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Abstract

Asynchronous federated learning (FL) with
heterogeneous clients faces two key issues:
curvature-induced loss barriers encountered
by standard linear parameter interpolation
techniques (e.g. FedAvg) and interference
from stale updates misaligned with the
server’s current optimisation state. To al-
leviate these issues, we introduce a geometric
framework that casts aggregation as curve
learning in a Riemannian model space and
decouples trajectory selection from update
conflict resolution. Within this, we propose
AsyncBezier, which replaces linear aggre-
gation with low-degree polynomial (Bézier)
trajectories to bypass loss barriers, and Or-
thoDC, which projects delayed updates via
inner-product–based orthogonality to reduce
interference. We establish framework-level
convergence guarantees covering each vari-
ant given simple assumptions on their com-
ponents. On three datasets spanning general-
purpose and healthcare domains, including
LEAF Shakespeare and FEMNIST, our ap-
proach consistently improves accuracy and
client fairness over strong asynchronous base-
lines; finally, we show that these gains are
preserved even when other methods are allo-
cated a higher local compute budget.
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1 INTRODUCTION

In recent years, Federated Learning (FL) has seen
a wave of research interest (Zhang et al., 2021; Xu
et al., 2023) for its ability to keep data in private si-
los and achieve collaborative model training without
necessitating the disclosure of sensitive information.
This has been particularly notable in the healthcare
sector (Rieke et al., 2020; Soltan et al., 2023; Mo-
laei et al., 2024), where practitioners must balance
evolving data-privacy legislation against the need for
high-performance models in high-stakes settings. In
particular, FL studies optimisation problems of the
form:

min
Θ∈MΘ

L(Θ) :=
1

M

M∑
i=1

wiE(X,y)∼pi [ℓ(y;X,Θ)] (1)

for some vector of client weights w ∈ RM and some
set of client risk functions Li, corresponding to the
expected value of loss ℓ over the client data distribu-
tion pi. Each client has access only to Li and must
collaboratively find a minimum Θ. In the original
FedAvg algorithm, this is accomplished by taking a
simple arithmetic mean of client models trained by
SGD (McMahan et al., 2017).

Where clients have differing dataset sizes or compu-
tational resources, some participants will consistently
compute training steps faster than others (Pfeiffer et al.,
2023), leading to long idle times in the synchronous
FedAvg paradigm. This motivates consideration of
asynchronous updates (Xie et al., 2020), where clients
are able to submit their results and receive an updated
global model to continue training immediately. In
this setting, distributional heterogeneity between client
datasets poses a more severe challenge, since conflicting
updates can no longer be reconciled by waiting for all
clients. Despite this, most FL systems in use today
rest on the assumption that the linear interpolation of
client models produces a strong multi-task model. In
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the irregular and non-convex loss landscapes of neural
networks (Li et al., 2018), this assumption can fail as
“barriers” of higher loss are encountered when averaging
along straight lines.

Related Work There have been many proposals
since to mitigate the effects of client heterogeneity and
asynchronous update staleness. Li et al. (2020) is a
notable example, which adds a proximal L2 regularisa-
tion term to the client losses; this principle is used in
the asynchronous setting by Xie et al. (2020). Nguyen
et al. (2022) takes the simple step of buffering updates
to increase training stability, where Wang et al. (2022)
aims to homogenise clients by scaling the number of
local epochs each client performs according to the delay
with which its updates are received, as well as down-
weighting the contribution of updates according to this
metric-based “staleness” value. Unlike the methods
above, Zheng et al. (2017) directly modifies the update
rule, approximating the gradient at the current point
via a first-order Taylor expansion around the stale gra-
dient. A number of literature proposals are based on
adaptive optimisation at the server-side (Wang et al.,
2024; Reddi et al., 2021) and seek to delay-correct
these momentum terms (Shi et al., 2024; Wang et al.,
2024), but they maintain the same linear connectivity
assumption as the aforementioned.

Where methods do explicitly consider mode connection
geometry, it is usually indirect, via flatness-aware min-
imisation (Sun et al., 2023) or whole manifold learning
(Grinwald et al., 2024), and neither approach tackles
loss barriers explicitly. A final approach which seeks
to improve the linear connection quality is Wang et al.
(2020), performing neuron alignment (Tatro et al., 2020)
before aggregation to factor out permutation equivari-
ance in layers; we find, however, that the number of
epochs for which each client trains in the standard fed-
erated setting almost never leads to misaligned models,
suggesting that this is only appropriate for the direct
model fusion problem (Li et al., 2023).

Our Contributions We present a novel family of
algorithms in full Riemannian generality (Nickel and
Kiela, 2018; Bonnabel, 2013; Li and Ma, 2022) that
relaxes this linear assumption to the existence of an
arbitrary low-loss geodesic. Marking a departure from
prior art, we dynamically learn these “aggregation man-
ifolds” with a modified two-step training process, for
which we provide a framework-level convergence result.
From these foundations, we propose the AsyncBezier
algorithm for asynchronous optimisation as a simple
implementation where polynomial mode connections
are directly learned as low-loss 1-manifolds and the
novel OrthoDC staleness correction rule is deployed
to factor out update directions which conflict with the

Figure 1: Quadratic Bézier mode connections learned
during the federated training of LeNet-5, projected
onto a 2-d loss landscape. Plot (a) shows cross-entropy
loss w.r.t. a local training set and (b) w.r.t. the global
test set, exhibiting the same geometric features in both.

global optimisation trajectory. Finally, we implement
a comprehensive empirical testing suite using an asyn-
chronous fork of the Flower FL library (Beutel et al.,
2022), demonstrating that our proposal is able to con-
sistently outperform existing literature baselines on
the canonical benchmark datasets FEMNIST, LEAF
Shakespeare, and CXR8.

2 BACKGROUND

2.1 Mode Connectivity

Different local minima (modes) in parameter space are
often connected by simple polynomial curves of low av-
erage loss, revealing a large, highly-connected subspace
of good solutions (Garipov et al., 2018; Lubana et al.,
2023). These polynomial mode connections often exist
between heterogenous multi-task models even where
the linear connection fails, and are consistently able to
find paths of lower average loss than the straight line,
suggesting natural curvature to this solution subspace
(Zhou et al., 2023) which an aggregation mechanism
should respect.

Figure 1 shows the advantage of taking loss landscape
curvature into account when merging local and global
parameters. At an aggregation step, we learn a low-loss
quadratic Bézier path between the models. Although
any order of curve could be chosen, Zhou et al. (2023)
demonstrates that single-bend paths are usually ex-
pressive enough to avoid non-convexities. Accordingly,
we choose quadratics as the simplest family that are
smooth everywhere, keeping curve learning steps to
the same complexity as a normal parameter update
step. To produce the plot, the local and global param-
eters are projected onto two vertices of the standard
2-simplex, with the learned control point projected onto
the third. The learned curvature-aware connection and
the naive linear connection are plotted in solid black
and dashed red respectively, with contours showing the
loss function in the plane of this simplex.

In both cases, we see a configuration reminiscent of
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figures in Garipov et al. (2018), although the effect is
less pronounced given the comparatively few epochs in
a single federated learning step: the piecewise linear
optimisation trajectory of local training has navigated
around a “barrier” in parameter space of higher loss
that the naive linear aggregation function is not ex-
pressive enough to capture, but the quadratic curve
is. Work such as Izmailov et al. (2018) and Guo et al.
(2023) has examined the positive relationship between
choosing models from the midpoint of mode connec-
tions and the flatness of minima, conjectured to be
correlated with a model’s generalisation ability (Had-
douche et al., 2025; Caldarola et al., 2022).

2.2 Riemannian Optimisation Preliminaries

We begin by briefly recalling the key mathematical com-
ponents of Riemannian Gradient Descent (Bonnabel,
2013):

Definition 1 (Riemannian Gradient). Let f :M→
R be a real-valued C∞ function w.r.t. a Rieman-
nian manifold (R-Manifold) M. Then we write
grad f(x) ∈ TxM to denote the unique tangent such
that, for all v ∈ TxM

Dfx(v) = ⟨grad f(x), v⟩ (2)

Definition 2 (Exponential Map). Letting γv denote
the unique geodesic from x with initial tangent vector
v, we define the Riemannian exponential map:

expx(v) := γv(1) (3)

This generalises the idea in Euclidean space of stepping
along a straight line towards a point to the setting of
R-manifolds. Since geodesics are constant-speed, we
have the desirable quality that d(x, expx(v)) ≡ ∥v∥
where d denotes the induced Riemannian metric onM.

Definition 3 (Metric-Preserving Transport). Letting
x, y ∈ M we write Px→y : TxM → TyM to denote
the parallel transport map with respect to the Levi-
Civita connection. This map has the (Riemannian)
metric-preserving property:

∀v, w ∈ TxM, ⟨Px→y[v], Px→y[w]⟩x = ⟨v, w⟩y (4)

The technical definition of parallel transport in general
terms is beyond the scope of this paper, as this prop-
erty is the only one we actively use (along with the
guaranteed existence of such a map for any x, y ∈M).
Px→y is not always the only function with this prop-
erty, but it is the unique one which also introduces no
torsion to the underlying manifold (Lee, 1997).

Riemannian GD then proceeds with a simple generali-
sation of the Euclidean GD update rule:

θt+1 ← expθt(η grad(θ
t)) (5)

for some learning rate η ∈ (0,∞); it is clear how this
can be used to generalise Euclidean FedAvg to the
Riemannian context, and we can similarly lift the two
main paradigms of handling asynchronicity to mani-
folds. More precisely, the issue of grad being computed
against θτ for τ < t can be solved by trusting the
learned position or tangent, exemplified by FedAsync
(Xie et al., 2020) and ASGD (Dean et al., 2012) respec-
tively. We can express these in general Riemannian
terms, letting gτ denote the learned stochastic pseudo-
gradient and θ̂τ := expθτ (g

τ ) the learned model:

θt+1 ←− expθt(η exp
−1
θt (θ̂

τ )) (AsyncPos)

θt+1 ←− expθt(ηPθτ→θt [g
τ ]) (AsyncTan)

Here, and for the remainder of the paper, we may abuse
notation and write exp−1 to denote any member of the
preimage when outside the injectivity radius. Other
“delay correcting” update rules can be lifted to the
Riemannian case, provided their Euclidean assumptions
have manifold analogues. For example, DC-ASGD
becomes:

θt+1 ←− expθt
(
ηPθτ→θt [g

τ +Hessf(x)[exp−1
θτ (θ

t)]
)

The outer product of tangent vectors as an unbiased
estimator for the Hessian trick used in the original
Euclidean formulation can also be applied to our Rie-
mannian version since the operation occurs in tangent
space. In Euclidean space, this “stepping vector” can
be expressed as a simple linear combination of the ones
for AsyncPos and AsyncTan, but this necessitates
flatness of the underlying manifold. Given the variety
of update rules in the literature, we black-box this
choice in our general framework: we assume a function
that takes gτ and outputs a staleness-corrected tangent
direction. We then propose a new geometric rule for
AsyncBezier.

An important assumption in the convergence proofs of
Bonnabel (2013) and Li and Ma (2022) is the geodesic-
completeness of the manifoldMΘ: that the exponential
map is defined on the entire tangent space. By the Hopf-
Rinow theorem, this implies geodesic-connectedness:
that any two points on the manifold are connected by a
geodesic path. Whilst in practice this assumption could
be relaxed for e.g. punctured manifolds, most sensible
choices of optimisation manifold will be complete, so
we adopt this convention for guaranteed existence of
expθ(gradθ L) and exp−1

θ (θ̂).

3 THE ASYNCMANIFOLD
FRAMEWORK

We may define the “aggregation problem” of AsyncFL
as finding the path in parameter space γ : [0, 1]→MΘ
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between the local and global models and the step size
ηg ∈ [0, 1] such that γ(ηg) is in a low point of both the
local and global loss landscapes. The most common
paradigm for choosing γ is the Linear Mode Connec-
tivity hypothesis: independent neural network minima
are often connected by straight lines of low-loss, so γ is
simply the straight line Θlocal ↔ Θglobal. This assump-
tion often fails to hold, however, although minima may
still be connected by polynomial curves (Lubana et al.,
2023). Some authors consider a stronger hypothesis
that extends to entire low-loss submanifolds connect-
ing more than two minima (Benton et al., 2021), but
these approaches based on flat simplicial complexes
can encounter the same problem of loss barriers. In-
stead we make a more immediate generalisation of
straight-line connectivity to the Riemannian context
that both allows for dynamic adaptation to the solution
space geometry and maintains the semantic richness
of a manifold learning framework: that there exists a
(low-loss) submanifold of MΘ on which the geodesic
connection of minima is low-loss. In particular, this
subsumes the Polynomial Mode Connectivity hypoth-
esis, as we notice that the graph of a Bézier curve is
a 1-dimensional submanifold, on which the geodesics
trivially follow the polynomial in RΘ. An important
class of manifolds where the geodesics coincide with
a polynomial curve but maintain the dimensionality
ofMΘ are the ε-tunnels (Dold et al., 2025): ε-balls
extruded along a Bèzier curve. This enables a variant
of Sharpness-Aware Minimisation (SAM) (Cal-
darola et al., 2022) for curve learning, which seeks to
improve generalisation ability by increasing solution
volume.

With the aggregation problem cast as curve learning,
we may now present our proposed solution. We specify
the AsyncManifold family of algorithms, where the
learned aggregation manifold is arbitrary, and provide
a particular implementation in AsyncBezier, where
we directly learn geodesics as (quadratic) Bézier curves;
finally, we provide a convergence result for the frame-
work, agnostic to the choice of manifold.

Training Step (Client) Given a particular global
model Θt, the goal of the client is to learn a submanifold
(with boundary)Mϕ of parameter spaceMΘ around
Θt.

Our framework rests on a key observation: a wide class
of submanifolds can be learned with standard gradient-
based methods by choosing a geodesically-connected
smooth manifold (with boundary) M and learning
a smooth map ιϕ : M → MΘ, inducing a Rieman-
nian structure onM by pulling back the metric along
the embedding. We call M equipped with a metric
depending smoothly on ϕ the Riemannian manifold

Mϕ := (M, gϕ).

−1 0 1

−1

0

1

ι−1 : (ιϕ(M), gΘ)
→
(ρ(M), gϕ) =:Mϕ

idM : Mϕ ↪→M

ιϕ :M→MΘ

Figure 2: Illustration of our approach to manifold
learning. M = D1(R2) maps into parameter space
MΘ = R3 by the learned embedding. ιϕ(M) inherits
a Riemannian structure from MΘ via the subspace
metric, distorted by ιϕ, which is in turn isometric to a
retraction ofM equipped with the pullback metric (in
this illustration, the retraction ρ = id). The curvature
of thisMϕ space thus induces a lower-loss curved path
inM, and henceMΘ under the embedding. †

We learn parametrised realisations of M in MΘ by
choosing a smooth map ι : MΦ × M → MΘ, for
some R-manifoldMΦ. This ι has two important fea-
tures: first, for every Θ ∈ MΘ, there exists a unique
ϕΘ ∈ MΦ such that ιϕΘ

(M) = {Θ} - inducing a sub-
spaceM0

Φ homeomorphic toMΘ. This “compression”
property is necessary because the FL optimisation state
at any given time is a single point inMΘ. We are not
attempting collaborative learning of a single low-loss
manifold, rather an ephemeral low-dimensional mani-
fold on which to do aggregation; to apply the framework
to federated manifold learning we chooseMΘ as the
space of manifold parameters and choose a simpler
structure for parameter space aggregation (e.g. Bézier
curves).

Second, ιϕ should be an immersion wherever ϕ ̸∈ M0
Φ

- this ensures that the pullback metric fromMΘ will
always induce a Riemannian structure onMϕ as soon
as the local and global models diverge. Where ιϕ is not
injective, we will abuse notation and write ι−1

ϕ (Θ) to
mean any member of the Θ preimage.

We may now optimise this embedding using standard
Riemannian SGD onMΦ. For this, we must choose a
sampling distribution P overM which approximates
the uniform distribution on the geodesic connecting

†In this figure, we have shown MΘ with Riemannian
structure corresponding to the loss landscape for illustration
purposes - this will not be the case in general and usually the
Riemannian structure of MΘ is defined without ℓ. Since
evaluating the loss function is costly, we induce a new
geometry of Mϕ via distortions in ιϕ
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ι−1
ϕ (Θt) to the distinguished local model ω ∈M. Start-

ing from ΦΘt for the received global model Θt, ϕ is
then trained against the objective:

min
ϕ

ES∼P

[
Fi(X; ιϕ(S),Θ

t)
]

:= (6)

min
ϕ

ES∼P

[
ℓi(X; ιϕ(S)) +

µ

2

∥∥ιϕ(S)−Θt
∥∥2]

Optimisation proceeds by general Riemannian gradient
descent onMΦ, sampling Sk ∼ Pk at local batch k -
this is possible by the smoothness of the cost function
on MΘ. After K total rounds of optimisation, the
reparametrisation vector

vti ∈ TMΦ :=
(
expϕΘt

)−1

(ϕK) (7)

is transmitted back to the server.

Remark. To perform stochastic analysis we must, sep-
arately to any differentiable structure, endow M and
MΘ with probability measures. ιϕ must be measurable
with respect to them, but the pushforward and latent
measures on ιϕ(M) need not coincide. In particular,
sampling from the uniform distribution on ιϕ(M) with
respect to the MΘ measure may be possible only by
computing a corrected non-uniform distribution onM.

AsyncBezier learns the aggregation path directly as a
low-degree polynomial, representing the simplest choice
under this framework of a 1-dimensionalM. We set
M := [0, 1] and MΦ = (MΘ)

n to be the space of
control points for degree-n Bèzier curves in the model
spaceMΘ

‡. ι is then defined by the numerically-stable
de Casteljau’s formula (Delgado et al., 2023) which,
for the quadratic case we focus on, is:

ι : (MΘ)
3 × [0, 1] −→MΘ (8)

A,B,C, t 7−→ (1− t)2A+ 2t(1− t)B + t2C

Notice that ιϕ is thus almost everywhere an embedding.
We then fix the parametrisation such that ιϕ(0) = Θt

and ω := 1. P is set to the Dirac delta at 1 for the first
K1 rounds, forcing movement away from the global
model, followed by U [0, 1] for the subsequent K −K1.
After K1 rounds, the experiments of Section 4 freeze
both endpoints, but freezing the “local” endpoint is
optional.

Correction Step (Server) At time step τ , the
server receives vti from client i. Since Θτ is out of
synchronisation with Θt, we need a framework for cor-
recting this staleness. To achieve this, we fix a function
π :M2

Θ × TMΦ → TMΦ, mapping learned gradient
and a (Θt,Θτ ) pair to the delay-corrected gradient,

‡For geodesic-completeness it can be useful to recall
that M can be sensibly extended to R.

ensuring that the ιϕ(M) this induces always contains
Θτ . We can view this π as inducing a weak form of
smooth fibre bundle from the total space:

Sϕ,Θt :=
{(

Θτ , ι(πϕ(Θτ |Θt)(x)
)
| Θτ ∈MΘ, x ∈M

}
In particular, for AsyncBezier, ιϕ(M) ∼=M for all
ϕ ̸∈ M0

Φ, which is true almost everywhere. The “op-
timal” bundle would be one where each Θ ∈ MΘ is
associated withMϕ for the optimal ϕ, but this would
define an intractable π. Instead, the AsyncManifold
framework black-boxes the optimisation (given Θt) of
the initial client ϕ from the perspective of the server
and ensure that the transformation to delay-corrected
parameters is simple to reason about. This π can thus
be seen as approximating the true gradient at Θt via
the learned geodesic; convergence is guaranteed as long
as its error is at most a constant factor worse than the
parallel transport of the curve tangent at Θt to Θs.

For AsyncBezier, we propose a π incorporating a
novel delay-correction procedure that directly leverages
a general principle of Riemannian geometry: orthogo-
nality. One method deployed successfully in multi-task
learning is the (sequential) Gradient Surgery ap-
proach of Yu et al. (2020). This algorithm considers
client update tangents ∆1,∆2 to “conflict” if they have
an obtuse angle between them (i.e. ⟨∆1,∆2⟩MΘ

< 0).
Where updates conflict, ∆1 will be projected into the
orthogonal complement subspace of ∆2, hence any ac-
tion of ∆1 in direct opposition to ∆2 will be cancelled,
whilst preserving orthogonal movement. Inspired by
this work, we propose the OrthoDC formula, for tun-
able hyperparameter ϑ ∈ [−1, 1] and global drift vector
∆g := exp−1

ϕΘt
(ϕΘτ ):

π(Θt,Θτ ,∆) :=

{
∆− proj∆g (∆) ⟨∆,∆g⟩

∥∆∥·∥∆g∥ ≤ ϑ
∆ otherwise

Where projb(a) := ⟨a,b⟩
⟨b,b⟩b. Setting ϑ = 0 recovers

traditional gradient surgery, while ϑ = 1 retains only
the update component orthogonal to the global drift.
Using ϑ = 1 thus conceptually “factors out” the differ-
ence between the Pos and Tan approaches on TΘMΘ;
factoring out the difference in tangent space leads to
the approaches coinciding exactly on flat (Euclidean)
manifolds, but only up to the first order otherwise.
Finally, the server computes

ψτ ←− expϕΘτ
(π(Θt,Θτ , vti)) (9)

Aggregation Step (Server) With a final mani-
fold Mψτ chosen, we find the tangent vector vτ :=
exp−1

ι−1
ψτ

(Θτ )
(ω) and transition to the next global model

by moving part-way along the exponential map. We
first define

St,τ := 1 + α
(∥∥∥Θτ − Θ̂τ

∥∥∥ /∥∥Θt −Θτ
∥∥− 1

)
(10)
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(where Θ̂τ := expψ
τ

Θτ (v
τ )) for some decay strength hy-

perparameter α ∈ [0, 1], and finally define the new
global model:

Θτ+1 ←− (ιψτ ◦ expι−1(Θτ ))
(
St,τ · wiτ ητg vτ

)
(11)

for some global learning rate ητg ∈ (0, 1]. This integrates
a staleness penalty, inspired by Wang et al. (2022),
to down-weight desynchronised updates. Clients that
are perfectly sequential should have an approximately
constant St,τ (decaying as the gradient magnitude de-
creases over time), with faster clients being up-weighted
and slower ones down-weighted.

We recall that geodesics are arc-length parametrised
and step size in this exponential map is measured
according to the MΘ metric pulled back to M. For
AsyncBezier, we achieve this by reparametrisation
by instead scaling by η̃τg chosen to ensure that:∥∥exp−1

Θ

(
ιϕ
(
St,τ · wiτ η̃τg

))∥∥
MΘ

= (12)∥∥St,τ · wiτ ητg exp−1
Θ (ιϕ(1))

∥∥
MΘ

Meta-Aggregation Step (Server) Finally, the
server may choose to perform Stochastic Weight Av-
eraging (SWA) (Izmailov et al., 2018), where learning
rate schedules are fixed or cyclic and the final returned
model is an average of models from throughout the
latter stages of the learning process. This is done by
Karcher mean on S, the server-side manifold. This can,
much like M, be embedded into MΘ a priori or by
learning a parametric ιξ∗ such that:

ξ∗ = argmin
ξ∈Ξ

[∑
t∈A

min
x∈ιξ(S)

dΘ(Θ
t, x)

]
(13)

For some subset of model indices A ⊂ [T ]. dΘ here
denotes any metric on MΘ, which may or may not
coincide with the induced Riemannian one.

See Appendix C for a complete pseudocode description
of the AsyncBezier algorithm.

3.1 Convergence Analysis

We may now present our main result on convergence
of the framework in general terms; see Appendix A
for precise details of the assumptions made for our
Riemannian AsyncFL paradigm.

Theorem 1 (Convergence of AsyncManifold). The
AsyncManifold algorithm, with no SWA, assump-
tions as above, and the local learning rate ηl =
O(1/max{2C1,

√
T}), converges with:

1

T

T∑
t=0

E
∥∥gradL(Θt)∥∥2 ≤ O( λmin

Qηg
√
T

[
L(Θ0)− EL(ΘT )

])

+O
(
λmin√
T

(C2 + 2C3)

)
(14)

Where C1, C2, C3 are constants as defined in the proof.

Proof. See Appendix A for details.

4 EXPERIMENTAL ANALYSIS

We develop a fork of the Flower FL framework (Beutel
et al., 2022) which handles asynchronous client updates,
evaluating AsyncBezier against a number of baseline
methods across a variety of datasets.

4.1 Models and Datasets Used

We focus on three datasets, each representing a differ-
ent style of task and architecture best-suited to it. We
choose two datasets from LEAF (Caldas et al., 2019),
the canonical FL benchmark suite, and augment them
with a challenging hospital-scale radiography task as
an application to the computational health domain.
Statistical heterogeneity of the partition into N = 30
local instances is modelled in a distinct way for each
dataset, representing real-world diversity. The datasets
and models under study here are comparatively small
compared to contemporary big data pipelines, but this
is representative of the typical FL setup where resource-
constrained edge devices are collaborating to train mod-
els for offline inference. For full details and explanations
of each scenario, please see Appendix B.

FEMNIST (Cohen et al., 2017): The canonical OCR
dataset on 62 handwritten characters, using prepro-
cessed versions from the LEAF suite. Heterogeneity is
introduced synthetically by assigning a different pro-
portion of the samples for each character label to each
client, according to a 0.5-Dirichlet distribution. The
model architecture is a simple 2-conv, 2-dense CNN.

Shakespeare (Caldas et al., 2019): Again from LEAF,
performing character-level sequence prediction on a cor-
pus of Shakespeare plays. No synthetic heterogeneity
is used, since every play is already assigned wholly to
a single client. For this task, we apply a small, 6-head,
GPT 2-like (Radford et al., 2019) transformer.

CXR8 (Wang et al., 2017): Black-and-white chest
X-Ray images, labelled for 8 conditions (including car-
diomegaly and pneumothorax ) as a multi-hot vector.
Similar to Shakespeare, there is heterogeneity already
embedded in the data, and we assign the scans from
each patient wholly to a single client. We test fine-
tuning a ShuffleNet V2 (×1.5) (Ma et al., 2018), using
PyTorch’s pre-trained ImageNet (Deng et al., 2009)
weights.

The proposedAsyncBezier is then evaluated against 4
representative baselines: FedAsync (Xie et al., 2020),
DC-ASGD (Xie et al., 2020), FedBuff (Nguyen et al.,
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2022), and AsyncFedED (Wang et al., 2022). In
addition, to evaluate its influence on our proposal’s
performance, we implement the standard FedAsync
algorithm with the OrthoDC correction rule, terming
this FedOrtho where ϑ = 1 and FedGS where ϑ = 0.
We differentiate between two versions of our proposed
algorithm, with AsyncBezierED using α = 1 in the
staleness decay parameter and α = 0 used otherwise;
choice of ϑ, on the other hand, is treated as a tunable
hyperparameter, found by line search over {−1, 0, 1}.
For the purposes of side-by-side comparison in this
paper, we focus only on those methods which are at
their core “SGD-like” in the update rule, so exclude
those proposals which introduce momentum terms and
further associated hyperparameters to tune.

For these datasets, we focus on the instantiation of
AsyncBezier on Euclidean ambient manifolds, i.e.
MΘ = RΘ, and leave evaluation of the “full Rieman-
nian” version on real-world data to future work.

4.2 Results

Table 1 shows the test set accuracy results for both our
proposal and the baseline methods over the Shakespeare
and FEMNIST datasets, with Table 2 showing the
macro AUROC and AUPRC results for CXR8. To give
an accurate impression of the balance between accuracy
at convergence and speed to reach a target error level,
we choose an error (defined as 1 - AUROC for CXR8)
threshold e close to the converged value and report Te,
the number of communication rounds at which this
threshold is reached.

Each model was trained for 360 communication
rounds (720 total epochs, mean 24/client), with e =
0.20, 0.50, 0.25 for the FEMNIST, Shakespeare, and
CXR8 datasets respectively. Each scenario was re-
peated with three different random seeds, with the
means and standard deviations across runs being re-
ported in the table.

We can make the following observations: (1) The opti-
mal choice of delay-corrected update rule is sensitive
to dataset. In particular, we see that different val-
ues of ϑ are optimal for AsyncBezier on different
problems, illustrating the ways in which the geomet-
ric relationships between clients are task-dependent.
(2) AsyncBezier (with optimal choice of α) always
outperforms FedAsync, with an average +1.05% per-
formance and -54 epochs to target error. (3) Indeed,
our proposal outperforms every other baseline on every
metric (by an average +.17% performance advantage
vs. the runner-up with -9 epochs) other than CXR8
AUPRC, where it ranks 3rd behind AsyncFedED and
FedGS. The disparity between AUROC and AUPRC
results may be attributed to the difficulty of this task,

especially for the lightweight ShuffleNet model, re-
flected in the poor overall performance of AUPRC
scores, with high class imbalance and some conditions
significantly harder to detect than others. The CXR8
results nonetheless provide a useful benchmark on a less
well-studied real-world dataset. Future work should
evaluate AsyncManifold specialised to larger models
capable of higher baseline AUPRC, where the solution
space geometry may exhibit more stable characteristics
for our method to take advantage of. (4) The proposals
based on OrthoDC usually outperform FedAsync,
but the gains of AsyncBezier cannot solely be at-
tributed to this since they still consistently have an
advantage of an average +.41% performance and -25
epochs vs. FedGS/FedOrtho. (5) Indeed, our pro-
posal is the only method other than DC-ASGD to out-
perform naive FedAsync on every dataset. Our pro-
posal also outperforms DC-ASGD on every dataset, by
an average of .31% accuracy/AUROC and 13 communi-
cation rounds. In general, we can attribute the superior
performance to the greater fitness of our quadratic mode
connection hypothesis to dataset geometries than that
of linear mode connection.

4.2.1 Client Fairness

Under both statistical and size heterogeneity, it is im-
portant to ensure that no client’s performance is ne-
glected simply because that client is under-represented
in the global loss computation. We term this desirable
property client fairness (Mohri et al., 2019), and it is
particularly relevant in the healthcare setting, where
clients will often correspond to hospitals with different
patient demographics (Rieke et al., 2020).

Following Thakur et al. (2025), we borrow two classical
econometric formulae for calculating the “inequality”
of a sampled distribution that goes beyond simple vari-
ance analysis: the Gini Coefficient and Theil Index (see
Appendix B.4). Figure 3 shows these values computed
according to the Accuracy/Macro AUROC value distri-
bution for the best performing global model across the
decentralised client validation sets; we note that the
two metrics broadly agree on the ordering of methods,
with the Theil index showing slightly more sensitivity.

There is comparatively little consistent variation
amongst the methods, with FedOrtho, FedGS, and
DC-ASGD in particular all close together. The -ED
variants both show a consistent poorer performance and
higher variance than their respective non-scaling coun-
terparts (most noticeable in AsyncBezierED), which
is expected due to their intentional down-weighting (to
varying degrees) of certain straggling clients.

Our proposal (with α = 0) consistently shows a slight
improvement over all other baselines, with an average
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(a) FEMNIST

Method Test Acc. (%) Te

FedAsync 85.01± 0.11 137± 6.6
FedOrtho 84.83± 0.08 133± 3.4
FedGS 85.38± 0.14 149± 1.2

DC-ASGD 85.25± 0.17 135± 1.6
FedBuff 84.62± 0.35 174± 2.1

AsyncFedED 85.48± 0.29 114± 5.7

AsyncBezier 85.82± 0.14 130± 2.6
AsyncBezierED 85.67± 0.14 114± 0.5

(b) Shakespeare

Method Test Acc. (%) Te

FedAsync 50.60± 0.06 296± 10.0
FedOrtho 52.76± 0.54 202± 14.0
FedGS 52.87± 0.18 209± 11.0

DC-ASGD 52.01± 0.06 230± 8.5
FedBuff 50.84± 0.34 287± 13.0

AsyncFedED 53.03± 0.29 188± 7.0

AsyncBezier 52.07± 0.05 209± 2.0
AsyncBezierED 53.13± 0.13 164± 2.5

Table 1: Percentage test set accuracy across methods for the FEMNIST and Shakespeare datasets.

CXR8 Macros

Method Test Macro AUROC Test Macro AUPRC Te

FedAsync 77.93± 0.01 25.72± 0.21 140± 6.0
FedOrtho 77.91± 0.13 25.90± 0.29 134± 2.5
FedGS 77.85± 0.10 26.31± 0.18 141± 6.0

DC-ASGD 78.32± 0.39 26.06± 0.34 146± 1.5
FedBuff 77.82± 0.02 25.89± 0.14 172± 2.0

AsyncFedED 77.45± 0.08 25.37± 0.13 144± 2.5

AsyncBezier 78.44± 0.04 26.12± 0.11 132± 6.8
AsyncBezierED 77.89± 0.12 26.11± 0.12 116± 9.0

Table 2: Macro AUROC and AUPRC scores for each method across the 8 conditions in the CXR8 dataset.
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Figure 3: Bar plots of (unweighted) Gini Coefficient and Theil Index computed for each method over the model
performance on each client’s validation set.

of 4.7× 10−4 Gini coefficient and 4.0× 10−5 Theil in-
dex. We conjecture this may be attributable to the
generalisable minima-seeking behaviour of the curve
learning process. This shows the clear promise of our
framework for applications in the aforementioned med-
ical contexts, along with its strong performance on the
CXR8 dataset.

4.2.2 Effect of Local Epoch Counts

An important consideration when weighing the use
of AsyncBezier is whether the computational over-

head of curve-fitting epochs is justified, given that
these epochs could instead be allocated to standard
pointwise SGD.” To investigate the effect of increased
local SGD epochs on final method performance, we
re-run FEMNIST training on each of the methods (ex-
cluding AsyncFedED) for T = 360 communication
rounds with each of four different epoch counts. For
AsyncBezier we use min(K, 2) curve-fitting epochs
when running with K SGD epochs.

Figure 4 shows the results of this investigation. As
expected, every method sees mean gains of 1.33% when
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Figure 4: Accuracy of each method on FEMNIST after
360 communication rounds by local epoch count

moving from 1 to 2 epochs and .45% from 2 to 5,
attributable in both cases to larger step sizes allow-
ing greater progress towards convergence in the fixed
T . When moving from 5 to 10 epochs, however, the
gains for most methods are minimal (µ = .09%), with
DC-ASGD even seeing a decline in accuracy of .22%,
attributable to client heterogeneity leading to diver-
gences in the local gradients becoming compounded
with the increased time between synchronisation steps.
Crucially for this evaluation, our method outperforms
every baseline at everyK value; indeed, even ourK = 2
variant surpasses all other methods regardless of their
local epoch count. In particular, it is more efficient
to spend 2 epochs in pointwise SGD and 2 epochs in
our curve learning procedure (as in the main results
of this section) than it is to spend 5 total epochs in
pointwise SGD and proceed by any other proposal.
Furthermore, our method shows the greatest ability to
take advantage of more local epochs, being the only
one to reach over 86% accuracy at higher counts. This
suggests an improved capacity to handle divergent lo-
cal gradients due to our consideration of local solution
space geometry.

5 CONCLUSION AND FUTURE
WORK

In this paper, we have developed AsyncBezier, a new
AsyncFL algorithm augmenting SGD-based methods
with greater knowledge of client loss landscape geome-
try, and proven its convergence by situating it within
our AsyncManifold Riemannian framework. Our
proposal is supported by a novel staleness correction
method derived from orthogonal complement projec-

tion to minimise conflicting updates from heterogenous
clients. In evaluations of both CNN and Transformer ar-
chitectures on general-purpose and healthcare datasets,
our proposal is shown to be empirically superior to
strong baselines in terms of both accuracy, AUROC,
and fairness. Whilst our method does introduce com-
putational overhead compared to FedAsync, we have
shown in Section 4.2.2 that our curve learning proce-
dure makes better use of computation budget for higher
epoch counts than pure pointwise SGD.

Future work would include deeper analyses of more
complex implementations of the AsyncManifold
framework, especially on non-Euclidean underlying
manifolds, including providing stronger convergence
bounds with more specific method-wise assumptions.
Applications of AsyncBezier to real-world healthcare
contexts are a natural next step given the promising
CXR8 results, particularly on larger clusters with many
resource-constrained clients. Another important future
direction for our framework, especially in this domain,
is combining it with for ensuring differential privacy.
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Aggregation on Learnable Manifolds for Asynchronous Federated
Optimisation: Supplementary Materials

A PROOF OF CONVERGENCE

We begin with the standard assumptions of non-convex optimisation, lifted to the Riemannian context with
appropriately adjusted definitions:

Assumption 1 (L-Smooth Loss). There exists a constant LΘ such that:

∥gradL(X)− PX→Y [gradL(Y )]∥ ≤ LΘ ∥X − Y ∥

For all X,Y ∈MΘ

Assumption 2 (Bounded Loss Gradient). There exists some constant G such that ∥gradL(Θ)∥ ∈ [0, G] for all
Θ ∈MΘ. The unbiased gradient estimates used for stochastic local steps should also have norm upper bounded by
G.

For simplicity in this paper, we will adopt the following “weakly homogenous” setting, which assumes that
stochastic gradients w.r.t. Li are an unbiased estimator for gradL.
Assumption 3 (Unbiased Client Heterogeneity). We have that the local stochastic gradients of the cost function,
taken across both the choice of client index and the local entropy during the training step, are unbiased estimators
for the global cost. In particular, the expectation of the local stochastic gradient equals the true global gradient.

Formally, the cost function in question in the previous assumption is the once whose variance is bounded in:

Assumption 4 (Bounded Stochastic Divergence from Geodesic). Suppose that local steps at time step t are taken
against the cost function:

G̃t(ϕ) :=

∫
M̃t⊆M

L(ιϕ(x)) dpt(x) (15)

For some probability distribution pt on M̃t, chosen as some subset ofM. Then there exist some constants σ1, σ2
such that:

E
∥∥∥grad G̃t(ϕ)− gradG(ϕ)

∥∥∥2 ≤ σ2
1 + σ2

2 ∥gradG(ϕ)∥
2

Where:

G(ϕ) :=

∫ 0

1

L(ιϕ(γt(λ))) dλ (16)

For γt the geodesic connecting ι−1
ϕ (Θt)→ ω.

This modification to the standard bounded stochastic variance assumption seems quite strong on (n > 1)-
dimensional manifolds, but can be achieved in a number of ways leveraging smoothness and shrinking off-geodesic
volume. This is a product of the “ephemerality” of the learned manifolds being used to compute steps rather
than as part of an effort to learn a low-loss manifold in itself.

Next, we need to bound the reasonableness of functions chosen in the AsyncManifold instantiation:

Assumption 5 (Lipschitz and Bounded Curvature Embedding). There exists a constant MΦ such that, for all
x, y ∈M and ϕ, ψ ∈MΦ:

∥ι(x, ϕ)− ι(y, ψ)∥ ≤MΦ ∥(x, ϕ)− (y, ψ)∥ (17)

ι should also be L-smooth, and from this we have L-smoothness of the lifted loss:∥∥∥grad(Lι)(ϕ, x)− P (ϕ,x)
(ψ,y) [grad(Lι)(ψ, y)]

∥∥∥ ≤ LΦ ∥X − Y ∥
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Finally, the operator norm of the second fundamental form (geodesic curvature) of ιϕ should be uniformly bounded
for any ϕ ∈MΦ and any x ∈M: ∥∥IIιϕ(x)∥∥op ≤ C (18)

Assumption 6 (Embedding Immersivity). ιω : MΦ → MΘ should be an immersion for any ω ∈ M. This
ensures local injectivity of the differential map, and we furthermore enforce that the smallest eigenvalue of its
adjoint is bounded everywhere uniformly above zero by

√
|λmin|.

The following assumption quantifies the “well-behavedness” of our delay correction procedure: we should finish
with a stepping tangent which is at most a constant times worse as an approximation to gradL(Y ) than the
parallel transport:

Assumption 7 (Delay Correction Quality). Let γΘ,ϕ denote the ι−1
ϕ (Θ)→ ω geodesic for a given parametrisation

ϕ and let (ι◦γ)Θ,ϕ denote its embedding intoMΘ. Then there exists some constant Q such that, for any ϕ ∈MΦ,
X,Y ∈MΘ: 〈

gradL(Y ), (ι ◦ γ)′Y,π(X,Y,ϕ)(Y )
〉

(19)

≥ Q
〈
gradL(Y ), PX→Y [(ι ◦ γ)′X,ϕ(X)]

〉
We ensure that clients will always participate with at most finite gaps:

Assumption 8 (Bounded Staleness). Suppose an update from client i arrives at time τ , with the local copy of

the client model being Θt. Then E [∥Θτ −Θt∥ | Θt] ≤ Smaxt′∈[t..τ−1]

∥∥∥γ′
ϕt

′
k

(0)
∥∥∥.

Note that the above constraint is immediately implied by client ergodicity where, as T → ∞, every client
participates infinitely often in the updates, with non-vanishing probability. In the heterogenous client distribution
setting, this ergodicity assumption would be required explicitly to ensure convergence of the global loss.

For completeness, we reproduce the statement of the theorem, with the full definition of the constants C{1,2,3}:

Theorem 1 (Convergence of AsyncManifold). The AsyncManifold algorithm, with no SWA, assumptions
as above, and the local learning rate ηl = O( 1

max{2C1,
√
T} ), converges with:

1

T

T∑
t=0

E
∥∥gradL(Θt)∥∥2 ≤ O( λmin

Qηg
√
T

[
L(Θ0)− EL(ΘT )

])

+O
(
λmin√
T

(C2 + 2C3)

)
Where:

C1 :=
(1 + σ2

2)LΦ

2
−KL2

ι (LΘ +GC)

(
1

6
+
ηg(1 + α(S−1 − 1))

4Q

)
C2 :=

1

β

[
(1− α)η̄gLΘSK

2L2
ιG

2 + αLΘK
2L2

ιG
2
]

C3 := KLΦσ
2
1 β := 1 + α(S−1 − 1)

Proof of Theorem 1. We assume that the manifold parameters are trained by Riemannian SGD onMΦ for K
steps against the loss function:

Gi,Θ(ϕ) :=

∫ 1

0

L(γϕ(t)) dt (20)

Where i is a given client index and γϕ : [0, 1]→MΘ is the constant-speed (scaled) geodesic connecting ω and
ι−1
ϕ (Θt), embedded under ιϕ. Notice that, by L-smoothness of the lifted loss and the fundamental theorem of
calculus, this is L-smooth. By Assumption (1), we may bound the loss at ϕ from below:

Li(γϕ(t)) ≥ Li(γϕ(0)) +
〈
gradLi(γϕ(0)), tγ′ϕ(0)

〉
− LΘ +GC

2
t2 ∥γ′(0)∥2 (21)
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Where the GC term comes from the difference |L(expΘ(tγ′(0)))− L(γ(t))| ≤ G ∥expΘ(tγ′(0))− γ(t)∥, which in

turn is bounded by GC
2 t2 ∥γ′(0)∥2 due to Assumption 5. Integrating over t to find a bound on G:

Gi,Θ(ϕ) ≥ Li(γϕ(0)) +
〈
gradLi(γϕ(0)), γ′ϕ(0)

〉 ∫ 1

0

t dt− LΘ

2

∥∥γ′ϕ(0)∥∥2 ∫ 1

0

t2 dt (22)

= Li(Θ) +
1

2

〈
gradLi(γϕ(0)), γ′ϕ(0)

〉
− LΘ +GC

6

∥∥γ′ϕ(0)∥∥2 (23)

We can bound the expectation for ϕk:

EGi,Θ(ϕk) ≥ ELi(Θ)−
[
1

2
E
〈
− gradLi(Θ), γ′ϕk(0)

〉
+
LΘ +GC

6
E
[∥∥γ′ϕk(0)∥∥2]]︸ ︷︷ ︸

∆1

(24)

Similarly, we can use the learning procedure to bound GΘ(ϕ)) from above. By smoothness and the bounded
variance Assumption 4:

EGi,Θ(ϕk+1) ≤ Gi,Θ(ϕk)− ηl ⟨− gradGi,Θ(ϕk),Egi,k⟩+
η2l LΦ

2
E
[
∥gi,k∥2

]
(25)

≤ Gi,Θ(ϕk)− ηl ∥gradGi,Θ(ϕk)∥2 +
η2l LΦ

2

[
(1 + σ2

2) ∥gradGi,Θ(ϕk)∥
2
+ σ2

1

]
(26)

= Gi,Θ(ϕk)−
(
ηl − η2l

(1 + σ2
2)LΦ

2

)
∥gradGi,Θ(ϕk)∥2 + η2l

σ2
1LΦ

2
(27)

Telescoping the sum of G(ϕk)−G(ϕk+1) over [K] yields:

E[Gi,Θ(ϕk)] ≤ Gi,Θ(ϕ0)−
(
ηl − η2l

(1 + σ2
2)LΦ

2

) K∑
k=0

E ∥gradGi,Θ(ϕk)∥2 + η2l
KLΦσ

2
1

2︸ ︷︷ ︸
∆2

(28)

Recalling that ϕ0 is a point parametrisation, we have that GΘ(ϕ0) = L(Θ). We can now combine these bounds,
noticing that L(Θ)−∆1 ≤ L(Θ)−∆2, hence ∆1 ≥ ∆2:

1

2
E
〈
− gradLi(Θ), γ′ϕk(0)

〉
+
LΘ +GC

6
E
[∥∥γ′ϕk(0)∥∥2] ≥ (ηl − η2l (1 + σ2

2)LΦ

2

) K∑
k=0

E ∥gradGi,Θ(ϕk)∥2 − η2l
KLΦσ

2
1

2

(29)

We can now apply the smoothness of L onMΘ to yield an upper bound in similar form to (21):

EL(Θt+1) ≤ L(Θt)−QηgEΣs(α)
〈
− gradLi(Θt), PΘt→Θs [γ

′
ϕtk
(0)]
〉

︸ ︷︷ ︸
T1

+ η2g
LΘ +GC

2
E
[∥∥∥γ′ϕtk(0)∥∥∥2

]
(30)

where Σs(α) := 1 + αmax


∥∥∥γ′(0)ϕtk∥∥∥
∥Θs −Θt∥

− 1, s− 1

 (31)

Where we convert to a parallel transport term with Assumption 7. Rearranging T1:

T1 = η̄gΣ
s(α)

〈
− gradLi(Θs) + PΘt→Θs [gradLi(Θt)]− PΘt→Θs [gradLi(Θt)],EPΘt→Θs [γ

′
ϕtk
(0)]
〉

≥ η̄gΣs(α)
〈
−PΘt→Θs [gradLi(Θt)],EPΘt→Θs [γ

′
ϕtk
(0)]
〉

+ η̄gΣ
s(α)

〈
− gradLi(Θs) + PΘt→Θs [gradLi(Θt)],EPΘt→Θs [γ

′
ϕtk
(0)]
〉

= η̄gΣ
s(α)

〈
− gradLi(Θt), η̄gEγ′ϕtk(0)

〉
− η̄gΣs(α)

〈
gradLi(Θs)− PΘt→Θs [gradL(Θt)],EPΘt→Θs [γ

′
ϕtk
(0)]
〉

︸ ︷︷ ︸
T2

(32)
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We choose the global learning rate ηg to ensure that
∥∥∥ηgγ′ϕk(0)∥∥∥ =

∥∥η̄g exp−1
Θ (ι(ϕk, ω))

∥∥. By the Lipschitz property

of embedded diameter and the fact that ϕ0 is a point parametrisation, we have that:

∥∥exp−1
Θ (ι(ϕk, ω))

∥∥ ≤ Lι ∥∥∥exp−1
ϕ0

(ϕk)
∥∥∥ ≤ Lιηl K∑

k=0

∥gradGi,Θ(ϕk)∥ (33)

Where the last inequality is by the geodesic triangle and AM-GM inequalities. This enables us to continue
bounding T2:

T2 ≤ Σs(α(
∥∥gradLi(Θs)− PΘt→Θs [gradLi(Θt)]

∥∥ · ∥∥∥EPΘt→Θs [γ
′
ϕtk
(0)]
∥∥∥ (34)

≤

(1− α) + α

∥∥∥γ′(0)ϕtk∥∥∥
∥Θs −Θt∥

LΘ

∥∥Θs −Θt
∥∥ · ∥∥∥Eγ′ϕtk(0)∥∥∥ (35)

≤ (1− α)

LΘ

∑
i∈[t..s]

ηg ∥γ′i(0)∥ ∥Eγ′s(0)∥

+ α
∥∥∥Eγ′ϕtk(0)∥∥∥2 (36)

≤ (1− α)

LΘ

∑
i∈[t..s]

η̄gKL2
ι η

2
l

∑
k∈[K]

∥∥gradGi,Θi(ϕik)∥∥2
+ α

∥∥∥Eγ′ϕtk(0)∥∥∥2 (37)

≤ (1− α)η2l η̄gLΘSK
2L2

ιG
2 + αη2l LΘK

2L2
ιG

2 (38)

Substituting (38) into (32), then accumulating into (30) along with (29):

EL(Θt+1) ≤ L(Θt)− 2QηgΣ
s(α)

(
ηl − η2l

(1 + σ2
2)LΦ

2

) K∑
k=0

E
∥∥gradGi,Θt(ϕtk)∥∥2 (39)

+

(
η2g
LΘ +GC

2
+ 2QΣs(α)ηg

LΘ +GC

6

)
E
∥∥∥γ′ϕtk(0)∥∥∥2 (40)

+ 2QΣs(α)ηgη
2
l

KLΦσ
2
1

2
+QηgT2 (41)

≤ L(Θt) + 2QΣs(α)ηgη
2
lKLΦσ

2
1︸ ︷︷ ︸

C3

+Qη̄gη
2
l Σ

s(α)
1

1 + α(S−1 − 1)

[
(1− α)η̄gLΘSK

2L2
ιG

2 + αLΘK
2L2

ιG
2
]

︸ ︷︷ ︸
C2

− 2QηgηlΣ
s(α) (1− ηlC1)

K∑
k=0

E
∥∥gradGi,Θt(ϕtk)∥∥2 (42)

where C1 :=
(1 + σ2

2)LΦ

2
−KL2

ι (LΘ +GC)

(
1

6
+
ηg(1 + α(S−1 − 1))

4Q

)
(43)

We rearrange and telescope over [T ] to find a convergence bound in terms of the Riemannian gradient onMΦ:

1

T

T∑
t=0

E
∥∥gradGi,Θt(ϕt)∥∥2 ≤ L(Θ0)− EL(ΘT )

2TQηlηg(1 + α(S−1 − 1)) (1− ηlC1)
+ ηl

C2 + 2C3

2(1− ηlC1)
(44)

We need now to translate this to a bound w.r.t. MΘ. Recalling that the differential (and hence its adjoint) are
linear operators, by a standard linear algebraic argument we have:∥∥(Dιω)∗ϕ(v)∥∥2 =

〈
(Dιω)

∗
ϕ(v), DLΘ(v)

〉
= ⟨v, ((Dιω)(Dιω)∗)ϕ(v)⟩ ≥ λmin ∥v∥2 (45)

For λmin the smallest absolute eigenvalue of D(ιω)Θ. Accordingly:∥∥gradGi,Θt(ϕt)∥∥2 =
∥∥D(ιω)

∗
ϕ[gradLi(Θt)]

∥∥2 ≥ 1

λmin

∥∥gradLi(Θt)∥∥2 (46)
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We substitute (46) into (44), simply multiplying by λmin (bounded above zero by Assumption 6).

Notice that we have used L without considering the proximal term in this analysis. This is because our result
bounds the loss gradient onMΘ at Θt by bounding the loss gradient on ϕ at ϕtinit - hence the proximal and raw
losses coincide when evaluated at this point, so we can conclude a bound on the raw loss immediately, although
we have technically abused notation referring to the client optimising over L. The result then follows from an
appropriate choice for ηl.

B EXPERIMENTAL DETAILS

Experiments were run on two Nvidia RTX GPUs (1x 5070, 1x 3070), each simulating 15 clients. For each method
implemented, we use a local Adam optimiser on the FedProx objective (per Equation 6) for 2 epochs with
ηl = µ = 0.001, only tuning global parameters of the aggregation framework.

The most influential hyperparameter is the choice of (constant) global learning rate ηg, which for all methods was
found by line search over {0.25, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 5.0} - see Table 3 for the choices by method and dataset.

B.0.1 Scheduler details

Since each device simulates multiple clients, we need to implement scheduler that emulates the message order of
a realistic asynchronous federation. Although a deterministic queue could emulate perfectly resource-equal clients
where computation time is exactly proportional to dataset size, we opt for a stochastic version that reproduces the
starvation behaviour of small-vs-large dataset clients and more accurately captures real-world delay variations.

1. Clients are pushed into a priority queue based on

num local batches+ k · simulation elapsed time

k here is an empirical “batches-per-second” constant which we set k = 2, approximately the average number
of training batches the available GPUs can execute per second when operating in parallel, divided by the
number of clients. This is equivalent to maintaining the queue strictly by num batches and decaying the
keys of long-waiting clients over time. The client at the back of this queue will be approximately the client
which “has the most local batches remaining”, but larger-dataset clients will be slightly more starved by
this approach than a deterministic algorithm which assumes instantaneous communication and server-side
processing.

2. When each GPU finishes execution of the current client, it chooses the client with index i in the queue as the
next task to execute with probability pi:

pi :=
(N − i)∑
j≤N j

We observed little sensitivity of method rankings to the exact scheduling algorithm: earlier experiments used a
simpler method but produced similar trends, motivating our decision not to conduct a costly ablation study. Once
updates are processed by the GPUs, aggregation is performed on a central server thread and clients immediately
dispatched back to the waiting pool with updated model weights.

B.1 FEMNIST

805,263 28×28 black-and-white images, representing a single alphanumeric character (hence one of 62 classes).
Samples were heterogenously partitioned into 30 clients according to the Dirichlet distribution (α = 0.5) on class
labels.

Figure 5 shows the full CNN architecture used for this dataset (ReLU activations not shown).

Contributions from each client are weighted by proportion of dataset seen by that client. For DC-ASGD, the λt
parameter is set dynamically with λ0 = 2.0, as proposed by Zheng et al. (2017). For FedBuff, we use K = 10 as
recommended in Nguyen et al. (2022).
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Global Learning Rates (ηg)

Method FEMNIST Shakespeare CXR8

FedAsync 3.0 5.0 2.0
FedOrtho 3.0 5.0 2.0
FedGS 1.0 2.5 1.0

DC-ASGD 1.0 2.5 1.0
FedBuff 1.0 2.0 1.0

AsyncFedED 0.25 1.5 0.5
AsyncBezier 0.5 1.5 0.5

AsyncBezierED 0.25 1.0 0.25

Table 3: Global learning rates ηg selected by line search for each method across each validation dataset.

For AsyncFedED, we follow the original paper (Wang et al., 2022), and use γ = 1.0, κ = 1 (notice that λ in
their notation is subsumed by ηg in ours). Increasing ¯gamma to above 1 increases training stability, but increases
wall-clock time far more and results in worse performance in communication round terms. We note that in
the early stages, staleness computed according to their Equation (6) can exhibit high variance that can throw
training off. Accordingly, we do not compute staleness dynamically until after a short “warm-up” period, using
the modified:

γ̃(i, t) =

{
γ(i, t) t > 10

γ otherwise
(47)

AsyncFedED is unique among methods tested in using adaptive per-client epoch counts. All our convergence
rate results are computed according to communication round count as opposed to wall-clock time, but we do not
notice much advantage given to the method, which achieves similar results to other baselines when measured
according to communication rounds, despite taking far greater wall-clock time than FedAsync. We can possibly
attribute this to the reduced performance of the FedAsync update rule as the number of local epochs increases
outweighing any task-balancing issues.

For AsyncBezier, we set ϑ = 1, using the “orthogonalising” version of the OrthoDC update rule.

B.1.1 On Label Heterogeneity

For completeness, we provide a brief background to and motivation for our choice of 0.5-Dirichlet label heterogeneity
in this simulation. Non-uniform label partitioning is a widely-accepted method of simulating heterogeneity in
federated learning studies (Hsu et al., 2019), where the samples of K-categorical data (x, y) for y ∈ [K] are
distributed amongst clients so each client will have the majority of its data drawn from a small subset of possible
y values; in the case of FEMNIST, this corresponds to each client having the majority of its data drawn from a
small subset of handwritten characters. The Dirichlet partitioning method we use is adapted from the description
in Yurochkin et al. (2019). This is the same method implemented in Flower’s DirichletPartitioner, although
we do not use the balancing feature enabled there by default. Suppose we have N clients and K classes:

1. For each label y ∈ [K], we sample a point (py,1, ..., py,N ) on the standard (N−1)-simplex (i.e.
∑
i∈[N ] py,i = 1)

using the symmetric Dirichlet distribution with p.d.f.:

pα(p1, ..., pN ) =
Γ(αN)

Γ(α)N

N∏
i=1

pα−1
i

α ∈ [0,∞) here is called the concentration parameter and dictates the partition imbalance. A smaller α
value gives a more heterogeneous partitioning: α = 0 gives perfect imbalance, where there will be exactly one
i such that pi = 1 and the rest will be 0, α = 1 leaves the distribution equivalent to (normalised) uniform,
and as α → ∞ the variance of the distribution → 0 and the partitioning tends towards perfect equality.
We follow the aforementioned paper and use α = 0.5, a midpoint that gives realistic imbalance whilst not
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Figure 5: CNN Architecture for FEMNIST

collapsing entirely into a multi-task learning problem; this choice of symmetric α = 0.5 is also widespread as
the “Jeffrey’s prior” for Bayesian inference on Dirichlet data with unknown concentration.

2. For the training samples Dy corresponding to each label y ∈ [K], we partition them uniformly at random so
client i receives ⌊py,i|Dy|⌋ samples.

We make some statistical observations about our particular setting, which uses α = 0.5, N = 30, and K = 62:

• The expected mean over all clients is that ∼ 52% of its data is drawn from a pool of 9 characters and ∼ 91%
of its data drawn from a pool of 30 characters. We would further expect that every client (i.e. expectation
of minimum amongst a population of 30 clients) will have > 50% of its data drawn from a pool of 12 and
> 90% from a pool of 34. This illustrates the way in which α = 0.5 introduces significant yet realistic and
tractable heterogeneity.

• This strategy (when balancing is not used) samples the Dirichlet proportion vector independently for each
K and does not make any attempt to balance the dataset sizes assigned to each client, so each client
will not only exhibit statistical heterogeneity, but also heterogeneity in dataset size. For our choice of
parameters, the smallest-dataset client is expected to have around half the size as the largest-dataset client
(E[
∑
y∈[K] pi,y] ≈ 1.40 for smallest vs ≈ 2.86 for largest).
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B.2 Shakespeare

The dialogue lines are first separated by speaker and then windowed into 80-character sequences, for a total
of 4,027,181 samples drawn from 35 plays. We allocate each play wholly to a distinct client - since there are
30 clients, 5 will receive 2 plays each, simulating real-world clients which have a disproportionate share of the
samples.

We use the nanoGPT framework [https://github.com/karpathy/nanoGPT] to build a GPT-2 like character-level
transformer with 6 layers, 6 heads, a 128-dimensional embedding, and dropout p = 0.1. We train for next-character
prediction given an 80-character input sequence. Most hyperparameters other than ηg remain the same, but:

• For AsyncFedED we maintain γ = 1, which gives far superior performance when compared to γ = 3 (and
at faster wall-clock).

• For AsyncBezier, we instead set ϑ = 0, using the “gradient surgery” version of the OrthoDC update rule.

B.3 CXR8

This is a dataset of 112,120 128×128 black-and-white chest X-Ray images. 8 conditions (Atelectasis, Cardiomegaly,
Effusion, Infiltration, Mass, Nodule, Pneumonia, Pneumothorax ) are labelled for and the model is trained to
detect their presence, encoded as a multi-hot vector to allow for co-incidence. The data is drawn from scans of
30,805 patients, with each assigned wholly to one of 30 clients.

For CXR8, we use the ShuffleNet V2 architecture (Ma et al., 2018), expanded to the ×1.5 version. We use the
weights available from PyTorch (https://docs.pytorch.org/vision/main/models/generated/torchvision.
models.shufflenet_v2_x1_5) which have been pre-trained on the general-purpose ImageNet dataset. The CXR8
images are then rescaled to 128× 128 and reshaped to 3 channels in order to match ImageNet input before being
used to fine-tune the model.

ϑ remains = 0 for AsyncBezier and γ = 1 for AsyncFedED.

B.4 Fairness Calculations

For completeness, we provide the method to compute the Gini Coefficient and Theil Index as used in Figure 3;
both definitions are sourced from Sen and Foster (1973). The Gini Coefficient is a measure of pairwise variance in
a sample X = {x1, ..., xN}, normalised by the sample mean X̄:

Gini(X) :=
1

2N2X̄

∑
i∈[N ]

∑
j∈[N ]

|xi − xj | (48)

Intuitively, it measures the difference in area between the plot of cumulative relative “wealth” (here, the values of
xi) against cumulative proportion of the population for the observed sample and the plot that would be yielded
from the uniform distribution between minimum and maximum values (a straight line).

The Theil Index is a measure derived instead from information theory, quantifying the difference between the
Shannon entropy of the observed distribution of proportional “wealth” and the entropy of the same uniform
distribution:

Theil(X) :=
1

NX̄

∑
i∈[N ]

xi log
(xi
X̄

)
(49)

We note that these are both simply measures of concentration for X’s distribution, but this is a valid proxy for
inequality as distance from the “most equal” uniform distribution.

https://github.com/karpathy/nanoGPT
https://docs.pytorch.org/vision/main/models/generated/torchvision.models.shufflenet_v2_x1_5
https://docs.pytorch.org/vision/main/models/generated/torchvision.models.shufflenet_v2_x1_5
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C FULL PSEUDOCODE OF THE PROPOSED ASYNCBEZIER ALGORITHM

Algorithm 1: AsyncBezier (Server)

Hyperparameters: Global learning rate schedule ητg , staleness decay α ∈ [0, 1], client weights {wi}, client
count N .

Initialize model parameters Θ0 and dispatch initial weights to each of the clients i = 1, ..., N ;
for τ = 0, 1, 2, . . . , T do

Receive (vti , t)← ClientStepiτ (Θ
t, t) from some client iτ ;

ψτ ← (expϕΘτ
◦ OrthoDCϑ)(Θ

t,Θτ , vti);

Compute candidate Θ̂τ ← ιψτ (1);
Compute staleness penalty St,τ according to Equation (10);
Compute pulled-back learning weight η̃τg according to Equation (12);

Θτ+1 ← ιψτ
(
St,τ wiτ η̃

τ
g

)
;

Send Θτ+1 as new parameters to client iτ ;

end

if Using SWA with ensemble indices I then

return argminΘ∈MΘ

∑
i∈I
∥∥Θ−Θi

∥∥2;
else

return ΘT ;
end

Algorithm 2: ClientStepi(Θ
t, t)

Input: Current global model Θt, time step t
Hyperparameters: Local epochs K, warm-up epochs K1 < K, proximal weight µ.

Initialise control points ϕ(0) = (A,B,C)← (Θt,Θt,Θt);
Define Bézier map ιϕ(λ) := (1− λ)2A+ 2λ(1− λ)B + λ2C;
for k = 1, . . . ,K do

Sample minibatch X ∼ Di;
if k ≤ K1 then

Compute the update vector vi,k ← ∇CFi(X; ιϕ(k−1)(1), Θt); // Defined in Equation (6).

else
Sample Sk according to U [0, 1];
// If freezing both endpoints, take derivative w.r.t. B only.

Compute the update vector vi,k ← ∇B,CFi(X; ιϕ(k−1)(Sk), Θ
t);

end

Update ϕ(k) ← ϕ(k−1) − ηlvi,k;
end

Compute reparametrisation vector vti ← exp−1
ϕ(0)(ϕ

(K));

return (vti , t) to the server;

Algorithm 3: OrthoDCϑ(Θ
t,Θτ , vti)

Input: Stale global model Θt, current global model Θτ , client update vector vti .
Hyperparameters: Conflict threshold ϑ ∈ [−1, 1].
Compute global drift ∆g ← exp−1

ϕΘt
(ϕΘτ ) ;

return

{
∆− proj∆g (∆) if ⟨∆,∆g⟩

∥∆∥·∥∆g∥ ≤ ϑ
∆ otherwise

; // where projb(a) =
⟨a,b⟩
⟨b,b⟩ b
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