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Abstract001

Message-passing GNNs are 1-WL limited002
and can collapse distinct nodes on symmet-003
ric graphs, which in Graph Neural Processes004
leads to intrinsic posterior ambiguity and a non-005
vanishing Bayes-risk floor for node localization.006
We prove that Laplacian spectral positional in-007
formation breaks this identifiability barrier, es-008
tablishing a sample-complexity separation on009
random r-regular graphs: constant-shot identi-010
fiability is achievable with spectral coordinates,011
while WL-bounded GNPs fail in the subloga-012
rithmic regime. The proof links shortest-path013
observations to diffusion geometry in a logarith-014
mic tree-like window, applies constant-anchor015
trilateration, and uses quantitative spectral in-016
jectivity with logarithmic-size coordinates. Em-017
pirically, we adopt the practical choice of con-018
catenating a few raw Laplacian eigenvectors019
and observe improved accuracy and faster opti-020
mization on drug-drug interaction prediction.021

1 Introduction022

Learning from graph-structured data underpins ap-023

plications such as molecular chemistry and drug024

discovery (2017) and large-scale recommendation025

(2018). Message-passing graph neural networks026

are the dominant approach, building representa-027

tions by iteratively aggregating local neighborhood028

information (2016). Probabilistic formulations029

such as graph neural processes (GNPs) extend this030

pipeline by modeling distributions over functions031

on graphs, enabling context-conditioned prediction032

with uncertainty estimates that are valuable when033

supervision is limited or reliability matters (2018;034

2025b).035

Most existing GNPs instantiate their encoder036

with a standard message-passing backbone, for ex-037

ample GCN- or GraphSAGE-style architectures038

(2019). These encoders produce node embeddings039

that are aggregated into a context-dependent rep-040

resentation consumed by the neural process de-041

coder. This design is practical and effective, but it042

inherits the representational limits of the underly- 043

ing message-passing encoder. 044

A key limitation is that standard message- 045

passing GNNs are bounded by the 1-Weisfeiler- 046

Lehman (1-WL) test (2019; 2019). On regular 047

or highly symmetric graphs, many nodes share 048

identical local structural signatures, so a 1-WL- 049

bounded encoder can collapse distinct nodes into 050

the same embedding. In a probabilistic encoder- 051

decoder setting, this collapse has a direct statistical 052

consequence: if the context does not allow the en- 053

coder to separate multiple candidate sources, the 054

posterior remains ambiguous and the Bayes risk 055

for node-localization cannot vanish. 056

This leads to the following question: can we 057

design a graph neural process that provably breaks 058

the 1-WL identifiability barrier and avoids a Bayes- 059

risk floor induced by structural symmetry, while 060

remaining compatible with permutation invariance 061

and practical message passing? 062

We address this question by injecting global 063

positional information derived from the graph 064

Laplacian spectrum. We formalize a Laplacian- 065

augmented graph neural process (Lap-GNP) and 066

analyze it on random r-regular graphs, a regime 067

where the 1-WL limitation is sharp. Our main re- 068

sult proves a sample-complexity separation: with 069

Laplacian spectral positional information, a con- 070

stant number of context observations can suffice 071

for node identifiability, whereas any WL-bounded 072

GNP requires growing context and still exhibits a 073

nontrivial error floor in the sublogarithmic regime. 074

The proof proceeds by converting shortest-path ob- 075

servations into diffusion geometry within a logarith- 076

mic tree-like window, recovering the source loca- 077

tion via constant-anchor trilateration, and applying 078

quantitative spectral injectivity with logarithmic- 079

size coordinates. This chain makes explicit why 080

global coordinates resolve ambiguities that local 081

message passing cannot eliminate. 082

While the theory clarifies which spectral symme- 083
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tries should be respected at the feature level, our084

empirical evaluation follows the standard practi-085

cal choice of directly concatenating a small num-086

ber of raw Laplacian eigenvectors to the node fea-087

tures. On drug-drug interaction (DDI) prediction,088

this simple spectral augmentation yields consistent089

gains and faster optimization relative to a no-PE090

baseline, supporting the practical value of explicit091

global positional information.092

The primary contributions of this work are as093

follows:094

1. We formalize node indistinguishability in095

Graph Neural Processes with 1-WL-bounded096

GNN encoders (WL-GNPs) and prove that, on097

highly symmetric graphs, it induces intrinsic098

posterior ambiguity and a nontrivial Bayes-099

risk lower bound for node identification with100

sublogarithmic context size.101

2. We propose the Laplacian Graph Neural Pro-102

cess (Lap-GNP) by augmenting a GNP en-103

coder with Laplacian spectral positional in-104

formation, and we prove a sharp sample-105

complexity separation on random r-regular106

graphs: Lap-GNP achieves constant-shot107

node identifiability while WL-GNPs provably108

fail.109

3. An empirical study on a real-world Drug–110

Drug Interaction (DDI) prediction task shows111

that concatenating a small number of raw112

Laplacian eigenvectors improves predictive113

performance and accelerates optimization rel-114

ative to a no-PE baseline, supporting the prac-115

tical value of spectral positional information116

in GNPs.117

2 Literature Review118

We briefly review prior work on message-passing119

expressiveness, neural processes on graphs, and120

positional encodings. Our focus is on how 1-WL121

limitations translate into posterior ambiguity and122

motivate injecting global positional information.123

2.1 Expressiveness Limits of Message Passing124

GNNs125

Message-Passing Graph Neural Networks126

(MPNNs) are a standard backbone for learning127

on graphs, spanning node-, edge-, and graph-128

level prediction (2017; 2017; 2021). Canonical129

architectures (e.g., GCN, GraphSAGE, GAT, and130

GIN) update node representations by aggregating131

neighborhood information over multiple rounds 132

(2018; 2019). A central limitation is that many 133

MPNNs are bounded by the 1-dimensional 134

Weisfeiler-Lehman (1-WL) test (2019; 2019), 135

which implies that structurally symmetric (1- 136

WL-indistinguishable) nodes cannot be separated 137

when initial identifiers are weak or absent. This 138

phenomenon is especially pronounced on regular 139

or highly symmetric graphs, and motivates 140

augmenting permutation-invariant models with 141

additional positional signals. 142

2.2 Neural Processes on Graphs and Posterior 143

Ambiguity 144

Neural Processes (NPs) learn distributions over 145

functions conditioned on a context set, combining 146

amortized inference with uncertainty quantifica- 147

tion (2018; 2019). Graph Neural Processes (GNPs) 148

instantiate NP encoders with GNN backbones to 149

model relational tasks with few-shot conditioning 150

and predictive uncertainty. However, when the en- 151

coder inherits 1-WL limitations, distinct candidate 152

nodes can induce identical representations under 153

the available observations, yielding ambiguous pos- 154

teriors on symmetric graphs (2019; 2019). Related 155

probabilistic graph models (e.g., graph VAEs and 156

Bayesian GNNs) highlight the importance of uncer- 157

tainty for reliability, but they typically do not con- 158

nect encoder design-especially positional design- 159

to formal identifiability guarantees (2016; 2020; 160

2025a). Our work aims to make a modest step in 161

this direction by analyzing how WL-bounded en- 162

coders translate into a Bayes-risk lower bound, and 163

how adding appropriate positional information can 164

mitigate posterior ambiguity. 165

2.3 Positional Encodings: Structural Signals 166

and Invariant Spectral Coordinates 167

Positional encodings (PEs) provide permutation- 168

invariant architectures with additional coordinates 169

reflecting position or geometry. Structural and 170

diffusion-based encodings (e.g., shortest-path dis- 171

tances, PPR, heat kernels) have been used to en- 172

rich representations beyond local message pass- 173

ing (2023; 2024). Spectral approaches construct 174

global coordinates from Laplacian eigenpairs and 175

can break symmetries that remain invisible to 1-WL 176

message passing (2021; 2021; 2022). A practical 177

challenge is that eigenvectors are not uniquely de- 178

fined due to sign flips and rotations within degener- 179

ate eigenspaces; recent work addresses this via sign- 180

and basis-invariant spectral constructions (2022). 181
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In our setting, such invariance is not merely a ro-182

bustness detail: it supports a coherent notion of po-183

sitional information inside a probabilistic encoder.184

For completeness, we provide a longer technical185

comparison to Distance Encoding (DE) (2020) in186

Appendix A.187

2.4 DDI Link Prediction188

Drug-Drug Interaction (DDI) prediction has189

evolved from text-mining and similarity-based190

models to graph-centric pipelines operating on191

molecular graphs and biomedical networks (2013;192

2018). Recent methods incorporate knowl-193

edge graphs, multimodal signals, and interaction-194

specific modules such as co-attention or gating195

(2024; 2023; 2025b). We adopt a strong GNP-196

based baseline aligned with widely used DrugBank197

protocols (2014; 2025), and use DDI as an applied198

benchmark to examine whether principled posi-199

tional information yields measurable benefits under200

both inductive and transductive settings.201

Overall, we do not view our results as a complete202

theory of positional design for probabilistic graph203

models. Rather, we aim to connect two lines of204

work, WL-bounded expressiveness and its impli-205

cations for ambiguity, and invariant spectral posi-206

tional encodings to evaluate this connection in a207

representative downstream task.208

3 Preliminaries209

This section sets up the few-shot node-localization210

problem and the associated observation model. The211

notation introduced here will be used to state iden-212

tifiability and Bayes-risk guarantees.213

3.1 Problem Setup and Notation214

Let G = (V,E) be a finite, connected, undirected215

graph with |V | = n. An unobserved source node216

v0 ∼ Unif(V ) induces the target function217

fG,v0(v) = SPD(v, v0), v ∈ V. (1)218

The learner observes a context set C =219

{(vi, yi)}ki=1 where vi
i.i.d.∼ Unif(V ) and yi =220

fG,v0(vi). The goal is to identify v0 (equivalently,221

reconstruct fG,v0 on V ) from (G, C) using as few222

context points as possible.223

We use a Bayes-risk view to formalize iden-224

tifiability under restricted encoder families. Let225

Z := (G, C) and let an encoder produce a summary226

R = Enc(G, C). A decision rule δ outputs v̂ =227

δ(Z,R) and is evaluated by Risk(δ) = Pr[v̂ ̸= v0].228

If two nodes induce the same posterior given (Z,R) 229

under an encoder class, they are indistinguishable; 230

write [v0] for the induced equivalence class. Then 231

Pr(v̂ ̸= v0 | Z,R) ≥ 1−E[|[v0]|−1 | Z,R]. (2) 232

Thus, showing |[v0]| ≥ 2 with high probability 233

implies a non-trivial error floor for that encoder 234

family. 235

A Graph Neural Process (GNP) consists of an 236

encoder R = Enc(G, C) and a decoder f̂(v) = 237

Dec(v,R). We compare two encoder families: 238

WL-bounded encoders (denoted WL-GNP), and 239

the same backbone augmented with Laplacian spec- 240

tral positional information (denoted LAP-GNP). 241

The theoretical analysis treats the Laplacian posi- 242

tional features as sign-/basis-invariant; a concrete 243

invariant construction and implementation notes 244

(including the practical eigenvector variants used 245

in experiments) are deferred to Appendix B.1. We 246

also discuss an optional connection to Distance 247

Encoding in Appendix B.2. 248

3.2 Distances and Laplacian Basics 249

For u, v ∈ V , let SPD(u, v) denote the shortest- 250

path distance. We write BG(u,R) = {w ∈ V : 251

SPD(u,w) ≤ R} and diam(G) for the diameter. 252

Let A be the adjacency matrix and D the degree 253

matrix. We use the normalized Laplacian 254

Lsym := I −D−1/2AD−1/2. (3) 255

For t > 0, define the heat kernel operator Kt = 256

e−tLsym with entries kt(u, v) = (Kt)uv. The diffu- 257

sion distance is 258

dt(u, v)
2 =

∑
j≥1

e−2tλj
(
ϕj(u)− ϕj(v)

)2
, (4) 259

where {(λj , ϕj)} are Laplacian eigenpairs. We will 260

use the kernel identity 261

dt(u, v)
2 = k2t(u, u) + k2t(v, v)− 2k2t(u, v).

(5) 262

Let {(λj , ϕj)}j≥1 denote the nonzero eigenpairs 263

of Lsym. For t > 0 and an integer m ≥ 1, define 264

the truncated diffusion-map coordinates 265

Φ
(m)
t (v) :=

(
e−tλ1ϕ1(v), . . . , e

−tλmϕm(v)
)
∈ Rm,

(6) 266

and the corresponding truncated diffusion distance 267

d
(m)
t (u, v)2 :=

m∑
j=1

e−2tλj
(
ϕj(u)− ϕj(v)

)2
. (7) 268
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3.3 Graph Distribution for the Separation269

Result270

Our main separation theorem is stated for random271

r-regular graphs G ∼ Gn,r with fixed r ≥ 3, which272

form a canonical hard regime for WL-bounded en-273

coders with trivial initial features. Further discus-274

sion is deferred to Appendix B.6.275

4 Theoretical Analysis276

This section establishes a sharp sample-complexity277

separation between 1-WL-bounded Graph Neural278

Processes (WLGNPs) with trivial initial features279

and Laplacian-PE-augmented GNPs (Lap-GNPs)280

on random r-regular graphs G ∼ Gn,r with fixed281

r ≥ 3. All graph notations, the single-source task282

fG,v0(v) = SPD(v, v0), and the Laplacian PE Ψ(·)283

are as defined in Section 3.284

4.1 Regime and Technical Ingredients285

We work with G ∼ Gn,r for fixed r ≥ 3. Through-286

out, we only apply local couplings to a fixed (or287

polylog-many prescribed) set of seed vertices. Let288

R ≤
(
1
2 − ϵ0

) logn

log(r − 1)
, (8)289

so that radius-R neighborhoods around such seeds290

are tree-like w.h.p. We also impose a logarithmic291

depth budget292

L ≤

⌈(
1
2 + c

) log n

log(r − 1)

⌉
, (9)293

for a fixed constant c > 0.294

Proposition 1. The spectral positional encoding295

Ψ(·) defined in Appendix B.1 is robust to the two296

inherent non-uniquenesses of Laplacian eigenvec-297

tors: the sign ambiguity of individual eigenvectors298

and orthogonal rotations within any degenerate299

eigenspace.300

Theorem 2. There exist constants t ∈ [t−, t+],301

c1, c2 > 0, and a strictly increasing function ψ :302

[0, R] → R+ such that, with probability 1− o(1),303

for the (polylog-many) node pairs (u, v) queried304

by our procedure within the treelike window (in305

particular pairs (ai, v0) with SPD(ai, v0) ≤ R),306

c1 ψ
(
SPD(u, v)

)
≤ dt(u, v) ≤ c2 ψ

(
SPD(u, v)

)
.

(10)307

Assumption 1. Fix m ≥ 1 and t > 0. With proba-308

bility 1− o(1) over G ∼ Gn,r,309

∆m := min
u̸=v

∥Φ(m)
t (u)−Φ

(m)
t (v)∥2 ≥ n−β (11)310

for some β > 0. 311

Assumption 2. There exists a fixed integer m ≥ 1 312

such that for k0 = m + 1 i.i.d. uniform anchors 313

{ai}k0i=1, the points {Φ(m)
t (ai)}k0i=1 ⊂ Rm are 314

affinely independent with probability 1− o(1). 315

4.2 Main Theoretical Results 316

We state the core statements used in the separation 317

theorem. All proofs are deferred to Appendix C. 318

Given the context set C = {(vi, yi)}ki=1 with 319

yi = SPD(vi, v0), define the distance-key map 320

d(u) :=
(
SPD(u, v1), . . . ,SPD(u, vk)

)
∈ {0, 1, . . . , diam(G)}k.

(12) 321

Lemma 3. Let G ∼ Gn,r with fixed r ≥ 3 and 322

k = o(logn). With probability 1 − o(1) over 323

(G, {vi}ki=1), the source v0 ∼ Unif(V ) lies in a 324

bucket {u : d(u) = d(v0)} of size at least 2. 325

Lemma 4. On an r-regular graph with trivial ini- 326

tial features, any 1-WL-bounded encoder assigns 327

identical embeddings to any u, u′ with d(u) = 328

d(u′). In particular, u and u′ are indistinguishable 329

to WLGNPs given the context. 330

Proposition 5. Let G ∼ Gn,r with fixed r ≥ 3 and 331

k = o(log n). Then any WLGNP decision rule has 332

Bayes risk 333

Risk(δ) ≥ 1
2 − o(1) (13) 334

for identifying v0. 335

Corollary 1. As a consequence of Theorem 2, for 336

any polylog-sized prescribed set of queried pairs 337

(a, v0) with SPD(a, v0) ≤ R, the proxy radius 338

r̂ = ψ(SPD(a, v0)) satisfies 339∣∣r̂ − dt(a, v0)
∣∣ = o(1) (14) 340

with probability 1− o(1). 341

Lemma 6. Fix t > 0 and m ≥ 1. If anchors 342

{ai}m+1
i=1 satisfy Assumption 2, then the first m co- 343

ordinates of Φ(m)
t (v0) ∈ Rm are uniquely deter- 344

mined by the m+1 distances {d(m)
t (ai, v0)}m+1

i=1 . 345

Theorem 7. Let G ∼ Gn,r with fixed r ≥ 3 and 346

v0 ∼ Unif(V ). 347

(i) If k = o(log n), then any WL-GNP decision 348

rule has Bayes risk Risk(δ) ≥ 1
2 − o(1) for 349

identifying v0. 350
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(ii) With Proposition 1, Theorem 2, and Assump-351

tions 1-2. Then there exist constants m ∈ N,352

k0 = m+1, a time t > 0, andM = Θ(logn)353

such that the LAP-GNP family admits a depth-354

L model (with L satisfying (9)) that identifies355

v0 with probability 1−o(1) using k ≥ k0 i.i.d.356

context nodes.357

Remark 8. Once v0 is recovered, the target358

function is obtained everywhere via f̂(v) =359

SPD(v, v0).360

Theorem 9. Under the random-wave (delocalized)361

surrogate model for the first M = Θ(logn) Lapla-362

cian eigenvectors, the invariant encoding Ψ is in-363

jective and satisfies a separation bound of the form364

minu̸=v ∥Ψ(u)−Ψ(v)∥2 ≥ n−α with probability365

1− o(1).366

The proof (anti-concentration for the quadratic367

invariants defining Ψ) is given in Appendix C.5.368

5 Experimental Setup369

We conduct a controlled comparison of Laplacian-370

based positional encodings under a unified GNP-371

style backbone for drug–drug interaction (DDI)372

prediction. Unless stated otherwise, implementa-373

tion details and hyperparameters follow (2025b)374

and are provided in Appendix B.7.375

Dataset and protocol. We evaluate inductive DDI376

link prediction on DrugBank, where nodes are377

drugs and edges are known interactions. Following378

prior work, we use the standard inductive split in379

which test drugs are unseen during training. Molec-380

ular graphs are constructed from SMILES using381

RDKit; nodes and edges use standard atom/bond382

features.383

Compared variants. To isolate positional effects,384

we fix the backbone and compare three variants: No385

PE (baseline without explicit positional channels),386

Laplacian PE (concatenating Laplacian eigenvec-387

tors), and Unsigned Laplacian PE (concatenat-388

ing eigenvectors of an unsigned Laplacian). All389

variants share identical architecture and training390

settings.391

Positional channels. For each graph, Laplacian392

PE concatenates the first k nontrivial eigenvectors393

(excluding the constant eigenvector when applica-394

ble) of the normalized Laplacian Lsym to the input395

node features (k = 16). The unsigned variant396

uses the same concatenation strategy but computes397

eigenvectors from Lunsigned = L+ 2A. Since raw398

eigenvectors have sign ambiguity, we keep the PE399

pipeline fixed across runs and separately probe sen- 400

sitivity in a controlled analysis (Appendix B.7). 401

Model and optimization. All models are im- 402

plemented in PyTorch and PyTorch Geometric. 403

Node/edge features are projected to hidden dimen- 404

sion 64, and the model stacks three GNP blocks 405

with two message-passing iterations per block. We 406

train with AdamW (learning rate 10−4, weight 407

decay 5 × 10−5) using cosine annealing over 50 408

epochs, batch size 32 with gradient accumulation 409

over 4 steps (effective batch size 128). Full archi- 410

tectural and training details are in Appendix B.7. 411

Evaluation. DDI prediction is treated as binary 412

classification. We report AUROC and F1 on the 413

held-out test set, selecting the F1 threshold on the 414

validation set. We use validation AUROC for early 415

stopping and model selection (patience 10 epochs) 416

and report the test performance of the best check- 417

point. 418

6 Experimental Results and Analysis 419

This section evaluates Laplacian-based positional 420

information along two axes: practical link pre- 421

diction on DrugBank under inductive/transductive 422

splits, and node identifiability in the synthetic ran- 423

dom r-regular regime that matches our theoretical 424

setting. Unless otherwise stated, we follow the 425

training protocol in Appendix B.7. 426

6.1 Spectral PEs improve inductive 427

generalization 428

We consider inductive DDI prediction on Drug- 429

Bank. We compare a backbone without positional 430

encodings (No PE), the same model with Laplacian 431

eigenvector positional encodings (Laplacian PE), 432

and a sign-/basis-robust variant (Unsigned Lapla- 433

cian PE). 434

Convergence profile. For a test metric m(e) at 435

epoch e, define the threshold hitting time 436

eτ := min{e : m(e) ≥ τ}, (15) 437

computed via linear interpolation. Lower eτ indi- 438

cates faster convergence at threshold τ . 439

Figure 1 reports eτ profiles for test AUROC 440

and test F1. Both Laplacian-based encodings re- 441

duce eτ over a wide range of thresholds, and they 442

reach higher thresholds within the training budget 443

where the No-PE baseline becomes slow or fails 444

to cross. Across thresholds, Laplacian PE and Un- 445

signed Laplacian PE behave similarly, so we defer 446
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Figure 1: Inductive DrugBank DDI: convergence pro-
files. For each threshold τ , eτ is the first epoch where
the test metric exceeds τ (lower is faster). Laplacian-
based positional encodings reduce eτ and enable reach-
ing higher thresholds compared to No PE.

targeted invariance checks (sign flips / eigenspace447

rotations) to Table 1.448

6.2 Spectral PEs accelerate transductive449

optimization450

We additionally evaluate a transductive setting451

where the model observes the full graph during452

training (including test nodes). Since final AU-453

ROC/F1 are comparable across variants, we focus454

on optimization efficiency.455

Speedup over baseline. Let eτ (·) denote the456

threshold hitting time defined above. We report457

the speedup over No PE:458

∆eτ := eτ (No PE)− eτ (method), (16)459

where ∆eτ > 0 means fewer epochs than the base-460

line to reach threshold τ .461

Figure 2 shows ∆eτ for test AUROC and test462

F1 across high thresholds. Laplacian-based encod-463

ings yield positive speedups over a broad range464

of thresholds, indicating faster attainment of near-465

peak performance; the Unsigned variant is more466

stable at the highest thresholds, consistent with467

reduced sensitivity to spectral sign/basis choices.468

6.3 Random r-regular graphs: empirical469

separation and bucket diagnostics470

We now consider the synthetic regime G ∼ Gn,r,471

which matches the theoretical analysis in Section 4.472
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Figure 2: Transductive DrugBank DDI: speedup pro-
files over No PE. ∆eτ = eτ (No PE) − eτ (method);
positive values indicate fewer epochs than the baseline
to reach threshold τ . Laplacian-based positional encod-
ings accelerate convergence across high thresholds.

We evaluate the sample complexity and the bucket 473

structure in two settings: the WL-bounded baseline 474

(WLGNP) and the spectral model (Lap-GNP). 475

Figure 3 shows the separation between WLGNP 476

and Lap-GNP. In Fig. 3(a), WLGNP requires pro- 477

gressively more contexts to achieve high accuracy, 478

while Lap-GNP reaches near-perfect performance 479

with a small number of contexts. This sharp transi- 480

tion is consistent with the constant-shot nature of 481

Lap-GNP, as expected from the spectral localiza- 482

tion mechanism (cf. Lemma 6). 483

To quantify the scaling behavior, Fig. 3(b) 484

presents the threshold sample complexity kτ across 485

a range of thresholds τ . For WLGNP, kτ grows 486

with τ and n, indicating a logarithmic scaling in 487

n. In contrast, Lap-GNP maintains a nearly con- 488

stant kτ , which is consistent with its constant-shot 489

behavior. 490

Figure 4 shows the relationship between WL- 491

GNP Top-1 accuracy and the bucket risk term 492

E[1/|bucket|]. The points align closely with the 493

reference line y = x, supporting the hypothesis that 494

WL-bounded decoders are constrained to select 495

from an equivalence class induced by the distance 496

keys. This leads to the conditional error model 497

1− 1/|[v0]| as in Eq. (2). 498

6.4 Corruption Robustness on DrugBank 499

We study robustness on DrugBank under corrup- 500

tions with severity sev ∈ {0, . . . , 5}, reporting AU- 501
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ROC/F1 and calibration (ECE/AURC). Table 1 sep-502

arates two effects.503

Task/graph corruptions. Under structural504

perturbation (EDGE_DROP) and label noise505

(LABEL_FLIP), Laplacian-based PEs retain a clear506

advantage over No PE at both clean and severe507

regimes, although all methods degrade when super-508

vision becomes unreliable.509

Representation perturbations (invari-510

ance checks). Under PE_SIGNFLIP and511

PE_SUBSPACE_ROT, all reported metrics512

change negligibly (|∆| ≈ 10−3). This controlled513

test supports the claim that the spectral features514

used by our models are effectively invariant to515

eigenvector sign flips and orthogonal rotations516

within eigenspaces, matching the symmetry517

considerations behind Proposition 1.518

6.5 Ablation Study519

Table 2 summarizes ablations on DrugBank and520

ChChMiner.521

• Hidden dimension. Increasing the hidden 522

size improves AUROC/F1 on both datasets, 523

indicating that additional capacity helps inte- 524

grate spectral coordinates with local features. 525

• PE dimension (k). Performance peaks at 526

a moderate spectral dimension (DrugBank 527

around k=16, ChChMiner around k=32); 528

very small k under-represents global geom- 529

etry, while very large k provides diminishing 530

returns and can slightly degrade performance. 531

• Propagation steps. A small number of prop- 532

agation steps is sufficient (two on DrugBank, 533

three on ChChMiner), and deeper propagation 534

yields limited gains, consistent with explicit 535

PEs reducing the need to implicitly propagate 536

long-range structure. 537

Table 2: Ablations on DrugBank and ChChMiner. Best
within each block is shaded.

DrugBank

Dimension Value Val AUROC Test AUROC Val F1 Test F1

Hidden Dim
64 0.9382 0.9380 0.8695 0.8709

128 0.9800 0.9802 0.9368 0.9372

PE Dim (k)
4 0.9269 0.9279 0.8594 0.8627
8 0.9298 0.9299 0.8610 0.8632

16 0.9386 0.9395 0.8715 0.8734
32 0.9344 0.9359 0.8677 0.8707
64 0.9366 0.9376 0.8680 0.8710

Propagation Steps (niter)
1 0.9335 0.9339 0.8665 0.8676
2 0.9383 0.9379 0.8689 0.8705
3 0.9359 0.9360 0.8686 0.8690

ChChMiner
Dimension Value Val AUROC Test AUROC Val F1 Test F1

Hidden Dim
64 0.9405 0.9412 0.8699 0.8728

128 0.9514 0.9505 0.8854 0.8827

PE Dim (k)
4 0.9416 0.9411 0.8717 0.8722
8 0.9415 0.9416 0.8722 0.8736

16 0.9405 0.9412 0.8699 0.8728
32 0.9457 0.9454 0.8786 0.8781
64 0.9401 0.9408 0.8720 0.8734

Propagation Steps (niter)
1 0.9396 0.9402 0.8690 0.8709
2 0.9405 0.9412 0.8699 0.8728
3 0.9441 0.9442 0.8747 0.8773

Limitations 538

We note a few limitations and practical considera- 539

tions of our theory and experiments. 540

Spectral computation and scalability. Our ap- 541

proach uses spectral coordinates, which in practice 542

require (approximate) Laplacian eigendecomposi- 543

tion. This can be expensive on very large graphs 544
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Table 1: Robustness on DDI (main metrics). Entries are mean±sd (reference values for formatting; replace with
measured sd in the final version). Columns 0 and 5 denote severity 0 (clean) and 5 (worst). ∆ is computed on the
means (sev5−sev0). “Perturb.” reports the corruption magnitude at sev= 5. Gray cells indicate the best mean at
sev= 5 within each corruption.

Corruption Perturb. (sev=5) Method AUROC ↑ F1 ↑

0 5 ∆ 0 5 ∆

EDGE_DROP pdrop = 0.50
Baseline (No PE) 0.680±0.007 0.645±0.013 -0.034 0.672±0.012 0.612±0.028 -0.060
Laplacian PE 0.886±0.014 0.823±0.019 -0.064 0.773±0.009 0.644±0.016 -0.129
Unsigned Laplacian PE 0.892±0.015 0.837±0.012 -0.056 0.793±0.011 0.688±0.009 -0.105

LABEL_FLIP pflip = 0.50
Baseline (No PE) 0.891±0.009 0.735±0.012 -0.156 0.819±0.010 0.699±0.011 -0.120
Laplacian PE 0.934±0.009 0.760±0.013 -0.175 0.868±0.008 0.724±0.021 -0.144
Unsigned Laplacian PE 0.931±0.011 0.760±0.017 -0.171 0.864±0.015 0.726±0.017 -0.138

PE_SIGNFLIP psign = 1.0
Laplacian PE 0.934±0.012 0.934±0.009 +0.000 0.867±0.008 0.865±0.018 -0.002
Unsigned Laplacian PE 0.931±0.009 0.931±0.012 -0.000 0.865±0.021 0.863±0.027 -0.001

PE_SUBSPACE_ROT γ = 1.0 (Haar) Laplacian PE 0.767±0.003 0.769±0.011 +0.002 0.609±0.014 0.610±0.010 +0.001
Unsigned Laplacian PE 0.750±0.012 0.749±0.008 -0.001 0.571±0.006 0.570±0.017 -0.001

Perturbation schedule. For EDGE_DROP/LABEL_FLIP, p(s) = 0.1s so sev= 5 corresponds to p = 0.5. For PE_SIGNFLIP,
sev= 5 uses i.i.d. random ±1 multipliers (psign = 1). For PE_SUBSPACE_ROT, sev= 5 applies Haar-random orthogonal
rotations within each degenerate eigenspace (γ = 1).

and may be a bottleneck in both time and memory,545

especially when the graph has millions of nodes.546

Although randomized and polynomial-filter approx-547

imations are natural alternatives, we do not provide548

a full analysis of how approximation error propa-549

gates through the trilateration pipeline or how much550

spectral accuracy is needed to preserve the separa-551

tions required for reliable identification.552

Design choices: spectral dimension and an-553

chors. The pipeline depends on the choice of spec-554

tral dimension (k in implementation, M in theory)555

and the trilateration dimension/anchor count (m556

and m+1 anchors). We fix these choices for sim-557

plicity, but a principled or adaptive selection rule558

(e.g., based on spectral decay or empirical separa-559

tion margins) is not developed here. Likewise, our560

theory assumes anchors in general position; we do561

not study data-driven anchor selection or anchor562

design criteria (e.g., maximizing the smallest sin-563

gular value of the trilateration matrix) beyond the564

stylized random-anchor setting.565

Empirical generality and failure modes. Em-566

pirically, on DrugBank, standard Laplacian PE per-567

forms competitively with our sign-/basis-invariant568

variant, suggesting that eigenvector sign ambiguity569

is not the dominant failure mode in this dataset.570

This limits the strength of empirical claims one can571

make about invariance in typical biomedical bench-572

marks; our invariant construction should be inter-573

preted primarily as a robustness guarantee against574

worst-case symmetries rather than as a universally575

necessary ingredient. More broadly, we evaluate on576

DDI datasets and a specific GNP backbone; results 577

may not fully transfer to other domains, labeling 578

mechanisms, or architectures. 579

Data and evaluation caveats. DDI resources 580

can be incomplete and subject to reporting/curation 581

biases, and unobserved drug pairs used as nega- 582

tives may include false negatives. Therefore, per- 583

formance under standard splits may not fully re- 584

flect real-world pharmacovigilance settings, and 585

the observed gains should be interpreted with these 586

caveats in mind. 587

Future directions. We treat positional encod- 588

ings and anchors as fixed, precomputed compo- 589

nents. We leave joint end-to-end learning of an- 590

chors, radial distance transforms, and spectral 591

regularizers-as well as scalable spectral coordinate 592

constructions that avoid full eigendecomposition 593

while preserving trilateration geometry-to future 594

work. 595

Use of AI assistants. We used AI assistants 596

to support code development (e.g., debugging and 597

boilerplate). All experimental results, analyses, and 598

claims were produced and verified by the authors. 599
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Laplacian Spectral 
Encodings for GNP

Distance Encoding

Theoretical Basis:
Log-depth window on 

random r-regular graphs

General Method:
Distances as structural signals

Goal: 
bypass the 1-WL 

expressiveness limits

Distinguish size-p node sets 
within a log-depth window

Shortest-path distances to a   
target set S as features controllers

配色2

 Bayes-risk lower bound for WL-GNP

Constant-shot node identifiability;
 exact reconstruction of 푓(퐺)

Sign-/basis-invariant Laplacian 
spectral positional encodings

Monotone link SPD: 
diffusion; spectral trilateration

Constant anchors (m+1)

Figure 5: High-level comparison between Distance En-
coding (DE) (2020) and our anchor-based spectral ap-
proach. Both operate in a logarithmic depth window on
random r-regular graphs and exploit distance-derived
signals to go beyond 1-WL message passing. DE fo-
cuses on distinguishing node sets of size p via distance
features, while we study single-source identifiability
(ptask=1) in a probabilistic (GNP) setting and use a con-
stant number of anchors together with invariant spectral
coordinates.

A Relation to Distance Encoding (DE)740

and the role of p741

Distance Encoding (DE) (2020) constructs a742

permutation-invariant feature ζ(· | S) based on743

distances to a target node set S and refers to DE-p744

when |S| = p (cf. (2020, Def. 3.1)). A key re-745

sult shows that, on (almost all) random r-regular746

graphs, a DE-GNN-p can distinguish two size-p747

node sets within a logarithmic depth window748

L ≤
(
1
2 + ε

) log n

log(r − 1)
, (17)749

whereas DE-1 can fail on distance-regular graphs750

(see (2020, Thm. 3.7, Cor. 3.8)).751

Task and mechanism differences. Our theo-752

retical focus is single-source node identifiability753

(ptask = 1) under a probabilistic encoder class754

(GNPs), where the core difficulty is posterior am-755

biguity induced by WL-bounded expressiveness.756

Rather than encoding the hidden source set directly757

as in DE, we introduce a constant-size anchor set758

S = {ai}m+1
i=1 (thus panchor = m + 1 fixed) and759

observe shortest-path distances from anchors to the760

hidden source. Conceptually, anchors provide a761

reference frame: shortest-path signals are mapped762

through a monotone linkage to a diffusion-like sig-763

nal and combined with an invariant spectral co-764

ordinate system to support a reconstruction-style765

argument (trilateration).766

How the role of p differs. In DE, p is the size 767

of the target set to be distinguished and the re- 768

sult is stated in terms of distinguishing different 769

size-p sets within the log-depth window. In our set- 770

ting, ptask is fixed to one (a single hidden source), 771

and the relevant design choice is instead the an- 772

chor cardinality panchor = m+1, which remains 773

constant as n grows. This distinction matters be- 774

cause our guarantees are phrased as an identifia- 775

bility (or Bayes-risk) statement for a probabilistic 776

model class, rather than a purely discriminative 777

distinguishability claim. 778

Takeaway. We view DE as complementary: it 779

provides a principled way to enrich GNNs with 780

distance-derived signals and gives strong distin- 781

guishability results in random regular graphs. Our 782

analysis asks a different question-when a proba- 783

bilistic graph neural process uses a WL-bounded 784

encoder, what identifiability limitations follow, and 785

what type of positional information suffices to re- 786

move ambiguity? The appendix comparison is in- 787

tended to clarify that both approaches share the 788

same “log-depth window” intuition but differ in 789

objectives (set distinguishability vs. single-source 790

identifiability) and in the role played by a fixed 791

number of anchors together with invariant spectral 792

coordinates. 793

B Supplementary Background and 794

Experimental Details 795

This appendix collects technical background and 796

implementation details that are referenced in the 797

main text but omitted there for brevity. Full theo- 798

retical proofs are deferred to Appendix C. 799

B.1 A sign-/basis-invariant spectral positional 800

encoding 801

Let {(λj , ϕj)}Mj=1 be the first M nontrivial eigen- 802

pairs of the chosen Laplacian. Define the truncated 803

eigenvector coordinate 804

ϕ(M)(v) := (ϕ1(v), . . . , ϕM (v))⊤ ∈ RM . (18) 805

Following a feature-level invariant construction, we 806

form quadratic invariants 807

s(v) := ϕ(M)(v)⊙ ϕ(M)(v) ∈ RM , (19) 808

and 809

u(v) := vec△

(∣∣∣ϕ(M)(v)ϕ(M)(v)⊤
∣∣∣) ∈ RM(M−1)/2,

(20) 810
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where vec△(·) stacks strict upper-triangular entries811

in a fixed order. The final encoding is812

Ψ(v) := concat
(
{λi}Mi=1, s(v), u(v)

)
. (21)813

This encoding depends only on eigenvalues and814

sign/rotation-invariant quadratic functions of eigen-815

vector coordinates, and is therefore invariant to816

eigenvector sign flips and to orthogonal basis rota-817

tions within eigenspaces.818

B.2 Implementation notes for spectral819

channels in DDI experiments820

For the DDI ablations, we follow a common and821

lightweight practice: compute the first k nontriv-822

ial eigenvectors of the normalized Laplacian Lsym823

and concatenate them to the initial node features824

(we use k = 16). We also consider an “un-825

signed” spectral variant that uses eigenvectors of826

Lunsigned = L+ 2A with the same concatenation827

strategy.828

Because raw eigenvectors are not uniquely ori-829

ented (sign ambiguity), run-to-run variation may830

occur unless one enforces a deterministic sign con-831

vention or uses sign-invariant features (as in the832

theoretical Ψ construction). In our DDI ablations,833

we keep the PE pipeline fixed across runs, and we834

additionally probe sensitivity via controlled pertur-835

bations (sign flips / subspace rotations) in a separate836

analysis.837

B.3 Graph notation and Laplacians838

Let G = (V,E) be a finite, simple, connected,839

undirected graph with |V | = n. Let A ∈840

{0, 1}n×n be the adjacency matrix and D the diag-841

onal degree matrix. We use the (symmetric) nor-842

malized Laplacian843

Lsym := I −D−1/2AD−1/2, (22)844

and the random-walk Laplacian Lrw := I−P with845

P := D−1A. On r-regular graphs (D = rI), these846

coincide and reduce to847

Lsym = Lrw = I − 1
rA =: L, (23)848

which is the form used throughout our tree/random-849

regular arguments.850

For u, v ∈ V , SPD(u, v) denotes the shortest-851

path distance and N (u) the neighbor set. For R ∈852

N, define the radius-R ball853

BG(u,R) := {v ∈ V : SPD(u, v) ≤ R}. (24)854

We write diam(G) for the diameter and use w.h.p.855

for probability 1− o(1) as n→ ∞.856

B.4 Heat kernel and diffusion distance 857

For t > 0, define the heat semigroup and kernel 858

Kt := e−tL, kt(u, v) := (Kt)uv. (25) 859

Let {(λj , ϕj)}j≥1 be the nonzero eigenpairs of L, 860

with {ϕj} orthonormal in ℓ2(V ). The diffusion 861

distance is 862

dt(u, v)
2 =

∑
j≥1

e−2tλj
(
ϕj(u)− ϕj(v)

)2
. (26) 863

Using the spectral expansion Kt = 864∑
j≥1 e

−tλjϕjϕ
⊤
j , one obtains the standard 865

kernel identity 866

dt(u, v)
2 = k2t(u, u) + k2t(v, v)− 2k2t(u, v).

(27) 867

On vertex-transitive graphs (e.g., the infinite r- 868

regular tree), k2t(u, u) is constant in u, which sim- 869

plifies (27) and is convenient for establishing mono- 870

tone linkage between SPD and dt on the tree; see 871

Appendix C for full proofs used in the main theo- 872

rem. 873

Poissonization identity (regular graphs). When 874

L = I − 1
rA and P := 1

rA, we use 875

Kt = e−tL = e−t etP . (28) 876

This representation is useful to compare heat ker- 877

nels (and thus diffusion distances) between a ran- 878

dom regular graph and its tree cover within loga- 879

rithmic radii. 880

B.5 Spectral positional encoding (PE) used by 881

Lap-GNP 882

Let {(λj , ϕj)}Mj=1 be the first M nontrivial eigen- 883

pairs of the chosen Laplacian. Define ϕ(M)(v) := 884

(ϕ1(v), . . . , ϕM (v))⊤ ∈ RM and 885

s(v) := ϕ(M)(v)⊙ ϕ(M)(v) ∈ RM , (29) 886

u(v) := vec△

( ∣∣ϕ(M)(v)ϕ(M)(v)
⊤∣∣ ) ∈ R

M(M−1)
2 ,

(30)

887

where vec△(·) stacks strict upper-triangular entries 888

in a fixed order. The final encoding is 889

Ψ(v) := concat
(
{λi}Mi=1, s(v), u(v)

)
. (31) 890

This construction is invariant to eigenvector sign 891

flips and to orthogonal basis rotations within 892

eigenspaces because it depends only on eigenval- 893

ues and sign/rotation-invariant quadratic features 894

of eigenvector coordinates. A formal statement and 895

proof can be placed in Appendix C if desired. 896
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B.6 Why random r-regular graphs are a hard897

regime898

We analyze G ∼ Gn,r (uniform random labeled899

r-regular graphs with fixed r ≥ 3) as a canonical900

hard family for 1-WL-bounded message passing901

with trivial initial features: graphs are highly sym-902

metric and locally tree-like up to logarithmic radius.903

Concretely, there exists ε0 > 0 such that for904

T ≤
(
1
2 − ε0

) log n

log(r − 1)
, (32)905

a uniformly random root u has BG(u, T ) being a906

tree w.h.p., and moreover all but o(n) vertices sat-907

isfy this property w.h.p. This logarithmic treelike908

window underpins the stability arguments that com-909

pare diffusion geometry on G to that on the infinite910

r-regular tree.911

B.7 Experimental setup for DDI link912

prediction913

Task and dataset. We follow the inductive drug-914

drug interaction (DDI) link prediction protocol on915

the DrugBank dataset used by Yan et al. (2025b).916

The goal is to predict whether a candidate drug pair917

forms an interaction edge under an inductive split918

(test drugs unseen during training).919

Implementation. All models are implemented920

in PyTorch (2019) and PyTorch Geometric (2019).921

We focus on ablations that isolate the impact of922

explicit positional information while keeping the923

backbone identical.924

Compared variants (ablation on positional en-925

codings).926

• Baseline: MPNP-DDI (2025b) without ex-927

plicit positional encodings.928

• Laplacian PE: Baseline + k = 16 eigenvec-929

tors of the normalized Laplacian Lsym, con-930

catenated to initial node features.931

• Unsigned Laplacian PE: Baseline + k =932

16 eigenvectors of the unsigned Laplacian933

Lunsigned = L+2A (same concatenation strat-934

egy).935

PE computation details (for reproducibility).936

For each molecular graph, we compute the first937

k nontrivial eigenvectors (excluding the constant938

eigenvector when applicable) via a standard sym-939

metric eigensolver. Eigenvectors are used as node-940

level positional channels and concatenated to the941

original node feature vector before message pass- 942

ing. If eigenvectors are not uniquely oriented (sign 943

ambiguity), models may experience run-to-run vari- 944

ation unless a deterministic sign convention is im- 945

posed or sign-invariant features are used (as in our 946

theoretical Ψ construction in (31)). In the DDI ab- 947

lation above, we follow the common practice in the 948

cited baseline and keep the PE pipeline fixed across 949

runs. 950

Architecture. All variants share the same archi- 951

tecture for fair comparison: node and edge features 952

are projected to a hidden dimension of 64. The 953

model stacks three Graph Neural Process blocks; 954

each block performs two message-passing itera- 955

tions to capture multi-scale representations. 956

Optimization. We use AdamW with learning 957

rate 1 × 10−4 and weight decay 5 × 10−5. A co- 958

sine annealing schedule is applied over 50 epochs. 959

We train with batch size 32 and gradient accumula- 960

tion over 4 steps (effective batch size 128), which 961

stabilizes training under memory constraints. 962

Evaluation and model selection. We use valida- 963

tion AUROC for early stopping and model selec- 964

tion; training stops if validation AUROC does not 965

improve for 10 consecutive epochs. We report final 966

performance of the best checkpoint on a held-out 967

test set. 968

Code availability. We provide an anonymized 969

code repository for reproducibility: https:// 970

anonymous.4open.science/r/LapGNP-2EB6. 971

C Proofs for Section 4 972

This appendix contains the full proofs deferred 973

from Section 4. Throughout, r ≥ 3 is fixed and 974

G ∼ Gn,r denotes a uniformly random labeled r- 975

regular graph on [n]. 976

C.1 Treelike window on Gn,r and 977

seed-restricted union bounds 978

We record the locally tree-like property in the exact 979

form used in the main text: it holds for a single root, 980

and simultaneously for any prescribed polyloga- 981

rithmic set of seeds; we do not claim it uniformly 982

over all vertices. 983

Lemma 10. There exists ϵ0 > 0 such that for any 984

radius 985

R ≤
(
1
2 − ϵ0

) log n

log(r − 1)
, (33) 986
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the following holds. For every prescribed seed set987

S ⊆ V with |S| ≤ (log n)C for a constant C > 0,988

Pr
(
∀u ∈ S, BG(u,R) is a tree

)
= 1− o(1).

(34)989

Proof. Fix a vertex u. In the configuration model990

exposure process, the breadth-first exploration of991

BG(u,R) reveals at most 1 + r
∑R−1

ℓ=0 (r − 1)ℓ =992

O((r − 1)R) vertices and O((r − 1)R) half-edges.993

A cycle occurs only if two revealed half-edges are994

paired within the revealed set, which has probabil-995

ity996

Pr
(
BG(u,R) contains a cycle

)
≤ O

(
(r−1)2R

n

)
.

(35)997

Under (33), (r − 1)2R ≤ n1−2ϵ0 , so the bound is998

O(n−2ϵ0) = o(1). For a prescribed S with |S| ≤999

(log n)C , a union bound gives1000

Pr
(
∃u ∈ S : BG(u,R) contains a cycle

)
≤ |S| ·O(n−2ϵ0) = (log n)C ·O(n−2ϵ0) = o(1).

(36)1001

1002

Remark 11 (Quantifier discipline). At radii R ≍1003
1
2 logr−1 n, one cannot have BG(u,R) tree for all1004

u w.h.p. because Θ(log n)-cycles occur. Lemma 101005

is the seed-restricted statement used throughout.1006

C.2 WL buckets and the lower bound1007

We prove Lemmas 3-4 and Proposition 5 from the1008

main text.1009

Proof of Lemma 3. Let D := diam(G). It is stan-1010

dard that D = Θ(logn) w.h.p. for G ∼ Gn,r. Con-1011

dition on (G, {vi}ki=1). The distance-key vector1012

d(u) =
(
SPD(u, v1), . . . ,SPD(u, vk)

)
(37)1013

takes values in {0, 1, . . . , D}k, hence the number1014

of realized keys satisfies |ℑ(d)| ≤ (D+1)k. There-1015

fore the number of singleton buckets is at most1016

(D + 1)k. Since v0 is uniform,1017

Pr
(
|{u : d(u) = d(v0)}| = 1

∣∣ G, {vi}) ≤ (D+1)k

n .

(38)1018

With D ≤ Cr log n w.h.p. and k = o(logn),1019

(D + 1)k

n
≤ (Cr logn)

k

n
=

exp(k log logn+O(k))

n

= n−1+o(1) = o(1).
(39)1020

Thus Pr(|{u : d(u) = d(v0)}| ≥ 2) = 1 − o(1).1021

1022

Proof of Lemma 4. On an r-regular graph with 1023

trivial initial node features, the initial 1-WL colors 1024

are identical. A 1-WL-bounded encoder is a de- 1025

terministic function of the rooted computation tree 1026

and the multiset of neighbor colors at each depth, 1027

together with the marked locations of the context 1028

vertices. If d(u) = d(u′), then each context ver- 1029

tex vi lies in the same distance shell around u and 1030

around u′. By regularity and identical initial col- 1031

ors, the rooted computation trees are isomorphic 1032

at every depth and the marking pattern is identical, 1033

hence 1-WL assigns identical color sequences to u 1034

and u′. Therefore any 1-WL-bounded encoder out- 1035

puts identical embeddings for u and u′ and cannot 1036

distinguish them given the context. 1037

Proof of Proposition 5. By Lemma 3, with proba- 1038

bility 1− o(1) the bucket containing v0 has size at 1039

least 2. By Lemma 4, WLGNPs cannot distinguish 1040

nodes within this bucket, so the WLGNP indistin- 1041

guishability class [v0] satisfies |[v0]| ≥ 2 on that 1042

event. 1043

Using the Bayes-risk lower bound, 1044

Pr(v̂ ̸= v0 | Z,R) ≥ 1−E
[
|[v0]|−1 | Z,R

]
.

(40) 1045

Taking expectations gives Risk(δ) ≥ 1 − 1046

E[|[v0]|−1]. Since |[v0]|−1 ≤ 1
2 on {|[v0]| ≥ 2}, 1047

E[|[v0]|−1] ≤ Pr(|[v0]| = 1) + 1
2 Pr(|[v0]| ≥ 2)

≤ 1
2 + o(1),

(41) 1048

and therefore Risk(δ) ≥ 1
2 − o(1). 1049

C.3 Monotone diffusion-distance linkage: tree 1050

monotonicity and quantitative transfer 1051

This subsection proves Theorem 2 from the main 1052

text, and thus implies Corollary 1. We rely on 1053

the heat-kernel identities stated in Section 3 (not 1054

repeated here). 1055

Lemma 12. Fix r ≥ 3 and t > 0. Let (Xs)s≥0 1056

be the continuous-time simple random walk on the 1057

infinite r-regular tree Tr with generator P − I 1058

(equivalently, heat semigroup Kt = e−t(I−P )), 1059

and let ht(d) := kt(o, x) for any x ∈ Tr with 1060

SPD(o, x) = d. Then ht(d) is well-defined (ra- 1061

dial), and for every t > 0 it is strictly decreasing 1062

in d: 1063

Consequently, writing κ2t := k2t(o, o) and 1064

p2t(d) := h2t(d), the diffusion distance satisfies 1065

dt(o, x)
2 = 2

(
κ2t − p2t(SPD(o, x))

)
, (42) 1066
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and the map d 7→ dt(o, x) is strictly increasing in1067

d = SPD(o, x).1068

Proof. Radiality follows from vertex-transitivity:1069

for any two vertices x, y at the same distance from1070

o, there exists an automorphism of Tr fixing o and1071

mapping x to y, and the walk (hence kt(o, ·)) is1072

invariant under such automorphisms. Thus ht(d)1073

is well-defined.1074

We next derive the forward equations for ht(d).1075

Since the chain has total jump rate 1 and, at each1076

jump, moves to a uniformly random neighbor, the1077

Kolmogorov forward equation for a vertex x at1078

distance d ≥ 1 reads1079

∂tkt(o, x) = −kt(o, x) +
1

r

∑
y∼x

kt(o, y). (43)1080

Among the r neighbors of x, exactly one lies at1081

distance d − 1 from o and the remaining r − 11082

neighbors lie at distance d + 1. By radiality, for1083

d ≥ 1,1084

∂tht(d) = −ht(d)+
1

r
ht(d−1)+

r − 1

r
ht(d+1).

(44)1085

At the root o (distance 0), all r neighbors lie at1086

distance 1, so1087

∂tht(0) = −ht(0) + ht(1). (45)1088

The initial condition is h0(0) = 1 and h0(d) = 01089

for all d ≥ 1.1090

Define the discrete gradient1091

st(d) := ht(d)− ht(d+ 1), d ≥ 0. (46)1092

We claim that st(d) > 0 for every t > 0 and every1093

d ≥ 0, which implies strict monotonicity of ht(·).1094

Subtracting the forward equations at d and d+ 11095

yields, for all d ≥ 1,1096

∂tst(d) =∂tht(d)− ∂tht(d+ 1)

=
(
− ht(d) +

1
rht(d− 1) + r−1

r ht(d+ 1)
)

−
(
− ht(d+ 1) + 1

rht(d) +
r−1
r ht(d+ 2)

)
=−

(
ht(d)− ht(d+ 1)

)
+ 1

r

(
ht(d− 1)− ht(d)

)
+ r−1

r

(
ht(d+ 1)− ht(d+ 2)

)
=− st(d) +

1
rst(d− 1) + r−1

r st(d+ 1).

(47)1097

At the boundary d = 0, using ∂tht(0) = −ht(0) +1098

ht(1) and the d = 1 equation gives 1099

∂tst(0) =∂tht(0)− ∂tht(1)

=
(
− ht(0) + ht(1)

)
−
(
− ht(1) +

1
rht(0) +

r−1
r ht(2)

)
=− r+1

r st(0) +
r−1
r st(1).

(48) 1100

Thus st(·) satisfies a linear ODE system ∂tst = 1101

Ast on Z≥0 where the matrix A is tridiagonal with 1102

strictly positive off-diagonal entries: 1103

(As)(0) = − r+1
r s(0) + r−1

r s(1),

(As)(d) = 1
rs(d− 1)− s(d) + r−1

r s(d+ 1) (d ≥ 1).
(49) 1104

Moreover, the initial data are 1105

s0(0) = h0(0)−h0(1) = 1, s0(d) = 0 (d ≥ 1).
(50) 1106

We now show that for every t > 0 and every 1107

d ≥ 0, one has st(d) > 0. Since st = etAs0 and 1108

s0 = e0 (the unit mass at 0), it suffices to show that 1109

the matrix exponential has strictly positive entries 1110

in the first column: (etA)d0 > 0 for all d and all 1111

t > 0. 1112

By the power-series expansion, 1113

(etA)d0 =
∞∑

m=0

tm

m!
(Am)d0. (51) 1114

For each d ≥ 1, consider the term m = d. Because 1115

Aj, j−1 = 1
r > 0 for all j ≥ 1, the product along 1116

the path 0 → 1 → · · · → d contributes 1117

(Ad)d0 ≥ A1,0A2,1 · · ·Ad,d−1 =
(
1
r

)d
> 0.

(52) 1118

Therefore (etA)d0 ≥ td

d! (A
d)d0 > 0 for all t > 0 1119

and all d ≥ 1. For d = 0, clearly (etA)00 > 0. 1120

Hence st(d) = (etA)d0 > 0 for every t > 0 and 1121

every d ≥ 0, proving ht(d) > ht(d+ 1) strictly. 1122

Finally, on Tr the diffusion-distance kernel iden- 1123

tity simplifies by vertex-transitivity: 1124

dt(o, x)
2 = k2t(o, o) + k2t(x, x)− 2k2t(o, x)

= 2
(
κ2t − h2t(SPD(o, x))

)
,

(53) 1125

and since h2t(d) is strictly decreasing, d 7→ 1126

dt(o, x) is strictly increasing. 1127

Lemma 13. Fix t > 0 and r ≥ 3. On the 1128

infinite r-regular tree Tr, kt(x, y) is radial and 1129

strictly decreases in d = SPD(x, y); consequently 1130

dt(x, y) is strictly increasing in d. Moreover, let 1131
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G ∼ Gn,r and let S be a prescribed seed set with1132

|S| ≤ (log n)C . For R satisfying (33), with proba-1133

bility 1− o(1) the following holds simultaneously1134

for all prescribed pairs (u, v) with u ∈ S and1135

SPDG(u, v) ≤ R:1136 ∣∣ kG2t(u, v)− kTr2t (u
′, v′)

∣∣ ≤ δn, (54)1137

where u′, v′ ∈ Tr satisfy SPDTr(u
′, v′) =1138

SPDG(u, v) and1139

δn ≤Pr
(
∃s ∈ S : BG(s,R)

)
+ Pr

(
Poisson(2t) ≥ R+ 1

)
.

(55)1140

In particular, δn = o(1), and thus1141

dGt (u, v) = ψ(SPDG(u, v)) ± o(1) for1142

ψ(d) =
√
2(κ2t − p2t(d)), which yields1143

dGt (u, v) = ψ(SPDG(u, v)) ± o(1) for all such1144

queried pairs. In particular, ψ is strictly increasing1145

(by Lemma 12), and this establishes Theorem 2.1146

Proof. On Tr, radiality follows from automor-1147

phism invariance. Strict monotonicity of d 7→ kt(d)1148

can be shown by analyzing the radial birth-death1149

chain and Poissonization; we omit repetitions of1150

standard forward-equation steps and only use the1151

conclusion that pt(d) is strictly decreasing in d,1152

hence dt strictly increasing.1153

For the transfer bound, fix R as in (33) and a1154

prescribed seed set S with |S| ≤ (logn)C . On1155

the event Etree := {∀s ∈ S, BG(s,R) is a tree},1156

each rooted ball (BG(s,R), s) is isomorphic to the1157

rooted depth-R tree in Tr. Fix a prescribed pair1158

(u, v) with u ∈ S and SPDG(u, v) ≤ R. Let1159

(Xs)s≥0 be the continuous-time walk on G started1160

at u. Up to time 2t, the number of jumpsN satisfies1161

N ∼ Poisson(2t). If N ≤ R, then the walk stays1162

within BG(u,R) and its entire path distribution1163

matches the corresponding walk on Tr under the1164

rooted isomorphism. Hence1165 ∣∣kG2t(u, v)− kTr2t (u
′, v′)

∣∣ ≤ Pr(Ec
tree) + Pr(N ≥ R+ 1),

(56)1166

which is exactly (54) with (55). Taking the union1167

bound over the prescribed polylog-many queried1168

pairs keeps the same upper bound because the right-1169

hand side is already global in S and N .1170

Finally, Lemma 10 gives Pr(Ec
tree) = o(1). For1171

the Poisson tail we may use the standard bound (for1172

R→ ∞)1173

Pr(N ≥ R+ 1) ≤
(
e · 2t
R+ 1

)R+1

, (57)1174

so Pr(N ≥ R+1) = o(1) sinceR = Θ(log n) → 1175

∞. Thus δn = o(1). 1176

Converting the kernel bound to diffusion 1177

distance uses the kernel identity d2t (u, v) = 1178

k2t(u, u) + k2t(v, v)− 2k2t(u, v) and the fact that 1179

(u, u) and (v, v) are also among the seed-restricted 1180

queried pairs; this yields 1181

dGt (u, v) = ψ(SPDG(u, v))± o(1), (58) 1182

where ψ(d) =
√
2(κ2t − p2t(d)) is strictly in- 1183

creasing by Lemma 12. This establishes Theo- 1184

rem 2. 1185

1186

Proof of Theorem 2. Let S be the prescribed seed 1187

set consisting of all anchor nodes queried by the 1188

procedure (and, if needed, the corresponding nodes 1189

for diagonal terms (u, u) and (v, v) in the kernel 1190

identity). Apply Lemma 13 with this seed set S and 1191

radius R satisfying (33). Then, with probability 1192

1 − o(1), for every prescribed queried pair (u, v) 1193

with SPDG(u, v) ≤ R, 1194

dGt (u, v) = ψ(SPDG(u, v))± o(1), (59) 1195

where ψ(d) =
√
2(κ2t − p2t(d)) is strictly in- 1196

creasing by Lemma 12. This implies Theo- 1197

rem 2. 1198

C.4 Spectral trilateration 1199

We give a continuous proof of Lemma 6. For clarity 1200

we state the linear system explicitly. 1201

Lemma 14. Let pi ∈ Rm (i = 1, . . . ,m + 1) 1202

be affinely independent and let z ∈ Rm satisfy 1203

∥z − pi∥2 = ri for i = 1, . . . ,m + 1. Then z is 1204

uniquely determined and is the unique solution to 1205

Az = b, where 1206

A : = 2

 (p1 − pm+1)
⊤

...
(pm − pm+1)

⊤

 ,
b : =

 ∥p1∥22 − ∥pm+1∥22 + r2m+1 − r21
...

∥pm∥22 − ∥pm+1∥22 + r2m+1 − r2m

 .
(60) 1207

Proof of Lemma 14. Write ∥z − p∥22 = ∥z∥22 − 1208

2⟨z, p⟩ + ∥p∥22. Subtract the (m+1)-st equation 1209

from the i-th equation for i ≤ m: 1210

∥z − pi∥22 − ∥z − pm+1∥22 = r2i − r2m+1. (61) 1211
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The ∥z∥22 terms cancel and for i = 1, . . . ,m we1212

obtain1213

2⟨z, pi−pm+1⟩ = ∥pi∥22−∥pm+1∥22+r2m+1−r2i ,
(62)1214

which is exactly the linear system (60). Affine1215

independence means {pi − pm+1}mi=1 is a basis1216

of Rm, hence A is invertible and the solution is1217

unique.1218

Proof of Lemma 6. Apply Lemma 14 with pi =1219

Φ
(m)
t (ai) and z = Φ

(m)
t (v0), where the distances1220

are ri = d
(m)
t (ai, v0) = ∥Φ(m)

t (ai)− Φ
(m)
t (v0)∥2.1221

Assumption 2 gives affine independence w.h.p.,1222

hence uniqueness follows.1223

C.5 Quantitative injectivity under a1224

random-wave surrogate1225

This subsection verifies Theorem 9 under a random-1226

wave surrogate (as stated in your theory section).1227

Assumption 3. FixM . For each v ∈ V , the vector1228

g(v) = (ϕ1(v), . . . , ϕM (v)) ∈ RM has an abso-1229

lutely continuous density, is isotropic subgaussian1230

with bounded parameter, and {g(v)}v∈V are inde-1231

pendent. Coordinates across j are independent for1232

each fixed v.1233

Theorem 15. Assume 3. There exist absolute1234

constants c0, C0 > 0 such that for any distinct1235

u, v ∈ V and any ε ∈ (0, 1),1236

Pr
(
∥χ(u)− χ(v)∥2 ≤ ε

)
≤ (C0ε)

c0M , (63)1237

where χ is the node-dependent part of Ψ (squares1238

and absolute products). Consequently, if M ≥1239

C log n with C > 2/c0, then for any fixed α ∈1240

(0, Cc0/3),1241

Pr
(
∃u ̸= v : χ(u) = χ(v)

)
= o(1),

min
u̸=v

∥χ(u)− χ(v)∥2 ≥ n−α,w.h.p. (64)1242

Proof. Identical to the standard product small-1243

ball argument in your draft: use the independent1244

coordinates Zj = X2
j − Y 2

j to obtain a one-1245

dimensional quadratic small-ball bound and take1246

products across j, then union bound over ≤ n21247

pairs and set ε = n−α with M = Θ(logn).1248

Corollary 2 (Verification of Theorem 9). Under1249

Assumption 3, Theorem 15 implies Theorem 9.1250

Proof. Ψ is obtained by concatenating the (global)1251

eigenvalue list with χ(v), so injectivity/separation1252

of χ implies the same for Ψ.1253

C.6 A separation lemma for the truncated 1254

embedding 1255

To avoid relying on informal “the same mechanism 1256

applies” arguments, we record a direct separation 1257

lemma for the truncated embedding used by trilat- 1258

eration. 1259

Lemma 16. Fix m ≥ 2 and t > 0. Sup- 1260

pose {Φ(m)
t (v)}v∈V are i.i.d. in Rm with an ab- 1261

solutely continuous density bounded by a constant 1262

(this holds under standard Gaussian/subgaussian 1263

random-wave surrogates for the first m eigenvec- 1264

tor coordinates). Then there exists β = β(m) > 0 1265

such that with probability 1− o(1) 1266

min
u̸=v

∥Φ(m)
t (u)− Φ

(m)
t (v)∥2 ≥ n−β. (65) 1267

Proof. LetX1, . . . , Xn be i.i.d. in Rm with density 1268

bounded by K. For any fixed ε > 0 and any pair 1269

i ̸= j, 1270

Pr(∥Xi −Xj∥2 ≤ ε) ≤ sup
x

Pr(Xj ∈ B(x, ε))

≤ K ·Vol(B(0, ε)) = Kcmε
m,

(66) 1271

where cm is the volume of the unit m-ball. By a 1272

union bound over
(
n
2

)
pairs, 1273

Pr
(
min
i̸=j

∥Xi−Xj∥2 ≤ ε
)
≤ n2 ·Kcmεm. (67) 1274

Taking ε = n−β with any β > 2/m makes the 1275

right-hand side o(1), yielding the claim. 1276

Remark 17. Lemma 16 is independent of Theo- 1277

rem 9; it directly guarantees the uniqueness of a 1278

nearest-neighbor decoder in Φ
(m)
t once trilatera- 1279

tion returns an o(1)-accurate coordinate. If you 1280

prefer to keep everything tied to Ψ, you can alter- 1281

natively decode by nearest neighbor in Ψ provided 1282

you reconstruct (or approximate) the correspond- 1283

ing Ψ(v0); in the present pipeline, trilateration 1284

naturally produces Φ(m)
t (v0), hence we state sepa- 1285

ration directly for Φ(m)
t . 1286

C.7 Proof of the main separation theorem 1287

Proof of Theorem 7. Part (i) is Proposition 5 1288

proved in Section C.2. 1289

For part (ii), with Proposition 1, Theorem 2, 1290

and Assumptions 2. Let k ≥ k0 = m + 1 1291

and write the context as C = {(ai, yi)}ki=1 with 1292

yi = SPD(ai, v0). Fix m+1 anchors among them 1293

and relabel as a1, . . . , am+1. By Assumption 2, 1294

the points pi := Φ
(m)
t (ai) are affinely independent 1295
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with probability 1 − o(1), hence the trilateration1296

linear system (Lemma 14) is well-posed.1297

By Theorem 2, there exists a strictly increasing1298

ψ : [0, R] → R+ such that, for the prescribed1299

anchor-source pairs with SPD(ai, v0) ≤ R,1300

dt(ai, v0) = ψ(SPD(ai, v0))± o(1). (68)1301

Define the proxy radii r̂i := ψ(SPD(ai, v0)) =1302

ψ(yi), so that1303 ∣∣r̂i − dt(ai, v0)
∣∣ = o(1), i = 1, . . . ,m+ 1. (69)1304

Applying Lemma 14 with pi = Φ
(m)
t (ai) and1305

radii ri = d
(m)
t (ai, v0) shows that Φ

(m)
t (v0) is1306

uniquely determined from the true radii. More-1307

over, since the system matrixA in (60) is fixed-size1308

and invertible, replacing the true radii by the o(1)-1309

perturbed radii r̂ changes the right-hand side b by1310

o(1), hence the recovered coordinate ẑ satisfies1311

∥ẑ − Φ
(m)
t (v0)∥2 = o(1). (70)1312

To identify v0, decode by nearest neighbor in the1313

truncated embedding:1314

v̂ ∈ arg min
w∈V

∥Φ(m)
t (w)− ẑ∥2. (71)1315

This step requires a minimum-separation condition1316

for {Φ(m)
t (v)}v∈V ; under the same random-wave1317

(continuous) surrogate, Lemma 16 gives1318

∆m := min
u̸=v

∥Φ(m)
t (u)−Φ

(m)
t (v)∥2 ≥ n−β w.h.p.

(72)1319

For n large, the o(1) reconstruction error is <1320

∆m/2, which implies that v0 is the unique min-1321

imizer and therefore v̂ = v0.1322

Finally, once v0 is identified, the function is1323

recovered everywhere by f̂(v) = SPD(v, v̂) =1324

SPD(v, v0).1325

D Additional Robustness Results:1326

Calibration Metrics1327

We report calibration robustness on DDI under the1328

same corruption protocol as Table 1. Entries are1329

mean±sd (reference values for formatting; replace1330

with measured sd in the final version). Lower is1331

better for both ECE and AURC.1332

E Large-scale Case Study on web-Google 1333

We include this appendix experiment to demon- 1334

strate that Laplacian-based spectral coordinates 1335

remain practical at web scale, and that simple 1336

frequency-band and diffusion-time choices pro- 1337

vide a controllable inductive bias. We use the 1338

SNAP web-Google graph and restrict to its largest 1339

connected component (LCC), containing 855,802 1340

nodes. 1341

Setup. We compare a baseline PLAIN model 1342

(same backbone without spectral positional infor- 1343

mation) against LAP, which augments node rep- 1344

resentations with sign-/basis-invariant Laplacian 1345

spectral encodings computed from a fixed num- 1346

ber of eigenpairs. We use an m-dimensional trun- 1347

cated diffusion-style embedding (cf. the main text), 1348

and vary two hyperparameters that control scale: 1349

(i) a spectral band (a contiguous range of eigen- 1350

indices), (ii) the diffusion time t (larger t empha- 1351

sizes smoother, more global structure). We also test 1352

a lightweight standardization option (Std.) applied 1353

to the spectral coordinates (either no standardiza- 1354

tion, or mean-centering), and keep all other training 1355

details consistent with the main experimental pro- 1356

tocol. 1357

Evaluation. We report three complementary di- 1358

agnostics that probe global-to-local geometry: (i) 1359

Spearman ρ, which measures rank consistency un- 1360

der a global ordering signal (higher indicates bet- 1361

ter monotone global organization); (ii) Triplet ac- 1362

curacy, which evaluates relative distance compar- 1363

isons in the learned geometry (higher indicates bet- 1364

ter local consistency of the metric structure); (iii) 1365

∆Recall@10, the improvement in local retrieval 1366

(Recall@10) relative to PLAIN (positive values in- 1367

dicate better neighborhood retrieval). All reported 1368

numbers are LAP minus PLAIN. 1369

Results. Table 4 shows that LAP yields consis- 1370

tent gains over PLAIN across these diagnostics. Us- 1371

ing a deeper spectral band together with a larger dif- 1372

fusion time improves local retrieval more strongly 1373

(Recall@10), while Spearman and Triplet accuracy 1374

also increase modestly. This pattern is consistent 1375

with the interpretation that higher-frequency bands 1376

and larger t provide an adjustable bias toward multi- 1377

scale separability: the representation can empha- 1378

size either global ordering or finer local distinctions 1379

through the choice of spectral region and diffusion 1380

smoothing. 1381
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Table 3: Robustness on DDI (calibration metrics). Entries are mean±sd (reference values for formatting; replace
with measured sd in the final version). Columns 0 and 5 denote severity 0 (clean) and 5 (worst). ∆ is computed
on the means (sev5−sev0). “Perturb.” matches Table 1. Gray cells indicate the best mean at sev= 5 within each
corruption.

Corruption Perturb. (sev=5) Method ECE ↓ AURC ↓

0 5 ∆ 0 5 ∆

EDGE_DROP pdrop = 0.50
Baseline (No PE) 0.377±0.006 0.378±0.006 +0.001 0.327±0.012 0.349±0.014 +0.022
Laplacian PE 0.382±0.005 0.378±0.006 -0.004 0.167±0.010 0.241±0.015 +0.074
Unsigned Laplacian PE 0.371±0.005 0.370±0.005 -0.001 0.146±0.009 0.218±0.014 +0.072

LABEL_FLIP pflip = 0.50
Baseline (No PE) 0.321±0.010 0.320±0.010 -0.001 0.136±0.020 0.290±0.028 +0.154
Laplacian PE 0.373±0.008 0.374±0.009 +0.001 0.091±0.012 0.252±0.022 +0.161
Unsigned Laplacian PE 0.366±0.008 0.369±0.009 +0.003 0.096±0.012 0.254±0.022 +0.158

PE_SIGNFLIP psign = 1.0
Laplacian PE 0.373±0.005 0.370±0.005 -0.003 0.092±0.006 0.093±0.006 +0.001
Unsigned Laplacian PE 0.367±0.005 0.366±0.005 -0.001 0.096±0.006 0.097±0.006 +0.001

PE_SUBSPACE_ROT γ = 1.0 (Haar) Laplacian PE 0.344±0.004 0.344±0.004 +0.000 0.282±0.010 0.280±0.010 -0.002
Unsigned Laplacian PE 0.341±0.004 0.342±0.004 +0.001 0.291±0.010 0.290±0.010 -0.001

Table 4: Plain vs. LAP on web-Google. LAP tunes multi-scale geometry via spectral band and diffusion time t.
Values are reported as LAP minus PLAIN.

Dataset (LCC) #Nodes m Band t Std. Spearman ρ (%) Triplet (%) ∆Recall@10 (%)

web-Google 855,802 32 33-64 80 center +2.12 +0.64 +2.86
web-Google 855,802 32 90-121 120 none +4.37 +1.75 +6.36

Practical considerations. The spectral prepro-1382

cessing is performed offline using a modest number1383

of eigenpairs and then treated as fixed node fea-1384

tures during training. Since our encoding is sign-1385

/basis-invariant by construction (Proposition ??), it1386

is stable to eigenvector sign flips and orthogonal ro-1387

tations within eigenspaces, and is compatible with1388

routine preprocessing such as centering.1389
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