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ABSTRACT

Understanding how neural networks internalize algorithms remains a central chal-
lenge in deep learning. We investigate mechanistic interpretability in a multitask
setting by training transformer models on 29 parallel modular arithmetic tasks,
predicting the remainder of two-digit base-113 numbers modulo distinct primes
less than 113 (of which there are 29). In addition to replicating prior findings
on the dynamics of generalization ("grokking") and overfitting, we discover a
third, previously unreported class of gradient updates that is neither overfitting
nor part of a final generalized solution. Through comprehensive embedding, sin-
gular value decomposition, and Fourier analysis, we observe that these gradients
updates are associated with general but temporary structures. Our results reveal
how multitask learning shapes the development and interplay of internal mecha-
nisms in deep models, and suggest future directions for speeding up generaliza-
tion through more targeted gradient filtering in multitask environments. Code:
https://anonymous.4open.science/r/miiii-3B9E/

1 INTRODUCTION

Recent years have seen deep learning (DL) models achieve remarkable proficiency in complex com-
putational tasks, including protein structure prediction (Jumper et al., 2021), strategic reasoning
(Dinan et al., 2022), and natural language generation (Radford and Narasimhan, 2018)—areas pre-
viously thought to be the exclusive domain of human intelligence. DL models are, however, sub-
symbolic, meaning that the models’ atomic constituents do not map directly to mathematical no-
tation. Recent works still attempts to define what interpretability even means in the DL context
(Lipton, 2018).

Mathematically, DL refers to a set of methods that combine linear maps (matrix multiplications)
with non-linearities (activation functions). Formally, all the potential numerical values of a given
model’s weights W can be thought of as a hypothesis space H. Often, H is determined by human
decisions (number of layers, kinds of layers, sizes of layers, etc.). H is then navigated using some
optimization heuristic (such as gradient descent), in the hope of finding a W ∈ H that "performs
well" (i.e., successfully minimizes some loss L often computed by a differentiable function with
respect to W ) on whatever training data is present. This vast, sub-symbolic hypothesis space, while
frequently enabling the discovery of models that solve highly abstract tasks, makes it challenging to
understand how any one particular solution actually works (i.e., a black box algorithm). Attempts at
making the hypothesis space inherently interpretable are ongoing (Gavranović et al., 2024; Bronstein
et al., 2021) though no particular approach has been widely adopted.

Intuitively, the ways in which a given W can achieve a low L can be placed on a continuum: on
one side, we have overfitting, remembering the training data, (i.e. functioning as an archive akin
to traditional lossy or even lossless compression; Cover and Thomas (2006)); and on the other, we
have generalization, learning the rules that govern the relationship between input and output (i.e.
functioning as an algorithm; Bishop (2006)).

When attempting to give a mechanistic explanation of a given DL model’s behavior, it necessar-
ily entails the existence of a mechanism. Mechanistic interpretability (MI) frequently assumes this
mechanism to be general, thus making generalization a necessary (though insufficient) condition.
Generalization ensures that there is a mechanism/algorithm present to be uncovered (necessity);
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however, it is still possible for the given algorithm to be so obscurely implemented that reverse en-
gineering, for all intents and purposes, is impossible (insufficiency). Various forms of regularization
are used to incentivize the emergence of algorithmic (generalized) and interpretable, rather than
archiving (over-fitted) behavior (Ba et al., 2016; Krizhevsky et al., 2017; Krogh and Hertz, 1991).
As of writing, no MI work has explored the effect of multi-task learning in contrast to single task
learning on algorithmically generated data—the focus of this paper. Multitask learning has a regu-
larizing effect (Baxter, 2011). Formally, the set of hypotheses spaces for each task of a set of tasks
(often called environment) is denoted by H ∈ H. When minimizing the losses across all tasks in
parallel, generalizing W ’s are thus incentivized, as these help lower loss across tasks (in contrast to
a memorizing W ’s that lower loss for one task). A W derived from a multi-task training process can
thus be thought of as the intersection of the high-performing areas of all H ∈ H.

In this spirit, the present paper builds on the work of Nanda et al. (2023) which trains a transformer
(Vaswani et al., 2017) model to perform modular addition, as seen in Eq. 1. The task is denoted as
Tnanda throughout the paper.

(x0 + x1) mod p, ∀x0, x1 < p, p = 113 (1)

The task in this paper focuses on predicting remainders modulo all primes q less than p, where x is
interpreted as x0p

0 + x1p
1, formally shown in Eq. 2, and is referred to as Tmiiii:

(
x0p

0 + x1p
1
)
mod q, ∀x0, x1 < p, ∀ q < p, p = 113 (2)

Tmiiii differentiates itself from Tnanda in two significant ways: 1) it is non-commutative, and 2) it is,
as mentioned, multi-task. These differences present unique challenges for mechanistic interpreta-
tion, as the model must learn to handle both the order-dependent nature of the inputs and develop
shared representations across multiple modular arithmetic tasks1. Further, as Tmiiii is harder than
Tnanda the model can be expected to generalize slower when trained on the former. Therefore, Lee
et al. (2024)’s recent work on speeding up generalization by positing the model parameters gra-
dients through time can be viewed as a sum of 1) a slow varying generalizing component (which
is boosted), and 2), a quick varying overfitting component (which is suppressed), is (successfully)
replicated to make training tractable given our available computational resources.

More generally, modular arithmetic on primes is a particularly useful task for MI as it ensures
uniformity among the output classes, allows for comparison with other MI work (Nanda et al.,
2023). Further, from a number-theoretic point of view, primes contain mysteries ranging from the
trivially solved—are there an infinite number of primes?—to the deceptively difficult—can all even
numbers larger than 4 be described as the sum of two primes? The latter, known as Goldbach’s
Conjecture, remains unsolved after centuries. The choice of using every prime less than the square
root of the largest number of the dataset also serves the following purpose: to test if a given natural
number is prime, it suffices to test that it is not a multiple of any prime less than its square root—the
set of tasks trained for here, can thus be viewed in conjunction as a single prime detection task
(primes are the only samples whose target vector contains no zeros, since it is not a multiple of any
of the factors q). There are about n/ ln(n) primes less than n.

2 RELATED WORK

Multiple papers describe the use of deep learning to detect prime numbers (Egri and Shultz, 2006;
Lee and Kim, 2024; Wu et al., 2023). None are particularly promising as prime detection algorithms,
as they do not provide speedups, use more memory, and are less accurate than traditional methods.
However, in exploring the foundations of deep learning, the task of prime detection is interesting,
as it is a simple task that is difficult to learn, and is synthetic, meaning that the arbitrary amounts of
data are generated by a simple algorithm.

1Theoretically the tasks could all be solved using non-overlapping circuitry, though as the tasks are similar
and the model is heavily l2 regularized during training this is disincentivesd from happening.
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2.1 MECHANISTIC INTERPRETABILITY

Seminal works in MI include Nanda et al. (2023)’s focus on reverse engineering a model trained on
Eq. 1. This work should be viewed in the context of Olah et al. (2018; 2017)’s work on interpretabil-
ity through extensive visualization of model activation and weights.

Methods and tools used so far in MI include: Activation visualization across ordered samples; Sin-
gular value decomposition of weight matrices; Ablation studies to identify critical circuits. Conmy
et al. (2023) even successfully automate circuit discovery; in the context of MI, "circuit" refers to a
subgraph of a neural network that performs a particular function. Many reverse engineering meth-
ods from other fields, such as computational neuroscience or signal processing, almost certainly
have their uses here as well.

In spite of deep learning’s practical successes, uncertainty remains about its theoretical underpin-
nings, echoing the interpretability debate. Recent work attempts to place different DL architectures
and concepts in a either geometric (Bronstein et al., 2021), information theoretic (Yu et al., 2021), or
even category theoretic (Gavranović et al., 2024) context. However, no unified theory has emerged.
Much interesting deep learning research thus focuses on practical, simple, or algorithmic tasks with
known solutions and architectures. For example, grokking (Power et al., 2022), the (relatively)
sudden generalization after overfitting, as elaborated later, is a recent and practical discovery.

Recent work by Bricken et al. (2023); Templeton et al. (2024) has focused on the use of sparse auto
encoders to understand single layers of large language models.

2.1.1 MODULAR ADDITION

One such practical discovery is made by Nanda et al. (2023). A single layer transformer model with
ReLU activation function was trained to perform modular addition (Tnanda). Nanda et al. (2023)’s
analysis of their trained model exemplifies MI methodology. They discovered that: 1) The em-
bedding layer learns trigonometric lookup tables of sine and cosine values as per Eq. 3; 2) The
feed-forward network combines these through multiplication and trigonometric identities (4), and
3) The final layer performs the equivalent of argmax (Eq. 5).

x0 → sin(wx0), cos(wx0)

x1 → sin(wx1), cos(wx1) (3)

sin(w(x0 + x1)) = sin(wx0) cos(wx1) + cos(wx0) sin(wx1)

cos(w(x0 + x1)) = cos(wx0) cos(wx1)− sin(wx0) sin(wx1) (4)

Logit(c) ∝ cos(w(x0 + x1 − c))

= cos(w(x0 + x1)) cos(wc) + sin(w(x0 + x1)) sin(wc) (5)

2.2 GENERALIZATION AND GROKKING

Power et al. (2022) shows generalization can happen “[...] well past the point of overfitting”, dub-
bing the phenomenon "grokking". The phenomenon is now well established (Nanda et al., 2023;
Humayun et al., 2024; Wang et al., 2024). Nanda et al. (2023) shows that a generalized circuit
“arises from the gradual amplification of structured mechanisms encoded in the weights,” rather
than being a relatively sudden and stochastic encounter of an appropriate region of H. The impor-
tant word of the quote is thus "gradual".

By regarding the series of gradients in time as a stochastic signal, Lee et al. (2024) proposes de-
composing the signal. Conceptually, Lee et al. (2024) argues that in the case of gradient descent,
the ordered sequence of gradient updates can be viewed as consisting of two components: 1) a fast
varying overfitting component, and 2) a slow varying generalizing components. The general algo-
rithm explaining the relationship between input and output is the same for all samples, whereas the
weights that allow a given model to function are unique for all samples. Though not proven, this
intuition bears out in that generalization is sped up fifty-fold in some cases.
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This echoes the idea that generalized circuits go through gradual amplification (Nanda et al., 2023).
To the extent that this phenomenon is widespread, it bodes well for generalizable DL in that the
generalizing signal that one would want to amplify might exist long before the model is fully trained
and could potentially be boosted in a targeted way by the method described by Lee et al. (2024).

2.3 MULTI-TASK LEARNING IN DEEP LEARNING

As stated, multi-task learning has been shown to have a regularizing effect (Baxter, 2011; Maurer)
as the hypothesis W that performs well across all of the hypothesis spaces H ∈ H is more likely
to be general. Viewed information theoretically, this concept is reminiscent of Shannon (2001)’s
asymptotic equipartition property (Cover and Thomas, 2006), or even more generally, the law of
large numbers, which states that the more samples we have of a distribution, the closer our estimates
are to its underlying properties will align with the true underlying properties.

In the context of Tmiiii, multi-task learning is done by having the last layer output predictions for
all tasks in parallel. Thus, whereas Tnanda outputs a single one-hot 1 × 113 vector for each of the
potential remainders, Tmiiii, as we shall see, outputs a 1 × q vector for each prime q < p (i.e., 29
output-task vectors when p = 113). The embeddings layer and the transformer block are thus shared
for all tasks, meaning that representations that perform well across tasks are incentivized.

3 METHODOLOGY

How exactly a given model implements an algorithm is a non-trivial question—even modular addi-
tion is implemented in a relatively obscure way Nanda et al. (2023), as per Eqs. 3, 4, and 5.

This investigation probes the fundamental algorithmic structures internalized by a transformer model
trained on a set of basic prime number-related modular arithmetic tasks with slight variations in
complexity. This approach provides insights into how and why specific algorithmic patterns emerge
from seemingly straightforward learning processes.

As stated, the setup here differentiates itself from Tnanda in two crucial ways: 1) It is non-
commutative; and 2) it is multitask.

3.1 TASKS

Stated plainly: the task Tmiiii predicts the remainder when dividing a two-digit base-p number
by each prime factor q less than p. The set of prime factors we construct tasks for is thus
q = q ∈ P : q < p. For p = 113, this yields 29 parallel tasks, one for each prime less than p.
Each task predicts a remainder in the range [0, q − 1]. This means smaller primes like 2 and 3 re-
quire binary and ternary classification, respectively, while the largest prime less than p, 109, requires
predictions across 109 classes. The tasks thus naturally vary in difficulty: predicting mod2 requires
distinguishing odd from even numbers (which in binary amounts to looking at the last bit) while pre-
dicting mod109 involves making a selection between many relatively similar classes. The expected
cross entropy for an n-class problem is ln(n), which has implications for the construction of the loss
function, further discussed in Section 3.2. Additionally, a baseline task Tbaseline was constructed by
shuffling the y-labels of Tmiiii, and a task ablation test Tmasked was constructed by masking away the
four simplest tasks q ∈ 2, 3, 5, 7.

3.1.1 DATA

Input Space (X): Each input x ∈ X represents a number in base p using two digits, (x0, x1), where
the represented number is x0p

0 + x1p
1. For example, with p = 11, the input space consists of

all pairs (x0, x1) where x0, x1 < 11, representing numbers up to 112 − 1 = 120. This yields a
dataset of 121 samples. Figure 18 visualizes this input space, with each cell representing the value
x0p

0 + x1p
1.

Output Space (Y ): For each input x, a vector yinY contains the remainder when dividing by each
prime less than p. For p = 11, this means predicting the remainder when dividing by 2, 3, 5,
and 7. Each element yi ranges from 0 to qi − 1 where qi is the i-th prime. Figure 16 visualizes
these remainders, with each subplot showing the remainder pattern for a specific prime divisor. For
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comparison, the rightmost plot shows the output space of Nanda et al. (2023)’s modular addition
task.

3.1.2 MODEL

The model follows the original transformer architecture (Vaswani et al., 2017) with several key
design choices aligned with recent work on mechanistic interpretability (Nanda et al., 2023; Lee
et al., 2024): biases are disabled, and layer normalization is not used. The model consists of three
main components: an embedding layer, transformer blocks, and an output layer. All weights are
initialized following He et al. (2015).

3.2 TRAINING

Hyper parameter optimization was conducted using Optuna (Akiba et al., 2019), searching over the
parameters shown in Table 1.

dropout λ wd d lr heads

{0, 1
2 ,

1
5 ,

1
10} {0, 1

2 , 2} {0, 1
10 ,

1
2 , 1} {128, 256} {3e−4, 1e−4} {4, 8}

Table 1: Hyperparameter search space for training.

The model is trained using AdamW (Loshchilov and Hutter, 2019) with beta1 = 0.9, beta2 = 0.98
following (Nanda et al., 2023). To handle the varying number of classes across tasks (from 2 classes
for mod 2 to 109 classes for mod 109), a modified (weighted) mean cross-entropy loss is created,
correcting for the difference in the expected loss within each task. Note that E[LMCE] = − ln q,
where q is the number of classes within the task in question. Correcting for this, the loss function
becomes as shown in Eq. 6.

LTmiiii =
∑
q∈Q

LMCE,q

ln(q)

=
∑
q∈Q

∑n
i=1

∑q−1
j=0 yqij ln (ŷqij)

n ln(q)

=
∑
q∈Q

n∑
i=1

q−1∑
j=0

yqij ln (ŷqij)

n ln(q)
(6)

To accelerate generalization, gradient filtering as per Lee et al. (2024) is used:

gt = ∇θL+ λ (α et−1 + (1− α) gt−1) (7)

where et is the exponential moving average of gradients with decay rate α = 0.98, and λ controls
the influence of the slow-varying component.

The training uses full batch gradient descent with the entire dataset of p2 samples (12769 when
p = 113). The model is evaluated on a held-out validation set after each epoch, tracking per-task
accuracy and loss. As the setup used in Tnanda, training was done on thirty percent of the total
dataset, with the remaining used for validation (1000 samples) and testing (remaining). Further, as
Tmiiii involves the learning of 29 (when p = 113) tasks rather than 1, and due to each task’s non-
commutativity, a larger hidden dimension of 256 was added to the hyper parameter search space, as
well as the potential for 8 heads (Tnanda was solved with a hidden dimension of 128, and 4 heads).
The number of transformer blocks was kept at 1, as this ensures consistency with Tnanda (and as full
generalization was possible; see Section 4).

Training was done on a NVIDIA V100 GPU, with Python3.11 and extensive use of "JAX 0.6" and
its associated ecosystem. Neuron activations were calculated at every training step and logged for
later analysis.
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4 RESULTS

The best-performing hyper-parameters for training the model on Tmiiii are listed in Table 2. Notably,
the model did converge slower with λ = 0, confirming the utility of the gradient amplification
method proposed by Lee et al. (2024) in the context of Tmiiii.

dropout λ wd d lr heads
1
10

1
2

1
3 256 3× 10−4 4

Table 2: Result of hyper-parameter search over Tmiiii.

4.1 MODEL PERFORMANCE

Figure 1 show the training and validation accuracy on Tmiiii over time. The model achieves a per-
fect accuracy of 1 on the validation set across all 29 tasks. The cross-entropy loss in 13 echoes
this. In short—and to use the terminology of Power et al. (2022)—the model "grokked" on all
tasks. Interestingly, tasks corresponding to modulo 2, 3, 5, and 7 generalized in succession, while
the remaining 25 tasks generalized around epoch 40k in no particular order. This might suggest
that the model initially learned solutions for the simpler tasks and later developed a more general
computational strategy that allowed it to generalize across the remaining, more complex tasks.

Train accuracy
2
5
11
17
23
31
41
47
59
67
73
83
97
103
109

1 65536Time (log)

Ta
sk

Valid accuracy
2
5
11
17
23
31
41
47
59
67
73
83
97
103
109

1 65536Time (log)

Ta
sk

Figure 1: Accuracy training “curves”: Training (top) and validation (bottom) accuracy over time
(the x-axis in log-scale). We see grokking occur on all tasks, first for q ∈ {2, 3, 5, 7} in that order,
and then the remaining 25 in no particular order.

4.2 EMBEDDINGS

Positional embeddings play a crucial role in transformers by encoding the position of tokens in a
sequence. Figure 10 compares the positional embeddings of models trained on Tnanda and Tmiiii.

For Tnanda, which involves a commutative task, the positional embeddings are virtually identical,
with a Pearson correlation of 0.95, reflecting that the position of input tokens does not significantly
alter their contribution to the task. In contrast, for Tmiiii, the positional embeddings have a Pearson
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correlation of -0.64, indicating that the embeddings for the two positions are different. This dif-
ference is expected due to the non-commutative nature of the task, where the order of x0 and x1

matters (x0ṗ
0! = x0ṗ

1). This confirms that the model appropriately encodes position information
for solving the tasks.

Recall that a matrix M of size m× n can be decomposed into its singular values as M = UΣVT

(where the transpose is the complex conjugate if M is complex), where U is m×m, Σ is an m×n
rectangular diagonal matrix (whose diagonal is represented as a flat vector throughout this paper),
and VT is an n × n matrix. Intuitively, this can be thought of as rotating in the input space, then
scaling, and then rotating in the output space.

Figure 2 displays the singular values of the token embeddings learned for Tnanda and Tmiiii. The sin-
gular values for Tmiiii are more diffuse, indicating that a larger number of components are needed to
capture the variance in the embeddings compared to Tnanda. This suggests that the token embeddings
for Tmiiii encode more complex information, reflecting the increased complexity of the multi-task
learning scenario.

Sorted singular values

0.5 0.9na
nd

a

0.5 0.9m
iii

i

Figure 2: First 83 of 113 singular values (truncated for clarity) of U for Tnanda (top) and Tmiiii
(bottom). The ticks indicate the points where 50% and 90% of the variance is accounted for. We
thus see that for Tmiiii, the embedding space is much more crammed.

Figures 15 and 11 present the most significant singular vectors of U for Tnanda and Tmiiii, respectively.
Visual inspection shows periodicity in the top vectors for both models, but the Tmiiii model requires
more vectors to capture the same amount of variance, consistent with the diffuse singular values
observed in Figure 2.

To further understand the structure of the token embeddings, we applied the Fast Fourier Transform
(FFT). Only a few frequencies are active for Tnanda as seen in Figure 3, consistent with the model
implementing a cosine-sine lookup table as described in Nanda et al. (2023).

For the Tmiiii model, we observe a broader spectrum of active frequencies (4). This is expected due
to the model having to represent periodicity corresponding to 29 primes.

Comparing with Tbaseline in Figure 12, the periodicity is understood to be a structure inherent to the
data picked up by the model.

4.3 ANALYSIS OF NEURON ACTIVATIONS AND FREQUENCIES

To understand the internal mechanisms developed by the model, we analyzed the neuron activations
after the output weight matrix Wout for the model trained on Tmiiii. Figure 7 shows that these acti-
vations exhibit periodic patterns with respect to (x0, x1). This periodicity aligns with the modular
arithmetic nature of the tasks, mirroring Nanda et al. (2023) (Tnanda).

For comparison, Figure 9 shows the neuron activations for a model trained on Tbaseline. These
activations do not exhibit periodicity, confirming that the observed periodic patterns in the models
trained for Tmiiii and Tnanda are indeed a result of the modulo operations inherent in the tasks.

The analysis of active frequencies through training using the Fast Fourier Transform (FFT) is il-
lustrated in Figure 5, with the core findings showing a spike in frequency activation around epoch
16,384 (see Table 3). The top plot shows the different frequencies of the transformer block’s feed-
forward neurons evolving as the model learns. The bottom plot displays the variance of frequency
activations and the number of frequencies exceeding a significance threshold ω > µ+2σ (i.e., where
spots like the ones of the bottom row of Figure 7 are active). Initially, a handful of frequencies be-
come dominant as the model generalizes on the first four tasks. As training progresses and the model
begins to generalize on the remaining tasks, more frequencies become significant, suggesting that
the model is developing more complex internal representations to handle the additional tasks.

7
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Embeddings in Fourier basis

Token

Fo
ur

ie
rb
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is

Figure 3: Tnanda tokens in Fourier basis: Note how all tokens are essentially linear combinations
of the five most dominant Fourier basis vectors. The sparsity echoes the findings in 2 that very few
directions in the embedding space are used.

Embeddings in Fourier basis

Token

Fo
ur

ie
rb

as
is

const sin 3 sin 8sin 9sin 10 sin 19 sin 22 sin 25sin 27

cos 3cos 4 cos 9

Figure 4: The periodicity in the Tmiiii embeddings involves a much larger fraction of the Fourier
basis, echoing the multiple tasks and their innate difference in frequency (recall that all tasks are
performed on unique primes q).

Figure 14 shows the L2 norms of gradients over time for the different weight matrices of the model
trained on Tmiiii. The gradient norms provide insights into how different parts of the model are
being updated during training. Like with Nanda et al. (2023), the attention layer converges quickly,
echoing their finding that it does not contribute much to solving the modular arithmetic task.

These results demonstrate that more frequencies are involved when training on Tmiiii compared to
Tnanda. The increased frequency components reflect the need for the model to encode multiple peri-
odic patterns corresponding to the various modular arithmetic tasks.

Combining the analysis of embeddings and the transformer block neurons, we see that: 1. A lot
more frequencies are in play for Tmiiii than in Tnanda. 2. Neurons remain highly reactive to a very
small set of frequencies. 3. The periodicity is an artifact of the modulo group by analysis of Tbaseline

5 DISCUSSION

Recall that, when viewed individually, the sub-tasks of Tmiiii differ from Tnanda only in commutativity
(making the task harder) and in prime since q < p (making the task easier for smaller q’s like
2, 3, 5, 7—though less so as q approaches p). Figure 10 indicates that the model learns to account
for the commutativity by using positional embeddings.
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Evolution of active frequencies () through time (log)

0 0 0 0 0 0 0 0 0 0 0 4 10 15 18 19 10
1 65536Time||

Figure 5: Top: Each row is a time series of activations of a particular frequency. Frequency dom-
inance is averaged over all neurons through training (average activation of frequencies). We see
four distinct phases: 1) no significant frequencies, 2) frequencies gradually emerging, 3) a wall of
frequencies, and 4) frequency count similar to phase 2. Bottom: total number of active frequencies
at the corresponding time step. A frequency ω is active when it is more than two standard deviations
above the mean activation (ω > (µ+ 2σ)).

Figure 6: Each row is the sum of all rows for the training run of a specific task subset (linear time).
Note how the number of active frequencies consistently reaches a maximum early during training,
independently of the task mask.

During training, the changes in the number of active neuron frequencies ω in the feed-forward layer
(see 5) echo the loss and accuracy progression seen in Figures 1 and 13. Further, as the model groks
on the primes q ∈ 2, 3, 5, 7, a handful of frequencies become dominant, similar to the original model
trained on Tnanda.

Thus we can conclude that 1) the model learns to correct for commutativity, and 2) the model is
marred by periodicity as per both the token embedding (4.2) and feed-forward layer analysis (4.3).
Combining these facts, we can assume the learned mechanism to be extremely similar (and perhaps
identical when ignoring commutativity) to the one outlined by Nanda et al. (2023) in Eqs. 3, 4, and
5.

As the remaining 25 tasks are learned, we see a temporary spike in the number of active frequencies,
disappearing again as the model generalizes fully (reaches perfect accuracy). The observation that
the number of active frequencies before and after the remaining 25 tasks are learned are the same
indicates a reuse of circuitry. However, the fact of the spike suggests that additional circuits form
during the generalization process. Viewed in the context of Lee et al. (2024)’s method for boosting
slow-varying generalizing components a question emerges: are there circuits that only facilitate the
development of generalization, but are not present in the generalized mechanisms? Real life gives
plenty of examples of phenomena that make itself obsolete (e.g., a medicine that fully eradicates an
illness and is thus no longer needed). Viewed this way, the spike suggests we might divide the set of
circuits in two: 1); those useful for the mechanism, and 2), those useful for learning the mechanism.

6 CONCLUSION

This paper explored the impact of multi-task learning on mechanistic interpretability by training a
transformer model on a non-commutative, multi-task modular arithmetic problem Tmiiii. The model
successfully generalizes across all tasks, learning complex internal representations that capture the
unique periodic nature of modular arithmetic across multiple primes. Analysis reveals that while the
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epoch 256 1024 4096 16384 65536
active freqs. 0 0 10 18 10

Table 3: Number of active frequencies on Tmiiii over epochs.

model reuses and integrates circuits for simpler tasks, additional circuits may form during training
to facilitate generalization to more complex tasks.

These findings highlight that multi-task learning influences the emergence and complexity of inter-
nal mechanisms, posing challenges for mechanistic interpretability but also offering insights into
how models internalize algorithms. Understanding these dynamics is important for advancing inter-
pretability and reliability in deep learning systems. Future work includes exploring the distinction
between circuits that aid in learning versus those that contribute to the final mechanism/solution
and investigating how variations in task design impact the development of internal representations.
Furthermore, the findings indicate that Lee and Kim (2024)a might be further modified to dynami-
cally induce temporarily useful circuitry. Advancing the understanding of how deep learning models
handle multiple tasks contributes to the larger goal of making these models more interpretable and
reliable.
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A ACTIVATIONS

Since the entire dataset consists of only 12,769 samples, we can, for every neuron in the hidden
layer, log its activation as we vary the first and second input.

Figure 7: Neuron activations as x0 and x1 vary from 0 to 23 on the first and second axes respectively
(corresponding to the top left corner of the full neuron) for a 256-d model trained on all 30 tasks
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Figure 8: Fourier transform of neuron activations as x0 and x1 vary from 0 to 23 on the first and
second axes respectively (corresponding to the top left corner of the full neuron) for a 256-d model
trained on the tasks related to primes {103, 107, 109, 113}. Note neurons tend to be less active
compared to Figure 7

Neurons over data (basis)

Neurons in Fourier space (basis)

Figure 9: Neuron activations for model trained on Tbaseline. As in Figure 12, no periodicity is
observed for the baseline.
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Positional embeddings
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Figure 10: Positional embeddings for (x0, x1) for models trained on Tnanda (top) and Tmiiii (bottom).
Pearson’s correlation is 0.95 and −0.64, respectively. This reflects the commutativity of Tnanda and
the lack thereof for Tmiiii. Hollow cells indicate negative numbers.

Left side singular value vectors capturing 50 % of the variance (miiii)
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Figure 11: Tmiiii’s most significant vectors of U. Note that, like in Figure 15, we still observe
periodicity, but there are more frequencies in play, as further explored in Figure 4.
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Embeddings in Fourier basis
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Figure 12: Sanity check: Embeddings for Tbaseline in Fourier basis have no periodicity. The
periodicity is indeed an artifact of the modulo operator.
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Figure 13: Cross-entropy loss on training (top) and validation (bottom) over time (note the log scale
on the x-axis).
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Gradient L2 norms for different weight parameters
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Figure 14: L2 norms of gradients over time for the different weight matrices of the model trained on
Tmiiii. Row order corresponds to how deep in the model the weight is used. This shows when during
training what parts of the model are updated. e.* are embeddings, a.* attention layer weights,
and w.* weights of the feed-forward module; e.u is the final un-embedding layer.

Left side singular value vectors capturing 50 % of the variance (nanda)
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Figure 15: Tnanda’s most significant (cutoff at 0.5 as per Figure 2) singular vectors of U from the
singular value decomposition. Note this looks periodic!
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012345678910

mod 2

012345678910
mod 3 mod 5 mod 7 mod

Figure 16: Visualizing tasks in Y (for p = 11). x0 and x1 vary on the two axis, with the remainder
modulo q ∈ 2, 3, 5, 7 indicated by the square size. Note the innate periodicity of the modulo operator.
Further note that x mod p is symmetrical across the matrix diagonal, which is an expression of that
particular subtask’s commutativity.

Representation of (, ) in base-11

Figure 17: Visualizing X (for a small dataset where p = 11). Each cell represents the tuple
(x0, x1). The top left shows 0 (0, 0), and the bottom right shows 120 (10, 10)—both in base-11.
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Figure 18: Frequency heatmaps for all tasks (top) top 10 largest primes (middle) and original Nanda
et al. (2023) task (bottom). Rows are different frequencies ω and columns are log time steps. The
size of the black square at a given location is proportional to the number of neurons in the MLP
layers that has the given frequency ω significantly active at the given point in time.
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