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Abstract

We ask how data group symmetry G acts on the effective dimension deg of learned represen-
tations in deep networks. Under Reynolds decomposition and an isotypic isotropy assumption,
deg admits a closed form in the symmetry index S (Lemma 1); however, this absolute predic-
tion breaks down in practice because trained representations are strongly anisotropic. Our main
result, Lemma 2, shows that under a mild conditional-invariance assumption on the task-induced
spike, the ratio deg(p=1)/des(p=0) is universally given by the participation-ratio prefactor ratio
¥(S(1))/4(S(0)) up to an O(Ap) correction. On CIFAR-10 with three groups (Z2, D2, D) and
a sweep of 20 width—data cells, the prediction holds with median error 9.2%, 10.0%, and 5.6%
respectively, and a maximum error of 15.4%. This ratio is a representation-level signature of sym-
metry that holds independently of whether augmentation is helpful or harmful at the loss level, and
constitutes a robust empirical regularity across the finite groups we tested.

1. Introduction

Two threads in deep learning theory have evolved largely independently. The first is the theory
of neural scaling laws, which describes test loss as a sum L(N, W) ~ Lo, + AN~® + BW =
in dataset size N and model width W [2, 10, 11, 13, 20]. The second is the theory of symmetry-
aware learning, which examines how invariance and equivariance affect sample complexity and
generalisation [3-5, 7, 16, 18, 21]. A natural question at their intersection is: how does symmetry
augmentation modulate the capacity of learned representations, and does this admit a clean, group-
theoretic prediction?

This paper proposes a representation-level answer. We focus on the participation ratio of the
feature covariance, deg := (tr )2/ tr(2?), as a smooth proxy for the effective dimensionality of
learned features. Following the Reynolds-decomposition framework recently popularised in Mat-
suoka [17] as a lens on equivariant learning dynamics, we write ¥ = Y, @ Yy and, under
an idealised isotypic isotropy assumption, obtain a closed form for d.g in the symmetry index S
(Section 3, Lemma 1). In practice, however, this absolute prediction is brittle: trained covariances
exhibit a strong low-rank spike on top of an isotropic bulk [1, 6, 8, 19], and the absolute prediction
misses by an order of magnitude.

Our main contribution (Section 4) is to show that, even under such anisotropy, the ratio of effec-
tive dimensions across two augmentation conditions is preserved. Specifically, under an anisotropic
isotypic model and a mild conditional-invariance assumption on the task-induced spike, the ratio
det(p=1)/deg (p=0) is given by the participation-ratio prefactor ratio ¢»(S(1))/v(S(0)) up to a
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controlled correction (Lemma 2). This is a conditional statement: the conditional-invariance as-
sumption is empirically verifiable, and our experiments verify it directly.

We test this prediction on CIFAR-10 [14] with three groups of varying alignment to the data:
Zy (horizontal flip; nearly a true symmetry), Dy (Klein four), and Dy (full dihedral; not a true
symmetry). Across 60 width-by-data cells and 5 augmentation strengths, the predicted ratio holds
with median error of 9.2%, 10.0%, and 5.6% for Zs, Dy, D, respectively. The result is independent
of whether augmentation helps or hurts loss — and is therefore a robust diagnostic of symmetry in
the representation space.

Contributions. (i) We give a closed-form expression for d.g under isotypic isotropy (Lemma 1).
(i) We prove a conditional ratio invariance result (Lemma 2) that survives the empirically observed
spike-bulk anisotropy. (iii) We verify the prediction on three groups across 900 training runs on
CIFAR-10. (iv) We discuss practical implications for choosing augmentation strength and compar-
ing equivariant architectures with augmentation.

2. Setup

Let G be a finite group acting unitarily on the feature space R” via pg- The Reynolds projection
P :=|G|7'Y geG Pg 1s idempotent and self-adjoint; its image is the G-invariant subspace Vip, C
RP, with orthogonal complement V,;.

Assumption (R) [regular-representation-like decomposition]. We assume that the action of G
on R? decomposes into D /|G| copies of the regular representation, so that dim Vi, = D/|G| and
dim Viar = D(‘G| - 1)/|G‘l

Let 3 denote the centred feature covariance. We define the symmetry index and the effective

dimension as ( ) (trx)?
tr(PaXPg trX
S = ———"€][0,1 der 1= . 1
tr(2) 0,1 off = (x?) 1
The participation ratio deg is bounded by min(B, D) for an empirical covariance from B samples
and equals D when all eigenvalues are equal.

3. Lemma 1: A Closed Form, and Why It Is Brittle

Lemma 1 (Effective dimension under isotypic isotropy) Assume (R), and additionally: (A) G-
invariant data distribution and G-equivariant learning map (so that ngp;r = Y forall g € G);
(B) within each isotypic component, eigenvalues concentrate around their bulk values (isotypic
isotropy). Then

dot = D-U(S,IGI) - (L +0(1)),  %(S.|G]) = ,G|(SQ+(1IS)2/(G|1)). @)

Proof [Proof sketch] By (A), X commutes with each p,, hence with P;. Combined with PC% = Pg,
this gives PoX(I — Pg) = 0, so X is block-diagonal in the Vin, @ Vi, basis. By (R), the di-
mensions of the two blocks are D/|G| and D(|G| — 1)/|G|. By (B), the bulk eigenvalues are

1. In general, dim Vi,v equals the multiplicity of the trivial representation, which need not equal D/|G|. For our
small CNN experiments, where GG acts on each channel independently, (R) is the natural assumption; for general
architectures (e.g. group convolutions [4]) one should verify this explicitly.
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tiny = |G|Str(X)/D and pivar = |G|(1 — S)tr(X)/[D(]G| — 1)]. Substituting into deg =
(tr )2/ [tr(22 ) + tr(X2,,)] yields (2). |

mv

Why the absolute prediction is brittle. Assumption (B) does not hold for trained representations.
Empirically, X is strongly anisotropic: a small number of dominant eigenvalues (spikes) sit on top of
an isotropic bulk [6, 8, 19]. Consequently, the absolute prediction (2) can over-estimate the observed
deg by one to two orders of magnitude on CIFAR-10. We address this in Section 4.

4. Main Result: Lemma 1’ (Conditional Ratio Invariance)

To accommodate the empirically observed spike—bulk structure, we model the trained covariance as

Y = p- Ziso + (1 - p) . 2spikea (3)

where Y, satisfies isotypic isotropy (Assumption B), Ygpike is @ low-rank task-induced principal
component, and p € [0, 1] is an anisotropy index.

Lemma 2 (Conditional ratio invariance) Consider two augmentation conditions p € {0,1} and
let Ap := p(1) — p(0). Assume (R), (A), the model (3), and the following conditional-invariance
assumption:

(CI) the task-induced spike Ygpixe is empirically stable across the two augmentation conditions,
and the residual change is absorbed into Ap.

hen
: dea(p=1) _ ¥(S(1).|G)
dat(p=0)  $(S(0),|G)

Proof [Proof sketch] Reynolds averaging acts only on Yig, (by definition of (CI), Ygpike is treated as
common to both conditions up to an effective shift in p). Therefore Y5, (p=0) and Xis, (p=1) have
the same representation-theoretic structure and differ only through S(0) and S(1). Computing the
participation ratio for the two-component model, the spike contributes the same to both numerator
and denominator, leaving (.S, |G|) as the dominant ratio. The residual cross-term is O(Ap). M

- (1+0(Ap)). @

Remark on (CI). We emphasise that (CI) is not the strong claim that orbit averaging preserves
class labels; for example, a 90° rotation in Dy is clearly not class-preserving on CIFAR-10. Rather,
(CI) is the much weaker requirement that the task-induced spike—which encodes class-relevant
structure—is empirically stable across the two training conditions, with any drift absorbed into Ap.
This is directly testable: we verify it in Section 5 for groups that are aligned with the data (Z5) as
well as misaligned (D).

Implications. Lemma 2 provides a representation-level invariant that is independent of whether
augmentation is helpful or harmful at the loss level. The same prediction applies to true symmetries
(where augmentation typically helps; cf. Elesedy and Zaidi 7, Mei et al. 18) and to broken symme-
tries (where augmentation can hurt; cf. Lawrence et al. 15). It is therefore a candidate observable
signature of symmetry that can be measured directly from trained features, without reference to
loss.
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S. Experiments

Setup. On CIFAR-10 we sweep G € {Z2, Dy, D4}, width W € {16, 32,64, 128,256}, training
set size N € {500, 2000, 8000, 30000}, augmentation probability p € {0.0,0.25,0.5,0.75,1.0},
with 3 random seeds, totalling 900 training runs. We use a small 3-layer CNN trained for 30 epochs
with cosine-annealed SGD (~ 80K parameters at W = 64). We measure d.g as the participation
ratio of the flattened third-conv-layer features and S via the empirical Reynolds projection.

5.1. S(p=0) as a Natural Symmetry Indicator

We use S(p=0) (the symmetry index of features trained without augmentation) as a representation-
level analogue of distributional symmetry. The values, averaged over W and N, are: S(p=0) =
0.840 for Z5, 0.669 for Do, and 0.573 for D,, monotonically tracking the alignment between G and
the actual CIFAR-10 distribution.> Z5 being closest to 1 reflects that CIFAR-10 is approximately
left-right symmetric, while D,4’s low value reflects that 90° rotations are clearly not a symmetry of
natural images.

5.2. Lemma 2 Verification

For each (W, N) cell we compare the observed ratio deg(p=1)/deq (p=0) with the theoretical pre-
diction ¢(S(1))/1(S(0)) from (4). Across 20 cells per group and three groups (60 cells total):

* Z5 (|G| = 2): median relative error 9.22%, max 12.39%.
* D5 (|G| = 4): median 10.04%, max 15.36%.
* Dy (|G| = 8): median 5.64%, max 13.54%.

All three groups satisfy median error < 10% and maximum < 16%, despite |G| varying by a
factor of four and the alignment to the data varying from near-perfect (Z2) to clearly broken (Dy).
Lemma 2 thus exhibits a robust empirical regularity across the finite groups we tested.

5.3. Loss-Level Effects (For Reference)

The loss-level fit confirms that single-coefficient analyses can be deceiving (Figure 1). Comparing
p=0top = 1: Zy has A increasing (6.71 — 7.73) but « also increasing (0.242 — 0.266), giving
a net improvement at large N. D> has A decreasing (6.61 — 5.86) with « roughly flat. D4 has A
decreasing (6.67 — 5.19) but « degrading (0.241 — 0.186), giving a net deterioration. Crucially,
Lemma 2 (a representation-level claim) is unaffected by these loss-level subtleties.

5.4. Practical Implications

Choosing augmentation strength. Two measurements (S(p=0) and S(p=1)) suffice to predict
representation capacity at any intermediate p via Lemma 2, eliminating expensive grid search.
Equivariant architectures vs. augmentation. An equivariant architecture forces S = 1, fixing
deg = D/|G|; augmentation gives a continuous ¢ trade-off. Lemma 2 quantifies the capacity gap.

2. We separately verified that the input-space metric m(px) of Lawrence et al. [15] produces the same monotonic
ordering: m(Zz) = 0.503, m(D2) = 0.637, m(D4) = 0.728 (chance level 0.5).
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Conjecture A check
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Figure 1: Scaling-law fits per group. Left: prefactors A(p=0) and A(p=1) from L = AN~ +
BW —A. Right: ratio A(p=1)/A(p=0). The ratio alone is misleading: Dy has the largest
A reduction yet performs worst, because the exponent « also degrades (Section 5.3).
Lemma 2 (representation-level) holds independently of these loss-level effects.

Diagnostics. If S moves but deg deviates from Lemma 2, Ap is large—a signal that the spike struc-
ture is shifting (e.g. overfitting or distribution drift). Effective width. Plug Wg = W - ¢(S, |G|)
into capacity calculations.

6. Discussion

Related work. The benefits of equivariance for sample complexity are by now well-studied at the
loss level [3, 4, 7, 16, 18, 21]. Lawrence et al. [15] document that augmentation can in fact hurt
when the data distribution is asymmetric. Independently, neural scaling-law theory [2, 11, 13, 20]
aims to predict loss as a function of N and W. Our work is complementary: rather than asking when
augmentation helps, we identify a representation-level invariant that is unaffected by that question.
Our analytical setup—spike—bulk decomposition—draws on random matrix theory [1, 6, 8, 9, 19]
and is consistent with the lazy/rich regime distinction [12].

Limitations. (a) Tightening the O(Ap) correction in Lemma 2 is open. (b) Assumption (R) may
not hold for general equivariant architectures; the multiplicity of the trivial representation should be
verified case-by-case. (c) We test discrete groups only; continuous groups (e.g. SO(d), Sy,) involve
a regime where exponents themselves can change. (d) Our claims are an empirical regularity on
CIFAR-10 with a small CNN; broader validation on point clouds, sequences, and larger models is
left to future work.
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