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ABSTRACT

Normalizing flows are powerful invertible probabilistic models that can be used to
translate two probability distributions, in a way that allows us to efficiently track
the change of probability density. However, to trade for computational efficiency
in sampling and in evaluating the log-density, special parameterization designs
have been proposed at the cost of representational expressiveness. In this work, we
propose to use ODEs as a framework to establish universal approximation theory
for certain families of flow-based models.

1 INTRODUCTION

Deep invertible models have recently gained increasing interest among machine learning researchers
as they constitute a powerful probabilistic toolkit. They allow for the tracking of changes in probability
density and have been widely applied in many tasks, including

(i) generative models (Dinh et al., 2017; Kingma & Dhariwal, 2018; Chen et al., 2019),

(i1) variational inference (Rezende & Mohamed, 2015; Kingma et al., 2016; Berg et al., 2018),
(iii) density estimation (Papamakarios et al., 2017; Huang et al., 2018),
(iv) reinforcement learning (Mazoure et al., 2019; Ward et al., 2019), etc.

The main challenges in designing an invertible model for the above use cases are to ensure (1) the
mapping f is invertible, (2) the log-determinant of the Jacobian of f is cheap to compute, and (3)
f is expressive. For use case (i), ideally we would also like to (4) invert f efficiently. In general, it
is hard to design a family of functions that satisfy all of the above. Most work within this line of
research is dedicated to improving the expressivity of the bijective mapping while maintaining the
computational tractability of the log-determinant of Jacobian (Dinh et al., 2014; Kingma et al., 2016;
Dinh et al., 2017; Berg et al., 2018; Huang et al., 2018; Chen et al., 2019).

Huang et al. (2018) propose to approximate a universal triangular map proposed by Hyvarinen
& Pajunen (1998), which is also known as the Knothe-Rosenblatt transformation in the optimal
transport literature (Villani, 2008). Huang et al. (2018) show that if one can approximate such a
triangular map pointwise (using a family of monotonic neural networks), then one can universally
transform one random variable into another. This is extended by Jaini et al. (2019) who propose to
use sum-of-square polynomial functions as approximations.

In this work, we consider a different approach that relies on building a transport map which solves
an ordinary differential equation (ODE). We show that (1) if the solution of an ODE zr with
xo ~ q(x) converges in distribution to Z, ~ poo(x) as T' — oo, and if (2) if one can approximate
the function x7 to any arbitrary precision (pointwise), then we can approximate the distribution po
by transforming xo using the approximating function.
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2 NORMALIZING FLOWS

Assume y ~ N(0,T). Assume the data is generated via a bijective mapping x = fy(y). Then the
probability density function of fy(y) evaluated at x can be written as

po(z) = N(f;  (x);0,1) Ofy (x)

det ———=
Ox

Equivalently, one can parameterize the inverse transformation x — gg () with invertible mapping gy,

and define the generative transformation as fy = g, L

(D

Much of the design effort has been dedicated to ensuring (1) the invertibility of the transformation g,
and (2) efficiency in computing the log-determinant of the Jacobian in Equation 1.

Block-wise Affine Coupling For example, Dinh et al. (2017) propose the affine coupling:
9o(Tq,xp) = concat(zq, se(xq) © xp +me(x,))

where sg and my are parameterized by neural networks and z, and z;, are two partitioning of the data
vector, and compose multiple layers of transformations intertwined with permutation of elements
of . Since an affine transformation is applied to modify one block of the data conditioned on the
other block, we refer to this type of transformation as the block-wise affine coupling (BWAC). While
BWAC is computationally efficient for evaluation and for sampling (inversion), the common criticism
is that it requires a longer chain of transformations to reach the same performance level as other flow
methods (Rezende & Mohamed, 2015; Kingma et al., 2016), and that the affine transformation is not
capable of redistributing the probability mass non-uniformly (Huang et al., 2018), which is essential
for multimodal distribution.

The BWAC can be extended so that all of the data is transformed in one pass (Kingma et al., 2016):

90(x)i = s0,i(v<i) - Ti + map,i(T<i)
for 4 iterating over the indices of the features. Later on, Huang et al. (2018) generalize the affine
coupling to invertible neural transformation:

go(x); = NN(2i; 7 (1<)
where NN is a neural network with positive weights and strictly monotonic activation functions; ; is
a hyper-network outputing the parameters of NN which takes all the preceding x -; as input. This non-

affine autoregressive transformation is shown to be universal transport map between any probability
distributions, by approximating the Knothe-Rosenblatt rearrangement between two random variables.

Residual Flows Another family of flows which do not rely on the partial dependency to have
tractable Jacobian determinant computation are of a residual form

go(x) = x + he(x)
Behrmann et al. (2018) show that if hg is contractive (i.e. hg is C-Lipschitz for some C' < 1), then gy

is invertible. Residual flows can be seen as a discretized neural ODE (Chen et al., 2018; Grathwohl
etal., 2019):

gg(x;T):/O h(go(z;t),t,0)dt

3  APPROXIMATING SOLUTIONS OF ODE AS UNIVERSAL TRANSPORT MAP

In this section, we demonstrate how to use ODEs as a tool to show certain families of flows are
universal density approximators. We do so in two steps: (1) we identify a universal transport map in
the form of a solution to an ODE

j,‘t = k(ﬂft, t)
An ODE is called a transport map if x( ~ pg (e.g. data distribution) and x7 following the dynamics
converges in distribution to some limiting random variable of interest (such as standard Gaussian).
(2) we approximate the ODE using invertible neural networks.

Assume z,, solves some ODE at some time step indexed by n. The following lemma shows that
if x,, converges in distribution to x, as n approaches infinity, and if x,, and y,, are asymptotically
indistinguishable, then y,, also converges in distribution to z .
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Lemma 1. Let xo, (xy, : 1 > 0) and (yy,, : n > 0) be random variables. If x,, — T in distribution
and if ||z, — yn|| — 0 almost surely as n — oo, then y, — T in distribution.

Below, we give two examples of ODEs that converge in distribution to some asymptotic limit that we
can approximate using universal flows.

Example 1. (Deterministic Langevin diffusions) Consider the following overdamped Langevin
stochastic differential equation (aka Brownian dynamics)

&y = Viog poo(z¢) + \/i'wt

where w; is the standard Brownian motion, which has p.o as its stationary distribution. It is a
well known result (Roberts et al., 1996) that under some mild smoothness condition on log p.., the

diffusion above satisfies x; Y Zoo- Notably, replacing the Brownian motion term with —V log p;(x)
(where p; is the density of x) corresponds to the functional gradient of the KL divergence

Vlogpe — Viogps = (57‘5(6) /pe(e)[logpt(rt(e)) — log poo (e (€))]de

for some reparameterization r+ which satisfies P, o r, L= P;, where Py is the law of xy and P. is the
law of e that corresponds to the density p.; this deterministic modification does not change the Fokker
Planck representation of the original Langevin SDE (Wang & Li, 2019; Hoffman & Ma, 2019), which
means its solution will be statistically indistinguishable from the original one if the same initial law
Py is chosen.

Two results follow immediately from this example. First, one can approximate the gradient flow
ki := Vlogps — Vlogp; using a neural network h; := h(-,t). The corresponding solution of
the neural ODE would converge to the solution of k; if the approximation error can be somehow
controlled; informally,

Ji fs

Second, one can numerically integrate the ODE and approximate the numerical integration using
discrete flows. Using the Euler method, we have

S/|ht—]€t|—>0 if ht—>kt

Tite = Ty + th(zt)

Provided that k; is Lipschitz, then for sufficiently small €, ek; is contractive, which can then be
approximated by certain family of Lipschitz neural networks (Anil et al., 2019).

Additionally, it can be shown (with some care) that, combining standard methods of numerical
integration (such as Euler’s method and the midpoint method) with function approximation using
neural networks leads to an “approximate integration error” d,, that satisfies the premise of the
following lemma.

Lemma 2. Ifforany N > 0, {d,, : 0 <n < N} is a sequence of real numbers satisfying

n—1 t
dn < <5+ 25 2D ds
t=1 s=1

for some constant c, then
max d, — 0 as N — o0
0<n<N
Lemma | and lemma 2 imply that infinitely deep residual flows are universal density approximators.
Example 2. (Hamiltonian ODE) Define the following scaling coefficients oy = log % and By = v =
log t2. Let poo () be the standard normal density, and q(x) be the data distribution. Let qo = q and
® : X — R be some convex function. Define the Hamiltonian ODE:
Ty = ea*‘_'”et, Zo ~ qo
qt(¢)
P (xt) ’
where 1ty and é; are the time derivatives of x and e at time t, and q; is the marginal density of x;.
It follows by Taghvaei & Mehta (2019); Wang & Li (2019) that for some ®, (x4, e;) converges in
distribution 10 (T, €00 ) Where Too ~ Poy and e, ~ 0 (point mass at 0).

&y = —et A1 log eg = V(o)
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Figure 1: 5-step ANF on 1D MoG. In the inference path (top row), we start with an encoding transform that
maps e to z1 conditioned on z, followed by a decoding transform that maps « into y: conditioned on z;. We
reuse the same encoder and decoder to refine the joint variable repeatedly to obtain ys and zs. In the generative
path (bottom row), we reverse the process, starting with the inverse transform of the decoding, followed by the
inverse transform of the encoding, etc.

ODE of this form has a desired property, since it is “conditionally affine”, and thus invertible by
construction. This means the Hamiltonian ODE can be approximated by BWAC.

Specifically, let us construct a sequence of “encoding” and “decoding” functions m™ and md
parameterized by neural networks, and define the following (additive) invertible mappings
ef = eg +mi*(zg)
ah =2+ 26 mis (el ) Vn>0 ()
p1 = e 2 mpt, (27) Vn>1 3)

with efj = 0 and x§j ~ qo. The step size parameter € will be chosen to depend on the depth coefficient
N, i.e. the number of steps of the joint transformation.

Assume our target distribution lies within a family of distributions Q satisfying Assumption 1 in
the Appendix A (some smoothness condition on the time derivatives and ®). We can then set the
encoding and decoding functions to be arbitrarily close to the time derivatives by the universal
approximation of neural networks (Cybenko, 1989), and by taking the depth N to be arbitrarily large,
we can approximate the transport map induced by the Hamiltonian ODE arbitrarily well, which gives
rise to the following universal approximation theorem (the proof is relegated to the Appendix A):

Theorem 1. Forany q¢ € Q, we can find a sequence (x7;, e};) of ANFs of the additive form (2,3), such
that if £, el ~ q(x)do(€) and T oo, o ~ Poo()do(€), then (27, €%,) = (Too, €0 ) in distribution.

The theorem suggests BWAC can be made expressive by augmented the data x with an auxiliary
variable. However, training a model with a Dirac prior dq is problematic because the loss is not
smooth. To remedy this problem, we consider using a non-degenerate augmented data distribution
gq(e) (taken to be the standard normal) and maximizing the joint likelihood of data (x, €) sampled
from ¢(x)q(e) under a generative flow with the joint prior being standard normal as well. We call this
the augmented normalizing flow (ANF). We use the BWAC as suggested by Theorem 1. Figure
1 demonstrates that ANFs are capable of transforming the marginal of a 1-D mixture of Gaussian
non-uniformly into a standard normal prior, which is not possible with regular BWAC (since for this
1-D problem BWAC amounts to mere shifting and scaling, which only modifies the first two moments
of the data distribution).

4 CONCLUSION

In this work, we propose to use ODEs that are universal transport map to establish universality of
flow-based methods (in the space of probability distributions). The takeaway is that composing
certain families of flows can be shown to be universal using this technique and that some other
techniques to parameterize flows can also be motivated by our new theory, such as augmentation.
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A PROOFS

Define the scaling coefficients oy = log% and B; = ¢ = logt®. Let p(z) be the standard normal
density, and g(x) be the data distribution. Let go = ¢ and ® : X — R be some continuous function.
Define the following Hamiltonian ordinary differential equation (ODE):

Ty = e Ve, T ~ qo €]

¢y = —eMt Bt |og L(xt) eo = VP®(xo) (5)

p(xt) ’
where @, and é, are the time derivatives of x and e at time ¢, and g is the marginal density of x;.

Proposition 1. For some convex ®, the trajectories of x; and e; following (4,5) converge in dis-
tribution to T and e, respectively, where xo, ~ p(x) and es ~ Og (i.e. a point mass at 0).

Proof. By Theorem 1 of Taghvaei & Mehta (2019) and Appendix C.4 of Wang & Li (2019) (for an
extension to high dimensional cases), since o, 8; and -y; satisfy the scaling condition in Taghvaei &
Mehta (2019) and log p is convex, x; converges in KL divergence to x, and e, converges to 0 almost
surely (which implies convergence in distribution). Pinsker’s inequality implies ; — 2 in total
variation, drv, which has a dual representation:

drv (T, Too) = f~XS—>u[Iil . E[f(z¢)] = E[f(vo0)]

This implies for any bounded, continuous f,
[E[f (21)] = E[f (200)]] < drv (@, Zoo) - || f]oo
which converges to 0 as t — co. By Portmanteau’s Lemma, x; — = in distribution. [

We first construct a sequence of encoding functions mS™ and decoding functions md parameterized
by neural networks, and define the following (volume preserving) invertible mappings

ef = ef +mi(af)

g _ T dec ™

xp =+ 2e-myy(eng) VYn >0
s _ T enc ™

enp1 = e€n +2e-my(ay) Vn>1

with efj = 0 and x§j ~ qo. The step size parameter € will be chosen to depend on the depth coefficient
N, i.e. the number of layers of the joint transformation.

Below we prove ANF of the above form can universally transform ¢(x)dg(e) into p(x)dp(e). We
make the following assumption on the family of g:

Assumption 1. We assume the gradient of the convex function in Proposition (1) V® is continuous,
and that f(e,t) = e Ve and g(z,t) = —e TPttt Jog % have a bounded second time
derivative (on the trajectories x, and e; which are also functions of time), and are uniformly Lipschitz;

that is,

max{|f~|, Wl s WD IO ||g<w,t>—g<x,t>||}<K

ee! t>0 lle — ¢l " atal 450 [l — 2'||

for some K > 0, where we define the single-argument vector functions f(t) = f(es,t) and g(t) =
g(x¢,t) as the time derivatives of the trajectories (x4, e).

We denote by Q the family of probability measures that satisfies this assumption.

Before we move on to approximation, we start with a lemma (restated) for bounding approximation
error by solving recursion using the technique of generating functions.

Lemma 2. Ifforany N > 0, {d,, : 0 <n < N} is a sequence of real numbers satisfying
n—1 t
c c
dn < 37+ JE 2 2 s
t=1 s=1

for some constant c, then

max d, — 0 as N — o0
0<n<N
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Proof. We would like to bound the error d,, explicitly. To do so, we first note that the sequence {d,, }
is no larger than {D,, }, which is recursively defined as

Dyp=0

n t
D1 =C+CY» > D, 6)

t=1 s=1
for n > 0, where for simplicity we let C' = ¢/N2.

Now to express D, 11 explicitly, we use the method of generating function, following the recipe of
Wilf (2005) (see Chapter 1 for a brief introduction). Define function f to be a power series whose
coefficients are D,,’s; that is, f(z) = >, -, Dnx™. Multiply both sides of (6) by ™ and summing
over the indices of non-negative integers n > 0 give us

f@) _ C ., Cfw)

x 1l—x (1—2)2

After rearrangement, we have

- (2+Ca+1\ _ C /(@) C(1 - a)
f(I) _ 2 - _ = = 2 _
z(l—x) l-—z x 22—-(2+0)+1
which can be decomposed into the partial fractions
f@) _ Ta |, Tea
_ 1+as + 1+aq (7)
x ay — I ag — T

where a1 and as are the roots of the quadratic function i (24+C)x+1, which satisfy a1 +ag = 2+C
and ajas = 1.

For sufficiently small z, we can break (7) into the geometric series

e (@) rare o (m)

n>0 n>0

This means for n > 0, since ajas = 1, the coefficient of f(x) can be expressed as

D, = ¢ 1 C (alag)":C 1 4 ay
14+asal 14+a; aff (14 a1)a} 1+ a4

(®)

Now let a; be the larger root. Solving 22 — (2 + C)z + 1 yields

2+ C+VC*+4C
= : =

a 1+

Wherer::%+g/%2+0.

We show that the parenthesis in (8) can be controlled asymptotically (i.e. does not exceed certain
constant for sufficiently large V), and that since C' diminishes, D,, converges. First, since r > 0,
a1 > 1and

1 1
(tana ' 2
Second, since (14 )" < e" forn > 0andr > —1,
al = (1+nr)" <e™

2 N2
<exp<CN+ "N +C’N2>

B c c?
=Py TV e

which converges to exp(y/c) as N — oo.

Finally, since C' - 0as N - ocoandd, < D,,d, — O0foralln < N as N — co. O
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We are now ready to show the result of the pointwise approximation of the Hamiltonian ODE using
ANFs with affine (more specifically, additive) coupling.

Proposition 2. Let x; and e, be trajectories (mappings of o € X = R?) following the Hamiltonian
ODE (4,5) described in Proposition 1 dependent on some initial distribution qy € Q. For eachT > 0,
we can choose some number of layers N of the joint transformation and a sequence of pairs of m;'
and md (dependent on T) for 1 < n < N, such that ||z%, — z7|| — 0 and ||e%, — er|| — 0 as
T — oo pointwise for ro € X = R<.

Proof. Fix qo € Q and T > 0 and some compact subset X, C X. We first consider all points xg in
Xo, and show that (27, eT) can be used to approximate (zr, er) uniformly well.

We consider a N-step joint transformation, and set € = W > 0. We start with approximating e,
by eT. Since efj is 0, by the universal approximation theorem (UAT) of neural networks (Cybenko,

1989), we can choose some m$™ such that ||e. — eT|| = ||ec — m$™|| < €2 for all zy € X.

We proceed with an approximate leap-frog integration of the dynamic, using the neural encoders
and decoders to approximate the time derivatives. Let £; := eT(Xy) where €] := m5", which is
compact, since &p is compact and e is continuous wrt Xj. Again, by the UAT, we can choose some
me such that ||f(e, €) — m{(e)|| < €2 forall e € &. Likewise, we let X} := zT(Xp) where
2T = (2em§ o e + Id)(X,) with Id being the identity map, such that X; is also compact since
T is continuous wrt Xy, and choose m§™ such that ||g(z, 2¢) — m§™(z)|| < €2 forall z € X;.

dec

Repeating the same construction for m$ ™ and m$'° for n < N, we have

n+1 - l‘ + 2€mn+1( n+1) (9)
n+1 = en + 26m21i1($g) (10)
with m4 and m<™ chosen such that

L. ||f (e, 2ne+ €) —mffjl(e)H < e foralle € &y := el 4 (Xp) where €] | := 2em, o
T + el is a continuous map of Xj; and

2. ||g(z, 2ne) = m$, (z)|| < € forall z € X, := a7 (Xp) where 2T := 2em& o el + z7
is a continuous map of Aj.

n—1

enc dec

Such choices of m* and mS are possible since by construction X,,_; and &,, are compact.

Equations (9,10) are approximate midpoint methods as they use functions to approximate the time
derivatives evaluated at midpoints of their counterparts. The exact midpoint method has a cubic

error rate of 2 h 7 /" (&), for some £ between the midpoint and the approximating point, where A is the
interval w1dth of each iteration; see Section 5.4 of Epperson (2013). That is,
&3
Tone+2e¢ — T2ne + 2€f(62ne+ea 2ne + 6) + f//( n+1) (11)

for some &, | between the two steps. Similarly,

3
€
€2ne+e = €2ne—e + 2€g(x2n67 QTLE) + gg/l( Z+1) (12)

for some &, , ; between the two steps.

Subtracting (9) from (11) yields
Tone+2e — $2+1 = T2ne — JJ:; + 2€f(e2ne+6a 2ne + 6) 26anCr1( n+1> + f//< n+1)
By triangle inequality, we have

sznﬁqe — xZ_HH < |lwone — 2| + H2€f(62n€+5,2n6 +e)— 26m‘3fj_1(62+1)|| +

3
€ T
gf//( n+1)

< Jlwane — @7 |l + 2¢ || f(eancre; 2ne +€) — myty (e 1y H+ ||f” )|l
\—,_/

truncated error

propagated error
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The error on the RHS consists of two parts: (1) the first two terms constitute the propagated error
from the previous steps and (2) the third term is a newly introduced truncation error due to the Taylor
expansion.

By triangle inequality again,

||f(€2ne+e-, 2ne + 6) - m?leil (53;;+1)|| = Hf(e2ns+f7 2ne + E) - f(€2+17 2ne + 6) + f(()‘z;+17 2ne + E) - Sfil( Zerrl H
S Hf(62ne+5= 2ne + 6) - f(eerlv 2ne + E)H + ”f(ez+1> 2ne + 6) ‘71L+1( :‘;+1)||
midpoint deviation approximation error

Again the RHS can be decomposed into two error parts: (1) a midpoint deviation resulting from
performing midpoint numerical integration which would not vanish even if the neural network is
replaced with the true time derivative, and (2) an approximation error due to the inaccuracy of
approximating the time derivative.

Letting d% = ||zane — 27| and df, = ||eanc—e — €Tl
1, we have

3K K
di+1§di+Ze(Kdg+1+62)+€3 =d% +2eKdS, | + € <3+2>

owing to the uniform error bound of the neural decoder || f (e, 2ne + €) — m&%, (e)|| < € for all

e € En41 and the fact that €] | (zg) € E,41 since g € Xp.

The same can be done to obtain a bound on d5, , ; by subtracting (10) from (12), which yields
K
déy < dS +2eKdE + € <3 + 2)

To summarize, we have

dS < € (13)
T <di 4+ 2eK'dS , + K forn > 0 (14)
¢ <d+2eK'dE + K’ forn > 1 (15)

where K/ = max{K, & + 2}.
Summing d7, ..., d} and subtracting df + ... + d.._; from both sides yield

dp < 2K’ " df 4+ ne’ K’ (16)
t=1
Note that df = 0. Similarly, summing ds, ..., d;, and subtracting d$ + ... + d7,_; from both sides
yield
n—1
df, < d +2eK' > di + (n—1)EK’ (17)

t=1

To recursively express d5. in terms of itself (except for df), we sum over the sequence df, ..., d?, again

n n t—1
> dg gnd§+2eK'ZZdr+Z (t—1)EK’
t=1 t=2 s=1

Substituting into (16) yields
n t—1
d% < 2¢K’ (nde +2K' Y N dl +Z (t—1) 3K> +ne’K’
t=2 s=1

Sincen < N, >0t <n? df <e*ande=
by

W’ the above can be rearranged and further bounded

TSK/2 T4K/2 T3KI 1 TZKIZ n—1 t
ae (T T ) e G o ()
t=1 s=1

10
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The same can be done for (17) to analyze dY,.

n—1 ¢

n—1 n—1
S odf <2eK' Y N di+ > tefK!
t=1 t=1

t=1 s=1

n—1 ¢ n—1
de < d§ + 2¢K’ (261(’ DY te3K’> +(n—1)K
t=1 s=1 t=1
. T2 T4K/2 T3 K’ 1 T2 K2 n—1 t .
dn§<4+8+8>1\/'2+]\72 ds (19)
t=1 s=1

By Lemma 2, we know that the elements of both sequences of error d;, and df, converge uniformly
onl <n < Nto0as N — oo. In particular, for all T > 0, § > 0 and compact subset X of
R, there exists some large enough integer N (7,8, Xy) > 0 for which a joint transformation of
N(T, 6, Xy) layers parameterized by some neural encoders and decoders satisfies d?V(T, 5,%0) <9

and d?V(T,&XO) < ¢ forall xg € Xp.

Consider some positive value B > 0. We let Xy = [-B,B|%, T = Band § = %. We can find
a sequence of models with an error rate dﬁ]L;I(B,l/B,[fB,B]d) <1/Band d?V(B,l/B,[fB,B]d) <1/B
converging pointwise on R? to 0 as B — oo. This implies

dN(B1/B,-B.B)Y) = HCEB —TNB.1/B-B,BY || 0
pointwise as B — co. The same holds for the augmented variable e. O

The lemma (restated) below shows if one can approximate the solution of an ODE (||y,, — 2, || — 0,
i.e. x, and y,, are asymptotically indistinguishable) and if the limit of the solution is a transport map

(xpn i> Zoo), then the approximation also forms a transport map (y,, i> Too)-

Lemma 1. Let xo, (x,, : 1 > 0) and (yy,, : n > 0) be random variables. If x,, — % in distribution
and if ||z, — yn|| — 0 almost surely as n — oo, then y, — T in distribution.
Proof. Let A : R? — R be an arbitrary bounded and Lipschitz continuous function. Then
IEA (2o0) = A(yn)]| S [E[A (Too) — Alzn) + Alzn) — A (yn)]|
SIE[A (o) = Aln)][ + E[|A (20) — A (yn)]]

First, since x,, — x, in distribution and since A is bounded and continuous, by the Portmanteau
Lemma the first term of the RHS converges to 0 as n — oo. Second, since y,, is almost surely
asymptotically indistinguishable from x,, (let € be the almost sure set), and since the Lipschitzness
of A implies uniform continuity, the following are true

e For all € > 0, there exists a 6 > 0 such that ||z — y|| < ¢ implies |A(x) — A(y)| <e.

e For any ¢ > 0, there exists a integer N > 0 such that for all n > N, ||z, — yn|| < d for all

w e Q.

These imply ||A(zy,) — A(yn)|| — 0 on Q. Then

Ef[A (zn) = Ayn)l] = Eq [|A (1) — A (yn)[] + Eae [|A (20) — A (yn)]]

E, E;

converges to 0, since (1) boundedness of A and the Bounded Convergence Theorem imply Fy — 0
and (2) sup, A(z) < oo implies E2 < 2sup,, A(xz)P(Q2°) = 0. Finally, since A is arbitrary, by the
Portmanteau Lemma again, y,, converges in distribution to z., as n — oco. [

11
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We now are ready to prove Theorem 1, which we restate below. The main idea is to notice that ANFs
can be made pointwise inseparable from the Hamiltonian ODE, which implies weak convergence
since the Hamiltonian ODE converges in distribution.

Theorem 1. Forany q € Q, we can find a sequence (x7;, e};) of ANFs of the additive form (2,3), such
that if x7, el ~ q(x)dp(€) and T oo, o ~ Poc()do(€), then (27, e%,) = (Too, €0 ) in distribution.

Proof. First, by Proposition 1, xtp — =z in distribution as B — oo. Second, xp and
N (B1/B,[—B,B)%) chosen from Proposition 2 are almost surely asymptotically indistinguishable.

Thus, by Lemma 1, z7, (B,1/B,[—B,B)4) Converges in distribution to x,,. The same holds for the

augmented variable e. Let (z7;) and (e7},) denote such sequences. By Theorem 2.7 of Van der Vaart
(2000), (27, €%) = (Zoos €0o) in distribution (as e, = 0 is a constant). O
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