. When these methods are applied to our problem, they
require a large number of samples £ ~ D(x) to obtain the
objective values. Having to take such a large number of
samples is undesirable from the perspective of the sample
complexity, as noted in the introduction.

3. Proposed Method

Here, we describe our new gradient estimator in Section 3.1
and the algorithm using the gradient estimator in Section 3.2.
Moreover, we describe an advanced algorithm that utilizes
historical samples from past iterations in Section 3.3.

3.1. Our Gradient Estimator

We propose the following gradient estimator:

f(33+/iu7§1) - f<$ _Mu?£2)

1 2 ,:
g(x,p,u,&,8%): o

u,
“)

where u ~ N'(0, %), &1 ~ D(x + pu), €2 ~ D(z — pu),
and © € Rs(. Here, we utilize partial information on
the gradient to set 3, inspired by (Maheswaranathan et al.,
2019). Specifically, we regard the following vector as partial
gradient information:

1« :
s:= -3 Vaf(w.£), 5)
i=1

where &' ~ D(x) fori € {1,2,...,n}. This is because
s approximates the expectation of the first term of the un-
biased stochastic gradient (3) for the objective function F'.
Let h be the normalized vector of s, that is, h = ﬁ if
s # 0 and h = 0 otherwise. Accordingly, we define X as
follows:

¥ = %Id +(1—a)hhT, (6)

where a € (0, 1]. Here, « is a balance parameter that adjusts
the weight of the partial gradient information.

Next, we present the property of our gradient estimator.
First, let us define an important function, which is closely
related to our gradient estimator.

Definition 3.1. We call the following function the aug-
mented Gaussian smoothed function of F'.

Fus(x) == Eyono,s)[F (x4 pu))].

The function F), 53 serves as a smooth approximation of
F'. This is an extension of the Gaussian smoothed func-
tion (Nesterov & Spokoiny, 2017; Iwakiri et al., 2022): if
Y = I, function F, 5 is consistent with it. Throughout
the paper, we assume that sz(aj) is well-defined, that is,
Ey~no,s) [|F(x + pu)|] < oo for any given € R,
positive-definite matrix ¥ € S% | and z € R%.

Next, we show that our gradient estimator is correlated with
the gradient of F}, 5 by the following lemma.

Lemma 3.2. Suppose that F is Lipschitz continuous. Then,

for any x € R% and ;1 € R, we have
Eun(0,5) [t D (@t pu) e2~D(@—pw) [9(2, 1, u, €', €%)]]
= EvaME(IL')
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Algorithm 1 Guided zeroth-order method with new samples

input Tg € Rd, TeN, X € Si-i—’ Mo € R>0, Mmin €

IR>07 n S (03 1]7 Qg € (07 1]’ v € [07 1)’ B S R>07
{mi}t_, € N, {ny}}_, € N, and distribution Dy, for
[T].

1: Sample R ~ Dg(T)

2: fork=0,1,...,R—1do _

3: Sample uy, from N(0, ), {€,°}1 from D(zy, +

pruy), and {€7° Y from D(xy, — pupug).

1,7 2,1
1 my, f@ptppur.€) ) —fer—prur.€.")
gk < o i ik Uk

4
5. Ty T — Bgk

6:  Sample {&)°}1", from D(xyy;)
7

8

Sk ﬁ Sk Ve f (@i, 521)
if s, # 0 then

9: i1 % Lo+ (1 — ax)hihy, where hy = p3ip
10:  else

11: Sy < g

12:  end if

13 pgg1 4 max(ni, fmin)
14: Qpy1 < 1-— ’y(l — ak)
15: end for

return x

Note that the proofs of all our lemmas and theorems can be
found in Appendix D. Moreover, the Lipschitz condition for
Fin Lemma 3.2 holds under later Assumptions 4.2 and 4.3
(See Lemma D.2).

From Lemma 3.2, when X # I, the gradient estimator in
(4) is a biased gradient estimator for the augmented Gaus-
sian smoothed function F, ;. When ¥ = I, it is an
unbiased gradient estimator for F, .

Effect of balance parameter o. From Lemma 3.2 and (6),
parameter « adjusts the trade-off between the biasedness of
our gradient estimator and the weight of the partial gradient
information: if « = 1, then X = éId and g is an (scaled)
unbiased gradient estimator for F), »; if a is close to 0,
the distribution A'(0, X) emphasizes the partial gradient
information. Our methods (proposed later) initially set « to
a small value to promote a faster decrease in the objective
value, while in the latter iterations, they make « closer to 1
gradually to obtain a gradient estimator with a small bias.

The way of sampling u. Samples of u ~ A(0, X) can

be generated efficiently as

u:\/gw—&—\/l—ahv, @)

where w ~ N(0, I;) and v ~ N(0, 1). This fact is shown
in (Maheswaranathan et al., 2019, Section 3.2).

Algorithm 2 Guided zeroth-order method with historical
samples
In Algorithm 1, add p € N to the input and replace lines
6 and 7 as follows:
k g X .
sk D 53 (Vef (@i, €0) + Vol (erss, €,
j=k—p 7 i=1

where p = min(k, p).

3.2. Guided Zeroth-Order Method

‘We propose Algorithm 1. It begins by probabilistically deter-
mining the maximum number R of iterations on Line 1. This
stochastic operation is necessary to guarantee the conver-
gence for our method, but practically, the maximum iteration
number 7" can be set as RR. Lines 2—15 are the operations of
repeatedly updating the decision vector. Lines 3-5 update
the decision vector x;, by using the (mini-batch) gradient es-
timator (4). Lines 6—12 calculate 3 ; by using (5) and (6).
Line 13 adjusts the smoothing parameter pj: Algorithm 1
starts with a sufficiently large i1 and gradually reduces fi.
It is known that a better local solution can be potentially
obtained by making such adjustments to u; (Hazan et al.,
2016; Iwakiri et al., 2022).! Line 14 adjusts the balance pa-
rameter ay,. Itis updated so that 1 —ay 11 = (1 —ay), with
oy, approaching 1 toward the end. As noted in Section 3.1,
this setting promotes a faster decrease in the objective value
initially and reduces the bias of the gradient estimate gy, in
later iterations.

3.3. Guided Zeroth-Order Method with Historical
Samples

Although Algorithm 1 generates efficient random directions,
it requires new samples, {£; }7%, on line 6 to set 3. In
order to prevent this increase in sample size, we propose an
advanced algorithm that utilizes past samples. Specifically,
we change the partial gradient information of (5) as follows.

k—1 1 m;
_ _2m; “
j=k—p =1

®)

where {£;"'}]" and {7}/ are historical samples from
the past j-th iteration. Here, m is the batch size of the j-th
iteration and p € N is the window size that determines how

far back the past samples are.

In Algorithm 2, the partial gradient information is obtained
using samples from past iterations. This allows us to set 3
without requiring a new sample.

"However, this adjustment is not necessary to guarantee the
convergence of our method, and theoretically, we can also use a
fixed M-
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4. Theoretical Analysis
4.1. Assumptions and Definitions

For the theoretical analysis of our method, we make the
following assumptions.

Assumption 4.1. For any x € RY, there exists o € R>o
satisfying

E¢p(a)[(F(z) - f(,£))°] < o2 )

Assumption 4.2. For any z € RY, f(z, £) is L¢-Lipschitz
continuous with respect to £. Moreover, for any &, f(x, &)
is Lo-Lipschitz continuous with respect to .

Assumption 4.3. For any € R?, there exists 0 € R>o
satisfying

W(D(z), D(z')) < 0|z — ',

where IV represents the Wasserstein-1 distance.

Assumption 4.4. (x) = Eeoplf(z,§)] is Hp-
smooth.

Assumption 4.1 is required for approximating F'(x) by
f(x, &) with sample &. Since the objective function involves
random variables, such an assumption is needed to evaluate
the objective value by its sample. The purpose of Assump-
tions 4.2 and 4.3 is to guarantee the Lipschitz continuity
of the objective function (Lemma D.2). It is used to derive
the properties of the Gaussian smoothing function (Lemma
D.8). Assumption 4.4 is standard in convergence analysis,
ensuring the accuracy of the first-order approximation via
Taylor expansion. This is because descent methods with
(estimated) gradients can be seen as optimizing a first-order
approximation of the objective function at each iteration.

Comparison with assumptions in existing studies. Our
assumptions are looser than or equal to existing stud-
ies (Ray et al., 2022; Hikima & Takeda, 2025b). First,
our assumptions are less restrictive than those of (Ray
et al., 2022). Assumption 5 in (Ray et al., 2022) im-
plies that Eep ) [(F(x) — f(,€))’] < (2G)? for G :=
sup,, ¢ | f(x, §)|, which yields our Assumption 4.1. As-
sumptions 1 and 3 in (Ray et al., 2022) yield our Assump-
tions 4.2, 4.3, and 4.4. Conversely, we do not require As-
sumption 1(c) or Assumption 2 in (Ray et al., 2022). More-
over, our assumptions are equivalent to those of (Hikima
& Takeda, 2025b). Regarding Assumption 4.4, the existing
study (Ray et al., 2022) gives a sufficient condition. It can
be found in Appendix C.

Moreover, we define an indicator to evaluate our method.

Definition 4.5 (Sample complexity for e-stationary point).
We define the sample complexity for an e-stationary point
to be the number of samples & ~ D(x) to obtain
E[|VF(2)]?] < €2, where & is the output of a target algo-
rithm.

As noted in the introduction, sample complexity is an impor-
tant metric in evaluating algorithms for solving problem (1).
This is because, to obtain a sample & ~ D(x) in practice, a
decision (x) must be deployed in the real world.

No assumptions about partial gradient information. In
our analysis, we do not assume any correlation between
partial gradient information (i.e., (5) and (8)) and the true
gradient. Therefore, we consider the worst-case scenario for
the partial gradient information. Even under this worst-case
scenario, our analysis establishes improved sample com-
plexity for our methods compared to the existing method
(Hikima & Takeda, 2025b). This improvement is achieved
through (i) a reduction in sample complexity by tuning algo-
rithmic parameters such as mini-batch size and step size, and
(i1) the incorporation of partial gradient information without
increasing the sample complexity, even in the worst-case
scenario.

4.2. Sample Complexities of Our Methods

First, we provide a lemma, which indicates a theoretical
property of our gradient estimator.

Lemma 4.6. Suppose that Assumptions 4.1-4.4 hold. For
any x € RY, the following holds.
2] }

(d+4)?|VF(2)|* + 24(1 — a)(25 — 23a)||VEF ()|

Ew~no,5)

1 & 1,0 2,0
]E{El,i7€2,i};n:r1 |:Hm Zg(mnu7ua€ 7£ )
=1

< 2402
<5

+3u°H (

302

2u2m

1602 (d + 6)*
d3

)

+ 5488(1 — a)3) +

where (€41, ~ D(w + juw) and {€*}", ~ D(w —
n).

Lemma 4.6 gives an upper bound on the second moment of
our gradient estimator.”

Below, we use Lemmas 3.2 and 4.6 to derive the sample
complexity of Algorithm 1.

Theorem 4.7. Suppose that Assumptions 4.1—
4.4 hold. Let {xi} be the sequence gener-
O(ed™ %),

ated by Algorithm 1 with [y =

2An existing study (Maheswaranathan et al., 2019) showed
the upper-bound of the (normalized) variance of their gradient

estimator for given correlation p; := % between partial
gradient information (U;’s) and the true gradient (VF(z)). In
our study, we derived an upper bound on the second moment
of our gradient estimator (Lemma 4.6) without such p;, leading
to a guarantee of convergence for the proposed method. While
(Maheswaranathan et al., 2019) demonstrated a trade-off between
the unbiasedness and the variance of their gradient estimator by
considering p;, our study does not consider p;, and therefore,
theoretically, no such trade-off exists in our setting.
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o = @(edfg) such that py > pmin, B =
. o _2 .1
min (48HF((d+04[§2+25d2)7T sd 3) and Pr(R = k) :=

Bard ' —24HpB2a? (d+4)?d 2 —24Hp 2 (1—ay ) (25—23ay)

ST (Bard 1 —24Hp 202 (d44)2d~2—24Hp B2 (1—ay) (25—23ay)))
for distribution Dg. Then, for any xq € R%, 3¢ € Si+,
n € (0,1, oo € (0,1], v € [0,1), np = O(1) for
k=0,...T, mi = O(1) for k = 0,...T, the sample
complexity required to obtain E[|VF(zg)||?] < € is
O(o3e=d).

Moreover, we can derive the sample complexity for Algo-
rithm 2.

Theorem 4.8. Suppose that Assumptions 4.1-4.4 hold. Let
the inputs of Algorithm 1 other than p be as in Theorem 4.7.
Then, for any p € N, Algorithm 2 achieves the same sample
complexity as in Theorem 4.7.

The O(o®d*e=%) sample complexity of our methods has
advantages over those of existing methods (Liu et al., 2024a;
Hikima & Takeda, 2025b). The sample complexity of the
method of (Liu et al., 2024a) is O(G%d?¢~%), where G =
sup, ¢ | f(z, £)|.* Therefore, our methods outperform them
when G is large or unbounded.* Moreover, the iteration
complexity of our method is O(d2) smaller than that of
(Hikima & Takeda, 2025b).

Remark 4.9. To set the inputs of Algorithm 1 according
to Theorem 4.7, it is necessary to know the value of Hp
in Assumption 4.4. While the existing methods (Ray et al.,
2022; Hikima & Takeda, 2025b) also need such information
(e.g., v in (Ray et al., 2022) and ¢ in (Hikima & Takeda,
2025b)), it may not be known in advance in practice. In
such cases, one can begin with a sufficiently large value and
refine it using information gathered during the iterations.

S. Experiments

We conducted two experiments on applications of multiprod-
uct pricing (Hikima & Takeda, 2025b) and strategic clas-
sification (Levanon & Rosenfeld, 2021) to show that Algo-
rithms 1 and 2 output solutions with lower objective values
compared with the existing methods for the same number
of samples. All experiments were conducted on a com-
puter with Intel(R) Xeon(R) CPU E5-2697A v4 (2.60GHz)
x2 and 512GB of memory RAM. The program code was
implemented in Python 3.12.2.

Compared methods. We implemented the following
methods. Details of the parameters can be found in Ap-
pendix A.1.2 and A.2.1.

3Note that (Liu et al., 2024a) considers a setting in which the
sample/data distribution evolves according to a controlled Markov
chain, and addresses a more general problem than ours.

*Note that even if f is a simple loss function such as squared
error, G is unbounded.

GZO-NS. This means the Guided-Zeroth Order method
with New Samples, which corresponds to Algorithm 1.
GZO-HS. This means the Guided-Zeroth Order method
with Historical Samples, which corresponds to Algorithm 2.
Z.0O-TG. This is a Zeroth-Order method with a Two-point
Gradient estimator. It is consistent with Algorithm 1 where
3, = L forall k € {0,..., T} and lines 6-12 and line 14
are not executed. It is analogous to the zeroth-order method
used in the existing studies ((Hikima & Takeda, 2025b, Al-
gorithm 2) and (Liu et al., 2024a, DFO(0) with gop¢—11)).
Z.0-0G. This is a Zeroth-Order method with a One-point
Gradient estimator. It is analogous to the zeroth-order
method used in the existing studies (Ray et al., 2022; Liu
et al., 2024a).

Z0O-OGVR. This is a Zeroth-Order method with a One-
point Gradient estimator with a Variance Reduction parame-
ter (Hikima & Takeda, 2025b, Algorithm 1).

5.1. Multiproduct pricing application

We conducted experiments on the same problem as (Hikima
& Takeda, 2025b). Specifically, it is the following problem:
min Bep@)|f (@ €)],
where x and £ denote the price vector and the demand vec-
tor for 10 products, respectively. Function f is defined by
f(x, &) := —s(x, &) + c(€), where s(x, €) and (&) repre-
sent the sales and production costs of products, respectively.
Distribution D(x) represents the (price-dependent) prob-
ability distribution that £ follows. This experiments were
semi-synthetic, and some of the parameters were set us-
ing real retail data from a supermarket service provider in
Japan.’ Details of how to set each function and distribution

are given in Appendix A.1.1.

SETTING AND METRIC

We performed our experiments under the following settings.

Initial points. For all methods, we set the initial points as

xo:=0.5-1, where 1 := (1,...,1) € R0,

Metric. To evaluate the output &, we computed obj :=
3

107 g [(@ £9(2)), where £9(2) ~ D().

Termination criteria. We terminated each method once it

had taken 5000 samples from D(x) for some x.

EXPERIMENTAL RESULTS

Table 1 shows the results of the experiments using real data
from different weeks. Our methods (GZO-NS and GZO-
HS) were superior to the baselines for all weeks of data.

Figure 1 illustrates the objective value (obj) obtained with

3The data, “New Product Sales Ranking”, has been made pub-
licly available by KSP-SP Co., Ltd, http://www.ksp-sp.com. Last
accessed on January 28, 2025.
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Table 1. Experimental results for multiple product pricing in 20 randomly generated problem instances. The obj (sd) column represents
the average (standard deviation) of the obj. The best value of the average obj for each experiment is in bold. In all experiments except for
7/18-7/24, the differences in obj between our methods (GZO-NS and GZO-HS) and the baselines were statistically significant (two-sided
t-test: p < 0.05). For 7/18-7/24, the difference between GZO-HS and ZO-TG was not statistically significant, while the difference
between GZO-NS and the baselines remained significant.

date GZO-NS GZO-HS Z0-TG 70-0G Z0O-OGVR
obj sd obj sd obj sd obj sd obj sd
2/21-2/27 -12.53 099 -12.85 0.70 -1092 1.21 5.10 1033 -6.30 1.75
3/21-3/27 -12.52 1.29 -12.58 1.09 -10.52 145 1.56 338 -641 1.64
5/23-5/29 -15.70 1.04 -1541 1.17 -1031 229 -0.06 1.59 -5.60 2.07
6/20-6/26  -9.06 130 -9.52 0.69 -8.81 0.82 10.15 1728 -5.65 1.96
7/18-7124  -843 0.99 -8.38 1.29 -798 142 1038 19.72 -347 243
8/08-8/14 -14.98 1.01 -1493 1.28 -10.30 241 -0.53 1.87 -6.11 1.55
>0 —e— GZO NS —e— GZO_NS 0 —e— GZO_NS
25 GZO_Hs 5 GZO_Hs GZO_HS
0.0 —— Z0_TG —— Z0_TG —— 70.TG
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25 —— 70.0GVR _ 0 —— Z0_0GWR _ —— Z0_OGWR
S -s0 8 3
75 -5 \A -10
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Figure 1. Change in obj in the experiments on multiproduct pricing. Each graph shows the result for one problem instance for each week.
The horizontal axis indicates the cumulative number of samples from D (), and the vertical axis indicates obj.

each method against the cumulative number of samples
from D(x) in its optimization process. The figure implies
that our methods reduce the objective value more stably
than the baselines. This is due to the following reasons:
(1) ZO-TG and ZO-OGVR could not efficiently decrease
the objective value because they determined the updating
direction uy, according to the standard Gaussian distribution
without using information on the function f; (ii) ZO-0OG
could not stably decrease the objective value because of the
large variance of its gradient estimator.®

SThe large variance of the one-point gradient estimator used by
Z0-0G is also noted in (Hikima & Takeda, 2025b).

5.2. Strategic Classification with Unknown Agents’ Cost
Functions

We conducted experiments on the application of strategic
classification with a real dataset from (Yeh & hui Lien,
2009).” We considered a variant of (Levanon & Rosenfeld,
2021, Section 4) where the decision maker wants to opti-
mize the parameter x of the classifier to decide whether
to provide loan financing for a strategic agent with feature
&r € R and label L € {0, 1}. Here, &f includes credit-
card spending patterns, while L indicates whether the agent

"As with (Levanon & Rosenfeld, 2021), we used a processed
version of the data from (Ustun et al., 2019).
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defaults on a payment. Since the agent can vary their own
features according to the parameter x, (£, L) follows a
decision-dependent distribution D(x). Here, we used the
following loss function:

1
f(ﬁF, L; :B) i=Llog (1 + e—(w[Tn]&-‘rwlz))

+(1—L)log (1—

1
1 + e_(wal]g"!‘xl?)) ’

where x(11) := (21, 72,...,711).

The loss-minimization problem is as follows:

E(¢p,)mnD(w) [f(€r, Ly )]

min
xR

Settings of unknown D(x). We assumed that each agent
has the true feature &4y ~ Dirye but may change its fea-
tures according to the parameter « of the classifier and the
cost associated with altering its feature. Specifically, each
agent modifies its features by using the following response

mapping:
Ep = arg max 7"(5, :IJ) — C(f, Etrue, T)a
where

a2 Mg me 20
’ 0, if Zbal]g + x12 <0,

C(EagtruevT) = 7—||£ - 5true||2-

Here, (&, x) represents the profit for each agent: if mgl]ﬁ +
x12 > 0, then the agent receives a positive classification and
is rewarded.® Function c represents the cost of modifying
their features: changing one’s own features incurs a cost
based on the distance of the modified feature vector from
the true feature vector. Here, 7 € R+ is a constant that
controls the magnitude of the cost. We consider the set of
real data to be the set of (£;4e, L) and set D(x) with the
above settings. Note that the information on D(x) was not
used by any of the methods.

Remark 5.1. This setting does not satisfy the smoothness
in Assumption 4.3. This is because the data distribution
changes discontinuously at the point where the cost exceeds
the gain for some agents. Despite this unfavorable setting
for our methods, the experimental results described later
show that they still perform well numerically.

SETTING AND METRIC

We performed our experiments under the following settings.
Initial points. For all methods, we set the initial points as

8The reward value of 2 is set based on the existing study (Lev-
anon & Rosenfeld, 2021).

xo =1, where 1 := (1,...,1) € R'2,

Metrics. For the output of each method, we used the train-
ing loss, the test loss, the test AUC, and the test accuracy as
metrics.

Termination criteria. We terminated each method once it
had taken 10000 samples from D(x) for some x.

EXPERIMENTAL RESULTS

Table 2 shows the results of the experiments with different
7.2 Note that 7 € R+ is a constant that controls the magni-
tude of the cost. If 7 € R+ is small, distribution D(x) is
more likely to vary with decision vector . The results show
that our methods (GZO-NS and GZO-HS) were superior
to the baselines for all 7. Moreover, the performance of
our methods is less affected by changes in 7 than existing
methods, which indicates our methods are less sensitive to
the changeability of distribution D(x).

6. Conclusion

We proposed two zeroth-order methods for solving non-
convex stochastic problems with decision-dependent dis-
tributions; they utilize partial gradient information derived
from the known structure of f. The first method obtains
partial gradient information from samples at the current
iteration, and the second one obtains partial gradient infor-
mation from historical samples. Our theoretical analysis
showed that they converged to stationary points and pro-
vided the worst-case sample complexity. Our experimental
results showed that our methods outperformed the conven-
tional zeroth-order methods.

Future work includes exploring efficient methods for ad-
justing the balance parameter «, which controls the weight
of the partial gradient information. We used the first term
in (3) as partial gradient information, whose importance is
affected by the size of the second term. Therefore, we can
adjust « according to the size of the second term. Similarly,
it is expected that a method for determining the range p of
past samples to be referenced in Algorithm 2 can also be
derived. If the reliability of past samples can be theoretically
established, the value of p can be accordingly set.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

“Note that the performance of each method in our experiments
is lower than that in typical experiments without strategic agents
because the strategic agent manipulates its own features to cheat
the classifier.
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Table 2. Results of experiments on strategic classification for 20 randomly generated problem instances. The metric (sd) column represents
its average value (standard deviation). The best value of each metric for each experiment is in bold. In all experiments, the differences in
each metric between our methods (GZO-NS and GZO-HS) and the baselines are significant (two-sided t-test: p < 0.05).

T GZO-NS GZO-HS Z0O-TG 70-0G Z0-OGVR
train loss sd train loss sd train loss sd train loss sd train loss sd
0.5 0.87 0.04 0.83 0.03 1.21 0.08 2.75 1.80 1.51 0.62
1.0 0.88 0.05 0.84 0.03 1.27 0.08 2.98 1.83 1.63 0.63
2.0 0.86 0.05 0.81 0.03 1.34 0.10 3.44 1.92 1.83 0.73
4.0 0.84 0.05 0.79 0.03 1.35 0.12 3.96 2.09 2.06 0.93
8.0 0.83 0.04 0.78 0.03 1.35 0.12 4.39 2.27 2.24 1.09
T GZO-NS GZO-HS ZO-TG 7Z0-0G Z0O-OGVR
test loss sd test loss sd test loss sd test loss sd test loss sd
0.5 0.93 0.04 0.89 0.03 1.31 0.09 2.89 1.91 1.63 0.67
1.0 0.96 0.05 091 0.04 1.38 0.09 3.12 1.94 1.75 0.69
2.0 0.93 0.06 0.87 0.04 1.43 0.11 3.55 2.03 1.96 0.79
4.0 0.90 0.05 0.84 0.04 1.45 0.13 4.04 2.20 2.20 1.01
8.0 0.88 0.05 0.83 0.04 1.45 0.14 4.44 2.39 2.38 1.18
T GZO-NS GZO-HS ZO-TG 7Z0-0G Z0O-OGVR
test AUC sd test AUC sd test AUC sd test AUC sd test AUC sd
0.5 0.62 0.03 0.62 0.02 0.46 0.03 0.48 0.12 0.44 0.08
1.0 0.62 0.03 0.62 0.02 0.47 0.03 0.49 0.13 0.45 0.09
2.0 0.66 0.03 0.66 0.02 0.48 0.04 0.50 0.14 0.46 0.10
4.0 0.67 0.03 0.68 0.02 0.49 0.04 0.50 0.15 0.46 0.11
8.0 0.68 0.02 0.69 0.02 0.50 0.05 0.51 0.15 0.46 0.12
T GZO-NS GZO-HS Z0O-TG 70-0G Z0-OGVR
test acc sd test acc sd test acc sd test acc sd test acc sd
0.5 0.55 0.03 0.53 0.03 0.47 0.02 0.49 0.06 0.47 0.04
1.0 0.57 0.03 0.56 0.03 0.47 0.03 0.51 0.08 0.47 0.05
2.0 0.60 0.03 0.59 0.03 0.48 0.02 0.51 0.10 0.48 0.06
4.0 0.62 0.03 0.62 0.03 0.47 0.03 0.51 0.10 0.48 0.07
8.0 0.63 0.03 0.63 0.02 0.49 0.03 0.52 0.11 0.48 0.08
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A. Details of Our Experiments
A.1. Experiments on multiproduct pricing
A.l1.1. PROBLEM SETTING

We performed semi-synthetic experiments based on (Hikima & Takeda, 2025b). Here, some of the parameters were set
using real retail data from a supermarket service provider in Japan.!® The experiments simulated a scenario in which a
seller determines the prices of multiple products (n = 10) for multiple buyers (m = 40). Each buyer purchases at most
one unit of any product. Let & := (21, T2,...,219) € R be the price vector (decision vector) for the products. Let
€ €{0,1,...,m}' denote the stochastic demand vector of the products, where &; fori = 1,. .., 10 is the number of sales
of each product, and ;1 is the number of buyers who do not purchase any product.

Then, the objective is to solve the following revenue-maximization problem:

min Bewpa) [f (€],
where f(x,€) := —s(x, &) + ¢(€) and D(x) is the probability distribution of demand &. Here, s(x, &) and ¢(€) are the
sales and production cost function, respectively. They are defined as:

n

s(@,8) = mi&, (&)= al&),
i=1

i=1
where

2wi&;, &<y,
ci(&i) == < wi(& — i) + 2w;ly, li <& <,
3w; (& — ws) + wi(ws — ) + 2wils, & > .

0bm qy; := L™ “and w; := p;0;, where p; is a random variable generated from a uniform distribution

Here, we set [; := = =20
of [0.25,0.5] and 0; is the normalized recorded average selling price for each product . The function ¢; reflects the scenario

where the production cost rate varies based on the number of units sold.

Settings of unknown D(x). We assume that buyers choose one product stochastically. Each buyer chooses product

i € I := {1,...,n} with probability p;(x) = - +£Zi(9;;;f£j,mj) or does not choose any product with probability
0 j=1
po(x) = s 0=y~ Here, we let y; == \/267;9,- and let ag := 0.1n. Then, Pr(§; | @) = (¢ )pi(x)%. Note that the
j=1¢ i

information on D(x) was not used by any of the methods.

A.1.2. PARAMETERS OF METHODS.

GZO-NS. This is Algorithm 1 with g = 0.2, pimin := 0.0001, ag = 0, B := 0.01 - 0.95%, = 0.95, v = 0.98,
my, := 30 + 2k, and ny := 30 + 2k, where k is the current iteration number.

GZO-HS. This is Algorithm 2 with p = 1; the other parameters are the same as in GZO-NS.

Z0-TG. This is consistent with Algorithm 1 where 3, = %‘i for all k € {0,...,T} and lines 6-12 and line 14 are not
executed. The other parameters are the same as in GZO-NS.

Z0-0G. This is consistent with Algorithm 1 where 3, = I, g, = 71— >/ %}:"‘Muk forall k € {0,...,T},

and lines 6-12 and line 14 are not executed. We let 8 := 10~° and i = 0.001; the other parameters are the same as in
GZO-NS.!!

Z0O-OGVR. This is consistent with (Hikima & Takeda, 2025b, Algorithm 1). We let 8 := 0.001 - 0.95%, ¢y :=
2]2.0:1 (20,87 (20)), Smax := 10, and M = 0.1; the other parameters are the same as in GZO-NS.

!9The data, “New Product Sales Ranking”, has been made publicly available by KSP-SP Co., Ltd, http://www.ksp-sp.com. Last
accessed on January 28, 2025.

""The step size of ZO-OG is set small compared with those of other methods. This is because the variance of the one-point gradient
estimator is large, which causes the objective values to diverge.
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A.1.3. DATA DETAILS.

The experimental data, “New Product Sales Ranking”, provided by KSP-SP Co., Ltd, includes confectionery price data. We
used the actual prices of confectionery as 6 in the buyer’s probability function for purchase. We also determined the cost of
each product based on the actual prices.

A.2. Experiments on Strategic Classification
A.2.1. PARAMETERS OF METHODS.

GZO-NS. This is Algorithm 1 with z1g := 10, fimin := 0.1, ag = 0, # := 0.95%, 5 := 0.95, v := 0.98, my, := 30 + 2k,
and ny := 100 + 2k, where k is the current iteration number.

GZO-HS. This is Algorithm 2 with p := 1; the other parameters are the same as in GZO-NS.

ZO-TG. This is consistent with Algorithm 1 where 3, := %‘i forall k € {0, ...,T}; the other parameters are the same as
in GZO-NS. »

Z0-OG. This is consistent with Algorithm 1 where 3, = Iand gy = - > %uk forallk € {0,...,T}.
We let 8 := 0.05 and p, := 0.1; the other parameters are the same as in GZO-NS.

Z0O-OGVR. This is consistent with (Hikima & Takeda, 2025b, Algorithm 1). We let g := d=3 . 0.95%, ¢y =
2311 (20,87 (20)), Smax := 10, and M = 0.1; the other parameters are the same as in GZO-NS.

A.2.2. DATA DETAILS.

The experimental dataset (Yeh & hui Lien, 2009) includes features describing credit-card spending patterns, along with
labels indicating default on payment. As with (Levanon & Rosenfeld, 2021), we used the preprocessed version of the data
by (Ustun et al., 2019). The dataset includes n = 11 features. We divided 13272 data samples into a 12272-sample training
set and 1000-sample test set in our experiments.

B. Additional Experiments

B.1. Statistical information on objective values during iteration

Since Tables 1 and 2 show the statistical results at the final iteration, we give the figures to show averaged curves and error
bars across multiple instances. Figure 2 shows the average and standard deviation of the objective values across iterations,
obtained from experiments using data from each week in the multi-product pricing application. These results indicate that
our methods are superior to existing methods even during iterations.

B.2. Statistical information on gradient norms during iteration

Figure 3 shows the mean and standard deviation of the gradient norm in the application of multi-product pricing. This graph
shows that the proposed method reduces the gradient norm with fewer samples than existing methods.

C. Sufficient condition for Assumption 4.4

Lemma C.1. (Ray et al., 2022, Lemma 1) Suppose that there exist a matrix A and distribution D' such that
E~ D)<= E=v+ Ax,

where v ~ D'. Moreover, suppose that f(x, €) is p-smooth with respect to both x and €. Then, Assumption 4.4 holds with

Hp = [y (1 + | A max(L, [ A]3).

op

[ Az]]

=l -

where || Al|op is the operator norm of A, that is, || All,p = SUp,ega 420
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Figure 2. Changes in the mean and standard deviation of 0bj for 20 problem instances relative to the number of samples in the experiments
on multiproduct pricing. Each graph shows the result for each week.
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Figure 3. Changes in the mean and standard deviation of the approximated gradient norm of the objective function (calculated by (3) with
1000 samples) for 20 problem instances relative to the number of samples in the experiments on multiproduct pricing. Each graph shows
the result for each week.
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D. Proofs

D.1. Technical lemmas

Here, we provide technical lemmas that are needed to prove the lemmas and theorems in our paper. Technical Lemmas
D.1-D.4 are from existing research, while Technical Lemmas D.5-D.12 are newly proved by us.

Technical Lemma D.1. (Nesterov & Spokoiny, 2017, Lemma 1)
Forp € [0, 2],

P
2

Ew~nro,1,) [lw]”] < d>. (10)

Forp > 2,

Ew~no,1) [lw]”] < (d+p)?. (11)

Technical Lemma D.2. (Jagadeesan et al., 2022, Lemma 2.1)
Under Assumptions 4.2 and 4.3, function F'(x) = E¢p(a)[f (2, §)] is Lp-Lipschitz, where Ly := Lg + 6 L.
Technical Lemma D.3. (Freund & Walpole, 1986, p183)

For any « € R4,

2
m

Efg)}e,~Die) Z (2.8) ~ Bgup[f(@8)]| | < —Eown [If(2.€) ~ Eeunlf(@ £)I7]

Technical Lemma D.4. (Maheswaranathan et al., 2019, Section 3.2)

LetE:=alt + (1—a)hh ford e N,h € R% and o € (0,1]. Letu = V5w + V1 — ahv, where w ~ N(0, I;) and
v ~ N(0,1). Then, the distribution of u is N'(0, X).

Technical Lemma D.5. Let & := ot + (1 — a)hh" ford € N, h € R? such that ||h|| = 1 or h = 0, and « € (0, 1].
Then,

<IZl<Z+1-a,

a
d d

where ||X|| is the spectral norm of . Moreover,

d
===~
o

Proof. Since X is a positive semi-definite matrix, its spectral norm is equal to its largest eigenvalue. Let A be an eigenvalue
of 3. Then, there exists an eigenvector x # 0 that satisfies

A=z = %m + (1 —a)h " zh.

From the above equation, A = % when @ = 1. When «« = 0, x satisfies * = ch for some constant ¢ € R or satisfies
hTx = 0. In the case that ¢ = ch, we have h # 0 since © # 0. Then, we have A = 2 + (1 — a) since ||h| = 1
from the assumption. In the case that h'x = 0, we have \ = %. Therefore, from the fact that o € (0, 1], we have
S<IBZ <5 +1-a

Next, we have that |71 = 2, where Xy, is the smallest singular value of the matrix 3. Since the eigenvalues of
the positive-definite matrix X are equal to its singular values, we have that ||§3_1 | = /\%, where A, is the smallest
eigenvalue of 3. From the previous discussion, Ay, = <. Therefore, |71 = £. O

Technical Lemma D.6. Forany n € N, € R? and y € R?,
& +y|™ <27 Ha|™ + 2" y|"

14
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Proof. Lemma D.6 holds if

z+yl" _ =l + llyll”
2 - 2 '
Due to the symmetry between x and y, we can assume that ||| > ||y|| without loss of generality. Let z := oy Then,

lly
[Iz|| > 1. Moreover,

n n
=1+ 5 =l + 1)
n < yll n _ n.
> 5 ’|y|| <= Iyl ( > ) Iyl

Therefore, Lemma D.6 holds if (W) lyl|™ < w, that is, (W) < w for ||z|| > 1. Here, let
f(s):= % - (%1)” Then, for s > 1,

n—1 n—1 n—1
, ns n(s+1) n( .1 s+1
_ _ _n _ > 0.
F'(s) 2 on 2 \° 2 20

n "
Since f(1) = 0, we have f(s) > f(1) = 0 for s > 1. Therefore, 241 " < D217+ g 20 > 1. O
2 2

Y
a:+yH”:Hz+ Tl

Technical Lemma D.7. Let £ := a4 + (1 — a)hh" ford € N, h € R? such that ||h|| = Lor h = 0, and « € (0, 1].
Then,

Eunvo,s)lllul?] <1, (12)
3203(d + 6)3

B +10976(1 — «)®. (13)

Eumr(o,m)[llu]l] <

Proof. Since ||ul|? = tr(uwu") from (Petersen et al., 2008, (17)), we obtain that

d

Eunvo,3) [[ul*] = Buno,sy[tr(un”)] = tr(Byono,m[un]) = (007 + X) = tr() = Y A,
1=1

where \;’s are the eigenvalues of 3. Therefore, (12) holds if Z?:l A; < 1. Let « # 0 be an eigenvector of 3. Then,
e =Sz = %m +(1-a)hTzh. (14)

Here, we consider the three cases as follows.
(i) the case where o = 1. From (14), \; = é forall? =1,...,d. Then, Z?Zl A= 1.

(ii) the case where o € (0,1) and ||h|| = 1. From (14), x satisfies = ch for some constant ¢ € R or satisfies h '@ = 0.
In the case that x = ch, we have A = § + (1 — ). In all other cases that hTx =0, we have \ = - Then,

d
Z)\i:%—&-(l—a)—i—(d—l) ~1.

ale

(iiii) the case where o € (0,1) and h = 0. From (14), we have Ax = §x. Then,

d
Z)\i:%d:agl.

i=1

From the above discussion, (12) holds.
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T

6
+32||VT—ahv|’

Regarding (13),

(*) Jxes
Eu~/\/(o,2)[||u||6] = EWNN(O,Id),va(O,l) U‘ Ew + V1 —ahv

) ~
< Bwano10.0mn ) 324/ 7w

(k) 320{3 G
S 5 Buweno) [lw]®] + 32(1 — @)’ Eqyn(o,1)[|v]%]
(rxs) 32a3(d +6)3
- a3
~ 320%(d + 6)*
=

+32(1 — )73
+10976(1 — )3,

where (*) comes from Lemma D.4, (**) follows from Lemma D.6, (***) is due to the fact that |h|| = 1 or ||h|| = 0, and
(*¥***) holds from (11) in Lemma D.1. [

Technical Lemma D.8. Suppose that Assumptions 4.2-4.4 hold. Then, F), 5 is Hp-smooth for any ;1 € R and any
positive-definite matrix 3 € S‘j_ 4

Proof.

IVE.s(@) = VE, )|l = || VEwun 0,5 [F (@ + ptt)] = VEquuno,5) [F(y + pw)]|

(%)
= || Ewno,) [VF(2 + pun)] — Eyopros) [V (y + pu)]|
<N Eunno,5)[VF (2 + pu) — VF(y + pu)]|
< Euno)[IVF(z + pu) = VF(y + pu)|]
(%)
< Euenos) [ Hr ||z — yl]]
= Hr [z —yl,

where (*) holds since Lemma D.2 enables to exchange the order of differentiation and integration. Moreover, (**) comes
from Assumption 4.4. O

Technical Lemma D.9. Suppose that Assumptions 4.2 and 4.3 hold. Let

3= %Id + (1 — O{l)hlth, 3o = %Id + (1 — Oég)hgh;,

where d € N, a; € (0,1], a2 :=1 — (1 — ;) fory € [0,1), hy € R such that ||| = 1 or by = 0, and hy € R? such
that ||hz2|| = 1 or ho = 0. Then,

|Fyuy x, () = Fuy 3, ()] < V2L |1 — po| + Lppo|yv/or — az| + Lepa(1+ y3)VI —ai.

Proof. We have

|Fu1,21 (:II) - FM2,22 ((E)| = |Fu1721 (:II) - FM2,21 (w) + FM2721 (:13) - FM2722 (m)‘
< |FH1,21(33) - FMQ,El(w)| + |FM2,21 (iL‘) - Fﬂz,zz (33)‘ (15)
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Here,
‘ p1,% 1( FM2,21 (w)l = ’EuNN(O,El)[F(:B + Mlu)] - EuNN(O,El)[F<w + M2U)H
= [Euno,2) [F(T + piw) — F(z + pou)|
< Eunom) [[F(® + pmu) — F(x + pou)|]
()
< Eunno,s) [LF [l — poul]
= Lp |p1 — po| Eyeno, s [ll]l]
(%) o
=" Lr|pm — po Ewpnn(0,14),0~N (0,1) H’\/jw +v1—arhv }
(k%) a1
< Lrplm — pel <\/ jEww/(o,Id)[me +v1- alEv~N(o,1)[|U])
(st )
< Lp|pr — pol (\/Oq +v1-— a1)
(skotkok )
< V2Lp | — pal, (16)
where (*) holds from Lemma D.2, (**) comes from Lemma D.4, (**%*) is due to the fact that ||k | = 1 or hy = 0, (*¥¥¥)

follows from Lemma D.1, and (**##*) holds since sup,¢ g, 1] (Va++1—a)=+2.

Moreover,

‘F}tzyzh (.’B) - F‘ltz722 (SC)‘
= [Euono,z) [F(x + pou)] — EuNN(O,Eg) [F(x + pou)|

W BN (0,14),0~N(0,1) [F (-’B + Mm/ p] w4 /T — Oélhlv>:|
By A (0,14),0~N(0,1) {F (93 + Mzw p Zw + pay/T— 042h20>] ‘
< EwnN(0,14),0~N(0,1) HF <33 + sz/ 7 —w + pay/T— Oé1h1v) - <CB + M2\/ p 2w+ pav/T— Oézhzv) H , (A7)

where (*) comes from Lemma D.4. Here, from Lemma D.2,

‘F (w—i—ugwlczllw—i—,ugx/l—alhlv) —F(:c—i—,ug,/ogw—i—ug\/l—a2h2v>‘
Jey. dw+/,L2\/].—Ck1h1’U—,U/21/ dw w1 — ashov

oy B — /ZQ“’H + L p2v/T— arhav — pov/T— azhov|

_ Lrpe

Vd

<Lp

<Lp

lVar — Voo |lw]| + Lrps [|[VI = arhy — VI = azhsl| [v]. (18)

Moreover,

(%)
H\/l—alhl—\/l—thQH < \/1—a1+\/1—a2

(22) V1I—a;+Vv(1—a)
=1+ V1 -—a, (19)

where (¥) is due to the fact that ||k || = 1 or h; = 0 and the fact that || hs|| = 1 or hy = 0. Moreover, (**) comes from the
definition of as.
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From (18) and (19),

'F (erug“Cleer,ugvlalhlv) F(CC+,LL2“O;IQ'IU+/L2\/IOZQ}IQU)‘

L
< jg \ar — vz |wl + Lrps(1 + )V —anlol. 20)

From (17) and (20), we have

[Fuz 2 () = Fluy 3, (2))]

L
\712 lVar — Vaa|Ewano, 1) [lwl]] + Lrpa(1 4+ )V = a1Ey oo, [|v]]
(%)
< Lppslv/ar — vaz| + Lrua(l + /4)V1 — aq, (21

where (*) follows from Lemma D.1.

From (15), (16), and (21), we have
|Fy 3, (®) = Fuy 3, (®)] < V2Lp |y — po| + Lippa|v/ar — az| + Lppa(1+ )V — ar.
O]

Technical Lemma D.10. Suppose that I is Lipschitz continuous. For any & € R?, i1 € Ry, and X € Si ., the following
holds.

F F — F(x —
VFH,Z(:E) _ E_lEuNN(O,E) |:($+'u’u>u:| _ E_lEuNN(O,E) (117 + ,U'UJ)2 (33 ,U/Uz),u
m
Proof. First, we show that, when [ |F(y)|e el m)z_l(yfm)dy < o0,
F(y)e 2”2 (y—z)=" ' (y—=) — 0’ lim F(y)e—#('y—:ﬂ)zfl(y—m) —=0.
y—(00,...,00)T y——(00,...,00) T

Assuming that the above does not hold, we derive a contradiction. Since

lim F(y)e 2u sz (y—2)=~ l(y x) 750

y—(00,...,00) T

there exist ¢; € Rxq, g € Rsg, and {y,,}5°; such that ||y, —Yn+1]| > gand |F(y,)|e” 30z (Yn =) (yn @) > o forn =

1,...,00. Then, since F is Lipschitz continuous, there exist co E R0 and 0 < £ such that |F(y)|e 7z W)= (y-2) >
—1
cafory, —6-1<y< yn +0-1. Then, [[° ; [F(y)le” 7z W) W) g, >0 ¢2(20)® = oo. It contradicts

the fact that [ |F(y)le” 7z (=) (- *)dy < co. Therefore,

F(y)e 2“2 (y—z)="(y—=) = 0. (22)

y—(00,...,00) T

Similarly,

lim  Fy)e mr@ @ @2 _g (23)

y——(00,...,00)T
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Let k := /(27)¢|X| and y := x + pu. Then, we have
)

1 -1
VE, 5 () E/VmF(a:+uu)e’%"Tz vdu
1 - (y—z)= Y (y—=
- m/VyF(y)e 22 W@ (W) g
(%) 1 [ _L(y_m)z—l(y_m)}y%(oo ..... 00) 1
— | F 22 s
itk (y)e 2 ==

— L (y—z)= " H(y— _
ey / Fly)e 5205 W (5 (y — a)dy

1 _
= ﬁﬁ_l/F(w—&-uu)e_%“z 1“(uu)du
_ 12—1/F(w+:u’u)ue—%u27ludu
I

) F(z + pu) u] ’

=X "'Euono,x) {
1

(24)

where (*) comes from the fact that F' is Lipschitz continuous, (**) is due to integration by parts, and (***) follows from (22)

and (23).
Moreover, since E,zr(0,5) [Wu] =FEun(o,5) [F(z;”") (—u)}
_ Flx — pu
VE,s(@) = =X '"Euno,x) [(MM)U] : (25)
Then,
1 1
VF#’E(:B) = §VFAL’2(QI) + §VFI_L7§;(:B)
() 1 _ Flx+ pu 1 Flx — pu
O L5 1B o [ Fla+ pu) u] e, s [FEE,
I I
_ F(x+ pu) — F(x — pu
=3 1Eu~_/\f(0,2) |: ( H )2 ( 14 )u:l ,
1w
where (*) comes from (24) and (25). O]

Technical Lemma D.11. Suppose that Assumption 4.4 holds. Let & := aZ + (1 — a)hh" ford € N, h € R? such that

— — d
- - b 3 * ’ > ’
||R]l =1or h =0, and « € (0, 1]. Then, for any € R% and p» € R~

N >’ H% <16a3(d +6)3

IVE@)|? < 2||VE,= (@)’ 5 7

+ 5488(1 — a)3> .
«

Proof. First, we show that VF(x) = Ey,onos)[VF(@) v 'S ). Let £ = [, e—tu' =7}
(2m)4|Z] and 2] = |27,
- 1
In (/ ez B 1“du) = len(Zﬂ') — —In(|=71)).
R 2 2
Differentiating this identity in 3!, it follows from (Petersen et al., 2008, (57)) that

1 / wuTe 2w B udy = —EET @ —12,
2/§ R 2

where (*) holds since X is a symmetric matrix. Thus, multiplying by V F'(x) from the right yields

1 _
- / uu—'—VF(:r,)e_%“TE My = YVF(x),
R
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that is,
1 .
VF(z) = —/VF(ac)TuE_lue_%“TE "y = Eyeono.5) V(@) TuS ).
K JR

Then,
IVF@)|2 = |[Euros) [VF(x) Tux ul|

B H %EUNN(O’E) [(F(z + pu) — F(z) — (F(z + pu) — F(z) — pVF(z) Tu)) T u]

1 B 2
<2 HMEWMO,E) (F( + ) — ()5 u]

1 2
o HMEM«),E) (F(z + pu) — F(x) — pVF(z) u)S " u]

* 1 2
D2V (@) + 2|+ Buom [(F(o + ) - Fl@) - wTF (@) wSu

2 -
<2|VE, (@) + EEuNN(O,E)[(F(w +pu) = F(x) = pVF (@) u)?||57?]|u)?]

(*<*) 2, 2 H} A5 =112, 112
2V E @) + Sueom) |l |5 Pl

d*u?H%

(k) 2
=) 2|V + T

Euno,3 [ 2]|%]

(oxe) o d*p?H% (3203(d+6)3 3
< 2| VE.(@)|” + 5 ( ye +10976(1 — ) )
d?u?HZ (1603 (d + 6)3
=2||[VF,=(z)|* + Ma2 £ < “ (d3 ) + 5488(1 —a)3> ,

where (*) comes from Lemma D.10 and the fact that E,,xr(0 5 [F(2)E 7 u] = F(2)E 7 Eyupno,x) [u] = 0, (*%) is
due to the fact that F(x + pu) < F(x) + VF(z) " (uu) + 1 Hp||pu||? from Assumption 4.4, (***) follows from Lemma
D.5, and (****) comes from Lemma D.7. O]

Technical Lemma D.12. Suppose that Assumptions 4.2—4.4 holds. Let 3 := a%d + (1 — a)hh' ford € N, h € R such
that ||| = 1or h = 0, and « € (0, 1]. Then, for any & € R? and p > 0, the following holds.

Flx+ pu) — F(x — pu 2
Euono5) H (x+p )2 (@ — pu) 1
7
8a? 9 9 9 9 779 16a3(d + 6)3 3
< v (d+4)°|VF(x)||” +8(1 — a)(25 — 230)||VF(x)||* + n“Hz — 5 + 5488(1 — a)” | .

Proof. Since F'is Hp-smooth from Assumption 4.4,
1
Fla+ pu) < F(@) + VP(@)" (5u) + 5 Hp|
1
Fla — pu) 2 F(x) = VP(@)" (1) — 5 |l

Then, we have

F(a + pu) - Fl@ — ) = [F(@ + ) - F(@)] + [F(2) - F(z - pu)]

2
=2uVF(x) u+ i Helu|?. (26)

2 2
< |noF@) Twk G el + a0 Tk Al
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Similarly, since

F(e + pu) > F(z) + VF() " () — = Hp |l ?,

2
1
F(z — pu) < F(x) = VF(z) " (pu) + §HFHuuH2,
we have
F(x + pu) — Fx — pu) > 2uVF(x) " — p*Hp||lu|>. 27)

From (26) and (27),

(F(x + pu) = F(z — pu))® < (2pVF(2) v + p?Hrl[ul*)? + 2uVF(2) "u - p*He |u|?)?
= 82 (VF () "w)? + 2u* Hi||u| . (28)

1]

= LBy vom [(Fl+ pw) — Pz — pu)?|ul?]

Let p := VF(x) " h. Then,

Ewn(o,s)

H F(x + pu) — F(x — pu)
2p

—

*

112
1
S (Ewnnro,s) (81 (VF (@) "u)?|lul|* + 21" Hi ||| )

2
*% (0%
(:) EwwN(O,Id),vNN(O,l) |:2 (VF(Z’)T (\ / Ew +v1-— Ozh’l)))
2c

(k%) 200
& o aonon | (5TF@ 0P 20 - ) ) (5l + 201 - ) )|

~

2 2772
wH
|+ Buvios [ ful]

\/gw—i—\/l — ahv

2H2 2 3 d 3
+ £ - (3 a (d3+ 6) +10976(1a)3)

40 4o(l — o 41 -«
— Bty aion | g (VF@) 0wl + 2= O @) T 4 S 2
16a3(d + 6)3

e + 5488(1 — a)3>

+4(1 - a)2p2v4} +p?H, (
8a(l — a)||VF(z)|*

4 Ewn(0,1) [1w]*1Eyono,1)[v7]

8a? 9 4
< ?HVF(%)H Ew~n o, 1) [[|w]|*] +

8(1 — o)
L 80— o om0 Eao.nn 0]

d
160 (d + 6)?
+8(1 — @)?p*E (o, [v*] + 1 HE (O‘(d;r) + 5488(1 — a)S)

(k%) 8 2
< C%(CH 42| VE(x)|? + 8a(l — a)|[|[VF(x)||* + 8(1 — a)a||VF(x)||* + 8(1 — a)?||VF(x)|* - 25
16a3(d 3
+ u2H2 (w +5488(1 — a)3>

16a3(d + 6)3
a3

= @(d +4)*[|[VF () +8(1 — a)(25 — 23a)|VF (2)||* + n* Hz <

7 + 5488(1 — a)3> ,

where (*) comes from (28), (**) is due to Lemma D.4, (**%) follows from Lemma D.7 and the fact that ||k||> < 1, and
(***%) comes from Lemma D.1 and the fact that p = VF(x) Th < |VF(z)||| k]| < |VF(z)]|.
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D.2. Proofs of main lemmas and theorems in our paper

Here, we prove the main lemmas and theorems in our paper by using the technical lemmas prepared in Section D.1.

D.2.1. PROOF OF LEMMA 3.2

Proof. From Lemma D.10,

F(x+ pu) — F(x — uu)u
2p
E£1~D(m+,uu) [f((L' + pu, El)] - EﬁzwD(mfpu) [f(iE - pu, 52)] u
2p
= E_1E'u.~./\f(0,2) [Egle(a:er‘u),ﬁzwD(mfp‘u) [g($7 Hm,u, 51752)]] .

VF,s(x) = Z3_11F5u~1\/(0,2) [

=3Y""Euunvo,3) [

D.2.2. PROOF OF LEMMA 4.6

Proof. First, we show that ||z + y + z||? < 3||z||? + 3|ly||? + 3||z||%. The inequality of arithmetic and geometric means
yields, for any = € R%, y € R%, and z € R?,

|| + [|yI* lyll”> + 11z Izl + l|=|?
lzll[lyll < ———, lylllzll < —%—, lzllz] < —F—.
2 2 2
Then,
lz+y+z]> =z +lyl>+ |z|* + 20Ty + 2y 'z + 22" 2
<llzl® + lyl* + 21> + 2|yl + 2llylll =] + 2]z
< 3lz[|” + 3[|yl* + 3]/ (29)
Here,
1 & ?
Eurn(o,:) [E{sw};';1~D<m+uu>,{52~f};’;1~D<muu> H’m PBFICHTRTN S ) H
j=1
LS fla ot pu, €) — LS fe — o, €29) ||
=Bunom) |Bgeriym ~pi@tuiu) (62917, ~D(@—uu) M u

F(x+ pu) — F(x — pu) %Z;ﬂzl f@+ pu, €Y9) — F(@ + pu)
=EBurnom) |Breriym  ~D@tuu) (€29} ~D(@—pu) M u+ % u
m . 2
L Tm X @ g € + Fl@ - ) ”
2p

()

3 f(@+ pu, €)= Fa + pu)
< Euanio,x)

1

Pz + pu) — F(z — pu)
3H u

u

2p

2]

2
+ 3E{£1,j};ﬂ=1~D(w+uu) [

—m 2 f(® = pu, €27) + F(@ — pu)
2p

+3E(e20)m  ~D(@pw) [

(%) F(x + pu) — F(z — pu) ||° 302 302

< 3Eu~n(o,3) H ( )2M ( )u + ME'“~N(O,Z)[HUH2} + MEUNN(O;E)[”?’LHQ]

(%) F(x + pu) — F(x — pu 2 302

< 3]Eu~./\f(0,2) H ( H )2’LL ( £ )UH 2‘LL2m7

(exx%) 2402 160°(d + 6)3 302
< d‘j (d+4)*|VF(x)|> +24(1 — a)(25 — 230)||VF ()| + 3u*Hp (% + 5488(1 — a)3> + 2;;m’
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where (*) follows from (29), (**) follows from Assumption 4.1 and Lemma D.3, (***) is due to (12) in Lemma D.7, and
(****) comes from Lemma D.12.

O
D.2.3. PROOF OF THEOREM 4.7
Proof. From Lemma D.8, function F},, s, is Hp-smooth. Then,
T Hp 2
Bz (@er1) < Fuyp oz (@0) + VEy 2, (@) (Tra1 = @) + == [@01 — @]
Hp3?
= FHk-,,Ek(wk> _BVF/M«,Ek(mk)Tgk + 2 Hgk”2
Here, let ¢, := (ug, {{,i’j e {Ei’j e {ﬁi’j 1) and (o ) == (€0, €15 - - -, Ck)- Taking the expectation with respect
to the random vectors (g ], We obtain
EC[O,k] [mezk (a’k-&-l)]
Hpp3?
< EC[o,k] |:Fﬂk12k (wk) - 5VF,UJWEI¢ (mk)—rgk + THgk”2
- B F T HFB2 2
= Bo,k-1) Pk 2k (mk) - ﬁVF#k,Ek (wk) ECk [gk | C[O,k—l]} + T]ECk [”gk” ‘ C[O,k—l]]
() 12H G202
< B¢y [F;Lkzk(l’k) — BVE,, =, (xr) ZLVF,, =, (x%) + T’“(d + 4)%|VF () ||?
- 8a3(d + 6)3 - 3HpB2%0?
+ 12HpB2(1 — o) (25 — 2304 |V F (1) ||* + 3ui Hy 32 Bai(d+6)" +2744(1 — a)® | + % .
d? Apgmy
(30)
where (*) comes from Lemmas 3.2 and 4.6. Here, when s, # 0, we have
VFIMmEk (wk)TszFAtk,Ek (mk) = O‘kd71||vﬂtk72k (mk)H2 + (1 - O‘k)HhZVFlumEk (wk)H2
> apd | VE,, z, (1)
When s;, = 0, we have
VF#k,Ek (a:k)TEkVFMk,Ek (wk) = akd71 ||VFﬂka2k (wk) ”2
Therefore, from (30) and the fact that my > 1,
EC[D,k] [Elkvzk (mk-‘rl)]
_ 12H %02
< B sy | P () = Bnd [V s, (@n)]* + =2k (d + )2 [V F ()|
8a3(d + 6)3 3Hrp?0?
F12HpB2(1 — ap)(25 — 2300 |V F(a)||? + 3u2 H3.6° (0"“(61:) +2744(1 — ak)3) + iﬁ"} .
k
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Rearranging the terms in the above inequality leads to the following.

ﬁo‘kdilEC[o,kfl] [HVFMk,Ek (wk)HZ]

< EC[O,k—l] [Fuk,Ek (z1)] — EC[o,k] [Fﬂkvzk (@ht1)] (31)
12HpB?a?
+ (LR 0 0 4 12 (1 - 00)(25 — 230) ) By [IVF (@)1

8ad (d + 6)3 3H 3202
2173 02 k
= EC[O,k—l] [Fﬂflmzk (wk)] + EC[O,k] [_Fﬂkxzk (warl) + Fuk+172k+1 (warl) - Fﬂk+172k+l (warl)]
12HF52CV£
e

+2744(1 — ak)3> +

(d 4 47 1+ 12Hp (1 — o) (25 23ak>) Ego p o [IVF (o))

3 d 3 H 2 2
+ 3u2H B2 M+2744(1—ak)3 +%
d3 ap3
< EC[O,k—l] [FumEk (ch)] + EC[o,k] “ - FMkaEk (wk-i-l) + Fllk+172k+1 (wk+1)| - Fuk+172k+1 ($k+1)]
12HF5204% 2 2 2
g @+ 47+ 12HpS°(1 — ar)(25 - 23an) | Epo oy [IVE () II7]

8a3(d + 6)3
3

3HpB?0?
+ 3 H o 52 ( e
k

(%)
< EC[O,k—l] [Fuk,Ek (wk)] - EC[O,Ic] [Fuk+172k+1 (wk+1)] + \/ELF(/”C - /’LkJrl) + LFMkJrl(V Qp4+1 — v ak)

12Hp (3202
+ Lpprs1(1+ V1)V — o + <Fﬂk

+2744(1 — ak)3> +

ECE (40 + 2 (1 - ) (25 - ) ) Bg [IVF (@0

8a3(d + 6)3
3

3HF5202

: (32)
I

+ 3u2 HE 52 ( +2744(1 — ak)3> +
where (*) holds from Lemma D.9 and the facts that p, > g1 and ax < agqq forallk =0,...,7.

Here, since it follows from Lemma D.11 that

IVF @) < 2V E 5, @0l + 5 v

d*p2H% <160¢z(d +6)3
i

+ 5488(1 — ak)3> ,

we have

Bard | VF ()| < 2Baxd™ " |V, =, (zx)]* +

Bdui H?. <l6ai(d +6)3
3

+ 5488(1 — ak)?’) :
(675

Taking the expectation with respect to the random vectors (g 1], We obtain

Bod ™ By, [IIVF (k)]

- Bdp2H2 [1603(d + 6)
< 2Bond ey, IV Fprmy () |2] + D (1695(d +6)

e + 5488(1 — ak)3>

o
(%)
< e,y [Fun s (@e)] — 2B [Fruss s (@r11)] + 2V2L 0 (ke — prr1) + 2L ppigr (Vs — Vo)

24Hp 202 (d + 4)?
+ 2L ppter1 (1 + V)V — ag + ( Ll d§( )

T 2H B (1~ ay)(25 23ak>) Eco o [IVE @)

8ai (d + 6)3
3

3HpB%0? N Bdu? HZ, (16ai(d +6)3

+ 6ui Hy3? ( +2744(1 — ak)3) + 0,2 o pE + 5488(1 — ak)?’) ,
k
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where (*) follows from (32). Rearrange the terms in the above inequality, the following holds.

_ 24HpB%a?(d+4)?

< 2B iy Frun s (®0)] = 2By 4 [Funys S (@h1)] + 2V2Lp (e — pig1) + 2L pp1 (Vs — Vo)
5 13 o2 [ 8ai(d +6)°
2L (1 + VAV —ap + 6l s g2 Skl O)

e +2744(1 — ak)3>
3HpB%0?  PdpiH% (1603 (d + 6)3
2 2 + 3
1y Qg d

[IVE (@)l

0,k—1]

— 24Hpf?(1 — ag)(25 — 23%)) E,

+

+ 5488(1 — ozk)3> . (33)
Here,

T T

(%)
> 2Lppria(1+ VI —ox <> 2Lppo(1+ y7)y/7*(1 — o)
k=0 k=0

T+1

2

1_
= 2LF,U,0(1 + ﬁ) V 1-— aol%
— 7z
< 2Lppo(14+ 7)V1I—

T : (34)

where (*) comes from the updating rule of oy, and the fact that uy, < pofork=1,... 7.
Let F** := mingcrae F'(x). Then, summing up (33) for 0 < k < T, we have

T

Z <ﬁ0¢kd_1 - 24HF523§(d+ 4)2 _ 24HF62(1 . Oék)<25 . 2304]@)) EC[(,,k_l] I:HVF(QSIC)H2}
k=0

(%)
< 2FH0720 (330) - 2]EC[0,T] [FMT+1,ZT+1 (wT+1)] + 2\/5(:”0 - MT+1) + 2LF/JO(V ar41 — aU)

or ) = T 3 d 3
L 2Lem(L+ vV —an | S 63 <8ak<d;6) +2744(1 — Oék)3>

1
L=z k=0

T T
3HpB%02 du2H% (1603 (d +6)3
k=0 k=0

24, - oy 43
(+4) ) R p—
< 2F,, 2, (o) — 2F* +2v2(j10 — pir41) + 2Lppio(v/@rs1 — /o) + PWdl VD °
—
8(d + 6)3 3H #5202 du 2 16(d + 6)3
+6(T + 1) Hy- 5 <(;;)+2744>+(T+1)252f30+@+1)5 /;0 F< (di ) +5488>' 35)
min 0

where (*) comes from (34) and pg > py forall k = 0,1,...,T. The inequality (**) is due to that pi,in < py forall & =
0,1,...,7T,0<ap <o < 1forallk =0,1,...,T,and F), s(x) = Eyopno,3) [F (@ + put)] > Eyno, ) [F*] = F*
for any & € R?, ;> 0, and positive-definite matrix & € R? x R

Here, we have 8 < BHA( d:“_"ﬁZ T35 and 0 < g < ag < 1 from the assumptions on S and the updating rule of a,. Then,
fork=0,1,...,T,
Bogd ™t — 24HpB%ai(d +4)%d? — 24HpB%(1 — ag) (25 — 23a,)
> Bagd ™' — 24HpB?(d + 4)%d™2 — 24HpB? - 25
= Bapd™' — 24Hpp%d™2((d + 4)* + 25d?)
apd
A8Hp((d + 4)% + 25d2)

> Bagd ™t — 24HpBd 2((d + 4)? + 25d°)

_ Bag
=57 (36)
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Therefore, from the definition of x g,

ERvC[o,T]H'vF(wR”F]

- Zzzo(ﬁakd_l - 24Hpﬁ204i(d + 4)2d_2 — 24Hpﬁ2(1 - ak)(25 — 23ak))E¢[o)k71] [HVF((L'k)”ﬂ

N ST (Bend—1 — 24Hpf2a2(d + 4)2d—2 — 20HpB2(1 — ag)(25 — 23ay)))

(;) 2d(zg:0(6akd*1 — 24HpB%a3(d +4)2d™% — 24HpB%(1 — ay) (25 — 230))E¢o oy [IVE(z)]?])

(T +1)Bao
(o 4 (FHO’ZO(%) — F* +V2Lp(po — pr1) + (a1 — /ao) Lrpo + Lrpo (1 + yA)VI = ao (1 —~ 75>_1>
- (T +1)Bag
+ 12dﬂjjf%5 (S(d 0" oy 4> . 3d§;§(52 . 2d2Z§H12: (16<dd: 6" , 488>

= O((1 + po)T~'B71d) + O(p§d) + O(Bupi,do®) + O(d*1d),

where (*) comes from (36) and (**) follows from (35). Here, po = O(ed™1), pimin = O(ed™!) from the assumption.

1 — 3 apd _2 ., 1
Moreover, since 5 = min <48HF((d+4)2+25d2),T 3d s), we have

8= O(T*%d*%), and
51 < 48Hp((d +4)? + 25d%)
- Oéod

W
W=

+T3d5 =O0(d+T3d

).
Therefore,
ER,C[O,T][HVF(Q:R)”Q]
-0 ((1 Fed )T + T—%d%)) FO(ET 3d~ %) + O(T~3d% e 202) + O(&2).

By setting 7' = O(a3¢%d*), we obtain
Er.¢on [IVF(zr)|?] < €.

Here, the sample complexity is O(c®e~0d*) since 3"p_,(2my + ni) = Y p_y O(1) = O(T) = O(c3¢5d*), where
2my + ny is the number of samples at the k-th iteration.

O

D.2.4. PROOF OF THEOREM 4.8

Proof. Since the proof of Theorem 4.7 does not depend on the value of s in Algorithm 1, the same iteration complexity
holds for Algorithm 2. That is, by setting T = ©(c’¢~%d"), we obtain Eg ¢, ., [[[VF(xr)|*] < €. Then, the sample
complexity of Algorithm 2 is O(c®e~6d%) since 3°1_, 2my, = S°1_, O(1) = O(T) = O(c®e~%d*), where 2my, is the
number of samples at the k-th iteration.

O
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