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Abstract

Many inference-time language-model pipelines
combine a cheap reward signal with an expen-
sive verifier, such as exact answer checking in
mathematical reasoning or hidden-test execution
in code generation. We formalize this setting
using a learning-theoretic lens as generative ac-
tive search: a cost-sensitive first-positive search
problem in which a policy adaptively samples
candidates from an unknown distribution, ob-
serves cheap scores, and pays for verifier la-
bels until it finds a positive example. For a
fixed prompt, the generator and reward model in-
duce two unknown objects: a distribution over
reward scores and a score-conditioned success
function. When these quantities are known, we
characterize the distribution-aware optimal pol-
icy using a dynamic programming approach. In
the realistic and practical setting where both the
score distribution and success function are un-
known, we propose ADAP, a shellwise adaptive
generate-rank-verify algorithm that progressively
increases the number of sampled responses and
top-ranked verifications. Under the monotonic-
ity assumption that higher reward scores are no
less likely to pass verification, we show that
ADAP achieves expected cost within a constant
factor of the distribution-aware optimum. We
complement this result with learning-theoretic
lower bounds, based on a centered star number,
showing that structural assumptions on the score—
label relationship are necessary. Experiments
on mathematical reasoning and competitive pro-
gramming validate the predicted advantage over
both fixed non-adaptive policies and difficulty-
adaptive baselines.
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1. Introduction

State-of-the-art large language models (LLMs) increas-
ingly rely on inference-time search: they generate multi-
ple candidate solutions, use a cheap but noisy reward sig-
nal to triage them, and reserve an expensive verifier for the
few candidates that may be correct. This paradigm under-
lies recent progress on difficult reasoning tasks, including
competitive programming and mathematical Olympiad ex-
ams (Google DeepMind, 2025; OpenAl, 2024), where ver-
ification may take the form of hidden-test execution, exact
answer checking, or proof verification. Because each ad-
ditional generation, reward score, and verifier call incurs
cost—in wall-clock latency, GPU compute, or API spend—
these systems face a basic compute-allocation problem at
inference time. In a nutshell: given an LLM, a cheap but
noisy reward model, and a costly verifier, how should one
use reward scores to decide when to keep sampling and
when to spend verification calls, in order to find a verified-
correct response with minimal total cost? This question
has motivated a growing line of work on test-time compute
allocation and adaptive inference-time search (Snell et al.,
2025; Damani et al., 2025; Zhai et al., 2026; Raman et al.,
2025; Kalayci et al., 2025; Wan et al., 2025b; Qu, 2026).

The challenge is not merely that inference-time compute is
costly; it is that the right allocation is inherently prompt-
dependent. A natural non-adaptive baseline fixes a pair
(Nrew, Nyer): generate Ny, candidate responses, rank them
by reward score, and verify the top Ny.;. However, no sin-
gle choice of (Nyew, Nyer) is appropriate across all prompts.
As shown in Figure 1, the per-prompt optimal choice varies
widely. Easy instances may require only a small candidate
pool and one verification call, while hard instances may
require orders of magnitude more generation and several
verification attempts. Similar prompt-dependent variation
in the value of test-time compute has also been observed in
recent studies (Snell et al., 2025; Damani et al., 2025; Zhai
et al., 2026; Raman et al., 2025; Huang et al., 2026). Thus,
any fixed policy must either overspend on easy prompts or
under-search on hard ones.

One natural response is to learn a predictor of per-prompt
difficulty from historical data and use it to choose the
inference-time budget (Snell et al., 2025; Damani et al.,
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2025). Such approaches can be effective when the deploy-
ment prompt distribution is stable and the learned predictor
remains well calibrated. However, this assumption can fail
under distribution shift: the mix of prompts may change
over time, and the relationship between reward scores and
verifier acceptance may vary across prompts or domains.
In such settings, historical tuning or a single global calibra-
tion rule may not transfer reliably. This motivates online,
prompt-dependent policies that adapt using only the reward
scores and verification outcomes observed on the current
prompt.

These observations lead to our central question: Can an
online policy use an uncalibrated reward model, adapt to
prompt difficulty, and achieve near-optimal cost relative
to a distribution-aware policy that knows the score distri-
bution and reward-verifier relationship? We answer this
question by formulating generate-rank—verify inference
as a cost-sensitive search problem and by developing an
adaptive algorithm with provable and empirical guarantees
across various cost regimes'.
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Figure 1.  Per-problem op-Figure 2. Cost ratios for
timal fixed budgets on Live-oracle baselines relative to
CodeBench. Color shows cost; ADAP. Lower is cheaper;
the spread shows why one fixed SAMPLEAWARE is a per-
generate/verify budget is ineffi-problem oracle and DAP; is
cient. difficulty-stratified.

1.1. Contributions

We study inference-time generate—rank—verify pipelines,
where candidate responses are sampled from a language
model, scored by a cheap reward model, and checked by
an expensive verifier. Motivated by the compute-allocation
question above, we formalize this setting as a cost-sensitive
sequential decision problem, which we call active search.
Let cew > 0 denote the cost of generating one candi-
date response and scoring it with the reward model, and
let cyer > 0 denote the cost of one verifier call. For
each prompt x, the generator and reward model induce
an unknown distribution D, € A(R) over reward scores.
The verifier induces an unknown score-conditioned success
function A% : R — [0,1], where hX(r) is the probabil-
ity that a candidate with reward score 7 passes verification.
A sound policy adaptively generates candidates, observes

1Throughout the main experiments, we use Cver/Crew = 10
as the default cost ratio. In Appendix B.3, we also evaluate addi-
tional cost regimes and find that the empirical performance of our
adaptive algorithm is robust across these choices.

their reward scores, and chooses which candidates to verify.
It pays J = crew Nrew + Cver Nver, Where Nyey is the number
of generated-and-scored candidates and Ny, is the number
of verifier calls, and it may stop only after observing a pos-
itive verifier label. This formulation captures the central
tension from the introduction: the policy must decide, on-
line and prompt-by-prompt, when to spend cost on more
reward-scored samples and when to spend cost on verifica-
tion.

1. Optimal Distribution-Aware Benchmark. We first
study the idealized setting in which the prompt-specific
score distribution and reward—verifier relationship are
known. This gives the benchmark for online adaptation
and clarifies the ideal compute-allocation rule. We show
that the optimal policy has a simple threshold form: it
verifies a candidate exactly when its probability of pass-
ing the verifier is high enough to justify the verification
cost (Theorem 3.2).

2. A prompt-dependent online policy: ADAP. In prac-
tice, the policy does not know D, or h’, and therefore
cannot implement the distribution-aware policy directly.
We propose ADAP, a shellwise online algorithm that
searches over dyadic generation and verification scales
(Algorithm 1). ADAP progressively enlarges the candi-
date pool and verifies top-ranked candidates, using the
reward model only as a ranking signal. Under the natu-
ral monotonicity assumption that k% is non-decreasing
in the reward score, we prove that ADAP achieves ex-
pected cost within a constant factor of the distribution-
aware optimum, uniformly over all feasible (D, h})
(Theorem 4.2).

3. Learning-theoretic foundations. The guarantee for
ADAP relies on the assumption that higher reward scores
are more likely to pass verification. We show that
some such inductive bias is unavoidable. Without struc-
tural assumptions on the reward—verifier relationship,
any sound online policy can be forced to spend much
more than the distribution-aware benchmark. We for-
malize this obstruction through the centered star num-
ber, a learning-theoretic complexity measure for active
search. For binary concept classes, we prove matching
lower and upper bounds: the worst-case adaptivity gap
is characterized, up to constants, by min{so, cver/Crew }
where s is the centered star number. We also show
a separation between active search and active learning
(Hanneke & Yang, 2015).

4. Empirical validation. We evaluate ADAP on HMMT
mathematical reasoning and LiveCodeBench competi-
tive programming tasks, using exact answer matching
and hidden-test execution as verifiers. On the feasible
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subset of prompts with at least one correct sampled can-
didate, ADAP matches the 100% success rate of the
cheapest fixed (Nyew, Nyer) policy that also achieves
100% success, while using substantially lower mean
cost: 2.9x lower on HMMT and 5.5x lower on Live-
CodeBench in our current experiments. At the same
mean cost as ADAP, the best fixed policy succeeds
on only 84% and 88% of trials, respectively. Fig-
ure 2 previews this comparison: ADAP remains compet-
itive with DAPy, an oracle difficulty-stratified proxy for
learning-based budget allocation, without using histori-
cal prompt-difficulty labels; see Section 5 for details.

We defer a detailed discussion of related work to Ap-
pendix A in the appendix.

2. Problem Setup

Let X denote the prompt space and V the vocabulary. The
response space J = |J,=, V" is the set of all sequences
of arbitrary length. For each prompt z € X, the language
model induces a distribution (- | z) € A()) over candi-
date responses. We write Y ~ (- | ) for one sampled
response.

We assume access to two evaluators for a prompt-response
pair. The first is a reward model RM : X x )Y — R,
which returns a real-valued score. The second is a verifier
Ver : X x Y — {0,1}, which returns the final correct-
ness label. We say a response y is accepted for prompt x
iff Ver(z,y) = 1. Crucially, the reward model is only a
proxy for the verifier, and, the reward model may be noisy
or miscalibrated, and correctness is defined by the verifier.

For a fixed prompt x, the generator and evaluators induce a
joint distribution over reward scores and verifier labels. In
particular, if Y ~ 7 (- | z), define random variables R, =
RM(z,Y) and V,, = Ver(z,Y). Then (R,,V,) is a ran-
dom element of R x {0, 1}. We assume throughout that the
prompt is feasible, meaning Pry (|2 (Ver(z,Y) = 1) >
0 since otherwise no generate-and-verify procedure can
succeed. The key quantity connecting the reward model to
verification is the conditional success probability A% (r) =
Pr(V, = 1| R, = r). Equivalently, h(r) is the probabil-
ity that a candidate with reward score r will pass the veri-
fier. When the prompt is clear from context, we suppress
the subscript « and write (R, V') and h*.

2.1. Active Search

The goal of active search is to find a verified response while
minimizing the total cost of generation, reward querying,
and verification. The policy sees neither which candidates
the verifier will accept nor how reward scores translate into
acceptance probabilities; it must learn enough about both,

on the fly, to decide when to spend a verification call and
when to keep sampling. We formalize the problem in two
steps: Definition 2.1 specifies the problem instance induced
by a prompt, and Definition 2.2 specifies what it means for
an policy to solve it.

Definition 2.1. Fix a prompt © € X. The generator 7(- |
x), reward model RM, and verifier Ver induce an active
search instance (D, h,), where

* D, € A(R) is the marginal distribution of the reward
score R, = RM(z,Y) when Y ~ x(- | 2);

e hr : R — [0, 1] is the score-conditioned success function
hi(r) =Pr(V, =1| R, = r), where V, = Ver(z,Y)
when Y ~ (- | ). We also assume that Pr(V, = 1) >
0.

In practice, D, is unknown and only accessible via sam-
pling. Furthermore, the true probability that a candidate
with score r passes verification, denoted b} (r) = Pr(V, =
1| Ry = r), is also unknown. Therefore, active search is
governed by these two unknown objects: the score distri-
bution D, and the conditional success function h}. Sim-
ilar to PAC learning, we impose no assumptions on D,.
However, we assume h, € H for a probabilistic concept
class H C [0,1]® (Kearns & Schapire, 1994). This is not
a strict calibration requirement on the reward model, but
rather a necessary inductive bias that allows active search
to succeed without exhaustively sampling the space (see
Section 6).

Definition 2.2. Fix a probabilistic concept class H C
[0, 1]®. Fix costs crew > 0 (generation+reward cost per sam-
ple) and ¢y > 0 (verification cost per sample). A sound
active search policy is a randomized sequential procedure
A that knows H, Crew, Cver and interacts with an unknown
pair (D, h*), where D € A(R) and h* € H. The pol-
icy maintains a pool of generated but unverified candidates,
represented by pairs (Y;, R;), where Y; is the response and
R; is its reward score. At each decision time, based on its
history, A chooses one of two elementary actions:

1. Generate. Draw one fresh response Y ~ 7(- | ), ob-
serve its reward score R = RM(x,Y'), pay cost Crey, and
add (Y, R) to the unverified pool.

2. Verify. Choose one pair (Y;, R;) from the unverified
pool, query its verifier label, pay cost cye, and remove
the pair from the pool. Conditional on R;, the revealed
label has distribution V; ~ Bernoulli(h*(R;)). If V; =
1, the policy stops and outputs Y;.

Let Nyew be the total number of generated-and-scored
candidates, and let NV, be the total number of verifier
calls made before stopping. The random total cost is



Adaptive Generate-Rank-Verify

J(A; 2, D) := CrewNrew + CyerNver- If A never observes
a positive verifier label, J(A; h*, D) = +o0. Finally note
that the policy’s decisions are measurable with respect to
the reward scores of unverified candidates, previously cho-
sen verification indices, and observed verifier labels; it
does not inspect the contents of unverified responses except
through their reward scores.

3. Distribution-Aware Benchmark

Before tackling the realistic setting where D and h* are
unknown, we first establish the fundamental limits of ac-
tive search by analyzing an idealized algorithm with perfect
knowledge of the environment. This distribution-aware op-
timum provides a strict lower bound on the expected cost
and reveals a structural property of the optimal policy that
will guide the design of our adaptive algorithm.

Definition 3.1. A distribution-aware active search policy
is any valid active search policy in the sense of Defini-
tion 2.2 that is additionally given perfect knowledge of
(D,h*). Let Ipa(D,h*) denote the class of all such
policies. The optimal distribution-aware expected cost
is J*(h*,D) = inf cny, pne) EnnplCrew Nrew(m) +
Cver Nyer ()], Where policies that never output a verified
positive have cost +-oc.

We then present the main result whose proof can be found
in Appendix C as Lemmas C.1 and C.2.

Theorem 3.2. Fix a prompt x, and suppress the subscript
xz. Let R ~ D, and let h*(r) = Pr(V =1 | R =
r). Assume Pr(V = 1) > 0. Define 7 € (0,1] as
the unique solution of ¢,er Eg~p[max{h*(R) — 7*,0}] =
T Crew. Then the optimal expected cost with knowledge
of (h*,D) is J*(h*,D) = cyer/T*. Moreover, an opti-
mal fully-sequential policy is as follows: after generating
a candidate with reward score r, it verifies immediately if
h*(r) > 7%, discards it if h*(r) < 7*, and break ties arbi-
trarily if h*(r) = 7*.

Theorem 3.2 shows that the optimal distribution-aware pol-
icy is a simple threshold rule: verify a candidate if and only
if its conditional success probability exceeds a single break-
even threshold. The break-even threshold is based on com-
paring the immediate chance of success and the continua-
tion value of discarding it and drawing again.

4. ADAP: Adaptive Policy

Theorem 3.2 reveals the structural property of the opti-
mal distribution-aware policy. However, in practice, the
true functions governing the environment are unknown. To
bridge this gap, we introduce ADAP, an adaptive policy that
searches for the right threshold scale online. The policy
does not require prior knowledge of D, or h,; it only relies

Algorithm 1 Axp.p: Shellwise Active Search

Input: costs cyer, Crew > 0 and prompt x
Output: A response y with observed label Ver(z,y) = 1
1: Cmin min{creW7 Cver}

2: P+ 10

3: fors=0,1,2,... do

4: Ss «+ {(a,b) € Z24 : a < b,

2% Ciin < Crew 2b + Cver 2b7a < 2S+1Cmin}
if S; = 0 then

continue

by < max{b: (a,b) € S5}
j2 < max{b—a: (a,b) € S}

Ms 4— "2”:"'1-‘

100 ks [6 : 2]’%

Y xR

ii.d.
11: Draw y1,...,Ym, ~ 7(-|x)

12: Score and add {(yi, RM(z,y;)) : i € [ms]} to P

13: Relabel the elements of P as (g1, R1),. .., (§p|, Rp|)

sothatRl > RQ > 2> R‘p‘
14: forj=1,..., min{k,|P|} do

15: Query Ver(z,y(;)

16: Remove (7, R;) from P
17: if Ver(z,y(;)) = 1 then
18: return ¥

on the natural monotonicity assumption that higher reward
scores are more likely to correspond to correct outputs. In
Appendix B.2, we empirically validate this assumption on
both coding and math benchmarks, both in aggregate and
at the per-prompt level.

Assumption 4.1. We assume h* € Huongec wWhere
Huondee = {h : R = [0,1] | V71 < rg h(ry) < h(rqo)}is
the family of non-decreasing functions.

This monotonicity serves as our primary inductive bias, en-
suring that the reward model’s rankings are informative. As
we will formally prove in Section 6, such structural assump-
tions are not technical conveniences, but fundamental re-
quirements. Now, we are ready to formally state the perfor-
mance guarantee of ADAP. After that we give an overview
of the proof (Formal proof given in Appendix D)

Theorem 4.2. Under the setup of Section 2, fix costs
Crews Cver > 0. Let Aapap be the shellwise active search
policy in Algorithm 1. Then, for every feasible prompt x, ev-
ery generator (- | x), and every induced pair (D, h*) with
h* € Huon-dec (See Definition 2.1), A is sound and satisfies
E[J(Aapap; h*, D)] < 400 J*(h*, D), where J*(h*, D) is
the optimal cost of the distribution-aware policy.

Remark 4.3. The multiplicative nature of this guarantee is
a critical feature of ADAP. Because the policy’s cost scales
proportionally with the distribution-aware optimum, “easy”
prompts that admit a low optimal cost are answered cheaply.
This directly operationalizes our core motivation that test-
time compute varies significantly based on the difficulty of
the specific prompt (see Figure 1). N
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4.1. Main ideas behind ADAP

Fix a prompt . We will suppress the dependence of pa-
rameters on subscript x for brevity. The distribution-aware
policy from Section 3 shows that, when h* is known and
non-decreasing, the right behavior is a threshold rule on the
reward score (see Lemma D.1). This motivates comparing
ADAP to an arbitrary threshold ¢. Define ¢; = Prrp(R >
t)and s; = Pr(R >t,V = 1) = Eg.p[h*(R)1{R > t}].
A threshold policy that generates candidates and verifies
only when R > t has expected cost J; = (Crew + Cyerqt)/St-
Indeed, each generated candidate costs ¢y, incurs an ad-
ditional verification cost with probability ¢;, and succeeds
with probability s;. The unknown quantities ¢; and sy
determine the relevant sample and verification scales. If
qr ~ 274 5 &~ 2% and ¢ < b, then 2° generated candi-
dates have constant total success probability above thresh-
old, while the expected number of candidates above thresh-
old is 2°q; ~ 2=, Thus the pair (a, b) suggests the natural
scales m = 2% and k < 2°~%. The corresponding cost scale
is Bap = Crew2b + Cverzb_ao

Since ADAP does not know which threshold, and hence
which pair (a,b), is appropriate, it searches over these
dyadic possibilities by cost scale, similar to the general
techniques in (Cesa-Bianchi et al., 1997). Shell s contains
all pairs (a,b) whose cost B, ; is within a factor of two of
2%cmin (see Lemma D.2). At shell s, the policy chooses the
largest sample scale and the largest verification scale rep-
resented in that shell, generating ms new candidates and
allowing k verifier calls. Starting from small shells and
moving geometrically upward ensures that the cost paid be-
fore reaching the right scale is only a constant-factor geo-
metric prefix.

The implementation is pool-based. ADAP keeps a pool
of generated but unverified responses. Each shell adds its
newly generated candidates to this pool, ranks all candi-
dates by reward, and verifies the top k. Every queried re-
sponse is removed from the pool, regardless of the verifier
outcome. Thus the pool always contains exactly the can-
didates whose labels are still unknown, and high-reward
candidates discovered in earlier shells remain available to
later shells if they were not yet queried.

The monotonicity assumption is what makes this ranking
meaningful. Since h* is non-decreasing, higher reward
scores have weakly larger conditional probability of pass-
ing verification. Therefore, at any point, the best use of
a limited verification budget is to spend it on the highest-
reward unverified candidates. The proof below formalizes
this intuition through a success-mass argument: at the cor-
rect dyadic scale, the pool’s top-ranked candidates contain
enough conditional success probability for the shell to suc-
ceed with constant probability, and later shells amplify this
success probability rapidly.

5. Experiments
5.1. Setup

We evaluate ADAP on two domains where verification is
costly relative to sampling: mathematical reasoning and
competitive programming.

Mathematical reasoning. We use the HMMT (HMMT,
2025) February 2024 and 2025 contests (60 problems to-
tal). Solutions are sampled from Qwen2.5-Math-7B (base)
(Qwen Team, 2024) at temperature 0.7, top-p 0.95, with
N = 512 samples per problem. Each candidate is scored
by Qwen2.5-Math-PRM-7B (Yang et al., 2024); we use the
last-step score as the per-sample reward. Verification is ex-
act answer-string matching against the published numeri-
cal answer indicated as boxed{}. After filtering to prob-
lems with at least one correct sample, 22 problems remain.
Results with two alternative generators (Qwen2.5-14B
(Qwen Team, 2024) and DeepSeek-R1-Distill-Qwen-7B
(DeepSeek-Al, 2025)) appear in Appendix B.3.1.

Coding. We use medium- and hard-difficulty problems
from LiveCodeBench (LeetCode, AtCoder, Codeforces).
Solutions are sampled from Qwen2.5-Coder-3B (base)
(Hui et al., 2024) under identical settings. Each candidate
is scored by CodeScaler-8B (Zhu et al., 2026). Verifica-
tion runs the candidate against the full hidden test suite in
a subprocess; a sample is correct only if every test passes.
After excluding problems without any correct solution, 83
problems remain.

Cost model and trial protocol. We set ¢, = 1 and
Cyer = 10, so the cost of Ny draws and Ny, verifications
1S Niew * Crew + Nyer - Cyer- A trial succeeds if at least one ver-
ified sample is correct. Each (problem, policy) pair is eval-
uated over 10 random permutations of sample order, with
the same permutation used across policies to enable paired
comparison. In Appendix B.2, we demonstrated that the re-
ward model reliably ranks correct samples above incorrect
ones with higher probability as we assumed in our theo-
retical model. To demonstrate cost-ratio robustness across
Cyer/Crew € {1,10,20,30}, we presented results in Ap-
pendix B.3.2.

5.2. Baselines

Sample-aware lower bound SAMPLEAWARE. For each
individual trial, SAMPLEAWARE retroactively selects the
cheapest (Nrew, Nyer) such that drawing N, samples and
verifying the top- Ny, by reward would yield at least one
correct answer on that exact trial. Because it observes cor-
rectness labels at decision time, it is strictly more powerful
than any realizable policy, and we use its mean cost as a
per-trial lower bound.
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(¢) Math: Per-prompt comparison across (d) Coding:  Per-prompt comparison
three policies. across three policies.

Figure 3. Top: success rate vs. cost budget for the best Uni-
form strategy (blue step curve), with SAMPLEAWARE (orange di-
amond) and ADAP (red star) marked at their mean costs. Bottom:
per-prompt costs of ADAP (blue) and SAMPLEAWARE (orange),
sorted by SAMPLEAWARE cost; background shading indicates
whether the cost-matched Uniform strategy succeeds (green) or
fails (red) on each trial.

Difficulty-adaptive policy DAP,. DAP; exploits
knowledge of each problem’s difficulty, measured by
the empirical pass rate 7, defined as number of correct
generations divided by total generations. Problems are
sorted by 7, and partitioned into k& contiguous difficulty
classes G, . .., G; within class G; the policy commits to
a class-specific fixed pair ((Niew)i, (NVver)s) that achieves
100% success on every problem in GG; at minimum average
cost. The partition and all (((Nrew)7, (Nver)})) are selected
jointly by dynamic programming to minimize total mean
cost. DAPy, is an oracle baseline which requires knowing
per-problem pass rates in advance. However, it models the
difficulty-aware strategies commonly used in practice.

The degenerate case k=1 applies (Niew, NVyer) uniformly
to all problems. As a cost-matched reference, we define
UNIFORMc,,,, as the best uniform pair whose cost does
not exceed ADAP’s mean cost. This is a special case of
DAP; that matches ADAP’s budget but does not guarantee
100% success.

5.3. Results

Table 1 reports mean generation count Ny, verification
count N, mean cost, success rate, and cost ratio relative
to ADAP for all policies on both tasks.

Math (HMMT). ADAP achieves 100% success at mean
cost 1422, while SAMPLEAWARE’s mean cost is 399
(0.28%). As shown in Figure 3, ADAP’s per-trial cost
tracks SAMPLEAWARE’s closely across the difficulty spec-
trum. At the same budget, UNIFORM¢, ,, succeeds on only

84% of trials, a notable gap that confirms a uniform fixed
strategy cannot replicate ADAP’s reliability at equal cost.
Among difficulty-stratified baselines, DAP; costs 2.94x
more than ADAP, and the gap narrows as k grows: DAP5
still spends 1.04x more, while DAPyy reaches 0.82x.
With only 22 problems, ten difficulty classes place on av-
erage just two problems per class, making DAP;( nearly a
per-problem oracle and thus approaching SAMPLEAWARE.

Coding (LiveCodeBench). ADAP achieves 100% suc-
cess at mean cost 745, with SAMPLEAWARE costing 180
(0.24x). Figure 3 again shows ADAP’s per-trial cost fol-
lowing SAMPLEAWARE’s closely. UNIFORMc¢,,,, falls
short at 87.8% success, a clear failure mode of uniform
strategies on a heterogeneous task. Unlike the math set-
ting, DAPj never beats ADAP even at Ny,=10 (1.06x),
showing that the coding task’s difficulty structure is harder
to exploit with fixed per-class strategies and that ADAP’s
online adaptation is particularly valuable here.

6. Learning-Theoretic View of Active Search

Monotonicity of the score-conditioned success function
gave ADAP a constant-factor guarantee. We now show
that some structure is necessary. For unstructured classes,
a positive response may be hidden among many locations
indistinguishable without verification, while a distribution-
aware oracle can focus on the right location immediately.
We formalize this obstruction using the centered star num-
ber, a variant of the classical star number of Hanneke &
Yang (2015) adapted to finding a single positive witness.

Definition 6.1. Let Z be an arbitrary input space. Let H C
{0,1}Z be a binary concept class over Z such that it in-
cludes the all zero function which is denoted by hg. Define
so(H) =max{m € N:3z,...,2p, € Z,3hy,...,hp, €
M such that h;(z;) = 1 [i = j] Vi, j}, with so(H) = oo if
no finite maximum exists.

Theorem 6.2. Let Z be an arbitrary input space, fix costs
Crew, Cver > 0, and let H C {0,1}% contain the all-zero
function. For every sound active-search policy A, there
exists h* € H and D € A(Z) such that E[J(A; h*,D)] >
i min{so(H), Cver/Crew } J*(R*, D).

Theorem 6.3. Let H C {0,1} contain hg = 0 and as-
SUMeE Cyor > Crey. There exists a sound active-search policy
Acs, specified in Algorithm 2 in the appendix, such that
for every feasible binary instance (h*,D) with h* € H,
E[J(Acs; h*, D)] < 6 min{so(H), Cyer/Crew } J*(h*, D).

Interpretation. Theorems 6.2 and 6.3 show that mono-
tonicity rules out a real obstruction: without structure, a
positive witness can hide among centered-star alternatives
and the tight binary-class gap is min{so (), ¢ver/Crew }- Ac-
tive search is weaker than active learning because it stops
after one positive label; see Appendix E.2.
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Table 1. Summary of all policies on Math (HMMT, 22 problems, 10 permutations) and Coding (LiveCodeBench, 83 problems, 10
permutations). Cost ratio is relative to ADAP.

Math (HMMT) Coding (LiveCodeBench)
Policy Nrew DNy Avg.cost Ratio Succ. New Ny Avg.cost Ratio  Succ.
SAMPLEAWARE 103.7 29.5 398.9 x0.28 1.000 924 8.7 179.9 x0.24 1.000
ADAP 219.6 120.2 1422.3 x1.00 1.000 140.4 60.5 745.3 x1.00 1.000
UNIFORMc,,,, 182.0 124.0 1422.0 x1.00 0.841 414.0 33.0 744.0 x1.00 0.878
DAP; 497.0 369.0 4187.0 x2.94 1.000 512.0 359.0 4102.0 x5.50 1.000
DAP, - — 2164.8 x1.52 1.000 — — 2162.1 x2.90 1.000
DAP; — — 1792.7 x1.26 1.000 — — 1582.1  x2.12 1.000
DAP; - - 1477.3  x1.04 1.000 — — 1194.3 x1.60 1.000
DAP;g — — 1169.4 x0.82 1.000 — - 786.9 x1.06 1.000
A. Related Work

Generate-rank-verify foundations. Many inference-time reasoning systems follow a generate—evaluate—select pattern.
In math reasoning, trained outcome verifiers rank complete solutions (Cobbe et al., 2021), while process reward models
and generative verifiers score intermediate or complete reasoning traces (Lightman et al., 2024; Wang et al., 2024; Setlur
et al., 2025; Zhang et al., 2025a; Khalifa et al., 2025; Zhang et al., 2025b). In code generation, AlphaCode used large-
scale sampling followed by execution-based filtering, clustering, and selection (Li et al., 2022); CodeT and LEVER use
generated tests or execution-aware learned verifiers to rank programs (Chen et al., 2023; Ni et al., 2023); and CodeRM
studies dynamic scaling of generated unit tests to improve reward quality (Ma et al., 2025). These works motivate our
generate—rank—verify abstraction, but mainly study verifier design, empirical scaling, or engineered selection pipelines.

Adaptive test-time compute allocation. A line of work studies how to spend inference-time compute adaptively. A
common theme is that uniform Best-of-N sampling is inefficient because the value of additional samples depends on
input difficulty (Snell et al., 2025). Some methods allocate compute across inputs using predicted reward curves (Damani
et al., 2025), constrained optimization under an average budget (Zhai et al., 2026), or prompt-level Best-of-/N budget
allocation (Raman et al., 2025). Others adapt computation within a single input, stopping generation when further samples
are unlikely to improve reward (Kalayci et al., 2025; Wan et al., 2025b), or when answer agreement is sufficiently high in
self-consistency sampling (Huang et al., 2026). Our focus is different: the policy must decide how to trade off generating
additional against verifying available candidates.

Selective and imperfect verification. A related line studies how to use imperfect or costly verification signals. Weak—
strong verification policies decide when a cheap noisy verifier is sufficient and when to defer to a stronger verifier (Kiyani
et al., 2026), while Derailer—Rerailer uses a lightweight stability check to trigger more expensive reasoning only when
needed (Wan et al., 2025a). Closest to our setting, Qu (2026) studies a verification-cost-limited regime and allocate
verifier calls across intermediate reasoning states using feasibility gates, learned pre-verification scores, and uncertainty. In
contrast, our verifier is treated as the final certification mechanism, and the main question is how costly certification should
be interleaved with generation and reward scoring.

Active search. Active search studies discovery-oriented label querying, where the goal is to find positives rather than
to learn a globally accurate classifier. Classical Bayesian active search is usually pool-based. A fixed unlabeled pool is
given in advance, and a known probabilistic model or Bayesian posterior over labels guides which points to query under
a labeling budget (Garnett et al., 2012; Jiang et al., 2017; 2018). The closest formulation to ours is cost-effective active
search (Jiang et al., 2019), which minimizes labeling cost to find a prescribed number of positives from a fixed pool.
Our setting keeps the discovery objective of active search, but the candidate pool is generated online by sampling from a
language model and scoring samples with a reward model. Because the score distribution and reward—verifier relationship
are unknown, the policy cannot rely on a known posterior over a fixed pool. It must decide both which candidates to verify
and when to generate more scored candidates, creating a generation—verification tradeoff absent from standard fixed-pool
active search.
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B. Additional Experiments
B.1. Computational Resources

All experiments run on a single node with two NVIDIA L40S GPUs (48 GB each). Generation and math reward scoring
use VLLM (Kwon et al., 2023) with TP=2 (Tensor Parallelism); coding reward scoring uses CodeScaler-8B via PyTorch
on a single GPU; coding verification is CPU-only with 64 parallel workers and a 15-second per-test timeout. All figures
below are estimates; exact per-stage timing was not logged.

Stage Details Estimated cost

Math generation 3 models x 60 problems X 512 samples; 8 ~48-60 GPU-hour
10 h/model on 2xL40S

Math reward scoring Qwen2.5-Math-PRM-7B via vLLM, 92,160 ~4-6 GPU-hour
samples

Coding generation QW£n2.5-C0der-3B, TP=2, 329 x 512 = ~26-40 GPU-hour
168,448 samples, ~750 tok/sample

Coding reward scoring CodeScaler-8B, single GPU, 42,496 samples, ~2-3 GPU-hour
batch size 32

Total GPU ~85-110 GPU-hour

Coding verification 42,496 programs, 64 workers, ~20-30 CPU- ~250-400 CPU-hour
s/sample (wall time ~4—6 h)

B.2. Reward Signal Validation

The adaptive policy assumes that the reward model is more likely to assign higher scores to correct samples than to incorrect
ones. We verify this directly for coding; math diagnostics for alternative generators appear in Appendix B.3.1.

Rank vs. correctness. For each problem we sort samples in decreasing reward order and record correctness at each rank
position. Figure 4a plots the empirical correctness probability averaged across the 83 coding problems and Figure 5a plots
the same result averaged across the 22 math problems. The curve is monotonically decreasing: the top-ranked sample is
several times more likely to be correct than a uniformly random sample. Our policy requires only this rank monotonicity,
not calibrated reward probabilities.

Top-k coverage. Figure 4b plots, for each &, the probability that the top-k-by-reward set contains at least one correct sam-
ple, alongside the random-k baseline (hypergeometric distribution). Using the reward model substantially raises coverage
even at k = 1, and the gap remains positive throughout the small-k regime where the adaptive policy operates.

Correctness rate vs. reward rank, averaged over 83 problems

! ' : ! 2 Top-k vs random-k verification (averaged over 83 problems)
gl\'%onotomcally decreasing curve = reward ranks are informative g Gap between curves = direct value of reward-based ranking
—— P(correct — rank by reward) :05 1.0 P
&= -
= 0.5 Rolling mean (window=10) '5 0.8 "
§ Marginal correctness = 0.132 > -
=04 g b
° 0.6
0.3 &
< =
= 304
= 0.2
& 0.1 - 0.2 - —e— Verify top-Nye, by reward
§ =~ Verify random k samples (baseline)
0.0 - 0.0 : ;
10° 10 102 = 10° 10 10
Rank by reward within a problem (1 = highest reward) A Nyer (number of samples verified)
(a) Correctness probability at each reward rank. (b) Top-k vs. random-k coverage.

Figure 4. Reward signal validation on coding. Left: empirical correctness probability at each reward rank, averaged over 83 problems
(orange: rolling mean). Right: probability that the top-k by reward contains a correct sample (blue) vs. k£ uniform random samples (red
dashed).

Per-problem AUC distribution. To assess whether the reward signal is consistent across problems, we compute a per-
problem AUC:
AUC, =P{(R>R' |V =1V =0),
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Correctness rate vs. reward rank, averaged over 22 problems

tonically d : - T rank e i % Top-k vs random-k verification (averaged over 22 problems)
%/If notonically decreasimg Curve = rewarc ranks are IIOMatIve & Gap hetween curves = direct value of reward-based ranking
R L I = 1.0
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§ 0.3 Marginal correctness = 0.032 =08
= =
8 - O 6
-
= 0.
0.2 9
< =
2 204
g o
Zo1 5 =
= = 0.2 e Verify top-Nye, by reward
w0
kS I el --#~  Verify random k samples (baseline)
0.0 — 0.0
10° 10! 10° = 10° 10! 102
Rank by reward within a problem (1 = highest reward) A Nyer (number of samples verified)
(a) Correctness probability at each reward rank. (b) Top-k vs. random-k coverage.

Figure 5. Reward signal validation on math. Left: empirical correctness probability at each reward rank, averaged over 22 problems
(orange: rolling mean). Right: probability that the top-k by reward contains a correct sample (blue) vs. k uniform random samples (red
dashed).

where (R,V) and (R',V’) are independent draws from the joint distribution of prompt p (i.e. R = RM(p,Y), V =
Ver(p,Y) with Y ~ 7(- | p), and likewise for the primed copy).

For coding, the distribution is strongly right-skewed (mean: 0.865, median: 0.915, IQR: [0.779, 0.980], 96% above chance),
confirming that CodeScaler-8B reliably ranks correct samples higher on the vast majority of problems.

For math, the signal is weaker (mean: 0.610, median: 0.577, IQR: [0.500, 0.738], 73% above chance), yet the mean AUC
remains meaningfully above chance and the top-k coverage curve (Figure 5) still lies above the random baseline throughout,
confirming that even a modest reward signal suffices to guide verification.

Distribution of per-problem AUC across 83 problems Distribution of per-problem AUC across 22 problems
q25 = 0.779, q75 = 0.980, frac above 0.5 = 0.96 q25 = 0.500, q75 = 0.738, frac above 0.5 = 0.73
***** Chance (AUC = 0.5) R Chance (AUC = 0.5)
E 20 —— Mean = 0.865 ‘é) —— Mean = 0.610
< —— Median = 0.915 L3 —— Median = 0.577
e 2
215 S
a, &
3 B2
=~ 10 —
[} [
2 et
g g 1
= 5 =]
z z I
0 (| [ 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
Per-problem AUC of reward vs. correctness Per-problem AUC of reward vs. correctness
(a) Coding (83 problems). (b) Math (22 problems).

Figure 6. Per-problem AUC of reward vs. correctness. Each bar counts the number of problems whose reward model achieves that AUC
when ranking samples by score. The dashed vertical line marks chance (AUC = 0.5); red and blue verticals mark the mean and median.
Coding rewards are strongly discriminative (mean 0.865, 96% above chance); math rewards are weaker and more variable (mean 0.610,
73% above chance).

B.3. Ablations

B.3.1. ALTERNATIVE MATH GENERATORS

The main body reports math results with Qwen2.5-Math-7B as the generator. We additionally evaluate Qwen2.5-14B
(a stronger, non-math-specialized base model) and DeepSeek-R1-Distill-Qwen-7B model. Both use identical sampling
settings (N = 512, temperature 0.7, top-p 0.95), the same reward model (Qwen2.5-Math-PRM-7B), and exact answer-string
match as the verifier.

Table 2 reports the number of solvable problems and mean cost of each policy per generator. The qualitative picture is
unchanged across generators: rank-order monotonicity of the reward signal holds in all cases, and ADAP achieves 100%
success at substantially lower cost than DAP;, demonstrating that the approach is not specific to the primary generator and
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generalizes reliably across models of varying size and specialization.

Table 2. cver/crew = 10. Per-generator results on HMMT. Mean cost averaged over solvable problems and 10 permutations each. The
ratio column shows cost relative to ADAP for the same generator.

Qwen2.5-Math-7B  Qwen2.5-14B DeepSeek-R1-7B

Cost Ratio Cost  Ratio Cost Ratio
# Solvable 22 21 21
SAMPLEAWARE cost 398.9 x0.28 6064 x0.36 427.8 x0.32
ADAP cost 1422.3 1704.6 1328.7
UNIFORMc,,,, success rate 0.84 0.74 0.86
DAP; cost 4187.0 x2.94 4591.0 x2.69 5246.0 x3.95
DAP; cost 2164.7 x1.52 2585.8 x1.52 2082.5 x1.57
DAP3 cost 1792.7 x1.26 2260.1 x1.33 1819.5 x1.37
DAP; cost 1477.3 x1.04 1891.7 x1.11 1285.5 x0.97
DAP;g cost 1169.4 x0.82 1463.2 x0.86 957.3 x0.72

B.3.2. COST-RATIO ROBUSTNESS

The main body fixes cyer/crew = 10. We repeat the comparison for cyer/crew € {1, 10,20, 30} on both tasks to verify that
ADAP’s advantage is not specific to this calibration. Tables 3 and 4 summarize the results.

ADAP consistently achieves lower cost than DAP; at every ratio on both tasks, and the advantage grows as verification
becomes more expensive: on coding, DAP; costs 3.6x more than ADAP at Cyer/Crew = 1, rising to 7.2x at ratio 30.
The UNIFORM¢,,,, rows confirm that a fixed policy given the same total budget as ADAP achieves only 79-90% success,
underscoring that the savings come from genuine adaptivity rather than simply spending less. Notably, ADAP matches or
outperforms DAP;( on coding at all ratios and approaches it on math, without requiring any offline difficulty estimation
or problem partitioning.

Table 3. Cost-ratio ablation on math (HMMT, 22 problems, 10 permutations each). The ratio column shows cost relative to ADAP at
the same configuration.

Cver/crew =1 =10 =20 =30

Cost  Ratio Cost  Ratio Cost  Ratio Cost  Ratio
SAMPLEAWARE cost 122.1 x0.50 3989 x0.28 684.1 x0.26 965.4 x0.23
ADAP cost 245.2 1422.3 2627.4 4143.0
UNIFORMc,,,, success rate  0.80 0.84 0.84 0.85
DAP; cost 866.0 x3.53 4187.0 x2.94 7877.0 x3.00 11567.0 x2.79
DAP; cost 530.0 x2.16 2164.7 x1.52 3868.8 x1.47 55729 x1.35
DAP; cost 4809 x1.96 17927 x1.26 3098.6 x1.18 4404.5 x1.06
DAP; cost 420.9 x1.72 14773 x1.04 2528.6 x0.96 3578.2 x0.86
DAP;( cost 357.0 x1.46 11694 x0.82 19455 x0.74 27182 x0.66

Table 4. Cost-ratio ablation on coding (LiveCodeBench, 83 problems, 10 permutations each). The ratio column shows cost relative to
ADAP at the same configuration.

Cvcr/crcw =1 =10 =20 =30

Cost  Ratio Cost  Ratio Cost  Ratio Cost  Ratio
SAMPLEAWARE cost 97.6 x0.40 1799 x0.24 265.8 x0.25 349.6 x0.22
ADAP cost 241.4 747.6 1075.8 1564.1
UNIFORMc,,,, success rate  0.79 0.88 0.88 0.90
DAP; cost 871.0 x3.61 4102.0 x5.49 7692.0 x7.15 11282.0 x7.21
DAP; cost 506.8 x2.10 2162.1 x2.89 3889.7 x3.62 5617.3 x3.59
DAP; cost 4162 x1.72 1580.6 x2.11 2762.1 x2.57 39437 x2.52
DAP5 cost 346.0 x1.43 11943 x1.60 2057.7 x1.91 28927 x1.85
DAP;( cost 285.0 x1.18 7873 x1.05 1276.1 x1.19 17429 x1.11
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C. Appendix of Section 3

Lemma C.1. Fix an active search instance (h*, D) from Definition 2.1 with R ~ D. Consider the class s, (D, h*) of
streaming policies defined as follows. At each round i, the policy draws a fresh score R; ~ D, pays cye,, observes R;,
and then chooses an action A; € {discard, verify} as a possibly randomized function of the past history and the current
score R;. If A; = discard, the candidate is discarded permanently. If A; = verify, the policy pays c,., and observes
Vi | R; ~ Bernoulli(h*(R;)). The policy stops only when it verifies a candidate with V; = 1. Then there exists a unique
7* € (0,1) satisfying

Cyer ERND[(h* (R) - T*)-‘r] = 7—*Crew-

Moreover, c
(h7 D) — ver.

7—*

J*

str

An optimal streaming policy is the threshold rule

A (r) verify, — h(r) > 77,
T)=
discard, h(r) < t*.

Proof. Let (R;,V;);>1 be i.i.d. copies of (R, V). A (possibly randomized, history-dependent) policy 7 chooses at each
round ¢ an action A; € {discard, verify} after observing R; (and the past history). Let

T :=inf{i > 1: A; = verifyand V; = 1}
be the stopping round, and define the total cost

T
Cost(r) := Z(crew + cver1{A4; = verify}), J(m) := E[Cost(r)], J* = 1inf J(7).

i=1 ™
Fix a round, and condition on having already paid ¢ and observed R = 7.

* If we discard, we move to the start of the next round, whose optimal expected remaining cost is J*.

* If we verify, we pay ¢, and observe V. With probability i (r) we stop immediately; with probability 1 — h(r) we
fail and return to a fresh round with optimal expected remaining cost J*. Thus the continuation cost is

Cyer + (1 = h(r))J".
Therefore, verifying is optimal iff

Cer + (1= h(r))J* < J* <= h(r) > CJ

Define

c
= 1]. 1
T 7 € (0,1) (1

This shows there exists an optimal policy that verifies exactly when h(r) > 7*.

To characterize 7%, we use Bellman equation. At the start of a fresh round, we pay c.w, Observe R, and then choose the
smaller of discarding (continuation cost J*) and verifying (continuation cost c¢ye; + (1 — hA(R))J*). Thus J* satisfies the
Bellman identity

J* = Crow + E[min{J*, Crer + (1 — h(R))J*}]. @)

Forany J > 0 and x € [0, 1],
min{J, ey + (1 —2)J} = J — (2J — ¢ver)+,

where (u)4 := max{u,0}. Apply this with z = A(R) and J = J* in (2):

J* = Crew + E[J* - (h(R)J* - Cver)+] <  Crew = E[(h(R)‘]* - Cver)+] :

14
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Using 7% = ¢yer/J* from (1), we rewrite

(h(R)J" = cver) = J"(R(R) = 77)4,

and hence ‘
Cew = J*E[(h(R) = 77)+] = —ZE[(h(R) = 77)+].
Multiplying both sides by 7* gives
T Crew = Cver B[ (R(R) — 77)4]. 3)
Also, (1) yields
J* — c\/i[‘.
-

Then, we show that 7* is unique and exists. Define for 7 € [0, 1],
g(1) = cver/{ ( }(h(r) = 7)dD(r) — Terew = cverE[(R(R) = T) 4] — TCrew-
r:h(r)>t

Then g is continuous. Moreover, for 0 < 7 < 15 < 1,

9(72) = 9(r1) = cuer (EI(A(R) = 72)4] = EI(h(R) = 71)4]) = (72 = 71)cren
< —(T2 = T1)Crew < 0,
so g is strictly decreasing. Also,
9(0) = ¢yerE[A(R)] = Cyer Pr(V = 1) > 0, g(1) =0 — crew < 0.
By the intermediate value theorem there exists a root 7* € (0, 1], and by strict monotonicity it is unique.

O

Lemma C.2. Fix an active search instance (h, D) from Definition 2.1. Among all distribution-aware pool-based policies
in the sense of Definition 2.2, there exists an optimal policy that never stores candidates for later use. In particular, the
streaming threshold policy of Lemma C.1 is optimal within this broader class.

Proof. Let J* = cyer/7* be the optimal streaming value from Lemma C.1. Verifying a sequence of candidates is equivalent
to verifying them one at a time, so it suffices to compare the two elementary actions: (i) generating a finite batch, and
(ii) verifying a single stored candidate.

The candidate continuation value. Given a finite pool P, let r(y), ..., 7 () enumerate its above-threshold elements in
decreasing order of h:

h(?“(l)) > > h(T(k)) > 7",
with & = 0 if no such elements exist. Define

k k

W(P) = cvar Y_[[(1 = hlry)) + T JJ(1 = h(r). )

i=1 <1 =1

This is the expected cost of the policy that verifies the above-threshold candidates in decreasing order of h, discards the
rest, and falls back to a fresh start (value J*) if all verifications fail. We show that W (P) is the optimal continuation value
from P by establishing two structural properties of W and then comparing the elementary actions.

Step 1: W(P) < J*. Setp; = h(r(;) and define Uy 1 = J*, U; = cyer + (1 — pi)Us 1, so that W(P) = Uj. Since
i > T = Cyer/J*, backward induction on i gives

Ui SCver+(1_pi)J*:J*_(piJ*_Cver) < J*v

and hence W(P) < J*.
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Step 2: Insertion bound. For every deterministic score 7,

W(P)-W(PU{r}) < (h(T)J* - cver)+. 5)

If h(r) < 7*, then r does not appear in (4), so W(P U {r}) = W(P) and the bound is immediate. Suppose instead that
p := h(r) > 7*, and insert r into the ordered above-threshold list. Let S < 1 denote the probability that all candidates
preceding  fail, and let U denote the tail value at the insertion point before adding r. A direct calculation from (4) yields

W(P) - W(P U {’I“}) = S(pU - Cver)~

The candidates following r all have success probability at most p, and the fall-back value satisfies J* > c¢yer/p; a backward
induction along the tail then gives ¢ye;/p < U < J*. Combined with S < 1, this yields 0 < S(pU — cyer) < pJ* — Cyers
proving (5).

Step 3: No first action improves on W (P). We bound the expected cost of each elementary action from P.

Generate. Suppose the policy generates a batch Ry, ..., R,, ~ D. Iterating (5),

W(PU {Rl, . 7Rm}) 2 W(P) - Z(h(Rz)J* - Cver)+~

i=1
The fixed-point identity from Lemma C.1, 7*Crew = cyer E[(R(R) — 7%) 4], is equivalent t0 crey = E[(h(R)J* — cyer) ]
after multiplying by J*. Therefore, taking expectation,
MCrew + E[W(P U{Ry,..., Rm})] > W(P) 4+ mcrew — mE[(h(R)J* - cver)+] = W(P).
Hence generating first cannot improve on W (P).

Verify a below-threshold candidate. If h(r) < 7*, then W (P \ {r}) = W(P), and the expected cost of verifying r is
Cver + (1 = R(r))W(P) = W(P)+ cyer — h(r)W(P) > W(P),
where the last inequality uses W (P) < J* and h(r) < 7% = ¢yer/J*, so that A(r)W (P) < cyer.

Verify an above-threshold candidate. Among such candidates, verifying in decreasing order of h is optimal. Indeed, for
p > g, verifying p before g costs cyer+(1—p) (cver+(1—¢)U), whereas the reverse order costs cyer+(1—¢) (cyer+(1—p)U);
the difference is cyer(¢ — p) < 0. The decreasing-h order attains exactly W (P) by construction.

Step 4: Optimality of W (P). Steps 1-3 show that every elementary action has expected continuation cost at least W (P).
To extend this one-step comparison to arbitrary policies, fix any pool-based policy 7 starting from P. Let C; denote the
cost accumulated after ¢ decisions, P; the pool before the ¢-th decision, and 7" the first successful verification time. By
induction on ¢,

W(P) < E,r[ct+W(Pt)1{T>t} Vi > 1.

If E;[C7] = oo, there is nothing to prove. Otherwise 7' < oo almost surely, since each action costs at least
min{cew, ¢ver} > 0. Letting ¢ — oo and using 0 < W(P;) < J* gives W(P) < E.[Cr]. Thus no pool-based pol-
icy beats W (P), and the policy defining W (P) attains it.

Conclusion. For P = (), (4) reduces to W () = J*. Hence an optimal pool-based policy can be implemented by
generating a single fresh score r, verifying it when h(r) > 7*, discarding it when h(r) < 7*, and breaking ties arbitrarily
at h(r) = 7*. This is exactly the streaming policy of Lemma C.1. O

D. Appendix of Section 4

Proof of Theorem 4.2. Fix a feasible prompt x, and suppress the dependence on x. Let (h*,D) be the induced active-
search instance. Soundness is immediate from the definition of A: the algorithm returns only after querying the verifier
and observing label 1.

We now prove the expected-cost bound.
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Step 1: Reduce the oracle to reward thresholds. Since h* is non-decreasing, Lemma D.1 implies that the distribution-
aware optimum is exactly the infimum over reward-threshold policies:

JX(h*,D) = inf J,.

t:5¢>0

Step 2: Compare ADAP to any fixed reward threshold. By Lemma D.7, for every threshold ¢ with s; > 0,
E[J(A; h*,D)] < 400.J;.

Step 3: Optimize over the threshold. Since the previous inequality holds for every threshold ¢ with s; > 0, we may
take the infimum over such thresholds:
E[J(A; h*,D)] <400 inf J;.
t:5:>0
Using Lemma D.1 again,
E[J(A; h*, D)] < 400J* (h*, D).
This proves the theorem. O

Lemma D.1 (Monotone oracle reduces to reward thresholds). Fix an active search instance (h*, D) with R ~ D and
Pr(V =1) > 0. Assume that h* is non-decreasing. For each threshold t € R, define

a4t = RPTD(R > 1), st :=Er~p [h*(R)l{R 2 t}] )

and, whenever s; > 0,
Crew 7+ CrerQt

St

Jt =
Then the distribution-aware optimum is the infimum over reward-threshold policies:

J*(h*, D) = inf J,.
t:5:>0

Proof. By Lemma C.2, the optimal distribution-aware policy can be implemented as the streaming threshold policy from
Lemma C.1. Let 7* be the corresponding break-even threshold. Thus the optimal policy verifies exactly those candidates

whose score r satisfies
h*(r) > 77,

with ties at h*(r) = 7* being value-neutral. Since h* is non-decreasing, the set
Uc:={reR: h*(r) > 7"}
is an upper reward set.

Let
Gx = RPrD(R e U"), sy = Erp [W(R)H{R € U™}].

By Lemma C.1,

Cver
CverBRop [(R*(R) — 7°) 4] = T¥Cew,  J*(h*, D) = —.

7—*
Since U* = {r : h*(r) > 7*},
E((h*(R) — )4] = 5. — as.

Therefore
* *
Cver(s* - T Q*) = T Crew,

and hence
*
CyerSx = T (Crew + CverQ*)-

Thus the expected cost of the optimal upper-set policy is

Crew T CverQx _ @ _ J*(h*,'D).
Sy T
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It remains only to relate this upper-set policy to ordinary reward thresholds. Because U™ is an upper subset of R, there
exists a sequence of thresholds (¢,,),>1 such that

{r:r>t,} U

Let
qn ‘= 4t Sn = St, -

By monotone convergence,
qn _> q*) Sn _> S‘k'

Moreover s, > 0, because otherwise E[(h*(R) — 7*)4] = 0, contradicting 7*¢w > 0. Hence s,, > 0 for all sufficiently
large n, and
J, = Crew 1 CverQn _ Crew T CverQx _ J*(h*7D).

" Sn Sx

Therefore
inf J; < J*(h*, D).

t:5:>0

Conversely, for every threshold ¢ with s; > 0, the policy that repeatedly generates a candidate and verifies it iff R > ¢ has
expected cost J;. Since this is a valid distribution-aware policy,

J*(h*,D) < J; for every ¢t with s; > 0.

Taking the infimum over ¢ gives
J*(h*,D) < inf J;.

t:5:>0
Combining the two inequalities proves the claim. O

LemmaD.2. Letr q; = Pr(R > t) and s = Pr(R > t,V = 1). For every threshold t € R with ¢; > 0 and s; > 0, there
are integers ay, by > 0 such that

27 g <27, 27 < <27t

Moreover ay < by, and Jy < By, p, < 4J; where By, p, = Crow2lt + Cper20t 7,

Proof. The dyadic indices exist by construction. Since s; < ¢, we must have a; < b;. For the first inequality, s; > 2~ b
and ¢; < 27% imply J; = %ﬁ\'ﬂf < (Crew + Cyer279)2% = By, ;,. For the reverse inequality, s; < 27%*1 gives
2bt < 2/sy, while g, > 2791 gives 27% < 2¢,. Therefore B, p, = (Crew + Cyer27%)2b < (crew+2cverq,) <4J,. O

Lemma D.3. Assume h* is non-decreasing. Let A C B be finite multisets of reward scores. Fix integers k,{ such that
k < |A|, and k < { < |B|. Let Ay, be the multiset of the k largest elements of A, and let By be the multiset of the { largest

elements of B. Then
1- [ a=r*m)=1- [ @=r*@).
reB, reAg

Proof. Write the elements of A and B in non-increasing order:
a@y 2 a@) 22 aqap,  bay 2 be) 2 2 b))

Since A C B, for every j < |A|, we have bj) > a;). In particular, this holds for every j < k. Since h* is non- decreasing,
h* (b)) > h*(ag;)) for all j < k. Therefore, 1 — h*(b;)) < 1 — h*(a(;)) for all j < k. Multiplying over j = 1,...,k,
we get

k

[T =n g ﬁl—h*

Jj=1
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Because k& < ¢, the product over the top ¢ elements of B contains these first & factors and additional factors in [0, 1]. Hence

L
H W (b)) < [T -1 (b))

Jj=1 J:1

e

::]w

a(])

Taking complements concludes the claim. O

Lemma D.4. Fix a threshold t with dyadic pair (a,b), and let s, be the shell such that (a,b) € Ss, . Then for every integer
u >0, (a,b+ u) € S, 1. Consequently, the stage in shell s, + u has

M, o > [2074F1, ks, tu > [6-207944].

Proof. We have

Baptu = Crew2b+u + Cver2b+u_a = 2uBa,b-
Since (a,b) € Ss,, 2% Cmin < Bap < 2% Tleyin. Multiplying by 2% gives 25T ey < By ppw < 25T e,
Hence (a,b + u) € S5, 4. Since this pair is in the shell, the definitions of b} ., and j; ., imply by ., > b+ u and
Js.+u = b—a+ u. The bounds on my, +,, and ks, 1, follow. O

Lemma D.5. Fix a threshold t with dyadic pair (a,b), and let s, be the matching shell. For every u > 0, conditional on
the algorithm reaching shell s, + u, the probability that shell s, + u fails to output a verified positive is at most

_gu+l

Py = € + e 2",

Proof. By Lemma D.4, shell s, + u generates at least m,, := [2””*1} fresh samples and has verification budget at least
ky == {6 : 2b’“+“-|. Condition on the history at the start of shell s, + u. The fresh samples generated in this shell are
independent of this history. We analyze any fixed subset of m,, fresh samples generated in the shell.

Let

Ny=Y 1Ri>t}, and Z =Y IR >tVi=1}.
i=1 i=1
If Z, > 1and N, < k,, then the top k, rewards among these m,, fresh samples contain a verified-positive candidate.
Since these fresh samples are part of the pool and since the actual verification budget in the shell is at least k,,, Lemma D.3
implies that the conditional success probability of the actual pool-verification step is at least the conditional probability of
success from these m,, fresh samples alone.

It remains to bound the probability that the event Z; > 1 and N; < k,, fails. Since Z; ~ Bin(m,,, s;) and s; > 27t we
have my,s; > 20Tut19=b — gutl Tphyg

Pr(Z; =0) <e Mt < e 2
Next, Ny ~ Bin(m,, ¢;) and ¢; < 27%. Hence
E[N;] < (2°FF +1)27% < 3. 207 F,
where the last inequality uses b > a. Let p := 3 - 2°72%, Since k, > 6 - 26=9+% = 24, the Chernoff bound gives

_ogb—a+tu _ou

Pr(Ny > ky) < e M3 =¢ <e

A union bound gives the claim. O
Lemma D.6. For every nonempty shell S, the deterministic cost Ag := Creyis+ Crerks of shell s satisfies Ay < 20-2°cpin.
Proof. Using [z] < x + 1, we have

AS S CreW(Qb;Jrl + 1) + Cver(G : 2J: + 1) S 3Crew2b; + 7Cver2j‘: .

Since b} is attained by some pair in S;, Crew2bs < 25T i, Similarly, since j} is attained by some pair in S;, cver2j§ <
251 ¢ in. Therefore Ay < 3- 25T e + 7 - 25T ein = 20 - 25Chin. O
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Lemma D.7. For every threshold t with s, > 0, the expected cost of the shellwise algorithm is at most 400.J;.

Proof. Let (a,b) be the dyadic pair for ¢, and let s, be the shell with (a, b) € Ss,. By Lemma D.2, 2% ¢iin < Bgp < 4J;.

First consider the deterministic cost before shell s,. By Lemma D.6,

Se—1 Sx—1
D A< 20cmin Y 2% < 20 2% i,
s=0 s=0

Now consider the cost from shell s, onward. The algorithm reaches shell s, with probability at most one. For v > 1, in
order to reach shell s, + u, the algorithm must have reached and failed shell s, + v — 1. By Lemma D.5, this conditional
failure probability is at most p,,_;. Therefore

E[cost from shell s, onward] < 20 - 2** ¢y [ 1+ Z 2% pu_1
u>1

Since py_1 = e 2" +e2" ", Lemma D.8 gives
E[cost from shell s, onward] < 80 - 2°* ¢ipin.

Combining the two parts,
E[J(A;h, D)] <100 - 2°*cpin < 100B,, < 400J;.

LemmaD8. LetI' =143 -, 2u(e=2" 4+ ¢ 2""). ThenT < 4.

Proof. Weuse Y., o me " =e !/(1—e )2 <1 Since {2":u>1} CN, Y ;2% 2 <3 -y ne™ < 1. Also,

with 7, = 21, we have 242"~ = 2n,e ™, andhence 3 -, 2% 2" <23 _ ne ™ <2 ThusT < 14142 =
4. - - O

E. Appendix of Section 6
Proof of Theorem 6.2. Fix an integer m < sy. By Definition 6.1, choose z1,...,x,, € & and hy,..., h,, € H with

hi(z;) = 1[i = j]. Let D be uniform on {1, ..., Zm}.

Oracle upper bound. For any target h;, the distribution-aware oracle generates i.i.d. samples from D until x; appears,
then verifies it once. Since D(x;) = 1/m,

J*(hiy D) < Crew M + Cyer for every i € [m]. 6)

Algorithm lower bound. Place a uniform prior I ~ Unif([m]) on the target index, and let T" be the first verifier call
that returns label 1. We think of each verifier call as the algorithm guessing an index in [m]: the response is 1 if the guess
equals I and 0 otherwise.

Suppose the algorithm has made g guesses, all returning 0 (i.e. 7' > ¢). It has ruled out at most ¢ indices, so the posterior
on [ is uniform over the remaining set, which has size at least m — ¢q. Whatever index the algorithm guesses next is a
deterministic function of its history, so it hits I with probability at most ﬁ' Hence

1
Pr(T>q+1|T>q) > 1 - ——.
m-—gq

Multiplying the survival probabilities,
q—1 q—1
1 m—k—1 m—q
Pr(T > > 1—-— ) = — ’
x 90 = kl:[o< m — k) H m—k m
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where the product telescopes (each numerator cancels the next denominator). Using E[T] = 3 4>0 Pr(T > q),

m—q m+1 m
E[T] > Z m 2 2 2

—

q=

The algorithm pays at least ¢, per verifier call, so E[J(A; b1, D)] > cyer E[T] > S52m, where the expectation is over 1,
the samples, and A’s randomness. Averaging over I produces some i* € [m] with

E[J(A; hi, D)) > & m. ©

Set h* = h;« and 7 := ¢yer/Crew. Combining (6) and (7),
E[J(A; h*, D)] S (cvr/2)m 1 ym

1
= > ~mj .
J*(h*, D) T Crew M+ Cyer 2 m+y — min{m, 7}

The bound holds for every m < s yields the claimed 1 min{sq, 7}. O

E.1. Extension to Probabilistic Concept Classes

Next we give an extension of the centered star number Definition 6.1 for probabilistic concept classes.
Definition E.1. For a probabilistic concept class H# C [0, 1] and n € (0, 1], define 7-centered star number of H as

S0 i=sup{m:3x1,...,Tm, h1,..., hm € H suchthat h;(z;) > 7, hi(z;) =0Vj #i}.

The following corollary extends Theorem 6.2 to the probabilistic concept classes.

Corollary E.2. For every integer m < sq ,, every sound active search algorithm has a worst-case instance (h*, D) such
hat E[J(A;h*,D)] _ 7 { Crer

> —min{ gy, —

J*(h*, D) 4 Crew

E.2. Connection Between Active Learning and Active Search

This section formalizes the relation between pool-based active learning and pool-based active search. Active learning aims
to output a classifier with small error, while active search only aims to find one positive example. We show that, on any
instance with sufficiently large positive mass, active learning implies active search.

For a distribution D € A(X) and two measurable functions f, g : X — {0, 1}, define

errp(f,9) == Pr (f(X) # 9(X)).

X~D

We use this both for the error of a learner’s output relative to a target and for the disagreement between two concepts. In
particular, if Ay = 0, then

errp(h, ho) (h(X)=1).

= Pr
X~D
Definition E.3. An (n,m) pool-based active learning algorithm .4 proceeds as follows. First, it receives an unlabeled

sample
Sp=(X1,...,X,) ~D".

Then, for rounds ¢t = 1, ..., m, the algorithm adaptively chooses an index I; € [n] as a function of S;, and the previously
observed labeled examples
(X117 Yh)? LR (XIt—l ) Ylt—l)'

After at most m label queries, the algorithm outputs a classifier hiX — {0,1}.

Definition E.4. Let # C {0,1}" be a binary concept class, and fix ,§ € [0,1]. We say that A (g, §)-learns H with
unlabeled sample complexity n and label query complexity m if, for every h* € H and every D € A(X),

Pr (errp(ﬁ,h*) < E) >1-4,
where the probability is over .S, ~ D™ and any internal randomness of .A.
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Definition E.5 (Pool-based active search). Let H C {0, 1} be a binary concept class, and fix § € [0, 1]. We say that an
active search algorithm .4 finds a positive example for 7 with unlabeled sample complexity n and label query complexity
m with probability at least 1 — § if, for every h* € H and every D € A(X) with Prx..p(h*(X)=1) > 0,

Pr(h*(X7) =1) >1 -4,

where T € [n] is the index output by A, and the probability is over S,, ~ D™ and any internal randomness of .A.

Theorem E.6 (Active learning implies active search). Let H C {0, 1}* be a binary concept class containing the all-zero
concept hg = 0. Suppose that Ajearn is an (n, m) pool-based active learning algorithm that (¢, )-learns H. Then there
exists an (n, m) pool-based active search algorithm Asearcn such that, for every h* € H and every D € A(X) with

Dy = Xf:rD(h (X)=1) > 2e,

we have

E*r(h*(Xf) =1)>1-26

Proof. The algorithm Agearcn simulates Ajear, on the pool S, ~ D™, forwards each label query to the h*-oracle, and
outputs the first queried index whose label is 1. If no such index is queried, it outputs an arbitrary index. Let E be the event
that no queried label is 1, and let P, denote the law of the execution under target h.

First, the output h of Alearn distinguishes hg from h*. Define
T:=1 [errp(ﬁ,ho) < z’:‘} .
Under hyg, the learning guarantee gives P, (7' = 1) > 1 — J. Under h*, since
px = errp(h*, hg) > 2e,
the triangle inequality implies that 7' = 1 forces
errp(h, h*) > p, — errp(h, ho) > e.
Thus Pp,« (T = 1) < . By the variational characterization of total variation,

IPry — Pre|lry = Pro (T =1) = Ppe(T'=1) > 1 — 26.
We now upper bound the same total variation by the probability that Aj.,,, queries a positive point under A*. Couple the
two executions using the same pool S,, and the same internal randomness. If the h*-execution never observes label 1, then

all observed labels are identical to those under k(. Since the next query is a function only of the pool, the randomness, and
the previously observed labels, the two executions are identical on E. Hence

IPry — Prs|lmyv < Pps (E€).

Combining the two bounds gives
P« (E) > 1 —26.

On E°, the simulated learner queries at least one point with label 1, and Agearcn outputs such an index. Therefore
E;(h*(Xf) =1)>1-26
O

Remark E.7 (Strong separation). Theorem E.6 has no converse: there are instances on which active search needs one label
while active learning requires Q(d).
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Algorithm 2 Axg: Centered-Star Active Search

Input: concept class H € {0, 1}Z, COStS Crew, Cyer > 0
Output: a generated point with observed verifier label 1

1. if 59 > 2 then
2: whlle true do
3: Generate Z ~ D, pay crew, verify Z, and pay cyer
4: if the verifier returns 1 then
5: return Z
6: else
7: n <— f;‘iﬁo-‘
8: while true do
9: Generate (Z1,. .., Zy) ~ D®™ and pay ncrey
10: Let S = (Z1,...,2Zy)
11: For every h € H, construct Ap(S) := {i € [n] : h(Z;) =1}
12: Choose a minimum-cardinality hitting set I C [n] for {A,(S) : h € H, Ap(S) # 0}
13: for i € I do {see Lemma E.8}
14: Verify Z; and pay Cyer
15: if the verifier returns 1 then
16: return Z;
Construction. Let Z = {c,e1,...,eq} C R withc = (1,...,1) and ¢; the j-th basis vector, and let D(c) = 3,

D(e;) = 55. Forw € {0,1,2}4, define
ho(2) =1 [w'z >3], H = {h, :w € {0,1,2}%}.

Every h,, is monotone in coordinates with nonnegative weights, and # contains hg = 0 (take w = 0). For w € {1,2}4,
identifying S(w) := {j : w; = 2} gives hy(c) =1 and hy(e;) = 1[5 € S(w)].

Search is easy. For every h* € H with h* # hg, we have D({z : h*(z) = 1}) > D(c) = 1. A pool of n = O(log(1/4))
unlabeled draws thus contains ¢ with probability > 1 — §, and a single verifier call on ¢ certlﬁes a positive. Hence m = 1.

Learning is hard. Restrict to {h,, : w € {1,2}?}, indexed by C C [d]viaw; =1+ 1[j € C], and let A be any (n,m)

pool-based active learner with output h. Draw C ~ Unif (2[4 independently of the pool and .A’s randomness, and set
Bj:=1[j € C],s0 By, ..., Bgi.i.d.Bernoulli(1). Under target hc, a query on c deterministically returns 1 and a query
on e; returns B;.

Let V denote A’s view (pool, randomness, observed labels) and T C [d] the random set of indices with e; queried, so
IT| < m. Conditional on V, the unqueried bits {B; : j ¢ T} remain Bernoulli(3), and % is V-measurable; hence
Pr(h(e;) # B; | V) = 3 forevery j ¢ T. Dropping the (only-helps-the-learner) contribution from c,

2d - errp (h, he) |V = Binomial(d — [T, §).

Fix ¢ < 1 and suppose m < d(1 — 4¢)/2. Then d — |T| > d(1 + 4¢)/2, and Hoeffding gives

Pr(eer (?z, he) <e | V) < exp(— il(;fiij d) a.s.

The tower rule preserves the bound, and for d large enough it falls below 1/3. By Yao’s principle some target in H forces
failure with probability > 1/3, so m = (d) for every constant e < 1/4. < <

E.3. Algorithm and Proof of Theorem 6.3

Proof of Theorem 6.3. Soundness is immediate since Acg returns only after observing verifier label 1. Let p :=
Przp(h*(Z) =1) > 0. By Lemma E.9, J*(h*, D) = Crew /P + Cyer-
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First suppose Acg enters the verify-all branch, i.e. 59 > Cyer/Crew- The branch succeeds with geometric success probability

P, SO
* Crew T Cver
E[J(Acs; h*, D) = ——.
p
Therefore
]E[J(ACSa h*v D)] _ (Crew + Cver)/p _ 1+ Cver/crew <1+
J *(h*7 D) Crew / P+ Cyer 1+ (Cver/ Crew )p - Crew Crew

where the last inequality uses ¢yer > Crew- In this branch, min{sg, cyer/Crew } = Cver/Crew» and hence

Cver g 2 CVC[’

)

W

E[J(Acs: h*, D)) < 6min {so, } J*(h*, D).

Now suppose Acg enters the batch branch, i.e. §9 < Cyer/Crew- Since the instance is feasible and hy € H, we have s9 > 1.

Let
CVer
n .= S0 -
Crew

By Lemma E.38, every batch S = (Z1,. .., Z,) admits a hitting set I C [n] with |I| < sg. If the batch contains a positive
point, then Ay« (S) # 0, so I N Ay« (S) # 0, and verifying all indices in I finds a positive. Thus one batch succeeds with
probability o := 1 — (1 — p)™.

The cost of one batch is at most B := ¢Crewn + CyerSo. Since n = [(Cyer/Crew)$0 |5 50 < Cyer/Crew»> and 5o > 1, we have
1 < 2(Cyer/Crew)50- Hence B < 3cyersg. Also,

CverS0

— = Crew + S 2chW' (8)
n

Letxz :=np.Sincel —p<e P, wehavea=1—(1—-p)">1—e ™ =1—e"* If x <1, concavity of 1 — e™* gives
l—e®>x/2.1fx>1,thenl —e ™ >1—e! >1/2 Hence

1
o> 3 min{1, np}.
Therefore

If np < 1, then from Equation (8), we have E[J(Acs; h*,D)] < % = @ < %. Then, notice that 40% <

4J*(h*, D) < 6s9J*(h*, D), where the last inequality uses 5o > 1. If np > 1, then
]E[J(.Acs; h*,'D)] < 2B < 6¢yerso < 650J*(h*,'D),

where the last step uses J*(h*, D) > ¢y Since in the batch branch min{sg, ¢yer/Crew } = S0, this gives

E[J(Acs: h*,D)] < 6min {507 } J* (0, D).

Crew
Combining the two branches proves the theorem. O

Lemma E.8. Let Z be an arbitrary input space, H € {0,1}%, and n € N where n > sq(H). Let S € Z™ be a sequence
of length n. For every h € H, define A (S) = {i € [n] : h(Z;) = 1}. Then there exists I C [n] such that I N Ap(S) # 0
for every h € H with Ap(S) # 0, and |I| < so.

Proof. Let
Ag :={An(S) : h € H, An(S) # 0}.

If As = 0, then I = { satisfies the claim. Hence assume Ag # (). Since [n] hits every set in Ag, there exists a
minimum-cardinality hitting set I C [n], i.e., I N A # () for every A € Ag, and |I| is minimal among all such sets.
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We claim that |I| < so(#). For every 4 € I, minimality implies that there exists h; € H such that
Ap,(S)N I = {i}.

Indeed, if no such h; existed, then every set in .Ag hit by 4 would also be hit by I\ {i}, and every set not hit by i is already
hitby I\ {¢}. Thus I \ {¢} would still be a hitting set, contradicting minimality of I.

Write I = {i1,...,im}. For each a € [m], the witness h;, satisfies Ay, (S) NI = {i,}. Hence h;,(Z;,) = 1, while
hi,(Z;,) = 0 for every b # a. Therefore

hla(Zl ) =1 [a = b] VCL,b € [m]

Thus the selected points Z;,, ..., Z;, and the witness concepts h;,, ..., h;  form a centered star of size m. By definition
of 50(H), m < 50(H). Since m = |I|, this gives |I| < 5¢(H ). Finally, because I was chosen as a hitting set, TN Ap(S) # 0
O

for every h € H with A,(S) # 0.

Lemma E.9. Fix a feasible binary active-search instance (h*, D) from Definition 2.1, and let p :== Prz..p(h*(Z) = 1) >
0. Then

T (D) = T 1 e
p

Proof. The distribution-aware oracle generates i.i.d. samples from D until it sees a point Z with h*(Z) = 1, verifies
this point once, and stops. This gives expected cost Crew /P + Cver- Conversely, any sound policy must generate at least
one positive point and must make at least one verifier call. If T := inf{: > 1 : h*(Z;) = 1}, where Z;i.i.d.D, then
E[T] = 1/p, and hence every sound policy has expected cost at least cew /P + Cyer- O
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