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Abstract

We study reinforcement learning (RL) with
transition look-ahead, where the agent may
observe which states would be visited upon
playing any sequence of ¢ actions before de-
ciding its course of action. While such predic-
tive information can drastically improve the
achievable performance, we show that using
this information optimally comes at a poten-
tially prohibitive computational cost. Specif-
ically, we prove that optimal planning with
one-step look-ahead (¢ = 1) can be solved
in polynomial time through a novel linear
programming formulation. In contrast, for
¢ > 2, the problem becomes NP-hard. Our
results delineate a precise boundary between
tractable and intractable cases for the prob-
lem of planning with transition look-ahead in
reinforcement learning.

1 INTRODUCTION

Reinforcement Learning (RL) (Sutton and Barto,
2018) addresses the problem of learning how to act
in a dynamic environment. This problem is modeled
via a Markov Decision Process (MDP) which involves
a transition kernel, describing how states of the envi-
ronment evolve in response to the agent’s actions, and
a reward function, providing feedback to the agent for
taking a particular action in a given state. The agent’s
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goal is to select actions that maximize the cumulative
collected reward called return, accounting not only for
immediate gains but also for the long-term impact of
its decisions on the state dynamics (Jaksch et al., 2010;
Azar et al., 2017; Jin et al., 2018). In this work, we fo-
cus on stationary MDP, in which the reward function
and transition kernel are independent of time.

In the standard RL framework, the reward and
the next state are revealed only after an action has
been taken. However, RL with look-ahead assumes
that, in addition to this underlying dynamical model,
extra predictive information is available at decision
time. In transition look-ahead, the agent may observe
before taking its action, which states would be vis-
ited upon playing any sequence of actions of length
¢. This captures situations where one benefits from
privileged information channels beyond standard in-
teraction. A typical example is collaborative navi-
gation systems that allow real-time traffic informa-
tion (e.g., Waze, Coyote...) where information from
nearby drivers can be used to estimate future posi-
tion, speed, and traffic conditions given a sequence
of routing decisions (Vasserman et al., 2015). Other
examples include access to high-fidelity but expensive
simulators that can provide look-ahead on demand,
or supply-chain systems where estimated delivery or
arrival times are provided in advance. Standard RL
algorithms do not come with off-the-shelf tools to in-
corporate look-ahead, and a naive policy would be to
just discard this additional information. By leveraging
transition look-ahead, however, the agent can antici-
pate the consequences of its actions before execution,
enabling more effective planning while reducing uncer-
tainty about near-term dynamics.
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Related Work and Contribution. Our main re-
sult identifies a surprising complexity threshold: plan-
ning with one-step transition look-ahead (£ = 1) is
solvable in polynomial time, and we provide an ex-
plicit linear programming formulation. In stark con-
trast, planning with multi-step transition look-ahead
(¢ > 2) is NP-hard. This establishes a sharp separation
between tractable and intractable regimes, uncovering
a fundamental frontier in the computational complex-
ity of reinforcement learning with predictions.

The idea of augmenting reinforcement learning with
look-ahead has recently begun to attract attention.
Merlis (2024) introduced a pseudo-polynomial algo-
rithm for planning with ¢-transition look-ahead with
£ = 1 in the finite horizon setting. However, in sta-
tionary MDPs, there is no polynomial-time algorithm
to solve planning in the finite horizon objective (Bal-
aji et al., 2018). This makes this objective less nat-
ural for studying the hardness of look-ahead than
the discounted or average objectives we consider, for
which planning without look-ahead can be solved in
polynomial time. Reinforcement learning with look-
ahead is also studied in Merlis et al. (2024) for gen-
eral £ € N*. However, the authors study reward look-
ahead, whereas we study transition look-ahead. Fur-
thermore, authors focus on value improvements while
we study the computational complexity of planning.

A related line of work comes from the control liter-
ature, in particular Model Predictive Control (MPC)
(Camacho and Bordons, 2013). MPC addresses the
difficulty of accurately forecasting long-term system
trajectories—especially under model misspecification
or nonlinear dynamics—by repeatedly solving a sim-
plified short-horizon optimization problem and then
updating the control action according to the realized
system state. In this sense, short-horizon system fore-
casts play a role analogous to look-ahead information.
However, an important distinction is that in MPC,
the forecasts are obtained by simulating an approxi-
mate model of the system, which may be misspecified
and therefore not coincide with the true dynamics. By
contrast, in our setting, transition look-ahead provides
exact information about the actual next states under
the environment’s true transition kernel. Connections
between MPC and reinforcement learning have been
drawn in several works (Tamar et al., 2017; Efroni
et al., 2020), primarily with the goal of improving plan-
ning efficiency or coping with disturbances. Some re-
cent studies even analyze the dynamic regret or com-
petitive ratio of controllers with partial look-ahead
compared to those with full information (Li et al.,
2019; Zhang et al., 2021; Lin et al., 2021, 2022). How-
ever, while prior studies on MPC-with-predictions ana-
lyze how well a controller performs given short-horizon

forecasts, we ask a different question: how hard is it to
compute an optimal plan when the planner has transi-
tion look-ahead in a discrete stationary MDP? In par-
ticular, our results prove that the tractable MPC con-
trollers are necessarily sub-optimal.

Our work also connects to the broader literature
on the computational complexity of solving MDPs.
The foundational study of Papadimitriou (1987) es-
tablishes, among other results, that computing op-
timal policies in stationary MDPs is P-complete for
both discounted and average objectives. Subsequent
work investigated finite-horizon MDPs in greater de-
tail (Mundhenk et al., 2000; Littman et al., 2013;
Balaji et al., 2018), with Balaji et al. (2018) show-
ing EXPTIME-hardness for planning in stationary
MDPs under finite-horizon objectives. More recent re-
sults also address discounted MDPs (Chen and Wang,
2017).

Beyond these classical formulations, several works
highlight how modifications of the information struc-
ture affect computational hardness. On the one hand,
reducing information typically makes planning harder:
for example, reinforcement learning with delayed feed-
back (where the agent receives rewards and/or tran-
sitions only after a lag) has been studied by Walsh
et al. (2009), who show that planning in constant-
delayed MDPs is NP-hard in general due to the ex-
ponential blowup of the augmented state space, while
also proposing tractable algorithms for deterministic
or mildly stochastic cases. More generally, POMDPs
illustrate how partial observability raises the com-
plexity to PSPACE-completeness in finite horizon and
even undecidability in infinite horizon (Papadimitriou,
1987). On the other hand, our results show that in-
creasing the information available to the agent—by
granting exact transition look-ahead—can also lead to
intractability: while one-step look-ahead remains ef-
ficiently solvable, multi-step look-ahead renders the
planning problem NP-hard. Thus, transition look-
ahead complements the existing literature by identi-
fying a new axis where computational complexity un-
dergoes a phase transition: both information loss and
information gain can fundamentally alter the hardness
of planning.

On the algorithmic side, linear—programming (LP)
formulations (Puterman, 2014) for both discounted
and average-reward MDPs have been established since
the foundational works of Manne (1960); d’Epenoux
(1963). This line of work advocates LP methods as
an alternative to dynamic—programming approaches.
The distinction matters here: Value Iteration (VI) and
standard Policy Iteration (PI), although widely used
and efficient in practice, do not admit polynomial-time
guarantees neither in the discounted case (Feinberg
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and Huang, 2013; Hollanders et al., 2012) nor in the av-
erage case (Fearnley, 2010). For one-step look-ahead
(¢ = 1), our positive result gives an LP formulation
that yields a polynomial-time algorithm. In sharp con-
trast, for £ > 2 we prove NP—hardness, pinpointing
the look-ahead depth as the tractability/intractability
threshold in tabular MDPs.

Our setting is also related to the growing litera-
ture on algorithms with predictions (Mitzenmacher
and Vassilvitskii, 2020; Benomar et al., 2025; Benomar
and Perchet, 2025; Merlis et al., 2023). These works
study how providing side information can help algo-
rithms go beyond worst-case performance, often quan-
tifying trade-offs between consistency (when predic-
tions are accurate) and robustness (when predictions
are wrong). In reinforcement learning, this perspec-
tive has recently been explored in several directions.
Li et al. (2024) design a learning-augmented controller
for LQR with latent perturbations, showing that ac-
curate predictions yield near-optimality while robust-
ness can still be preserved under prediction errors. Lyu
et al. (2025) propose a framework where predictions on
the transition matrix of discounted MDPs can reduce
sample complexity bounds. Finally, Li et al. (2023)
establish a consistency-robustness tradeoff when pre-
dictions come as Q-values in non-stationary MDPs. A
key distinction from our contribution is that, while
these works show that predictions can improve perfor-
mance beyond worst-case guarantees, we show in the
context of transition look-ahead that optimally lever-
aging such predictions can dramatically increase the
computational complexity.

2 PROBLEM FORMULATION

2.1 Markov decision processes (MDP) and
evaluation criteria

We study finite tabular Markov decision processes
(MDPs)
M= (S, A Pr),

where S is a finite state space, A is a finite action
space, P(s' | s,a) denotes the probability of reaching
state s’ € S after taking action a € A in state s € S,
and r: S X A — [0, Ryax| is the reward function.

A (possibly randomized) stationary memoryless pol-
icy! is a mapping

m: S = A(A),

where A(A) denotes the simplex over .A. Under such a
policy, the interaction evolves as follows: at each time

'For both the discounted and average-reward criteria
considered here, one can restrict without loss of optimal-
ity to stationary memoryless policies; see, e.g., Puterman
(2014).

t € N, the system is in state s; € S, the agent selects
an action a; ~ m(- | s¢), receives reward (s, at), and
the next state is sampled according to

St+1 ™~ P(' ‘ 3t7at)~

In this paper, we focus on the discounted return and
the long-run average reward, which are the canoni-
cal objectives for which planning in standard MDPs is
known to be polynomial-time solvable. By contrast,
note that finite-horizon objectives are less suited to
our complexity analysis as there is no polynomial plan-
ning algorithm in this case, even without look-ahead
information (see Balaji et al. 2018).

Discounted return. The most classical formulation
assigns geometrically decaying weights to future re-
wards (Puterman, 2014, Chapter 6). For a discount
factor v € (0,1) and an initial state s € S, the value
of a policy 7 is

vi(s) =E" [Z Y7 (se, ar)

t=0

S0 = S‘| . (1)

The optimal discounted value function is defined by

v} (s) = supv](s), Vs €S, (2)
where the supremum is taken over stationary memo-
ryless policies. It is well known that v is the unique

¥
solution of the Bellman optimality equations Vs € S,

Vi (s) = max{r(s, a)+v > P(s' | s,a) v;(s')}. (3)

cA
“ s'eS

and that the optimum is attained by a stationary de-
terministic policy.

Average reward criterion. A second perspective
focuses on the asymptotic regime, where transient ef-
fects vanish and performance is measured by the long-
run average reward (Puterman, 2014, Chapter 8). For
a stationary policy 7, the value for starting in s is

T—1
. 1
gﬂ-(s) = Th—r>noo T E ; T(St, at) So =8, a; ~ W(St)‘| .

In the average case, it is standard to work under the
unichain assumption:

Assumption 1 (Unichain MDP). An MDP M =
(S, A, P,r), satisfies the Unichain assumption if for
any stationary policy w, for any s € S, the return time

T7s = inf{t>1:8; =55 =s}

satisfies Ep [7s] < 00.
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Assumption 1 ensures that g™ (s) does not depend on
s, so we simply write ¢g". The transient deviations
from this average are measured by the bias function
h™ : S — R, defined as

So = S‘| s

—+oo

h"(s) = E™ [ > (r(se.ar) — g™)

t=0

and the optimal gain g* is defined as

*

g* = sup g".

The optimal gain/bias pair (g*, h*) is uniquely char-
acterized (for h*, up to an additive constant) by the
Bellman optimality equation:

Vs e S,
* * _ / * ()
g +h (s)—rglezﬁ({r(s,a)—i—ZP(s | s,a) h (s)}

2.2 Transition look-ahead as state
augmentation

In the next section, we formalize the extra information
provided by the look-ahead in terms of state observ-
ability and provide an augmented MDP construction
that allows us to embed this problem into the standard
evaluation framework introduced above.

2.2.1 Look-ahead and state observability

In the standard model, the agent only observes its cur-
rent state s; before acting. We extend this by allowing
the agent to query an ¢-step transition look-ahead: be-
fore choosing an action, the agent is provided with the
entire (-step transition tree rooted at sy, i.e., all real-
izations of future states that may occur within ¢ steps
under every possible action sequence.

Let M = (S, A, P,r) be the MDP in which the agent
is provided with /-step look-ahead information. To
formalize this notion, we define the following random
operator.

Definition 1 (Push-Forward Operator). Fiz t € N
and an action sequence a = (ay,...,ax) € A*. The
Push-Forward Operator, denoted by I[s, k,ax], is a
random variable taking values in S, corresponding to
the state reached from s; after k steps when actions ay,
are applied.

In other words, for any action sequence ay, the ran-
dom variable Il[s;, k, ] represents the state s;1 4 that
would be obtained if the sequence a; were followed
from time .

The look-ahead information contains all realizations of
{-step trajectories and is formally defined as follows:

Definition 2 (¢-step transition look-ahead). An agent
interacting with M is said to be provided with (-step
transition look-ahead if, for all t € N, it observes

¢

— k

(st b, k), car, 0<pee € ] S
k=0

before acting.
Remark 1. (i) Base case. For allt € N,

H[St, O7 (@)] = S¢.

In particular, 0-step transition look-ahead corresponds
to the standard observation without any transition
look-ahead.

(ii1) Recursion. The collection of random variables
(I1[s, k,ax)) is assumed to be prefix-consistent: for
any k > 1 and any ap,, € AT,

H[H[St717a’1]ak,62:k+l] :H[Stak+17&k+l]~ (4)

(iit) Distribution. For any s € S and any a, =
(al,...,ak),
P(H[st,k,él:k] = s')
= En[shk_lval:k—l] [P(S/ | H[stak - 17(_]’1:]6—1},0416)] .
(5)
2.2.2 Augmented MDP

State and action space We construct an aug-
mented MDP M = (S, A, P,7) such that an agent
interacting with M with f-step transition look-ahead
is equivalent to a standard agent interacting in M.
Let ¢t € N. We define the augmented state & € S as

¢
S=]]s*.
k=0
and

& = (&elk)o<p<p,  where Vk € {0,..., 0},

gt[k] = (H[Stv ka dk])(lkE.Ak € SAk

Note that although the look-ahead reveals the out-
comes of hypothetical action trajectories of length £,
the agent has no incentive to commit in advance to
executing the entire sequence. Indeed, if at time ¢ the
agent fixes an action sequence (ag,...,as1o—1), then
the last £ — 1 actions are chosen without exploiting
the additional look-ahead information that will be re-
vealed at subsequent steps. Such a strategy therefore
uses strictly less information than a policy that selects
actions sequentially, conditioning on newly observed
look-ahead signals. Consequently, it is without loss of
optimality to restrict attention to policies that select
only the current action.

The action set is therefore unchanged:

A=A
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Transition and reward model For any j,k,l € N
with j < k < [ and any sequence a € A!, we denote
a;.x = (aj,...,ax) and a; = a1.;. We also define, for
i < ¢ and any prefix @} € A7

&lil(@s) = (st i, ail)g, c 4t »

_
ajfaj

i.e., the restriction of the i-step look-ahead to action

sequences with prefix a’;.

For any ¢ € N, the first ¢ blocks of & evolve deter-

ministically given (&, a;), due to the consistency prop-
erty of IT (see (4)). More precisely, for k =0,...,0—1,

Eir1[k] = &k + 1](ar),

where & [k+1](a:) denotes the restriction of & [k+1] to
action sequences whose first action is a;. By contrast,
the last block &;11[¢] is stochastic, as it corresponds to
newly generated look-ahead values.

The transition kerr_lel P is therefore defined as fol-
lows: for any £,£ € S and a € A,

Pu(&,€) =
1k =0,...,0—1, &'[k] = £[k + 1)(a)}

X P(ﬁl[a = (H[8t+1,£,dg])aze_/4[ gt = g, ay = CL).

We refer the reader to Appendix S1 for detailed com-
putation of the transition kernel.

Finally, let £ € S,a € A the reward function in the
augmented MDP is defined by

7(&,a) = r(£[0], a),
since £[0] encodes the current state.

2.3 Decision problems

To analyze the computational complexity of planning
with transition look-ahead, we work with standard
decision-problem formulations. These are classical
complexity—theoretic encodings of the main planning
objectives (discounted and average reward).

We focus on (-look-ahead decision problems where
the agent is endowed with ¢—step transition look-ahead
as defined in the previous section. The look-ahead
depth ¢ € N is thus a fixed constant of the problem
definition and not an input parameter. In particular,
this implies that an algorithm that solves the decision
problem after say (S.4)* operations is polynomial. Our
complexity results should be interpreted in the same
spirit as classical k—SAT: while 2-SAT is polynomially
solvable, 3-SAT is NP-hard. Analogously, we establish
that planning is tractable for ¢ = 1, but NP-hard for
£>2.

Formally, each problem takes as input an MDP in-
stance together with parameters describing the evalua-
tion criterion, and asks whether there exists a (possibly
randomized) policy whose value exceeds a prescribed
threshold. Following the standards in complexity the-
ory, the numerical values of the input, such as the dis-
count factor v, rewards, transition matrix, or threshold
0, are encoded in binary. It implies that an algorithm
with O(log(Rmaz)) complexity is polynomial (where
Rypaz is the maximum of the reward function), but
not an algorithm with complexity O(Rpaz)-

Definition 3 (Discounted Value Decision Problem
(¢-DVDP)). Instance: a finite MDP M = (S, A, P,r),
an initial state sp € S, v € (0,1), and 0 € R.
Question: Does there exist a policy (possibly random-
ized) T such that

vl (so; M, l) > 07 (6)

Definition 4 (Average-Reward Decision Problem
(¢-ARDP)). Instance: a finite MDP M = (S, A, P,r)
and 6 € R.

Question: Does there exist a stationary (possibly ran-
domized) policy m such that

g (M l) > 07 (7)

These decision problems will serve as our canonical
complexity-theoretic objects. When £ = 0 (no look-
ahead), they are solvable in polynomial time via clas-
sical LP formulations; we will show that tractability
extends to £ = 1, while £ > 2 renders each problem
NP-hard, delineating a sharp complexity frontier for
transition look-ahead.

We emphasize that these decision problems are the
right vehicle for hardness. If there exists an algorithm
that can compute the optimal value in polynomial
time, it can be used to answer the decision question in
one call by comparing its optimal value to #. There-
fore, the hardness of the decision problem implies the
hardness of finding the optimal value function. In the
other direction, an oracle that can solve the decision
problems in polynomial time can be used to compute
the optimal value up to any desired accuracy € > 0
by bisection on 6 with a complexity polynomial in the
size of the input and log(1/¢). In this study, however,
we solve the decision problems in the case { = 1 by
computing the optimal value and the optimal policy
exactly.

3 PLANNING WITH ONE STEP
TRANSITION LOOK-AHEAD

When ¢ = 1, the look-ahead representation simplifies
to observing, at time ¢ before acting in s, the collec-
tion of one-step successors {I1[s;, 1,al},ca € S. Note
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that in this case, & € S reduces to (s,p), where s € §
and p € SA. Therefore, the agent chooses its action
after observing the entire vector of next states. In the
following, we focus on planning in this setting. For
clarity of exposition, we restrict attention to the dis-
counted criterion; the arguments extend with only mi-
nor changes to the average-reward case, as will be ex-
plained at the end of this section and in more detail
in Appendices S2.1 and S2.2.

A natural way to characterize one-step look-ahead
planning is to write the linear program directly in the
augmented state space. In the discounted case, for
v € (0,1) and strictly positive weights (fi(§))ccs, the
optimal value function * : § — R can be obtained as
the solution of:

0(§) > max{r(g,a) +7Egp, [0} ()
Although (8) is written over the augmented state
space and thus involves a value function v indexed
by exponentially many augmented states, it admits
an equivalent polynomial-size reformulation, which en-
sures tractability in the discounted setting.

Theorem 1 shows that in finite tabular MDPs, plan-
ning with one-step transition look-ahead is solvable in
polynomial time for both (i) the discounted and (ii)
the average-reward criteria.

Theorem 1 (One-step look-ahead is polynomial—
time). ¢-DVDP and (-ARDP are solvable in polyno-
mial time for £ < 1.

Note that the proof is constructive: we explicitly en-
code the planning problem as a linear program whose
feasible region captures the one-step look-ahead dy-
namics. Solving this LP yields the optimal value and
an associated optimal policy in polynomial time.

Proof sketch (discounted case). We consider the dis-
counted objective with transition look-ahead of depth
{ = 1, where at time ¢ the agent observes the entire
next-state vector

pES“A

before selecting an action. In this case, an augmented
state is a pair (s,p) € S x S, where s is the current
state and p(a) is the next state that would be reached
if action a were played. For each s € S, define the
distribution

Q- | 5) € A(SH)
by

pe St

=[] Plr(a

acA

)| s,a),

Thus, conditional on the current state s, the one-step
look-ahead vector p is obtained by drawing indepen-
dently one successor for each action.

We show Lemma S1 that the optimal value function
v* of the augmented MDP can be expressed in terms
of a value function v* : § — R as

o*(s,p) = max{r(s,a) + 70" (p(a))}, ¥(s,p) € S x &%,

where v* is the unique solution of

018) = Epmaty [manglr(s.) + y0(p(a))}] s €.
o)

Moreover, for any strictly positive measure p on S,
this fixed-point equation is equivalently characterized
by the linear program

v:rgLHR (1-7) Z,u(s) v(s) s.t.VseS (10)

seS

008) 2 Byt [masglr(s,) + 10(p(@))].
(1)

The remaining difficulty is that the maximization op-
erator appears inside the expectation in (11). Expand-
ing the expectation over all p € S would lead to ex-
ponentially many terms. To handle this, we use the
ellipsoid method together with a polynomial-time sep-
aration oracle.

Fix s € S, let

Up,s(s',a) =7(s,a) +u(s’),  (s,a) € Sx A,

and let N = |S||A]. Index the pairs (s',a) as
{(s*,a*)}¥,. For any permutation m of {1,...,N},
define the events

Em —

K3

{p €S4: i=min{j € [N]: p(a™V)) = sm(j)}}.

These events form a partition of S*. Therefore,

ac
N
= QUE! | s)u
i=1

whenever m orders the pairs (s, a) in decreasing order
of u, s(s',a). This yields an equivalent family of linear
constraints, Vs € S, Vm € L,

Ep~qrls) {majf Uu,s(p(a), a)}

Y S(S"‘(i), am(i))

>ZQE’”\S r(s,a™?) +qu(s™@)), (12)
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where L denotes the set of all permutations of
{1,...,N}.

We then show in Lemma S2 that (12) admits a
polynomial-time separation oracle. Given a candidate
v, for each state s it suffices to sort the pairs (s',a)
in decreasing order of u, s(s’, a), obtaining a permuta-
tion my, ,, and to check only the corresponding con-
straint. The probabilities Q(E, “*** | s) can be com-
puted in polynomial time using the product structure
of Q-] 5).

This yields a polynomial-time separation oracle for
(10)—(11). By the ellipsoid method, the reduced LP
can therefore be solved in polynomial time. O

The average-reward case follows by the same approach;
full details are given in Appendix S2.2.

4 PLANNING WITH TWO OR
MORE STEPS OF TRANSITION
LOOK-AHEAD

We now show that allowing look-ahead of horizon ¢ >
2 fundamentally changes the computational nature of
planning.

Theorem 2 shows that for finite tabular MDPs, the
{-step transition look-ahead planning problem is NP-
hard for any ¢ > 2 in the discounted setting.

Theorem 2 (NP-hardness for £ > 2 (discounted)).
For any ¢ > 2, {-DVDP is NP-hard.

The discounted case serves as the cornerstone of our
argument. We establish NP-hardness for £ = 2, which
extends to all larger look-ahead horizons.

Proof. Given random variables Xi,...,X,, an inte-
ger k and a threshold C, the Largest Expected Value
problem consists in deciding whether

max  E[max X;] > C. (13)

YC[n):|Y|=k €Y

Largest Expected Value has been shown to be NP-
hard (Mehta et al., 2020). The key idea is to connect to
this problem by constructing an MDP instance where
computing the optimal policy requires solving a closely
related subset-selection problem. More precisely, our
proof relies on the gap construction of Mehta et al.
(2020), which reduces INDEPENDENT SET on regular
graphs to such a stochastic optimization problem.

Let G = (V, E) be an undirected 3-regular graph.
Using the random variables (X, ),ecv provided by the
reduction of Mehta et al. (2020), we construct an MDP
Mg = (S, A, P,r,7) whose structure is summarized in
Figure 1 and described in detail in Appendix S3. The
state space contains a root state sg, a selector state sq,
vertex states (Sv)'UEVa support states encoding the re-
alizations of the random variables (X, )yecv, and an ab-
sorbing terminal state sp. From sg, action wait loops

back to sg, while action go moves deterministically to
s1. From s;, the actions picky, ..., pick; reveal candi-
date vertex states, and from a vertex state s,, action
claim samples the corresponding random payoff X,,.
Rewards are only collected on the support states be-
fore reaching sr.

With ¢ = 2 look-ahead, an agent at sy observes the
candidate vertices that would become available after
committing through go and then choosing one of the
selector actions. More precisely, each augmented root
state & = (so, p1, p2) reveals a k-tuple of candidate ver-
tices, which induces a subset Sy (£) C V. If the agent
plays wait, it remains in sy and resamples the two-step
look-ahead, thereby drawing a fresh candidate set. If
it instead commits through go, it transitions to s; and
then chooses among the currently revealed candidates.
Let X, denote the random payoff obtained by claim-
ing at vertex state s,. The key structural result
(Lemma S5) shows that for every augmented root state

£,
v*(§)

_ 3 _ —x

Thus, at the root, the agent trades off immediate com-
mitment to the currently revealed subset against wait-
ing for a better one.

In the NO case, every subset of size at most k has
expected maximum at most ku— 1, which yields a uni-
form upper bound on the root value. In the YES case,
there exists a subset S* of size k such that waiting until
the look-ahead reveals exactly S* and then committing
yields a strictly larger value. Choosing v < 1 suffi-
ciently close to 1 separates the two cases and therefore
gives a polynomial-time reduction from INDEPENDENT
SET to 2-DVDP. This proves NP-hardness. O

‘We then show in Theorem 3 that hardness also extends
to the average-reward criterion.

Theorem 3 (NP-hardness for £ > 2 (average re-
ward)). For any ¢ > 2, {-ARDP is NP-hard.

Proof sketch. We prove NP-hardness of the aver-
age-reward case by a reduction from the discounted
setting (Theorem 2). Let Mg be the augmented
MDP used to prove Theorem 2. We modify Mg by
adding an independent Bernoulli “reset” coin at each
step: with probability 1 — «, the process resets to a
fresh root augmented state distributed according to
the look-ahead law at sg, and with probability - it fol-
lows the original transition kernel P. Rewards are left
unchanged. Thus the dynamics of the modified MDP
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Vae A
r=0

Va e A
J

Ty,j, U S Vv] € [L’U]

(X ) = Wy,j

claim P(Iu,j | Sv, Claim) = Tw,j, V] € [Lﬂ]
| r=0
Sy:v€EV
. T . 1 .
pick; Vj € [k]  P(sy| pick;,s1) = - Yo € V,j € [K]
r=20

go

wait

Figure 1: Hardness of 2-DVDP. At time t = 0,
the agent is at the root state sy and observes, through
depth-2 look-ahead, the candidate vertex states that
would become available after playing go and then one
of the selector actions picky, ..., pick,. At sg, it may
either play wait to remain in sy and obtain a fresh
look-ahead, or play go to transition to s;. Once in sq,
the agent chooses among the currently revealed candi-
dates; if it then moves to a vertex state s,, the subse-
quent payoff is governed by the random variable X,,.
Thus, if the agent commits at time 7, the value of the
revealed look-ahead is of the form E[max,cg, ¢ ) Xo]-
Optimizing the time at which the agent commits at sg
is then shown to be essentially as hard as the stochas-
tic subset-selection problem underlying the reduction
of Mehta et al. (2020).

¢ are:

Po(€,6) = v Pa(€,6) + (1 —7) Ay (€)),
F,(faa) = f(faa)'

Because the reset coin is tossed independently at each
step, the trajectory of M/, naturally decomposes into
ii.d. cycles between successive resets. A cycle has ex-
pected length ﬁ, and the expected cumulative re-
ward of a cycle under any stationary policy 7 coincides
with the discounted return in Mq. By the Renewal-
Reward Theorem, the long-run average reward in M,
satisfies

g (Mg) = (1 =) 0] (& Ma).

Therefore, given a threshold 6 in the discounted in-
stance, we define

K2 (1—7)6.
Then
@;T(fo;MG) >0 = g¢g"(Mg)> k.

Hence, deciding whether there exists a policy exceed-
ing # in the discounted setting is equivalent to deciding
whether there exists a policy exceeding x in the aver-
age-reward setting. The detailed proof is provided in
Appendix S4. O

5 CONCLUSION AND FUTURE
WORK

This work identifies a sharp computational frontier
for planning with transition look-ahead. By introduc-
ing canonical decision formulations for both the dis-
counted and average-reward criteria, we establish that
planning is tractable in polynomial time for one-step
look-ahead (¢ = 1), with explicit linear programming
formulations (Theorem 1), whereas for £ > 2 the prob-
lem becomes NP-hard under both criteria (Theorems 2
and 3). This dichotomy mirrors classical complexity
thresholds such as the jump from 2-SAT to 3-SAT,
and shows that while deeper look-ahead enriches the
agent’s information, it simultaneously induces a com-
binatorial explosion that makes exact planning com-
putationally intractable.

Note that our NP-hardness results do not imply
that planning with ¢ > 2 is unsolvable, but rather
that exact solutions cannot be expected in full gener-
ality. This motivates several directions for future work.
On the approximation side, it remains open whether
polynomial-time approximation schemes (PTAS) exist
for discounted ¢-look-ahead planning, or conversely,
whether even constant-factor approximation is impos-
sible. On the structural side, one may ask under which
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restrictions hardness disappears: our reduction relies
on constructing a worst-case instance that crucially
uses dense and irregular transition structures. Hence,
tractability may be recovered when the MDP satisfies
additional structure, such as factored dynamics, sparse
transition graphs, or monotone rewards (i.e., rewards
that are non-decreasing along the natural partial order
induced by the state space, which precludes the oscil-
latory patterns needed by our reduction). Similarly,
when the discount factor ~ is sufficiently small—for
instance, v < 0.5, which dampens long-term depen-
dencies—the reduction no longer applies, suggesting
that hardness may vanish. Another direction is to
study the complexity of near-optimal solutions under
restricted policy classes, e.g., policies constrained by
structural priors such as monotonicity or threshold
rules. Beyond exact look-ahead, a natural extension
is to allow noisy or costly predictions, and to analyze
how robustness and budget constraints interact with
hardness. Our results also bear on learning: they con-
firm that model-predictive-control (MPC) style strate-
gies—which rely on short-horizon roll-outs and commit
to open-loop action sequences—are inherently subop-
timal in the tabular case. This raises a broader algo-
rithmic question: how can one design learning proce-
dures that remain computationally efficient while ap-
proximating the (generally intractable) optimal plan-
ner with deeper look-ahead?
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S1 Transition dynamics
In this section, we make explicit the transition kernel of the augmented MDP
M = (57 A, pv 7:)

introduced in section 2.2.2. -
Recall that, at time ¢, the augmented state & € S encodes the full ¢-step look-ahead tree available to the agent
from the current state s;. More precisely, for each depth k € [¢], the component

&k AF = S
maps every action sequence ay.; € A* to the state reached after applying that sequence from s,. We write
Eilkl(ar.r) = sy, k, a1,

where Il[s, k, a;.x] denotes the random state obtained by starting from s and applying the action sequence a;.x
for k steps.
The augmented transition kernel is defined by

pa(£7§/)ép(£t+1:§/|€t:§a at:a)’ Eaglega GEA.

The key observation is that, after playing action a at time ¢, the first £ — 1 levels of the new look-ahead tree are
fully determined by the previous one. Indeed, for every k € {1,...,¢ — 1} and every a;., € A",

§ev1[kl(arx) = &k + 1](a, arx).
This follows from the recursion property
II[I1[s, 1,a], k, a1.x) = U[s, k + 1, (a, a1.)]-

Hence, conditional on (& = £, a; = a), the components &1[1],...,&+1[¢ — 1] are deterministic, and only the
last block &;41[¢] remains random.
It follows that

P&, =1{Vk e {1,... .0 -1}, Yayy € AF ¢k (ar) = €[k +1)(a, ar)} P&l =€ & =¢ ar=a).

‘We now gharacterize the second factor.
Fix £ € S and a € A. For each prefix aj.,_; € A‘~', define

se(aro—1) = E[0(a, aro—1).

This is the state reached after first taking action a, and then following the continuation ay.,_1 inside the current
look-ahead tree.
Then, by the Markov property, for every terminal action ay € A,

Eir1ll(are) ~ P(- | s¢(are—1), ar).

Therefore, the law of the last block is exactly the joint law of all one-step successors from the frontier states of
the current tree. Equivalently,

Pl =& & =€, ar = a)
=P (Var, € A", Hse(are—1),1,ar = '[¢)(are)) - (S1)

The structure of the last block is constrained by a consistency requirement: multiple indices correspond to the
same underlying random variable.
More precisely, for any s € S, all prefixes a,_; € A*~! such that

&) (a,ap—1) = s

lead to the same frontier state s, and therefore share the same one-step successor Il[s, 1, a’] for any o’ € A.
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This induces the following partition of A*~1:
85_1(5) = {8 €S: aaffl € Aé_l? 5[6](@, a/Efl) = 8}7

AL(E) = {ars € AT gl (a,an ) = s}

Using this partition, we can rewrite

Pl =& & =€, ar = a)
=P (Vs € S.71(), Va1 € AL (), Va' € A, TI[s,1,a] = '[](ar—1,d)) . (S2)

For a fixed pair (s,a’), all indices (a;—1,a’) with a,—; € Aﬁfal(f) correspond to the same random variable
I[s, 1,a’]. Hence, the probability in (S2) is zero unless, for every s € S‘=1(¢) and every a’ € A, the value

§'[t)(ag-1,a")

is constant over all a,_q € Aﬁfal &).
When this consistency condition holds, the probability factorizes over distinct pairs (s, a’), yielding

P&s1lll =€) | & =& ar = a)
= H H (Z P(s' | s,a") 1{Vc_lg_1 € Af;;ll(ﬁ), &) (ag_1,a') = s’}) . (S3)

seSt~l(g)a'eA \s'eS

Combining this expression with the deterministic shift of the first £—1 blocks, we obtain the augmented transition
kernel

P(&,&)=1{Vk € {1,...,L — 1}, Varx € A", €'[k](arx) = E[k + 1](a,ar) }

X H H (Z P(s"| s,a’)1{Va,_1 € Af,;ll(f), &) (ag—1,ad") = s’}) : (S4)

sest~l(g)a’eA \s'eS

This expression highlights the two components of the augmented dynamics: a deterministic shift of the previously
revealed look-ahead tree, and a stochastic completion of the new frontier governed by the original transition
kernel.

S2 Proof of theorem 1

S2.1 Discounted case

We now show that planning with one-step transition look-ahead under discounted reward can be solved in
polynomial time. The proof proceeds in two steps. First, we reduce the Bellman optimality equations of the
augmented MDP to a linear program over the original state space. Second, we show that this reduced linear
program admits a polynomial-time separation oracle, which yields polynomial-time solvability via the ellipsoid
method.

In the one-step look-ahead case, an augmented state is a pair (s,p) € S x S*, where s is the current state and

p:A—=S

maps each action a € A to the next state that would be reached if action a were played. For each s € S, define
the distribution
Q(- | s) € A(S™Y)

by

Qp|s) =[] P(a)|s.,a), pesSt (S5)

acA

Thus, conditional on the current state s, the one-step look-ahead vector p is obtained by drawing independently
one successor for each action.

Let v* denote the optimal value function of the augmented MDP. The next lemma shows that ©* can be expressed
in terms of a value function v* defined on the original state space only.
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Lemma S1. There exists a function v* : S — R such that
v'(s,p) = max{r(s,a) +yv(p(a))},  V(s,p) €S x S, (S6)

and v* is the unique solution of

v(s) = Epni)s) [glezﬁ({r(s,a) + 'yv(p(a))}} , Vs € S. (S7)

Moreover, for any strictly positive measure p on S, v* is equivalently the unique optimal solution of the linear
program

min - (1=7) ) p(s)v(s) (S8)

v:S—R
sES
s.t. v(s) > Epuq(s) {gleaj({r(s,a) + 'yv(p(a))}} , Vs € S. (S9)

Proof. We start from the Bellman optimality equation in the augmented MDP. Since the augmented state is
(5,p) €S x SA, we have

v*(s,p) = I&aj{ {r(s, a) +vEpq(ip(a)) [17*(p(a),p’)] } ) (S10)
Define
v*(s) £ Epuq1s)[07(s, )], Vs e S. (S11)

Then (S10) immediately yields

o*(s,p) = max {r(s,a) + yv"(p(a))},  V(s,p) €S x SA, (S12)

which is exactly (S6). Taking expectation with respect to p ~ Q(- | s) on both sides gives

v(5) = Epmaat o [glg{r@, 0) + w*(p(a))}} L Vses,

that is, (S7).
Since the Bellman operator

(L0)6) 2 Epmario [maglr(s.0) +70(p(a))]

is monotone and a ~y-contraction in the sup norm, (S7) admits a unique solution. Therefore the function v*
defined by (S11) is uniquely characterized by (S7).

We now show that (S7) is equivalently characterized by the linear program (S8)—(S9). The argument is based
on an exact correspondence between the standard LP on the augmented state space and the reduced LP above.
Consider the standard discounted LP on the augmented MDP:

min  (1—=9) > (s,p)0(s,p) (S13)

9:SXxSA R (5.) €8x SA
st. o(s,p) > max {r(s, a) + vEp/NQ(.‘p(a))[T)(p(a),p’)]} ,

V(s,p) €S x SA, (S14)

where we choose

fi(s,p) = u(s) Q(p | 5)-
Now we prove that this LP is equivalent to (S8)—(S9).
Let © be feasible for (S13)—(S14), and define

v(s) £ Epeqls) [0(5, )]
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Taking expectation in (S14) with respect to p ~ Q(- | s) yields, for every s € S,
v(s) = Epnq(1)[0(5,0)]
> Epno(s [max {r(s,a) + YEpq(ip(a ))[(p(a),p’)]}}
=E,e0(s) [max{r (s,a) —l—'yv(p(a))}] .

Hence v is feasible for (S8)—(S9). Moreover,

(1= S Als,p)5(s.p) = (1= S u(s) 32 QU | )3(s.p)

(s:p) s€S peESA
—7) > uls)v(s)
seS

so the objective value is preserved.
Conversely, let v be feasible for (S8)—(S9), and define

o(s,p) = meaj({r(s, a) +yv(p(a))}, Y(s,p) € S x SA. (S15)
v is feasible for (S13)—(S14), indeed, for every (s, p),
max {r(s,a) +7Epnqip@y[0(p(a), p)]}

:maj‘({ (s,a) + 7 Epnqip(a)) [max{r( (a), b>+w<p/(b))}”

a€ be A
< max {r(s,a) +~vv(p(a))} = (s, p),

where the inequality follows from the feasibility of v in (S9), applied at state p(a). Thus v is feasible for the
augmented LP. Finally,

(=) 3 ) 0(5.9) = (1 =) X2 o) Epm mag(r(s.0) + 7 (0}

(5:p) s€8

—7) Y uls)o(s

sES

again by feasibility of v.

We have shown that every feasible augmented solution projects to a feasible reduced solution with the same
objective value, and every feasible reduced solution lifts to a feasible augmented solution with no larger objective
value. Therefore the two LPs have the same optimum value, and the reduced LP characterizes the optimal value
function.

Since the optimal solution of the discounted LP coincides with the unique fixed point of the Bellman operator,
the optimizer of (S8)—(S9) is exactly v*. This concludes the proof. O

Lemma S2. The linear program (S8)—(S9) can be solved in polynomial time.

Proof. We prove the result by exhibiting a polynomial-time separation oracle and using the ellipsoid method.
Fix s € § and define

Uy (8, a) £ r(s,a) +yv(s'), (s',a) € S x A.

Let N = |S||A| and index all pairs (s',a) as {(s%,a®)}}¥,.
For any permutation m of {1,..., N}, define the events

EM & {p cA =S pa™) = ™D and p(a™W)) # s™0) V) < z} (516)

These events form a partition of S, and for any p we have
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max u, s(p(a),a) = uy o(s™D,a™D)  whenever p € EI".

ac

Therefore,
N
EpNQ( |s) [maxuv s(p(a’)va)] = ZQ(Ezm | S) uv,s(sm(i)a am(i)). (S17)
i=1

Using (S17), the constraint in (S9) is equivalent to
N .
v(s) = D QE | s) (r(s,a™ V) +qu(s™™)),  VmeL, (S18)
i=1

where £ denotes the set of all permutations. Indeed, for any fixed v and s, the permutation m,,, , sorting (s’, a)
in decreasing order of w, s realizes the maximum in expectation, and is therefore among the constraints above.
Enforcing all permutations yields a set of linear constraints equivalent to (S9).

Separation oracle. Given a candidate v, we must check whether all constraints (S18) are satisfied.

Fix s € S and compute the permutation m,,, , sorting all pairs (s’, a) in decreasing order of u, s(s’,a). This can
be done in O(N log N) time.

By construction, this permutation maximizes the right-hand side of (S18). Hence, it suffices to check the single
inequality

N
8) = D QUE;™ | ) (r(s,a™s @) 4 yu(s™es@)). (S19)
i=1

It remains to compute Q(E!™ | s) efficiently.
Recall that under Q(- | s), the random variables (p(a)),c4 are independent, with p(a) ~ P(- | s,a).
Fix i and let (s°,a’) £ (s™(") ™). For each action a € A, define the set

L(a) & {j<i: a™) = a},

i.e., the indices before i involving the same action.
Then the event E"* imposes the following constraints:

o for a = a, we must have ' . 4 ' ‘
p(a’) =5 and p(a’) #s™) Vj e L(a');
e for any a # a', we must have

pla) # s™9) Ve I;(a).

Therefore,
QE™|s) = HPr a) € Bl | s,a),
acA

where the sets B: C § are given explicitly by

{s'} if a = a' and s ¢ {s™) : j € I;(a")},
B ={o if a = a’ and s € {s™V) : j € I;(a")},
S\ {s™9) :j € Li(a)} ifa#a
Each probability Pr(p(a) € B: | s,a) can be computed in O(|S|) time, hence all values Q(E™ | s) can be
computed in O(N?) time.

Conclusion. For each state s, the separation oracle requires sorting N elements and computing N probabilities,
yielding polynomial time. Since the number of states is |S], the full oracle runs in polynomial time.

By the ellipsoid method (Grotschel et al., 1981; Khachiyan, 1979), the linear program can therefore be solved in
polynomial time. O
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S2.2 Average-reward case

The average-reward setting can be treated in close analogy with discounted case. We assume that the augmented
MDP M is unichain. Let (g*, h*) denote an optimal gain/bias pair in the augmented MDP. Again the next lemma
shows that (g*, h*) can be expressed in term of a bias function h* defined in the original state space only.

Lemma S3. There exists a function h* : S — R such that

V(s,p) €S xS, gt (s,p) = max{r(s,a) + h*(p(a))}, (520)
and (g*, h*) satisfies
Vs e S, g +h*(s) = Epeas) |:2ﬂeaj({7“($, a)+ h* (p(a))}] . (S21)

Moreover, for any normalization of h, the pair (g*,h*) is an optimal solution of the linear program

min g
g,h

(522)
sit. g+h(s) > Epuqs) [meaj({r(s,a) + h(p(a))}} , Vs e S.

Proof. In the one-step look-ahead case, an augmented state is a pair (s,p) € S x SA, where p : A — S specifies,
for each action a, the next state that would be reached if a were played. As in the discounted case, we denote by

Q(- | s) € A(SY)

the distribution of the one-step look-ahead vector from state s.
Define -
h*(s) £ Epug(s) [P (5,0)], Vs € S. (S23)

Using the structure of the augmented transition kernel, conditionally on (s,p) and action a, the next augmented
state is (p(a),p’) with p’ ~ Q(- | p(a)). Therefore,

g +h*(s,p) = max {r(s,a) + Ep g lptanh* (p(a), p')]} - (S24)
By definition of h*, this yields
¥(s,p) €S xS " 4k (s,p) = max{r(s, a) + h*(p(a))}, (S25)
which is exactly (S20). Taking expectation with respect to p ~ Q(- | s) on both sides gives
5"+ 0" (5) = Epguin [max(r(s,a) + 1 (p(a)}| . Vs€S,
that is, (S21).

We now prove the LP characterization. Consider first the standard average-reward LP on the augmented state
space:

min g
g,h
s.6. g+ h(s,p) 2 nex {r(s,a) + Epeqipan h(p(a), )]}, (526)

V(s,p) € S x S
We show that (S26) and (S22) are equivalent.

Let (g, h) be feasible for (S26), and define

h(S) £ EPNQ(‘|5) [}_L(S,p)]
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Taking expectation in the augmented constraints gives, for every s € S,
g+ h(s) = g +Epuq(1s) (s, )]

= Epeqis) {glea} {r(s,a) + Ep/~Q(-|p<a>>[E(P(a),l’/)]}}
— €t | max(r(s.0) + (@)}

Hence (g, h) is feasible for (S22).
Conversely, let (g, h) be feasible for (S22), and define

h(s,p) = max{r(s,a) + h(p(a))} =g, V(s,p) €S x SA. (S27)

We claim that (g, h) is feasible for (S26). Indeed, for every (s, p),

max{ ) + Ep’NQ(~\p(a))[ﬁ(p(a)7p/)]}

a€A
= max { (5,a) + Epeq(In(a)) [%?jf{’"( (a),6) + h(p'(B))} = g} }

= g+ mae {6, + Byt [yt ) + o))

be A
< —g+ rgleajl({r(s, a)+ g+ hip(a))}

= gleaf{r(s, a) + h(p(a))} = g + h(s,p),

where the inequality uses the feasibility of (g, k) in (S22), applied at state p(a). Thus (g, h) is feasible for (S26).
We have shown that the reduced and augmented LPs are equivalent. Since (S21) is exactly the Bellman optimality
equation on the reduced space, the optimal solution of (S22) is (g*, h*) up to the usual additive normalization
of the bias. This concludes the proof. O

We now turn to tractability. The reduced LP (S22) has the same structure as in the discounted case, except
that the discount factor no longer appears in the score. For each state s, define

up,s(s',a) £ r(s,a) + h(s'), (s',a) € S x A.

Using exactly the same ordering trick and the same family of events (EI") as in the proof of Lemma S2, the
reduced constraints can be rewritten as an exponential family of linear inequalities indexed by permutations

me L:
[SIIA|

VseS, VYmeLl, g+h(s ZQEMS r(s,a™D) 4 h(smD)). (S28)

For a candidate pair (g, h), the tightest inequality at state s is obtained by sorting the pairs (s, a) in decreasing
order of uy, s(s',a). Therefore the separation oracle is identical to the discounted case, and runs in polynomial
time. By the ellipsoid method (Grotschel et al., 1981; Khachiyan, 1979), the LP (S22) can be solved in polynomial
time.

Conclusion. One-step look-ahead planning in tabular MDPs is therefore tractable under the average-reward
criterion as well.

S3 Proof of Theorem 2

We prove NP-hardness of planning with 2-step transition look-ahead under discount by reduction from INDE-
PENDENT SET on regular graphs.

Input instance. Let G = (V,E) be an undirected d-regular graph with |V| = n and |E| = m, and let
ke {l,...,n}. We consider the decision problem of whether G contains an independent set of size k.

Our reduction relies on the following gap construction from Mehta et al. (2020), which maps instances of INDE-
PENDENT SET to instances of a stochastic subset selection problem.
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Lemma S4 (Mehta et al., 2020). There exists a polynomial-time reduction that maps any instance (G =
(V,E),k) of INDEPENDENT SET to an instance of the subset selection problem with independent, nonnegative,
discrete random variables (Xy)vev, all having the same expectation p, such that:

e (NO case) If G does not contain an independent set of size k, then for every subset S C 'V with |S| =k,

E[maXXU] <kp-1;

veES

e (YES case) If G contains an independent set S* of size k, then

2
E{maXXv] >ku——, m=|E|
vES* m

In particular, deciding whether

is NP-hard.

Step 1: MDP construction
Let (X,)vev be the family of random variables given by Lemma S4. For each v € V, let

supp(Xy) = {wy 1, -, wo L, }, Pr(X, = wy ) = my 0
State space. We define
S={so,s1,s7} U {sy:veV} U {x,;:veV, jelLl}

e sq is the root state;

e 31 is a selector state;

e cach s, corresponds to a vertex v € V;

e 2, ; encodes the realization w, ; of Xy;

e sp is an absorbing terminal state.
Action space. We consider the finite action set

A = {wait, go} U {picky,...,pick,} U {claim}.
Reward function. Rewards are zero everywhere except on support states:
r(zy;) =wo;,  r(s)=0 Vs & {zy;}

Transition dynamics.

1. Root state sg.

e wait: deterministic self-loop,
P(sg | so,wait) = 1;

e go: deterministic transition to sy,
P(s1 | s0,80) = 1;

e all other actions lead to st.

2. Selector state s7.

e for each j € [k], action pick; transitions uniformly to vertex states:

1
P(sy | s1,pick;) = — Yo eV;
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e all other actions lead to st.

3. Vertex states s,.

e claim samples X,,:
P("I"UJ ‘ SU’Claim) = Tv,j, V_] € [Lv]§

e all other actions lead to sr.
4. Support states x, ;. All actions lead deterministically to sp.
5. Terminal state sp. st is absorbing and non-rewarding.

Step 2: Dynamic programming at the root

Let S denote the augmented state space associated with 2-step transition look-ahead, and let v* be the optimal
discounted value function on the augmented MDP M.
In the 2-look-ahead model, an augmented state is of the form

€: (S7p17p2) eESX SA X 8A27
where:
e s € S is the current state,

e p; : A — S is the one-step look-ahead map, so that p;(a) is the next state that would be reached by playing
action a at s,

e py : A2 — S is the two-step look-ahead map, so that ps(a,b) is the state that would be reached after first
playing a at s, and then b at the next state.

For the reduction, the only augmented states that matter are those whose current state is the root state sq.
Hence, from now on, we restrict attention to augmented states of the form

& = (s0,p1,p2)-
At such a state, the first look-ahead block satisfies

p1(wait) = so, p1(go) = s1,

The second look-ahead block encodes the candidate vertices that would become available after committing
through go and then choosing one of the selector actions picky,. .., pick,. More precisely, for each j € [k], the
state

p2(go, pick;)
is a vertex state of the form s, for some v € V.
Accordingly, for every augmented state & = (so,p1,p2), we define the ordered k-tuple

9(&) & (@1 (&), ar(©) e VF
by requiring that
p2(go, Piij) = Sq;(€) vj € [k].
We also define the associated subset of distinct revealed vertices as
Sy (&) 2A{a(©),...,a(O} S V.

by
p2(go, piij) = S8q;(¢)> j € [K],

Lemma S5 (Root-state recursion). For every augmented state & = (sg, p1,p2) € S,

v*(§) = max {73 E Lengcvué) Xv] s YEer i Bale) [17*(5')}} : (529)

Moreover, conditional on &, the random variables (Xy)yes, (¢) are mutually independent.

Proof. We evaluate the optimal value layer by layer.
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Terminal and support states. Consider any augmented state £ = (s, p1, p2) € S with current state s = s7.
Since st is absorbing and yields zero reward, we have

v*(§) = 0.

Similarly, consider any augmented state £ = (s,p1,p2) € S with current state s = x, ; for some v € V and
j € [Ly]. By construction, the state x,, ; yields immediate reward w, ; and transitions deterministically to sr,
after which all future rewards are zero. Therefore,

7€) = wy .

Vertex states. Fix a vertex v € V, and consider any augmented state & = (s,,p1,p2) € S.
At s, the only action that can yield a non-zero value is claim; all other actions lead deterministically to s and
therefore yield zero continuation value. Hence, by optimality,

@*(5) =7 E§’~ Petaim (+1€) [@*(gl)} :

Under claim, the next state is a support state z, ; with probability m, ;, and from the previous paragraph we
have v*(xy.j,-, ) = wy,j. Therefore,

L,
’U*(f) = ’YZWU,]’ Wy, 5 = ,YE[XU]

j=1

Selector state. Now consider an augmented state & = (sq,p1,p2) € S.
For each j € [k], the action pick; leads deterministically to the vertex state

s4;(e) = Pa(go, pick;).

From the previous step, the optimal continuation value from s, (¢ is E[X 4 (5)], hence the total value of choosing
pick; is
7 VBl Xy 0] = 7 EXg )
However, due to the product structure of the augmented transition kernel, the random variables corresponding
to the third-step completions from distinct vertex states are sampled independently. Therefore, rather than
committing to a fixed j, the optimal policy selects the action corresponding to the largest realized payoff among
the revealed candidates.
This yields
7*(€) =~+*E| max X,|.
©)=7"E| a3, %
Root state. Finally, consider an augmented state & = (sg, p1,p2) € S.
If the agent plays go, it transitions to s; and then optimally selects among the revealed candidates. Hence,

% ((s1,p),p5)) = 3E{ max Xv},
0" ((s1,P1,0%) =7 e

where (pf,ph) denote the corresponding updated look-ahead components.
If the agent plays wait, it remains in sy and receives a fresh two-step look-ahead, yielding

VEern P19 ()] -
Taking the maximum over these two actions yields (529). O

Step 3: Soundness

Soundness. Assume that the instance (G, k) is a NO instance of INDEPENDENT SET, i.e., G does not contain

any independent set of size k.
Let

M = sup{v*(€) : € = (s0,p1,p2) € S}
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Fix any augmented state { = (so,p1,p2). By construction, the associated set Sy (€) satisfies [Sv ()| < k.
Therefore, for any subset S C V with |S| < k, we can extend S to a subset S C V with |S| = k, and since the
maximum is monotone with respect to set inclusion,

max X, < maxX,.
veES veS

Taking expectations and using Lemma S4 in the NO case yields

E| max X,| <ku-—1.
Lesv(a ”} =

Using the root recursion (S29), we obtain for every root augmented state &,
v*(€) < max {+*(kp — 1), YM} .

Taking the supremum over £ gives
M < max{y*(kp —1),7M}.

Since v < 1, this implies )
M <y (kp — 1). (S30)

Step 4: Completeness
Assume that the instance (G, k) is a YES instance of INDEPENDENT SET. By Lemma S4, there exists a subset

S*:{’Ul,...,’l)k}gv

such that

We consider the following policy w. At any augmented state £ =

—~

307p17p2)7 let

q(&) = (a(9), ..., ar(9))

be the ordered tuple revealed by the two-step look-ahead. The policy acts as

(€)= {gOa if ¢(&§) = (v1,..-,vk),

wait, otherwise.

After transitioning to s;, the policy selects the index corresponding to the largest realized payoff among the
revealed candidates.

Under wait, the next look-ahead is freshly resampled, independently of the past. By construction of the MDPthe
event

q(€) = (v1,.-.,vx)

occurs with probability

at each visit to sg, independently of the past.
Let 7 denote the number of waiting steps before this event occurs. Then 7 follows a geometric distribution with

parameter p, and
P

)

Conditional on the success event, the policy obtains the commit value associated with S*, namely

E[v7]

Y E [max XU] .
vES*
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Therefore,
v™(s9) = E[y7] v E [Hé%)*( XU:| (S31)
>3 P (ku——iz) (S32)
— 1-901-p) m)’

where the inequality follows from Lemma S4.
By optimality of v*, we obtain

—x 3 P _3
G (ku ) (333)

&: current state sg

Step 5: Choosing the discount factor
Combining (S30) and (S33), it suffices to choose v such that

3 P _2 3 _
”hv(l—p)(k“ m)”(’“‘ b

k

Since p =n"" and

2
kp——>kpu—1 for m > 3,
m
this is equivalent to
kp—1
p Lty
L=y(l=p) " kp—
The right-hand side is strictly smaller than 1, hence such a v < 1 exists. For instance, one may choose any
rational

2
p(kp— 5
-7 mo_
L Q(ku—l )’

which is polynomially encodable since p = n~* has numerator and denominator of polynomial bit complexity.
Fix such a discount factor and define the decision threshold

T 29 (kp—1).
Then:
e if (G,k) is a NO instance of INDEPENDENT SET, every root-state value is at most T by (S30);
e if (G,k) is a YES instance of INDEPENDENT SET, the optimal value is strictly larger than T by (S33).

Therefore, deciding whether the optimal value at the root is greater than T is NP-hard. Since the MDP
construction, the discount factor, and the threshold T are all computable in polynomial time, this yields a
polynomial-time reduction from INDEPENDENT SET. This proves NP-hardness of discounted planning with
2-step transition look-ahead.

S4 Proof of theorem 3

We construct a modified MDP /\;I'G by introducing an i.i.d. reset mechanism. At each time step, independently
of the past, a Bernoulli random variable
Zy ~ Bernoulli(1 — )

is sampled. If Z; = 1, the process resets to a new augmented state
£t+1 ~ ASoa

where A, denotes the distribution of the two-step look-ahead at so. Otherwise, the process follows the original
transition kernel P.
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This defines a new transition kernel P’:
Pi(,6) =y Pa(€,6) + (1 —7) Ay (€).

Let
T=inf{t>0:2Z =1}

be the first reset time. Then )

P(r >t) =+, E[r] = —.

(r>0=1'  Erl=1—

Between resets, the process evolves exactly according to the original MDP M. Moreover, due to the indepen-
dence of (Z;) and the stationarity of the policy, successive cycles are independent and identically distributed.
For any stationary policy ,

T—1
Er lz (&, at)] = P(r > t)Ex[F(&ar) | T > 1] (S34)

t=0 t>0
=Y A EF(, )] (S35)
t>0
=7 (&3 M), (S36)

where EY denotes expectation under the original discounted MDP.
By the Renewal-Reward Theorem, we obtain

= Zt:ol (&, ar)]

9" (M) = E[]

= (1 =) 05 (&0; M)

Since the reset occurs with positive probability from any state and leads to a distribution with full support on
the root look-ahead states, the induced Markov chain is irreducible and therefore unichain.
For any threshold 6, B

I (&) 20 <= In: g"(Mg) > (1 —7)0.

This yields a polynomial-time reduction from discounted to average-reward planning, completing the proof.



