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ABSTRACT

Associative Memory (AM) systems reliably retrieve data points by establishing
distinct basins of attraction around them. While historically reliant on explicit
and well-defined energy functions, as in Hopfield networks, stable attractors can
also be formed via conditional likelihood maximization without the need for such
functions. Using this aspect, we demonstrate that Uniform-based Discrete Diffu-
sion Models (UDDMs) behave similarly to AMs via their utilization of conditional
likelihood dynamics for sampling and training. By evaluating token recovery, we
identify a memorization-to-generalization phase transition governed by training
dataset size. With a small amount of training data, UDDMs exhibit a near-perfect
memorization, characterized by vanishing conditional entropy. However, as the
size of the training set increases, unseen test examples become stable attractors of
the system and can be effectively denoised. This behavior highlights an emergent
capability, marking the shift to generalization.

1 INTRODUCTION

To function as an Associative Memory (AM), a system must reliably retrieve stored data points
by establishing distinct basins of attraction around them (Gardner, 1988). Historically, this has
been accomplished through the usage of explicit and well-defined energy functions, as seen in the
Hopfield networks (Amari, 1972; Hopfield, 1982). Recently, modern versions of these models,
Dense Associative Memories (DenseAMs) (Krotov & Hopfield, 2016; 2018; Krotov, 2023), have
sparked a scientific resurgence, bridging AM theory with Transformers (Ramsauer et al., 2021;
Krotov & Hopfield, 2021; Hoover et al., 2023a; Dehmamy et al., 2025; Bacvanski et al., 2025), and
even continuous diffusion models (DMs) (Hoover et al., 2023b; Ambrogioni, 2024; Pham et al.,
2025). But, this reliance on explicit and well-defined energy functions is not strictly necessary to
guarantee attractor dynamics. As shown by D’ Amico et al. (2025), Hopfield networks can maintain
their AM characteristics and even retrieve unseen patterns by utilizing pseudo-likelihood (Besag,
1974) as their objective function.

In recent times, continuous DMs (Sohl-Dickstein et al., 2015) have set new standards for image and
video generation (Ho et al., 2020; Song & Ermon, 2019; Song et al., 2021; Rombach et al., 2022).
However, their mechanics in the discrete domain (particularly for language modeling) remain poorly
investigated. This gap of understanding is critical because DMs often face growing scrutiny regard-
ing their tendency to replicate training data (Somepalli et al., 2023a;b; Carlini et al., 2023; Webster,
2023), raising fundamental questions about the interplay between memorization and generalization.
Although recent studies have investigated these phenomena, they predominantly focus on the con-
tinuous image domain (Yoon et al., 2023; Kadkhodaie et al., 2023; Biroli et al., 2024; Kamb &
Ganguli, 2024; Achilli et al., 2024). This leaves a significant disconnect between the understanding
of memorization and generalization, and the rapidly advancing field of text generation.

In this work, we bridge this gap by establishing that Uniform-based Discrete Diffusion Models (UD-
DMs) (Austin et al., 2021; Campbell et al., 2024; Gat et al., 2024; Sahoo et al., 2025) fundamentally
function as AM systems via conditional likelihood dynamics. Inspired by Pham et al. (2025), which
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Figure 1: UDDMs have memorization and generalization phases analogous to AMs. Top row: illustration
of the average corrupt token recovery rate (%) as the fraction of the training dataset increases (with different
model sizes), comparing the model’s ability to recover tokens from the training set (solid lines) versus unseen
samples from the test set (dashed lines) across different timesteps. This visualization captures the memoriza-
tion to generalization transition, where high recovery on training data drops as the dataset size grows while
the recovery rate for test samples increases. Crucially, the recovery rates for both training and test samples
converge to the same rate as the training dataset size increases. Bottom row: histograms showing the density of
recovered and unrecovered tokens and their respective token-level conditional entropy computed at t = 0.25
and using Eq. (12) and three different-size models trained with the full dataset. Here, successfully recovered
tokens generally cluster around near-zero entropy, whereas unrecovered tokens are distributed across higher
entropy values.

characterized the memorization-generalization transition of continuous DMs from the AM perspec-
tive, we also demonstrate that UDDMs undergo a phase transition governed by the training dataset
size. Specifically, as the training dataset size increases, the model transitions from a memorization
regime, characterized by vanishing conditional token entropy, to a generalization regime where a
significant entropy gap emerges and drives the synthesis of novel and diverse text patterns. We also
observe a fascinating trend: the token recovery rate for unseen test sequences increases (while that
of training sequences decreases) alongside the increasing training dataset size before stabilizing to
a particular rate. This convergence of token recovery rates signifies the generalization in UDDMs,
where unseen test samples have become attractors to these systems.

2 PRELIMINARY

Consider a clean token x € V drawn from the data distribution gg,, With the vocabulary V = {x €

{0,1} % : Zfil x; = 1}. In the DDM framework, qqar, is mapped into a simple distribution through
a sequence of Markov states via a forward process that is somewhat akin to the continuous diffusion
framework (Austin et al., 2021; Sahoo et al., 2024; 2025):

7 ~ q(2¢|x; 00) = Cat(ze; aux + (1 — ay) ), (1)

where ™ € A, Cat(-) denotes categorical distribution, and A denotes K -simplex. Here, z; denotes
the perturbed token at a time ¢ € (0, 1], where zg = x. The diffusion parameter oy € [0, 1] is a
strictly decreasing ¢-dependent function with the boundary conditions: a;—¢ ~ 1 and az—1 =~ 0.

In UDDM, as shown by Austin et al. (2021) and Campbell et al. (2024), the true reverse posterior of
a previous timestep s < ¢ corresponding to the forward process (1) is

Koyzy Ox+ (ags — o)z (o — ag)x+ (1 — )
Koz, x) + (1 — ay) Koz, x) + (1 — ay)

Zg ~ qs|t(zs|ztax) = Cat Zg,

» @

ﬁ\t(zslzt) = qs|¢(2s|2¢, X = Xg(2¢, 1)), where the

diffusion parameter is Qs = % Here, (-, -) denotes the dot product , ® denotes Hadamard product,

and we have a uniform prior over V(7 = 1/K) (Sahoo et al., 2024; 2025). Following Eq. (2), we
train a neural network x4(z;,t) & x to predict the clean token x at any time ¢ and optimize it via

which defines the approximate reverse posterior p
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the Negative Evidence Lower Bound (NELBO) objective (Austin et al., 2021; Sahoo et al., 2024):

T
Eq|—log pg(x|zo) + ZDKL [q(ZSIZt,X) \|P9(Zs|Zt)H + DxL [Q(ZT|X) ||p0(ZT)]- 3)

s<t

Erecomlruclion £prim‘

L dgiffusion

The form of UDDMs we used is based on Sahoo et al. (2025). Please see Appx. (C) for more details.

3 ASSOCIATIVE MEMORIES FROM CONDITIONAL SAMPLING

To establish a connection between AMs and UDDMs, we rely on the core assumption (Austin et al.,
2021; Hoogeboom et al., 2021; Lou et al., 2024; Sahoo et al., 2024): the denoising process of a
sequence z'*" of length L factorizes for each token ze as

Pzt | 2" stit (z¢ | 21"), )

where 1/Jg\ , denotes the conditional probability

fo(zh | 21) = Cat(z%; softmaxy [B(t) ff(z1")]), (5)

f&(-) are the logits produced from a Diffusion Transformer backbone (Peebles & Xie, 2023) and
the softmax is applied over K categories, which produces a probability distribution per position
¢. Here (B(t) is a time-dependent inverse temperature, dependent on the diffusion variable «/(¢),
typically increasing as ¢ — 0. These conditional probabilities enter the cross-entropy terms of
NELBO (3) and are also used in practice during the denoising process. This reliance on cross-
entropy consequently provides a connection to AMs, since it produces basins of attraction around
the training data points in the dynamics of conditional sampling (D’ Amico et al., 2025).

To elaborate, consider a Hopfield network of L binary neurons s¢ € {£1} with a non-symmetric
coupling matrix W € R *% where its diagonal entries are zero, we have the following determin-

istic update rule:

L

s, = sgn< Z wen ST+1>» (6)
m=1

where we assume the dynamics run backward similarly to UDDMs, while 7 denotes a discrete time.

It is useful to move from the deterministic update (6) to conditional sampling by reinterpreting it as

selecting the most probable state via arg max of the conditional distribution (between position ¢ and

its neighborhood or 1 ... L positions in the spin vector excluding ¢ @y,

exp( fz( 'r+1))
2 cosh (fz( 7‘+1)> 7

where fi(skl) = B Zﬁ@:l W g™ | with a fixed inverse temperature 3 2. For binary vari-
ables, Eq. (7) yields a logistic form. But, for generic categorical variables, f;(s) are logits inside
softmax(-) like that of Eq. (5). Here, the couplings W induced by conditional likelihood do not
need to be symmetric like classical AM (D’ Amico et al., 2025), and therefore no explicit global en-
ergy function is required. The existence of attractor-like behavior follows directly from the structure
of the conditional probabilities.

)

1/JT|.,.+1(S£ | S}-:fliwé) =

Specifically, given a set of P examples & € {£1}7*L where x € = is a sequence of L spins. We
can train a model by minimizing the following objective based on pseudo-likelihood (Besag, 1974):

- = Z logHW X W = - Z Z[ L) log2cosh(f“<x1:L>)]

xe_ xE_.él
®)

DSince the diagonal entries of our coupling matrix W are zeroed, position ¢ does not attend to itself.
PEq. (7) is obtained via the relationship p(s‘|s) o exp(—E(s’|s)), where the energy function is E(s’|s) =
—Bs" 32y WS™ = — s [ (s).
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Figure 2: Memorization and generalization phases of UDDMs can be identified by conditional entropy.
Top row illustrates the trajectory of the average conditional entropy throughout the reverse process for different
model sizes (denoted by each column). The horizontal axis represents time (t), starting from the noisy state to
the clean state at t ~ 0, while the vertical axis tracks the conditional entropy. The various curves are color-
coded to represent models trained with various fractions of the training set, ranging from smaller fractions (in
purple) to larger fractions (in red). A significant feature highlighted in the graph is that the entropy levels of
models trained on different fractions of the training set diverge as ¢ — 0, indicating how the training dataset
size influences the model’s uncertainty. Bottom row depicts the average conditional entropy for both training
and synthetic data as the fraction of the training dataset increases, highlighting the existence of an entropy gap
between the training data and synthetic samples. As the training set size increases, the average conditional
entropy stabilizes to a certain value. Crucially, as the model’s size increases, that certain entropy value also
decreases at high training set sizes. The initial noisy entropy trend of the medium-sized model is also observed
in the perplexity scores Fig. (11) computed from GPT-2 Large (Radford et al., 2019) in Appx. (E).

If we derive the loss (8) with respect to the coupling matrix W,

dL(W) 1 tm £(x1 L)) x™
Twen X 2 XX tanh(f X" ©)
X € 2 LHebbian Margin

we can observe two gradient terms, involving the typical Hebbian rule used in (Hopfield, 1982)
and another which modifies the classification margin M (x’) = x‘f*(x'**) around those points.
Furthermore, if we factor out the Hebbian term in Eq. (9), we can see a penalty term which penalizes
points with a small margin:

AW o xbx™ [1 - tanh(M(xZ))] (10)

M e——_ ——

Hebbian ~9e—2M (x0)
With just Hebbian learning, it is not sufficient to find an optimal coupling matrix W* in Eq. (6) to
build an AM system — where Vx € =Z is a fixed point to the system — as it does not imply that there
are finite basins of attraction around these examples. To create such basins, a stronger condition is
needed to be enforced for the deterministic update (6). Also, as shown by Soudry et al. (2018) and
Montanari et al. (2024), training a Perceptron with the cross-entropy loss in the separable regime
implicitly solves Eq. (6) with a classification margin, capable of creating large basins of attraction
around the training examples x* € =.

Overall, the intuition is that the cross-entropy terms in the NELBO (3), used to train UDDMs,
enforce correct classification with margin. Albeit, the pseudo-likelihood objective (8) is more related
to the term Lyeconstruction 10 Eq. (3), since AM systems rely on a fixed temperature value rather than
annealing the temperature during its dynamics. Thus, the reverse diffusion process can be interpreted
as a stochastic AM retrieval dynamics for categorical variables, similarly in the continuous setting
(Ambrogioni, 2024; Pham et al., 2025). Please see Appx. (A) for more mathematical details.

4 MEMORIZATION TO GENERALIZATION

To test aspects of AM within UDDMs, we quantitatively analyze their transition from memorization
to generalization on the LM1B dataset (Chelba et al., 2013), via two key metrics as a function of
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the training data size: token recovery rate and conditional entropy. These metrics serve as proxies
for the stability of the attractors and the geometry of the energy landscape, respectively. For more
details and results, please refer to Appx. (B).

Corrupt Token Recovery. We define the corrupt token recovery rate as the accuracy with which
the model recovers the corrupted tokens of a target sequence of length L after applying the reverse
process on a noisy sequence defined at a time ¢ € (0 1]:

R(xVE &bty = M Z S(x,%7), (11)
| |j€M

where x!¥ is the original sequence, %L is the recovered sequence after running the denoising

process, M = {j : 6(x?,z]) = 0} is the set of indices in the target sequence denoting positions
where tokens have been changed after applying the forward process (1), and 4(-,-) denotes the
Kronecker delta function. This metric (11) focuses the correlation between the model’s attractors
and training and test examples. High recovery on just training examples indicates memorization,
while a finite recovery rate on both training and unseen test examples suggests generalization. The
results are shown in Fig. (1).

Here, we observe that as the training data size increases, the model’s ability to recover corrupted
training tokens diminishes, and stabilizes at a specific rate for different levels of corruption based on
t. For example, at ¢ = 1, the recovery rate approaches zero, while at t = 0.25, the model can recover
roughly 50% of the corrupted tokens. Interestingly, for a larger model size, we observe that the drop
in recovery rate occurs at a later stage (i.e., at a larger training data size), indicating a delay in the
model’s memorization to generalization transition. Refer to Appx. (E) for text recovery examples.

Conditional Entropy. While the corrupt recovery rate indicates whether the system returns to an
attractor, it does not provide any information about the basins of attraction. Unlike continuous DMs,
UDDMs provide direct access to the conditional likelihood, allowing us to probe the geometry of
the energy landscape as the training data size grows. Specifically, the conditional entropy of a token
x’ in a sequence given its associated perturbation z{ at some time ¢ is defined as:

H(x" | z;) = Z po(x | 2;)], - log [pe(x" | 2¢)], Z 6(z;,1)], - log [x4(z;,1)] -
k=1 k=1

(12)
In AM, the sharpness of the basin dictates retrieval dynamics (Krotov & Hopfield, 2016; Krotov,
2023; Krotov et al., 2025). Here, low entropy implies deterministic transitions into attractors (mem-
orization), while high entropy signals a flatter landscape with distributed probability mass (Biroli
et al., 2024; Pham et al., 2025). As we observe in Fig. (2), the reverse process of UDDMs intrin-
sically decreases the conditional entropy as ¢ — 0. Meanwhile, we also observe that successful
token recovery is characterized by near-zero conditional entropy in the histograms of Fig. (1). In
contrast, increasing the training dataset size prevents this entropy collapse and introduces an entropy
gap between the model’s generated and training samples shown in Fig. (2). Notably, a surprising
fraction of low-entropy tokens persists even in the generalization phase, see bottom row of Fig. (1).
Please see Appx. (E) for additional results and (D) for our discussion on conditional entropy and
energy curvature.

5 CONCLUSION

From the AM perspective, UDDMs function by attempting to recall stored patterns given corrupted
inputs through conditional sampling, where the failures of token recovery lead to the creation of
novel patterns. Specifically, this framework reveals that a UDDM’s generative behavior is best char-
acterized by its token recovery rate on perturbed training and unseen test examples, allowing us to
not rely on typical metrics that focus on sample quality, like those in continuous DMs. Crucially, the
memorization to generalization transition remains detectable via the conditional entropy of the to-
ken probabilities and token recovery rate, even without access to reference samples, as low entropy
signals successful retrieval of a token while high entropy indicates generalization (the failure of
perturbed token recovery). This relationship highlights a possibility of diminishing returns in train-
ing beyond the generalization transition and reveals that even in the generative regime, token-level
entropy remains diverse.
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A ADDITIONAL DETAILS ON PSEUDO-LIKELIHOOD AND CLASSIFICATION
MARGIN

To begin, it is important to note that the dynamics in AMs are entirely deterministic in contrast to
the stochastic dynamics in UDDMs. Using the conditional probability (7) defined in Sec. (3), we
want to sample the next probable state following the deterministic update (6):

st =arg max Vrirt1 (sﬁ | si:fl;Wg). (13)
S

Although the dynamics between these two systems are different, the fact that UDDMs rely on cross-
entropy in NELBO (3) to learn their neural network — highlights the existence of classification
margin which enables basins of attraction around training data points, and even unseen test samples,
as shown by our token recovery rate results in Fig. (1).

To further elaborate on the changing margin during the gradient descent of Eq. (9), we can define
the local classification margin of x¢ as M (x%) = x* f¢(x"F), where x’ € {£1} is a spin and

L
fe(Xl:L) _ B Z me Xm/, (14)
m=1

where we omit the time subscripts for conciseness. Using the relationship tanh(f(x’)) =
tanh(x‘M (x%)), we can factor out the Hebbian term in Eq. (9):

AW o xfx™ [1 - tanh(M(xé))} (15)
Vo ee———
Hebbian Penalty

where tanh(x‘M (x%)) = x* tanh(M (x*)) since x* is simply a sign flip. We can observe the gra-
dient penalty 1 — tanh(M (x%)) ~ 2¢=2M () decays exponentially for correctly classified patterns
with wide margins. Consequently, based on this fact, the pseudo-likelihood objective (8) suppresses
updates for the stored data points and concentrates learning on patterns with the smallest margins
as the weight magnitudes diverge in the separable regime (D’ Amico et al., 2025), indicating that
the learned model stores its data points with the possible maximum margin for each point. Hence,
the observations made from Eq. (9) are very essential to linking AMs and UDDMs via conditional
dynamics.

As mentioned prior, it is not sufficient to find an optimal coupling matrix W* in Eq. (6) to build
an AM system, because W* does not imply that there are finite basins of attraction around these
examples. To create such basins, a stronger condition is needed to be enforced for the deterministic
update (6):

L
xezsgn(zwzmxm—l—ﬁ>, V=1,...,L (16)
m=1

so that a classification margin k € R™ ensures that each fixed point is robust to a finite amount
of variable flips from the deterministic update rule (Gardner, 1988; Forrest, 1988; Benedetti et al.,
2022). Here, larger the x implies larger basins. Given the load v = P/L, there exists a maximum
margin Kmax (7). As shown by Soudry et al. (2018) and Montanari et al. (2024), training a Perceptron
with the cross-entropy loss in the separable regime implicitly solves Eq. (16) with k = Kmax(7),
creating large basins of attraction around the training examples x* € E.

B ADDITIONAL DETAILS ON MEMORIZATION TO GENERALIZATION

Setup. For our experiments, showcased in Sec. (4), we trained two sets of UDDMs, labeled as tiny
and small, utilizing the code base and approach of Sahoo et al. (2025). For more details on this
variant of UDDMs, please refer to the discussion in Appx. (C) below. Meanwhile, the backbone
of our trained UDDMs is the diffusion transformer architecture from Peebles & Xie (2023). The
configurations of our tiny, small, and medium models are described in Tab. (1).

Meanwhile, there are a total of 180 models, or 50 models for each of the two sets (i.e., tiny and small
sets), we have trained. All models are trained up to 1 million training iterations following Sahoo

10
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Table 1: A table showing hyperparameters of the tiny and small UDDMs.

Model Type

Hyperparameters Tiny Small Medium
Hidden Size 256 768 1024
Conditioning Size 128 128 128
Length 128 128 128
Num. of Blocks 8 12 24
Num. of Heads 8 12 16
Scale by Sigma! True True True
Dropout 0.1 0.1 0.1

! Note: scale by sigma indicates that the model takes the inverse temperature or the appropriate diffusion
scheduling parameter at time ¢ instead of the typical approach of conditioning on .

et al. (2025). For the selection of the fraction of the training dataset sizes, we initially start with
the fraction n = 0.01 and increment it by An = 0.03 all the way to the full dataset. However, to
further magnify the memorization phase, we train more points using linearly spacing (of 17 points,
inclusively) starting at 10~ to 10~2. Lastly, our models are trained on the LM1B dataset (Chelba
et al., 2013), where our model handles the block size (or sequence length) of 128, and all of them
are initialized from the same random seed.

Corrupt Token Recovery. To obtain the results in the top row of Fig. (1), we utilized our trained
models, from the tiny and small sets, compute the analysis of randomly chosen 5000 samples be-
longing to their respective training set (in accordance with their fraction of training dataset size) and
the unseen test set. Here, we perform the perturbation using the forward process (20) at time ¢ and
run the reverse process (2) starting at that time ¢ back to a small time ¢ = 10~°. Then, to measure
our recovery rate, we applied Eq. (11) from the main text, which measures the rate of perturbed
tokens being recovered.

Conditional Entropy. Similarly, in the bottom row of Fig. (1), we identified which tokens in a
sequence is recovered and those have failed to be recovered, and then compute the conditional
entropy of each class of tokens using Eq. (12) in the main text. For this result, we do not average the
conditional entropy. However, in the case of results in top panel of Fig. (2), we measured the average
conditional entropy of 5000 training samples (which is also averaged over the sequence length) of
the reverse process starting from ¢ = 1 to e = 10~°. Similarly, perturbation is first applied and the
reverse process is performed afterwards.

Finally, we are interested the effects of training examples and generated samples from our models:
whether if there are differences in their conditional entropy. For the results in the bottom panel
of Fig. (2), we generated a synthetic set of 100000 samples for each of the trained models and
performed our analyses (also, with at most 100000 training sequences). See Figs. (6)-(8) for the
full histograms of conditional entropy on training versus generated samples, and Figs. (3)-(5) for
conditional entropy histograms of unrecovered versus recovered tokens shown in Fig. (1).

Hardware. The training of the UDDMs are done using NVIDIA Tesla V100 GPUs. Each GPU has
32GB of memory and is linked with Power9 processors, clocking at 3.15 GHz maximum. For each
model, we used 4 GPUs and an effective total batch size of 512 samples. For each GPU, the local
batch size is set as 64, requiring 2 gradient accumulation steps.

C UNIFORM-STATE DISCRETE DIFFUSION AND DUALITY WITH GAUSSIAN

Duality of Uniform and Gaussian. In continuous diffusion modeling, we typically rely on the
diffusion mapping of a data distribution gqq., to a simple prior distribution that is often the standard
Gaussian distribution A(0, I ). The marginal distribution of the noisy latent variable w; ~ §;(-|x)
at time ¢ is defined as:

Wi~ G (Welx; ) = N(wys dux, (1 — a7) k), a7

11
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where &; € [0, 1] is the diffusion parameter that is a monotonically decreasing function in ¢. The
boundary conditions are Gi—g & qgaa and Gz—1 = N (0, Ig).

However, as shown in Sahoo et al. (2025), there exists a connection between the Gaussian and
Uniform diffusion processes for the discrete setting. Specifically, we can utilize the operator,

argmax : RX — V), to map a continuous vector w € R¥ to the one-hot vector corresponding

to arg max(w) = argmax z ' w.

z€eV

Then, we can define the discrete marginals to be z; = arg max(w;) and the conditional probability
mass function p;(z;|x) marginalized over w; ~ §;(W¢|x; &) such that
1

Zy ~ Pt (Zt‘X; T(dt)) = Cat(Zt; T(dt)x + (1 — T(dt))K), (18)

where 7 : [0, 1] — [0, 1] is the Gaussian Diffusion Transformation operator. This operator is defined

as
=T =g | [ o i o g "

where ¢(z) = %\/21;2) is the standard Normal distribution and ®(z) = [*__ ¢(t)dt is the respective
cumulative distribution.
Overall, there exists a fundamental connection between Uniform-state discrete and Gaussian dif-
fusion processes, shown in Sahoo et al. (2025). Specifically, they defined this formal connection
as

z: ~ q(2¢|x; T (G¢)) = [arg max]. G (We|x; &) (20)
where * denotes the push-forward of the K -dimensional Gaussian density ¢; under arg max which
yields a categorical distribution of K categories.

D CoONDITIONAL ENTROPY AND CURVATURE

In this section, inspired by Biroli et al. (2024) and D’ Amico et al. (2025), we attempt to relate
entropy and the curvature of the energy in the continuous setting, using local approximation, to
show there exists a connection between these two ideas. Here, assume that the clean data x € R
and its perturbed version z; € R? at time .

Proof Sketch. Consider the conditional distribution p(x|z;) defined by an energy function E(x; z;):

1 .
p(x|z¢) = meibﬂ(x’m, 210

where Z(z;) = [ e~ F(:2)dy is the partition function. We assume the distribution is peaked around
a mode x*, representing the most likely clean data point given the noisy observation z;.

To analyze the local geometry, we perform a second-order Taylor expansion of the energy F(x;z;)
with respect to x, centered around the mode x*(z;):

E(x;zy) = E(x*;2¢) + (x — x*) TV E(x*;2;) + %(x —x*) TH(z)(x — x*). (22)

Since x* is a local minimum of the energy surface defined by z;, the gradient V4 F'(x*; z;) vanishes.
The matrix H(z,) = V2FE(x*;2,) is the Hessian of the energy, representing the local curvature or
sharpness of the energy basin conditioned on z;.

Using Eq. (22) and assuming that we are at the minimum where Vy E(x*;z) = 0, we can perform
Laplace approximation for the partition function Z(z;):

Z(z4) ’f\‘J/ei(E(x*;th%(X*X*)TH(ZQ(X*X*))dx

) /e—ax—x*)TH(zt)(x—x*)dx (23)

N

= (277)% e~ PxTiz0) det (H(z;))
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The conditional entropy H(x|z:) can now be defined. Using the relationship logp = —F — log Z
and substitute it into H(x|z:), we have

Hixlz)= T [E<x;zt>+logz<zt>
x~p(x|z¢)
J ] 24)
= I(E‘ )[E(x; z:) + 3 log(27) — E(x*;2¢) — 3 log [det(H(zt))]}
x~p(x|zs
If we substitute Eq. (22) into the term F(x; z;) in Eq. (24), we then have
d 1
Hixlz)~  E )[ﬂ)*v,ftﬂ 5 log(2m) —Ebe*y7,) — 5 log [det(H(z:))] + C}
x~p(x|z¢
(25)

~ E {— %log [det(H(z))] +C

x~p(x|zt)
where C is a constant involving the omitted terms from our substitution of Eq. (22).

Discussion. Overall, this derivation highlights that the conditional entropy is inversely proportional
to the log-determinant of the Hessian at the mode, and aligns well to the findings of Biroli et al.
(2024) where a collapse in entropy corresponds to the system getting trapped in small-disjoint re-
gions of the configuration space. However, in this work, we are exploring UDDMSs, which are not
continuous DMs. Thus, we lack formulations that attempt to link up their conditional entropy with
the sharpness in the discrete setting of language or text modeling. But we suspect that the connection
between Uniform and Gaussian distributions in the discrete setting, laid out by Sahoo et al. (2025),
provides some clues to further extend this aspect later.

13
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E ADDITIONAL RESULTS

E.1
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Figure 3: An illustration of the density of conditional entropy for two categories of tokens, recovered and unre-
covered, computed at t = 0.25 for the Tiny model. The subplots are ordered by the fraction of training dataset,
ranging from 0.0001 (top-left) to 1.0 (bottom-right). As the fraction of training data increases, recovered tokens
concentrate near zero entropy (high confidence), while unrecovered tokens exhibit a broad distribution at higher
entropy.

14



New Frontiers in Associative Memory workshop at ICLR 2026

Fraction of Training Set: 0.0001 Fraction of Training Set: 0.000719 Fraction of Training Set: 0.001338 Fraction of Training Set: 0.001956
20 60
400
30
40 20
20
200 10 2
10 20
PR
000 005 010 015 020 o 1 2 3 a s 0 1 2 0.0 05 10 15 0.0 05 10 15
Fraction of Training Set: 0.003194. Fraction of Training Set: 0.003813 Fraction of Training Set: 0.004431 Fraction of Training Set: 0.00505 Fraction of Training Set: 0.005669
20 40 40 40
40
20 20
2 20 20
0.0 05 10 15 00 05 10 15 20 00 05 10 15 20 00 05 10 15 20 00 05 1o 15 20
Fraction of Training Set: 0.006288 Fraction of Training Set: 0.006906 _ _ Fraction of Training Set: 0.007525 . _ Fraction of Training Set: 0.008144 Fraction of Training Set: 0.008762
30
30
40 20 20
20 2
20 10 10 10
0.0 05 10 15 [ 1 2 00 05 10 15 20 25 0 1 2 3 0 1 2 3
30, Fraction of Training Set: 0.009381 Fraction of Training Set: 0.01 o Fraction of Training Set: 0.04 Fraction of Training Set: 0.07 Fraction of Training Set: 0.1
20 4
3
20 4
10 2 2
10 2 1
[ 1 2 3 [ 1 2 3 a 0 2 2 6 [ 2 a 6 8 [ 2 a 6 8
Fraction of Training Set: 0.13 Fraction of Training Set: 0.16 Fraction of Training Set: 0.19 Fraction of Training Set: 0.22 Fraction of Training Set: 0.25
3
3 ~— Recovered Token 3 3
2 —— Unrecovered Token | 3 2 2 2
1 1 1 1 i
2 [ 2 4 6 8 0 2 4 6 8 0 2 4 6 8 [ 2 a 6 8 0 2 a 6 8
a Fraction of Training Set: 0.28 5, Fraction of Training Set: 0.31 Fraction of Training Set: 0.34 Fraction of Training Set: 0.37 Fraction of Training Set: 0.4
o 3 3 3 3
=]
2 2 2 2 2
1 1 1 1 1
0 2 4 6 8 [ 2 4 6 8 0 2 4 6 8 [ 2 4 6 8 [ 2 4 6 8
Fraction of Training Set: 0.43 Fraction of Training Set: 0.46 Fraction of Training Set: 0.49 Fraction of Training Set: 0.52 4 Fraction of Training Set: 0.55
4 3 3
2 2 2 2
2
1 1 1 1
0 0
[ 2 46 8 [ 2 4 6 8 0 2 a 6 8 [ 2 4 6 8 [ 2 a 6 8
Fraction of Training Set: 0.58 Fraction of Training Set: 0.61 Fraction of Training Set: 0.64 Fraction of Training Set: 0.67 Fraction of Training Set: 0.7
3
3
3 2 3 2
2
2
1 1
1 1 1
o 2 4 6 8 [ 2 4 6 8 0 2 4 6 8 [ 2 4 6 8 0 2 a 6 8
Fraction of Training Set: 0.73 Fraction of Training Set: 0.76 Fraction of Training Set: 0.79 Fraction of Training Set: 0.82 Fraction of Training Set: 0.85
3 3 3
4 3
2 2 2
2
2
1 1 1 1
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 [ 2 4 6 8 0 2 4 6 8
Fraction of Training Set: 0.88  —Fraction of Training Set: 0.91 Fraction of Training Set: 0.94 Fraction of Training Set: 0.97 Fraction of Training Set: 1.0
3
3 3
2 2
2 R 5
1 1 1 1 N
[ 2 4 6 8 [ 2 4 6 8 0 2 a 6 8 [ 2 a 6 8 0 2 4 6 8

Conditional Entropy

Figure 4: An illustration of the density of conditional entropy for two categories of tokens, recovered and
unrecovered, computed at t = 0.25 for the Small model. The subplots are ordered by the fraction of train-
ing dataset, ranging from 0.0001 (top-left) to 1.0 (bottom-right). As the fraction of training data increases,
recovered tokens concentrate near zero entropy (high confidence), while unrecovered tokens exhibit a broad
distribution at higher entropy.
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Figure 5: An illustration of the density of conditional entropy for two categories of tokens, recovered and
unrecovered, computed at t = 0.25 for the Medium model. The subplots are ordered by the fraction of train-
ing dataset, ranging from 0.0001 (top-left) to 1.0 (bottom-right). As the fraction of training data increases,
recovered tokens concentrate near zero entropy (high confidence), while unrecovered tokens exhibit a broad
distribution at higher entropy.
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Figure 6: An illustration of the evolution of the density of the conditional entropy for the probabilities of
training and synthetic tokens, computed at ¢ = 107> using the Tiny models, as the training dataset size grows.
In the memorization phase, when the fraction of the training dataset is small, most tokens have very low
conditional entropy. In contrast, during the generalization phase, many tokens have high conditional entropy,
but low-entropy tokens still remain.
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Figure 7: An illustration of the evolution of the density of the conditional entropy for the probabilities of
training and synthetic tokens, computed at ¢ = 10~ ° using the Small models, as the training dataset size
grows. In the memorization phase, when the fraction of the training dataset is small, most tokens have very low
conditional entropy, nearing zero value. In contrast, during the generalization phase, many tokens have high
conditional entropy, but low-entropy tokens still remain.
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Figure 8: An illustration of the evolution of the density of the conditional entropy for the probabilities of
training and synthetic tokens, computed at ¢ = 105 using the Medium models, as the training dataset size
grows. In the memorization phase, when the fraction of the training dataset is small, most tokens have very low
conditional entropy, nearing zero value. In contrast, during the generalization phase, many tokens have high
conditional entropy, but low-entropy tokens still remain.
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E.2 VISUALIZATIONS OF TEXT RECOVERY EXAMPLES

Original glenn  stevens  said he  added . i am  satisfed  beyond reasonable doubt that an  unlowful act was  committed, namely
Perturbed sufate  stevens  said  luckly periodic  he added . i planes satisfied beyond reasonable doubt that e unlawiul indes memtt | n =0,002575
Restored glenn]  stevens [said: he|  [added : v i am| [satisfied) (beyond| (reasonable] [doubt] [that an|  (unlawful [act was| [committed,| [namely

original glenn  stevens  said he  added : v i am  satisfed  beyond reasonable doubt that an  unlowful act was  committed, namely

Perturbed sufate stevens  said  luckly periodic  he ladded . i planes [satisfied beyond reasonable doubt that an  unlawful indies  meritt n=052
Restored 9 stevens  [said he|  [added : v we are]  [satisfied] [(beyond] (reasonable) [doubt] [that, an]  [(unlawful] [offence] [(wes| [committed,) [not

Original glenn  stevens  said he  added : v i om  satisfed beyond reasonable doubt that an  unlowful act was  committed, namely

Perturbed sufate  stevens  said  luckly periodic  he ladded g i planes (satisfied beyond reasonable doubt that an  unlawful indies  meritt n=10
Restored Y stevens  [said he]  [odded g g we are] [satisfied) [beyond) (reasonable] [doubt] [that an|  [unlawful] (offence] [was) [committed, [involving

Figure 9: An illustration of the model’s ability to recover tokens from perturbed sequences on training exam-
ples at different fractions of the training dataset, denoted as n. Perturbation is computed at ¢ = 0.25 and the
reverse process is performed afterwards. The restored row displays the model’s output with color-coded tokens:
orange denotes perturbed tokens, red indicates successfully recovered tokens, green indicates failed recoveries,
and purple represents tokens that are changed but were not originally perturbed. As n increases, the model’s
ability to recover perturbed tokens becomes worse and in contrast, its generative ability improves.

original mines  now  under operation, namely s  pelambres, escondida  ( botn n cnie ) huckiebery canada. ) and batu ijou
Perturbed mines  now  under [unused7d2) namely  los [pelambrel ouided e fighda  ( tumped i (unused208] ).  huckiebemy  ( canada ) and n = 0.002575
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Perturbed mines. now under ([URUSSATAZ]) namely o5 pelambre  [guided, es fightdida « thumped in (unused208] ), huckieberry « canada ) and n=10
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Figure 10: An illustration of the model’s ability to recover tokens from perturbed sequences on test examples
at different fractions of the training dataset, denoted as n. Perturbation is computed at ¢ = 0.25 and the reverse
process is performed afterwards. The restored row displays the model’s output with color-coded tokens: orange
denotes perturbed tokens, red indicates successfully recovered tokens, green indicates failed recoveries, and
purple represents tokens that are changed but were not originally perturbed. As n increases, the model shows
signs of generality, where it can recover perturbed tokens given unseen examples.
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E.3 PERPLEXITY AS TRAINING DATASET SIZE INCREASES

Figure 11: Perplexity across varying fractions

200 : *  Tiny of the training dataset for the Tiny, Small, and
175 Small Medium models. The plot illustrates an initial

g *  Medium noisy trend at small training dataset fractions,
150 which mirrors the conditional entropy behav-
125 e ior observed earlier for the Medium models in

Perplexity

Fig. (2). The horizontal dashed lines indicate

100 g the stabilized perplexity values achieved by each
75 model size as the training dataset grows, which
s0l # suggests that increasing the model’s size leads to

N better perplexity.
103 1072 1071 10°
Fraction of Training Set
(Logarithmic)

To further characterize the learning dynamics of UDDMs, we evaluated the perplexity of the Tiny,
Small, and Medium models across varying fractions of the training dataset. As illustrated in Fig. (2),
the perplexity, computed using GPT-2 Large model (Radford et al., 2019) as the reference model,
exhibits an initial noisy trend at lower training dataset fractions. This instability is particularly pro-
nounced in the Medium model, mirroring the high-variance conditional entropy behavior observed
during the early stages of the memorization phase.

However, as the size of the training dataset increases and the models transition toward generaliza-
tion, the perplexity scores steadily decrease and stabilize. Notably, the models converge to distinct,
model’s size-dependent perplexity baselines, with the Medium model achieving the lowest perplex-
ity at the full dataset size. This confirms that the transition to the generalization regime aligns with
an overall improvement in the model’s predictive certainty and scaling law (Kaplan et al., 2020).
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