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Abstract

Gradient dominance property is a condition weaker
than strong convexity, yet sufficiently ensures
global convergence even in non-convex optimiza-
tion. This property finds wide applications in ma-
chine learning, reinforcement learning (RL), and
operations management. In this paper, we propose
the stochastic homogeneous second-order descent
method (SHSODM) for stochastic functions en-
joying gradient dominance property based on a
recently proposed homogenization approach. The-
oretically, we provide its sample complexity analy-
sis, and further present an enhanced result by incor-
porating variance reduction techniques. Our find-
ings show that SHSODM matches the best-known
sample complexity achieved by other second-order
methods for gradient-dominated stochastic opti-
mization but without cubic regularization. Empir-
ically, since the homogenization approach only
relies on solving extremal eigenvector problem at
each iteration instead of Newton-type system, our
methods gain the advantage of cheaper computa-
tional cost and robustness in ill-conditioned prob-
lems. Numerical experiments on several RL tasks
demonstrate the better performance of SHSODM
compared to other off-the-shelf methods.

1 INTRODUCTION

This paper considers the following non-convex optimiza-
tion problem under the stochastic approximation frame-
work [Robbins and Monro), |1951],

;2]%711 F(‘r) = E&ND [f(xag)] ) (1)

where £ is the random variable sampled from a distribution
D, and n is the dimension of the decision variable x. The
above framework encompasses a wide range of problems,

ranging from the offline setting, wherein the objective func-
tion is minimized over a pre-determined number of samples,
to the online setting, where the samples are drawn sequen-
tially from the same distribution.

Since F'(-) is non-convex, finding its global optimum is
NP-hard in general [Pardalos and Vavasis, |1991} Hillar and
Lim, 2013]). Therefore, a practical goal is to find a stationary
poinﬂ From the perspective of sample complexity, such a
goal can be achieved using O(e~?) stochastic gradient and
Hessian-vector product. Surprisingly, the result cannot be
improved using any stochastic p-th order methods for p > 2
with standard Lipschitz continuity assumptions [Arjevani
et al.;[2020]]. From this point of view, the benefits of second-
order information seem limited.

In real life, however, problemusually bears some struc-
tures that enable global convergence and fast convergence
rate, such as weakly strong convexity [Necoara et al., 2019],
error bounds [Luo and Tseng|1993]], and restricted secant in-
equality [Zhang and Yin| 2013]]. Among these conditions, it
is shown in |Karimi et al.|[2016]] that the Polyak-t.ojasiewicz
(PL) condition [Polyak et al., [1963] is generally weaker,
which can be covered by the gradient dominance property
studied in this paper. Informally, we say function F'(-) is
gradient-dominated with parameter « if there exists a con-
stant C' > 0 such that F(z) — F(z*) < C||VF(x)|%,
where z* € argmin, F(z). When a = 2, it reduces
to the PL condition. This property also enjoys many im-
portant applications in different fields, including general-
ized linear models [Foster et al.l 2018]], ResNet with lin-
ear activation [Hardt and Mal [2016]], operations manage-
ment [Fatkhullin et al., |2022]]. Moreover, Agarwal et al.
[2021]] show that a weaker version of gradient dominance
property with o = 1 is also satisfied in policy-based rein-
forcement learning (RL).

In this paper, we study the sample complexity required by
ensuring global optimality in non-convex stochastic opti-
mization with the gradient dominance property. Specifically,

' A stationary point is a point x satisfying |V F(x)|| < O(e).



we are interested in the number of queries of stochastic gra-
dient and Hessian along the iterations until reaching a point
x that satisfies E[F(z)] — F(z*) < e.

Different from Lipschitz continuity assumptions, gradient
dominance property witnesses an improved sample complex-
ity (or iteration complexity) for both stochastic and deter-
ministic second-order methods [Nesterov and Polyakl, 2006,
Chayti et al.| [2023] Masiha et al., [2022]] when compared
to the first-order methods [Nguyen et al., 2019, Fontaine
et al., |2021]]. Nevertheless, a common drawback of these
second-order methods lies in their dependence on the expen-
sive O(n?) computational cost at each iteration to obtain
an approximate solution to an inevitable cubic-regularized
subproblenﬂ Recently, Zhang et al.| [2022] develop a novel
homogeneous second-order method (HSODM), which only
needs to find the leftmost eigenvector of an augmented
matrix at each iteration with @(nQ) computational cost
[Kuczynski and Wozniakowskil, [1992]]. They prove that
HSODM not only reduces O(n?) computational burden
required by cubic-regularization, but also achieves the opti-
mal iteration complexity [Carmon et al., 2021].

Hence, a natural question arises:

Can the homogenization approach be extended to
gradient-dominated stochastic optimization, and
maintain the state-of-the-art sample complexity?

In this paper, we give an affirmative answer to the question
above. Our contributions are summarized as follows:

1. First, we propose two non-trivial customized strate-
gies to extend HSODM from non-convex optimization
to gradient-dominated optimization. The success of
HSODM is attributed to its fixed choice of the last di-
agonal element of the augmented matrix, which can
not directly apply to gradient-dominated optimization
(we will explain it in [Section 3)). To tackle this chal-
lenge, we develop a perturbation strategy and design
a novel parameter-searching strategy to construct the
augmented matrix, both of which significantly differs
from HSODM, and may be of independent interest to
extend HSODM to convex optimization.

2. Second, we propose a variant of HSODM for gradient-
dominated stochastic optimization, SHSODM, and an-
alyze its sample complexity for stochastic function
enjoying gradient dominance property with « € [1, 2].
When a € [1,3/2), we further provide an enhanced
result by employing variance reduction techniques.
Specifically, the sample complexity of SHSODM can

*In our discussion, we solve linear systems via computing
the matrix inverse directly, or the direct method. Although there
are some indirect methods for solving linear systems, they either
have worse dependence on condition number, or have the same
computational cost as our proposed method.

3In this paper, we use @() to ignore the logarithmic factors.

be improved to O (672/ 0‘). Our results match the best-
known sample complexity in the literature obtained
by the stochastic cubic-regularized Newton method
(SCRN, Masiha et al.|2022). For clarity, we give the
detailed results’]in

3. Finally, SHSODM only requires solving an eigenvalue
problem at each iteration, hence overcoming the heavy
computational burden of second-order methods. Empir-
ically, we test SHSODM in the context of RL, whose
objective function enjoys gradient dominance property
with a = 1, and compare its performance with SCRN
and other standard RL algorithms. The numerical ex-
periments demonstrate that SHSODM is superior to
these methods and immune to ill-conditioning.

The rest of the paper is organized in the following man-
ner. In the remainder of the section, we review some re-
lated literature. gives a formal definition of gra-
dient dominance property considered in this paper, and a
brief introduction to HSODM. In We propose
two nontrivial customized strategies to extend HSODM to
gradient-dominated optimization. In we for-
mally describe our SHSODM and prove its sample com-
plexity, which is improved later in[Section 4.2]by adapting

the variance reduction technique. [Section 5| provides the
numerical experiments in RL, and demonstrates the superior

performance of SHSODM to SCRN and other widely-used

RL algorithms. Finally, concludes the paper and
presents several future research directions.

1.1 RELATED WORK

We review some papers studying gradient dominance prop-
erty and second-order methods for gradient-dominated opti-
mization in both deterministic and stochastic settings. The
more comprehensive literature review including first-order
methods is provided in the Appendix.

Gradient-dominated optimization and its applications.
The gradient dominance property with o = 2 (or the PL
condition) is first introduced in |[Polyak et al.| [1963]]. It is
strictly weaker than strong convexity which is sufficient to
guarantee the global linear convergence rate for the first-
order methods. Karimi et al.| [2016]] further show that the
PL condition is weaker than most of the global optimality
conditions that appeared in the machine learning commu-
nity. The gradient dominance property is also established
locally or globally under some mild assumptions for prob-
lems such as phase retrieval [Zhou and Liang, |2017], blind
deconvolution [Li1 et al.| 2019]], neural network with one
hidden layer [Li and Yuan, [2017, Zhou and Liang, 2017],
linear residual neural networks [Hardt and Mal, |2016]], and

“InMasiha et al.| [2022], they do not give the sample complex-
ity of SCRN with variance reduction explicitly when a € [1,3/2).
However, by the similar technique they use when o = 1, we derive
the corresponding result and present it here.



Table 1: Sample complexity of different algorithms for gradient-dominated stochastic optimization. The third to sixth
columns present the sample complexity, per iteration cost, whether the algorithm needs to solve linear systems at each
iteration, and whether it matches the best-known result, respectively. Note that SGD represents stochastic gradient descent
method, the prefix “VR” stands for the variance reduction version, and “w.h.p.” stands for “with high probability”.

Algorithm @ Sample Complexity Per Iteration Cost ~ Free of Linear System  Best-known
SGD O(e /ot O(n) v X
SCRN O/ (2e)+Ly O(n®) X X
VR-SCRN [1,3/2) O 2/*) O(n?) X v
SHSODM O/ (2+Ly O(n?) v X
VR-SHSODM O(e /%) O(n?) v v
SGD o(e? O(n) v X
SCRN 3/2 O *3log(1/e€)) on®) X v
SHSODM O(e~*31og(1/¢)) O(n?) v v
SGD O/t O(n) v X
SCRN (3/2,2]  O(e=?/*loglog(1/e)) w.h.p o(n® X v
SHSODM O(e~?/*1oglog(1/€)) O(n? v v

generalized linear model and robust regression [Foster et al.|
2018]]. Meanwhile, it is worth noting that in policy-based
RL, a weak version of gradient dominance property with
« = 1 holds for some certain classes of policies, such as the
Gaussian policy [Yuan et al.,[2022].

Second-order methods. The original analysis for second-
order methods under gradient dominance property appears
in Nesterov and Polyak| [2006]. They focus on the cubic-
regularized Newton method (CRN) for o € {1,2}. When
«a = 2, they show that the algorithm has a superlinear con-
vergence rate. When a = 1, they prove that CRN has a
two-phase pattern of convergence. The initial phase ter-
minates superlinearly, while the second phase achieves an
iteration complexity of O(e~1/2). Afterward, the result in
Zhou et al.| [2018] gives a more fine-grained analysis of
CRN for some functions satisfying K¥. property (it covers
the gradient dominance property except for the case o = 1)
by partitioning the interval (1, 2] into (1,3/2), {3/2}, and
(3/2, 2], which enjoy sublinear, linear, and superlinear con-
vergence rate, respectively. When it comes to the stochastic
setting, [Masiha et al.| [2022] obtain the sample complexity
of SCRN for gradient-dominated stochastic optimization,
which is the best-known result under this setting. Recently,
Chayti et al.[[2023]] consider the finite-sum setting. Never-
theless, all these papers rely on approximate solutions of
cubic-regularized sub-problems.

2 PRELIMINARIES

In this section, we provide the preliminaries of our paper and
introduce the novel second-order method, HSODM. First,
We formally define the gradient dominance property.

Assumption 2.1 (Gradient Dominance). We say function
F(x) has the weak gradient dominance property with « €
[1,2], if there exist Cyeqr > 0 and €yeqp > 0 such that for

all x € R™, it holds that
F(z) = F(2") < Cueat[VE ()| + €wear  (2)

where x* € arg min F'(z).

Furthermore, if €yeqr = 0, we say function F(x) has the
strong gradient dominance property, that is,

Fa) = F(2") < Codl VE ()| ©)

In this paper, we consider the gradient-dominated function
with a € [1,2]. Note again when o = 2,[(3)]is the PE con-
dition. If o = 1,[(2)|relates to the gradient dominance prop-
erty discussed in policy-based RL. We also refer readers to
Fatkhullin et al.| [2022] for more concrete examples.

A Brief Overview of HSODM. We now introduce the
framework of HSODM. The key ingredient of HSODM
is the homogenized quadratic model (HQM) constructed
at each iterate x5,k = 1,2, ... K. At the k-th iteration, it
builds a gradient-Hessian augmented matrix Ay, and solves a
homogeneous quadratic optimization problem. Specifically,
the following optimization problem is considered:

T
. v Hi gi| |v 4
sl <1 H {95 —5] H ’ @

where gy, is the gradient and H}, is the Hessian. For ease of
exposition, we define A, = [Hy, gx; g,{, —4] and let [vy; tg)
be the optimal solution to the above problem[(4)] In the next
lemma, we characterize the optimal solution [vg; ).

Lemma 2.1 (Zhang et all [2022). Denote by [vy;ty] the
optimal solution to problem|[(4)] We have:



(1) There exists a dual variable 0, > 0 such that

Hy + 0y -1 Gk
-
[ o —5+9J =9, ®
Hy+ 0 -1 Gk Uk | _
el e
O - (Il [ve; te]ll — 1) = 0. @)

Moreover, —0j, = Amin(Ag).
(2) Ifty # O, then it holds that

ghdy =60, (Hp+0 -Ddp=—gx, (8)

where dj, = vy [t

(3) If t, = 0, —0y is the smallest eigenvalue of Hy, and
g,{vk =0.

states that, if one sets § > 0 for the non-convex
function, the augmented matrix A; must be negative def-
inite. Meanwhile, the negative optimal dual solution, i.e.,
—0y, is the smallest eigenvalue of Ay and the optimal pri-
mal solution [vg, tx] is its associated eigenvector. Moreover,
when ¢, # 0, the constructed direction dy, is a descent di-
rection by [(8)] Hence, one can update the next iterate by
Tk41 = Tk + Mkdi, where m, > 0 is the stepsize. The
convergence analysis of HSODM under the deterministic
non-convex setting heavily depends on the fixed choice of
0 = ©(y/€). However, this strategy for choosing ¢ cannot di-
rectly apply to gradient-dominated stochastic optimization,
which will be discussed in detail in[Section 3

From the perspective of computational complexity, solving
[(4)]is essentially solving an extreme eigenvalue problem
with respect to the augmented matrix Ay, since it has been
shown by |(7)| that [vy; t)] always attains the boundary of
the unit ball. In view of this, the subproblems can be solved
within the time complexity of O(n?) [Kuczyrski and Woz-
niakowskil |1992]], enjoying cheaper computation than that in
classical CRN [Nesterov and Polyak, |2006] and its stochas-
tic counterpart, where O(n?) arithmetic operations are un-
avoidable. Similar to any second-order methods, HSODM
also benefits from Hessian-vector product (HVP), where the
Hessian matrix itself is unnecessary to be stored.

Remark 2.1. 7o solve[(4)] one can apply some Lanczos-
type algorithms [[Kuczyriski and Wozniakowski, |1992|], which
only need access to the oracle A|v;t] for any given [v;t].
To achieve this, one can compute it by

| Hey gk | |v]| _ [Hrv+tgk
Aplvst] = {gg —0| [t] ~ |gfv—tdk]|"
Hence, only HVP Hyv is needed.

3 CUSTOMIZED STRATEGIES

In this section, we introduce two customized strategies to ex-
tend HSODM to the gradient-dominated world. As HSODM

is originally designed for non-convex optimization, it can-
not directly apply to gradient-dominated functions, which
also envelop convex functions with a bounded set. When the
fixed choice rule of § is used, we cannot connect the decrease
in function value to the gradient. Consequently, HSODM
only attains an unsatisfactory convergence rate, and several
refinements must be adopted to fit our purpose.

Inspired by the analysis of CRN [Nesterov and Polyak]
2006]], we need to ensure that Ay, and ||dj|| have the same
order and diminish simultaneously when the algorithm pro-
ceeds, where Ay, = Apin(Ax). In other words, we need to
approximately solve

h(0) = A — Cel|di|| = 0, )

where C. > 0 is a pre-specified constant. However, this de-
sired relationship cannot be guaranteed by the fixed strategy
to choose § employed by HSODM. To address this chal-
lenge, we propose to adaptively choose ¢, at each iteration
k by a nontrivial line-search procedure.

Before delving into the analysis, we first parameterize the
augmented matrix Ay, via dg. Specifically, we let

H
Ao = [l %]

Thus, A; and dj, can also be seen as functions of & (recall
that [vg; tg] is the leftmost eigenvalue of A (dx)):

dk(ék) = Uk/tk, A (0k) = )\min(Ak(ék)).

Therefore, we are now able to adjust & of Ay to find a better
descent direction such that A and ||dy|| have the same order.

Algorithm 1: Linesearch

Input: Current iterate x, Hy, g, tolerance €, €ejg,
initial search interval [;, ], ratio C,.
Callwith 9, Hi, €ig and collect g} ;
forjy=1,...,Ji do
Let 8, = (0 +6,)/2;
Construct Ay (0x) := [Hy, g}; (95) 7, 6m];
Calculate the leftmost eigenpair (\g, [vg; tx]) of
Ay, (5m);
Calculate dj, := vy /tx;
if C, ||dg|l < |\x| then
‘ 61 “— 5m;
else
‘ 57' <_ 57‘”;
if |0, — d;| < ¢ then
| return 6,,, di;
else
| j<Jj+1

In we provide the linesearch procedure to

adaptively adjust Jj, at each iteration k. In particular, we



use binary search to find an appropriate d;. We terminate
the procedure if the search interval is sufficiently small, and
conclude that the dual variable A\, approximately has the
order of ||dy||. However, the caveat of the above procedure
is that a degenerate solution may exist if gy, is orthogonal to
the leftmost eigenspace Spin of Hy. In this case, the eigen-
vector provides no information about the gradient and (9)
may not have a solution. Such a cumbersome case is often
regarded as a “hard case” in the literature of trust-region
methods [Conn et al., [2000]]. To overcome this obstacle, we
use a random perturbation over gy, through which the per-
turbed gradient gj, is no longer orthogonal to the minimal
eigenvalue space Smin, 1.€., Ps,;. (9)) = €cig» Where €cig is
the pre-determined tolerance and Ps,_, (-) represents the
projection of a given vector onto Spin.

We prove in the Appendix that, with the linesearch strategy
after perturbation, an approximate solution to[(9)|can always
be found due to that A is continuous over dy. Interestingly,
such perturbation strategy is “one-shot” if needed, whose
details are presented in For cases where Spin
consists of multiple eigenvectors, one can simply compute
the inner product of g and any v € Sy, and adopt the
perturbation if it is not sufficiently bounded away from
zero. Besides, it is known that power method also applies in
such scenarios, since only the projection is needed [[Golub
and Van Loan, 2013]]. The finite-step termination property

of is guaranteed by the following theorem.

Algorithm 2: A Perturbation Strategy
Input: Current iterate x, Hy, g, tolerance €.
Compute the projection of g to the minimal eigenvalue
space Ps,...(9)
if [P, (9)]] > cug then
| return g;
else
g+ 9+ g Pin (9)/ [P, (9)
return g’;

[}

Theorem 3.1 (Finite-step Termination of [Algorithm 1)).
terminates in O(log(1/€€,i)) steps. Further-

more, it produces an estimate Sce of 0, and the direction dy,
such that |h(6¢, )| < er5, where € > 0 is the tolerance.

The above theorem shows that the number of iterations

J for |[Algorithm 1fis at most O(log(1/ejs€cig)). The ex-
tra invoking of [Algorithm 7]is only necessary if we find

4 SHSODM FOR
GRADIENT-DOMINATED
STOCHASTIC OPTIMIZATION

In we give the details of our SHSODM for the
gradient-dominated stochastic optimization when « € [1, 2]

and provide its sample complexity analysis. For the case
a € [1,3/2), we further incorporate the variance reduction
techniques into SHSODM and present an improved sample

complexity result in

4.1 SHSODM

We begin by outlining the key steps of SHSODM. Firstly,
we randomly draw a sample set .S, and use it to construct the
stochastic approximation of the gradient and the Hessian,
respectively, by g = VsF(zx) = YI%, V/(,6)/19]
and H, = V2F(x) = 25 V27 (2,)/|S]. Then, at
each iteration k, we employ [Algorithm I|and [Algorithm 2|
(if necessary) to obtain the update direction dj, which must
terminate in O(log(1/e¢€.ig)) iterations. Finally, we choose
the stepsize 7, = 1 for all k£ and update zy1 = xp + dp.

The details are provided in

Before analyzing the sample complexity of SHSODM, we
make some assumptions used throughout the paper.

Assumption 4.1. Assume that function F(-) is twice differ-
entiable. The gradient of f(x, &) and the Hessian of F(x)
are Lipschitz continuous, respectively. That is, there exists
Ly > 0and Ly > 0 such that |V f(z,§) — Vf(z,£)|| <
Lyllz —y| and |V*F(z) = V2 F(y)|| < Lullz — y| for
all x,y € R™ and & almost surely.

Assumption 4.2 (Masiha et al.| [2022). Assume that
for each query point ¥ € RY the stochastic
gradient and Hessian are unbiased, and their vari-
ance satisfies E[|VF(z) —Vf(z,O)|*] < ol and
E[|V2F(z) — VQf(ac,f)Hm] < 07 o where a5 > 0 and
Oh,o > 0 are two constants.

Assumption 4.1|ensures the Hessian of function F'(-) and

the gradient of stochastic function f(z,&) are both Lip-
schitz continuous, which is widely used in the optimiza-
tion literature [Nesterov} 2018| [Masiha et al., [2022, |Chayti
et al|[2023]. guarantees the stochastic gra-
dient and Hessian are unbiased and have bounded variances,
which is standard in stochastic optimization and also used
by Masiha et al.|[2022].

Remark 4.1. When analyzing SGD under the non-convex
setting, |Khaled and Richtdrik [2022|] propose the expected
smoothness assumption, which is weaker than

[tion 4.2] However, it is difficult to analyze the behavior of

gk_L Smin. Since the computational complexity of [Algoq
is within O(n?e~1/%) arithmetic operations and con-
sistent with the computational cost of we still

harbor an advantage of cheap computational cost compared
to solving cubic-regularized subproblems.

second-order algorithms under this assumption, since it can-
not control the term O(E| g, — gx ||| */>+E[|| Hy — Hg||*])
emerging in the analysis, which critically influences the sam-
ple complexity. Hence, We leave the relaxation of[Assump]



for future work.

Algorithm 3: SHSODM
Input: Total number of iterations K, sample size
ng, Ny, tolerance €, €.ig, lower bound §; and
upper bound ¢, of the linesearch procedure
for k < 1to K do
Draw samples with [SY| = ng and [SH | = ny
Construct the empirical estimators g and H k
Call with (91, H, €15, €cig, 01, 67) to
obtain ¢y, and d;
Update current point 11 = xj, + dg.;
return x g ;

In the next theorem, we give the sample complexity of
SHSODM. It partitions the interval [1,2] into three non-
overlapping subsets, and provides respectively the corre-
sponding sample complexity. When o« = 1, SHSODM
achieves the worst sample complexity of O(e~2-5). While
when @ = 2, it achieves the best sample complexity of
O(e~2®). This result matches the one of SCRN [Masiha
et al., [2022]. However, our SHSODM does not need to
solve linear systems, hence its per-iteration cost is less than
SCRN’s, which is also validated by [Section 5] We also re-
mark that, theoretically, we only need the access to stochas-
tic gradient and HVP, instead of stochastic Hessian. We
present the remaining theorems below in the form of sam-
pling Hessian only for the comparison with SCRN.

Theorem 4.1 (Sample Complexity of SHSODM). Suppose

that function F'(-) satisfies [éssumptlon 4.1} |Assumption 4.2
and |Assumption 2.1 W with equation |(3)| for some o € [1,2)].
Given tolerance € and letng, = O(e=/%), ny = O(e"1/),
€ig = O(eY), and ¢y = O('/*). Then
outputs a solution x such that E[F (zx) — F(z*)] < ¢
after K iterations, where

(1) If « € [1,3/2), then K = O(e=3/2))) with a
sample complexity of O(e~7/(22)+1),

(2) If a« = 3/2, then K = O(log(1/¢)) with a sample
complexity of O (log(1/€)e 2/0‘)

(3) If « € (3/2,2], then K = O(loglog(1/e)) with a
sample complexity of O (loglog(1/€)e _2/0‘)

In the context of policy-based RL, holds
with equation[(2)]for a = 1. The following corollary empha-
sizes the sample complexity of SHSODM under this specific
setting, which is used in our numerical experiments.

Corollary 4.1 (Informal, Sample Complexity for Poli-
cy-Based RL). Under policy-based RL,
and hold. Moreover, holds
with equation|2)|for o = 1. Then, outputs a
solution x g such that E[F (zg) — F(z*)] < € + €year With
a sample complexity of O(e=2?).

As a byproduct, we also study the performance of the
deterministic counterpart of SHSODM for the gradient-
dominated function. The next corollary shows it matches
the convergence rate proved for CRN [Nesterov and Polyakl,
2006]], and still avoids solving the linear system.

Corollary 4.2 (Deterministic Setting). Under the gradient-
dominated deterministic setting, the iteration complexity of
the deterministic counterpart of SHSODM is O(e=3/(20)+1)
when « € [1,3/2), O (log(1/€)) when o = 3/2, and
O (loglog(1/€)) when o € (3/2,2].

4.2 SHSODM WITH VARIANCE
REDUCTION

In the previous analysis, we employ the same batch size
at each iteration. In this subsection, we enhance the sam-
ple complexity of SHSODM when « € [1,3/2) via time-
varying batch size and variance reduction technique pro-
posed in |[Fang et al.| [2018]. In particular, we let K be the
period length and S, be the sample set to estimate gradient
at iteration k. Then, we construct different empirical esti-
mators of the gradient and the Hessian based on whether
k is a multiple of K¢. In we present the ex-
plicit forms of the newly introduced estimators, and give the
details of SHSODM with variance reduction technique, or
VR-SHSODM mentioned in [Table 11

The next theorem specifies the choice of time-varying batch
size and shows the sample complexity of VR-SHSODM
can be further improved to O (¢~2/%) when « € [1,3/2).
This also applies to weak gradient dominance property with
a € [1,3/2). When o = 1, we enhance the sample complex-
ity from O(e~2®) in the last subsection to O(e~2), which
improves upon the best-known sample complexity of SGD
(or stochastic policy gradient method for RL) and matches
the result of SCRN.

Theorem 4.2 (Sample Complexity of VR-SHSODM). Un-

der the same assumptions of [Theorem 4.1} if o € [1,3/2),
Ko = O(K), and

O(k4/(3—2&))
Mk = {o (Hdk||2Kc(Lk/KcJKc)4/(3*2‘*)) k mod K¢ # 0

Then, outputs a solution Ty such that
E[F(zx) — F(z*)] < ein K = O(e~3/C)H) jteration
with sample complexity O (6_2/ (’).

S NUMERICAL EXPERIMENTS

In this section, we evaluate the empirical performance of
our SHSODM in the context of RL, which serves as a stan-
dard scenario for gradient-dominated stochastic optimiza-
tion [Masiha et al.} [2022]]. In RL, the interaction between the
agent and the environment is often described by an infinite-
horizon, discounted Markov decision process (MDP), and
the agent aims to maximize the discounted cumulative re-
ward. Due to the page limit, we leave the brief introduction

kmod Kc =0
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Figure 1: The z-axis and y-axis represents respectively system probes and the average return. The solid curves depict
the mean values of five independent simulations, while the shaded areas correspond to the standard deviation.

Algorithm 4: SHSODM with Variance Reduction
Input: maximum iteration K, parameters K¢, €, €cig
for £ < 1to K do
Draw samples with |Si| = ng, g3
if £k mod K& = 0 then
Vg < Vskf(ajk);
Hk <— V%kf(xk);
else
v < Vs, f(xr) = Vs, f(xr—1) + vp—1;
Hy, Vi, f(xr) = Ve f(wp-1) + He-15
Call|Algorithm 1{with gy, ﬁk, €ls, €cig, 01, Or tO get
Ok, dis
Update current point z4+1 = xf + di;
return x g,

of MDP in the Appendix. It can be shown under some stan-
dard assumptions that the objective function of MDP has
the gradient dominance property with o = 1.

We compare our SHSODM with different algorithms, in-

cluding SCRN [Masiha et al.L 2022]], TRPO [Schulman et al.}
2015] and VPG [Williams, [1992]. In the Appendix, we fur-

ther provide the experiments that compare SHSODM with
PPO [Schulman et al,[2017]]. As mentioned before, SCRN
is a second-order method that harbors the best-known sam-
ple complexity for gradient-dominated stochastic optimiza-
tion. TRPO, and its variants of PPO, are among the most
important workhorses behind deep RL and enjoy empir-
ical success. Practically speaking, TRPO can be seen as

a “second-order” method, since it uses the second-order
information of the constraints to update the policy. The first-
order method VPG is included to serve as a benchmark and
validate our theoretical analysis, which is a common prac-
tice in the literature [Tripuraneni et al., 2018], [Kohler and
[Cucchil 2017} [Zhou et al ., [2018]]. We implement SHSODM
by using garage library [garage contributors,2019] written
with PyTorch [Paszke et al,[2019]], which also provides the
implementation of TRPO and VPG. For SCRN, we use the

open-source code offered by [Masiha et al.| [2022].

In our experiments, we test several representative robotic
locomotion experiments using the MuJoC(ﬂ simulator in
Gyrrﬂ The task of each experiment is to simulate a robot
to achieve the highest return through smooth and safe
movements. Specifically, we consider 4 control tasks with
continuous action space, including HalfCheetah-v2,
Walker2d-v2, Humanoid-v2, and Hopper—-v2. For
each task, we employ a Gaussian multi-layer perceptron
(MLP) policy whose mean and variance are parameterized
by an MLP with 2 hidden layers of 64 neurons and tanh
activation function. We let the batch size be 10%, and the
number of epoch be 103, leading to a total of 107 time step.
To ensure a fair comparison, we adapt the same network
architecture for all algorithms.

When computing the discounted cumulative reward, a base-

Shttps://www.mujoco.org.

8Gym is an open source Python library for developing and com-
paring RL algorithms; see https://github.com/openai/
gym


https://www.mujoco.org
https://github.com/openai/gym
https://github.com/openai/gym

Environment SHSODM SCRN TRPO VPG
HalfCheetah-v2 2259 +£217 11154+230 18224214 10784319
Walker2d-v2 1630 £224 543 +164 1389 +£265 1024 4448
Humanoid-v2 498 + 20 484 4+ 43 458 £+ 20 495 £+ 28
Hopper-v2 1856 + 74 1473 +£318 1752+86 1779+ 67

Table 2: Max average return + standard deviation over 5 trials of 107 system probes. Maximum value for each task is bolded.

line term is subtracted in order to reduce the variance. It
is noteworthy that the resulting gradient estimator is still
unbiased. For all methods, we train a linear feature baseline,
which has been implemented in garage. For the hyperpa-
rameters of each algorithm, we emphasize that garage’s
implementations of TRPO and VPG are robust, and tun-
ing parameters does not lead to a significant change of the
performance. Hence, we use their default parameters. For
SCRN, we use grid search to find the best hyperparame-
ter combination for each environment. For SHSODM, we
choose the trust region radius r € {0.05,0.08}. Although
our theory always sets it to be 1 (see the constraint in[(4)),
we make it a hyperparameter in the implementation. To con-
duct the experiments, we utilize a Linux server with Intel(R)
Xeon(R) CPU E5-2680 v4 CPU operating at 2.40GHz and
128 GB of memory, and NVIDIA Tesla V100 GPU.

Following the existing literature |[Masiha et al., 2022} |Huang
et al.,[2020], we use the system probes, i.e., the number of
sampled state-action pairs, as the measure of sample com-
plexity instead of the number of trajectories due to that the
different trajectories may have varying lengths. For each
task, we run each algorithm with a total of 107 system
probes, employing 5 different random seeds for both net-
work initialization and the Gym simulator.

Overall Comparisons. presents the training curves
over the aforementioned environments in MuJoCo. It is
clear that our SHSODM outperforms SCRN and VPG in all
tested environments. When compared with TRPO, although
SHSODM grows slowly at the beginning, it achieves the
best final performance with an obvious margin. It can be also
observed that SCRN is less robust and even inferior to the
first-order algorithm VPG. This phenomenon instead reflects
that our SHSODM enjoy more stable performance. To fur-
ther illustrate the robustness of SHSODM, following|Zhao
et al.| [2022], we provide the maximal average return and
the standard deviation over five trials in A higher
maximal average return indicates the algorithm has the abil-
ity to obtain the better agent. shows SHSODM has
the highest maximal average return, and outperforms other
algorithms over all tested environments.

Cost in Computing Directions. We now compare the com-
putational efficiency of SHSODM with SCRN, since they
are both second-order algorithms. We profile the total time
required to compute the update direction for the two algo-
rithms over some representative environments. To demon-

strate, we let each algorithm run for 103 epochs, and the
batch size of each epoch be 103 as well. shows
that our SHSODM needs much less time than SCRN, thus
it is more efficient. We remark that the result also has some
theoretical guarantees. By analyzing the Hessian of the ob-
jective function, we observe that its condition number « is
huge in each iteration, typically 107. When one uses the
conjugate gradient method or the gradient descent method
to solve the cubic-regularization subproblem required by
SCRN, the time complexity depends heavily on the Hes-
sian’s condition number [[Golub and Van Loan, 2013]]. This
fact brings the unacceptable computational burden given the
huge-condition-number nature of the Hessian. Fortunately,
for SHSODM, the Lanczos-type algorithm we use to solve
the eigenvalue problem at each iteration is proved to be free
of condition number [Saad, [2011]]. Therefore, SHSODM is
more suitable to deal with such ill-conditioned problems
emerging in RL.

1000

mm SCRN
SHSODM

800

600 -

400 A

200 A

Total time in calculating directions

?—I—aIfCheetah-vz Hopper-v2 Walker2d-v2

Figure 2: The z-axis represents three different tested en-
vironments, including HalfCheetah-v2, Hopper-v2,
and Walker2d-v2. The y-axis presents the total time re-
quired to obtain the update direction in 10% epochs.

6 CONCLUSION

Gradient dominance property enjoys wide applications in
real life. In this paper, we extend HSODM from non-convex
optimization to gradient-dominated stochastic world, which
requires two extra customized strategies and differs from
HSODM in nature. Consequently, we propose a novel
stochastic second-order algorithm, SHSODM. It inherits
the advantage of HSODM, only requiring solving an eigen-



value problem at each iteration, which is computationally
cheaper than the cubic-regularized subproblem required by
other second-order methods such as SCRN. Theoretically,
we prove that SHSODM has the sample complexity match-
ing the best-known result. Meanwhile, we demonstrate by
several reinforcement learning tasks that SHSODM not only
has a better and more stable performance than SCRN and
other widely used algorithms in deep RL, but also is more
efficient and robust in handling some ill-conditioned op-
timization problems in practice. For future research, one
interesting direction is to apply the homogenization method
to stochastic nonsmooth optimization.
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A A MORE COMPREHENSIVE LITERATURE REVIEW

First-order methods. For the deterministic setting, Polyak et al.|[1963]] and |[Karimi et al.|[2016] prove that under the PL.
condition («v = 2), the gradient descent algorithm finds an e-optimal solution in O(log(1/¢)) gradient evaluations. Then|Yue
et al.| [2022] show that the convergence rate is optimal for the first-order algorithm. While for the stochastic setting, [Khaled
and Richtarik [2022] show that stochastic gradient descent (SGD) with time-varying stepsize converges to an e-optimal
point with a sample complexity of O(1/¢) under the PL condition. It is verified in Nguyen et al.|[2019] that the dependency
of the sample complexity of SGD on ¢ is optimal. For general gradient-dominated functions with « € [1, 2], [Fontaine et al.
[2021] obtain a sample complexity of O(e~*/**1) for SGD. Moreover, under the weak gradient dominance property with
o = 1, which is typically observed in reinforcement learning, it has been shown that stochastic policy gradient converges to
the global optimal solution with a sample complexity of @(6*3) [Yuan et al.| [2022].

B PROOF SKETCH

In this section, we give a sketch of the proof The proof of the variance reduction version is
similar.

We first analyze|Algorithm 1{and show that it can output a solution such that ||dx|| = O(N\+€) in O(log((1+||gk)/€s€eig))
where di, = x — 41 (Theorem 3.1)).

Then, we prove The key of the proof is to estimate the one-step progress of SHSODM (Cemma D.2).
[Cemma D.2]analyzes the progress of objective value

F(zx) = F(zri1) > O(|ldi|* — €), (10)
where ¢ is some small error cause by perturbation and randomness, and upper bounds of gradient norm ||gx+1]|,
lgesll < OUldill” + Aelldell + o). (11

Note that e may not be the same in[(I0)|and [(TT)} but we omit the constant and use € to represent small error. [(IT)| means
that if the step size ||dj|| is small, the current point is close to the optimal point. The line search (Algorithm 1)) guarantees
At = O(||dx|| + €) (Theorem 3.1)). Combine three equations, we get an estimation of gradient norm

lgrsall < O(ldrl® + e3) < O((F(ar) = Flar41))”? + e1).
Now, we use the gradient dominance property.
Flars) = F* < O(lgra[*) < O(F (@) — Flaps1))** + ¢) (12)
establishes a recursive relationship of the objective value. Let A, = F'(xy) — F™*, Ay satisfies
Apsr < Ca(Ag = Apgr)*/?, (13)

where C'a is a constant. analyzes the convergence rate of Ay, that satisfies [(I3)|for different cv. Combining these
results, we are able to obtain the desired conclusion.



C TECHNICAL RESULTS FOR THEOREM 3.1 ON THE ADAPTIVE SEARCH OF J;,

Before we delve into a discussion of we introduce some auxiliary lemmas on the two subroutines
and Since it is understood at iteration %, we omit subscript % for conciseness. Recall that

H g

Ao =z %

and
)\(5) - AmiIl(A((S))'

Lemma C.1. Suppose that A(S) and A\(§) are defined as above, then the following statements hold,

1. X\(9) is non-decreasing in 0 and 1-Lipschitz.
2. Let Apin(H) be the smallest eigenvalue of H.

lim A(d) = 400, 61im A(0) = = Amin (H).
——00

d——+o00
3. Let E) be the eigenspace of H corresponding to the eigenvalue ). If g is not orthogonal to E, that is,
Pspin(9) # 0,
then for any C > 0, there exist ¢, such that

Adc,) = Ce ||(H + A(be)D) g - (14)

Proof. (1) A(9) is a non-decreasing function of ¢ since
F(51) — F(52) >0, 61 > 09
Let 61 > 09, v be the smallest eigenvector of F'(ds).

(A1) = AB))[[v]]* < 0T (F(61) = F(82))v < (81 — 62) [o]|*.

(2) limgs— o0 A(§) = 400 since A(6) > 6. By Schur complement,

1
H+ MO — ———gqg" = 0.
+ A(6) o) 3% =
For any € > 0, and sufficiently small 4,
1
H - minH I— T .
+ (—Amin(H) +¢€) —)\min(H)—i—e—égg =0

Thus, Apin(H) < lims—— oo A(0) < Amin(H) + ¢, for any € > 0, which implies lims_, o A(d) = Amin(H ). Furthermore,
we can get

)\(6) S *Amin(H) + €, VCS S *M - )\min(H)~ (15)

€
(3) Let h(A) = X — C.||(H + XI)~'g||. Since g is not orthogonal to E,.. limy_,_ . () h(A) = —oo and
lim) 400 A(A) = +00. Obviously, by the monotonicity of A(d) and 2, there exist 6 € R satisfies the equation. O

The following result gives a uniform upper bound and lower bound of the solution of (14)

H|l2 < Cy. Then d¢, and Ao, = A(0¢,) insatisfy
l—xmmw) VR () s o o

2

Lemma C.2. Suppose that ||Ps,,.. (9)|| > €cig

Ac. €

e

b

and

€eig

C +\/C —&—ee,-
dc, € [_HQH( il ul g) —Cu,Cellgll +Cx + 1




Proof. Let h(\) = X\ — C.||[(H + A\I)"1g||, then h()) is nondecresing. If A > C¢||g|| + Cu + 1,
h(X) = A = Cel(H + M) gl = X = Cellgll /(A = Crr) > 0.

A 2 o
Thus, Ac, < C.|lg]| + Cy + 1. On the other hand, if A < Amin (H)+ 2/\“““( A =

() < A = Ceceig/ (A — Amin (H)) < 0.
Thus, Ac, > —minUDHV A D Nogice that

dc. < Mde,) < Cellgl + Cr + 1.

Amin (H H)+4e,;
Lete = (H)+ ‘“‘“( JHdes i |l we get

||g|| mln( ) )\iun( ) + 4€ei AV i
oc, = — ( g) — Amin(H) 2 — loll (Cr + Vi + ) —Cy.

€eig €eig

Proposition C.1. The output of|Algorithm 2|satisfies |P g, . (¢')|| = €eie and ||g’ — g|| < €eie-
g AX]]]]] g g

Proof. TP g,  (g) > €eig, output ¢’ = g and the two inequalities hold trivially. If P g, = (9) < €eig>
Amin g p q Amin g

g g+e P Exin (g)
NP sy, @I

Amin

We have [lg — /|| = o and [P 5, (9)]l = [P s, (9) (1 + |7><>|> | > e

min

C.0.1 Proof of [Theorem 3.1
Finally, we are ready to prove

Proof. If we compute a Sce such that

IA(dc.) = Aloc.)| < e,
then
I[(H + A(6c,)T) ]| *H (H + \(bc,)I gH < H( H 4+ Moe) )™t — (H + \oc,)) *1)gH
<e|c -+ aGe) D | 1 + AGe)D gl
B g |
(= Aumin () + /N2, () + 4eeig)2
Taking
Eéflsmin{lﬂ( Amin (H) + 4/ Abyin (H >+4€eig>2/(80||g”)}a
then (I6) guarantees
AGe.) = ABe,)| < as/2, C||[(H + AGe) D) gl| = || + Abe) D) 9| < /2
and

[h(dc, )I €is-

16)

By[Lemma C.1] A() is 1-Lipschitz continuous. By [Assumption 4.1} f(z, £) are Lipschitz continuous. Thus, the sample

O(log((1 + llgl))/eseeig))-

Hessian are bounded. Together with [Proposition C.I} the conditions in[Cemma C.2]are satisfied. tells us ¢,
lies in an interval of length O (1 + g||-se]g . Using bisection, we can compute a proper d¢, such that l) holds in



D PROOF OF SAMPLE COMPLEXITY RESULTS OF ALGORITHM

Lemma D.1. Suppose a non-negative sequence { A} satisfies
Api1 < Ca(Ag — Apy1)?/3,
where C. is a constant. For any € > (),

1. Ifa =3/2, Yk > O(loge), we have Ay, < e.
2. Ifa € (1,3/2), Vk > O (e273/2%), we have Ay, < e.
3. Ifa>3/2,Vk > O(logloge), we have Ay, < .

Proof. Let § = 2a/3.
(DIf =1, obviously Ay, converge to O linearly as

1
Agyr <

Ay,
—1+Ca k

If B # 1, let Dy = Ay/Cx/ ™) then ,
Dyt1 < (D — Di41)

Q) If B < 1,let h(z) = 21~ 1/5,
WDi1) = h(Dx) > (1/8 =)D, P (Dy — D)
> (1/8 = 1)(Dis1/Di) 7.
Case L. Dy < 1Dy This case will happen at most log(Dy/€) times.

CaseIL. Dy 1 > 1Dy h(Dyy1) — h(Dy) > (1/8 —1)/2/5. Thus,

- h(Do)
D > N, = log(D log2 + ———— 77 = ).
n < €,Yn > N, og(Do/e€)/log2 + (1/8 —1)/21/8 o (6 )

We obtain sublinear rate.

B3)If B > 1,let Ng = inf{n: D, < 1/2}. Thenforall n < Ny — 1,
1/2 < Dyy1 < (Dg — Dyya)”.
Thus Ny < 2'/8[Dgy] + 1. For all n > Np,

N — N,
Dny1 <DP<DS ",

0
Combine the two cases, we have
D, < e,¥n > N, = 2Y8[Dg] 4+ 1 + (loglog(1/€) — loglog2)/log 8 = O(loglog(1/e)).

we obtain superlinear rate. O

Lemma D.2. For|Algorithm 3| we have
, 6 , L o
Idell® < 7 (F (ex) = Floin) + e + € 4| Hi = Hell* + llow = 3el*) (a”

and
5Ly + 14

lgrs1]l < 6

L
ldil1* + €, + eeig + 195 — il + 511 — Hyl|*. (18)



Proof. Suppose that (ﬁk + A D)dy = g, where H, = NLH Zf\;’i Hyiy gx = Ni vaz"l gk 1s the estimation of Hessian
g
and gradient, and g}, is the perturbation of g. By [Proposition C.1} ||gx — §}.|| < €eig- Then we have,

1 L
F(rpp1) — F(2r) < —(gr, di) + idkTdek + ?HHdng

. 1 . L . 1 N
= — (G, di) + *dkTdek + i||dk||3 — {9k — > di) + *dkT(Hk — Hy)dy
2+LH

IA

Ak .
Sl + === lldxll* + llgn — g llldxll + flldkll 1y — Hy . (19)

By Young’s inequality,
- 2 YR 3 2 3 20 s 1 s
lge = gelllldell < Sllgr = gll™= + Sldell”, Ndrl "1 Hr — Hill < Slidell” + 51 Hx = Hll".

Thus,

2

6+LH 1 . 2 .
XL 4 Zeag?? 4 k= el + 2 g — a2

A
F(xpq1) — F(x) < _7k||dk||2

Thus, let C, = 2Latd) § |A1gorithm ll by |Theorem 3.1[, we have

2(Lyg +4
w2 e, 0
By Young’s inequality, ei||dx[|* < 2||di|* + 3€i.
Ly : €ls LH +2 €ls
s lldi]? =2 < el — 5l
LH+2 LH+4
< || + HdeI2 ——lldl?

2 2 .
<F (xk) - F($k+1) + gGeiga/2 + EHHk — Hil’ + 3llgr — arll*?,
where we use[(20)]in the second inequality and [(I9)]in the last inequality. We get
6 ~ .
Idell® < 7 (F (ex) = Floin) + e + 6 | Hi = Hell* + llow = el*") @

For gradient,

lgrs1ll < Nlgr+1 — g1 — Hidi|| + ||9x + Hidg||

< Ngir1 = gx — Hudell + e + Hidioll + llgr = gell + 1ge — gl + | 2 — Halllld|

LH+ . 1, 4
< i l|* + M lldie | + eeig + [l — Gill + S5k~ Hi?

2(Ly +4)
3

. R
ldil* + € + cig + 19 = Gill + 5| Hi — He|®

LH +1
< o lldel* +

< 7LH6—|— 19

N e
ldil* + erlide ]l + €eig + 19k = Gill + 51| Hi — Hiel?

where we have used A, < Z2ZE4||d; || + € in the fourth inequality. This completes the proof. O

D.1 PROOF OF THEOREM4.1]
Now we use the previous results to complete the proof regarding the convergence rate.

Theorem D.1. Suppose that F(x) satisfies the gradient dominance assumption with index ., |Assumption 4.1| The output of
with parameters €,;g, €15, €noise and K, satisfies the following statements,

S If a €[1,3/2), Flax) — F* < O (K755 + e, + 6 + 26, ) -



s If a=3/2 F(zg) — F* <O (exp(—K) + €5, + €2 + 25, ) -

eig
s If a€(3/2,2], F(zg)—F* <O (exp(exp(—K)) + €y + o + 26,%1-53) .

Proof. By the gradient dominance assumption and [(18)]

F (a"+1) = F* < Callgrsa |

7Ly +19 . . 1, - “
< Cua (TGN + & b+ = 4 + 50— Ll

Note that for any =,y > 0, we have
N e (0,1),
(z+y)" <
Thus, (x +y)" = O (2" +y") and
* ~ ~ 1, -~
F ) = P <0 (el 4 b e+ o = gl + A~ el )
k k1 3/2 , 3 2E o py2) 23
<O (F (%) = F (") + €™ + e+ | Hi = il + llgx = ]2)
. . 1, - o
0 (@ 4y - Gl + 511~ )
20/3 - R
= O ((F(a%) = F (&)™ 4 e + 2+ | Hi = Hel™ + llgw = 301
where we have used in the inequality. Take expectation, we get
a/2

E[F (a*1) = F7] <O (B[F (o) = F (2"41)])*"" + e, + € + (B g — 3x)%])

+E (17 - Hel*])

(22)

Suppose we take Ny = O (e;)ilse) ,Ng=0 (er;fse), by Lemma 3 in|Masiha et al.| [2022] and [Assumption 4.2}

E gk — nl1%] < eses E [k = Hill?] < e

noise? noise’

Let Ay = E[F (z)] — F* — (egg + e + Zeﬁ‘oise> , there exist C'a such that

Apt1 < Ca(Ag — Apg1)?/3,
Applying we obtain the result. O

Proof of [Theorem 4.1] Finally, we prove the sample complexity result in For a given tolerance e, let e, =
O (%) a5 = O (61/2’1)  Enoise = O (el/o‘) in [Theorem D.1| We need O (¢2/®) samples in each iteration. Thus, by

we have the following sample complexity results.

For time complexity, note that in each iteration, by|Theorem 3.1| we need O (log((1+||g||)/€is€eig)) step in{Algorithm 1| From
|(18)|andrTheorem D.ll, we know E||gx|| < O(e!/* + K533 ). Therefore, E[O(log((1 + llgll)/eseeig))] < O(log(1/e)) .

Q Expected Time Complexity Sample Complexity
a€[1,3/2) O (log(1/e)e~T/(a)+3/%) O (e77/CoH)
a=3/2 O (log”(1/e)e~2/a~1/4) O (log(1/e)e=?/*)

a € (3/2,2] O (log(1/€)loglog(1/e)e=2/=1/1) O (loglog(1/e)e=2/<)




D.2  PROOF OF COROLLARY [4.1]
If F only satisfies the weak gradient dominance property (2.1), notice that[Lemma D.2]still holds. Following the proof of
[Theorem D.I} we can get a variant of [22)]

E[F (a*) = F7] <O (B[F (a*) = F («"41)])*" + e, + € + (B g — 31)%])

a/2 A
B[~ Hel*] + euse)

Let A}, = F (z) — F* — (egg + 2% 4 262+ Gweak) , there exist C'y such that

fir S OA(B) — B
Applying[Cemma D.I] we get the result.
E PROOF OF SAMPLE COMPLEXITY RESULTS OF ALGORITHM E|

In this section, we strengthen the sample complexity result using variance reduction techniques. (22) implies that the the

estimation error E[||gx — gx||?] and E[|| Hy — H||2%] directly influence the convergence rate. We need to use the sample
more cleverly to increase sample complexity. By|Assumption 4.1} we have | Hy, — Hy|| < Cy = 2L, we have,
12 2a T2 /2 a o 2]
E (I8, — Bel*] < CHE | Hy - Hil?/Cn?] < CRE [I1Hx - B2

Thus, the noise error caused by Hessian estimation is of the same order as gradient estimation and we only need to analyze
the impact of applying variance reduction techniques to the gradient. A similar analysis applies to Hessian too.

We mainly use the variance reduction technique from [Fang et al.| [2018]]. Recall that we use gradient estimation in
Alo 4]

. Vs, F(zi), k mod Ko =0,
e =
vSkF(fL‘k) - VSkF(kal) 4+ vg_1, k mod K¢ #0,
where Vg, F(z)) = ﬁ lksz"l‘ VF(zy,&). Let
e VSkF(xk) —F($k), k mod Kc 20,
k =
VSkF(xk) — vSkF(JCk_l) - (F(Ik) - F(J}k_l)), k mod Kc 7& 0,
we have error decomposition F(xg) — v = Zf:w JKe|Ke €i- We define the sigma field Fp =
o(xg, -+ ,xg,e1, -+ ,ex—_1). The following Lemma analyzes the error ey.

Lemma E.1. AL
E [[lexl?Fx] < ngHd’“H2’ kmod K¢ # 0
39

where dj, = x), — xp_1.

Proof. We have

Nk,g 2

* Z VF(xy,&) — VF(xp—1,&) — (F(ag) — F(ag-1))

E [llex | ] -
9 =1

E

= LR VP@wn &) - VP, &) — (Flan) — Flae1)|]

Nk,g

an [IVF (20, 60) — VP, &0)]17] + nQ]E (17 k) = Flp-1)?]

N

N

4L 4L
—L |z — ap—a ] = =2 di?.
Nk,g .9



Proof of [Theorem 4.2} Using we can estimate the variance of the gradient estimation,

2

k k
E[[|[VF(zx) - v|?] = E dooell = > Eflel?]
i=|k/Kc|Kc i=|k/Kc|Kc

2 k

12
? + AL, Y OE |:||dz|| ]

n n
UC/KCJKC-,Q i:Lk/KCJKC‘f‘l k,g

N

For o € [1,3/2), if we take

e (k4/(32) k mod K¢ =0,
59700 (lde P Ko ([k/Ke | Ko) 20)) & mod Ko # 0,

we have E [|| F(zy) — vk||2]0‘/2 < O (1/kY/3/(22)=1)) "Follow the proof of [Theorem D.1| we can get I (zFX¢) — F* =

O ((ch)—Qa/(?)—Qa))‘
Next, we estimate the expected sample complexity. By we have,

kKc—1 kKc—1 6 , 4 A 2/3
> ldlP< Y (LF (%) = F (&) + ee™® + €+ | Hi = Hil|* + lgi = gz-n?’/?)
i=(h—1)Ke i=(h—1)Ke NH
kKc—1
<O|E| Y (F(')~F @) +eag + & + | H: — HL + g — i
i=(k—1)Kc

<0 (Ké/?) (F (x(kfl)Kc> _F (kac))2/3 . KC(kKC)Q/(SZa))

-0 (Ké/?’. (kK o)~ 4e/(0-62) | Kc(ch)’Q/(S’Qa)) 7

where we use F (2"K¢) — F* = O ((kK¢)72%/(3722)) by We get

KN —4da
E Z i ZO(K01/3(KC]§)W)_
i=(k—1)Kc
Thus,
K [K/Kc [K/Kc] 1/(3—20)
= 5a 4/3 (kK¢)
E l; Nkg| = O ; (ch)3 2o + Ko ]; (ch)4a/(3(3—204))

-0 (K1+4/(3—2a)/KC + Kc1/3K1+(12_4a)/(3(3—2a))) .

Take Ko = O(K), use O(K) = O (e!73/(9)) | we get the result. We need O (€' ~3/(2%)) iteration to reach e-approximate
point. The expected sample complexity is O (K*4/20)) = O (e=%/*).

O

F A BRIEF INTRODUCTION OF REINFORCEMENT LEARNING

A MDP M is specified by tuple (S, A, P,r, v, p), where S is the state space; A is the action space; P : § x A — A(S)
is the transition function with A(S) the space of probability distribution over S, and P(s’ | s, a) denotes the probability
of transitioning into state s’ upon taking action « in state s; r : S x A > [0, 1] is the reward function, and (s, a) is the
immediate reward associated with taking action a in state s; v € (0, 1) is the discount factor; p € A(S) is the initial state
distribution. At k-th step, the agent is at state s and pick one action from the action space aj, € A. Then, the environment
gives reward 7, to the agent and transit to the next state si1 with probability P(sxy1|sk, ax).



The parametric policy 7y is a probability distribution over S x A with parameter § € R?, and 7y(a | s) denotes the
probability of taking action « at a given state s. For example, one may consider the sofemax policy, given by

exp (6s,q)
Za/GA €xXp (gs,a’)

m(a | s) =

where the parameter space is § € RISl Let 7 = {s;, a;},,, be the trajectory generated by the policy 7y, and p(7 | )
be the probability of the trajectory T being sampled from 7g. Then, we have

p(7 [ 79) = p(s0) [ [ 7o (ar | s0) P (seqa | s1,a1),
t=0

and the expected return of 7y is
J (779) = ETNp(»|7r9) [Z ’ytr (Sh at)‘| .
t=0

Assume that 7y is differentiable with respect to 6, and denote J(6) = J(my) for simplicity. The goal of reinforcement
learning is to find
0" = arg max J(0).

However, J(#) is differentiable but non-concave in general, leading to the difficulty to find the global optimal solution. With
two common assumptions, including non-degenerate Fisher matrix [Agarwal et al.||[2021] [Yuan et al.,[2022] and transferred
compatible function approximation error [Agarwal et al.|[2021]], one can prove that

J*—=J(0) < T||VJO)|| + €

where J* := max J(#). Hence, J(#) satisfies the weak gradient dominance property with o = 1, as well as|Assumption 4.1
and WEe list the two assumptions here for self-completeness, and the proof can be found in [Masiha et al.
2022, [Yuan et al., 2022]].

Assumption F.1 (Fisher-non-degenerate.). For all § € RY, there exists up > 0 such that the Fisher information matrix
F,(0) induced by policy mg and initial distribution p satisfies

Fp(0) = E(g o) [Vologmg(a|s)Velogm(a | s)"] = prlaxa,

where v7° (s, a) := (1 = 7)Egynp D12 o VP (st = 5,01 = a | 50,7g) is the state-action visitation measure.

Assumption F.2 (Transferred compatible function approximation error). For all 6 € RY, there exists €piqs > 0 such that the
transferred compatible function approximation error with (s, a) ~ vp®" satisfies

E {(A’”’(&a) — (1 =y)uTVylogmy(a | s))Q} < €pias »

*

where v°" is the state-action distribution induced by an optimal policy, and u* = (F,)(H))Jr VJ(0).

We remark that Masiha et al.| [[2022] also uses this reinforcement learning setting to study the performance of SCRN for the
gradient-dominated function with a = 1, which shows that our numerical experiment’s setting is standard. Practically, we
cannot compute J(6) due to the infinite horizon length. Hence, we resort to truncated trajectories with the horizon length H,
and focus on

H—-1
max Ji(0) = Erpim) lz VT (S“at)] .

t=0

We seek for the stationary point é, that is,
VI (0)] <e.

Note that

VI (0) = Erp(in)

H—1
Z Uy, (7)V log g (ay, | Sh)]
h=0
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Figure 3: The z-axis and y-axis represent respectively system probes and the average return. The solid curves depict the
mean values of five independent simulations, while the shaded areas correspond to the standard deviation.

where U, (1) = Zf: ;1 77 (s¢, ar). In practice, we can not compute the full gradient because of the failure to average over
all possible trajectories 7. Thus, we construct an empirical estimate by sampling different trajectories. Suppose that we

sample 1 trajectories 7' = {s},af}, <<y 1 <1 < m.Then the resulting unbiased gradient estimator is
1 m H-—1
VJg(0) = — Z Wy, (') Vieg g (aj, | s3,)
i=1 h=0

The vanilla policy gradient (VPG) updates 6 by 6 < 0 + 1V.J (0), where > 0 is the step size.

When considering the second-order information, we have
V2J1(0) = Erop(.m) [vq>(9; Viogp (1 | m9)T + V20(6; T)]

where ®(6;7) = Y30 4 A (se, ar) log e (an | s1). As a result, for trajectories 7/ = { s, ai}tzo ,1<i<m,we

have the following unbiased estimator of Hessian matrix V2 Jy (6),

. 1 < . , ,
V2Ju(0) = — Z vV (0;7") Vlegp (7* | 7T9)T + V2 (0;7")

i=1

With V.J5 () and V2.5 (6) in hand, we can use our stochastic HSODM to find 6.

G ADDITIONAL EXPERIMENTS

In this section, we further compare the performance of SHSODM with PPO in several RL tasks. For clean demonstration,
we only include TRPO as another benchmark. When running PPO, we let its key parameter 1c_clip_range be
{0.1,0.2,0.4,0.6, 0.8}, and plot the one with the best performance on average return. It is clear that our SHSODM even has
better final performance than PPO, although it grows slower than PPO at the initial stage. One of the possible explanations is
our SHSODM uses the second-order information of the objective function. While PPO and TRPO both use the second-order
information of the constraint (TRPO involves the constraint that the consecutive two policies should not be far away from
each other, and PPO penalizes this constraint in the objective function). The information of objective function maybe more
useful and can induce better policies.

When comparing the time spent on calculating the update direction, we include TRPO as a benchmark, the variant of PPO.
The reason is that PPO uses the first-order optimizer, while TRPO can be seen as a “second-order”” method. It can be seen
that our SHSODM updates faster than TRPO over the 2 tested environments and is consistently better than SCRN.
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Figure 4: The xz-axis represents three different tested environments, including HalfCheetah-v2, Hopper-v2, and
Walker2d-v2. The y-axis presents the total time required to obtain the update direction in 10® epochs.
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