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Abstract

We study how post-training reshapes the control geometry of large language mod-1

els. Treating the residual stream as the state of a time-varying linear system, we2

fit local layer-to-layer maps, build finite-horizon controllability Gramians, and3

quantify (i) geometric difficulty via minimal end-to-end control energy Emin and4

(ii) efficiency η = Emin/Eactual along realized trajectories. Across four stages,5

from Baseline to fine-tuned models (SFT → DPO → Instruct (RLVR)) the Gramian6

spectrum compresses (fewer large-eigenvalue “easy” directions) and Emin rises7

monotonically. Principal-angle analyses show that fine-tuning rotates both “easy”8

and “hard” subspaces relative to Baseline, while off-manifold occupancy increases.9

Surprisingly, under a shared PCA, conversational prompts are geometrically harder10

than math prompts (higher Emin, lower η), revealing a divergence between human-11

intuitive difficulty and LM (language model) control geometry. These results recast12

well-known post-training trade-offs as changes in controllability: steering remains13

possible, but “cheap” directions become scarce, implying larger control energy14

unless interventions target the new post-training control axes.15

1 Introduction16

The natural hierarchy of task difficulty is evident in everyday life. For instance, solving a complex17

proof demands far more cognitive effort than daydreaming or casual conversation. Why some tasks18

feel effortful remains an active question. A prominent account assigns the DLPFC a top-down19

control role and the ACC a monitoring/valuation role for conflict and the cost of control [Miller20

and Cohen, 2001, Shenhav et al., 2013, Botvinick et al., 2001]. In this view, hard tasks require21

stronger, sustained control to keep neural dynamics on track, whereas easy tasks proceed with22

minimal intervention [Shenhav et al., 2013]. In routine conditions, population activity lies on a23

low-dimensional intrinsic manifold that supports reliable, low-effort behavior [Sadtler et al., 2014,24

Gallego et al., 2017, Cunningham and Yu, 2014]. Outside this core is the controllosphere—hard-25

to-reach, weakly observed directions that demand stronger intervention [Gu et al., 2015, Holroyd,26

2024].27

We aimed to answer whether analogous dynamics appear in large language models (LLMs). Akin to28

state dynamics in the brain, we interpret the evolving activity of language models, particularly the29

residual stream (xt), as the state trajectories through a high-dimensional state space [Nelson et al.,30

2021]. We model the residual stream as the state xt of a time-varying discrete linear system, fit local31

maps between layers, and quantify geometric difficulty and efficiency along observed trajectories32

[Holroyd, 2024].33

We found that across fine-tuned stages, the Gramian spectrum compresses (fewer very-easy directions),34

and end-to-end Emin rises. A common view is that entering the controllosphere region demands35

strong, sustained control signals and tasks like multi-step mental arithmetic push activity into this36
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zone, which is why they feel effortful; casual conversation typically remains on the intrinsic manifold37

[Shenhav et al., 2013, Monsell, 2003]. Strikingly, under a shared PCA, conversational prompts38

are geometrically harder than math (higher Emin, lower η), suggesting a gap with human-intuitive39

difficulty; future work should test whether these metrics predict accuracy and reliability via causal40

manipulations of controllability Gramian WL (spectrum and hard-subspace rotations).41

2 Experimental design and methodology42

2.1 Data and Models43

We analyzed four successive training stages of the same transformer model (Allen AI’s OLMo-2-44

0425-1B): Baseline, SFT, DPO, and Instruct [OLMo et al., 2024]. To ensure comparability across45

conditions, we constructed a joint dataset by pooling four corpora: two mathematical sets (Math 146

[Amini et al., 2019], Math 2 [Ling et al., 2017]) and two conversational sets (Conversational 147

[Zheng et al., 2023], Conversational 2 [Lecorvé et al., 2022], [Bordes et al., 2015]).48

To ensure comparability across conditions, we constructed a joint dataset and then split it into training,49

validation, and test subsets. For each model and prompt, we cached both the input embeddings50

and the intermediate layer activations, so that all stages were evaluated on exactly the same inputs.51

To characterize linear manifolds, stabilize estimation, and facilitate cross-model comparisons, we52

projected all cached states for each data subset into a common low-dimensional subspace. This53

subspace was derived by applying PCA to the concatenated activations across models, yielding shared54

representations of dimension d′ = 100.55

2.2 States and Local Linearization56

Let xk ∈ Rd′
denote the residual-stream states after layer k, with x0 corresponding to the input57

embedding at the model’s first layer. Around a fixed context, we model step-to-step dynamics by a58

time-varying linear approximation59

xk+1 ≈ Ak xk + εk, k = 0, . . . , L, (1)
and collect paired sample matrices (Xk, Yk) across Nm mathematical and Nc conversational60

prompts/tokens, where Xk holds xk and Yk holds xk+1. We estimate Ak with ridge regression.61

2.3 Controllability Metrics62

First, we build the time-varying finite horizon controllability Gramians. Given {Ak}L−1
k=0 , we assumed63

inputs act in all directions (B=I) such that,64

W0 = 0, Wk+1 = AkWkA
⊤
k + I, k = 0, . . . , L− 1. (2)

and the state transition matrix is Φ = AL−1 · · ·A0.65

For each sample with endpoints z0 and zL, the minimal end–to–end control energy (geometric66

difficulty) is67

Emin = (zL − Φz0)
⊤W (L)−1 (zL − Φz0) =

∥∥W (L)−1/2 (zL − Φz0)
∥∥2
2
.

The actual control energy (observed effort) accumulated along the realized trajectory is the sum of68

squared residual pushes69

uobs
k = zk+1 −Akzk, Eactual =

L−1∑
k=0

∥uobs
k ∥22 =

L−1∑
k=0

∥ zk+1 −Akzk ∥22,

By optimal–control theory Emin ≤ Eactual for every sample; we also report the dimensionless70

efficiency η = Emin/Eactual ∈ (0, 1].71

Easy/Hard subspaces From the controllability Gramian Wk’s eigenvectors, we define the easy72

manifold as the top-q eigenvectors (largest eigenvalues) and the hard subspace as the bottom-q73

eigenvectors (smallest). We used q ∈ 10, 20, 30.74

Let WL = QΛQ⊤ be the controllability Gramian at index L, with Λ = diag(λ1 ≤ · · · ≤ λd) and75

Q = [q1, . . . , qd]. For a hard subspace of dimension k, we take Vh := [q1, . . . , qk], i.e., the span of76

the k eigenvectors associated with the smallest eigenvalues of WL.77
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Off-Manifold Occupancy (Geometry). Given activations Z ∈ RN×d and a reference hard basis78

Vh ∈ Rd×k, for each sample z we define the hard-occupancy fraction79

align(z;Vh) =

√
∥VhV ⊤

h z∥2
∥z∥2

= cos
(
∠(z, span(Vh))

)
∈ [0, 1].

We use (i) the baseline’s hard subspace V base
h to test a shift toward baseline-hard, and (ii) each model’s80

own hard subspace to compare its off-manifold usage.81

3 Results and Discussion82

Figure 1: Minimum end-to-end energy and eigenspectrum of controllability Gramian at the Lth

index.

Geometric difficulty and efficiency diverge by domain. Relative to Baseline, all fine-tuned stages83

showed higher Emin in every domain (Figure 1) (Conversational 1: +2.03–2.07×; Conversational84

2: +2.72–2.85×; Math 1: +4.29–5.05×; Math 2: +3.27×), indicating trajectories that traverse85

harder-to-reach directions of state space. Efficiency is domain-dependent: it decreases for both86

conversational sets (Conv-1: 0.69–0.71×; Conv-2: 0.82–0.83× of Baseline), increases sharply for87

Math 1 (2.22–2.67×), and decreases modestly for Math 2 (0.79–0.80×). Thus, fine-tuning pushes88

models off the easy manifold across domains; residual pushes are more purposefully aligned with89

the hard displacement on Math 1, but less aligned on both conversational sets and on Math 2. See90

Appendix A.4 for data.91

WL spectrum compression. We found that WL spectra compress after fine-tuning (Figure 1).92

The Baseline shows a much larger upper tail (e.g., λmax≈2.16× 102), indicating many very easy93

directions. Fine-tuned models have markedly smaller λmax (DPO ≈ 5.57×101, Instruct ≈ 5.74×101,94

SFT ≈ 7.71× 101). Because Emin weights displacements by W−1
L , this compression raises end-to-95

end minimal energy (e.g., 95th-percentile Emin: Baseline 56.7 vs. ∼100 for DPO/Instruct/SFT).96

Layer-wise geometric difficulty. We plot the minimal energy together with the relative hardness97

ρk = Ek/∥zk∥2. (Figure 2) Across all domains, the fine-tuned stages (DPO/Instruct/SFT) maintain98

substantially higher Ek than Baseline at almost every depth. On Conversational 1/2, fine-tuned Ek99

starts high (∼ 102) and decays only gradually, while ρk remains elevated with a mild downward100

drift; the Baseline (red) drops sharply across layers. On Math 1, both Ek and ρk show an early dip101

followed by a mid/late-layer rise (a clear late bump), signaling a return to hard directions toward102

the head of the stack, whereas the Baseline continues to soften. On Math 2, Ek peaks early (layers103

≈ 4–6) and then tapers, and ρk is comparatively flat with a slow decline; fine-tuned models remain104

harder than Baseline at all depths.105

Subspace alignment. We compared pairwise principal angles between the “hard” (smallest eigen-106

value) and “easy” (largest–eigenvalue) subspaces of WL for q ∈ {10, 20, 30}. Baseline versus any107

fine-tuned model (DPO/Instruct/SFT) is nearly orthogonal in both spaces (most angles 80◦ with108

tight spreads), indicating that fine-tuning rotates both the controllosphere and on-manifold directions109
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Figure 2: Layer-wise geometric difficulty based on Emin and ρk.

away from Baseline. Pairs of fine-tuned models (DPO–Instruct, DPO–SFT, Instruct–SFT) exhibit a110

compact low-angle core at q=10 (medians in the single digits to ∼10◦), evidencing a shared aligned111

subspace. As q increases to 20 and 30, these within-FT angle distributions broaden—medians rise to112

∼10◦–20◦ and upper tails extend to 40◦–60◦—so the fraction of strongly aligned dimensions (e.g.,113

≤ 20◦) decreases; the same pattern holds in both hard and easy spaces, consistent with a low-rank114

FT-specific core plus model-specific rotations in the residual dimensions. See Appendix A.5 for data.115

At the final index L (Figure 3), we also measure visitation to Baseline’s hard subspace via the cosine116

to span(V base
hard). Fine-tuned models show substantially larger cosines than Baseline at all q, and the117

cosine increases with q (roughly ∼0.35→0.65 for FT vs. ∼0.08→0.18 for Baseline), indicating118

that post-training drives trajectories into Baseline’s “hard” directions more frequently.119

Finally, to quantify visitation to each model’s own controllosphere (Figure 3), we measure visitation120

via the cosine to span(V own
hard). The cosines are consistently higher for fine-tuned stages than for121

Baseline and grow with q; conversational inputs are largest, Math 1 smallest, with Math 2 in between,122

confirming that post-training increases occupancy of each model’s hard subspace.123

Figure 3: Alignment of hard subspaces of fine-tuned stages with itself and with the baseline.

4 Conclusion124

The current study suggests that post-training consistently reshapes the controllability landscape of125

LMs while domain effects are non-intuitive, i.e, conversational prompts are geometrically harder126

than math under a shared representation. These findings reconcile observed post-training behavior127

changes with control-theoretic mechanisms. Our analysis is observational and can be extended to128

include causal attributions to specific post-training objectives, multiple architectures, more robust129

post-training stages, and multi-modal multiple datasets.130
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A Technical Appendices and Supplementary Material177

A.1 State Space Dynamics178

Around a fixed context, we approximate the step-to-step update with a local linear discrete time-179

varying model:180

xt+1 ≈ A(t)xt +B ut, (3)
yt = C xt, (4)

In this formulation, we set B = I . This choice is without loss of generality, as for any full-rank input181

matrix B, one can absorb it into the definition of the effective control signal ũt = But. Moreover, in182

the fitted model, the external input ut is not an independent driver but simply the innovation term183

needed to reconcile the linear surrogate with the true trajectory. That is,184

ũt := xt+1 −Axt, B = I.

Thus, the inputs coincide with the residual stream updates themselves. The case ũt ≡ 0 would185

correspond to a trajectory lying exactly on the linear dynamics, i.e, perfect prediction with no186

innovation. In the transformer setting, this corresponds naturally to the residual stream update, where187

each layer contributes an additive modification in the same coordinates as the state. Thus, the control188

inputs act directly on the state, justifying the identity choice. The output map C is omitted here189

because our analysis focuses on controllability and the minimal energy required to reach observed190

states, which depend only on (A,B).191

A.2 Five-Fold Cross-Validation for Ridge Parameter α192

To fit Ak with ridge regression, we used193

min
Ak

∥Yk −XkA
⊤
k ∥2F + α∥Ak∥2F , (5)

whose closed form satisfies (X⊤
k Xk + αI)A⊤

k = X⊤
k Yk.194

To determine a single ridge penalty α for each k to fit the layer-wise linear dynamics xk+1 ≈ Akxk195

that generalizes best to held-out data, while avoiding any test leakage, we performed K=5-fold CV196

within the train split on a logarithmic grid A = {α1, . . . , αG} ⊂ [10−8, 102] (5 log-spaced values by197

default). The same fold assignment is used for all models, layers, and PCA dimensions to ensure198

comparability.199

A.3 Energy-weighted hard share (cost)200

Figure 4: Energy-weighted hard share at layer L

Let controllability Gramian WL = QΛQ⊤ with Λ = diag(λ1 ≤ · · · ≤ λd) and c := Q⊤z. The201

control-energy metric is given by202

E(z) = z⊤W−1
L z =

d∑
i=1

c2i
λi

.
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For hard-subspace size q, we define the energy-weighted hard share as203

hardEq(z) =

∑q
i=1

c2i
λi∑d

i=1
c2i
λi

∈ [0, 1].

Larger values imply that more of the required energy lies in the hardest modes/controllosphere (higher204

geometric difficulty).205

A.4 Emin and control efficiency across stages and domains206

Domain Stage Emin (median [95% CI]) η (median [95% CI]) × vs Baseline

Conversational 1 baseline 24.745 [24.433, 25.158] 0.052 [0.051, 0.053] —
DPO 51.324 [50.702, 52.197] 0.036 [0.036, 0.037] E: 2.07×, η: 0.69×
Instruct 50.156 [49.397, 50.857] 0.036 [0.035, 0.037] E: 2.03×, η: 0.69×
SFT 50.964 [50.311, 51.643] 0.037 [0.036, 0.037] E: 2.06×, η: 0.71×

Conversational 2 baseline 17.015 [16.729, 17.266] 0.035 [0.034, 0.036] —
DPO 48.531 [47.964, 49.115] 0.029 [0.028, 0.029] E: 2.85×, η: 0.83×
Instruct 47.755 [47.216, 48.326] 0.029 [0.028, 0.029] E: 2.81×, η: 0.82×
SFT 46.306 [45.798, 46.861] 0.029 [0.028, 0.029] E: 2.72×, η: 0.82×

Math 1 baseline 1.971 [1.944, 1.997] 0.040 [0.040, 0.041] —
DPO 9.958 [9.840, 10.094] 0.107 [0.106, 0.108] E: 5.05×, η: 2.67×
Instruct 8.450 [8.356, 8.534] 0.097 [0.097, 0.098] E: 4.29×, η: 2.42×
SFT 8.797 [8.665, 8.944] 0.089 [0.089, 0.090] E: 4.46×, η: 2.22×

Math 2 baseline 10.602 [10.382, 10.799] 0.046 [0.046, 0.047] —
DPO 34.689 [34.212, 35.165] 0.037 [0.036, 0.037] E: 3.27×, η: 0.79×
Instruct 34.689 [34.230, 35.210] 0.037 [0.037, 0.037] E: 3.27×, η: 0.80×
SFT 34.674 [34.276, 35.093] 0.037 [0.037, 0.038] E: 3.27×, η: 0.80×

Table 1: Minimal energy Emin (difficulty) and efficiency η = Emin/Eactual by domain and stage.
Higher Emin indicates harder geometry; higher η indicates more purposeful use of residual energy.

A.5 Angles between the hard and easy subspaces of the controllability Gramian in different207

stages of post-training208
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Figure 5: Angles between subspaces of the controllability Gramian.
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