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Abstract

This paper studies clustering algorithms for dy-
namically evolving graphs {G;}, in which new
edges (and potential new vertices) are added into
a graph, and the underlying cluster structure of
the graph can gradually change. The paper proves
that, under some mild condition on the cluster-
structure, the clusters of the final graph G of np
vertices at time 7' can be well approximated by
a dynamic variant of the spectral clustering algo-
rithm. The algorithm runs in amortised update
time O(1) and query time o(nr). Experimental
studies on both synthetic and real-world datasets
further confirm the practicality of our designed
algorithm.

1. Introduction

For any graph G = (V, E) and parameter k& € N as input,
the objective of graph clustering is to partition the vertex set
of G into k clusters such that vertices within each cluster
are better connected than to the rest of the graph. Since
large-scale graphs are commonly used to model practical
datasets, designing efficient graph clustering algorithms is
an important problem in machine learning and related fields.

In practice, these large-scale graphs usually evolve over
time: not only are new vertices and edges added into a
graph, but the graph’s clusters could also change gradually,
resulting in a new cluster-structure in the long term. Instead
of periodically running a clustering algorithm from scratch,
it is important to design algorithms that can quickly identify
and return the new clusters in dynamically evolving graphs.

In this paper we study clustering for dynamically evolving
graphs, and obtain the following results. As the first and con-
ceptual contribution, we propose a model for dynamic graph
clustering. In contrast to the classical model for dynamic
graph algorithms (Thorup, 2007; Beimel et al., 2022), our
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proposed model considers not only edge insertions but also
vertex insertions; as such the underlying graph can gradu-
ally form a new cluster-structure with a different number of
clusters from the initial graph.

As the second and algorithmic result, we design a ran-
domised graph clustering algorithm that works in the above-
mentioned model, and our result is as follows:

Theorem 1.1 (Informal statement of Theorem 4.6). Let
G1 = (W1, Ey) be a graph of ny vertices and k = O(1)
clusters." Assume that new edges, which could be adjacent
to new vertices, are added to G at each time t to obtain
Gi41, and there are O(poly(n1)) added edges in total at
time T = O(poly(n1)) to form G of ny vertices and k'
clusters. Then, there is a randomised algorithm such that
the following hold with high probability:

* The initial k clusters of G1 can be approximately com-
puted in O(|E1|) time.

e The new k' clusters of Gt can be approximately com-
puted with amortised update time O(1) and query time
o(nr).

To examine the result, we notice that, although the num-
ber of clusters k in (1 can be identified with the classical
eigen-gap heuristic (Ng et al., 2001; von Luxburg, 2007),
computing an eigen-gap is expensive and cannot be directly
applied to determine the change of % in dynamically evolv-
ing graphs. Our result shows that the new number of clusters
k' can be computed by a dynamic clustering algorithm with
sublinear query time. Secondly, as the running time of a
clustering algorithm is at least linear in the number of edges
in Gt and it takes Q(nr) time to output the cluster mem-
bership of all the vertices, obtaining an o(nr) amortised
query time? is significant. To the best of our knowledge, our
work presents the first such result with respect to theoretical
guarantees of the output clusters, and time complexity.

Our algorithm not only achieves strong theoretical guaran-
tees, but also works very well in practice. For instance, for
input graphs with 300,000 vertices and up to 490,000,000
edges generated from the stochastic block model, our algo-

'We use O(n) to represent O(n - log®(n)) for constant c.
Throughout the paper we use T to denote query time, and ¢ as
arbitrary time throughout the sequence of graphs {G }.
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rithm runs more than 100 times faster than repeated exe-
cution of spectral clustering on the updated graphs, while
obtaining a comparable clustering result.

1.1. Overview of the Algorithm

For any input graph G; with a well-defined cluster structure,
we first construct a cluster-preserving sparsifier Hy of G1,
which is a sparse subgraph of G; that maintains its cluster-
structure, and employ spectral clustering on H; to obtain
the initial k clusters of G1. After this, with a new edge
arriving at every time ¢, our designed algorithm applies two
components to track the cluster-structure of G,.

The first component is a dynamic algorithm that maintains
a cluster-preserving sparsifier H; for G;. Our designed
algorithm is based on sampling edges with probability pro-
portional to the degrees of their endpoints, and these edges
get resampled if their degrees have significantly changed.
We show that H; always preserves the cluster-structure of
G, and the algorithm’s amortised update time complexity
is O(1).

Our second component is an algorithm that dynamically
maintains a contracted graph G of G, and this contracted
graph is used to sketch the cluster-structure of G;. For the
first input graph G'; and the output of spectral clustering
on H1, our initial contracted graph G consists of k super
vertices with self-loops: these super vertices correspond
to the k clusters in GG1, and are connected by edges with
weight equal to the cut values of the corresponding clusters
in H;. After that, when new edges (and potentially new
vertices) arrive over time, our algorithm updates G; such
that (new) clusters are represented by either the same super
vertices, newly added vertices, or a combination of both.
The algorithm further updates the edge weights between
the super vertices. With slight increase in the number of
vertices of GGy over time, we prove that the cluster-structure
in Gy is approximately preserved in G;. In particular, when
new clusters are formed in Gy, this new cluster-structure
of G can be identified by the eigen-gap of GG;’s Laplacian
matrix. See Figure 1 for the illustration of our approach.

1.2. Related work

Our work directly relates to a number of works on incremen-
tal spectral clustering algorithms (e.g., (Dhanjal et al., 2014;
Martin et al., 2018; Ning et al., 2007)). These works usually
rely on analysing the change of approximate eigenvectors
and don’t show the approximation guarantee of the returned
clusters. Many works along this direction further employ
matrix perturbation theory in their analysis, requiring that
the total number of vertices in a graph is fixed.

Our work is also linked to related dynamic graph algorithm
problems (e.g., (Bernstein et al., 2022; Saranurak & Wang,

2019)). However, most works in dynamic graph algorithms
focus on the design of dynamic algorithms in a general
graph, while for dynamic clustering one needs to assume the
presence of cluster-structures in the initial and final graphs,
such that the algorithm’s performance can be rigorously
analysed. Nevertheless, some of our presented techniques,
like the adaptive sampling, are inspired by the dynamic
graph algorithms literature.

2. Preliminaries
2.1. Notation

Let G = (V, E,w) be an undirected graph with |V| = n
vertices, |E| = m edges, and weight functionw : V xV —
R>¢. For any edge e = {u,v} € E, we write wg(u,v)
or wg(e) to express the weight of e. For a vertex u € V,
we denote its degree by degg(u) = 3 oy we(u,v), and
the volume for any S C V is defined as volg(S) =
> wes degg(u). Forany S, T C V, we define the cut value
between S and T by wg(S,T) = >cerg(s,) WG (€),
where Eg(S,T) is the set of edges between S and T'. More-
over, for any S C V/, the conductance of S is defined as

N wa(S,V\ 9)
Pc(S) = min{volg(S),volg(V '\ 9)}

if S # (), and ®(S) = 1if S = (. For any integer k > 2,
we call subsets of vertices Ay, ..., Ay a k-way partition of
Gif U, A4, = V and 4; N A; = 0 for different i and ;.
We define the k-way expansion of G by

£

min max Pg(A4;).

a(k
P ( ) partitions A1,...,A; 1<i<k

Our analysis is based on the spectral properties of graphs,
and we list the basics of spectral graph theory. For a graph
G = (V,E,w), let Dg € R"*" be the diagonal matrix de-
fined by D¢ (u,u) = degq(u) for all w € V. We denote by
Ag € R™ " the adjacency matrix of G, where Ag(u,v) =
wg (u, v) for all u,v € V. The normalised Laplacian ma-
trix of G is defined as L £ T — Dal/QAgDal/z, where
is the n x n identity matrix. The normalised Laplacian L¢
is symmetric and real-valued, and has n real eigenvalues
which we write as 0 = A (Lg) < ... < M\ (Lg) < 2; we
use f; € R™"(1 <4 < n) to express the eigenvector of L¢
corresponding to \;.

Lemma 2.1 (Higher-order Cheeger inequality, (Lee et al.,
2014)). There is an absolute constant Co 1 such that it holds
Sfor any graph G and k > 2 that

Me(La)

5 S pa(k) < Con - K2/ Ak(La). ey
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Figure 1. Illustration of our technique. The black and red edges in Figure (a) are the edges in G and the added ones in G ; the dashed
black and red edges in Figure (b) are the ones added in H; and Hy; the black and red edges in Figure (c) are the ones in Gt and G,y

2.2. Spectral Clustering

Spectral clustering is a popular clustering algorithm used in
practice (Ng et al., 2001), and it can be described with a few
lines of code (Algorithm 1).

Algorithm 1 SpectralClustering(G, k)

1: Input: Graph G = (V, E, w), number of clusters k €
N

2: Qutput: Partitioning Py, ..., Py

3: Compute eigenvectors f1, ..., fr of Lg

4: foru € V do

5 F(u) « \/ﬁ (fr(u), ..o fe(u)T
6: end for

7: Py, ..., Py < k-means({F(u)}uev, k)

8: Return Py, ..., P;

To analyse the performance of spectral clustering, we ex-
amine the scenario in which there is a large gap between
Ai+1(L¢) and pg (k). By the higher-order Cheeger inequal-
ity, a low value of pi(k) ensures that V' can be partitioned
into k clusters, each of which has conductance at most
pc(k); on the other hand, a large value of A\;11(Lg) im-
plies that any (k + 1) partition of V" would introduce some
A CV with ®g(A) 2 pa(k+ 1) 2 Ap+1(Lg)/2. Based
on this, Peng et al. (2017) introduced the parameter

Aet1(Le)
pc (k)
and showed that a large value of Y (k) is sufficient to
guarantee a good performance of spectral clustering. They

further showed that, for a graph G with m edges, spectral
clustering runs in O(m - logﬁ m) time for constant 3 € R™.

Ta(k) £ 2)

For convenience of notation, we always order the output
of spectral clustering by P, ..., Py such that volg(P;) <
. < volg(Py).

2.3. Model for Dynamic Graph Clustering

We assume that the initial graph G; = (Vi, Eq) with
ny vertices satisfies A\p11(La,) = Q1) and pg, (k) =
O(k~81log™?"(ny)) for some constant v € RT. This con-
dition is similar to lower bounding Y, (k), and ensures
that the initial input graph G; has k£ well-defined clusters.
After this, the underlying graph is updated through an edge
insertion at each time, and let G; = (V;, F;) be the graph
constructed at time ¢. We assume that every edge insertion
introduces at most one new vertex; as such the underly-
ing graph is always connected, and the number of vertices
ny 2 |Vi| could increase over time. We further assume
that, after every ©(log”(n;)) steps, there is time ¢’ such
that Gy = (Vi Ey) presents a well-defined structure of
K’ clusters, which is characterised by Ay 41(La,,) = (1)
and pg,, (k') = O(k'=® - log™*"(ny)) for some k' € N.

Notice that, since both the number of vertices n; in time ¢
and the number of clusters could change, our above-defined
dynamic gap assumption allows the underlying graph to
gradually form a new cluster structure, e.g., O(log” (n1))
newly added vertices and their adjacent edges could initially
form a small new cluster which gradually “grows” into a
large one. On the other side, our assumption prevents the
disappearance of the underlying graph’s cluster-structure
throughout the edge updates, which would make the objec-
tive function of a clustering algorithm ill-defined.
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3. Dynamic Cluster-Preserving Sparsifiers

A graph sparsifier is a sparse representation of an input
graph that inherits certain properties of the original dense
graph, and their efficient construction plays a key role in
designing a number of nearly-linear time graph algorithms.
However, typical constructions of graph sparsifiers are based
on fast Laplacian solvers, making them difficult to imple-
ment in practice. To overcome this, Sun & Zanetti (2019)
studied a variant of graph sparsifiers for graph clustering,
and introduced the notion of a cluster-preserving sparsifier:

Definition 3.1 (Cluster-preserving sparsifier). Let G =
(V,E) be any graph with k clusters, and {S;}* | a k-
way partition of G corresponding to pi(k). We call a
re-weighted subgraph H = (V,F C FE,wg) a cluster-
preserving sparsifier of G if (i) @5 (S;) = O(k - P (S;))
for 1 < ¢ < k,and (il) A\gr1(Ly) = QAer1(Le))-

To examine the two conditions of Definition 3.1, notice that
graph G = (V, E) has exactly k clusters if (i) G has k dis-
joint subsets S1, . .., Sk of low conductance, and (ii) any
(k + 1)-way partition of G would include some A C V
of high conductance, which would be implied by a lower
bound on Agy1 (L) due to (1). With the well-known eigen-
gap heuristic and theoretical analysis on spectral cluster-
ing (Peng et al., 2017), these two conditions ensure that the
k optimal clusters in G have low conductance in H as well.

3.1. The SZ Algorithm

We first present the algorithm in (Sun & Zanetti, 2019) for
constructing a cluster-preserving sparsifier; we call it the SZ
algorithm for simplicity. Given any input graph G = (V, E),
the algorithm computes

(U)Amin{C- L _logn }
Pu Met1(Lg)  degg(u)’

(u) £ min {C L logn }

b Ait1(La) degg(v)' )’

for every e = {u,v}, where C' € R" is some constant.
Then, the algorithm samples e = {u, v} with probability
Pe £ Pu (’U) + Do (u) — Pu (U) " Dv (u)’ and sets the Weight
of every sampled e = {u,v} in H as wg(u,v) £ 1/p,.
By setting F' as the set of the sampled edges, the algorithm
returns H = (V, F,wg ). Sun & Zanetti (2019) proved that,
with high probability, H has O(n) edges and is a cluster-
preserving sparsifier of G.

On the other side, while Definition 3.1 shows that the op-
timal clusters S; (1 < ¢ < k) of G have low conductance
in H, it doesn’t build the connection from the vertex sets
of low conductance in H to the ones in GG. In this paper,
we prove that such a connection holds as well; this allows
us to apply spectral clustering on H, and reason about the
conductance of its returned clusters in G.

Lemma 3.2. Let G be a graph with Y (k) = Q(k) for
some k € N with optimal clusters {S;}¥_,, and H its clus-
ter preserving sparsifier. Let {Pi}i?:l be the output of spec-
tral clustering on H, and without loss of generality let the
optimal correspondence of P; be S; for any 1 < i < k.
Then, it holds with high probability for any 1 < i < k that

2

VOlg(PZASl) =0 (Ti(k‘)) 'VOIG(Si)a

de(P) =0 (@G(SZ-) + TS(/@) :

where ANB = (A\ B)U (B\ A).

3.2. Construction of Dynamic Cluster-Preserving
Sparsifiers

Now we design an algorithm that constructs a cluster-
preserving sparsifier under edge and vertex insertions, and
our algorithm works as follows. Initially, for the input G
with nq vertices, a well-defined structure of k£ clusters and

C
T =

Z T 3
>\k'+1(£G1) ( )

for some constant C € R, we run the SZ algorithm and
obtain a cluster-preserving sparsifier of ;. In addition to
storing the sparsifier H; of GGy, the algorithm employs the
vector spj to store the values log n; /deg, (u) for every
vertex u, which are used to sample adjacent edges of vertex
u. See Algorithms 2 and 3 for formal description.

Algorithm 2 SampleEdge(e, G, 7)
1: Input: edge e = {u,v}, graph G = (V, E) of n ver-
tices, parameter 7 € R™
Output: edge ¢’ with weight w(e’)
P(u,v) <= pu(v) + po(u) — pu(v) - pu(u)
Sample e with probability p(u, v)
. if e is sampled then
e e w(e) + 1/p(u,v)
else
e+ 0, wle)«0
. end if
: Return €', w(e’)

Next, given the graph G currently constructed at time
t, its sparsifier H;, and edge insertion e = {u,v}, the
algorithm compares for every vertex w the parameter
logntt1/degg,, , (w) with spy(w), the quantity used to
sample the adjacent edges of w the last time, and checks
whether the two values change significantly. If it is the case,
then the used sampling probability is too far from the “cor-
rect” one when running the static SZ algorithm on Gy41,
and hence we resample all the edges adjacent to w with
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Al

gorithm 3 StaticSZSparsifier(G, 1)

1:
2:

R A e

degree list sp*

F«0

fore € E'do
e’ w(e') + SampleEdge(e, G, T)
F«+ FUe,wy(e) < w(e)

end for

sp* {del;i?u) | ue V}

Return H, sp*

Input: G = (V, E) of n vertices, parameter 7 € R™
Output: Cluster preserving sparsifier H = (V, F,wg),

Al

gorithm 4 UpdateSparsifier(Gy, H, spy, e, 7)

1

p—
o

15:
16:

17:
18:
19:
20:
21:
22:
23:
24

25:
26:
27:
28:
29:

30

—_ =
TeYeRaankwd

: Input: Gt = (‘/taEt)v Ht = (‘/;faFtawa,)s Spr’ in-

coming edge e = {u, v}, parameter T
: Olltpllt: Ht+1 = (‘/;t+1; Ft+17 wHt+1)’ SP?H
: Vnew — {u,v} \ V;f
: Gt+1 — (‘/t U ‘/new; Et U 6)
: Ht+1 — (‘/f U Vaew, Ft7wa,)
SP;11 < SP;
if Vnew 7é (Z) then
e/, w(e') < SampleEdge(e, G411, 7)
Ft+1 — Ft-i-l U 6/, WHy 4 (6) — w(e/)
if u € Ve then
* _lognity
spH_l(u) — degg,,, (4)
end if
if v € View then
SPI+1 (u) A
end if
end if

log niq1
de%ct_H (v)

3 logn
Vdoubled < {'U € ‘/,5+1 \ View ‘ di”rl

“8a,,, (0)

(o log iy sp; (9)
sp; (0) or Togo,,, (0 < B }
if ‘Vdoubled| > 0 then
for 4. € Vioubleq do
Fryr + Frpi \ B, (@)
for ¢ € Eg, ., adjacent to i do
¢, w(é') < SampleEdge(é, Gi11,7)
FtJr] — FtJr] U é/, WH, (é) — ’lU(él>
end for
* N log niyi
sPy41() < degc, (@)
end for
else
e’ w(e') < SampleEdge(e, Gi11,7)
Fipr < Fip Ve, wpy,, () < w(e)
end if
- Return H; 1, sp; 4

> 2.

the right sampling probability. Otherwise, we simply use
the values stored in sp; to sample the upcoming edge e,
and include it in H;, if e is sampled. See Algorithm 4 for
formal description®, and Theorem 3.3 for its performance:

Theorem 3.3. Let G1 = (V1, En) be a graph with nq ver-
tices and a well-defined structure of k = O(1) clusters,
and {G.} the sequence of graphs of {n;} vertices con-
structed sequentially through an edge insertion at each
time. Assuming graph Gr at time T = O(poly(ni))
has a well-defined structure of O(1) clusters and ny =
O(poly(ny)), Algorithm 4 returns a cluster-preserving spar-
sifier Hp = (Vp, Fr,wpy.,.) of Gr with high probability,
and |Fr| = O(ng). The algorithm’s amortised running
time is O(1) per edge update.

4. Dynamic Spectral Clustering Algorithm

This section presents our main dynamic spectral cluster-
ing algorithm, and is organised as follows: In Section 4.1,
we present the construction and update procedure of a con-
tracted graph, which is the data structure that summarises
the cluster structure of an underlying input graph and al-
lows for quick updates to the clusters. The properties of
dynamic contracted graphs are analysed in Section 4.2. We
present the main algorithm and analyse its performance in
Section 4.3.

4.1. Construction and Update of Contracted Graphs

For any input graph G; = (V;, E;) of n; vertices, its dy-
namic cluster-preserving sparsifier H; = (V;, Fy, wp, ), and
its k clusters P, . . ., Py returned from running spectral clus-
tering on Hy, we apply Algorithm 5 to construct a contracted
graph Gy = (V, By, wg,) of G¢. Notice that we introduce

the set of non-contracted vertices ‘ch = (), which will be
used later.

Lemma 4.1. The algorithm ContractGraph(H,, P) returns
Gt = (‘/ta Et7 wét) in O (|Ft|) time.

Next we discuss how the contracted graph is updated under
edge and vertex insertions. Given the graph G; = (V;, E})
with n; vertices that satisfies Ap+1(Lg,) = (1) and
pa, (k) = O(k~8log™?7(n;)) for some constant y € R,
its cluster-preserving sparsifier H; = (V;, Fy, wy, ), the cor-
responding contracted graph G; = (17;, E, wg, ), and the
upcoming edge insertion ¢ = {u, v}, we construct Gy
from ét as follows:

3Notice that, since Ap+1(Lq,) = Q(1) for any graph G ex-
hibiting a well-defined structure of k clusters and it holds for
Gr at time T = O(poly(n1)) that ny = O(poly(n1)), ie.,
lognr = O(logni), by setting C to be a sufficiently large con-
stant, 7 - log n; is the right parameter for defining the sampling
probability at time T = O(poly(n1)).
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Algorithm 5 ContractGraph(H;, P)
1: Input: Cluster preserving sparsifier H; =

(Vi, Ft,wp, ), partition P = {Py,... Py}
Output: Contracted graph Gy = (V;, Ey, w a,)
Let p; be a representative super vertex for each cluster
PeP. _
Ve« {pi | P ePL V<0
Vi ey e
E, 0 o
for {p;,p;} € Vi x V< do

By + Ey U {pi,p;}

wg, (pi, pj) < wi, (Pi, P))
end for _
Return G; =

_
T Y R LR

—

(‘71% Et,ﬂ)ét)

o If either U Or v is a new vertex, the algorithm adds the
vertex to GGy as a non-contracted vertex. The algorithm
sets View = {u, v} \ Vi, and Vi = Vi U View.

* For every existing vertex w € {u,v} \ View that
belongs to some P;, the algorithm checks whether
degg,,, (w) > 2 - degg, (w), where degg (w) for
r < t is the degree of w when the contracted graph
was constructed. If it is the case, the algorithm pulls
w out of p;, and adds it to V1, i.e., the uses a single
vertex in étﬂ to represent w.

* The algorithm adjusts the edge weights in the con-
tracted graph based on the type of the vertices. For
instance, the algorithm sets wea, ., (u,v) = 1if both
of u and v are non-contracted vertices, and decreases
the value of wg, | (Py, P,) if vertex u pulls out of
P, eP.

See Algorithm 7 in the appendix for the formal description
of the algorithm UpdateContractedGraph(Gy, Gy, e).

Lemma 4.2. The amortised time complexity of
UpdateContractedGraph(Gy, Gy, e) is O(1).

4.2. Properties of the Contracted Graph

Now we analyse the properties of the contracted graph.
Since the amortised time complexity for every edge up-
date (Theorem 3.3 and Lemma 4.2) remains valid when we
consider a sequence of edge updates at every time, without
loss of generality let Gy = (V3 U Viow, Et U Epew) be the
graph after a sequence of edge updates from G; = (V;, E;)
with n; vertices, and C~}’t1 be the contracted graph of G con-
structed by sequentially running UpdateContractedGraph
for each e € Eoy,. We assume that | Eyey | < log” (n;) for
some v € RT.

We first prove that the clusters returned by spectral cluster-
ing on H; also have low conductance in G;. Notice that, as

the underlying graph G'; could be dense over time, running
a clustering algorithm on its sparsifier H; with O(n;) edges
is crucial to achieve the algorithm’s quick update time.

Lemma 4.3. It holds with high probability that @y, (P;) =

O (k* - pg,(k)) and ®¢,(P;) = O (k* pg,(k)) for all
P, eP.

Next, we define the event £; that

Dy, (P;) = O (k6 - log™ " (ny))

and

e, (P;) = O (k=% log™*"(my))

hold for all P; € P. By the fact that Ap+1(Gt) = (1),
pa, (k) = O(k=8 -log™?7(n;)) and Lemma 4.3, £; holds
with high probability. We further define the event &, that

(1/2) - degg, (u) (3/2) - degg, (u)

hold for all u € V;, and know from the proof of Theorem 3.3
that £ holds with high probability. In the following we
assume that both of & and & happen.

<degy, (u) <

Next, we study the relationship between the cluster-structure
in Gy and the one in G'y/. Recall that the number of vertices
in G is much smaller than the one in G.. We first prove
that there are ¢ disjoint vertex sets of low conductance in
Gy if and only if there are ¢ such vertex sets in Gy .

Lemma 4.4. The following statements hold:

o If pag,(t) < log “(ny) holds for some
¢ € N and o« > 0, then pét/(ﬂ) =

max {O (logfo'ga(ntr)) ,O (k7% -log ™7 (ny)) }.
If pg, (0) < log”°(ny) holds for some
¢ € Noad 6 > 0, then pg,(l) =
max {O (10g_5(nt/)> ,O (k75 -log™ " (ny)) }
Secondly, we show that there is a close connection between

Aev1(Lea, ) and )\Hl(ﬁ@ﬂ) for any ¢ € N.

Lemma 4.5. The following statements hold:

o If My1(Ls ) = Q) for some £ € N, then

Gy
Aev1 (Le,, ) Q (log™*(ny) /€°) for constant o >
0.
o If Aoy (EG ,) Q(1) holds for some ¢ € N, then
Near(Lg, ) = QL)

Lemmas 4.4 and 4.5 imply that the cluster-structures in G'y/
and Gy are approximately preserved.
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4.3. Main Algorithm

Our main algorithm consists of the preprocessing stage, up-
date stage, and query stage. They are described as follows:

Preprocessing Stage. For the initial input graph G; =
(V1, Eq), we apply (i) StaticSZSparsifier(G1,7) to ob-
tain H; = (V4, F1,wg, ), (i) SpectralClustering(H, k)
to obtain initial partition P = {Pi,... P}, and (iii)

ContractGraph(H;, P) to obtain G; = (Vi, Ey).

Update Stage. When a new edge arrives at time ¢, we apply
Algorithm 4 and the update procedure of the contracted
graph (Section 4.1) to dynamically maintain H; and G;.

Query Stage. When a query for a new clustering starts at
time 7', the algorithm performs the following operations,
where 7 is the constant satisfying v > 5 and v > 0.9«

* For r being the last time at which G, is recomputed,
the algorithm checks if ' — r < log”(n,.), i.e., the
number of added edges after the last reconstruction of
the contracted graph is less than log™ (n,.). If it is the
case, then the algorithm runs spectral clustering on the
contracted graph G 7.

* Otherwise, the algorithm runs spectral clustering on
Hyp. Tt also recomputes G, by first computing G,
where 7’ is the last time at which the dynamic gap
assumption holds, and updating G,» to G with the
edge updates between time 7’ and T'.

See Algorithm 6 for formal description.

Algorithm 6 QuerySpecClustering(Gr, Hr, Gr, v, £)

: Input: Graphs G, Hr, and Gr, vy€R",andf € N
Output: Partition P = {Py, ... P}
Let r be the last time at which éT is recomputed.
if T —r <log”(n,) then
Py,..., P+ SpectralCIustering(éT, ?)
Return {Py,..., P}
else
Py, ..., P, + SpectralClustering(Hr, £)
Recompute érf, where 7’ is the last time at which
the dynamic gap assumption holds
Update GG,» to G with the edge updates between
time 7’ and T'
11:  Return {P,...
12: end if

YRR AR D

,_
=4

7P€}

Theorem 4.6. Let Gy = (V1, E1) be a graph with ny ver-
tices and k = O(1) clusters, and {G;} the sequence of
graphs of {n;} vertices constructed through an edge in-
sertion at each time satisfying the dynamic gap assump-
tion. Assume that G at query time T has { clusters, i.e.,

N1 (Lay) = Q1) and pe, (£) = O(¢~ log™* (n1) for
a € R*. Then, with high probability Algorithm 6 returns
Py, ... Pywith®q, (P;) =0 (¢- logfo'ga(nT)) for every
1 < @ < L. The algorithm’s running time for returning
the clusters of Gy is O(|E1|). Afterwards, the algorithm’s
amortised update time is O(1), and amortised query time is
o(nr).

Proof. The algorithm’s running time and approximation
guarantee on G'; follows from (Macgregor & Sun, 2022), so
we only need to analyse the dynamic update stage. We first
analyse the conductance of every output P;. Notice that, if
Lines 4-6 of Algorithm 6 are executed, then by Lemmas 3.2,
4.4 and 4.5 the approximation guarantee holds. Otherwise,
Lines 7—-12 are executed, then by the dynamic gap condition
and Lemma 3.2 the approximation guarantee holds as well.

Next, we prove the running time guarantee. The O(1) amor-
tised update time of H; and G, follows by Theorem 3.3
and Lemma 4.2. For the query at time 7', notice that if
Line;§ 4-6 are executed, then the query time is at most
O(|Vr|?) = O((k +log” (n7))3) = O(1). Note, the super
vertices are used as sketches to quickly update the clus-
ter assignment of each vertex; otherwise, Lines 7—12 are
executed, and the query time is dominated by spectral clus-

tering’s time complexity of O (nT -log”? (nT)) Since this
only happens every log” (n,) = O(log” (nr)) edge updates,
the amortised query time is O(ny - log” =7 (nr)) = o(nr).

Finally, we show that the number of clusters ¢ can be iden-
tified with our claimed time complexity. Notice that, if
Lines 4-6 of the algorithm are executed, then by Lem-
mas 4.4 and 4.5 we can detect the spectral gap in G us-
ing G7; hence we can choose £ in o(n;) time. Otherwise,
Lines 7—12 are executed. In this case, we run spectral clus-
tering with different values of ¢’ and find the correct value
of £ (The same procedure is done to recompute G'/). Since
there are O(1) clusters in total, we achieve the same query
time guarantee. O

5. Experiments

We experimentally evaluate the performance of our algo-
rithm on synthetic and real-world datasets. We report the
clustering accuracy of all tested algorithms using the Ad-
justed Rand Index (ARI) (Rand, 1971), and compute the
average and standard deviation over 10 independent runs.
Algorithms were implemented in Python 3.12.1 and exper-
iments were performed using a Lenovo ThinkPad T15G,
with an Intel(R) Xeon(R) W-10855M CPU@2.80GHz pro-
cessor and 126 GB RAM. Our code can be downloaded
from https://github.com/steinarlaenen/Dynamic-Spectral-
Clustering-With-Provable- Approximation-Guarantee.
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Figure 2. Results on the two versions of our dynamic SBM. Figures (a) and (b) report the average ARI score at each time 7' for the
clustering results on G, Hr, and Gr; Figures (c) and (d) report the running time in seconds at each time 7". Shaded regions indicate the

standard deviation.

5.1. Results on Synthetic Data

We study graphs generated from the stochastic block
model (SBM), and introduce two dynamic extensions to
generate new clusters and merge existing clusters.

SBM with increasing number of clusters. We generate the
first graph G; based on the standard SBM, and set &k = 10
and the number of vertices in each cluster {S;}%_; as n;, =
10,000. For every pair of u € S; and v € S; we include
edge {u, v} with probability p if i = j, and with probability
qifi#j.

To update the graph, we generate a batch of edge updates
in two steps: first, we randomly select a subset Q C V(G1)
such that |Q| = npew = 400, and for any u,v € @ we
include edge e = {u, v} in the graph with probability 71;
setting 7 sufficiently large ensures that the set () forms a
new cluster in the graph. Second, for any u,v € V(G1)
we include edge e = {u, v} with probability s. The edges
sampled from these two processes form one edge update
batch. We sample 10 such batches (ensuring no new clusters
overlap), each inducing a new cluster and additional noise.

To cluster each G, we run spectral clustering (SC) on three
graphs:

1. We run spectral clustering on the full graph Gr.

2. We construct the contracted graph G pattime T =1,
and incrementally update G; using the procedure de-
scribed in Section 4.1. Then, we run spectral clustering
on each Gr.

3. We construct a cluster-preserving sparsifier [, using
Algorithm 3, which we dynamically update using Al-
gorithm 4 with sampling parameter 7 = 3, and cluster
each subsequent Hr.

At each time 7', we run spectral clustering with & = 10 +
T — 1 on all three graphs, and report the running times
and ARI scores. We set p = 0.1, ¢ = 0.01, r; = 0.95, and
s = 0.00001, and plot the results in the left plots of Figure 2.
We can see that at every time 7', spectral clustering on G
returns the perfect clustering, and spectral clustering on G
and Hyp returns marginally worse clustering results. On
the running time, we see that running spectral clustering
on G, Hr and G takes around 100 seconds, 50 seconds,
and less than 1 second respectively. This highlights that our
algorithm returns nearly-optimal clusters with much faster
running time than running spectral clustering on G or Hr.

Next, we compare the spectral gaps of L., and £ &, forev-
ery 7', and Table 1 reports that these gaps are well preserved.
This demonstrates that, as what we prove earlier, the new
cluster-structure of G can be indeed identified from G.

Table 1. Spectral gaps in Lg,. and E@T for SBM with increasing
number of clusters. We report A\gy7 (LG )/ Ae+r—1(Lay) and
)\k+T (LéT )/)\k+T—1 (CG'T) at each time 7.

T 2 3 4 5 6 7 8 9 10 11

Gr 63 58 58 57 57 57 56 56 56 5.5

Gr 93 92 90 87 85 81 78 75 7.1 6.8
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Figure 3. Results on MNIST and EMNIST. Figures (a) and (b) report the average ARI scores at each time T' for the clustering results on
G, Hr, and Gr; Figures (c) and (d) report the average cumulative running time in seconds at each time 7". Shaded regions indicate the

standard deviation.

SBM with decreasing number of clusters. We set k = 25,
and the first graph GG; is generated based on the standard
SBM with parameters p and g. For clusters {S;}2_; we set
|S;| = 20,000, and for {S;}2°; we set |S;| = 500; hence
there are 5 large and 20 small clusters.

To update the graph, we generate a batch of edge updates as
follows: we randomly choose two clusters S; and S; such
that |S;| = |S;| = 500, and for any u € S; and v € S; we
include edge e = {u,v} in the graph with probability 7.
Setting 7 sufficiently large ensures that clusters S; and .S;
merge. Similarly as before, for any u,v € V(G1) we also
include edge e = {u, v} with probability s. All the edges
sampled by these two processes form a single batch update.
We sample 10 such batches, and there are k = 15 clusters
at final time 7" = 11. At each time 7', we run spectral
clustering with k = 25 — T' + 1 on all three graphs. We set
p = 0.1, ¢ = 0.001, ro = 0.95, and s = 0.00001, and plot
the results in the right plots of Figure 2.

Similar to the SBM with increasing number of clusters, at
every time 7', spectral clustering on all three graphs returns
similar results. We further see that spectral clustering on
Gt has lower running time than the one on G and Hr.
The spectral gaps in G and G are reported in Table 2.

5.2. Results on Real-World Data

We further evaluate our algorithm on the MNIST dataset (Le-
cun et al., 1998), which consists of 10 classes of handwritten
digits and has 70, 000 images, and the “letter” subset of the
EMNIST dataset (Cohen et al., 2017), which consists of 26

Table 2. Spectral gaps in L, and EéT for SBM with decreasing
number of clusters. We report Ax—7r42(Lar )/ A—1+1(Lar)
and Ak—7+2(Lg,.)/Ae—-1+1(Lg,,) at each time T'.

T 2 3 4 5 6 7 8 9 10 11

Gr 45 44 42 40 40 39 38 38 38 36
Gr 83 80 75 74 74 70 68 63 58 54

classes of handwritten letters and has 145, 600 images. We
construct a k-nearest neighbour graph for each dataset, and
set k = 100 (resp. k£ = 200) for MNIST (resp. EMNIST).

We select four classes (clusters) at random; the chosen ver-
tices and adjacent edges in the k-nearest neighbour graph
form G;. To construct the sequence of updates, we select
one new cluster (resp. two) at random for MNIST (resp.
EMNIST), and add the edges inside the new cluster as
well as the ones between the new and existing clusters.
We randomly partition these new edges into 10 batches of
equal size, and add these to the graph sequentially. We
recompute G after one class (resp. two) is streamed for
MNIST (resp. EMNIST), and report the results in Figure 3.
The update/reconstruction time is included in the running
time.

Our experiments on real-world data further confirm that, as
the size of the underlying graph and its number of clusters
increase over time, our designed algorithm has much lower
running time compared with repeated execution of spectral
clustering, while producing comparable clustering results.
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A. Omitted Details from Section 3

The section presents the details omitted from Section 3, and is organised as follows. We prove Lemma 3.2 in Section A.1,
and prove Theorem 3.3 in Section A.2.

A.1. Proof of Lemma 3.2
We first prove a structure theorem. We define the vectors x1, ... xx to be the indicator vectors of the optimal clusters
S1,...,Sk in G, where x;(u) = 1if u € S;, and x; = 0 otherwise. We further use g, . . ., gr to denote the indicator
vectors of the optimal clusters Sy, ... S; in G, normalised by the degrees in H, i.e.,
D2
_ Xi
gi 2 X “
IDExll

Theorem A.1. Let Sy, ..., Sy be a k-way partition of G achieving pg(k), and Y (k) = Q(k), and {f;}%_, be first k
eigenvectors of Ly and let {gz} ", be defined as in (4) above. Then, the following statements hold.:
1. Foranyi € [k], there is f; € R™, which is a linear combination of fi,. .., fx, such that lg: — ﬁ||2 =0 (k/YTa(k)).
2. There are vectors i, ..., Gk, each of which is a linear combination of g1, . .., Gy, such that Zle Ilfi = /g\lH2 =

O (K*/Yq(k)).

Proof. Let f; = Z] 14Gi, f;) f;, and we write g; as a linear combination of the vectors f1,. .., f, by §; = 22;1 (Gi, i) fi

Since f, is a projection of g;, we have that g; — fZ is perpendicular to f, and

n

n k
Zguf; - Zgufj = Z <§7?afj>2'
=1 j=1

j=k+1

~112 2
F =~ 7] =

Now, let us consider the quadratic form

n

9T Lugi = | Y @i VT | Lu | D @ £) fi
j=1 j=1

= (@i, [;)*Ni(Ln)
=1
> Moy (L) ||gi — fi i

= Qe (L)) |3 -

<.

2
; &)

where the second to last inequality follows by the fact that \; (L) > 0 holds for any 1 < ¢ < n, and the last inequality
follows because H is a cluster preserving sparsifier of G. This gives us that

T wi (4,0 gi(u) )
9 Lug (u,ge:EH ( )<\/degH() \/degH

Xi(u)
(ungH wi (v <\/volH (S;) \/VOlH )
_ wi(S;, V\ S;)
volg (S;)
=0 (k- pc(k)), (6)

11
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where the last line holds because H is a cluster preserving sparsifier of G. Combining (5) with (6), we have that

B n 2 ngEHgl O (k- pg(k)) _ L
Jo: - 7] < 0w (£a) S 2 0wn(Le) <TG<k>>

which proves the first statement of the theorem.

Now we prove the second statement. We define for any 1 < ¢ < k that g; = Zle (fi,§;)3;, and have that

Znﬂ Gl Z(mn Iil”)

k

I
M»

Z g]?fz

1j=1

(1 o)
5 (w1l

.
Il

|
]~

.
I
-

Il
IRNER Mw g

2
1951l

>[5l

O (Tck(’f)>

(k)

where the last inequality follows by the first statement of Theorem A.1. O

.
Il

Q

Proof Sketch of Lemma 3.2. The proof follows Theorem 1.2 of (Peng et al., 2017) and Theorem 2 of (Macgregor & Sun,
2022), which imply that every returned cluster P; (1 < ¢ < k) from spectral clustering on G satisfies that

volg(PAS;) = O (k ' V;IZ;;E:;))

and

k
Pa(P; ZO(CI)GSi—F >,
(P) (5)+ 7
where S; is the optimal correspondence of P; in G. Since H is a cluster-preserving sparsifier of G, we know that
pa (k) =O(k - pg(k)) and A1 (Ly) = Q(Agr1(Ls)), which implies that

~ eni(Lr) Qe (Le)) 1
Tu) == = 0 polk) ‘Q(k”‘;(k))' @

On the other side, compared with their work, we need to apply the bottom £ eigenvectors of Ly instead of L to run
spectral clustering. As such, combining (7) with the adjusted structure theorem (Theorem A.1) one can prove Lemma 3.2
using the proof technique from (Macgregor & Sun, 2022) and (Peng et al., 2017). O

A.2. Proof of Theorem 3.3

Let
FEresampled = € U {{uw} €Eg,,, |ue Vdoubled}

12
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be the set of all the edges that have been (re)-sampled by Algorithm 4, and

A
Eold - Et+1 \ Eresampled-

Moreover, let

P (1) £ min 7 - log(ni41) 1
dethH (u)
be the “ideal” sampling probability of an edge {u, v} if one runs the SZ algorithm from the scratch on G441, and let
" (u,v) £ plTV () +pI Y () = pY (0) - pIF (w)

be the probability that edge e is sampled if one runs the SZ algorithm from scratch at time ¢ + 1. For any edge {u, v}, we use

* q(u,0) = ¢ (u,0)

o Bu(v) 2 p (v)

A

o Bo(u) 2 pi (u)

for some 1 < r < t+ 1 to denote the sampling probability last used for edge {u, v} throughout the sequence of edge
updates. Hence, we have g(u, v) = ¢ (u,v) if {u, v} € Eresampled> and g(u,v) = ¢\ (u, v) for some 1 < r < ¢ + 1if
edge {u,v} € Egyq. By the algorithm description (Line 16 in Algorithm 4), we know that

7 - log(ngy1) T log(n,.) o 2.7 -log(nis)

< < ®)
2-degg,,,(u) = degg, (u) degg,,, (u)

The following two concentration inequalities will be used in our analysis.

Lemma A.2 (Bernstein’s Inequality (Chung & Lu, 2006)). Let X1, ..., X, be independent random variables such that
|Xi| < M foranyi€{1,...,n}. Let X =" | X;,and R =" | E[X?]. Then, it holds that

P X —E[X]| >1t] < 2exp <_2(R—:J\/[t/3)>

Lemma A.3 (Matrix Chernoff Bound (Tropp, 2012)). Consider a finite sequence {X;} of independent, random, PSD
matrices of dimension d that satisfy | X;|| < R. Let fimin = Amin(E >, X)) and prmax 2 Max(E >, Xi]). Then, it

holds that
ef(; Nmin/R
P min XL g 1-— min g 1 o1 —4
Auin | 2o | < (1= ) (7 5)

e(S leaX/R
P [Amax (Z Xz) > (1+ (S)Mmax‘| <d (WS)

ford €[0,1), and

for§ > 0.

We first prove the following result on the relationship of cut values between G;y1 and Hyy .

Lemma A.4. Let Giyq be a graph, and Hy1 the sparsifier returned by Algorithm 4. Suppose for every {u,v} € Ey11 that
Du(v) < 1, then it holds for any non-empty subset A C Vi1 that

1
P |l (A Vi \ A) = i (4, Vit \ )] > 5 -t (4, i\ 4)

—7 - logngyr - WGy (A, Vizi\ A)
10 - volg, ., (A)

<2~exp<

13
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Proof. For any edge e = {u, v}, we define the random variable Y, by

v 2 ﬁ with probability g(u,v)
‘o otherwise.

We also define

z2 > Y,

e€Eq, (A, Viy1\A)

and have that

E[Z] = > E[Y.] = > q(u,v) - qlu,v) ™ = we, (A, Vipr \ A).
e={uv}€Eq, (A, Vir1\A) e={uv}€Eq,,, (A,Vit1\A)

To prove a concentration bound on this degree estimate, we apply the Bernstein inequality (Lemma A.2), for which we need
to bound the second moment
RA > E[Y?].

e={u,v}€EG, , (A, Viy1\A)

We get that

R- DR RO (R 2 o

e={u,v}€Eq, (A, Viy1\A) e={u,v}€Eqg, (A, Vi+1\A)

) _ ©)

e={uv}€Ba, 3 (AVipi\A) DY (v)

= 3 2 degg,, (W) o
e={un}eBG, (A Vi \A) | log (1)

=7 log(nig)

N

> 1

e={u,v}€Bq, (A, Vit1\A)
2- AGt+1 (A) e (A, Vi \ A)
7 - log(ni11)

where Ag,, (A) £ max,cadegg,,, (u), (9) holds since G(u,v) = pu(v) + Po(u) = Pu(v) - Po(u) = Pu(v), and (10)
holds because of (8).
Note, by (8), for any edge e = {u,v} € Eg,,, (A, Vi41\ A) we have that

2. A A
O<Ye=~1 <~1 < Gt+1( )
q(u,v) ~ pu(v) ~ T -lognigs

Then, by applying Bernstein’s inequality, we have that

. WG4 (A7V75+1 \A)2/4 (11)
Ay (A way gy (A Vi \A) | Agyy, (A)wa, 4 (A, Vir1\A)

1
Pliz-5(z)> JE(z)] <2 e

‘r.log(nt_H) + 3'T‘log(nt+1)
=2- exp _T ) log(nt+l) "3 WG 41 (Aa VYtJrl \ A) (]2)
16 - AGH—l (A)
<9exn - log(nes1) - wa,,, (A, Vigr \ A) ")
S p 10 - VOIGt-H (A) )
which proves the lemma. ]

14
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Proof of Theorem 3.3. We first analyse the number of edges in H; 1, i.e., the size of F};. We have that

Z Z Pu(v) < Z Z MZQ.T.nt+1.]0gnt+1’

de U
u€Vit1 e={u,v}€Lq, u€Vit1 e={u,v}€kq, th+1 ( )

where the first inequality holds by (8). Therefore, it holds by the Markov inequality that the number of edges {u, v} with
Du(v) 2 1is O (T - ngy1 log nyy1). Without loss of generality, we assume that these edges are included in F}1, and we
assume for the remaining part of the proof that it holds that p,, (v) < 1.

We now show that the degrees of the vertices in G, are approximately preserved in H; 1. Let u be an arbitrary vertex of
Gt41. Observing that volg, ,, (u) = wg,, (u, V\u) = degg, ,, (u) and wp, ., (v, Vit1\u) = degy, , (u), by Lemma A4
it holds that

1
P |degHt+1(u) - deth+1(u)| > §deth+1(u) =2exp (—(1/10) - 7 - log nyy1)

= 2exp (—(1/10) - (log ne41 - C)/Ap+1(Larss))
=o(1/ n?—i—l )-
Hence, by taking C' to be sufficiently large and the union bound, it holds with high probability that the degrees of all the

vertices in Gy are preserved in Hy 1 up to a constant factor. Throughout the rest of the proof, we assume this is the case.
This implies for any subset A C V;; that voly, ,, (A) = ©(volg,,, (4)).

Secondly, we prove it holds that @, , (S;) = O(k - ®q,,,(S5;)) for any 1 < i < k, where Sy,. .., Sy are the optimal
clusters corresponding to pg, ,, (k). For any 1 < i < k, it holds that

Blug (S Vit \S)] = 3 G00) - s = e (8.Vin \ 50

e={u,v}€E 11
u€S;,ve¢S;

Hence, by Markov’s inequality and the union bound, it holds with constant probability that wg, , , (S;, Viq1 \ Si) =
O(k - wg,,,(Si, Vix1 \ Si)). Therefore, it holds with constant probability that

PH 41 (k) < max (I)HtJrl(Si) = max O(k ’ q)Gt+1 (SZ>) = O(k ’ th+1(k))'

1<i<k 1<i<k

Next, we prove that \g 1 (Lp,.,) = Q(Ae41(La,,,))- Let Lg,,, be the projection of L, , onits top 1,41 —k eigenspaces,

and notice that L, , can be written as
N1

ZGt+1 = Z /\i(‘cGt+1) : fifiT

i=k+1

where f1,..., fn,,, are the eigenvectors of L¢, . Let Zéjﬁ be the square root of the pseudoinverse of L, ,,. We prove
that the top ;41 — k eigenvalues of L, , are preserved, which implies that Ay 1 (La,,,) = O(Aet1(La,,y))-

To prove this, for each edge e = {u,v} € Eg,,, we define a random matrix X, € R"+1*"+1 by
Lo Pbobg 2 e = is sampled by the algorith
X, = wr,,, (u,v) - Lg, | bebI L, if e = {u, v} is sampled by the algorithm
0 otherwise,

where b, £ y,, — Yo is the edge indicator vector and y,, € R" is defined by

1

— ifa=w
OESREENE
0 otherwise.
Notice that 1 iz i 1
Z Xe == Z wHt+1(u7U) .£Gt+1b6b.6r£Gt+1 :‘CGt+1£H;+1‘CGt+17
ecbg, e={u,v}
eEEGt+1
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where
EHt/+1 = Z WH{ 41 (’LL, U) : bebz

e€Bg,

is L, , normalised with respect to the degree of the vertices in Gy, 1. We prove that, with high probability, the top ns11 — k&
eigenvalues of £ H,, and Lg, ., are approximately the same. Then, to finish the proof, we also show that this is the case for

the top ny41 — k eigenvalues of Ly, , and EH?H’ from which we get that Ay 41 (Lp,,,) = Q (Ak+1<£gt+l)).

First, from (8) we get that for any edge e it holds that

~ =~ ~ 7 -log(niy1) | 7 -log(nit1)
Q) SBe) +Bol) < 2- ( detc,,, ) | degg,,, (0 ) | W
and
1 ~ 1 (7-log(niy1) | 7-log(niy1)
alu,v) > ~ 2 (Pu(v) +pulw)) 2 4 ( degg, ,, (u) - degg, , (u) ) . (1

We start by calculating the first momentof 3 ° ;. X, and have that
t+1

~ 1/2 1/2——1/2
E Z Xe| = Z Q(uvv) : wHt+1(U” ’U) EGt.Hb bTﬁGHl‘CGH—l
eeEGt+1 e={u,v}
e€Ba,
~ 1 1/2 ——1/2
= Z q(u,v) - CGtHb blLla,
e} q(u,v)
e€Ba,
——1/2 ——1/2
- ‘CGt+1‘CGt+1‘CGt+1 :
Moreover, for any sampled e = {u, v} we have that
1/2——-1/2
1 Xell < wr,y, (u,0) - bILe,  La, be
B 1/2— 1/2
-~ qu,v) WiLaraLanbe
1 1
< = . e
W) Men(Ca
< 4/\k+1(£Gt+1) . 1 ) 1 n 1 (16)
h C -1 1 1 >‘k+1(‘CGt+1) dethH(u) degGH.l(,U)
108 M+1 | Gogg, ) T deag, )
_ 4
- C- logngsr’

where the second inequality follows by the min-max theorem of eigenvalues, and (16) holds by (15). Now we apply the
matrix Chernoff bound (Lemma A.3) to analyse the eigenvalues of ZPG Eo X.. We set A\pax (E {Z
- t4+1

1/2 1/2
)\max (‘CG / EGt+1£G /

eEEGt+1 Xe

t4+1 t+1

) =1,R= m and 6 = 1/2, and have that

3 61/2 C-logni41/4
P | Anax Z X | = By < Mgy - ((1“/2)5/2> = O(l/n§+1)

EEEGt+1

for some constant c. Therefore we get that

P dmax [ Y, Xe| <

eEEGtJrl

— 1-0(1/n,,)- (17)
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Similarly, since Auin (E [Seee, ., Xe|) = Amin (6.1 £ar1La, ) = 1, the other side of the matrix Chernoff bound

gives us that
1 C
P | Amin E Xe | > 3| = 1-0(1/nf,). (18)

EGEGtJrl

Combining (17) and (18), it holds with probability 1 — O(1/n¢, ;) for any non-zero € R™*+! in the space spanned by
fk:+17 sy f’nt+1 that

——1/2 ——1/2
lUTEG ’CH e T
t41 t41 t41
€ (1/2,3/2).
e (1/2,3/2)
Since dim(span{ fi41,. .., fn,,, }) = M1 — k, there exist n, 1 — k orthogonal vectors whose Rayleigh quotient with

respect to ﬁ}{t+1 is @ (M\g+1 (L, ))- The Courant-Fischer Theorem implies that Ay, (E}ItH) =0 M1 (Layy))-

It only remains to show that \g1(Lar,,,) = Q(Aky1(LYy, ), which implies that Ag 41 (Lp,,,) = Q@ (Ars1 (La,y,))- By
definition of Ax11(LYy, ), we have that

o =1/2 41/2 A 1/2 ~—1/2
‘CHHl o DHH—lDGt+1£Ht+1DGt+1DHt+1'

Therefore, for any x € R™+1 and y £ Dl/2 DH}/Qx it holds that

Gt
T Lg, T _ v Ly, Y _ o [V Y
T T YTy ’

where the final guarantee follows from the fact that the degrees in H;; are preserved up to a constant factor. The conclusion
of the theorem follows from the Courant-Fischer Theorem.

Finally, it remains to analyse the amortised update time of the algorithm. Notice that, if one only needs to sample the
incoming edge at time ¢ + 1, then the update time is O(1). Otherwise, all the edges adjacent to some vertex w need to be
resampled, and the running time for this step is O(deg, , , (w)). However, this means that either deg;, ., (w) > 2-degg, (w)
or log(n¢41) > 2 - log(n;). In the first case, this only occurs at most every deg, (w) edge updates, which results in the
amortised update time of O(1). The second case only happens after every n? vertex additions, and in the worst case we only
have to resample all the edges in present in G every n? edge updates, which again leads to the amortised update time of
O(1). O

B. Omitted Details from Section 4

This section contains the omitted details from Section 4, and is organised as follows. In Section B.1 we introduce
additional notation to analyse our constructed contracted graphs. In Section B.2 we present the omitted proofs for
Lemmas 4.1, 4.2, 4.3, 4.4, and 4.5, and we formally describe the UpdateContractedGraph procedure.

B.1. Notation

For any subset A C Vy, let AL AN ‘N/tf,‘c be the representation of A among the non-contracted vertices of @t/. Recall that
for any subset of vertices A C Vs, we use AW 2 AN V} to denote the set of vertices present at time ¢. Let

Eadded = Enew U {{ua ’U} € Et ‘ degG‘/ (u) >2- degG,. (’LL) or deth/ (U) >2- degGTv(v)}

be the set of edges that have been directly added into G, where degg (w) for r < ¢ is the degree of w used to construct the

contracted graph. These edges are the ones directly added as new edges or their endpoints are pulled out from clusters in G
For a subset B C V}r let B be the representation of the set B in Gy, i.e.,

pepelJ{ U P,
pi€BC
where Pi(t/) 2 P\ (P,NVpe), B 2 BNVx<, and B 2 BN V. One can see Pi(t/) as the vertices in P; that are still
represented by the respective super vertex in G.
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B.2. Omitted Proofs

Our analysis is based on approximation guarantee of spectral clustering. The following result, which can be shown easily by
combining the proof technique of (Peng et al., 2017) and the one of (Macgregor & Sun, 2022), will be used in our analysis.

Lemma B.1. There is an absolute constant Cg 1 € R, such that the following holds: Let G be a graph with k optimal
clusters {S;}¥_,, and Y (k) > Cp.1 - k. Let {P;}¥_, be the output of spectral clustering and, without loss of generality,
the optimal correspondence of P; is S; for any 1 < ¢ < k. Then, it holds for any 1 < @ < k that

VOIG(P AS )

. VOlg(Si)7

where AN\B for any sets A and B is defined by AANB 2 (A\ B) U (B \ A). It also holds that

O (P;) =0 ((I)G(Si) + Tc;k(k)) -

Moreover, these Py, . .., P, can be computed in nearly-linear time.

Proof of Lemma 4.1. The running time of the algorithm is dominated by computing the total weight wg, (P;, P;) between
every P;, P; € P (Lines 7-10), which takes O(|F}|) time as there are |F}| edges in H;. O

Proof of Lemma 4.2. The running time of the update operation is dominated by the case in which a vertex is pulled out from
a contracted vertex (Lines 7-22). It’s easy to see that, if this does not happen, then the running time is O(1) as the edge is

just added into G

Let {u, v} be the added edge, and we assume Lines 7-22 are triggered. The running time for this case is O(degg, ,, (u) +
degg, ,, (v)), since at least one of v and v is pulled out from their respective contracted vertices and all the adjacent edges are
placed into the contracted graph. Notice that this only happens if deg, , , (1) > 2-degg, (u) or degg, ,, (v) > 2-degg, (v).
Since at least deg, (u) or deg, (v) edge insertions are needed before running Lines 7-22, the amortised per edge update

time is O(1). O
Proof of Lemma 4.3. Notice by Lemma B.1 we know it holds with high probability for all 1 < ¢ < k that &g, (P;) =
O (k- pm, (k)). By applying Theorem 3.3, it holds with high probability that @, (P;) = O (k? - pc, (k)) By Lemma 3.2,
we also have with high probability that ®¢, (P;) = O (k* - pc, (k)). This proves the statement. O

The next lemma shows that, starting from G and H;, one can easily construct a cluster preserving sparsifier of Gy.

Lemma B.2. Let H,, 2 (Vir, F; U Eadded, wH;/) be a graph, where

1 e € Eaqded
wp, (€) 2 Jwp,(e) e€ Fy\ Fagded
0 otherwise.

Then, it holds with high probability that H}, is a cluster preserving sparsifier of Gy .

Proof. First, for any e € E,qdea We know that it is included in HJ, with probability 1. For any other edge e = {u, v} €
F; \ Eadded, we know by the construction of H; using the dynamic cluster-preserving sparsifier that the parameter used to
sample e from the perspective of u is

7 - log(ng) T log(n,) o 2.7 -log(ny)
2-degg, (u) ~ degg (u) —  degg, (u)

for some 1 < r < t. We also know by construction that for any e = {u, v} € F; \ Eaqded that

dege, (u) < 2-degg, (u).
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Algorithm 7 UpdateContractedGraph(Gy, ét, e)

1: Input: Graph G, = (V;, E;), contracted graph G = (V;, E, wg, ), incoming edge e = {u, v}.
2: Output: Contracted graph ét—i—l = (‘N/Hl, Et+1,wét+l)
3: Vaew < {u, v} \ V4

4: gtH — (Y} U Vnew,@ Ue) N N

5: Gt+1 “— (V;g U VneW7 Et, wét) = (V;+1, Et+1, wét+1)
6: V2 = V2 U View

7: for w € {u, v} \ Viyew do

8 Let G, be the graph at time r when the contracted graph is constructed, and H, = (V,, F,.,wg, ) the cluster
preserving sparsifier at time 7.

9: ifw ¢ Vi and degg,, , (w) > 2 - degg, (w) then
10: Let p; be the super node such that w € P;
11: Iitrjfl — ilfl Uw N
12: Et+1 <*~Et+1 U EGt+1 (w, ‘/tl:l‘:l)
13: for © € V1% adjacent to w do
14: wa, ., (pj, D) W&, ., (pj, ) —1
15: end for _
16: for {w,p;} € w x V&, do
17: Et+1 — Et+1 @] {w,pl}

t+1
18: wétﬂ(w,pi) —wa,,, (W, Pi( ))

t+1

19: wg, ., (pipy) < wg,, (pi,p;) — wa, (w, PY)
20: end for
21:  endif
22: end for_

23: ifu € Vi and v € V2, then

24 Et+1 — Et+1 U {u, ’U}

25: elseif u € V% or v € VA then

26: V~Vithout lgss of generality, let u € Izrjfl and v ¢ ~trf1. Let p; be the supernode such that v € P;
27: Et+1 «— Et+1 @] {u,pj}

28: wéHl(u,pj) — wétﬂ(u,pj) +1

29: else

30:  Letp; and p; be the supernodes such that v € FP; and v € P;
31: wétﬂ(pi,pj) — wét+1(pi,pj) +1

32: end if B N

33: Return Gt+1 = (Vt+1, Et-i—la ’LUéH_l)
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Finally, it holds that log(n;) < log(ny) < 2log(n:). From this we get that e is sampled from vertex u with the following
parameter
7 - log(ng) T log(n,) o 471 -log(ny)
4-degg, (u) = degg, (u) ~  degg, (u)
Following almost the same analysis as the proof of Theorem 3.3, it holds with high probability that Hj, is a cluster preserving
sparsifier of Gyr. O

Our next lemma proves several useful properties about the contracted graph as it is updated.

Lemma B.3. The following statements hold:

(C1) It holds for any subset B C Vi \ V3¢ that volg,, (B) < 2-volg,(B).

(C2) Suppose for a subset A C Vi with volg,, (A) < vol(Gy)/2 we have that ®¢, (A(t)) > 1/c1 and ¢, (A) <
log™¢(ny ) for any positive ¢y, € such that 4 - ¢c; < log®(ny ), then it holds that
~. 21 - C1
D~ < —/.
G, ) log® (n)

(C3) For any super node p; € ‘7{3, it holds that

g, () = O (K% log™(ny))

t

and
B, (pi) = O (k- log 7 (ny)) .

Informally speaking, Property (C1) of Lemma B.3 shows that the volume of any vertex set B C V}/ that are not directly
represented in Gy remains approximately the same in Gy and Gy/; Property (C2) states that, if the conductance of any
set A C Vi in Gy becomes much lower than the one in G, then its representative set A C V}s has low conductance;
Property (C3) further shows that the conductance of all the contracted vertices doesn’t change significantly over time.

Proof of Lemma B.3. For (C1), by construction we have that for any u € V;r \ V2 it holds that dege,, (u) < 2-degg, (u),
from which the statement follows.
Next, we prove (C2). The following two claims will be used in our analysis.

vo ®)Y).1og® (n,,
Claim B.3.1. Tt holds that volp, . (A) > Yoec (A" 10" ()

new 2.¢c1

AWM. 1og® (n,)
e £~ . We have that

(A) < VOIGt(

Proof. Assume by contradiction that volg

new

we, (AD, V,\ AD) +wp, (A, V;\ A)
volg, (A®) +volg,__ (A)
wg, (AW, V3 \ AW)
~ volg, (A®) 4 volg, . (A)

(I)Gt/ (A) =

new

o L i f e (A VA AD) e (4D, Vi AD)
2 volg, (A®) vOlgen (4)
) vol (A(t))
> -~ min< g, (AD), —G
5 mln{ Gt( )’ c1 - VOlEnew (A)
> #
logE (nt’) ,

where on the last line we used the contradictory assumption. This contradicts the condition of ®¢,, (4) < log™“(n), and
hence the statement holds. O
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Notice that this claim implies that
volg,, (A) = volg, (A") + volg, ., (A)

£
> <1 + log(nt’)) ~volg, (A®)
2-c1 )

log®(ny)  log®(ny)
> (1 -volg, (A®)
<+ te tTia volg, (A™)

log® (ny
> <2+ Og(nt)> - volg, (A1)
4'C1

where the last inequality follows from the fact that 4 - ¢; < log®(ny).
Claim B.3.2. Ttholds that vols (A) > &) volg, (A®),

Proof. Assume by contradiction that vol | (A) < log:.ﬂ -volg, (A®). Then, it holds that

volg,, (A) = volg (A) +volg,, (A\ A)
<ol (A) +2-volg, (A\ A)

log® (ny
< Og(nt)

-volg, (AD) + 2 . volg, (AY),
4 . Cl t t

where the first inequality holds by statement (C1). Hence, we reach a contradiction with (19), and the claim holds.

Now we are ready to prove statement (C2). We have that
o wg (A, Ve \ A)
@é , A = Gt/—~
¢ VOlét/ (A)

_ w6, (A Vi \ A) +wg, (A A, A)

X

volg (A)
. log™* (ny) - vola,, (4) + volg, (4 \ A)
volg , (A)
volg,, (A) N 8- ¢y - volg, (A®)
= log (ny) - volg,, (A)  volg, (A®) - log®(ns)
- volg, (A®) + volg, ., (A) 8¢
log® (ny) -volg (4) log® (ny/)

3 -volg, (AM) + volg (A) 8-

log®(ny/) - volgg (A) log® (ny)
3-volg,(A®) - ¢, -4 volg , (A) 8- ¢
™ Tog% (nur) -volg, (AD)  log?(ny) - volg, (A)  log"(ne)
12- ¢ 1 8-y

< + +
logze(nt,) log®(ny)  log®(ny)
1 + 20 - C1 21 - C1

= log®(ng) - log®(ny)’

(19)

(20)

2D

(22)

where (20) holds by Claim B.3.2 and the fact that volg,, (A \ A) < 2-volg, (A\ A) < 2 volg, (A®) by statement (C1).
(21) holds because by construction volg, _ (A4) < volg | (A) + volg,, (A\ A) < volg | (A) + 2 - volg, (AM), and (22)

holds because of Claim B.3.2.
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Finally, we prove statement (C3). For any P; € P, we have by construction that
O (pi) = Pu, (P) = O (k7% -log™*(ny)) , (23)

where the last equality holds by Lemma 4.3. This proves the first part of the statement. Next, notice that for any p; € ‘ZC,
because G is connected and each P; has almost identical volume as the corresponding optimal S; in G; (Lemma 3.2), by
construction it holds that

volg (pi) = QE® - 1log™ (ny)), (24)
and

volg, (Vi \ pi) = Q(K® - log? (ny)). (25)

Taking this into account, we get that

(plvv;f’\pz)\th(pza‘/;f\pz)+‘Encw|+wG/(Pim t/ »P\(Pn ))

< wg f(pz, V\py) +log”(ny) + volg,, (p n ‘/tI/1C>
<@g, (pi) - min{volg, (p:), volg, (V \ pi)} +log” (ny) + 2 - log? (n,) 06)
=0 (k™% -log?"(ny)) - min{volg, (pi), Volét(f/ \ pi)} + 3 log” (ny), 27

where (26) holds because volg,, (P; N 17;}0) < 2-log”(n:) as every vertex that is pulled out of p; needs to at least double
in degree, so adding | Fyew | edges ensures at most 2 - | Ey ey | volume can be pulled out of p;, (27) holds because of (23).
Moreover, we also have that

min{volg (p:),volg (Vi \ p:)} = min{vols, (pi) — 2 -log"(ns), volg, (Vi \ pi)} (28)
=0 (min{volét (pi) volg, V; \Pz)}) ; (29)

where (28) holds because vol 5 (pz) volg, (pi) — volg,, (P N Vi) > volg | (pi) — 2 -log”(ny), and (29) holds because
of (24) and (25). Combining (27) and (29), we have for any p; € ‘ZC that
Wea , (p’m ‘7;5’ \pl)

S Pp— - Ok log (),
G mln{volét, (pi),Volgt/(V;:’ \pi)} ( )

which proves the second part of statement (C3). O

Corollary B.4. Suppose for a subset A C Vi with volg,, (A) < vol(Gy)/2, it holds that @@/ (E) > (21-¢1) -log™ % (ny)
and ¢, (A) < log™*(ny) for any positive ¢y, € satisfying 4 - ¢; < log®(ny ). Then, it holds that ®¢,(A®) < 1/c;.

Proof of Corollary B.4. Assume by contradiction that &, (A®*)) > 1/c;. Then, by statement (C2) in Lemma B.3 and the
fact that ¢, (A) < log™*(ny), it holds that @5 (A) < (21 - ¢1) - log™°(ny), which is a contradiction. Hence, it holds
that &g, (AM) < 1/cy. O

Before analysing the spectral gap in the contracted graph Gy with respect to the spectral gap in the full graph G/, we show
that for any small subset of vertices A C V with a low value of ®¢,, (A), the conductance of its corresponding set in the

contracted graph @ (A) is low as well.

Lemma B.5. Let C' C Vy be a subset of vertices such that vol,, (C') < k°® -log®” (n;) and ®¢,, (C) < log™*(ny') for
some constant € > 0. Then, it holds that

g (C) = O(log™"* (ny,)).
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Proof. We prove this by contradiction. Assume by contradiction that

~ 21 _ 21 _
o5 ,(C) > 1 ~log” ' (nyr) - log ™ (nys) = 1 ~log ™% (ny).

Setting ¢; 2 (1/4) - log" ¢ (ny), it holds by Corollary B.4 that

B, (CY) < 4-log7 "% (ny). (30)
We will show that C*) can be used to create a (k -+ 1)-partition in G; with low outer conductance, contradicting with the
fact that 41 (Gr) = Q(1).

Let S1,...Sy be the optimal clusters in G corresponding to pg, (k). Given that G is a connected graph and p¢, (k) =
O (k=8 -log™*"(ny)), it holds that volg, (S;) = Q2 (k% -log®”(n;)) for all 1 < i < k. We then create the following
(k + 1)-partition:

Aéc@)u{sl\c“),...,sk\c(t)},

which is a valid partition as we know that volg, (CV)) < volg,, (C) < k° - log®” (n;) by the conditions of the lemma. Now
we will compute the conductance of each cluster in 4.

First of all, we have from (30) that
6, (CY) < 4-log™"'*(ny). (31)

Second, for any cluster S; \ C (*) we have that

we, (8;\ CY, Vi \ (8;\ C1))

Pa (S C) = et (5, \ O volen (Vi \ (5, \ GO}

Our proof is by the following case distinction:

Case 1: min{vol, (5, \ C©).,vole, (Vi \ (S;\ C1))} = volg, (Vi \ (8;\ C)).

(S;\CW, Vi \ (S;\ C1))
volg, (Vi \ (S5 \ CM))
_ w6, (85, Vi \ 8) + we, (C, V, \ CW)
volg, (Vi \ S;) + volg, (C N S;)
wg, (8, Vi \ S;) we, (CH, v\ CW)
volg, (Vi \ S;) 7 volg, (Vi \ Sj) }
<2. max{(ﬁgt (Sj),%t(c“))} (32)

< ma‘X{O (kis ' 1Og_2’y(nt)) 74 : IOg_O.lg(nt')}7

B, (S;\ CV) = LG

<2~max{

where for (32) it holds that min{volg, (S;),volg, (Vi \ S;)} = volg, (Vi \ S;) because we know that vol(G,)/2 >
volg, (Vi \ (S; \ C®)) > volg, (Vi \ S;), and we also know that volg, (V; \ S;) = volg, (C™).

Case 2: min{volg, (S; \ C®),volg, (V; \ (S; \ C®))} = volg, (S; \ CV).
we, (S;\ CW, Vi \ (5;\ CW))
volg, (85 \ C™)
_ w6, (85, Vi \ 8j) +we, (CV, Vi \ V)

g, (S;\ C") =

= VOth (Sj) — VOth (C(t))

wa, (S5, Ve \ 8)) +wg, (CM, Vi \ 1)
< 33
s 0 (vol, (5,)) 9
= 0(®6,(8))) + 0 (@a,(C)) (34)
=2 -max {0 (k™% -log7*"(n)) , O (log™"**(ny)) } (35)
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where (33) holds because volg, (9;) = Q (k® - logh(nt)) and volg, (C®) = O (k°- loggw(nt)), (34) holds because
we, (S5, Vi \ 85) < @, (S)) - volg, (8)) and wg, (CV, V; \ CV) < @g, (CV) - volg, (CV).

Combining both cases, we have for every 1 < j < k that
O, (S5 \ C®) = 2. max {o (k*S . log_zv(nt)) ,O (log_o'ls(nt/))} . (36)
Therefore, by combining (31) and (36), we have shown that

pa,(k+1) < max ®¢,(Aj) =2 -max {0 (k% log_zw(nt)) ,0 (log_o'ls(nt/))} ,

J

Akt1(Lay)

which contradicts the fact that pg, (k 4+ 1) > 5 = (1). Hence, the statement of the lemma follows. O

Proof of Lemma 4.4. We first prove the first statement. Let S = S, ..., Sy be a set of clusters that achieve pg,, (£). For
ease of notation we set

Semat £ Sy (K -1og™ (ne)
to be the clusters in S with volume at most k° - log®” (n; ), and similarly
t/
Slarge = Sl(ar;e (kﬁ ' 1Og2’y(nt)) .

We will use the partition S, which has low outer conductance in G/, to create an r-way partition in Gy with low r-way
expansion. We construct this r-way partition, denoted by R, as follows:

R é {Sla'"asflapla"'apk—lapz;}

A
where {1 = |Ssman|, and we define

pEpeU (VN S
S;€Ssmall

to be the union of the super node p;, with the leftover non-contracted vertices which do not belong to any S ;- We start by
showing that R has low r-way expansion:

* By Lemma B.5, we know that for every S; € Sgman, it holds that @~ | (§j) =0 (log_o'go‘(nt/)).

* By Property (C3) of Lemma B.3, we know that for every super node p; € {px,, ... pr—1} it holds that D, (pi) =
O (k=% -log™ " (ny)).

* Finally, for p; we know that

wg,, (p% Ve \ pi)

min {VOlétl (P%)s VOlétl (‘775/ \ p;;)}

(37)

We split the computation of this conductance into two cases.
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Case 1: Suppose min {VOlét’ (}), VOléu (Vi \pZ)} = VOI@/ (p}). Then, we have that

we,, (07, Vi \ )

O~ (pr) =
&, (Pi) volg , (P)
W pk,‘~/ pi) + log” (ny) + volz Ve
_ 1,00, Vi i) o ) ol (72 -
volg, (pk) — volg L(Ve)
< Pg, (pr) - volg, (pk) + 3 log (ner) (39)
(Vol~t (P ))
O (k=% -log™? (n V01~ k) + 3 -log” (ny
_ ( "(ne)) - ,(p (ner) “0)
Q) (vol )
0 (k’G log 27 (ny) - volg | (p ))
(41
Q (volét (pk)>
=0 (k 6 log_QV(nt)) ,
where (38) holds because |Fyew| < log”(n;) is the maximum amount of weight that can be added between py,

and its complement, (39) holds because voly (V?¢) < 2 - |Epey| is the maximum volume of non-contracted
t/ d

vertices that can be added to ét/ and (40) holds because of statement (C3) of Lemma B.3, and (41) holds since
volg | (pk) = vol(Ge)/k = ny k.

Case 2: Suppose min {Volé (py),volg | (Vi \pZ)} =volg (Vi \ p.)- Then it holds that the conductance of pj is
upper bounded by the maximum conductance of every other cluster in R, i.e.,

wg, (P, Ve \ pf)

volg (Ve \ pf)

o T8y 0, (55, T \ 85) + T g, 0 Ve \ )
35,8 VOlG, (9)) + 22521 vl (p))

) {ra, G} {oa, 0}
e {Sjrenéa:ian Gy ( j) Pje{prlr}??,(pk,l} Gy (pj)

= max {O (log_o'go‘(nt/)) ,O (k_6 . log_v(nt/»} )

D, (b)) =

where the last inequality follows by the mediant inequality.

Combining the two cases, we have that
(I)C?t, (py) = max {O (log_o'ga(nt/)) ,0 (k*G . log_“’(nt/))} .
We have so far analysed the conductance of each of the clusters in the partition R, and have shown that
PG, (r) = max {O (log_o'ga(nt/)) ,O (k*G log™ 7 (ny)) } - 42)

Before reaching the final contradiction, we prove the following claim.
Claim B.5.1. It holds that » > /.

Proof. Assume by contradiction that r < /. In this case, we know that r = |S, , and ¢ = |S|. Therefore, the
condition of < £ gives us that |Sgman| + |P| < |S|, which implies that | P| < |S| — [Ssmaii| = |Siarge|- This means that
the number of large clusters in S is greater than the number of clusters in P.
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It therefore holds that |Siarge| > |P| = k. Furthermore, since it holds that for every S; € Siarge that volg,, (S;) >
kS -1og*" (n;), and the number of new edges is | Enew | < log” (n¢), it also holds that

®c,(S;) = 0 (®g,,(S;)) = max {O (log™*(ny)) , k° - log” (ny) } .

This means that Sjarge is a set of [Siarge| = k + 1 disjoint subsets in G; with low conductance, which contradicts the
higher-order Cheeger inequality and proves the claim. O

Combining (42) with Claim B.5.1 gives us that
pg,, (£) = max {0 (1og™**(ny)) ,O (k7% -log ™" (ne)) } ,
and this proves the first statement.

Next we prove the second statement. Let A;,... A, be the partition such that Pa, (4;,) =0 (logf‘s(ntr)) for every
1 <7 < £. Recall that /L is the representation of the set A; in the full graph Gy, i.e.,

AsarJl U ",

where Pj(tl) = P;\ (P;NVje), A2 £ A; N V2, and AS £ A; N VS. One can see Pj(t/) as the vertices in P; that have not
been pulled out into the contracted graph yet.
Notice that, when A§ = (), it holds by construction that ®¢,, (4;) = ®a, (A;) <log~°(nw). So we only look at the case

where A$ # (). Without loss of generality, we assume that A¢ does not contain all the contracted nodes P1y- -, pE. it did,
then

Oa, (A) =a, | | A | <log™(nw).
Ac=0

Therefore, given that for any 1 < ¢ < £ it holds that volg,, (A}) < 2 - |Epew| < 2-log”(n¢), and forany 1 < j < kit
holds that volg,, Py = Q(KS - log® (ny)), we get that

K3

b, (A)=0 |, | |J P) | =0k log " (ny)),
p; €AY
where the last line holds because of property (C3) of Lemma B.3. This proves the second statement. O

Proof of Lemma 4.5. We first prove the first statement, and we will prove this by contradiction. Assume by contradiction
that A\py1(Lg,,) < C- % for some constant C'. Then, by the higher-order Cheeger inequality, there exists an optimal
(¢ + 1)-way partition S = {S1,...Sp1} suchthatforall 1 <i <+ 1

e, (Si) < pa, (E+1) < Con - (04 1) /Aa (Grr) = O (log™ " (nyr)) -
By Lemma 4.4, it then holds that pg (£ + 1) = max {O (log™"**(ny)) ,0 (k= - log ™7 (ny)) }, which contradicts the

fact that e (Lo )
+1lkg
pa, (L +1) > ———= =),
from which the first statement of the lemma follows.

Next we prove the second statement. We prove this by analysing the spectrum of L5 = with respect to Lg,, through £ H,-
t’ ¢
As proven in Lemma B.2, H/, is a cluster preserving sparsifier of G, and therefore we know that

A1 (L) = QA1 (Le,, ) (43)
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Our next analysis is inspired by the work on meta graphs of Macgregor and Sun (Macgregor & Sun, 2022). We will
analyse the spectrum of £ Hl, with respect to the spectrum of ﬁé,, , and for simplicity we denote H, = H, Gy = G,

and ny 2 n. For every vertex u; € V(é) in the contracted graph, we associate it with a non-empty group of vertices

A; C V(H) as follows: for all u; € XN/t‘}C, we associate w; with its unique corresponding single vertex v € V' (H ), and for

every u; = p, € 17759 for some r, we associate it with its corresponding vertices in the cluster Pﬁt/) C V(H). Then, let
€ R be the indicator vector for the vertices A; C V(H) corresponding to the vertex u; € V(G).

We define 7 = |V(G)], and let the eigenvalues of Lzbey < 7 < ... < 75 with corresponding eigenvectors
g1, 92, - - -, g7 € R™. We further define vectors gy, . . . » which will represent the eigenvectors g1, . . . gi of the normalised
Laplacian £, but blown up to size R". Formally, we define

n

1
_ Dz x; )
= %gm
=1 1D

We can readily check that these vectors form an orthonormal basis. First,
2
9i9; = ——=——=9i(J)
. dp(u)
= Z 9:(j)? Z e
= ueA, VOIH(Aj)
n
= () =
j=1

And similarly for any i; # 4o,

ghgzz Z Z OlH gll (j)giz (.7)

j=lu€A;
- Z gll glz - 0
We also get the useful property that for the eigenvalues A1, ..., A, of Ly and 71, ..., 5 of the contracted Laplacian £, it

holds that \; < 2 - ;. In particular,

noon g 7] ’
e gl = wy(u,v gl(u) - gi(v) )
ndl =323 3 3 anten) (S 20

r=1ly=ru€A, vEA,

gi(z) 9:(y) 2
wp (Az, Ay) <\/V01H(A:v) a \/VolH(Ay)>

Therefore we have an ¢-dimensional subspace X; such that

T Lyx
max =27,
zeX; xTx

from which it follows by the Courant-Fischer theorem that A; < 2 - ;. Combining this with (43), we get that

1
Mi(Lg,) 2 5 Aera(Lay) = Q (Mg (La, ) = 1),

which proves the lemma. U
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