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Abstract

Federated learning algorithms perform multiple local updates on clients before communi-
cating with the parameter server to reduce communication overhead and improve overall
training efficiency. However, local updates also lead to the “client-drift” problem under
non-IID data, which avoids convergence to the exact optimal solution under heterogeneous
data distributions. To ensure accurate convergence, existing federated-learning algorithms
employ auxiliary variables to locally estimate the global gradient or the drift from the global
gradient, which, however, also incurs extra communication and storage overhead. In this
paper, we propose a new recursion-based federated-learning architecture that completely
eliminates the need for auxiliary variables while ensuring accurate convergence under het-
erogeneous data distributions. This new federated-learning architecture, called FedRecu, can
significantly reduce communication and storage overhead compared with existing federated-
learning algorithms with accurate convergence guarantees. More importantly, this novel ar-
chitecture enables FedRecu to employ much larger stepsizes than existing federated-learning
algorithms, thereby leading to much faster convergence. We provide rigorous convergence
analysis of FedRecu under both convex and nonconvex loss functions, in both the determin-
istic gradient case and the stochastic gradient case. In fact, our theoretical analysis shows
that FedRecu ensures o(1/K) convergence to an accurate solution under general convex loss
functions, which improves upon the existing achievable O(1/K’) convergence rate for general
convex loss functions, and which, to our knowledge, has not been reported in the literature
except for some restricted convex cases with additional constraints. Numerical experiments
on benchmark datasets confirm the effectiveness of the proposed algorithm.

1 Introduction

Since its introduction in McMahan et al.| (2017)), federated learning has been extensively studied and widely
applied across a range of domains, including natural language processing (Gupta et al., 2022} [Ye et al., 2024
Liu et al.,|2021}; Lin et al.||2021), wireless networks (Tran et al.,|2019; |Chen et al., 2021; Niknam et al., {2020
Yang et al.l [2019)), neural-network training (Yurochkin et al., 2019; Venkatesha et al., [2021; |Li et al., 2023
He et al., |2021), and mobile edge networks (Lim et al., 2020b; Luo et al.,2021; Khan et al., 2020; Lim et al.
2020a)). Unlike centralized learning which requires aggregating all data to a central server, federated learning
allows training datasets to remain on individual clients. By letting individual clients perform local training on
their respective datasets and periodically sharing model updates with a parameter server, federated learning
enhances scalability, data privacy, and fault tolerance compared with centralized learning, and has garnered
widespread attention in recent years (Ma et al., 2020; |Glasgow et al., [2022; Woodworth et al., 2020; |Yuan|
& Mal, 2020} [Patel et all, 2024 [Agarwal et al., 2018} [M Ghari & Shen|, [2024; [Duan et all, [2023; [Acar et al.]
2021} [Reisizadeh et al.l [2020]).

In federated learning, to reduce communication overhead, each client performs multiple local updates based
on its local dataset before communicating with the parameter server to synchronize its local model param-
eter with those of other clients. However, this asynchronicity between local updates and communication
operations leads to convergence errors when the data distribution is not IID (independent and identically
distributed) across clients. More specifically, as pointed out in many existing results such as [Karimireddy]
let al] (2020); [Li et al] (2019); Malinovskiy et al| (2020)); [Charles & Konecny| (2020); [Charles & Koneény
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(2021)); |Pathak & Wainwright| (2020), the incorporation of multiple local updates between two communica-
tion rounds introduces a drift in a local client’s update as it tends to let local clients converge to their own
local optimal solutions rather than the global optimal solution, leading to inaccurate and unstable conver-
gence. Although a diminishing stepsize can mitigate this “client-drift” problem, it inevitably slows down
convergence and is often undesirable in many applications.

Recently, several algorithms have been proposed to tackle the “client-drift” problem and ensure accurate
federated learning under a constant stepsize, with typical examples including SCAFFOLD (Karimireddy
et all 2020)), FedLin (Mitra et al., [2021b), and FedTrack (Mitra et al., [2021a)). The basic idea of these
approaches is to let each client locally store and maintain auxiliary variables (in addition to the model
parameters) to locally estimate the global gradient or the drift from it. However, these auxiliary variables
incur significant overhead in storage and communication, particularly in high-dimensional federated-learning
problems, because these auxiliary variables have the same dimension as the model parameters. In this paper,
we propose a federated-learning architecture that can avoid using auxiliary variables while ensuring accurate
convergence under non-IID data with a constant stepsize. The main contributions are summarized as follows:

e New Algorithm: We propose FedRecu which ensures accurate convergence in federated learning
under non-ITD data without using auxiliary variables. A key idea is the introduction of a recursive
mechanism which enables each client to use gradients in both the current and previous steps in the
update. The integration of the previous-step gradient is significant in that, through a judiciously
designed update mechanism, it enables each client to locally correct its local drift and ensure
accurate convergence. This design is inspired by EXTRA (Shi et al.l [2015) but has a significant
difference: EXTRA does not allow multiple local updates between communication rounds (it may
diverge under multiple local updates), whereas our design of the update and interaction mechanisms
ensures accurate convergence under multiple local updates.

e Enhanced Communication and Memory Efficiency: Our recursive mechanism significantly
reduces communication overhead compared with existing federated-learning algorithms with “client-
drift” correction. Our FedRecu only shares one variable (a linear combination of model parameters
and gradients), which is drastically different from existing “client-drift” correction algorithms that
have to share both the model parameter and an additional drift-correcting auxiliary variable. More-
over, our recursive mechanism eliminates the need for auxiliary variables used by existing methods
(e.g., SCAFFOLD (Karimireddy et all [2020)), FedLin (Mitra et al., 2021b)), FedTrack (Mitra et al.,
2021a)) and Scaffnew (Mishchenko et all,[2022))) to correct client drift, resulting in significantly lower
memory requirements for storing intermediate variables compared to these algorithms.

o Faster Convergence: We prove that FedRecu achieves o(1/K) convergence under general convex
loss functions. This represents a significant improvement over the standard O(1/K) convergence
typically observed in federated learning (for instance, the famous FedAvg has been shown in |Glas-
gow et al.|(2022)) to be incapable of achieving faster than O(1/K) convergence for general convex
objectives, even under IID distributions; even after incorporating momentum, current algorithms
still guarantee only O(1/K) convergence when no additional heterogeneity constraints are imposed
on convex loss functions (Xu et al.l 2021} |Liu et al., |2020; |Cheng et al., [2023} |Yang et al.,2022))). To
the best of our knowledge, FedRecu is the first to ensure o(1/K) convergence for federated learn-
ing under general convex loss functions. This stands in contrast to prior results, where o(1/K)
convergence have only been established under special conditions—such as gradient difference be-
ing uniformly bounded (Jiang et al., |2024])), or Hessian difference being uniformly bounded (Kovalev
et al.}2022). We also characterize the convergence of our algorithm under nonconvex loss functions
and stochastic gradients, yielding results that outperform existing algorithms.

o Larger Stepsizes: We theoretically prove that our new algorithm structure allows using much
larger stepsizes than existing federated-learning algorithms tackling “client-drift” caused by non-IID
data. Our theoretical analysis finds that our stepsize can be at least 6, 8, 6, and 49 times larger
than those used in [Khaled et al.| (2020]), Mitra et al.| (2021al), [Mitra et al.| (2021b)), and [Karimireddy
et al| (2020), respectively (see Table [2).
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2 Preliminaries

Notations We use Z1 and R™ to denote the sets of positive integers and real n-dimensional vectors,
respectively. We write the inner product as (z,y) = Y [z];[y]; for z,y € R", where [z]; and [y]; are the
j'" elements of the vectors x and y, respectively. We use [A];; to denote the (i,3)!" element of a matrix

A € R™*" We denote the transposes of y € R” and A € R™*" as yT and AT, respectively. We represent
the Euclidean norm of x € R as |lz|| = (/3°7_,[z]7. Given a € Z* and b € Z*, a mod b represents
the remainder of the division of a by b. We use O(c(t)) and o(c(t)) to represent sequences d(t) satisfying

lim sup;_, | o |%| < oo and limy_,5 % = 0, respectively.

2.1 Problem Setting

We consider the following federated-learning problem over a client set S = {1,2,--- , N}:

L
min f(z) = Zfi(x)a (1)

zER™

where f; : R™ — R is the local loss function and is solely dependent on the local training data of client i € S.
Due to non-IID data, the local optimum of f;(x) is generally different from the global optimum of f(z). We
make the following standard assumption on the local loss functions f;(z):

Assumption 1. The loss function f;(x) of client i € S is L-smooth over R™, that is, there exists a constant
L > 0 such that
IVfi(z) = Vi)l < Lllx -yl

holds for any x,y € R™.

From Assumption [I| and the definition of f(z) in , we can easily obtain that f(x) is also L-smooth. In
addition, we make the following standard assumption to make sure that has a solution:

Assumption 2. The optimal solution set X* = {x* € R"|z* = argmingcr f(z)} s not empty, i.e., there
exists at least one x* € R™ such that f(z*) < f(z) holds for any x € R™.

Assumptions (1| and [2| are widely used in federated learning (Mitra et all [2021ajb; Mukherjee et al.| [2023;
Qin et al.| [2022; [Karimireddy et al., 2020 |Khaled et al.l [2020). They are more general than assuming strong
convexity or Polyak-Lojasiewicz (PL) condition on f(x). It is worth noting that under Assumptions |1| and
[2] the global optimal solution may not be unique.

3 Main Results

In this section, we first describe the core recursion-based update mechanism in Section [3.I} Then we sum-
marize the detailed algorithm in Algorithm [I] in Section [3.2] and characterize its convergence performance
for both general convex loss functions and nonconvex loss functions in Section (deterministic gradients)
and Section (stochastic gradients).

3.1 Recursion-Based Mechanism

The core idea of our new algorithmic framework is using recursion to employ information in both the current
step and the past step to generate the new model parameter. Specifically, the local update for agent 7 has
the following form:

for kr <t < (k+1)7:
l‘i(t + 1) = 2l‘i(f) — Oszl(QiZ(t)) — {Ei(t — 1) + OéVfi(LL'i(t — 1)), (2)

Current Past

end
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where x;(t) is the local model parameter and « denotes the stepsize. Our design is inspired by the decentral-
ized optimization algorithm EXTRA (Shi et all 2015) but has a fundamental difference: EXTRA has two
different consensus matrices multiplied on z;(¢) and z;(t — 1), respectively, whereas we remove such consen-
sus coupling. This difference is key to ensuring the convergence of our algorithm when multiple updates are
performed between communication rounds, whereas EXTRA only has provable convergence when one local
update is conducted between two consecutive communication rounds (under multiple local updates, EXTRA
is subject to the “client-drift” problem and can even diverge). The detailed algorithm is given in Section

Remark 1. The update in (2) effectively addresses client drifts by incorporating both the current local
gradient, V fi(z;(t)), and the past local gradient, V f;(x;(t — 1)), into the update rule. This dual-gradient-
based mechanism ensures that the global optimum x* is a fized point of the iteration process—that is, the
iterates will remain unchanged when initialized at the global optimum x*. This stands in stark contrast to
most existing algorithms without drift correction, whose updates rely solely on the current local gradient.
Since the local gradient is generally nonzero at the global optimum x* due to non-IID data (i.e., generally
V fi(xz*) # 0 holds), the nonzero force exerted by the local gradient ¥ f;(x*) will move such algorithms away
from x* even when initialized at x*.

3.2 Algorithm Descriptions

Some notations should be introduced before introducing our algorithm. The stepsize and the number of local
updates are denoted as @ > 0 and 7 > 1, respectively. The model parameter of client 7 € S at iteration time
t is denoted as x;(t). Owing to the recursive update mechanism, FedRecu requires two initial values z;(—2)
and z;(—1), which should follow the rules: x;(—2) can be arbitrarily chosen in R™ whereas x;(—1) should be
set as z;(—1) = x;(—2) —aV f;(x;(—2)). Now, we are in a position to present the algorithm in Algorithm 1:

Algorithm 1 FedRecu

Initialization: the local training period 7 > 1, the stepsize a > 0, the initial values x;(—2), and z;(—1)

foranyi €S .

fort=—-1to T do

for each client 1 =1,2,--- | N in parallel do
if t+1 mod 7 = 0 then

Client 4 transmits v;(t) = 22;(t) — 2i(t — 1) — aV fi(zi(t)) + aV fi(z;(t — 1)) to the parameter
server and receives 4 Zjvzl v;(t) from the parameter server. Then, each client ¢ updates its model
parameter as

J(t+1) Jbz_j (3)

else if ¢ mod 7 = 0 then
Client i transmits w;(¢) 2 x;(t — 1) + aV fi(z:(t)) — aV fi(zi(t — 1)) to the parameter server and
receives % Z;\Ll w;(t) from the parameter server. Then, each client ¢ updates its model parameter
as

xi(t + 1) = 21‘1

N
Z (4)

2 \

else
Each client 4 does local updates

end if
end for
end for
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Unlike existing federated learning algorithms that rely on auxiliary variables to track the global gradient
or the drift from it (e.g., SCAFFOLD (Karimireddy et al., 2020)), FedLin (Mitra et al., [2021b)), and Fed-
Track (Mitra et al., [2021a))), FedRecu does not use any additional variables. This leads to improved memory
efficiency, despite the need to store model parameters from the previous step. To illustrate this, we compare
FedRecu with FedLin in the convex setting. Each client in FedLin is required to store four n-dimensional
variables: the local model parameter, the global model parameter, the auxiliary variable used to track the
global gradient, and a running average of the local model parameter. (We exclude gradients from this count,
as they can be recomputed from model parameters.) In contrast, FedRecu only requires each client to store
two n-dimensional variables—the current and previous model parameters. A detailed memory comparison
is provided in Table [I]

In addition, in FedRecu, the information shared between clients and the parameter server is always one n-
dimensional vector, which is a linear combination of the model parameter and the gradient (more specifically,
at t = pr — 1, v;(t) is shared between local clients and the parameter server and, at t = pr, w;(t) is shared).
This is fundamentally different from existing “client-drift” correcting algorithms such as SCAFFOLD, FedLin,
and FedTrack, where in each communication round, two n-dimensional vectors (the model parameter and an
auxiliary variable estimating the global gradient or the derivation from it caused by non-IID data) are shared
between each client and the parameter server. In fact, when 7 = 1, it can be seen that only one variable
is shared in each communication round in our algorithm, which makes our communication overhead only
half of that in SCAFFOLD, FedLin, and FedTrack. Table[I] provides a detailed comparison of FedRecu with
existing algorithms regarding memory and communication requirements, which clearly shows the advantage
of FedRecu in storage and communication overhead over existing counterpart algorithms.

3.3 Convergence Analysis under Deterministic Gradients

In this subsection, we analyze the convergence of FedRecu under both convex and nonconvex loss functions
in the deterministic gradient case. We would like to emphasize that the results apply to both the ITD and
non-IID data cases, as we do not require the local optima of f;(x) to be identical to the global optima of
f(x). Given that the information exchange between clients and the parameter server occurs periodically,
we characterize the convergence behavior of the model parameter at iterations when communication is
conducted, i.e., t = k7.

Theorem 1 (Convex and Deterministic Case). Under Assumption |I| and Assumption @ if the loss function
fi(z) of client i € S is convex over R™ and the stepsize satisfies 0 < a@ < =5, then for any i € S, FedRecu

3L
guarantees that f(x;(KT)) converges to f(x*) at a rate of o(1/K), i.e.,
dim K{f(ai(KT) = f()} =0.
Proof. See Appendix [C] O

Theorem [I]demonstrates that FedRecu effectively eliminates “client drifts” and ensures accurate convergence.
Notably, we prove that FedRecu achieves a convergence rate of o(1/K) for general convex loss functions, which
is a significant improvement over the O(1/K) rate obtained in existing results. In fact, to our knowledge, this
is the first time that o(1/K) convergence is established for federated learning under general convex loss
functions (note that o(1/K) convergence have only been established in the literature under special convex
conditions—such as gradient difference being uniformly bounded (Jiang et al.l 2024), or Hessian difference
being uniformly bounded (Kovalev et al., [2022))). In addition, FedRecu supports a much larger stepsize
compared with existing federated-learning algorithms tackling “client drifts” (see detailed comparison in
Table , which, as confirmed in the numerical experiments, enables FedRecu to converge much faster than
existing counterpart algorithms.

Under general nonconvex loss functions, FedRecu can also enable accurate convergence:
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Theorem 2 (Nonconvex and Deterministic Case). Under Assumption |l and Assumption @ if the stepsize

satisfies 0 < a < %, then for any i € S, the iterates under FedRecu satisfy

=

= S IV < e (Fi0) - ).
0

E
Il

Proof. See Appendix [E] O

Theorem [2] shows that even in the nonconvex setting, FedRecu can also avoid “client drifts” and ensure
convergence to a desired solution. It is worth noting that the proposed stepsize range 0 < o < % is
significantly larger than those permitted in existing federated-learning algorithms (see Table [2] for detailed
comparison).

Remark 2. We have established the convergence rates of o(1/K) and O(1/K) for FedRecu in the general
convez case and the general monconvex case, respectively. In the special case where the global loss function
f(x) is p-strongly convex or satisfies the u-PL condition, following the presented proof techniques, the linear
convergence of f(x;(kT)) — f(z*) can be directly obtained with the proposed stepsizes in Theorem |1| and
Theorem[3, respectively.

Remark 3. The recursive mechanism in FedRecu is inspired by the distributed optimization algorithm EX-
TRA (Shi et al, |2015). However, EXTRA only allows one local update in each communication round and
directly extending it to incorporate multiple local updates still suffers from “client drifts” or even divergence.
In contrast, FedRecu fundamentally revises the recursion and interaction mechanisms, and the associated
proof techniques to accommodate multiple local updates. Specifically, we judiciously introduce different com-
munication and update strategies for iterations t = pr — 1 and t = pt (see (@ and n Algorith to
ensure accurate convergence under multiple local updates. It is important to note that neither process (3) nor
alone can guarantee accurate convergence, as both processes are essential to eliminating “client drifts”.

3.4 Convergence Analysis under Stochastic Gradients

In this subsection, we extend our analysis to the more practical setting of stochastic gradients (the mini-batch
setting). In this case, the local loss function f;(x) is determined by

fZ(x) = ]Efi,NDqt [fz(xvgl)]a (6)

where &; denotes a stochastic data sample drawn from the local distribution D; of client 7. As a result, client
i can only access a stochastic estimate V f;(x,&;) of the true gradient Vf;(x) for any € R™. We use the
following standard assumption regarding the stochastic gradient (Karimireddy et al.[(2020); Mukherjee et al.
(2023)); [Jhunjhunwala et al.| (2023)):

Assumption 3. The stochastic gradient V f;(x,&;) is an unbiased estimate of the accurate gradient V f;(x),
with its variance bounded by o?. Specifically, we have

EEq’,NDi [vfz(xagz)} = Vfl(l'), and E&NDl[“v.fz(xagz) - Vfl(x)||2] S 023
for any x € R™ andi € S.

In the stochastic gradient setting, the exact gradients V f;(z;(t)) and V f;i(z;(t — 1)) of FedRecu should be
replaced with their stochastic counterparts V f;(z;(t),&;(t)) and V f;(z;(t — 1), &;(t — 1)), respectively, where
&i(t) ~ D; are samples drawn from the local data distribution at each iteration. Next, we establish the
convergence properties of FedRecu in this stochastic setting for both convex and nonconvex loss functions.
Again, the results apply to both the ITD and non-IID data cases, as we do not require the local optima
of fi(x) to be identical to the global optima of f(zx).

Theorem 3 (Convex and Stochastic Case). Under Assumption Assumption@ and Assumption @ if the
loss function f;(x) of client i € S is convex and the stepsize satisfies 0 < a < then for any i € S, the
iterates under FedRecu satisfy

67L°

K-1

i o Elllei0) — 2] 34722
E[f(? kZ:o ml(kT))} —f@) < (2ar — 1272La2)K * 201 — 1272 L2 o
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Proof. See Appendix [G] O

Theorem 4 (Nonconvex and Stochastic Case). Under Assumption Assumption@, and Assumption@ if

the stepsize satisfies 0 < o < ﬁ, then for any i € S, the iterates under FedRecu satisfy
S )] - Ef@(0) ~ fe) | 44r%’L
K ,;) E{HVf(xj(kT))” = (& - Br2La?)K a7 — 1372La2’
Proof. See Appendix [I} 0

Theorem [3|and Theorem [d] show that, in the presence of noisy gradients, a constant stepsize can only ensure
convergence to a neighborhood of the optimal solution. The size of this neighborhood depends on the local
update period 7, the stepsize o, the smoothness constant I, and the variance o2 of the stochastic gradients.

Remark 4. In the stochastic gradient setting, FedRecu can still guarantee accurate convergence by adopting
a diminishing stepsize. For instance, following a similar line of reasoning in Theorem[3 and Theorem[]], one
can easily obtain that setting o = O(1/vV K) yields

K— K—-1
Z k)] — 1) < OONVE), and = S E[IVFGitkn)?] < 00/VE),

k=0

N \

for convex and monconvex loss functions, respectively. However, despite ensuring accurate convergence, a
diminishing stepsize slows down convergence compared to the constant stepsize case.

4 Comparisons with Existing Works

In this section, we systematically show that FedRecu has advantages in storage and communication overheads,
stepsize, and convergences rates with respect to existing counterpart algorithms.

Table 1: Comparison of the required memory and communicated messages between FedRecu and existing
algorithms addressing “client drifts” in federated learning.

MEMORY OVERHEAD' COMMUNICATION OVERHEAD?
ALGORITHM
STRONGLY CONVEX CONVEX | NONCONVEX T Z 2 T=1

This work® 2 2 3 2 1
MITRA ET AL/ (20218)* 3 4 4 2 2
KARIMIREDDY ET AL.| (2020]) 4 5 5 2 2
MITRA ET AL.| (20214)) 3 — 4 2 2
HUANG ET AL.| (2023)) — - 4 2 2
HUANG ET AL.| (2024)* - - 5 2 2
SUN & WE] (2022) 4 — — 2 2

I To quantify memory overhead, we measure the number of n-dimensional variables that must be stored,
where n is the dimension of the model parameter. It is worth noting that we do not consider gradients
since they can be computed directly using the model parameter.

2 To quantify communication overhead, we measure the number of n-dimensional variables shared after every
7 local updates.

3 The convergence result of this work for the convex case relies on the last-iterate terms (see Theorem [1).
In contrast to the nonconvex setting, no running-averaged iterate needs to be stored.

4 Note that message compression addressed in the paper is orthogonal to the message count-based commu-
nication efficiency discussed here.

4.1 More Efficient Memory and Communication

A significant advantage of FedRecu lies in its memory-efficient design. Existing federated-learning algorithms,
such as SCAFFOLD (Karimireddy et al.l [2020), FedLin (Mitra et al., 2021b)), FedTrack (Mitra et al.,
2021a), and Scaffnew (Mishchenko et al.l 2022), rely on auxiliary variables, such as control or gradient
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tracking variables, to address the “client-drift” problem. However, storing and updating these variables incur
significant extra overhead in memory consumption. In contrast, FedRecu leverages a recursive mechanism
that naturally incorporates both current and past gradient information into the local update rule, eliminating
the need for using auxiliary variables and resulting in reduced memory requirement (despite requiring to
store the past model parameter).

In addition to memory efficiency, FedRecu also improves communication efficiency compared with existing
counterpart algorithms. In each communication round, clients in our FedRecu only need to share a single
n-dimensional vector (a simple linear combination of model parameters and gradients, see v;(t) and w;(t)
in Algorithm (1| for details) with the parameter server. In contrast, existing federated-learning algorithms
addressing “client drifts”, such as SCAFFOLD, FedLin, and FedTrack, require the transmission of multiple
variables. In fact, when 7 = 1, FedRecu reduces to

N
rat+1) = 5 57 {20500 = 30— 1) = AV (5(0) + 0V s - 1)}

In this case, FedRecu only shares one variable between local clients and the parameter server in each com-
munication round, which reduces the communication overhead in SCAFFOLD, FedLin, and FedTrack by
a half. Table [I] provides a detailed comparison of FedRecu with existing counterpart algorithms regarding
memory and communication requirements.

Table 2: Comparison of allowable stepsizes and obtained convergence rates between FedRecu and existing
federated-learning algorithms (under precise gradient and 7 local training steps)

CONVERGENCE
ASSUMPTION | ALGORITHM STEPSIZE
RATE

THIS WORK (ours) 8/(137L) o(1/K)
KARIMIREDDY ET AL.| (2020) 1/(817L) O(1/K)

CONVEX MUKHERJEE ET AL.| (2023) 1/(207L) O(1/K)
KHALED ET AL.[ (2020); MITRA ET AL (20218 | 1/(107L) O(1/K)
QU ET AL.[ (2021 O(1/VK) O(1/VK)
THIS WORK (ours) 8/(177L) O(1/K)
MITRA ET AL.| (2021B 1/(267L) O(1/K)
MITRA ET AL.| (2021A 1/(187L) O(1/K)
KARIMIREDDY ET AL.| (2020) 1/(247L) O(1/K)
ALLOUAH ET AL.| (2024]) 1/(167L) O(1/K)
BEIKMOHAMMADI ET AL. (2025

NONCONVEX | [HADDADPOUR & MAHDAVI (2019)

YANG ET AL. (2021)); |ZHU ET AL.| (2021
YU ET AL.| (2019); [CHENG ET AL.| 32024{ O(1/VK) O(1/VK)
WANG ET AL.| (2020); [YAN ET AL.| (2025
REISIZADEH ET AL. (2020); [L1 & Li (2023)
XIANG ET AL/ (2024); HUANG ET AL.[(2023)
KIM ET AL.| (2023) ADAPTIVE O(1/VK)

4.2 Improved Convergence Rates

FedRecu offers significant advantages in terms of convergence rates. Unlike many existing methods that
are subject to steady-state optimization errors (see, e.g., Jhunjhunwala et al.| (2023)); Wang et al. (2020);
|Cho et al| (2020); Wang et al| (2021)) or achieve a convergence rate of O(1/K) for general convex loss
functions (see, e.g., Mitra et al| (2021a4b); [Karimireddy et al| (2020); Haddadpour et al| (2019)), FedRecu
ensures accurate convergence at a rate of o(1/K) for general convex loss functions. This contrasts sharply
with existing results, which establish o(1/K) convergence only for special classes of convex functions—such
as those with uniformly bounded gradient differences (Jiang et al| [2024) or uniformly bounded Hessian
differences (Kovalev et al., [2022).
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4.3 Larger Stepsizes

FedRecu allows larger constant stepsizes than existing counterpart algorithms that tackle “client drifts” in
federated learning. While some prior methods exploit diminishing stepsizes to mitigate “client drifts”, this
approach inevitably results in slow convergence and is not considered here. The stepsize comparisons are
summarized in Table 2} It can be seen that FedRecu’s stepsize can be at least 6, 8, 6, and 49 times larger
than those used in [Khaled et al. (2020), |[Mitra et al.| (2021al), Mitra et al.| (2021b)), and [Karimireddy et al.
(2020)), respectively.

5 Experiments

We evaluate our proposed algorithm by training a CNN on 10 clients using the benchmark datasets CIFAR-
10 and CIFAR-100, respectively E The CNN architecture consists of three convolutional layers with 32, 64,
and 128 filters, respectively, each followed by a max-pooling layer. After the final convolutional and pooling
layers, the network includes a fully connected layer with 256 units and ReLU activation, a dropout layer
with a rate of 0.25 for regularization, and a final dense output layer with 10 units that produces the class
logits. In our experiments, we compare the proposed algorithm against existing federated learning methods
specifically designed to address client drift, including SCAFFOLD (Karimireddy et al., 2020), FedLin (Mitra
et al., [2021Db)), and Scaffnew (Mishchenko et all 2022). Following [Hsu et al.| (2019) and Kim et al.| (2023),
we generate heterogeneous data distributions across the 10 agents using a Dirichlet distribution, with the
heterogeneity parameter 3 set to 0.1, 1, and 10, respectively. A higher value of § yields a nearly uniform
distribution of data across classes for each client, resulting in approximately IID local datasets. In contrast,
a lower [ leads to highly skewed distributions, where clients tend to specialize in only a few classes.

Figures [1| and |2 report results for § = 1, which corresponds to a moderately heterogeneous setting. For all
results shown in Figure [I| (CIFAR-10) and Figure [2| (CIFAR-100), the step sizes for FedRecu, SCAFFOLD,
FedLin, and Scaffnew are selected according to the guidelines from Theorem (1} |Karimireddy et al.| (2020)),
Mitra et al.|(2021b), and [Mishchenko et al.| (2022]), respectively, using an estimated smoothness parameter of
L = 2. For FedRecu, SCAFFOLD, and FedLin, the local training period is set to 7 = 10. For Scaffnew, the
communication probability is set to % to ensure that the total number of communicated messages remains
consistent across methods. As shown in the figures, our algorithm achieves faster convergence and higher
accuracy on both the CIFAR-10 and CIFAR-100 datasets.
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Comparison of FedRecu with state-of-the-art federated learning algorithms—SCAFFOLD, FedLin,

and Scaffnew—on the CIFAR-10 dataset. Each curve represents the average of six independent runs. The
Dirichlet distribution parameter was set to 8 = 1, which corresponds to moderate heterogeneity.
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Figure 2: Comparison of FedRecu with state-of-the-art federated learning algorithms—SCAFFOLD, FedLin,
and Scaffnew—on the CIFAR-100 dataset. Each curve represents the average of six independent runs. Note
that the test accuracy in Figure 2(b) is top-5 accuracy. The Dirichlet distribution parameter was set to
B =1, which corresponds to moderate heterogeneity.

Under the same experimental setup, we also conducted experiments with Dirichlet distribution parameters
B = 0.1 (reflecting a high degree of heterogeneity) and 8 = 10 (reflecting a low degree of heterogeneity). The
results are presented in Figures 3} [4} ] and [6] It is evident that FedRecu achieves a substantial speedup
compared with the baseline methods.

Additional experiments for the least squares problem are presented in Appendix [A] which also confirm the
effectiveness of our proposed algorithm.
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The Dirichlet distribution parameter was set to 8 = 0.1, which corresponds to a relatively high level of
heterogeneity.
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Figure 4: Comparison of FedRecu with state-of-the-art federated learning algorithms—SCAFFOLD, FedLin,
and Scaffnew—on the CIFAR-100 dataset. Each curve represents the average of three independent runs.
Note that the test accuracy in Figure 2(b) is top-5 accuracy. The Dirichlet distribution parameter was set
to f = 0.1, which corresponds to a relatively high level of heterogeneity.
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Figure 5: Comparison of FedRecu with state-of-the-art federated learning algorithms—SCAFFOLD, FedLin,
and Scaffnew—on the CIFAR-10 dataset. Each curve represents the average of five independent runs.
The Dirichlet distribution parameter was set to f = 10, which corresponds to a relatively low level of
heterogeneity.
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Figure 6: Comparison of FedRecu with state-of-the-art federated learning algorithms—SCAFFOLD, FedLin,
and Scaffnew—on the CIFAR-100 dataset. Each curve represents the average of three independent runs.
Note that the test accuracy in Figure 2(b) is top-5 accuracy. The Dirichlet distribution parameter was set
to 8 = 10, which corresponds to a relatively low level of heterogeneity.
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6 Conclusion

We have proposed FedRecu, a novel recursion-based algorithm that can address “client drifts” in federated
learning. Different from all existing federated-learning algorithms that have to employ auxiliary variables to
estimate the global gradient or the amounts of drift from it, the novel recursion-based architecture of our
algorithm enables eliminating “client drifts” without introducing any auxiliary variables. This elimination of
auxiliary variables enables our algorithm to significantly reduce the communication overhead and memory
requirement in combating “client drifts” in federated learning. The novel architecture also enables employing
larger constant stepsizes than existing counterpart algorithms with drift correction, resulting in much faster
convergence. We provide rigorous convergence analysis of the proposed algorithm under both convex and
nonconvex loss functions, in both the deterministic gradient case and the stochastic gradient case. What
is worth mentioning is that we prove that FedRecu can guarantee an o(1/K) convergence under general
convex loss functions, which has not been reported in the federated-learning literature before except for
some restricted convex cases with heterogeneity constraints. Numerical experiments further confirm that
FedRecu converges faster than existing counterpart algorithms that can tackle “client drifts.”
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A Additional Numerical Experiments

We also used the following least squares regression problem to evaluate the convergence performance of the
proposed algorithrrﬂ

N
. 11 )
min f(z) = min = ;_1 3 sz =il (7)

where A; € R%*10 b, € R, 2 € R1% and n is set to 20. We consider [4;]; and [b;]; generated from [0, 1]
randomly for 1 < j <50 and 1 < k < 10.

We compare our algorithm with existing federated-learning algorithms that can tackle “client drifts,” includ-
ing SCAFFOLD (Karimireddy et al.,[2020)), FedLin (Mitra et al., 2021b)), and FedTrack (Mitra et al.l2021a)).
The stepsizes for FedRecu, SCAFFOLD, FedLin, and FedTrack are selected based on the guidelines provided
in Theorern Karimireddy et al.[(2020), Mitra et al.| (2021b)), and Mitra et al.| (2021a)), respectively. We use
the convergence error f(z(kt)) — f(z*), where z(k7) = & vazl 2;(kT), to quantify the learning accuracy of
each algorithm. We implement all algorithms using accurate gradients for fairness. Figure [7] illustrates the
convergence errors of all algorithms under different local training periods 7 = 4, 8,12, 16, respectively. These
numerical results clearly confirm that FedRecu achieves much faster convergence than SCAFFOLD, FedLin,
and FedTrack across all tested settings despite its reduced overhead in storage.

2Code available at https://anonymous.4open.science/r/fedrecu-E043/README.md
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Figure 7: Comparisons of FedRecu with SCAFFOLD (Karimireddy et al.,2020), FedLin (Mitra et al.,|2021b)),
and FedTrack (Mitra et al., [2021a)) under different local training periods 7.

B Supporting Lemmas For the Proof of Theorem [1]

Lemma 1 (Lee & Wright| (2019)). Let {A(t)} be a nonnegative sequence satisfying the following conditions:

(1) {A(t)} is monotonically decreasing;
(2) {A(t)} is summable, that is, > po g A(k) < c0.

Then, we have A(t) = o(1/t), i.e., lim;_,o0 tA(t) = 0.

Lemma 2. Algorithm[1] can be equivalently expressed in the following matrixz form:
xi(kt+j)=xi(kt+75—1) —ay(kt + 75— 1),
Yi(kt + ) = yi(kr +j — 1) + Vfi(zi(kr + j)) = Vfi(wi(kT +j = 1)).

forany j=1,2,--- ;7 —1.

Proof. For the convenience of expression, we define X(t) = [zT(t),23 (), -, 2x®)]T, Vf(t) =

[F1@F (), fa(az (1), -+ S (2R ()]T, and

1
—151T, t+1 =71k,
W(t+1) = NNV EEEET (9)
I, t+1# k.
Thus, Algorithm [I] can be rewritten as the following matrix form:
Xt4+1)=2Wit+1D)X@t)—-WEt+1)WH)X({t—1)—aW(t+ 1YW @)V f(¢)
+aW(t+1OW(E)Vf(E—1). (10)
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Rearranging the terms of , we arrive at
é{W(t FOX() - X(E+ 1) :éW(t s wnxe-1-xm}
+ W+ D{WO{S(t) - V(- 1)},

Defining

we can obtain

Z(t) =W (t+1)Z(t = 1) + Wt + D{WO{VF() - Vft - D},
based on the structure of .
From (9) and (10, we can construct Y (¢) satisfying

Z(t) = W(t+ 1)Y (1),

Thus, from and , we have

W+ 1Y () =W(t+1)WEY(t— 1)+ W(t+ 1){W(t){Vf(t) — V(- 1)}}.

From the definition (9) of W (t), we have

fad
T
=

)X (t—1) — aW )Y (t — 1),
Y(t) =W(@)Y(t—-1)+WE{Vf(QE) - Vft-1},

where Y (t) = [yT(t),yx (t), -,y (t)]T, which completes the proof.

Lemma 3 (Mitra et al.| (2021b)). Suppose f;(x) is L-smooth and convex. Then, for any 0 < a < +

have
ly =z —a(Vfi(y) = Vi(x) || < lly — =]
for any x,y € R™.
Lemma 4. For any k > 0, we have
yi(kT) =V f(zi(kT))
forany i€ S.
Proof. We use mathematical induction to prove Lemma [d]

It is clear that the relation holds for k = 0.

Next, we assume that the relation holds at time instant k, i.e.,

yi(kt) = Vf(z

(2 (kT))

HMZ

and prove that the relation also hold at time instant & + 1.

Using Lemma [2) we can obtain the following relation based on :

yi(kT + 1) = y; (k1) + Vfi(xi (kT + 1)) — Vfi(xi(kT)).

18
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Similarly, for any j =1,2,--- ,7 — 1, we can obtain
ik +3) = yi(k7) + V fi(wi(kT + §)) = Vfi(i(kT)).
Thus, we have
yi(kt + 17— 1) = yi(k7) + V fi(xi(kT + 7 = 1)) = V fi(xi(k7)). (16)

Using Lemma [2] leads to
| N
(kT +7) =~ Z {yj (kr+7—=1)+Vfj(xjlkt + 7)) = Vfij(x;kr + 7 — 1))}
Therefore, we have

N
yi(kT+71) = Z{yj kT)+ Vfj(xj(kr + 1)) — Vf](zj(kr))}

Vfi(x;(kt + 7)),

I
z2[=
'Mz i

1

J

where the first and second equalities follow from and , respectively. Namely, the relation in the
lemma statement also holds at time instant k + 1, which completes the proof. O

Lemma 5. For 0 <j <7 and 0 < aL <1, we have
[z (kT + J) — zi(k7)|| < jallyi(z:(kT))].
Proof. From Lemma [2] we obtain

llw; (kT 4+ 5+ 1) — a;(k7)||
=|lzi(kt + j) — zi(k7) — o{yi(k7) + V fi(zi(kT + j)) — V fi(zi(kT))}].

From the above equation and Lemma [3] we have
i (k7 + j + 1) = @i(k7)|| < [Joi (k7 + ) = zi(kT)[| + ally (k7))
which further implies
zi(kT + j) — 2i(k7)|| < jollyi (k7)]|.

forany 0 <j <. O

C Proof of Theorem 1]

From Lemma [2] we have

N

xi(kT—i—T):%Z{xi(kT—i—T—1)—ayi(kT+T—1)}, (17)
i=1

il +7) = 3 {lhr +7 = 1)+ Vfilaalhr +7)) - Vhilaathr +7 - 1)} (18)

i=1

Thus, implies
T—2
zi(kr+17—1) =x;(kr) — ozz Vy; (kT + h).
h=0

19
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From the above equation and , we have

N T—1
1
Sk + k) :NZ{% (k) fa;)yj kr+h)} (19)
which, in combination with yields
T—1
(kT + k) = Z{% (kT) _QZ{% (k7) + V f; (z; (kT + b)) _ij(xj(m))}}. (20)
Lemma and imply
a N -1
zi (kT + k) = 2 (kT) — NZZij(xj(th)). (21)
j=1h=0
From , we have
i (k7 + k) = ™ ||* = [lws (k) — 2*||?
o N 7-—1 a N 7-—1
2 3 Vi ) alhe) — ) S0 S V(g (kr + )
j=1h=0 j=1h=0

Then, using Assumption |I| and the convex property of f;(x), we can obtain

N -1
— 2 %ZZWJ (z; (kT + 1)), 2:(k7) — 2*)
j=1h=0
20 N 7-—1
< Y { @) — filastkr + 1)
j=1h=0
20 <L T2 L
+ 5 0D {Fias e + 1) = £ (k) + 5 Nl (kr + b) = (k)|
j=1h=0

N 7—1
_2<%Z V1(a;(kr + ), 2i(kr) — %)
7j=1h=0
20 N 7-—1 20 N 7-1
<N 2 ABE) — filaythr +m) 4+ 550D {filay b 4+ ) — fi(ay b))}
j=1h=0 j=1h=0
ol N -1 )
+WZ s (kT + h) — x; (k7)|)?.
j=1h=0
Combining Lemma [d] and Lemma [5] we arrive at
a N 7—1
— A 3N V(s (bt + ), wikr) — )
j=1h=0
T—1
<2ar{f(@*) = @ik} + La*{ 3002 IV (o5 (k)]
h=0

20
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which further implies the following relationship based on Assumption

N 7—1 N 7-—1

I 2 S Vg + W) < 5 S0 Dl (hr -+ B) — (k)| 4 71197 )

j=1h=0 j=1h=0
The above inequality, Lemma |5} and the condition 0 < arL < 1 imply

N 7—1

II*ZZVJ% (kT + h))| <?

j=1h=0

— L9 £ (k).

Thus, we can obtain

(k7 + k) = & |* = llws (k1) — 2*||* < 2a7{f(2") = f(2:i(k))} + AL|[V f (25 (k)|

where A, = La3 {37 _} o M+ (312
From and Assumption |1} we have

f(zi(kT + 7))
N 17-1
< Flarilkr)) — oV F (i (kr), 5 D2 S0 V(a4 1))
j=1h=0
N 1-—1

oL, 1 )
+*H*ZZ V(s (kT + ).
1 h=0

From Lemma [4, and Lemma [B we have
f(@i(kT + 7))

<f(xi(kr)) — ar|[V f(zi (k)] +
n onLT(27' -1

a?L(3r —1)?

3 IV £ (e (k)

IV (s (k7))

which further implies

a?L(3r—1)2  o*Lr(t—1)
+ 2

Flalhr +7)) <flaihr) + {3

Thus, if 0 < o < holds, we have

13L

—ar < 0.

o?L(3r—1)2  o*L7(r—-1)
8 * 2

Combining the preceding two relations yields that there exists v > 0 such that
NV fi(kr))I* < flai(kr + 7)) = f(zi(kT))
holds under 0 < o <

From , we have

13LT

20r{f(xi(kr)) — f(2")} <[lwi(kr) — 2| = g (b7 + k) — 27|

+ %{f(gcl(lm' + 7)) — f(xs(k7))}

21

— at }IV (i (k)2

(23)



Under review as submission to TMLR

for any ¢ € S. Thus, we obtain

> {flai(kr) = f(z7)} < oo
k=1

From (24), (25), and Lemma |1} we have
klim E{f(x;(kT)) — f(z*)} =0,
—00

which completes the proof.

D Supporting Lemmas for the Proof of Theorem [2]

1

51, we have

Lemma 6. For0 < a <

s (k7 + 5) — @i (kT)[| < 2]y (i (k7))

|
forany 0 <j <.
Proof. From , we can obtain

i (kT +j +1) — 2i(k7)]|
=llzi(k7 +j) = 2i(k7) — a{yi(k7) + V fi(wi(kT + 5)) = Vfi(@i(k7))}].

Combining and Assumption [1| implies

[zi(kT +j +1) = zi(kr)|| < (1 + al)|zi(kr + j) = zi(k7)|| + allyi(k7)]-

Next we use mathematical induction to prove the lemma.
We first assume that holds for 0 < j <7 —1:
@i (kT + j) — @i (k7)|| < 2jlyi (k7)]|
for any i € S and 0 < j <7 — 1. Then, we will prove that also holds for j + 1.
Combining the above inequality and implies
l#i(k7 +j +1) — zi(k7)|| < (2] + 2aLj + L)e|lyi (k7).

_1
27L>

i (kT +j + 1) — 2i(kr) || <(27 + 2)lys (k7)l;

If a stepsize satisfies 0 < a < we have

which completes the proof.

E Proof of Theorem

From Appendix [C] for any j =1,2,---,7 — 1, we have

zi(kt+j) =xi(kt+7—1) —ay;(kt +j — 1),
Yi(kT +j) = yi(kT +j — 1) + Vfi(wi(kT + j)) = Vfi(zi(k +j — 1))
Yi(kT +4) = yi(k7) + V fi(wi (kT + ) — V fi(zi(kT)).

Moreover, from Lemma [4 we have

Yi(kT) = V f(z;(kT))

22
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for any i € S.

Combining and implies
N 7-—1

i (kT + k) = 2 (kT) fﬁzZv]y (z; (kT + h))

Jj=1h=0
for any i € S.

From Assumption [I} we have

N 7—1 N 7-—1

I 32 S Vs + W) < 5 S0 Bl (b + ) — s (k)| 4+ 7119 5 )

j=1 h=0 j=1h=0
From , Lemma@, and 0 < a < 52 L, we have

N 7-—1

5 D23 Vs + )l < 2 IV (k)]

j=1h=0

Combining Assumption [1] and implies

N 7-—1
f(@i(kr + 7)) <f(zi(kT)) — AV f(2 ZZ V(i (kT +h)))
a L 1 N 7—1 )
+ =l D2 D Vi (b + ).
j=1h=0

From the above inequality and Asumption [T} we arrive at

2 1\2
Gtk 7)) <failhkn) — oV )+ D0 s ()2
T—1
+ LV f (i (k)| 2h.
h=0
The above inequality and imply
a?L(31 —1)?

Fwilhr +7)) < fl(kr) + §

If the stepsize satisfies 0 < o <

T+ atLr(r = 1) — ar [V (k7))

17L , we can obtain

2L3 2
QT é 7) + ?L7(1) —at <0,
ie.,
2L(31 —1)?
OZT—%—QQLT(T—].) >~ >0,
_ 13a’LT
where v = =29=%.

Thus, combining the preceding three relations yields

AV @i(k)|? < flaik)) = flzikr + 7)),

and hence

K—
2 o F@il0) = f@i(K7) _ f(2:(0) = f(a")
;Hw (k)| < e Sy S

for any i € S.
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F Supporting Lemmas for the Proof of Theorem [3|

Lemma 7. Under Assumptz'on and Assumption@ if the loss function f;(x) of client i € S is convex, we
have

IE[Hxi(kT Th) - xi(kT)HQ} <1272La’E {f(xi(kr)) . f(x*)} + 2770202

forO<h<Tandi€esS.
Proof. From and 7 we have

xi(kt+ 5+ 1) =z;(k7+j) — a{ Zgj xj (k7)) — gi(xs(kT)) + g5 (x; (kT +j))},
l‘l(k'T +] + 1) — l‘l(kT)

—zi(kT + §) — zi(k7) —a{ ij (; kT))—Vfi(xi(kT))+ij(xj(k7+j))}

~o{3 Zgj 2;(k7) — Z V£ (k7)) + V filwi (k7)) — gi(i (k)

+ g (@ (km + 7)) = Vfj(z; (kT + j))}-
Further using Assumption [3] yields

]E{Hxi(lw Fi4+1) - xi(m)nz}
=E|

+a2E{HN Zgﬂ (a5 (k7)) va] (xj (k1)) + Vfi(xi(kT)) — gi(z:(kT))

i (kT + j) — mi(kT) — a( ZVfJ xj(kT)) — Vfi(x: (k1)) + V f(x;(kT +j))) HZ}

+gj(33j(k7'+j))—ij(xj(ki7+j))” B (33)
For the first term of the right hand side of (33), using the inequality
2 2, NI
lla +0]" < (1 + e)lla]l” + (1 + )bl

and Lemma [3] yields

E|

2
milhr +) — k) — o ZWJ (25 (k7)) = V fi(ai (k7)) + V (s + ) )| ]

<(L+ %)E[”Ii(kﬂ' +7) = wi(kn)[?] + (1 + B[V f (x; (k7))|?], (34)
for any € > 0 under a stepsize satisfying 0 < aLL < 1.
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For the second term of the right hand side of 7 we have

[HNZgJ 2 (k7)) Zm (k7)) + V filai(kr)) - gi(ai(kr)
+ g (x; (kT + j)) *ij(xj(kTJrj))H }
N
%Z gy (s (k7)) = V£ (s (kr)IP} + BE[V filas (kr)) = gi @s(kr)) ]
+ 3|

lg; (5 (kT + 5)) = V f; (x5 (kT + 5))|1%], (35)
for any i € S.
Using Assumption |3 and leads to

E[| NZ% z(k)) ZWJ 2,(k7)) + V filwa(kr)) — gl (kr)

+ g3y b+ ) = Vsl (hr + )| ] < 90, (36)
for any i € S.
Combining , , and , we can obtain
Elflzi(k + 5 + 1) — 2i(k7)|1?)
<(1+ %)E[Ilwi(kf +7) = 2i(kT) "] + (1 + )’E[|[V £ (2 (k7)) |[*] + 90”0,
Moreover, for any 0 < j < 7, we can obtain

(141 )J—l

B [i(hr +) k)] < {(1+ 0BV oy (k)17 4+ 900} o757

Selecting € = 7 implies
E[sz(kn' +7) — Ii(kT)”Q} < 1272 La’E[f (2 (kT)) — f(2*)] + 2710’02,

since we have ||V f(x;(k7))||* < 2L(f(z; (k7)) — f(z*)) from Assumption and the convex property of f;(x)
for any i € S. The proof of Lemma [7]is complete. O

G Proof of Theorem [3

For the convenience of expression, we use g;(z;(t)) to denote V f;(x;(¢),&(t)) for any i € S and ¢t > 0.

From Appendix[C] for any j =1,2,---,7 — 1, we have

zi(kr+ ) =a;(kt+5—-1) —ay;(kr+j - 1),
Yi(k + ) = yi(k7 + 5 — 1) + gi(zi(kT + j)) — gi(@i(kT + 5 — 1)) (37)
Yi(kT +J) = yi(k7) + gi(zi (k7 + ) — gi(@i(kT)).

Moreover, similar to the derivation of Lemma [ we have

ZN: (xj(kT)) (38)
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for any i € S.
Combining and , we have

N 7-—1

(kT + k) = x;(kr) — %ZZ (zj(kT +h))
7j=1h=0

and further
i (k7 + k) — ¥ — [Jai(k7) — 2%

N 7-1 N 7-1
L 2 1 2
== 20(5 DD g5l (hr + h)),wikr) —a%) + | 303 05w (kT + W) (39)
j=1h=0 j=1h=0
For the term —2a(+ Zj Lo g](ajj(k:T + h)),z;(kT) — x*), we have
1 N 7—1
— 2B (5 30 3" g (kr + b)), ai(kr) — )]
j=1h=0
20 N 7-—1
=3 E[@*—mj(kr+h),ij(mj(kr+h))>]
j=1h=0
T—1

N
+ 2a Z E[(xj(kn-—i-h) —Ccz‘(k’T%ij(xj(kT‘f‘h)))}

N 17-—1
~20E[(1 7 37 g5 (b + 1), malhr) — 27)]
j=1h=0
20 N 17-—1
< YD CE[fi@h) — filws (ke + h)|
j=1h=0
20 S L
D Y[kt 4 0) = £ (@ikr) + 5 s (r + B) — (k)]
j=1h=0
which further implies
1 N 7-1
— 2B (5 303" g5 (kr + b)), i (kr) — )]
j=1h=0
ol N 7-1
§2aTIE{f(x ) — f(zi(kT)) } Wz E{‘:EJ (kT + h) — x;(k7)|] }
j=1h=0

From Lemma [7 we have
E[lleibr + b) = 2i(kr)|?] < 1272 La®E [ f(; (k7)) = f(a")] +27ra%0?
for1<h<T.

Combining the preceding two inequalities leads to

N 7-—1

—QQE[ ZZgJ zj (kT + h)) $1(1€T)—I>i|

j=1h=0

<2atE [f(x*) - f(xl(kr))} + 1273 L% [f(xj(kr)) — f(a:*)] + 2712 Lol o2,
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If the stepsize satisfies 0 < 67aL < 1, we have

—204[[*3[ iV:Tz:lgj (x; k7+h)mz(k:7')—x>}
j=1 h=0
<207E|f(a") - f(z:(kr))] + 27 La®E[f(; (k7)) — f(&")] + 9720?02, (40)

For the term o?||+ Z] Dy Ogj(:vj (kT + R))|]? in , we have

N 7-1
HNZZ‘% zj(kT + h) )H
7=1h=0
N r—1 ) L ol )
<20 Zz{g] 3 (k7 + 1) = g s (k) } |+ 202 3237 s )| (41)
Jj=1h= j=1h=0
Using the inequality |la + b+ ¢||? < 3||al|? + 3||b]|? + 3]|c||?, we have
azujlvile{gj(%(mh)) gi(a; (k7)) |
=1 h=0
3ra? ]JVT ! 2 3702 MLT21 9
<SS Wt + ) = Vg |+ T S0 o g 4 1) — Vs Chr 4 )|
j=1h=0 Jj=1h=0
3ra? L2 2
+ Y |V k) — g k) | (42)
j=1h=0

Using Assumption [1} we have the following inequality from (42]):

O‘QH% iil {gsa; k7 + 1)) = gﬂ'(mj(kT))}HQ

ZZH@«J (kr + h) — a;(kr) H N SO |los st + 1) = Vg ahr + n)|
=1h=0 j=1 h=0
3ra? $h A 2
+ e D ||V s (k) - gy | (43)
j=1h=0

Combining and Assumption [3} we arrive at

el 5 ot - i)

T—1

767—0[2[/2 ZZE[H% kT 4+ h) — xj(kT) H ] + 120°7%07. (44)
j=1h=0
Lemmam and imply
1 N 1—1 9
20%E|| = 323" {gs sk + 1) — g3 (s (k) } |||
j=1h=0
<72 LB [ f (x; (k7)) — f(z*)] + 16273 L2a*0? 4 12077207, (45)
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For the term ||+ ZJ > Ogj(:v](lw))||2 in , we have

lNTl

202

j=1h=0
Thus, from Lemma [7]and Assumption [3] we have

N 1-—1

20°E| Hfzzgj 2 (k)] < 407%0% + 8 T2 LE[f (x; (k7)) — f(x¥)).
7=1h=0

Combining , , and , we have
| Nl )
oE ||+ D03 gi s (ke + h)|| ]
j=1h=0
<(72r'LPa* + 82T L)E[f (x;(kT)) — f(z*)] + 16277 L2 a*0? + 16a* 70>

If the stepsize satisfies 0 < 67aL < 1, then we have

N 7-—1

By 30 wtesthr-+ ] < 107" L) 107) + 80

Combining , , and , we have

E {Hxi(kr k) - x*||2} - E[Hmi(kn-) - x*||2} < (207 — 1272 La)E| f(¢*) — f(zi(kr))| + 3472002

If the stepsize satisfies 0 < a < we have

6L’

K-1

1 N E[||:(0) — =*?]
Z ]E[ zilkr)) = f(@ )} = (2ar — 1272La?)K + 4d?,

k=0
where
_ 347202
© 2ar — 1272La?’
Thus, we have
K-—1
1 E[[|2i(0) — 2*|]*] 5
E[ — (K } — fla*) < Ao?,
I 2 wilkm))] = f(a?) < @ar — 122La?)K 7

k=0

for any ¢ € §, which completes the proof.

H Supporting Lemmas for the Proof of Theorem @

Lemma 8. Under Assumptzon' if the stepsize satisfies 0 < a < =, we have
E[||z; (kT + h) — z;(k7)||*] < 1872042E[|\Vf(xi(k7'))|\2] + 8170’02,

foranyl<h<Ttandie€sS.

Proof. From and 7 we have

vkt +5+1) =a;(kt +j) —a{ Zgj xj(kT)) gi(xi(kr))—I—gj(xj(kn'—i—j))}.

28

N S gy (k)P < MTZm%m>vmmmW+Wﬂwmww?

(46)



Under review as submission to TMLR

The above equation implies

2ok +j + 1) — ay(k7)

N
=7 +3) = wi(k7) = o 5 30y (7)) = Vilawilhe) + V(o (hr + )

N

- a{% > gja;(kr)) - % Z V(i (k7)) + V fi(wi(kT)) — gi(xi (k7))

j=1
+ g3 (w5 (kT + )) = V (s (b + ) }.
From Assumption [3} we obtain

E|llzi (kr + 5 +1) = @i(kr) 2]
=E[lrsthr + ) — wilhr) a5 ij iy (k) = Vs k) + V £y s (o +90)) ]
+ aZE[H}Vigm(m)) - % ;vmj(m)) + Y fiCea(kr)) — gi(ai (k)
+;j<xj<kr+j>>—ijmj(kwj))iﬁ.
For the first term of (I5), we have
E|ihr + ) — k) — o Zm 21 (k7)) — Vfiles(kr)) + 9 fulasthr + )|
<+ DIE[|withr + )~ wilhr) — (T fuloilhr + ) Vfalailhr) [
+(1+7 a2EH’NZ_:1ij(wj(kT))H2}
Assumption [ and (@) imply )
E[Jesthr +3) - wih) = o 5 ij (5 (k7)) = VilaaChr) + Vit + 7)) |
s<1+aL>2<1+%)E[nxz(krm— zi(k7) 2] + (1 + )aE [V £ (2 (kr))).
For the second term of (8), from Assumption B we have
[HNZ% z;(kr)) ij 2;(k7)) + V fulai(kr)) = gi(ai(kr)
g5y (hr + ) = V(s Chr -+ )| ]

i E[llgs (5 (k7)) = ¥ (w5 (kr) 2] + 3E[IV fi: (k7)) = giCes(hr) 1]

2\“

+ 3E {Hgg(%(kﬁﬂ)) Vi (s hr + )1}
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Combining the above inequality and Assumption [3] implies
e[|+ Zgg zj(kr) Z V(w5 (k7)) + V filwi(kr)) = gi(a(kr))
+ g (@ (k7 + 7)) —ij(xj(kTJrj))H } < 902, (51)

Combining , , and leads to
E[llzi (kr + 5 +1) = wi(kr) ]

<(1+al)*(1+ %)E[Hxi(kr +5) = wilkT) 2] + (1+ 7)a?E 1V £ (w5 (k7)) 2] + 90202

Because the stepsize satisfies 0 < a < %, we have

B[lthr +.9) - wbr)2] <{(1-+ BV s )P + 90207} 5 (4 27)'
h=0
which further implies
1335 _
B[lahr +3) — 2ein) 2] <{0+ DB A @ ()P 490202} R 6

forany0<j<r7andieS.

In addition, we have

(1+-)% —1<33, (1+f)3—12§, (53)
for any 0 < j < 7.
Therefore, combining and leads to
E[lai(kr + ) — wi(kn)|?] <187%0%E[|V f(z; (k7)) + 81ra’o?,
which completes the proof. O

I Proof of Theorem [

For the convenience of expression, we use g;(z;(t)) to denote V f;(z;(t),&(t)) for any ¢ € S and ¢ > 0. From
Appendix [C] for any j =1,2,--- ,7 — 1, we have

ikt +j)=xi(kt+ 75— 1) —ay;(kt+ 5 — 1),
Yi(kt +J) = yi(km + 5 — 1) + gi(zi(k7 + j)) — gi(wi(kT + 7 — 1)) (54)
Yi(kT +7) = yi(kT) + gi(2i (kT + 7)) — gi(2i(kT)).

Moreover, similar to the derivation of Lemma [4 we have

= & > gilay (k) (59)

for any i € S.
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From and , we have

N 7-—1
@
wi(kt + k) = wi(kr) — 5 D Y 955 (k7 + 1),
j=1h=0
for any i € S. Thus, using Assumption [T} we arrive at
flai(kt+ 7))
1 N 7—1 a L 1 N 7—1
<flx;(kT)) — oV f(2:(kT)), ZZVfJ xj(kT))) + 7”7229] z; (kT + h))|?
J:1 h=0 j=1h=0
N 7—1 1 N 1—1
oA F(ilkr)), 5 S S0 Vsl + 1) = 5 32 30 V(s (7))
j 1 h=0 j=1h=0
1 N 7-—1 1 N 1—1
— (Y (ilkn)), 5 DS gyl (b + ) = 1 D 3 V(e 4+ ). (56)
j=1h=0 j=1h=0

Taking the expectation of both sides of leads to

E[f(zi(kT +7))]

T—1

N 71—
< f (k)] — arB{IV Fkr)) 2]+ SEB | 303 gy ay (o + )]

j=1h=0
1 N -1 1 N -1
+aB ||V f @ikl D2 Y Vil (hr +h) = 52 D >V fi(a (k) D). (57)
j=1 h=0 J:lh:O

Using the inequality 2ab < a? + b2, the relation in , and Assumption (3, we have

E[f(zi(kT +7))]

T—

9 N 7—1
<B{f (k)] - TE[I9 £ @r)IP] + SRl S0 3 g5 (b + )P

=1h=0
aL2 N 7-1
i IE[HxJ (kr + h) — 2; (k7)) } (58)
j=1h=0
For the term % i1 Z oElllzj(kT + h) — 2;(k7)|?] on the right hand side of the preceding inequality,

from Lemma [§] l we have

—

12 T 2 T

~

N 1 a N
S 2o DBl (k4 ) =y (k1)) < S D0

j=1h=0 j=1h=0

{1872a2E IV f(z;(kr))|%] + 81ra2s } (59)

2

The stepsize condition 0 < a < 6% and imply

S E (2 (k7 + h) = w5 (k7)|12] < 3722 LE[|IV (2;(k7)|I?] + Tr%a*Lo™, (60)

j=1h=0

al? &
2N
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For the term ||+ Zjvzl S o gi(zi(kT + R))|? in , we have

e ot )]
1J_Nhj§1 1 N 17-1 9
<20?|| 5 203 {5 s hr + ) = gy (k) ||+ 20| 55 20 D gy k)| (61)
j=1h=0 Jj=1h=0

For the term || 4 Y20, 55720 {g; (2 (k7 + h)) — g;(2; (k7)) }|? in (58), we have

HN ZZ{gJ (xj(kT +h)) — gj(xj(kr))}H2

j=1h=0
2 T—1

_Ta EN:ZH(WJ (3 (b + 1) = V £ (57)) ) + (055 (b + 1) = V £ + 1))

j=1 h=0
+ (Vfilws (k7)) = g5(w; (k7)) H2

which further implies

N 7-—1

0|5 303 {os s Chr + ) — gy k) )|
j=1h=0
IS asthr ) = ay )+ 2SS (9o - sy st |
j=1h=0 j=1 h=0
37’&2 N -1 9
ZZ Hg] aj (kT + h)) ij(ifj(kTJrh))H : (62)

From and Assumption (3] we have

2a2E[H% ZN:TEI {gj(%‘(’” +h) - 9j<%‘<’”>>}H2}

j=1h=0

6Ta "L ZZE[H% kT +h) —xj(kT) H ] + 120%7%02.

j=1h=0

Combining Lemma [8 and the above inequality yields

WE[HNZZ{% b+ 1) = gy oy k) |

f— h_
<1087 L%« 4E[|\Vf(xj(k7))|| ] +4867° L?ato? + 12021202, (63)

2
in , we have

For the term H ~ Zjvzl Z;;é g;(z;(kT))

207E[|| < iilgj(xj(kf))m
<40?7E| - i_v: La3es b)) = 91556 }|| ] + 40272E ]| > [Viaen)|] o
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From and Assumption (3] we have
N
27| 53
o N 2

g5 (2 (k7) H } <40%720% + 42 7T2E[||V f (2 (k7)) (65)
=0

for any i € S.
Using the inequality |la + b]|? < 2||a|* + 2]|b]|?, we have

N 7-—1

QZHN;X_: (x; kT—I—h)H
N -1 )
§2Q2HJ1VZZ{9J 2 (kr + h)) — g;(z; (kr) }H +2a Hfzzgj (k7))

j=1h=0

Combining , , and leads to
N 7-—1
2 1 2
E [ D03 gs w5k + m)|| ]
j=1 h=0
<1087 L2 E[||V £ (; (k7)) ||?] + 48673 L2 ao? + 1607202 + 4o’ T*E[|V f (x; (kT))|?]-

Plugging the stepsize condition 0 < 67aL < 1 into the preceding inequality leads to

o*E |5 v 53 astasthr + m)|['] < 2By +307%2
=1 h=0
ie.,
La? 1 N -1 7 T )
P o3 gyt + )| ] < T2 LBV £y (k) 2]+ 157202 Lo, (66)

From , , and , we have

Blf (zi(kT + 7))] <E[f(2i(k7))] — %E[I\Vf(xi(kT))l\Q] + ?TQLOZZE[IIVf(xj(kT))IIZ]
+ 227202 Lo?,

ie.,

(5 - 5 7La® ) BlIV Ay (k7)) P) < ELf i) — Elfmilhr + )] + 227°0% Lo,

2 2
Under a stepsize satisfing 0 < o < ﬁ, we have
1 E[f(2:(0))] — f(z*) 4472021
B[ i(kT) L 2
2 ||Vf .’L‘ T )” ] (% — %’,TQLQQ)K aT — 137-2La20

for any ¢ € S, which completes the proof.
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