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Abstract

How can we train models whose post-trained ca-
pabilities survive subsequent fine-tuning? Rather
than focusing on downstream interventions to mit-
igate forgetting of upstream capabilities, we study
how upstream training choices — that is, the man-
ner in which a capability is acquired — shape how
robustly that capability is retained. We investigate
this question in a controlled three-stage language-
model pipeline: pretraining, post-training to ac-
quire a target capability, and downstream fine-
tuning on a new objective. Across 135M and
1B models, two post-training domains, and two
downstream fine-tuning tasks, we find that imme-
diate post-training performance does not reliably
predict retention after subsequent fine-tuning. In
particular, early exposure — mixing post-training
data into pretraining — consistently improves
the frontier between retained upstream perfor-
mance and downstream performance. Replay
and dropout, applied during post-training, pro-
vide complementary gains. Our findings suggest
that robustness to subsequent fine-tuning should
be treated as a first-class objective of upstream
training, addressed preventatively rather than re-
actively during fine-tuning itself.

1. Introduction

When a post-trained language model is released for down-
stream fine-tuning, its carefully acquired capabilities are at
risk. A downstream team that adapts the model — to special-
ize it for a domain, refresh its knowledge with new events,
or repurpose it for an agent or code workflow — routinely
sees catastrophic forgetting of the instruction-following,
alignment, or safety behaviors that the upstream developer
invested heavily to install (Yang et al., 2025; Olmo et al.,
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Figure 1. Three-stage pipeline. A first party pretrains then post-
trains a model on capability X. A downstream user fine-tunes &,
on a task Y, causing forgetting of X. We study how the way X is
learned upstream affects whether it is retained.

2025). Most prior work treats this as a problem for the down-
stream fine-tuner: replay earlier data, regularize the update,
restrict the trainable parameters, or jointly optimize com-
peting objectives (Bethune et al., 2025; Kirkpatrick et al.,
2017; Hu et al., 2021; Biderman et al., 2024; Wortsman
etal., 2022).

We take a complementary view: robustness to subsequent
fine-tuning should be treated as an objective of upstream
model development. Our central thesis is that how a model
learns shapes how it forgets — two models that reach iden-
tical post-training performance can differ substantially in
how well those capabilities survive later adaptation.

To study this, we use a controlled three-stage pipeline (Fig-
ure 1): an upstream developer first pretrains on a broad
corpus Dy, then post-trains on a smaller targeted dataset
Dhpost to acquire capability X, and finally hands the resulting
model 0,05 to a downstream user who fine-tunes on a new
objective Dy. We hold the downstream method fixed (stan-
dard SFT) and sweep its learning rate to characterize how
upstream choices shape the tradeoff between downstream
performance and retention.

Our main intervention is simple: we expose the model to
some of the eventual post-training data earlier by mixing
it in during pretraining. Across datasets and model sizes,
this early exposure improves the tradeoff between retained
upstream capability and downstream fine-tuning loss (Fig-
ure 3), even when it has little or no visible effect on immedi-
ate post-training performance. Our compute-matched exper-
iments show that even under a fixed post-training data bud-
get, the optimum lies between the extremes of all-pretraining
and all-post-training allocation. Replay and dropout, two
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Figure 2. Left: As ) increases, immediate MusicPile loss is nearly constant while retained MusicPile loss after fine-tuning on ChemPile
improves — mixing benefits are latent. Right: With total MusicPile exposure held fixed across pretraining and post-training, increasing A
worsens immediate MusicPile loss but improves retained MusicPile loss. Even under a fixed budget, allocating some exposure earlier

yields better retention.

classic interventions, provide further complementary gains
when applied during post-training. A theoretical analysis
(§4) suggests early exposure causes the post-training ca-
pability to be represented in specialized features that are
isolated from directions overwritten by downstream fine-
tuning.

2. Setting and Evaluation

A developer (1) pretrains on Dy, to produce 0y, optionally
mixing a fraction A € [0, 1] of D, into this stage (A=0:
no exposure; A\>0: early exposure; we restrict A < 1, at
most one pass over D). They then (2) post-train on D,
to yield 005, and a downstream user (3) fine-tunes on D
to produce 0. Writing £(6; D) for held-out validation loss,
we track three central quantities:

Eim = ‘C(()pusl; Dpusl) (immediate),
Eret = E(()n; Dposl) (retained),
L := L(0; Dy) (downstream).

We additionally track the retained pretraining loss Lpre 1=
L(0s; Dpre). Loss is a reliable scale-invariant proxy for
capability (Du et al., 2024; Gadre et al., 2024) and smoother
than accuracy at our scales.

Frontiers. Sweeping upstream choices and hyperparame-
ters yields checkpoints with different tradeoffs. We summa-
rize attainable tradeoffs by Pareto frontiers in two projec-
tions: (Lyet, L) for retention—adaptation, and (Lpre, Lret)
for broader-vs-targeted retention.

Pipelines and models. We fix D;,.=C4 and study four
pipelines (Table 1), spanning domain adaptation and instruc-
tion tuning, with 135M and 1B SmolLM2-style models (Al-
lal et al., 2025). Stage 2 trains to convergence on D, (early
stopping, up to 2B tokens). Stage 3 fine-tunes for 200M
tokens at varying learning rates. Full hyperparameters are
in Appendix B.

Pipeline Dpre Dpost Dx,

Music — Chemistry C4 MusicPile  ChemPile
Music — Instruction C4 MusicPile FLAN
Instruction — Chemistry C4 FLAN ChemPile
Instruction — Music C4 FLAN MusicPile

Table 1. Experimental instantiations of the three-stage pipeline.

3. Experiments and Results

We ask: (i) does pretraining-time mixing affect retention
once post-training is run to convergence (§3.1)? (ii) under
a fixed D, budget, should data be mixed or reserved for
post-training (§3.2)? (iii) does the benefit persist across
hyperparameter sweeps and pipelines (§3.3)? and (iv) how
does mixing compose with replay and dropout (§3.4)?

3.1. Immediate post-training performance does not
reflect downstream retention

We fix the Stage 2 post-training procedure and vary only A €
{0,0.25,0.5,0.75,1.0} for | Dpos | € {30M, 150M, 300M }
(with D,y C MusicPile). After post-training to conver-
gence, we fine-tune on D C ChemPile and measure Ly,
and L, at a fixed Stage 3 LR of 5x10~5 (Figure 2a).

Result. Varying A has little effect on L;y,: across dataset
sizes, immediate post-training loss remains nearly flat. How-
ever, the same checkpoints behave very differently under
subsequent fine-tuning: as A increases, L,q; consistently
decreases.

Takeaway. Early exposure can substantially improve
retention under subsequent fine-tuning even when it
provides little or no benefit to immediate post-training
performance.
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Figure 3. Mixing during pretraining improves the frontier across four training pipelines (135M). Each panel corresponds to one
3-stage pipeline. Within each panel, the left plot shows retained post-training loss vs. downstream fine-tuning loss; the right plot shows
retained pretraining loss vs. retained post-training loss. Black is unmixed pretraining; purple is mixed pretraining. Across all four
pipelines, mixing shifts the frontier toward lower retained post-training loss, lower retained pretraining loss, and lower downstream

fine-tuning loss.

3.2. Early exposure and post-training play different
roles under a fixed data budget

To isolate when D, is introduced from how much is seen
in total, we fix the total D, tokens across Stages 1 and 2
and vary only allocation: a A-fraction is mixed during pre-
training, (1 — \) is reserved for post-training. Every model
sees exactly one pass over D, in total. We sweep A €
{0,0.25,0.5,0.75,1.0} for |D,os| € {30M, 150M, 300M}
on MusicPile — ChemPile (Figure 2b).

Result. As ) increases, L;, worsens (fewer tokens for
the dedicated post-training stage), but L, after Stage 3
fine-tuning consistently improves. The best immediate per-
formance occurs when all of D, is reserved for Stage 2;
the best retained performance occurs at a nonzero mixture
fraction. Concentrating D, in Stage 2 yields stronger
immediate fitting; exposure during pretraining makes that
capability less brittle (Appendix D).

Takeaway. Under a fixed D, budget, the best imme-
diate post-training performance occurs when all data is
reserved for Stage 2, but the best retained performance
occurs at a positive mixture fraction.

3.3. Early exposure improves the loss frontier across
hyperparameter sweeps

We now move beyond fixed configurations: for each pipeline
(Table 1) we sweep Stage 2 hyperparameters under both
unmixed and mixed pretraining, fine-tune every checkpoint
over a range of Stage 3 learning rates, and compare frontiers
(Figure 3).

Result. Across all four pipelines, early exposure consis-
tently shifts both frontiers. In the (L,et, L5;) view, mixing
yields lower retained post-training loss at matched down-
stream loss. In the (Lpre, Lret) View, mixing also improves
the tradeoff between preserving broader pretraining capa-
bilities and the post-trained capability. Gains appear across
both domain and behavioral post-training, and persist at 1B
scale (Appendix C.5).

Takeaway. Across hyperparameter sweeps and train-
ing pipelines, early exposure consistently improves the
attainable tradeoffs among downstream loss, retained
post-training loss, and retained pretraining loss.

3.4. Replay and dropout provide complementary gains

Replay (mixing earlier-stage data into a training run) and
dropout (stochastic regularization) are classical tools, typi-
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Figure 4. Replay and dropout provide complementary gains
on top of mixed pretraining (MusicPile — ChemPile, 135M).
Adding dropout (left) or replay (right) on top of mixed pretraining
further shifts the loss frontier.

cally used by the downstream fine-tuner to mitigate forget-

ting at the moment it occurs (Bethune et al., 2025; Hinton
et al., 2012). We repurpose them upstream as preventa-
tive interventions on iow D, is learned in Stage 2, rather
than reactive corrections during Stage 3. Concretely, replay
mixes 1% of D,,. into post-training, and dropout regularizes
the post-training update. As before, we sweep Stage 2 hyper-
parameters and Stage 3 learning rates and report frontiers.

Result. Both replay and dropout further improve the fron-
tier relative to early exposure alone (Figure 4; full pan-
els in Appendix C). Replay encourages the model to ac-
quire Dy, without overwriting broader pretraining features;
dropout may promote more distributed representations dur-
ing Stage 2. Crucially, neither replaces pretraining-time
mixing: the strongest frontiers come from combining post-
training interventions with mixed pretraining. Pretraining-
time mixing changes when the model first encounters D,,s,
while replay and dropout shape how that capability is
learned during Stage 2. At 1B, replay’s effect on (L¢t, Lret)
is weaker but it continues to preserve broader D, perfor-
mance (Appendix C.5).

Takeaway. Replay and dropout are upstream alterna-
tives to mixing during pretraining that also improve
robustness to subsequent fine-tuning, and their gains are
complementary with early exposure.

4. Why does early exposure help?

A two-layer linear analysis (full setup, theorems, and proofs
in Appendix D) makes the mechanism precise. Partition the
input space into invariant features (identical singular values
across Dyre, Dpost, D), inconsistent features (shared dimen-
sions whose values conflict across tasks), and specialized
features (active only on Dy, with zero covariance under
Dpre and Dy). Linear networks learn features in descend-
ing singular-value order (Gidel et al., 2019; Springer et al.,
2025): without exposure to D, the specialized features

have effective singular value zero and are never learned,
so unmixed post-training is forced to lower Dy loss by
perturbing the inconsistent features. Early exposure mixes
an o-fraction of D, during pretraining, boosting the spe-
cialized features’ effective singular value to a3 — enough
to cross the learning threshold even for small o.

Why this aids retention. Singular values that are zero at
the start of post-training stay zero. Mixed post-training
therefore routes adaptation through the newly learned spe-
cialized features, while unmixed post-training continues to
use inconsistent features. Under subsequent fine-tuning on
Dy, gradient updates have zero projection along specialized
directions (since Dy has no covariance there) and so leave
them untouched, but they overwrite the inconsistent features
that lie in Dy’s span. Adaptation routed through specialized
features survives; adaptation routed through inconsistent
features does not.

5. Conclusion

We make three claims. First, how well a capability sur-
vives later fine-tuning cannot be read off from how well
a model performs on that capability immediately after it
is acquired. Second, the manner in which a capability is
learned — when it is introduced, how it is presented, and
what else the model is learning at the same time — shapes
how durable that capability is. Third, upstream training
offers a family of complementary interventions: early ex-
posure during pretraining, replay during post-training, and
regularization during post-training each shift the retention—
adaptation frontier. Together, these reframe robustness to
fine-tuning from a downstream problem into a design objec-
tive of upstream training.

Limitations and future work. We cap A < 1 (at most
one pass over D, during pretraining). In the two-stage
setting, Baek et al. (2026) study much heavier repetition
of fine-tuning data during pretraining and find that it can
reduce overfitting and forgetting of the pretraining domain;
how those dynamics interact with our three-stage setting —
where the model is fine-tuned again after post-training —
remains open. Characterizing the scaling laws of simple
methods like early exposure — how their benefits translate
to larger models, longer training, and bigger token budgets
— is a natural next step. Our downstream stage is super-
vised fine-tuning only; we leave to future work how early
exposure interacts with preference-based and reinforcement-
learning schemes such as RLHF and DPO. Finally, we invite
work on a complementary algorithmic direction: late-stage
objectives or regularizers that reproduce the representational
effect of early exposure without intervening on pretraining,
since pretraining-corpus modifications are often impractical
for downstream users of open-weight models. Full proofs
of §4 are in Appendix D; related work in Appendix A.
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A. Related Work

Catastrophic Forgetting. A recurring challenge in sequential training is catastrophic forgetting: when a model is optimized
on new data, its performance can deteriorate on behaviors it previously exhibited (McCloskey & Cohen, 1989). For
language models, this shows up in modern training pipelines: instruction tuning and RLHF can trade off against preexisting
capabilities, often discussed as an “alignment tax” (Ouyang et al., 2022). Several works show that behaviors introduced
during safety finetuning can be quickly weakened or reversed by subsequent training on different objectives or data (Yang
et al., 2023; Qi et al., 2023). These tradeoffs also appear in adjacent settings such as knowledge editing (Nishi et al., 2025)
and unlearning (Maini et al., 2024). Beyond documenting the effect, recent work has begun to map how training choices
shape its severity: LoRA-style adaptation can alter forgetting dynamics (Biderman et al., 2024), and longer pretraining can
change how brittle or persistent acquired capabilities are (Springer et al., 2025). We focus on catastrophic forgetting of
post-trained capabilities, and study what properties of an intermediate checkpoint determine whether capabilities persist
under subsequent training.

Data Placement in Pretraining. A line of recent works examines pre-training interventions for enforcing desired
downstream capabilities and properties. Maini et al. (2025); O’Brien et al. (2025) propose filtering and augmenting data
during pre-training to improve safety. Similarly, Sam et al. (2026) demonstrate that the impact of such interventions
improves as they are introduced earlier in pre-training. While these works incorporate downstream tasks during pre-training,
they extensively modify the pre-training corpus by incorporating data-augmentations and filtering. Baek et al. (2026)
demonstrate that mixing post-training data during pre-training can immediately improve in-domain performance relative to
simply fine-tuning. In our work, we introduce an additional benefit of early exposure to post-training data: robustness to
catastrophic forgetting during future training.

B. Training Details
B.1. SmolLM2-1B Model Architecture

Table 2. SmolLM2-1B model architecture (custom config interpolated from SmolLM?2 family).

Parameter Value
Parameters 1.03B
Hidden dimension 1,728
Attention heads 27

Layers 24

Head dimension 64

Query groups 27 (MHA)
MLP intermediate size 4,608
Vocabulary size 49,152

Context length
Normalization
Position encoding

8,192 (max), 1,024 (training)
RMSNorm
RoPE (base=100,000)
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B.2. Dataset Statistics

Table 3. 135M Parameter Experiments

Dataset Split Tokens Description
C4 Train 8.7B  General web text pretraining corpus
MusicPile  Train 0.3B  Music-domain text corpus
ChemPile  Train 0.3B  Chemistry-domain text corpus
FLAN Train 0.3B  Instruction-tuning dataset

Table 4. 1B Parameter Experiments
Dataset Split Tokens Description
Cc4 Train 19.7B  General web text pretraining corpus
MusicPile  Train 0.3B  Music-domain text corpus
ChemPile Train 0.3B  Chemistry-domain text corpus
FLAN Train 0.3B Instruction-tuning dataset

B.3. Optimizer Configuration

Table 5. Optimizer configuration used across all experiments.

B.4. 1B Stage 1 Pretraining

Parameter Value
Optimizer AdamW

51 0.9

Ba 0.95

Gradient clipping 1.0 (max norm)
Precision bf16-mixed

Table 6. Stage 1 pretraining configuration for 1B experiments.

Parameter Value Notes

Total tokens 20B Chinchilla-optimal for 1.03B params
C4 corpus 21.0B tokens 120 shards, tokenized
Learning rate Se-4 Peak LR

Minimum LR Se-5 Cosine decay target
Warmup steps 1,000

Global batch size 512

Micro batch size 30 Per-GPU

Eval interval 1,000 steps

Save interval 1,000 steps

GPUs 8x L40S Single node

Seed 42
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B.5. Post-training Hyperparameters

Table 7. FFT hyperparameter search space for Stage 2 post-training (135M).

Parameter Values Notes

Learning rate  {le-4, 2e-4, Se-4, le-3, 5e-3} Peak LR

Minimum LR 5e-5 Cosine decay target
Dropout {0.0, 0.02, 0.05} embed/attn/resid/mlp
Weight decay 0.1 Fixed

Warmup steps 500 Fixed

Batch size {192, 480, 896} Global batch size
Max tokens 2B With early stopping

Table 8. Stage 2 FFT hyperparameter search space for 1B-scale post-training.

Parameter Values Notes

Learning rate {1e-5, 2e-5, 5e-5, le-4, 2e-4}  Peak LR

Minimum LR Se-5 Cosine decay target
Dropout 0.0 Fixed (see §B.7 for ablation)
Weight decay 0.1 Fixed

Warmup steps 100

Global batch size 512

Micro batch size 30 Per-GPU

Max tokens 2B With early stopping

CPT budget 300M Tokens per epoch (subsampled)
Early stopping patience 3 Evaluation intervals
Evaluation interval 100 steps

GPUs 8x L40S Single node

Seed 40

B.6. LoRA Configuration

Table 9. LoRA hyperparameter configuration for Stage 2 post-training.

Parameter Values Notes

LoRA rank (r) 64 Fixed

LoRA alpha (@) 128 Fixed, a/r = 2
LoRA dropout {0.0, 0.02, 0.05} Same as FFT dropout
LoRA targets projection, mlp, head Q/K/V excluded
Learning rate {le-4, 2e-4, 5e-4, 1e-3, 5e-3}  Same as FFT

Weight decay 0.1 Same as FFT

Other parameters Same as FFT (Table 7)
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B.7. 1B Stage 2 CPT: Dropout Ablation

Table 10. Dropout ablation configuration for 1B Stage 2 CPT. MusicPile CPT pipeline only. 12 runs total (2 A x 3 LRs x 2 dropout rates).

Parameter Values Notes

Dropout {0.02, 0.05} embed/attn/resid/mlp
Learning rate {le-5, 2e-5, 5¢-5}  Best 3 from baseline

A {0.0, 1.0} MusicPile mixing only
CPT dataset MusicPile Priority pipeline

Other parameters

Same as baseline (Table 8)

C. Additional Plots

C.1. 135M Dropout and Replay Frontiers (Combined)

—&— Unmixed pretraining —@— Mixed pretraining —€— Mixed + dropout —#— Mixed + replay
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Figure 5. Replay and dropout provide complementary gains on top of mixed pretraining (135M, full panels). Each subfigure shows
one 3-stage pipeline. The left panel compares unmixed pretraining, mixed pretraining, and mixed pretraining + dropout; the right panel
compares unmixed pretraining, mixed pretraining, and mixed pretraining + replay. Across both downstream settings, adding dropout or
replay to mixed pretraining further shifts the loss frontier.

C.2. 135M Dropout and Replay Frontiers with Retained Pretraining Loss (C4)
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Figure 6. Dropout and replay preserve broader pretraining capability in addition to the post-training capability (135M). Companion
to Figure 5, plotting the same Stage 2 hyperparameter sweeps against retained pretraining loss on C4 instead of downstream fine-tuning
loss. (a) C4 — MusicPile — ChemPile. (b) C4 — MusicPile — FLAN.
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C.3. Additional 135M Dropout and Replay Frontiers (without mixing)

—8— Unmixed pretraining —@— Mixed pretraining —€— With dropout —#— With replay
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Figure 7. Dropout and replay applied without pretraining-time mixing (135M). To isolate the effect of post-training interventions
from pretraining-time mixing, each panel applies dropout or replay on top of unmixed pretraining (A=0), with the mixed-pretraining
frontier shown for reference. Both interventions shift the fine-tuning—retention frontier, but less than pretraining-time mixing alone.

C.4. 135M LoRA Experiments
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Figure 8. FFT vs LoRA fine-tuning-retention frontiers (135M). FFT with unmixed pretraining (black circles, solid), FFT with mixed
pretraining (purple circles, solid), LoRA with unmixed pretraining (black squares, dashed), and LoRA with mixed pretraining (purple
squares, dashed). Mixed pretraining improves both the FFT and LoRA frontiers in both downstream settings.
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C.5. 1B Experiments

Black denotes the frontier obtained from unmixed pretraining; purple denotes mixed pretraining.
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Figure 9. Mixing frontiers at 1B, MusicPile post-training pipelines. As at 135M, mixed pretraining consistently shifts the frontier

toward lower retained post-training loss, lower retained pretraining loss, and lower downstream fine-tuning loss.
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Figure 10. Mixing frontiers at 1B, FLAN post-training pipeline. Left: retained post-training loss vs. fine-tuning loss. Right: retained

pretraining loss (C4) vs. retained post-training loss.

Figure 11. Replay and dropout provide complementary gains on top of mixed pretraining at 1B. Both dropout and replay further
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—8— Unmixed pretraining —@— Mixed pretraining —€— Mixed + dropout —&— Mixed + replay
C4 - MusicPile » FLAN

w0
72] w
3 ’ 3.0 "
3.0 .
g’ ‘e . .o g’ e 2 ® e K ¢
£ R . = N
@ ©2.99 1 :
%2.9- 3 IRY 'E o (4 .
é: ’ “\"\“ : * 5: A‘ A‘ s . *
i . T 2.8 . S X
QS) 2.8 s e 9 ¢ kN
@ ° I X
- f f f f f f f f - f f f f f f f f
A 1.3 14 15 16 1.7 18 19 20 £ 1.3 14 15 16 1.7 18 19 20

Retained Post-training Loss

Retained Post-training Loss

Figure 12. Dropout and replay on top of mixed pretraining, broader pretraining retention (1B). At 1B, dropout at the rate we swept
degrades C4 retention relative to mixed pretraining alone (we attribute this to insufficient tuning of the dropout rate); replay continues to
preserve and often improves C4 retention.
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D. Theoretical Analysis
D.1. Preliminaries and Setup

Model and data distribution We consider a two-layer linear network § = W3 Wax on a series of regression problems
using the squared loss. In particular, the problems take the form of £;(6) = E,.p,[||0z — Atz||3], where t € {pre, post, ft}
index the current stage of training. Here, D; denotes the input distribution and the ground-truth outputs are generated as
A'X, where X ~ D;. Following the analysis in Springer et al. (2025), we consider the singular values and vectors of A¢ as
the learned features for the training task ¢.

Assumption D.1 (Simultaneous Diagonalizability). There are orthonormal matrices U,V such that for ¢ € {pre, post, ft}
we can write A’ = UX, VT, where all the 3, are diagonal matrices.

In order to model transfer and interference between the distributions, we will next specify a structure on the relationships
between the different features. We first assume the presence of invariant features, capturing common linguistic capabilities
that are broadly applicable across domains and tasks. Across these definitions, we assume a consistent indexing of the
singular values (although the ordering of the singular values in terms of their magnitude may be different). In the following
we will denote the singular values of the the task covariances interchangeably with the notations o! = (X;);; to denote the
ground-truth value of the feature.

Definition D.2 (Invariant Features). For ¢ € [1,n — 2k], we have that (X)i = (Zpost)ii = (Zi)is. For clarity and to
emphasize their static nature, we will often denote the values of the invariant features as 07", ..., o)¥ o,.. For conciseness,
we will also use dipyariant = 7 — 2k to refer to the number of invariant features.

In addition to these highly general features, we also consider the features through which the model may learn more domain
specific information. We consider that such specialization can be implemented through one of two pathways:

Definition D.3 (Inconsistent Features). We define feature (indexed by ¢) to be inconsistent if we have that (Zpog)ii > (Bpre)ii
and (Epost)ii - (Epre)ii > Cmis

Inconsistent features therefore incur a tradeoff between reducing loss on D, and preserving performance on Dy.. Finally,
we introduce specialized features, which do not incur such a tradeoft.

Definition D.4 (Specialized features). We consider feature 7 is specialized if we have that (VT );x = 0 and that (Zpost)is > 0.
For simplicity we will assume that all specialized features take the same value of (Epost)ii = 3. We will also consider that

ﬁ > %Cmis

Intuitively, Dyre and Dy have no covariance along the specialized feature directions. As we will show, this results in gradient
steps taken along them causing no interference along these directions. However, as a result of their zero-covariance, these
features are also impossible to learn without explicitly seeing the post-training data.

Downstream Tuning Task We consider that the downstream tuning task is relatively more similar to the pretraining task
than the post-training task. As such, we consider that the inputs are sampled according to x ~ A (0,1, _x) (i.e. it doesn’t
not activate the specialized features). As previously, we have that the singular values corresponding to the invariant features
remain constant. We will also consider that AP and A™ diverge on the inconsistent feature. Concretely we have that

(Bpost)ii > (Big)is and (Bpost)ii — (Bfi)is > Crmis-

Mixed Training We parameterize the mixed distribution by a parameter « and train on the distribution Dy mixed =
(1 — a)Dyre + aDpos;. As all distributions in our setting have mean zero, we have that the covariance matrix of this mixture
of Gaussian distributions is (1 — &) Zpre + Xpog.

Assumption D.5 (Invariant Features are High Magnitude). We consider that the invariant features are higher magnitude
than the specialized features and the inconsistent features, concretely:

pre > apre

g, j

Vi € [0, dinvariant) @nd Vj € (dinvariant, 7). We make a similar assumption on the relationship between the invariant features
and the specialized features, concretely:

pre post
o, >0;

Vi € [0, dinvariant] and Vj € (dinvariant, 7). This intuitively encodes that the invariant features correspond to the strongest
directions in the data.

14
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Assumption D.6 (Sufficient Specialized Mixing). We assume that there exists o € [0, 1]

post
i

046 > (1 — O[)O'fre + ao Vi € [dinvarianta invariant + k]

Intuitively, Assumption D.6 suggests that there exists a mixing ratio such that the mixing specialized features become more
salient than the inconsistent features. However, this mixing ratio need not be high if the strength of the specialized feature is
high in the covariance of D,g.

D.2. Analysis of Initial Pretraining

Here, we will study the dynamics of the pretraining stage. We first introduce an important result on the sequential learning
dynamics of features in two layer linear networks (Gidel et al., 2019). For a given pretraining task where X, Y represent the
inputs and outputs, respectively. For a given task, we define that 3., = 1X7Y and 2, = 1X"X. We will write that

Yoy = Zf:’”ly o;u;vil, where Ry, is the rank of . We will also assume that:
Assumption D.7 (Joint Decomposition). There exist orthogonal matrices U, V such that

s,, =UD, V' %, =UD,U" ¢))
and we will denote the singular values of 3., as o4, ..., oR,,and that the diagonal entries of D, ,as A, ..., Ar, =1L
Next, we will characterize the initialization scale of model before pretraining. Following (Springer et al., 2025), we have the
following initialization:
Assumption D.8 (Pretrained Initialization Scale). Let (W1(0), W (0)) be the parameters at initialization. Then we have
that W1 (0) = W5 (0) = exp(—T7)14.
Essentially, Assumption D.7 requires that the model parameters are close, but not exactly 0 which yields sequential feature
learning. We next explicitly re-state the result from (Gidel et al., 2019).
Theorem D.9 (Sequential Learning of Features (Gidel et al., 2019; Springer et al., 2025)). Suppose W1, Wy obey the
initialization in Assumption D.8 and the pretraining task obeys Assumption D.7. Then there exist times ty, ..., t, such that

IW1(t:) — U(S.) ]| r < exp(—CT)

W (t:) = (8:) 5V || < exp(~Cr)
Where ¥.; is defined to be diag(o1, ...0;,0, ...0), equivalently the rank i approximation of diag(oy, ...,0R,,).
Conceptually, Theorem D.9 demonstrates that during the pretraining process, W1 Wy, learn features in decreasing order of

their of the singular value of 3. Next, we will apply this result in order to compare the features learned during mixed and
non-mixed pretraining.

Theorem D.10 (Only Mixing Learns Specialized Features). Let 65 (t) = W3 (t)W5™" (t) be the parameters learned
when pretraining only on D, and 0™ (t) = W (tYWHixed (). Denote Ugpec, Vipee 10 be the right and left singular
values corresponding to the specialized feature. Then, there exists a time t such that

||W(1unmixed) _ U(E(unmixed))% |F < exp(—CT)
||W(2meixed) _ (E(unmixed))%v—l—”F < exp(—CT)

||W(1unmixed) . U(E(unmixed))% ||F < exp(—C’T)
||W(2unmixed) . (E(meixed) )%VT l|F < exp(—CT)

inv inv

T inv T post post
where 3yivea = diag(c”, ..o 5., 0k, a3, ..., af) and Zymivea = diag(c?] 0

ey OO oo, Og)
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Proof. This is a relatively straightforward application of Theorem D.9. Denote (X (mixed) "y (mixed)) ag the data used for mixed
pretraining and S{ed) — L(X(mixed)) Ty (mixed) We have that Bed = (1— o) Ehy + o X F° which follows from the fact

1
n

that the ¥, are submatrices of the covariance matrix of Gaussian random vectors. By Theorem D.9, we have that the features

are learned in order of the singular values of X.,,. By Assumptions D.5 and D.6, we have that the top n — k singular values

of zggixe@ are the n — 2k shared features and the k specialized features. Define E(Z‘ﬁd) = diag(o'™, ...U}C“V, 0, af,...,aB).
Applying Theorem D.9, we have that

W — UEE) 2|l < exp(~C7)
[Wimxed (5D VT || < exp(—Cr)

Repeating this analysis for unmixed training, we have that the top n — k singular values of 2%;“) are the n — 2k shared

features are the k inconsistent features. We can define EEZ"f‘,i"ed) = diag(ot™, ..o, o ... o7 0y). Similarly, by
applying Theorem D.9, we have that

(unmixed) (unmixed)\ 1
W7 —UE, D )2 lle < exp(=C7)
(unmixed) (unmixed)\ L <, T
W5 - (e )2V lp < exp(=CT)
O
Intuitively, our result in Theorem D.9 demonstrates that mixing D, during pretraining results in a pretrained initialization
that has different features. Mixing learns the specialized features, while not mixing learns only the inconsistent features. In
the following, we will examine the impact that these different features have on the retention of D, during subsequent
training.
D.3. Analysis of Post-Training

We now study the dynamics of the post-training process. To formalize the post-training process, we first examine the
dynamics beginning from the idealized pretraining initialization (as performed by (Springer et al., 2025)). We perform the
post-training stage on the regularized loss E[||0x — A®z||%] + A||6 — 6 ||%. Observe that because z ~ N(0,1,), this is
equivalent to ||§ — A*P||r. We follow the assumptions on the regularity of fine-tuning established in (Springer et al., 2025).

Assumption D.11 (Bound on Parameters Throughout Training).
Wil < VT
Wil < VT
W™l < VT
W™ oy < VT

Moreover, we assume that the regularization strength and the learning rates are likewise bounded.

Assumption D.12 (Bound on Learning Rate).
dp(A+2)F <1

Idealized Pretraining Initialization We denote the ideal initialization parameters for the mixed and unmixed cases
(W1(0), W2(0)).
W(r;lixed)(o) _ U(Emixed)%
1 - m—k
WD (0) = (S VT
Similarly, we have the following idealized initialization for the unmixed initialization:
W(lunmixed)(o) _ U(Eu:;rﬂl;;ed)%
WD (0) = (SR FV T
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In the idealized setting, we can track the evolution of each singular value independently. In particular, we have the following

update rules as derived in (Springer et al., 2025) (where we denote o, as the i-th singular value of AP* and likewise for
(un)mixed
o

i (t) as the i-th singular value at step ¢). In what follows, we will suppress the superscript for compactness:

o;(t +1) = 03(t) + 2003 (£) (105 (t)* — (Ospec.i)?) + 20\ (03 (t)* — 03(0)*) @
As a result, note that when o "™™*¢(0) = 0, o{""™*(¢) = 0 for all .
Next,we will study the dynamics of the non-zero singular values (Lemma A.11 (Springer et al., 2025). We will assume that
post-training is performed for a sufficient number of steps.
Assumption D.13 (Sufficient Post-Training Steps). We have that the number of post-training steps (denoted by K) satisfies
K> log %, for a constant € and where cpin = min{(Zpost)is | Lpost)is 7 0} — that is the minimum, non-zero singular

= ACmin
value.

Given these technical conditions, we now state a general result (adapted for our setting from (Springer et al., 2025)).

Lemma D.14. When training on D, with infinite batch size from the ideal pretraining initialization and taking sufficient
number of steps K, for all i € rank(6,(0)), we have that

|(U T glummized (V)5 — (Zpost)ii| < € 3)
where X is such that A poq = UEPOS,VT.

: . shared,post __ : inv inv post post spec,post
Now, we will define thet matrices X r = diag(o)", ..o ops 0. 15-0g . ;,05) and X2
inv pos pos

diag(oi™, ...ci™,, , Oy, O egan t 5417 7 i +op)» Intuitively, Sshedpost Jowers loss on Dy, by shifting the values on
the shared features, while 3PPt accomplishes this by modifying the unique features. We are now ready to state the main
theorem.

Theorem D.15 (Post-training on §™*¢¢ versus §u"™*ed) " Let §"*¢d( K') denote the parameters after training the idealized
unmixed initialization starting for K steps and let 0"~ (K) be the same starting from the idealized mixed checkpoint. Then
we have

||UT9mixedV _ Espec,postHgP <e

||UT eunmixedv o Eshared,[mxt‘ |0p <e¢
Proof. This theorem follows by noting that under the idealized pretraining initialization any singular value that is 0 at
initialization remains that way during the entire optimization trajectory. Note that the 0 singular values of U T gmixedy

coincide with %% Post (the specialized features) and likewise U T "XV coincide with Xshared Post (the inconsistent
features).

This implies that we have

max |(UT9mixedV)Z_i o (2spec,post)ii‘ S max |(UT0mixedV)ii _ (Espec,post)ii|

i€[1,n] i€rank(0)
max |(UT9unmixedV) L (2shared,post) | < max ‘(UTQmixedV) L (Eshared,posl)__|
i€[Ln] v 1= ierank(0) " v
Now, applying the result from Lemma D.14 yields the desired claim. O

D.4. Analysis of Downstream Adaptation

In the previous section, we characterized the impact of post-training from a mixed versus an unmixed initialization,
demonstrating that different features are used to minimize the loss on D,. In this section, we study how these different
features impact the ultimate retention of D,.. We first establish that the singular values corresponding to directions in
which there is no covariance remain unchanged throughout the downstream fine-tuning stage.

Lemma D.16. Consider performing downstream unregularized fine-tuning on Dy,. If © ~ Dy has O covariance along a
singular direction, the corresponding singular value remains unchanged throughout downstream adaptation.
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Proof. To see this, note that the gradient updates for W, and W, take the following form:

Wik +1) = Wi(k) — 20(W1(k)Wa (k) — AP€) S, Wy
Wik +1) = Wy(k) — 2nW (k)X (W1(k)Wy(k) — A)

Here, we have that >, denotes the covariance of the input data . Thus, along any singular direction in which the data has 0
variance, the 3, term will project the gradient to 0. Therefore, the singular values on such directions must also remain
unchanged. O

We consider performing downstream adaptation by taking steps using unregularized gradient descent on Dy and show the
following result.

Theorem D.17. Consider performing K steps of gradient descent on the downstream finetuning dataset beginning from the
intializations 0P° "~¢d( ) and let 9FTmixed (), gFTunmixed () gpost unmixed( ) denote the final parameters. Let A umixed =
E(HFT’ mixed; Dpo\'r) _ E(epoxt, mixed(K); D/mst) and likewise Amixed — E(aFT} unmixed; Dprm) _ E(apost,unmixed(K); D/m.\'r)- Then
we have that A, umixed > Dmived-

Proof. As the invariant features take the same values, they will not move during the downstream adaptation. Moreover,
due to the Lemma D.16, we also have that the specialized features will not change during the the downstream fine-
tuning. This implies that Aymmixea = 0. Next we will examine the changes induced by downstream training on the

unmixed models. Observe that we have that the £(0; Dpos) = ||0 — AP*||%.. We will define the following matrices
Sermed = diag(of™, ..o oft . _oft ,0p)andnote that Lemma D.14 gives us that

||UT9(unmixed)mV _ Z;L;Elmixed)| ‘op <e

The loss function we use here is simply the squared difference of the singular values. Thus,we can upper bound:

ﬁ(gunmixed;pspec) S k(ﬁ-}— 6)2 + k€2

post
and likewise lower bound
E(egnmixed; Dspec) > k(ﬂ - 6)2 + k(cmis - 6)2

Then,we can lower bound Aypmixed > k[(8 + €)% — (8 — €)2] + k[(cmis — €) — €2] = k[48€ — 2cmise + ¢2,;,]. From the

condition that 5 > %cmis and the positivity of (cmis)Q, we thus have that Ayymixea > 0, which is what we wanted to show.

O
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