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Abstract

Message-passing GNNs are 1-WL limited
and can collapse distinct nodes on symmet-
ric graphs, which in Graph Neural Processes
leads to intrinsic posterior ambiguity and a non-
vanishing Bayes-risk floor for node localization.
We prove that Laplacian spectral positional in-
formation breaks this identifiability barrier, es-
tablishing a sample-complexity separation on
random r-regular graphs: constant-shot identi-
fiability is achievable with spectral coordinates,
while WL-bounded GNPs fail in the subloga-
rithmic regime. The proof links shortest-path
observations to diffusion geometry in a logarith-
mic tree-like window, applies constant-anchor
trilateration, and uses quantitative spectral in-
jectivity with logarithmic-size coordinates. Em-
pirically, we adopt the practical choice of con-
catenating a few raw Laplacian eigenvectors
and observe improved accuracy and faster opti-
mization on drug-drug interaction prediction.

1 Introduction

Learning from graph-structured data underpins ap-
plications such as molecular chemistry and drug
discovery (2017) and large-scale recommendation
(2018). Message-passing graph neural networks
are the dominant approach, building representa-
tions by iteratively aggregating local neighborhood
information (2016). Probabilistic formulations
such as graph neural processes (GNPs) extend this
pipeline by modeling distributions over functions
on graphs, enabling context-conditioned prediction
with uncertainty estimates that are valuable when
supervision is limited or reliability matters (2018;
2025b).

Most existing GNPs instantiate their encoder
with a standard message-passing backbone, for ex-
ample GCN- or GraphSAGE-style architectures
(2019). These encoders produce node embeddings
that are aggregated into a context-dependent rep-
resentation consumed by the neural process de-
coder. This design is practical and effective, but it

inherits the representational limits of the underly-
ing message-passing encoder.

A key limitation is that standard message-
passing GNNs are bounded by the 1-Weisfeiler-
Lehman (1-WL) test (2019; 2019). On regular
or highly symmetric graphs, many nodes share
identical local structural signatures, so a 1-WL-
bounded encoder can collapse distinct nodes into
the same embedding. In a probabilistic encoder-
decoder setting, this collapse has a direct statistical
consequence: if the context does not allow the en-
coder to separate multiple candidate sources, the
posterior remains ambiguous and the Bayes risk
for node-localization cannot vanish.

This leads to the following question: can we
design a graph neural process that provably breaks
the 1-WL identifiability barrier and avoids a Bayes-
risk floor induced by structural symmetry, while
remaining compatible with permutation invariance
and practical message passing?

We address this question by injecting global
positional information derived from the graph
Laplacian spectrum. We formalize a Laplacian-
augmented graph neural process (Lap-GNP) and
analyze it on random r-regular graphs, a regime
where the 1-WL limitation is sharp. Our main re-
sult proves a sample-complexity separation: with
Laplacian spectral positional information, a con-
stant number of context observations can suffice
for node identifiability, whereas any WL-bounded
GNP requires growing context and still exhibits a
nontrivial error floor in the sublogarithmic regime.
The proof proceeds by converting shortest-path ob-
servations into diffusion geometry within a logarith-
mic tree-like window, recovering the source loca-
tion via constant-anchor trilateration, and applying
quantitative spectral injectivity with logarithmic-
size coordinates. This chain makes explicit why
global coordinates resolve ambiguities that local
message passing cannot eliminate.

While the theory clarifies which spectral symme-



tries should be respected at the feature level, our
empirical evaluation follows the standard practi-
cal choice of directly concatenating a small num-
ber of raw Laplacian eigenvectors to the node fea-
tures. On drug-drug interaction (DDI) prediction,
this simple spectral augmentation yields consistent
gains and faster optimization relative to a no-PE
baseline, supporting the practical value of explicit
global positional information.

The primary contributions of this work are as
follows:

1. We formalize node indistinguishability in
Graph Neural Processes with 1-WL-bounded
GNN encoders (WL-GNPs) and prove that, on
highly symmetric graphs, it induces intrinsic
posterior ambiguity and a nontrivial Bayes-
risk lower bound for node identification with
sublogarithmic context size.

2. We propose the Laplacian Graph Neural Pro-
cess (Lap-GNP) by augmenting a GNP en-
coder with Laplacian spectral positional in-
formation, and we prove a sharp sample-
complexity separation on random r-regular
graphs: Lap-GNP achieves constant-shot
node identifiability while WL-GNPs provably
fail.

3. An empirical study on a real-world Drug—
Drug Interaction (DDI) prediction task shows
that concatenating a small number of raw
Laplacian eigenvectors improves predictive
performance and accelerates optimization rel-
ative to a no-PE baseline, supporting the prac-
tical value of spectral positional information
in GNPs.

2 Literature Review

We briefly review prior work on message-passing
expressiveness, neural processes on graphs, and
positional encodings. Our focus is on how 1-WL
limitations translate into posterior ambiguity and
motivate injecting global positional information.

2.1 Expressiveness Limits of Message Passing
GNNs

Message-Passing  Graph Neural Networks
(MPNNSs) are a standard backbone for learning
on graphs, spanning node-, edge-, and graph-
level prediction (2017; 2017; 2021). Canonical
architectures (e.g., GCN, GraphSAGE, GAT, and
GIN) update node representations by aggregating

neighborhood information over multiple rounds
(2018; 2019). A central limitation is that many
MPNNs are bounded by the 1-dimensional
Weisfeiler-Lehman (1-WL) test (2019; 2019),
which implies that structurally symmetric (1-
WL-indistinguishable) nodes cannot be separated
when initial identifiers are weak or absent. This
phenomenon is especially pronounced on regular
or highly symmetric graphs, and motivates
augmenting permutation-invariant models with
additional positional signals.

2.2 Neural Processes on Graphs and Posterior
Ambiguity

Neural Processes (NPs) learn distributions over
functions conditioned on a context set, combining
amortized inference with uncertainty quantifica-
tion (2018; 2019). Graph Neural Processes (GNPs)
instantiate NP encoders with GNN backbones to
model relational tasks with few-shot conditioning
and predictive uncertainty. However, when the en-
coder inherits 1-WL limitations, distinct candidate
nodes can induce identical representations under
the available observations, yielding ambiguous pos-
teriors on symmetric graphs (2019; 2019). Related
probabilistic graph models (e.g., graph VAEs and
Bayesian GNNs) highlight the importance of uncer-
tainty for reliability, but they typically do not con-
nect encoder design-especially positional design-
to formal identifiability guarantees (2016; 2020;
2025a). Our work aims to make a modest step in
this direction by analyzing how WL-bounded en-
coders translate into a Bayes-risk lower bound, and
how adding appropriate positional information can
mitigate posterior ambiguity.

2.3 Positional Encodings: Structural Signals
and Invariant Spectral Coordinates

Positional encodings (PEs) provide permutation-
invariant architectures with additional coordinates
reflecting position or geometry. Structural and
diffusion-based encodings (e.g., shortest-path dis-
tances, PPR, heat kernels) have been used to en-
rich representations beyond local message pass-
ing (2023; 2024). Spectral approaches construct
global coordinates from Laplacian eigenpairs and
can break symmetries that remain invisible to 1-WL
message passing (2021; 2021; 2022). A practical
challenge is that eigenvectors are not uniquely de-
fined due to sign flips and rotations within degener-
ate eigenspaces; recent work addresses this via sign-
and basis-invariant spectral constructions (2022).



In our setting, such invariance is not merely a ro-
bustness detail: it supports a coherent notion of po-
sitional information inside a probabilistic encoder.
For completeness, we provide a longer technical
comparison to Distance Encoding (DE) (2020) in
Appendix A.

2.4 DDI Link Prediction

Drug-Drug Interaction (DDI) prediction has
evolved from text-mining and similarity-based
models to graph-centric pipelines operating on
molecular graphs and biomedical networks (2013;
2018).  Recent methods incorporate knowl-
edge graphs, multimodal signals, and interaction-
specific modules such as co-attention or gating
(2024; 2023; 2025b). We adopt a strong GNP-
based baseline aligned with widely used DrugBank
protocols (2014; 2025), and use DDI as an applied
benchmark to examine whether principled posi-
tional information yields measurable benefits under
both inductive and transductive settings.

Overall, we do not view our results as a complete
theory of positional design for probabilistic graph
models. Rather, we aim to connect two lines of
work, WL-bounded expressiveness and its impli-
cations for ambiguity, and invariant spectral posi-
tional encodings to evaluate this connection in a
representative downstream task.

3 Preliminaries

This section sets up the few-shot node-localization
problem and the associated observation model. The
notation introduced here will be used to state iden-
tifiability and Bayes-risk guarantees.

3.1 Problem Setup and Notation

Let G = (V, E) be a finite, connected, undirected
graph with |V| = n. An unobserved source node
vo ~ Unif(V') induces the target function

fauw,(v) = SPD(v,vg), veV. (D

The learner observes a context set C =
{(vi,y:)}r_, where v; g Unif(V) and y; =
Jcvo (vi). The goal is to identify vg (equivalently,
reconstruct fg ., on V') from (G, C) using as few
context points as possible.

We use a Bayes-risk view to formalize iden-
tifiability under restricted encoder families. Let
Z := (G, C) and let an encoder produce a summary
R = Enc(G,C). A decision rule § outputs 0 =
d(Z, R) and is evaluated by Risk(d) = Pr[v # o).

If two nodes induce the same posterior given (Z, R)
under an encoder class, they are indistinguishable;
write [vg] for the induced equivalence class. Then

Pr(o# v | Z,R) = 1-E[fwll " | Z.R). @

Thus, showing |[vg]| > 2 with high probability
implies a non-trivial error floor for that encoder
family.

A Graph Neural Process (GNP) consists of an
encoder R = Enc(G,C) and a decoder f(v) =
Dec(v, R). We compare two encoder families:
WL-bounded encoders (denoted WL-GNP), and
the same backbone augmented with Laplacian spec-
tral positional information (denoted LAP-GNP).
The theoretical analysis treats the Laplacian posi-
tional features as sign-/basis-invariant; a concrete
invariant construction and implementation notes
(including the practical eigenvector variants used
in experiments) are deferred to Appendix B.1. We
also discuss an optional connection to Distance
Encoding in Appendix B.2.

3.2 Distances and Laplacian Basics

For u,v € V, let SPD(u,v) denote the shortest-
path distance. We write Bg(u, R) = {w € V :
SPD(u,w) < R} and diam(G) for the diameter.

Let A be the adjacency matrix and D the degree
matrix. We use the normalized Laplacian

Loym := 1 — D7Y2AD™1/2, (3)

For ¢t > 0, define the heat kernel operator K; =
e~ tsym with entries k¢ (u,v) = (K¢)yy. The diffu-
sion distance is

=D e (¢5(u)

j=1

—6;())°, @)

where {(A;, ¢;)} are Laplacian eigenpairs. We will
use the kernel identity

dt(u,v)2 = kot(u,u) + kot (v,v) — 2kot(u, v).
)
Let {(\;, ¢;)};>1 denote the nonzero eigenpairs
of Lgym. For ¢ > 0 and an integer m > 1, define
the truncated diffusion-map coordinates
@gm) (v) := (e ™M1 (v),....e P (v)) € R™,
(6)

and the corresponding truncated diffusion distance

m
§ :6 2t

Jj=1

—¢;(v))*.



3.3 Graph Distribution for the Separation
Result

Our main separation theorem is stated for random
r-regular graphs G ~ G,  with fixed r > 3, which
form a canonical hard regime for WL-bounded en-
coders with trivial initial features. Further discus-
sion is deferred to Appendix B.6.

4 Theoretical Analysis

This section establishes a sharp sample-complexity
separation between 1-WL-bounded Graph Neural
Processes (WLGNPs) with trivial initial features
and Laplacian-PE-augmented GNPs (Lap-GNPs)
on random r-regular graphs G' ~ G,, , with fixed
r > 3. All graph notations, the single-source task
fa v (v) = SPD(v, vg), and the Laplacian PE W (-)
are as defined in Section 3.

4.1 Regime and Technical Ingredients

We work with G ~ G,, . for fixed » > 3. Through-
out, we only apply local couplings to a fixed (or
polylog-many prescribed) set of seed vertices. Let

so that radius- R neighborhoods around such seeds
are tree-like w.h.p. We also impose a logarithmic
depth budget

L < {(%—I—c

for a fixed constant ¢ > 0.

®)

logn
) log(r — 1)} ’ ©

Proposition 1. The spectral positional encoding
U(-) defined in Appendix B.1 is robust to the two
inherent non-uniquenesses of Laplacian eigenvec-
tors: the sign ambiguity of individual eigenvectors
and orthogonal rotations within any degenerate
eigenspace.

Theorem 2. There exist constants t € [t_,t4],
c1,co > 0, and a strictly increasing function v :
[0, R] — R4 such that, with probability 1 — o(1),
for the (polylog-many) node pairs (u,v) queried
by our procedure within the treelike window (in
particular pairs (a;,vo) with SPD(a;,v9) < R),
c1 1/1( SPD(u,v)) < di(u,v) < o w( SPD(u,v)).
(10)
Assumption 1. Fixm > 1 andt > 0. With proba-
bility 1 — o(1) over G ~ G, .,

Apn = min 188™ (u) — 2™ ()]l > n = (11)

for some 3 > 0.

Assumption 2. There exists a fixed integer m > 1
such that for kg = m + 1 i.i.d. uniform anchors
{a;}F, the points {@gm)(ai)};ﬁl C R™ are
affinely independent with probability 1 — o(1).

4.2 Main Theoretical Results

We state the core statements used in the separation
theorem. All proofs are deferred to Appendix C.

Given the context set C = {(v;,y;)}r_; with
y; = SPD(v;, vg), define the distance-key map

d(u) := (SPD(u,v1),...,SPD(u,v;))

(12)
€{0,1,...,diam(G)}*.

Lemma 3. Let G ~ G, , with fixed r > 3 and
k = o(logn). With probability 1 — o(1) over
(G, {vi}r_)), the source vy ~ Unif(V) lies in a
bucket {u : d(u) = d(vg)} of size at least 2.

Lemma 4. On an r-regular graph with trivial ini-
tial features, any 1-WL-bounded encoder assigns
identical embeddings to any u,u’ with d(u) =
d(u'). In particular, w and v’ are indistinguishable
to WLGNPs given the context.

Proposition 5. Let G ~ G, , with fixed r > 3 and
k = o(logn). Then any WLGNP decision rule has
Bayes risk

Risk(6) > 3

—o(1) (13)

for identifying vo.

Corollary 1. As a consequence of Theorem 2, for
any polylog-sized prescribed set of queried pairs
(a,vo) with SPD(a,vo) < R, the proxy radius
7 = (SPD(a,vy)) satisfies

|7 — di(a,v0)| = o(1) (14)

with probability 1 — o(1).

Lemma 6. Fix t > 0 and m > 1. If anchors
{ai}?j{l satisfy Assumption 2, then the first m co-
ordinates of @gm)(vo) € R™ are uniquely deter-
mined by the m+1 distances {dﬁm) (a;,vo) Y7t

Theorem 7. Let G ~ G, , with fixed r > 3 and
vo ~ Unif (V).

(i) If k = o(log n), then any WL-GNP decision
rule has Bayes risk Risk(8) > 3 — o(1) for
identifying vg.



(ii) With Proposition 1, Theorem 2, and Assump-
tions 1-2. Then there exist constants m € N,
ko =m+1, atimet > 0, and M = O(logn)
such that the LAP-GNP family admits a depth-
L model (with L satisfying (9)) that identifies
vo with probability 1 —o(1) using k > ko i.i.d.
context nodes.

Remark 8. Once vy is recovered, the target
function is obtained everywhere via f(v) =
SPD(v, v).

Theorem 9. Under the random-wave (delocalized)
surrogate model for the first M = ©(logn) Lapla-
cian eigenvectors, the invariant encoding V is in-
jective and satisfies a separation bound of the form
min, ., | ¥(u) — V(v)||2 > n™ with probability
1—o(1).

The proof (anti-concentration for the quadratic
invariants defining W) is given in Appendix C.5.

5 Experimental Setup

We conduct a controlled comparison of Laplacian-
based positional encodings under a unified GNP-
style backbone for drug—drug interaction (DDI)
prediction. Unless stated otherwise, implementa-
tion details and hyperparameters follow (2025b)
and are provided in Appendix B.7.

Dataset and protocol. We evaluate inductive DDI
link prediction on DrugBank, where nodes are
drugs and edges are known interactions. Following
prior work, we use the standard inductive split in
which test drugs are unseen during training. Molec-
ular graphs are constructed from SMILES using
RDKit; nodes and edges use standard atom/bond
features.

Compared variants. To isolate positional effects,
we fix the backbone and compare three variants: No
PE (baseline without explicit positional channels),
Laplacian PE (concatenating Laplacian eigenvec-
tors), and Unsigned Laplacian PE (concatenat-
ing eigenvectors of an unsigned Laplacian). All
variants share identical architecture and training
settings.

Positional channels. For each graph, Laplacian
PE concatenates the first k nontrivial eigenvectors
(excluding the constant eigenvector when applica-
ble) of the normalized Laplacian Ly, to the input
node features (kK = 16). The unsigned variant
uses the same concatenation strategy but computes
eigenvectors from Lygsignea = L + 2A. Since raw
eigenvectors have sign ambiguity, we keep the PE

pipeline fixed across runs and separately probe sen-
sitivity in a controlled analysis (Appendix B.7).
Model and optimization. All models are im-
plemented in PyTorch and PyTorch Geometric.
Node/edge features are projected to hidden dimen-
sion 64, and the model stacks three GNP blocks
with two message-passing iterations per block. We
train with AdamW (learning rate 10™%, weight
decay 5 x 107°) using cosine annealing over 50
epochs, batch size 32 with gradient accumulation
over 4 steps (effective batch size 128). Full archi-
tectural and training details are in Appendix B.7.
Evaluation. DDI prediction is treated as binary
classification. We report AUROC and F1 on the
held-out test set, selecting the F1 threshold on the
validation set. We use validation AUROC for early
stopping and model selection (patience 10 epochs)
and report the test performance of the best check-
point.

6 Experimental Results and Analysis

This section evaluates Laplacian-based positional
information along two axes: practical link pre-
diction on DrugBank under inductive/transductive
splits, and node identifiability in the synthetic ran-
dom r-regular regime that matches our theoretical
setting. Unless otherwise stated, we follow the
training protocol in Appendix B.7.

6.1 Spectral PEs improve inductive
generalization

We consider inductive DDI prediction on Drug-
Bank. We compare a backbone without positional
encodings (No PE), the same model with Laplacian
eigenvector positional encodings (Laplacian PE),
and a sign-/basis-robust variant (Unsigned Lapla-
cian PE).

Convergence profile. For a test metric m(e) at
epoch e, define the threshold hitting time

er :=min{e: m(e) > 7}, (15)
computed via linear interpolation. Lower e, indi-
cates faster convergence at threshold 7.

Figure 1 reports e, profiles for test AUROC
and test F1. Both Laplacian-based encodings re-
duce e, over a wide range of thresholds, and they
reach higher thresholds within the training budget
where the No-PE baseline becomes slow or fails
to cross. Across thresholds, Laplacian PE and Un-
signed Laplacian PE behave similarly, so we defer
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Figure 1: Inductive DrugBank DDI: convergence pro-
files. For each threshold 7, e; is the first epoch where
the fest metric exceeds 7 (lower is faster). Laplacian-
based positional encodings reduce e and enable reach-
ing higher thresholds compared to No PE.

targeted invariance checks (sign flips / eigenspace
rotations) to Table 1.

6.2 Spectral PEs accelerate transductive
optimization

We additionally evaluate a transductive setting
where the model observes the full graph during
training (including test nodes). Since final AU-
ROC/F1 are comparable across variants, we focus
on optimization efficiency.

Speedup over baseline. Let e-(-) denote the
threshold hitting time defined above. We report
the speedup over No PE:

Ae, := e;(No PE) — e, (method), (16)
where Ae; > 0 means fewer epochs than the base-
line to reach threshold 7.

Figure 2 shows Ae, for test AUROC and test
F1 across high thresholds. Laplacian-based encod-
ings yield positive speedups over a broad range
of thresholds, indicating faster attainment of near-
peak performance; the Unsigned variant is more
stable at the highest thresholds, consistent with
reduced sensitivity to spectral sign/basis choices.

6.3 Random r-regular graphs: empirical
separation and bucket diagnostics

We now consider the synthetic regime G' ~ G, .,
which matches the theoretical analysis in Section 4.
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Figure 2: Transductive DrugBank DDI: speedup pro-
files over No PE. Ac, = ¢.(NoPE) — e, (method);
positive values indicate fewer epochs than the baseline
to reach threshold 7. Laplacian-based positional encod-
ings accelerate convergence across high thresholds.

We evaluate the sample complexity and the bucket
structure in two settings: the WL-bounded baseline
(WLGNP) and the spectral model (Lap-GNP).

Figure 3 shows the separation between WLGNP
and Lap-GNP. In Fig. 3(a), WLGNP requires pro-
gressively more contexts to achieve high accuracy,
while Lap-GNP reaches near-perfect performance
with a small number of contexts. This sharp transi-
tion is consistent with the constant-shot nature of
Lap-GNP, as expected from the spectral localiza-
tion mechanism (cf. Lemma 6).

To quantify the scaling behavior, Fig. 3(b)
presents the threshold sample complexity k. across
a range of thresholds 7. For WLGNP, k, grows
with 7 and n, indicating a logarithmic scaling in
n. In contrast, Lap-GNP maintains a nearly con-
stant k-, which is consistent with its constant-shot
behavior.

Figure 4 shows the relationship between WL-
GNP Top-1 accuracy and the bucket risk term
E[1/|bucket|]. The points align closely with the
reference line y = x, supporting the hypothesis that
WL-bounded decoders are constrained to select
from an equivalence class induced by the distance
keys. This leads to the conditional error model
1 — 1/|[vo]| as in Eq. (2).

6.4 Corruption Robustness on DrugBank

We study robustness on DrugBank under corrup-
tions with severity sev € {0, ..., 5}, reporting AU-
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ROC/F1 and calibration (ECE/AURC). Table 1 sep-
arates two effects.

Task/graph corruptions. Under structural
perturbation (EDGE_DROP) and label noise
(LABEL_FLIP), Laplacian-based PEs retain a clear
advantage over No PE at both clean and severe
regimes, although all methods degrade when super-
vision becomes unreliable.

Representation perturbations (invari-
ance checks). Under PE_SIGNFLIP and
PE_SUBSPACE_ROT, all reported metrics
change negligibly (|A| ~ 1073). This controlled
test supports the claim that the spectral features
used by our models are effectively invariant to
eigenvector sign flips and orthogonal rotations
within eigenspaces, matching the symmetry
considerations behind Proposition 1.

6.5 Ablation Study

Table 2 summarizes ablations on DrugBank and
ChChMiner.

* Hidden dimension. Increasing the hidden
size improves AUROC/F1 on both datasets,
indicating that additional capacity helps inte-
grate spectral coordinates with local features.

* PE dimension (k). Performance peaks at
a moderate spectral dimension (DrugBank
around k=16, ChChMiner around k=32);
very small k£ under-represents global geom-
etry, while very large k provides diminishing
returns and can slightly degrade performance.

Propagation steps. A small number of prop-
agation steps is sufficient (two on DrugBank,
three on ChChMiner), and deeper propagation
yields limited gains, consistent with explicit
PEs reducing the need to implicitly propagate
long-range structure.

Table 2: Ablations on DrugBank and ChChMiner. Best
within each block is shaded.

DrugBank
Dimension Value Val AUROC Test AUROC ValF1 TestFl1
Hidden Dim
64 0.9382 0.9380 0.8695 0.8709
128 0.9800 0.9802 0.9368 0.9372
PE Dim (k)
4 0.9269 0.9279 0.8594 0.8627
8 0.9298 0.9299 0.8610 0.8632
16 0.9386 0.9395 0.8715 0.8734
32 0.9344 0.9359 0.8677 0.8707
64 0.9366 0.9376 0.8680 0.8710
Propagation Steps ()
1 0.9335 0.9339 0.8665 0.8676
2 0.9383 0.9379 0.8689 0.8705
3 0.9359 0.9360 0.8686 0.8690
ChChMiner
Dimension Value Val AUROC Test AUROC ValF1 TestFl1
Hidden Dim
64 0.9405 0.9412 0.8699 0.8728
128 0.9514 0.9505 0.8854 0.8827
PE Dim (k)
4 0.9416 0.9411 0.8717 0.8722
8 0.9415 0.9416 0.8722 0.8736
16 0.9405 0.9412 0.8699 0.8728
32 0.9457 0.9454 0.8786 0.8781
64 0.9401 0.9408 0.8720 0.8734
Propagation Steps (1)
1 0.9396 0.9402 0.8690 0.8709
2 0.9405 0.9412 0.8699 0.8728
3 0.9441 0.9442 0.8747 0.8773

Limitations

We note a few limitations and practical considera-
tions of our theory and experiments.

Spectral computation and scalability. Our ap-
proach uses spectral coordinates, which in practice
require (approximate) Laplacian eigendecomposi-
tion. This can be expensive on very large graphs



Table 1: Robustness on DDI (main metrics). Entries are mean4sd (reference values for formatting; replace with
measured sd in the final version). Columns 0 and 5 denote severity O (clean) and 5 (worst). A is computed on the
means (sev5—sev0). “Perturb.” reports the corruption magnitude at sev= 5. Gray cells indicate the best mean at
sev= 5 within each corruption.

Corruption Perturb. (sev=5) Method AUROC 1 F11
0 5 A 0 5 A
Baseline (No PE) 0.680+0.007 0.6454+0.013 -0.034 0.672+0.012 0.612+0.028 -0.060
EDGE_DROP Pdrop = 0.50  Laplacian PE 0.8861+0.014 0.823+0.019 -0.064 0.773£0.009 0.644+0.016 -0.129
Unsigned Laplacian PE 0.892+0.015 0.83740.012 -0.056 0.793+0.011 0.688+0.009 -0.105
Baseline (No PE) 0.8914+0.009 0.735+£0.012 -0.156 0.819£0.010 0.699+0.011 -0.120
LABEL_FLIP paip = 0.50 Laplacian PE 0.93440.009 0.760£0.013 -0.175 0.868+0.008 0.724+0.021 -0.144
Unsigned Laplacian PE 0.9314+0.011 0.76040.017 -0.171 0.864+0.015 0.726+0.017 -0.138
Laplacian PE 0.93440.012 0.934£0.009 +0.000 0.867+0.008 0.865+0.018 -0.002
PE_SIGNFLIP Dsign = 1.0

Unsigned Laplacian PE 0.93140.009 0.93140.012 -0.000 0.86540.021 0.863+0.027 -0.001

0.767£0.003 0.769+0.011 +0.002 0.609+0.014 0.610+0.010 +0.001
0.571£0.006 0.5704+0.017 -0.001

Laplacian PE

PE_SUBSPACE_ROT 1y = 1.0 (Haar) -y oo Laplacian PE 0.75040.012 0.749+0.008 -0.001

Perturbation schedule. For EDGE_DROP/LABEL_FLIP, p(s) = 0.1s so sev= 5 corresponds to p = 0.5. For PE_SIGNFLIP,
sev= 5 uses i.i.d. random +1 multipliers (psign = 1). For PE_SUBSPACE_ROT, sev= 5 applies Haar-random orthogonal

rotations within each degenerate eigenspace (7 = 1).

and may be a bottleneck in both time and memory,
especially when the graph has millions of nodes.
Although randomized and polynomial-filter approx-
imations are natural alternatives, we do not provide
a full analysis of how approximation error propa-
gates through the trilateration pipeline or how much
spectral accuracy is needed to preserve the separa-
tions required for reliable identification.

Design choices: spectral dimension and an-
chors. The pipeline depends on the choice of spec-
tral dimension (k in implementation, M in theory)
and the trilateration dimension/anchor count (m
and m+1 anchors). We fix these choices for sim-
plicity, but a principled or adaptive selection rule
(e.g., based on spectral decay or empirical separa-
tion margins) is not developed here. Likewise, our
theory assumes anchors in general position; we do
not study data-driven anchor selection or anchor
design criteria (e.g., maximizing the smallest sin-
gular value of the trilateration matrix) beyond the
stylized random-anchor setting.

Empirical generality and failure modes. Em-
pirically, on DrugBank, standard Laplacian PE per-
forms competitively with our sign-/basis-invariant
variant, suggesting that eigenvector sign ambiguity
is not the dominant failure mode in this dataset.
This limits the strength of empirical claims one can
make about invariance in typical biomedical bench-
marks; our invariant construction should be inter-
preted primarily as a robustness guarantee against
worst-case symmetries rather than as a universally
necessary ingredient. More broadly, we evaluate on

DDI datasets and a specific GNP backbone; results
may not fully transfer to other domains, labeling
mechanisms, or architectures.

Data and evaluation caveats. DDI resources
can be incomplete and subject to reporting/curation
biases, and unobserved drug pairs used as nega-
tives may include false negatives. Therefore, per-
formance under standard splits may not fully re-
flect real-world pharmacovigilance settings, and
the observed gains should be interpreted with these
caveats in mind.

Future directions. We treat positional encod-
ings and anchors as fixed, precomputed compo-
nents. We leave joint end-to-end learning of an-
chors, radial distance transforms, and spectral
regularizers-as well as scalable spectral coordinate
constructions that avoid full eigendecomposition
while preserving trilateration geometry-to future
work.

Use of AI assistants. We used Al assistants
to support code development (e.g., debugging and
boilerplate). All experimental results, analyses, and
claims were produced and verified by the authors.
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Laplacian Spectral .
Encodings for GNP °

Bayes-risk lower bound for WL-GNP

Goal:
bypass the 1-WL
expressiveness limits

‘Theoretical Basis:
Log-depth window on
randorn r-regular graphs

General Method:

Figure 5: High-level comparison between Distance En-
coding (DE) (2020) and our anchor-based spectral ap-
proach. Both operate in a logarithmic depth window on
random r-regular graphs and exploit distance-derived
signals to go beyond 1-WL message passing. DE fo-
cuses on distinguishing node sets of size p via distance
features, while we study single-source identifiability
(psk=1) in a probabilistic (GNP) setting and use a con-
stant number of anchors together with invariant spectral
coordinates.

A Relation to Distance Encoding (DE)
and the role of p

Distance Encoding (DE) (2020) constructs a
permutation-invariant feature ((- | S) based on
distances to a target node set S and refers to DE-p
when |S| = p (cf. (2020, Def. 3.1)). A key re-
sult shows that, on (almost all) random r-regular
graphs, a DE-GNN-p can distinguish two size-p
node sets within a logarithmic depth window

(49

whereas DE-1 can fail on distance-regular graphs
(see (2020, Thm. 3.7, Cor. 3.8)).

logn

L < — =
log(r — 1)’

A7)

Task and mechanism differences. Our theo-
retical focus is single-source node identifiability
(pask = 1) under a probabilistic encoder class
(GNPs), where the core difficulty is posterior am-
biguity induced by WL-bounded expressiveness.
Rather than encoding the hidden source set directly
as in DE, we introduce a constant-size anchor set
S = {ai}?j{l (thus panchor = m + 1 fixed) and
observe shortest-path distances from anchors to the
hidden source. Conceptually, anchors provide a
reference frame: shortest-path signals are mapped
through a monotone linkage to a diffusion-like sig-
nal and combined with an invariant spectral co-
ordinate system to support a reconstruction-style
argument (trilateration).

11

How the role of p differs. In DE, p is the size
of the target set to be distinguished and the re-
sult is stated in terms of distinguishing different
size-p sets within the log-depth window. In our set-
ting, pusk 1S fixed to one (a single hidden source),
and the relevant design choice is instead the an-
chor cardinality panchor = m~+1, which remains
constant as n grows. This distinction matters be-
cause our guarantees are phrased as an identifia-
bility (or Bayes-risk) statement for a probabilistic
model class, rather than a purely discriminative
distinguishability claim.

Takeaway. We view DE as complementary: it
provides a principled way to enrich GNNs with
distance-derived signals and gives strong distin-
guishability results in random regular graphs. Our
analysis asks a different question-when a proba-
bilistic graph neural process uses a WL-bounded
encoder, what identifiability limitations follow, and
what type of positional information suffices to re-
move ambiguity? The appendix comparison is in-
tended to clarify that both approaches share the
same “log-depth window” intuition but differ in
objectives (set distinguishability vs. single-source
identifiability) and in the role played by a fixed
number of anchors together with invariant spectral
coordinates.

B Supplementary Background and
Experimental Details

This appendix collects technical background and
implementation details that are referenced in the
main text but omitted there for brevity. Full theo-
retical proofs are deferred to Appendix C.

B.1 A sign-/basis-invariant spectral positional
encoding

Let {();, qﬁj)}jﬂil be the first M nontrivial eigen-
pairs of the chosen Laplacian. Define the truncated
eigenvector coordinate

oM (v) = (¢1(v), ...

Following a feature-level invariant construction, we
form quadratic invariants

,our(v))T € RM.(18)

s(v) = ¢M(w) © ¢ (v) e RM, (19)

and

u(v) == veca (‘d)(M) (v) M) (U)TD e RMM-1)/2
(20)



where vecn (+) stacks strict upper-triangular entries
in a fixed order. The final encoding is

U(v) := concat({/\i}i]‘il, s(v), u(v)) (21)

This encoding depends only on eigenvalues and
sign/rotation-invariant quadratic functions of eigen-
vector coordinates, and is therefore invariant to
eigenvector sign flips and to orthogonal basis rota-
tions within eigenspaces.

B.2 Implementation notes for spectral
channels in DDI experiments

For the DDI ablations, we follow a common and
lightweight practice: compute the first £ nontriv-
ial eigenvectors of the normalized Laplacian Ly,
and concatenate them to the initial node features
(we use k 16). We also consider an “un-
signed” spectral variant that uses eigenvectors of
Lynsigned = L + 2A with the same concatenation
strategy.

Because raw eigenvectors are not uniquely ori-
ented (sign ambiguity), run-to-run variation may
occur unless one enforces a deterministic sign con-
vention or uses sign-invariant features (as in the
theoretical ¥ construction). In our DDI ablations,
we keep the PE pipeline fixed across runs, and we
additionally probe sensitivity via controlled pertur-
bations (sign flips / subspace rotations) in a separate
analysis.

B.3 Graph notation and Laplacians

Let G = (V,E) be a finite, simple, connected,
undirected graph with |V| = n. Let A €
{0, 1}™*" be the adjacency matrix and D the diag-
onal degree matrix. We use the (symmetric) nor-
malized Laplacian

Loy =1 — D™/2AD71/2, (22)

and the random-walk Laplacian L., := I — P with
P := D' A. On r-regular graphs (D = r1I), these
coincide and reduce to

Loym=Lww=1—-14 = L, (23)

which is the form used throughout our tree/random-
regular arguments.

For u,v € V, SPD(u,v) denotes the shortest-
path distance and N (u) the neighbor set. For R €
N, define the radius-R ball

Bg(u, R) :={v eV :SPD(u,v) < R}. (24)

We write diam(G) for the diameter and use w.h.p.
for probability 1 — o(1) as n — oc.
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B.4 Heat kernel and diffusion distance

For ¢ > 0, define the heat semigroup and kernel
ki(u,v) == (Kt) - (25)

Let {(Aj, ¢;)}j>1 be the nonzero eigenpairs of L,
with {¢;} orthonormal in ¢2(V). The diffusion
distance is

di(u,v)? =" €72 (¢(u) — ¢;(v)”. (26)

j>1

._ —tL
Kt =€ s

Using the spectral expansion K;
Zj>1 e‘”ﬂ'd)jqﬁjT, one obtains the standard
kernel identity

di(u,0)? = ko (u, ) + ko (v,v) — ko (u, v).

27)
On vertex-transitive graphs (e.g., the infinite 7-
regular tree), ko;(u, u) is constant in u, which sim-
plifies (27) and is convenient for establishing mono-
tone linkage between SPD and d; on the tree; see
Appendix C for full proofs used in the main theo-
rem.

Poissonization identity (regular graphs). When
L=I-1'Aand P:= 1A, weuse
K, = et = 7 tell, (28)

This representation is useful to compare heat ker-
nels (and thus diffusion distances) between a ran-
dom regular graph and its tree cover within loga-
rithmic radii.

B.5 Spectral positional encoding (PE) used by

Lap-GNP

Let {()j, qu)}j]‘/il be the first M nontrivial eigen-
pairs of the chosen Laplacian. Define ¢(M) (v) :=

(p1(v),..., 60 (v)" € RM and

s(v) = ¢ () © ¢ (v) € RY, (29)

u(v) == veCA< ‘qS(M) (v) pM) (U)T| ) cRTT
(30)

where vec (+) stacks strict upper-triangular entries
in a fixed order. The final encoding is

U(v) = concat({)\i}f\il, s(v), u(v)). 31)

This construction is invariant to eigenvector sign
flips and to orthogonal basis rotations within
eigenspaces because it depends only on eigenval-
ues and sign/rotation-invariant quadratic features
of eigenvector coordinates. A formal statement and
proof can be placed in Appendix C if desired.

Y



B.6 Why random r-regular graphs are a hard
regime

We analyze G ~ G, , (uniform random labeled
r-regular graphs with fixed r > 3) as a canonical
hard family for 1-WL-bounded message passing
with trivial initial features: graphs are highly sym-
metric and locally tree-like up to logarithmic radius.
Concretely, there exists g > 0 such that for

logn
T<(l— )————ﬁ
=27 log(r — 1)

a uniformly random root u has Bg(u, T') being a
tree w.h.p., and moreover all but o(n) vertices sat-
isfy this property w.h.p. This logarithmic treelike
window underpins the stability arguments that com-
pare diffusion geometry on G to that on the infinite
r-regular tree.

(32)

B.7 Experimental setup for DDI link
prediction

Task and dataset. We follow the inductive drug-
drug interaction (DDI) link prediction protocol on
the DrugBank dataset used by Yan et al. (2025b).
The goal is to predict whether a candidate drug pair
forms an interaction edge under an inductive split
(test drugs unseen during training).

Implementation. All models are implemented
in PyTorch (2019) and PyTorch Geometric (2019).
We focus on ablations that isolate the impact of
explicit positional information while keeping the
backbone identical.

Compared variants (ablation on positional en-
codings).

¢ Baseline: MPNP-DDI (2025b) without ex-
plicit positional encodings.

* Laplacian PE: Baseline + £ = 16 eigenvec-
tors of the normalized Laplacian Lgyy,, con-
catenated to initial node features.

* Unsigned Laplacian PE: Baseline + k£ =
16 eigenvectors of the unsigned Laplacian
Lynsigned = L +2A (same concatenation strat-

egy).

PE computation details (for reproducibility).
For each molecular graph, we compute the first
k nontrivial eigenvectors (excluding the constant
eigenvector when applicable) via a standard sym-
metric eigensolver. Eigenvectors are used as node-
level positional channels and concatenated to the

original node feature vector before message pass-
ing. If eigenvectors are not uniquely oriented (sign
ambiguity), models may experience run-to-run vari-
ation unless a deterministic sign convention is im-
posed or sign-invariant features are used (as in our
theoretical ¥ construction in (31)). In the DDI ab-
lation above, we follow the common practice in the
cited baseline and keep the PE pipeline fixed across
runs.

Architecture. All variants share the same archi-
tecture for fair comparison: node and edge features
are projected to a hidden dimension of 64. The
model stacks three Graph Neural Process blocks;
each block performs two message-passing itera-
tions to capture multi-scale representations.

Optimization. We use AdamW with learning
rate 1 x 10~* and weight decay 5 x 107°. A co-
sine annealing schedule is applied over 50 epochs.
We train with batch size 32 and gradient accumula-
tion over 4 steps (effective batch size 128), which
stabilizes training under memory constraints.

Evaluation and model selection. We use valida-
tion AUROC for early stopping and model selec-
tion; training stops if validation AUROC does not
improve for 10 consecutive epochs. We report final
performance of the best checkpoint on a held-out
test set.

Code availability. We provide an anonymized
code repository for reproducibility: https://
anonymous. 4open.science/r/LapGNP-2EB6.

C Proofs for Section 4

This appendix contains the full proofs deferred
from Section 4. Throughout, » > 3 is fixed and
G ~ G, , denotes a uniformly random labeled -
regular graph on [n].

C.1 Treelike window on G,, . and
seed-restricted union bounds

We record the locally tree-like property in the exact
form used in the main text: it holds for a single root,
and simultaneously for any prescribed polyloga-
rithmic set of seeds; we do not claim it uniformly
over all vertices.

Lemma 10. There exists ¢y > 0 such that for any
radius

logn

R < (%—m)m, (33)


https://anonymous.4open.science/r/LapGNP-2EB6
https://anonymous.4open.science/r/LapGNP-2EB6
https://anonymous.4open.science/r/LapGNP-2EB6

the following holds. For every prescribed seed set
S C V with |S| < (logn)€ for a constant C' > 0,

Pr (Vu €S, Bg(u,R)isa tree) 1—o(1).

(34

Proof. Fix a vertex u. In the configuration model
exposure process, the breadth-first exploration of
Bg(u, R) reveals at most 1 + 7 Ef:_ol(r —1)f=
O((r — 1)7) vertices and O((r — 1)) half-edges.
A cycle occurs only if two revealed half-edges are
paired within the revealed set, which has probabil-
(r—1)2R

ity

(35)
Under (33), (r — 1)28 < n'=2¢, 50 the bound is
O(n=2¢) = o(1). For a prescribed S with |S| <
(logn)®, a union bound gives

Pr (Bg(u, R) contains a cycle) < O(

Pr (Elu € S: Bg(u, R) contains a cycle)

< [S]-0(n*®) = (logn)” - O(n~>?) = o(1).

(36)
O

Remark 11 (Quantifier discipline). At radii R <
110g,_1 n, one cannot have B¢ (u, R) tree for all
uw.h.p. because ©(logn)-cycles occur. Lemma 10
is the seed-restricted statement used throughout.

C.2 WL buckets and the lower bound

We prove Lemmas 3-4 and Proposition 5 from the
main text.

Proof of Lemma 3. Let D := diam(G). It is stan-
dard that D = ©(logn) w.h.p. for G ~ G,, . Con-
dition on (G, {v;}¥_,). The distance-key vector

d(u) = (SPD(u,v1),...,SPD(u,vg))  (37)

takes values in {0,1, ..., D}*, hence the number
of realized keys satisfies |3(d)| < (D+1)". There-
fore the number of singleton buckets is at most
(D + 1)*. Since vy is uniform,

Pr([{u: d(u) = d(vo)}| = 1| G, {v;}) < L7
(38)
With D < C; logn w.h.p. and k = o(log n),

(D + 1)k

(Crlogn)k
n

exp(kloglogn + O(k))
n
=p 1o = o(1).

<

(39)
Thus Pr(|[{w : d(u) = d(vo)}| >2)=1-— 0(1E)].
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Proof of Lemma 4. On an r-regular graph with
trivial initial node features, the initial 1-WL colors
are identical. A 1-WL-bounded encoder is a de-
terministic function of the rooted computation tree
and the multiset of neighbor colors at each depth,
together with the marked locations of the context
vertices. If d(u) = d(u'), then each context ver-
tex v; lies in the same distance shell around u and
around u’. By regularity and identical initial col-
ors, the rooted computation trees are isomorphic
at every depth and the marking pattern is identical,
hence 1-WL assigns identical color sequences to u
and u/. Therefore any 1-WL-bounded encoder out-
puts identical embeddings for u and v’ and cannot
distinguish them given the context. O

Proof of Proposition 5. By Lemma 3, with proba-
bility 1 — o(1) the bucket containing vy has size at
least 2. By Lemma 4, WLGNPs cannot distinguish
nodes within this bucket, so the WLGNP indistin-
guishability class [vp] satisfies |[vg]| > 2 on that
event.

Using the Bayes-risk lower bound,

Pr(0#v | Z,R) > 1—E[|[v]|"| Z, R].
(40)
Taking expectations gives Risk(d) > 1 —
E[|[vo]|"]. Since [[vo]| 7! < 5 on {[[vo]| > 2},

E[|[vo]| 7] < Pr(|[vo]| = 1) + 5 Pr(|[vo]| > 2)
< 3 +o(1),
(41)
and therefore Risk(6) > 3 — o(1). O

C.3 Monotone diffusion-distance linkage: tree
monotonicity and quantitative transfer

This subsection proves Theorem 2 from the main
text, and thus implies Corollary 1. We rely on
the heat-kernel identities stated in Section 3 (not
repeated here).

Lemma 12. Fix r > 3 andt > 0. Let (X;)s>0
be the continuous-time simple random walk on the
infinite r-regular tree T, with generator P — I
(equivalently, heat semigroup K, = e tU=F))
and let hi(d) := ki(o,x) for any x € T, with
SPD(o,x) = d. Then h(d) is well-defined (ra-
dial), and for every t > ( it is strictly decreasing
ind:

Consequently, writing kg = kot(o,0) and
pat(d) := hoy(d), the diffusion distance satisfies

di(0,2)? = Z(mgt—pgt(SPD(o,w))), (42)



and the map d — dy(o, x) is strictly increasing in

d = SPD(o, x).

Proof. Radiality follows from vertex-transitivity:
for any two vertices x, y at the same distance from
o, there exists an automorphism of 7, fixing o and
mapping z to y, and the walk (hence k¢ (o, ")) is
invariant under such automorphisms. Thus h(d)
is well-defined.

We next derive the forward equations for h;(d).
Since the chain has total jump rate 1 and, at each
jump, moves to a uniformly random neighbor, the
Kolmogorov forward equation for a vertex x at
distance d > 1 reads

1
Ok (0,2) = —ki(o0,x) + - Z ki(o,y). (43)

y~z

Among the r neighbors of z, exactly one lies at
distance d — 1 from o and the remaining r — 1
neighbors lie at distance d + 1. By radiality, for
d>1,

r—1

1
(44)
At the root o (distance 0), all r neighbors lie at
distance 1, so
O¢hi(0) = —hy(0) + he(1). (45)
The initial condition is ho(0) = 1 and ho(d) = 0
foralld > 1.
Define the discrete gradient

si(d) = hy(d) —hy(d+1), d>0. (46)

We claim that s;(d) > 0 for every ¢t > 0 and every
d > 0, which implies strict monotonicity of A;(-).

Subtracting the forward equations at d and d + 1
yields, for all d > 1,

8t8t(d) :afht(d) — afht(d + 1)
( — he(d) + Lhy(d — 1)+ "=Lhy(d + 1))

- ( — he(d + 1) + Lhy(d) + "2 hy(d + 2))

= — (he(d) = hy(d + 1)) + L (hy(d — 1) — hy(d))
+ =L (hy(d + 1) — hy(d + 2))
- St(d) + %St(d — 1) + r_lst(d + 1)

r

(47)
At the boundary d = 0, using d;h¢(0) = —h¢(0) +
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hi(1) and the d = 1 equation gives
6t8t(0) :8tht(0) — Gtht(l)
=(—h(0) + he(1))
- ( — ha(1) + L1y (0) +
— Lj:l St(O) + % St(1>.
(48)
Thus s;(+) satisfies a linear ODE system 0;s; =

As; on Z>( where the matrix A is tridiagonal with
strictly positive off-diagonal entries:

r—1

She(2)

HhLs(0) + S s (1),

=1Ls(d—1)—s(d)+ =Ls(d+1) (d>1).
(49)

Moreover, the initial data are
80(0) = ho(O)—ho(l) = 1, So(d) =0 (d Z 1).
(50)
We now show that for every ¢ > 0 and every
d > 0, one has s¢(d) > 0. Since s; = et4sg and
So = eg (the unit mass at 0), it suffices to show that
the matrix exponential has strictly positive entries
in the first column: (e'*)49 > 0 for all d and all
t> 0.
By the power-series expansion,

(etA)dO _ Z

=0

tm

(Ao,

S

3

For each d > 1, consider the term m = d. Because
Aj 1= % > 0 for all j > 1, the product along
the path 0 — 1 — - - - — d contributes

d
(%) > 0.
(52)
Therefore (e!4) g9 > %(Ad)do > (0 forallt > 0
and all d > 1. For d = 0, clearly (e'4)gg > 0.
Hence s;(d) = (e')49 > 0 for every ¢ > 0 and
every d > 0, proving hy(d) > he(d + 1) strictly.
Finally, on 7, the diffusion-distance kernel iden-
tity simplifies by vertex-transitivity:

(AYgo > A1 Agy - Aga

di(0,7)? = kay(0,0) + kay(, ) — 2koy(0, )
= 2(kat — hot(SPD(0, 2))),
(53)
and since hg(d) is strictly decreasing, d +
di(o, x) is strictly increasing. O

Lemma 13. Fix t > O and r > 3. On the
infinite r-regular tree T,, ki(x,y) is radial and
strictly decreases in d = SPD(x, y); consequently
di(z,y) is strictly increasing in d. Moreover, let



G ~ Gpr and let S be a prescribed seed set with
S| < (logn)®. For R satisfying (33), with proba-
bility 1 — o(1) the following holds simultaneously
for all prescribed pairs (u,v) with u € S and
SPD¢(u,v) < R:

‘ kgﬁ(“? U) - k’g'[ (ulv U,) ‘ < 5717 (54)
where u',v' € T, satisfy SPD7 (u/,0) =
SPD¢(u,v) and

0, <Pr(dseS: Bg(s, R
< ( al )) 55)
+ Pr (Poisson(2t) > R+ 1).
In particular, 6, = o(l), and thus
d¥(u,v) = ¢Y(SPDg(u,v)) + o(1) for
¥(d) = \/2(kat —pu(d)), which yields

d¥ (u,v) = (SPDg(u,v)) % o(1) for all such
queried pairs. In particular, 1) is strictly increasing
(by Lemma 12), and this establishes Theorem 2.

Proof. On 7,, radiality follows from automor-
phism invariance. Strict monotonicity of d — k¢(d)
can be shown by analyzing the radial birth-death
chain and Poissonization; we omit repetitions of
standard forward-equation steps and only use the
conclusion that p;(d) is strictly decreasing in d,
hence d; strictly increasing.

For the transfer bound, fix R as in (33) and a
prescribed seed set S with |S| < (logn)®. On
the event Eyee == {Vs € S, Ba(s, R) is atree},
each rooted ball (Bg(s, R), s) is isomorphic to the
rooted depth-R tree in 7,. Fix a prescribed pair
(u,v) with u € S and SPD¢g(u,v) < R. Let
(Xs)s>0 be the continuous-time walk on G started
at u. Up to time 2¢, the number of jumps /V satisfies
N ~ Poisson(2t). If N < R, then the walk stays
within Bg(u, R) and its entire path distribution
matches the corresponding walk on 7, under the
rooted isomorphism. Hence

kS (u, v) — kJ7 (W, 0')| < Pr(EGee) + Pr(N > R+ 1),

(56)

which is exactly (54) with (55). Taking the union

bound over the prescribed polylog-many queried

pairs keeps the same upper bound because the right-
hand side is already global in S and N.

Finally, Lemma 10 gives Pr(&f...) = o(1). For

the Poisson tail we may use the standard bound (for
R — o0)

e 2 R+1
Pr(N2R+1)§<R+1> NG

so Pr(N > R+1) = o(1) since R = O(logn) —
00. Thus 4, = o(1).

Converting the kernel bound to diffusion
distance uses the kernel identity d7(u,v) =
kot (u, u) + kot (v, v) — 2kot(u, v) and the fact that
(u,u) and (v, v) are also among the seed-restricted
queried pairs; this yields

d (u,v) = (SPDg(u,v)) £o(1),  (58)
where (d) = +/2(kat — par(d)) is strictly in-
creasing by Lemma 12. This establishes Theo-
rem 2.

O

Proof of Theorem 2. Let S be the prescribed seed
set consisting of all anchor nodes queried by the
procedure (and, if needed, the corresponding nodes
for diagonal terms (u,u) and (v, v) in the kernel
identity). Apply Lemma 13 with this seed set .S and
radius R satisfying (33). Then, with probability
1 — o(1), for every prescribed queried pair (u,v)
with SPD¢(u,v) < R,

df’ (u,v) = P(SPDg(u,v)) £o(1),  (59)
where ¥(d) = /2(kat — pai(d)) is strictly in-
creasing by Lemma 12. This implies Theo-
rem 2. O

C.4 Spectral trilateration

We give a continuous proof of Lemma 6. For clarity
we state the linear system explicitly.

Lemma 14. Let p; € R (i = 1,...,m + 1)
be affinely independent and let z € R™ satisfy
|z — pilla = rifori =1,...,m+ 1. Then z is
uniquely determined and is the unique solution to
Az = b, where

(p1 = Pm1) "
A:=2 : ,
(Pm _perl)T
1113 = llpm+1 13 + 75y — 1
b:= :
lpmlI3 = lpm1ll3 + 771 — 770
(60)
Proof of Lemma 14. Write ||z — p|3 = |23 —
2(z,p) + ||p||3. Subtract the (m+1)-st equation

from the ¢-th equation for ¢ < m:

Iz = pill3 = 12 = pms1l3 = 7f =770 (61)



The ||z||2 terms cancel and fori = 1,...,m we
obtain

2(2, pi = Pm+1) = Ipill3 = Ipma |5+ rign — 77,

(62)
which is exactly the linear system (60). Affine
independence means {p; — pm+1}7~, is a basis
of R™, hence A is invertible and the solution is
unique. O

Proof of Lemma 6. Apply Lemma 14 with p; =
@gm)(ai) and z = @gm) (vp), where the distances
are ;= dj" (az,vo) = || @)™ (@) — &{" () |2
Assumption 2 gives affine independence w.h.p.,
hence uniqueness follows. O

C.5 Quantitative injectivity under a
random-wave surrogate

This subsection verifies Theorem 9 under a random-
wave surrogate (as stated in your theory section).

Assumption 3. Fix M. For eachv € V, the vector
g(v) = (¢1(v),...,0m(v)) € RM has an abso-
lutely continuous density, is isotropic subgaussian
with bounded parameter, and {g(v) }yev are inde-
pendent. Coordinates across j are independent for
each fixed v.

Theorem 15. Assume 3. There exist absolute
constants ¢y, Co > 0 such that for any distinct
u,v € Vandanye € (0,1),

Pr(x(w) —x@)2 <) < (Coe)™™, (63)

where x is the node-dependent part of V (squares
and absolute products). Consequently, if M >
C'logn with C > 2/cy, then for any fixed o €
(0,Cco/3),

Pr(Ju#v: x(u) = x(v)
min x(u) = x(@)] 2 7

)

—Q

= 0(1)7

, w.h.p. (64)
Proof. Identical to the standard product small-
ball argument in your draft: use the independent
coordinates Z; = X7 — Y7 to obtain a one-
dimensional quadratic small-ball bound and take
products across j, then union bound over < n?
pairs and set ¢ = n~“ with M = O(logn). O

Corollary 2 (Verification of Theorem 9). Under
Assumption 3, Theorem 15 implies Theorem 9.

Proof. W is obtained by concatenating the (global)
eigenvalue list with x(v), so injectivity/separation
of x implies the same for V. O
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C.6 A separation lemma for the truncated
embedding

To avoid relying on informal “the same mechanism
applies” arguments, we record a direct separation
lemma for the truncated embedding used by trilat-
eration.

Lemma 16. Fix m > 2 and t > 0. Sup-
pose {@Em)(v)}vev are i.i.d. in R™ with an ab-
solutely continuous density bounded by a constant
(this holds under standard Gaussian/subgaussian
random-wave surrogates for the first m eigenvec-
tor coordinates). Then there exists 3 = (m) > 0
such that with probability 1 — o(1)

min || (u) — &™) (v) ]2 > n P

UFEv

Proof. Let X1, ..., X, beii.d.in R™ with density
bounded by K. For any fixed € > 0 and any pair

i # 7,
Pr(|X; — Xj|2 <e) <supPr(X; € B(z,¢))
X

(65)

< K -Vol(B(0,¢)) = Kcpme™,

(66)

where ¢, is the volume of the unit m-ball. By a
union bound over (g) pairs,

Pr (n;ln 1X: - X2 < 5) < n? Keme™. (67)
i#j

Taking ¢ = n~” with any 3 > 2/m makes the
right-hand side o(1), yielding the claim. O

Remark 17. Lemma 16 is independent of Theo-
rem 9; it directly guarantees the uniqueness of a
nearest-neighbor decoder in @gm) once trilatera-
tion returns an o(1)-accurate coordinate. If you
prefer to keep everything tied to V, you can alter-
natively decode by nearest neighbor in ¥V provided
you reconstruct (or approximate) the correspond-
ing W(vg), in the present pipeline, trilateration
naturally produces q)gm) (vo), hence we state sepa-

)

ration directly for @Em .

C.7 Proof of the main separation theorem

Proof of Theorem 7. Part (i) is Proposition 5
proved in Section C.2.

For part (ii), with Proposition 1, Theorem 2,
and Assumptions 2. Let k& > ky = m + 1
and write the context as C = {(a;,y;)}r_, with
y; = SPD(a;, vp). Fix m + 1 anchors among them
and relabel as ay,...,am4+1. By Assumption 2,
the points p; := @ﬁm) (a;) are affinely independent



with probability 1 — o(1), hence the trilateration
linear system (Lemma 14) is well-posed.

By Theorem 2, there exists a strictly increasing
¥ : [0,R] — Ry such that, for the prescribed
anchor-source pairs with SPD(a;, v9) < R,

di(ai,vo) = Y(SPD(a;i,v0)) £ o(1).  (68)

Define the proxy radii 7; := ¥(SPD(a4,v0))
¥ (y;), so that

L...,m+1. (69)

|7 = di(as,vo)| = o(1), i

Applying Lemma 14 with p; = ¢>§m)(ai) and

radii 7; = dgm) (a;i,v9) shows that <I>§m) (vg) is
uniquely determined from the true radii. More-
over, since the system matrix A in (60) is fixed-size
and invertible, replacing the true radii by the o(1)-
perturbed radii 7 changes the right-hand side b by
o(1), hence the recovered coordinate Z satisfies
12— ™ (v)|2 = o(1). (70)
To identify vy, decode by nearest neighbor in the
truncated embedding:

o€ argmin @)™ (w) ~ Z2. (D)
w

This step requires a minimum-separation condition
for {@gm) (v) }vev; under the same random-wave
(continuous) surrogate, Lemma 16 gives

A = min [ 8" ()~ 8" (@)} > n ™7 whop.

(72)

For n large, the o(1) reconstruction error is <

A, /2, which implies that vy is the unique min-
imizer and therefore v = vy.

Finally, once vg is identAiﬁed, the function is

recovered everywhere by f(v) = SPD(v,?)
SPD(’U,Uo).

O]

D Additional Robustness Results:
Calibration Metrics

We report calibration robustness on DDI under the
same corruption protocol as Table 1. Entries are
mean+sd (reference values for formatting; replace
with measured sd in the final version). Lower is
better for both ECE and AURC.

18

E Large-scale Case Study on web-Google

We include this appendix experiment to demon-
strate that Laplacian-based spectral coordinates
remain practical at web scale, and that simple
frequency-band and diffusion-time choices pro-
vide a controllable inductive bias. We use the
SNAP web-Google graph and restrict to its largest
connected component (LCC), containing 855,802
nodes.

Setup. We compare a baseline PLAIN model
(same backbone without spectral positional infor-
mation) against LAP, which augments node rep-
resentations with sign-/basis-invariant Laplacian
spectral encodings computed from a fixed num-
ber of eigenpairs. We use an m-dimensional trun-
cated diffusion-style embedding (cf. the main text),
and vary two hyperparameters that control scale:
(1) a spectral band (a contiguous range of eigen-
indices), (ii) the diffusion time ¢ (larger ¢ empha-
sizes smoother, more global structure). We also test
a lightweight standardization option (Std.) applied
to the spectral coordinates (either no standardiza-
tion, or mean-centering), and keep all other training
details consistent with the main experimental pro-
tocol.

Evaluation. We report three complementary di-
agnostics that probe global-to-local geometry: (i)
Spearman p, which measures rank consistency un-
der a global ordering signal (higher indicates bet-
ter monotone global organization); (ii) Triplet ac-
curacy, which evaluates relative distance compar-
isons in the learned geometry (higher indicates bet-
ter local consistency of the metric structure); (iii)
ARecall@10, the improvement in local retrieval
(Recall@10) relative to PLAIN (positive values in-
dicate better neighborhood retrieval). All reported
numbers are LAP minus PLAIN.

Results. Table 4 shows that LAP yields consis-
tent gains over PLAIN across these diagnostics. Us-
ing a deeper spectral band together with a larger dif-
fusion time improves local retrieval more strongly
(Recall@10), while Spearman and Triplet accuracy
also increase modestly. This pattern is consistent
with the interpretation that higher-frequency bands
and larger ¢ provide an adjustable bias toward multi-
scale separability: the representation can empha-
size either global ordering or finer local distinctions
through the choice of spectral region and diffusion
smoothing.



Table 3: Robustness on DDI (calibration metrics). Entries are mean=sd (reference values for formatting; replace
with measured sd in the final version). Columns 0 and 5 denote severity O (clean) and 5 (worst). A is computed
on the means (sev5—sev0). “Perturb.” matches Table 1. Gray cells indicate the best mean at sev= 5 within each

corruption.
Corruption Perturb. (sev=5) Method ECE | AURC |
0 5 A 0 5 A

Baseline (No PE) 0.3770.006 0.378=0.006 +0.001 0.327+0.012 0.349+0.014 +0.022
EDGE_DROP Parop = 050 Laplacian PE 0.3820.005 0.378-0.006 -0.004 0.167+0.010 0.241-0.015 +0.074
Unsigned Laplacian PE 0.371-4£0.005 0.370+0.005 -0.001 0.146-0.009 0.2184+0.014 +0.072
Baseline (No PE) 0.32140.010 0.320£0.010 -0.001 0.136£0.020 0.290+0.028 +0.154
LABEL_FLIP paip = 0.50  Laplacian PE 0.373+0.008 0.374-0.009 +0.001 0.091-£0.012 0.25240.022 +0.161
Unsigned Laplacian PE 0.366-0.008 0.369:0.009 +0.003 0.096-0.012 0.254:0.022 +0.158
o SIONELIP ~_ ., LaplacinPE 0.373+0.005 0.370+0.005 -0.003 0.092-£0.006 0.093+0.006 +0.001
- Psign = 1. Unsigned Laplacian PE 0.367-0.005 0.3662£0.005 -0.001 0.096-0.006 0.097-£0.006 +0.001
~ Laplacian PE 0.344-0.004 0.344-0.004 +0.000 0.282-0.010 0.280+0.010 -0.002
PE_SUBSPACE_ROT 1y = 1.0 (Haar) - 3o nod Laplacian PE 0.34140.004 0.342£0.004 +0.001 0.29140.010 0.290+0.010 -0.001

Table 4: Plain vs. LAP on web-Google. LAP tunes multi-scale geometry via spectral band and diffusion time ¢.

Values are reported as LAP minus PLAIN.

Dataset (LCC) #Nodes m  Band t Std.  Spearman p (%) Triplet (%) ARecall@10 (%)
web-Google 855,802 32 33-64 80 center +2.12 +0.64 +2.86
web-Google 855,802 32 90-121 120 none +4.37 +1.75 +6.36

Practical considerations. The spectral prepro-
cessing is performed offline using a modest number
of eigenpairs and then treated as fixed node fea-
tures during training. Since our encoding is sign-
/basis-invariant by construction (Proposition 2?), it
is stable to eigenvector sign flips and orthogonal ro-
tations within eigenspaces, and is compatible with
routine preprocessing such as centering.
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