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Abstract

Online structured prediction is a task of sequentially predicting outputs with com-
plex structures based on inputs and past observations, encompassing online classifi-
cation. Recent studies showed that in the full-information setting, we can achieve
finite bounds on the surrogate regret, i.e., the extra target loss relative to the best
possible surrogate loss. In practice, however, full-information feedback is often
unrealistic as it requires immediate access to the whole structure of complex out-
puts. Motivated by this, we propose algorithms that work with less demanding
feedback, bandit and delayed feedback. For non-delayed bandit feedback, by using
a standard inverse-weighted gradient estimator, we achieve a surrogate regret bound
of O(v KT) for the time horizon T" and the size of the output set /. However, K
can be extremely large when outputs are highly complex, resulting in an undesir-
able bound. To address this issue, we propose another algorithm that achieves a
surrogate regret bound of O(7T'?/3), which is independent of K. This is achieved
with a carefully designed pseudo-inverse matrix estimator. Furthermore, we numer-
ically compare these algorithms with existing ones. Regarding delayed feedback,
we provide algorithms and regret analyses that cover various scenarios, including
full-information and bandit feedback, as well as fixed and variable delays.

1 Introduction

In many machine learning problems, given an input vector from a set X’ of input vectors, we aim to
predict a vector in a finite output space ). Multiclass classification is one of the simplest examples,
while in other cases, output spaces may have more complex structures. Structured prediction refers to
such a class of problems with structured output spaces, including multiclass classification, multilabel
classification, ranking, and ordinal regression, and it has applications in various fields, ranging from
natural language processing to bioinformatics [2, 43]. In structured prediction, training models that
directly predict outputs in complex discrete output spaces is typically challenging. Therefore, we
often adopt the surrogate loss framework [3]—define an intermediate space of score vectors and
train models that estimate score vectors from inputs based on surrogate loss functions. Examples of
surrogate losses include squared, logistic, and hinge losses, and a general framework encompassing
them is the Fenchel-Young loss [7], which we rely on in this study.

*This work was primarily conducted during the period when SS was affiliated with the University of Tokyo
and RIKEN AIP.
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Table 1: Upper and lower bounds on the surrogate regret in online multiclass classification and OSP.
Here, T is the time horizon, K = |)| is the size of the output space, and D is the fixed-delay time.
Delayed feedback is considered only when “Delayed” appears in the feedback column. In the target
loss column, “SELF*” means SELF that satisfies Assumption 3.6. Note that the O(T>/3) bounds for
SELF* in lines 6 and 9 do not explicitly depend on K but on d; in the case of multiclass classification
with the 0-1 loss, the dependence on K appears as d = K.

Setting Reference Feedback Target loss  Surrogate regret bound
Binary classification ~ Van der Hoeven et al. [45, Cor. 1] Graph bandit 0-1 loss Q(\/T) (d=2)
Multiclass Van der Hoeven [44, Thm. 4] Bandit 0-1 loss O(KVT)
classification Van der Hoeven et al. [45, Thm. 1]~ Bandit 0-1 loss O(K+/T)
Structured Sakaue et al. [41, Thms. 7 and 8] Full-info SELF 0(1)
prediction This work (Theorems 3.5 and D.2)  Bandit SELF O(VKT)

This work (Theorem 3.7) Bandit SELF* O(T?/3)

This work (Theorems 4.3 and E.3)  Full-info & Delayed ~SELF O(D? +1)

This work (Theorems 4.4 and E4)  Full-info & Delayed SELF O(D +1)

This work (Theorem 4.5) Full-info & Delayed SELF QD+1)

This work (Theorem 5.1) Bandit & Delayed SELF O(y/(K +D)T)

This work (Theorem 5.2) Bandit & Delayed ~ SELF* O(D'/3T72/3)

Structured prediction can be naturally extended to the online setting, called Online Structured Pre-
diction (OSP) [41]. In OSP, at eachround ¢t = 1, ..., T, an environment selects an input—output pair
(z¢,y:) € X x Y. Alearner then predicts y; € ) based on the input &; and incurs a loss L(Yy; Yt ),
where L: Y x Y — Ry is the target loss function. Following prior work [41, 44, 45], we focus
on the simple yet fundamental case where the learner’s model for estimating score vectors is linear.

The goal of the learner is to minimize the cumulative loss Zthl L(Yt; y¢). On the other hand, the best
the learner can do in the surrogate loss framework is to minimize the cumulative surrogate loss, namely

Zthl S(Uxy;y:), where U: X — R is the best offline linear estimator and S:R? x ) — Rx is

a surrogate loss, which measures the discrepancy between the score vector Uz; € R? and y; € ).
Given this, a natural performance measure of the learner’s predictions is the surrogate regret, R, de-

fined by Zthl L(Ys;y:) = Zthl S(Ux; yi) +Rr. It has recently attracted increasing attention fol-
lowing the seminal work by Van der Hoeven [44] on online classification. The surrogate regret is an ap-
pealing, data-dependent performance measure, as it can provide better bounds on the target loss when

the surrogate loss of the best offline estimator, ZtT: 1 S(Uxy; yy), is smaller. Further background and
a comparison with the standard regret are provided in Appendix C. Of particular relevance to our work,
Sakaue et al. [41] recently obtained a finite surrogate regret bound for online structured prediction
(OSP) under full-information feedback, i.e., when the learner observes y; at the end of each round ¢.

However, the assumption that full-information feedback is available is often demanding, especially
when outputs have complex structures. For example, in sequential ad assortment on an advertising
platform, we may be able to observe only the click-through rate but not which ads were clicked, which
boils down to the bandit feedback setting [24, 29]. Also, we may only have access to feedback from
a while ago when designing an ad assortment for a new user—namely, delayed feedback [32, 47].
Similar situations have led to a plethora of studies in various online learning settings. In combinatorial
bandits, algorithms under bandit feedback (referred to as full-bandit feedback in their context),
instead of full-information feedback, have been widely studied [9, 14, 18, 39]. Delayed feedback
is also explored in various other settings, including full-information and bandit feedback [11, 27].
Due to space limitations, we defer a further discussion of the background to Appendix B.

Our contributions To extend the applicability of OSP, this study develops OSP algorithms that
can handle weaker feedback—bandit feedback and delayed feedback—instead of full-information
feedback. Following the work of Sakaue et al. [41], we consider the case where target loss functions
belong to a class called the Structured Encoding Loss Function (SELF) [6, 12], a general class that
includes the 0-1 loss in multiclass classification and the Hamming loss in multilabel classification and
ranking (see Section 2.4 for the definition). Table 1 summarizes the surrogate regret bounds provided
in this study and comparisons with the existing results.

One of the major challenges in the bandit feedback setting is that the true output y; is not observed,
making it impossible to compute the true gradient of the surrogate loss. To address this, we use



an inverse-weighted gradient estimator, a common approach that assigns weights to gradients by
the inverse probability of choosing each output, establishing an O(v/ KT surrogate regret upper
bound (Theorems 3.5 and D.2), where K = |)| denotes the cardinality of ). This O(+/KT') bound
has a desirable dependence on 7', matching an Q(+/7") lower bound known in a problem closely
related to online multiclass classification with bandit feedback [45, Corollary 1]. Furthermore, our
bound is better than the existing O(K+/T') bounds [44, 45] by a factor of /K, although the bound
of Van der Hoeven et al. [45] applies to a broader class of surrogate losses and thus it is not directly
comparable to ours (see Appendix C.3 for a more detailed discussion). We also conduct numerical
experiments on online multiclass classification and find that our methods, which apply to general
OSP, are comparable to the existing ones specialized for multiclass classification (see Appendix H.1).

While the O(v KT') bound is satisfactory when K = |))| is small, K can be extremely large in some

structured prediction problems. In multilabel classification with m correct labels, we have K = (T‘i),

and in ranking problems with m items, we have K = m!. To address this issue, we consider a special
case of SELF (denoted by SELF* in Table 1), which still includes the aforementioned examples: the
0-1 loss in multiclass classification and the Hamming loss in multilabel classification and ranking. A
technical challenge to resolve the issue lies in designing an appropriate gradient estimator used in
online learning methods. To this end, we draw inspiration from pseudo-inverse estimators used in the
adversarial linear/combinatorial bandit literature [1, 9, 16]. Indeed, we cannot naively use the existing
estimators, and hence we design a new gradient estimator that applies to various structured prediction
problems with target losses belonging to the special SELF class. Armed with this gradient estimator,
we achieve a surrogate regret upper bound of O(T2/ 3) (Theorem 3.7). This successfully eliminates
the explicit dependence on K, although the dependence on T increases compared to the O(v KT')
bound. We also numerically observe the benefit of this approach when K is large, aligning with the
implication of the theoretical bounds (see Appendix H.2).

For the delayed feedback setting, the surrogate regret bounds depend on whether the delay time
is fixed or variable. We here describe our results for the known fixed-delay time, denoted by D,
under the full-information setting. It is relatively straightforward to obtain a surrogate regret bound
of O(1/(D + 1)T') with standard Online Convex Optimization (OCO) algorithms for the delayed
feedback. We improve this to surrogate regret bounds of O(min{D? 4 1, (D + 1)?/3T"/3}) (The-
orems 4.3 and E.3) and O(D + 1) (Theorems 4.4 and E.4), which are notably independent of
T. The proofs require carefully bridging different lines of research: OCO algorithms for delayed
feedback [20, 27] and surrogate regret analysis in OSP. In addition, we provide the lower bound of
Q(D + 1) (Theorem 4.5), which matches the upper bound.

Given the contributions so far, it is natural to explore OSP in environments where both delay and
bandit feedback are present. We develop algorithms for this setting by combining the theoretical
developments for bandit feedback without delay and delayed full-information feedback, achieving
surrogate regret bounds of O(+/(D + K)T) (Theorem 5.1) and O(D'/3T?/3) (Theorem 5.2). It is
worth noting that similar surrogate regret bounds can also be obtained in the variable-delay setting—
where the delay may differ for each round of feedback—for both full-information and bandit feedback.
Due to space constraints, most of the details are provided in Appendix G.

2 Preliminaries

This section describes the detailed setting of OSP and key tools used in this work: the Fenchel-Young
loss, SELF, and randomized decoding.

Notation For any integer n > 0, let [n] = {1,2,...,n}. Let ||-|| denote a norm with «||y|| > ||y/|2
for some x > 0 for any y € R?. For a matrix W, let ||[W||p = /tr(W T W) be the Frobenius
norm. Let 1 denote the all-ones vector and e; the ith standard basis vector. For L C RY, let
conv(K) be its convex hull and Ixc: R? — {0, +-00} be its indicator function, which takes zero if the
argument is contained in & and +oco otherwise. For any function Q2: R? — RU{+oc0}, let dom(Q2) =
{y e RY: Q(y) < +oo} beits effective domain and Q*(8) = sup{(0,y) — Q(y) : y € R?} beiits
convex conjugate. Table 2 in Appendix A summarizes the notation used in this paper.



2.1 Online structured prediction (OSP)

We describe the problem setting of OSP. Let X' be the space of input vectors and ) be the finite set of
outputs. Define K = |))|. Following the literature [7, 41], we assume that ) is embedded into R% in
a standard manner, e.g., ) = {e1, ..., eq} in multiclass classification with d classes.

Let WV be a closed convex domain. A linear estimator W' € W transforms the input vector & into the
score vector Wx. In OSP, at each round ¢t = 1, ..., T, the environment selects an input ; € X and
the true output y; € ). The learner receives x; and computes the score vector 8; = Wyx, using the
linear estimator W;. Then, the learner selects a prediction 4, based on 6,, which is called decoding,
and incurs a loss of L(yy;y;). Finally, the learner receives feedback, which depends on the problem
setting, and updates W to W1 using some online learning algorithm, denoted by ALG, which is
applied to the surrogate loss function W +— S(Wxy; y; ).

The goal of the learner is to minimize the cumulative target loss ZZ;I L(Y¢; ye ), which is equivalent
to minimizing the surrogate regret Rt = 23:1 L(y:;yt) — ZL S(Uwx:; y:). We assume that
the input and output are generated in an oblivious manner. Note that when ) = {eq,...,e4} and
L(yt; y:) = 1[y: # ], the above setting reduces to online multiclass classification, which was
studied in prior work [44, 45]. Let B = diam(W) denote the diameter of ¥ measured by ||-||r and
Cy; = maxgex||z||2 the maximum Euclidean norm of input vectors in X'.

The feedback observed by the learner depends on the problem setting. The most basic setting is the
full-information setting, where the true output y; is observed as feedback at the end of each round ¢,
extensively investigated by Sakaue et al. [41]. By contrast, we study the following weaker feedback:
In the bandit feedback setting, only the value of the loss function is observed. Specifically, at the
end of each round ¢, the learner observes the target loss value L(yy; y:) as feedback. In the delayed
feedback setting, the feedback is observed with a certain delay. In this paper, we consider especially
a fixed D-round delay setting, i.e., no feedback for round ¢ < D, and for ¢ > D, the learner observes
either full-information feedback y;_p or bandit feedback L(y;—p;y:—p). We also discuss the
variable-delay setting in Appendix G.

In this paper, we make the following assumptions:

Assumption 2.1. (1) There exists v > 0 such that for any distinct y, y’ € Y, itholds that ||y —y'||> v.
(2) For each y € ), the target loss function L(-; y) is defined on conv()’), non-negative, and affine
w.r.t. its first argument. (3) There exists  such that for any y’ € conv())) and y € J, it holds that
L(y;y) <~y —yl| and L(y’; y) < 1. (4) It holds that L(y’; y) = 0 if and only if y’' = y.

As discussed in [41, Section 2.3], these assumptions are natural and hold for various structured pre-
diction problems and target loss functions, including SELF (see Section 2.4 for the formal definition).

2.2 Fenchel-Young loss

We use the Fenchel-Young loss [7] as the surrogate loss, which subsumes many representative surro-
gate losses, such as the logistic loss, Conditional Random Field (CRF) loss [30], and SparseMAP [35].
See [7, Table 1] for more examples.

Definition 2.2 ([7, Fenchel-Young loss]). Let :R¢ — R U {+00} be a regularization function with
Y C dom(£2). The Fenchel-Young loss generated by 2, denoted by Sq: dom(Q2*) xdom(£2) — R>o,
is defined as Sq(6;y) = Q*(0) + Q(y) — (0, y).

The Fenchel-Young loss has the following useful properties:

Proposition 2.3 ([7, Propositions 2 and 3] and [41, Proposition 3]). Let V: RY 5 R U {+o0}
be a differentiable, Legendre-type function® that is \-strongly convex w.r.t. ||-||, and suppose that
conv(Y) C dom(¥) and dom(¥*) = R Define Q@ = U+ Loy (y) and let Sq be the Fenchel—
Young loss generated by Q). For any 8 € RY, we define the regularized prediction function as

Yo(0) = argmax{(0.y) — Qy) | y € R‘} = argmax{(0,y) — U(y) | y € conv(Y)}. Then, for
anyy € Y, Sq(0,y) is differentiable w.r.t. 0, and it satisfies V Sq(0;y) = Ya(0) — y. Furthermore,
it holds that Sq(0;y) > 2 ||ly — 9a(0)||%.

2A function W is called Legendre-type if, for any sequence x1, x2, . .. in int(dom (%)) that converges to a
boundary point of int(dom(W)), it holds that lim; o0 || V¥ (z;)||2= +o0.



In what follows, let S; (W) = S (W xs; y;) for simplicity. Importantly, from the properties of the
Fenchel-Young loss, there exists some b > 0 such that for any W € W,

VS (W[5 < bS,(W). (1

Indeed, frognzProposition 2.3, we have |[VS:(Wy) |2 = |[ya(0:) — yill3]|x:]|3 < C2k2||ya(6:) —
|2 < 20;” S;(W;), where we used VS; (W) = (ga(0;) — y¢)x, and ||-||2 < &l|-||. Thus, (1)

holds with b = 2C2k2/\. Below, let L;(y) = L(y; y;) and Gy = VS,(W;) = (9a(0:) — yi)x, .

2.3 Examples of structured prediction

We present several instances of structured prediction along with specific parameter values introduced
so far; see [41, Section 2.3] for further details.

Multiclass classification Let) = {e1,...,es}and ||-||= ||-||1. As the 0-1loss satisfies L(y; e;) =
Ly #el =3,y = 11—y + DoY) = 1|le; — yl|1, we have v = 3 in Assumption 2.1.
Also, v = 2 holds since ||e; — e;|l1= 2 if i # j. The logistic surrogate loss is a Fenchel-Young
loss Sq generated by the negative Shannon entropy 2 = H® + I, (up to a constant factor originating
from the base of log), where H* (y) = — Z?: 1 yi log y; and A is the (d—1)-dimensional probability
simplex. Since €2 is a 1-strongly convex function w.r.t. ||-||; on Ag4, we have A = 1.

Multilabel classification Let) = {0,1}¢ and ||-||= ||-||2. When using the Hamming loss as the
target loss function L(y'; y) = % S0 [y} # i), Assumption 2.1 is satisfied with = 1 and v = 1

The SparseMAP surrogate loss Sq (8, y) = 5[y — 0|13 — 3]|Ja(6) — 0|3 is a Fenchel-Young loss
generated by ) = %||||2 + Lconv(y)- Since 2 is 1-strongly convex w.r.t. ||-||2, we have A = 1.

Ranking We consider predicting the ranking of m items. Let ||-|| = ||-||1, d = m2,and Y C {0, 1}¢
be the set of all vectors representing m X m permutation matrices. We use the target loss function
that counts mismatches, L(y’; y) = .= Y1~ 1[y; ;. #¥ij,)» where j; € [m] is a unique index with
yij; = 1 foreach ¢ € [m]. In this case, Assumption 2.1 is satisfied with v = 4 and y = ﬁ We use a
surrogate loss given by Sq(0;y) =(60, ya(0) — y)—f—%HS@Q(B)), where Q= —%Hs—&—lconv(y) and ¢
controls the regularization strength. The first term in Sq, measures the affinity between 6 and y, while

the second term evaluates the uncertainty of g (0). Since  is ni c -strongly convex, we have A = miﬁ

2.4 Structured encoding loss function (SELF)

We introduce a general class of target loss functions, called the (generalized) Structured Encoding
Loss Function (SELF) [6, 12, 13]. A target loss function is SELF if it can be expressed as

L(ys;yt) = (Y. Vye + b) + c(y1), )

where b € R% is a constant vector, V' € R%*4 g a constant matrix, and ¢: )V — R is a function. The
following examples of target losses, taken from [6, Appendix A], belong to the SELF class:
* Multiclass classification: the 0-1 loss is a SELF with V. = 11T — I, b= 0, and ¢(y) = 0.
* Multilabel classification: the Hamming loss, L(y'; y) =% Z?Zl 1[y; ; #vi], is a SELF with V' =
—2],b=11,and ¢(y) = % (y, 1), where c(y) is constant if the number of correct labels is fixed.
* Ranking: the Hamming loss L(y';y) = = >i" L[y} ;. # i3], where j; € [m] is a unique
index with y; j, = 1 foreach ¢ € [m], is a SELF with V = —I/m, b= 0, and ¢(y) = 1.

Following the work by Sakaue et al. [41], we assume that the target loss function L is a SELF.

2.5 Randomized decoding

We employ the randomized decoding [41], which plays an essential role, particularly in deriving
an upper bound independent of the output set size K = |)| in Section 3.4. The randomized de-
coding (Algorithm 1) returns either the closest y* € Y to Yo (@) € conv(Y) (see Proposition 2.3)
or arandom y € Y satisfying Ely | Z = 1] = yq(0), where Z follows the Bernoulli distri-
bution with a parameter p. Intuitively, the parameter p is chosen so that if g () is close to y*,
the decoding more likely returns y*; otherwise, it more likely returns g, reflecting uncertainty.



A crucial property of the randomized decoding
is the following lemma, which we use in the
subsequent analysis: Input: 0 ¢ R?

Lemma 2.4 ([41, Lemma 4]). Forany (8,y) € 1: Compute q(6) defined in Proposition 2.3.
R? x Y, the randomized decoding ¢q, satisfies y** = ar§ mlE{Hy —Ya(0) H Yye )J*}.
E[L(¢Q(0)7 y)] < %59(07 y), where the ex- A"+ Hy - yQ(a)Ha p<—m1n{1, 2A /V}
pectation is taken w.r.t. the randomness of ¢q. .Sfaglpleozt hN Bg"((_p). .

Remark 2.5. In randomized decoding, computa- ;f 7 =1 tlf:nyg %yg' where ¥ is randomly
tion of Y (0) is the dominant cost, but we can drawn from Y so that E[§|Z = 1] = 5 (0).
compute it efficiently using a Frank—Wolfe-type Output: ¢ (0) =7

algorithm (see e.g., Garber and Wolf [22] and
Sakaue et al. [41, Section 3.1] for details).

Algorithm 1 Randomized decoding ¢q

AN AN

3 Bandit feedback

In this section, we present two OSP algorithms for the bandit feedback setting and analyze their
surrogate regret. Our results can be extended to handle bandit and delayed feedback; see Section 5.
Here, we focus on the simpler case without delay to provide a clearer exposition of our core ideas.

3.1 Randomized decoding with uniform exploration

We discuss the properties of our decoding function, called Algorithm 2 Ranfiomized decoding with
Randomized Decoding with Uniform Exploration (RDUE), uniform exploration (RDUE) g

which will be used in subsequent sections. As discussed Input: 6 € R", ¢ € [0,1]

in Section 2.5, the randomized decoding (Algorithm 1) 1. Sample X ~ Ber(q).

was introduced as a decoding function [41] for OSP with 5. jf X — ( then § + ¢ (0).
full-information feedback. However, naively applying it 3. jf X = 1 then Sample y* from J
does not lead to a desired bound under bandit feedback uniformly at random and g < y*.
due to the lack of exploration. We extend the randomized-  Qutput: Vo(8) =7

decoding framework to handle bandit feedback effectively.

RDUE (Algorithm 2) is a procedure that, with probability ¢ € [0, 1], selects ¢ uniformly at random
from ), and with probability 1 — g, selects the output of the randomized decoding. Let p;(y) be the
probability that the output of RDUE, ¥, coincides with y at round ¢. Note that for any y € ), it
holds that p;(y) > 7= thanks to the uniform exploration. Furthermore, similar to the property of the
randomized decoding in Lemma 2.4, RDUE satisfies the following property:

Lemma 3.1. Forany (6,y) € R? x ), RDUE vq satisfies E[L(1q(0); y)] < %(1 —q)Sa(0;y) +

q%, where the expectation is taken w.r.t. the internal randomness of RDUE.

Proof. With probability 1 — ¢, the randomized decoding is used; otherwise, a uniformly random
output is chosen. Thus, E[L(1/0(6); )] < (1 — ¢)E[L($a(8); y)] + ¢Z=* holds, where ¢, is the
randomized decoding and we used L(+;-) < 1. Combining this with Lemma 2.4 completes the
proof. O

Based on this lemma, we make the following assumption for convenience:

Assumption 3.2. There exists a € (0,1) such that E¢[L;(y;)] < (1 — a)S;(W}) + q. Here, E,[]
denotes the conditional expectation given the past outputs, 41, ..., ;1.

This assumption can be satisfied by using RDUE for a < 1 — %(1 —q)if A > 47"’(1 —q), due

to Lemma 3.1. In what follows, we seta = 1 — %. Note that A > 477 > 477(1 — ¢) holds in the
cases of multiclass classification, multilabel classification, and ranking (see Section 2.3 and [41] for
details). The purpose of this assumption is to ensure that a reduction in the surrogate loss leads to a
proportional reduction in the target loss.

3.2 Online gradient descent

We use the adaptive Online Gradient Descent (OGD) algorithm [42] as ALG, which we apply to
surrogate loss S;. OGD updates W; to Wy, 1 by using the gradient G; = VS;(W;) and learning



rate 7y as Wiy < Iy (Wi — 1 Gy), where Iy (Z) = argminx ¢y || X — Z||r. OGD achieves
the following bound:

Lemma 3.3 (e.g., [37, Theorem 4.14]). Let 1, = B/\/23'_,|Gi||3. Then, OGD achieves
Simt (5:(Wh) = 5,(U) € 320 (G, Wi = U) < V2BV, |Gullf forany U € W,

3.3 Algorithm based on inverse-weighted gradient estimator with O(v/ KT') regret
We present an algorithm that achieves a surrogate regret upper bound of O(v KT).

Algorithm based on inverse-weighted gradient estimator In the bandit setting, the true output y;
is not observed, and thus we need to estimate the gradient of S;(W;) required for updating W;. To

do this, we use the inverse-weighted gradient estimator @t = ﬂg@gt] Gy, where G, = VS, (W) =

(G (0;) — yi)x; . Note that G is unbiased, i.e., E[G;] = Gy. We use RDUE with ¢ = B\/K/T as
the decoding function (assuming 7' > B2 K for simplicity). For ALG, we employ the adaptive OGD

in Section 3.2 with the learning rate of 7, = B/1/2 3! | Gi|12.

Remark 3.4. This study defines the bandit feedback as the value of the target loss function L (g ).
Note, however, that the above algorithm operates using only the weaker feedback of 1[y; # yy].

Regret bounds and analysis The above algorithm achieves the following surrogate regret bound:
Theorem 3.5. The above algorithm achieves the surrogate regret of E[Rr] < (% + 1) BvVKT.

This upper bound achieves the rate of /7", which matches the existing surrogate regret upper bound
for bandit multiclass classification in [45]. Regarding the dependence on K, our bound improves the
existing O(K V/T) bound in [44, 45] by a factor of v/ K. Note, however, that the O(K \/T) bound
in [45] applies to a broader class of surrogate loss functions. For example, in K -class classification,
their bound applies to the base-k logistic loss for £ < K, while ours is restricted to the base-2 logistic

loss. A more detailed discussion is given in Appendix C.3. As for tightness, an Q(+/T") lower bound is
provided in [45] for the graph feedback setting, a variant of the bandit feedback model. This suggests

that the v/T' dependence would be close to being tight, although this lower bound does not directly
apply to the bandit setting. Therefore, whether the rate of v/7 is improvable or not is left open.

Proof of Theorem 3.5. From the convexity of S; and the unbiasedness of ét,
E[Zil (S:(Wy) — S (U))] < ]E[Zz;l (G, W, —U)]. From Lemma 3.3 and Jensen’s in-

equality, this is further upper bounded as E[Y",_, (G, W, —U)] < V2By\/E[Y, ||CA¥t||%] <
~ G 2

B\JEEE[S), 5,(Wy)), where we used E[|Gy}] = 19E < Kg|2< bEs,Wy),

which follows from p:(y) > K/q and (1). From Assumption 3.2, E[Rp] <

E[SE (1— a)Su (W) = Sy(U))] + g < By ZEE[S] S,(W.)] — aB[S, Si(We)] +

qT < % + T, where we used ¢1/7 — cox < ¢2/(4es) forz > 0, ¢y > 0, and ¢z > 0. Plugging

q = B+/K/T into the last inequality completes the proof. O

We can also prove a surrogate regret bound of O(1/ KT log(1/6) + log(1/§)), which holds with
probability 1 — 4. The precise statement and proof are provided in Appendix D.2. To prove this
high-probability bound, we follow the analysis of Theorem 3.5 and use Bernstein’s inequality.
To address the challenges posed by the randomness introduced by bandit feedback, we adopt an
approach similar to that used in [45], and arguably, we have simplified their analysis.

3.4 Algorithm based on pseudo-inverse matrix estimator with O(TQ/ 3) regret

We provide an algorithm with a new estimator that achieves a K-independent surrogate bound, and
we identify the conditions and the class of loss functions under which this new estimator can be used.



While the surrogate regret bound of O(v/ K T) achieves the presumably tight dependence on T, the
dependence on K = |Y)| is undesirable for general structured prediction. In fact, we have K = (;i)
in multilabel classification with m correct labels and K = m! in ranking with m items. To address
this issue, we present an algorithm that significantly improves the dependence on K when the target
loss function belongs to a special class of SELF (2) with the following additional assumptions:
Assumption 3.6. (i) The matrix V is known and invertible, and b and ¢(-) are known and non-
negative. (ii) Let Q = E,, [yy "], where p is the uniform distribution over ). At least one of the
following two conditions holds: (ii-a) @ is invertible, or (ii-b) for any y € ), Vy lies in the linear
subspace spanned by vectors in ). (iii) For some w > 0, it holds that tr(V~1QT (V1) T) < w. (iv)
For any y; € Y and y; € Y, it holds that |{y;, Vy;)|< 1.

The first and fourth conditions are true in the examples in Section 2.4, assuming that the number
of correct labels, m, is fixed in multilabel classification. (While the fourth condition does not hold
when m > d/2 in multilabel classification, we can flip 0 and 1 in the labels to redefine the problem
that satisfies the condition.) The second one holds if ) consists of d linearly independent vectors
or V is proportional to the identity matrix; either is true in the examples. Also, deriving reasonable
bounds on w in those examples is not difficult; see also Appendix D.4 for details.

Algorithm based on pseudo-inverse matrix estimator As with Section 3.3, we consider estimating
the gradient. Let P, = E,,, [yy "] and define the estimator g; of y; by 9: = V1P, 4, (g, Vys),
where P;" is the Moore—Penrose pseudo-inverse matrix of P,. Note that, given that b and c(*)
are known, we can compute (y;, Vy;) = L:(Y:) — (Ut, b) — ¢(y¢). Importantly, y; is unbiased,
i.e., E¢[y:] = y; from the second requirement of Assumption 3.6.

By using this y;, we define the pseudo-inverse matrix estimator é’t by C:‘t = (Ya(8y) —go)z/,
which is also unbiased, i.e., E[G;] = G;. Our estimator is inspired by those used in adversarial linear
bandits and adversarial combinatorial full-bandits [1, 9, 16].

We use RDUE with ¢ = (4wB2C?/T)'/? as the decoding function (assuming T > 4wB>C? for

simplicity). To update W;, we use OGD in Section 3.2 as ALG with n, = B/1/2'_, || G|

Regret bounds This algorithm achieves the following surrogate regret bound independent of K:
Theorem 3.7. The above algorithm achieves E[Rr] = O(w'/3T?/3).

The proof can be found in Appendix D.3. Note that we leverage the structure of OSP when using the
pseudo-inverse matrix estimator, which largely differs from the existing approaches to surrogate regret
analysis for online classification and OSP [41, 44, 45]. With the pseudo-inverse matrix estimator, we
can upper bound the second moment of the gradient estimator G; without K, which allows for the
surrogate regret bound that does not explicitly involves K. This is in contrast to the inverse-weighted
gradient estimator in Section 3.3. The inverse-weighted gradient estimator involves division by py,
whose lower bound comes from uniform exploration on ); consequently, its upper bound depends
on K = |Y|. In other words, the above pseudo-inverse matrix estimator offers an alternative way
to obtain an unbiased gradient estimator while eschewing uniform exploration on ). However,
this comes at the price of a somewhat looser bound on the second moment, which increases the
dependence on T'.

As a corollary of Theorem 3.7, we can derive specific bounds for each problem as follows:
Corollary 3.8. The above algorithm achieves B[R] = O(d*/*T?/3) in multiclass classification
with the 0-1 loss (w = d?), E[R7] = O((d° /m(d —m))Y/3T?/3) in multilabel classification with m
correct labels and the Hamming loss (w = d® /4m(d —m)), and E[Rr] = O(m>/3T?/3) in ranking
with the number of items m and the Hamming loss (w = m®).

The proof of Corollary 3.8 is deferred to Appendix D.4. The bound for multilabel classification with
m correct labels can be significantly better than the O(+/KT') bound in Section 3.3 since K = (d );

m
similarly, the bound for ranking can be much better than the O(v/ KT') bound since K = v'm!.

Complexity of computing P;” The matrix P; equals the sum of Ey.,, [yy ] and E,,[yy " ].
The expectation K, [yy "] can be calculated analytically in the multiclass and multilabel clas-



sification and ranking. For E,,[yy '], when gq(8) is obtained via the Frank-Wolfe algorithm,
p is obtained from the convex combination coefficients, whose support size is at most O(d) as
implied by Carathéodory’s theorem (cf. [4]). Therefore, we can compute P; in O(d®) time, and the
pseudo-inversion takes the same order of complexity.

4 Delayed full-information feedback

This section discusses OSP with fixed-delay full-information feedback and presents two algorithms
that achieve surrogate regret bounds of O(min{D? 4 1, (D 4 1)?/3T'/3}) and O(D + 1), which

are better than the O(1/(D + 1)T') bound obtained by a standard OCO algorithm under delayed
feedback [27]. Although the first upper bound is worse than the second, we include it here as a
preliminary step toward the algorithm for the delayed and bandit feedback setting described in
Section 5.

Below, we make the following assumption based on the randomized decoding of [41].
Assumption 4.1. There exists a constant a € (0, 1) that satisfies E;[L,(g;)] < (1 — a)Se(W2).

From Lemma 2.4, if A > 47’7, this condition is satisfied with a = 1 — % by using the randomized
decoding. We suppose that such a decoding function is used in this section.

4.1 Algorithm based on ODAFTRL with O(min{D? + 1, (D + 1)?/3T'/3}) regret

Algorithm We employ the Optimistic Delayed Adaptive FTRL algorithm (ODAFTRL) [20] as
ALG, which we detail in Appendix E.1 for completeness. ODAFTRL computes the linear estimator
by Wii1 € arg miHWEW{Zf;1D<Gi7 W) + % W%}, where \; > 0 is the regularization
parameter. By updating \; using an AdaHedge-type algorithm (AdaHedgeD), ODAFTRL achieves
the following AdaGrad-type regret upper bound:

Lemma 4.2 (Informal version of [20, Theorem 12]). Consider the delayed full-information set-
ting. For any U € W, ODAFTRL with the AdaHedgeD update of A\ achieves a regret bound of

Y1 (W) = $uU) = O( L G + DXL, S plIGal3 ).

Regret bounds and analysis The above algorithm achieves the following surrogate regret bound:
Theorem 4.3. The above algorithm achieves E[Ry] = O(min{D? + 1, (D + 1)2/3T'/3}).

Recall that the proof ideas for deriving surrogate regret bounds in the non-delayed setting [41, 45]
differ from those in the standard OCO and multi-armed bandits, and thus we cannot naively extend
the analyses of the algorithms for delayed feedback in those settings to our case. Below is the proof
sketch, and the complete proof is given in Appendix E.2.

Proof sketch. From Lemma 4.2 with |Gy]|% < bS;(W;) in (1) and Cauchy—Schwarz, we have
ZtT:I (S:(Wy) — S (U)) = O(D+/S1.T), where Si.p = Zthl S¢(W%). Thus, Assumption 4.1
implies E[R7] < 1_, (Si(Wy) — Sy (U)) —a Y, S:(Wi) = O(DV/S1.r) — aSi.r = O(D?),
where we used ¢ /7 — cax < ¢2/(4co) forz > 0, ¢; > 0, and ¢ > 0. O

We can also prove a high-probability surrogate regret bound of O(min{D? + 1, (D + 1)?/3T1/3} +
log(1/4)), which holds with probability at least 1 — ¢. See Appendix E.3 for the proof.

4.2 Algorithm based on BOLD with O(D + 1) regret

Algorithm We use the Black-box Online Learning under Delayed feedback (BOLD) [27] as ALG.
BOLD constructs D + 1 independent instances of any deterministic non-delayed online learning
algorithm (called BASE) denoted as BASEy, BASE;,...,BASEp. This algorithm selects which
instance to use according to the value of remainder r; € {0, ..., D}, which satisfies r; = t—k(D+1)
for some k € Z>. At each round ¢, BOLD invokes BASE,,. Here, we adopt OGD as BASE. The
pseudocode of BOLD is given in Appendix E.4.



Regret bound The above algorithm achieves the following surrogate regret bound:
Theorem 4.4. The above algorithm achieves E[Rr] = O(D + 1).

The proof is given in Appendix E.4. The upper bound in Theorem 4.4 matches the following lower
bound, whose proof is provided in Appendix E.5.

Theorem 4.5. Let d > 2. For B = Q(log(dT)), there exists a sequence {(xy, y;) }iq with || z¢||2 =
1 such that the surrogate regret with respect to the logistic surrogate loss of any possibly randomized
algorithm is lower bounded by E[R7] = Q(B?*(D + 1)/(log d)?).

5 Delayed bandit feedback

Given the results so far, it is natural to explore OSP with delayed bandit feedback. We construct
algorithms for this setting by combining the theoretical developments from Sections 3 and 4.1.

5.1 Algorithm for bandit delayed feedback with O(\/(K + D)T) regret

We adopt RDUE with ¢ = B+/K/T for decoding (assuming 7" > B?K), the inverse-weighted
gradient estimator G, and ODAFTRL with AdaHedgeD as ALG. Then, the following bound holds:
Theorem 5.1. The above algorithm achieves E[Rr] = O(\/(K + D)T).

The proof can be found in Appendix F.2. This upper bound incurs an additional additive O(v/DT)
factor compared to the bound in the non-delayed case in Theorem 3.5. Whether this surrogate regret
upper bound is optimal remains open. While an (1/T') surrogate regret lower bound exists in the
graph feedback setting [45], no such lower bound is known for the bandit non-delayed setting, and
constructing lower bounds under delayed feedback would be more difficult.

5.2 Algorithm for bandit delayed feedback with O(D'/3T2/3) regret

We provide an algorithm that improves the dependence on K from Section 5.1. We make the same
assumptions on the target loss function as Section 3.4. We use RDUE with ¢ = (wBQCgD / T) 13

for decoding (assuming 7' > wB?C2D), the pseudo-inverse matrix estimator G4, and ODAFTRL
with the AdaHedgeD update as ALG. Then, the following bound holds:

Theorem 5.2. The above algorithm achieves E[Rr] = O(DY/3T?%/3).3

The proof can be found in Appendix F.3. Due to the presence of the delay, the surrogate regret bound
worsens by a factor of D'/? compared to the non-delayed bandit setting. Additionally, we present
algorithms for the variable-delay setting, which we defer to Appendix G due to space limitations.

The algorithm in this section employs ODAFTRL rather than BOLD for the following reasons. First,
ODAFTRL leads to at least as good regret upper bounds as BOLD under bandit delayed feedback.
BOLD-based algorithms with the inverse-weighted gradient estimator and the pseudo-inverse matrix
estimator attain regret upper bounds of O(v/K DT') and O(D'/3T?/3), respectively, which are not
better than the bounds in Theorems 5.1 and 5.2 obtained with ODAFTRL. Second, as noted by
Flaspohler et al. [20], approaches such as BOLD, which run multiple parallel instances, cause each
instance to operate independently and observe only 7'/(D+ 1) losses. This reduction can significantly
worsen empirical performance, particularly when 7' is not very large relative to D.

6 Conclusion

We have developed several algorithms for online structured prediction under bandit and delayed
feedback and analyzed their surrogate regret. Among these contributions, of particular note is the
algorithm for bandit feedback whose surrogate regret bound does not explicitly depend on the output
set size K, achieved by leveraging the pseudo-inverse matrix estimator. An important direction for
future work is to investigate the corresponding lower bounds in the bandit feedback setting. The
existing lower bound of Q(\/T) in the graph-feedback setting [45] suggests that a similar bound
likely holds here as well; however, this has yet to be proven for our settings, and the tightness of our
upper bounds remains an open question.

3Here, unlike in the previous sections, we use D instead of D + 1, since this algorithm is not intended to
handle the non-delayed case of D = 0.
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A Notation

Table 2 summarizes the symbols used in this paper.

Table 2: Notation

Symbol Meaning

TeN Time horizon

deN Dimension of output space )

B = diam(W) Diameter of W

Cy = maxgex||x||2 Maximum norm of input vectors in X

C The maximum of the largest E}lclidean norm
Y of vectors in conv()) or the diameter of conv())

K=Y Cardinality of

ALG Algorithm for updating linear estimators

Yy ey Output chosen by the learner at round ¢

pe(y) Probability that y is chosen as y; at time ¢

L: Y xY —=Rxo Target loss function

Li(y:) = L(Yt; y:)

SQ:Rn X JJ — RZO

St(W) = SQ(WJ?t;yt)

R =0, (L) = Si(U))
(j’t = VS (W)

Value of target loss L(yy; y:)
Fenchel-Young loss generated by {2
Shorthand of surrogate loss Sq (W xy; y;)
Surrogate regret

Gradient of surrogate loss

G, Inverse weighted estimator

C:‘t Pseudo-inverse matrix estimator

w Uniform distribution over )

P, =Ey.,[yy'] Second moment matrix under p;
Q=Ey .lyy"] Second moment matrix under

Amin (A) Minimum eigenvalue of matrix A

w Upper bound of tr(V~1Q*V)

E;:[] Conditional expectation given ¥, ..., Y;_1
DeN Fixed-delay time

T Variable delay time

T = MaXy Ty

Maximum value of delay time

p(t) Time step of the ¢th feedback from SOLID to BASE
~ . 4 e)-1 The number of feedback from SOLID to BASE
Ti=t—1=300 ls+7 <pt)] pending during the tth feedback

B Additional related work

We discuss additional related work that could not be included in the main text.

Structured prediction Before the development of the Fenchel-Young loss framework, Niculae
et al. [35] proposed SparseMAP, which used the squared ¢5-norm regularization. The Fenchel-Young
loss, described in Section 2.2, is built upon the idea of SparseMAP. The Structure Encoding Loss
Function (SELF) was introduced by Ciliberto et al. [12, 13] to analyze the relationship between
surrogate and target losses, a concept known as Fisher consistency. For a more extensive literature
review, we refer the reader to Sakaue et al. [41, Appendix A].
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Online classification with full and bandit feedback In the full-information setting, the perceptron
is one of the most representative algorithms for binary classification [40], and the multiclass setting
has also been extensively studied [15, 19]. Online logistic regression is another relevant research
stream, with Foster et al. [21] being a particularly representative study. The study of the bandit setting
was initiated by Kakade et al. [29], and it has since been extensively explored in subsequent research
[5, 21, 25]. However, to the best of our knowledge, no prior work has addressed general structured
prediction under bandit feedback. One of the most relevant studies is the work by Gentile and Orabona
[24], who investigated online multilabel classification and ranking. However, their setting assumes
access to feedback of the form {1[y; ; # Y] }:, which is more informative than bandit feedback
and differs from our setting. Van der Hoeven [44] introduced the surrogate regret in the context of
online multiclass classification. This study has been extended to the setting where observations are
determined by a directed graph [45] and to structured prediction [41]. For a more extensive overview
of the literature on online classification, we refer the reader to Van der Hoeven [44].

Delayed feedback The study of delayed feedback was initiated by Weinberger and Ordentlich
[47]. Since then, it has been extensively explored in various online learning settings, primarily in
the full-information setting of online convex optimization [20, 27, 28, 34]. Algorithms for delayed
bandit feedback have been studied mainly in the context of multi-armed bandits and their variants
[11, 26, 33, 46, 48]. In online classification, research considering delay is scarce; the only work is
that of Manwani and Agarwal [32] to our knowledge. There are several differences between their
work and ours. Among them, a key distinction is that their study focuses on multiclass classification,
whereas we address the more general OSP.

C Discussion on the surrogate regret

Our work employs the surrogate regret as the performance measure, which represents the excess
target loss relative to the surrogate loss achieved by the best offline estimator. This differs from the
standard regret, which is defined solely in terms of the target loss. Below, we discuss the motivation
and background of the surrogate regret, and compare it to the standard regret.

C.1 Background and motivation

Although the term “surrogate regret” has only recently come into use, its concept dates back to the
classic analysis of the perceptron [36, 40]. Specifically, the celebrated convergence of the perceptron
under linear separability can be interpreted as a finite upper bound on the surrogate regret, where
the hinge loss of the best offline estimator, Zle S¢(U), equals zero; see Orabona [37, Section 8.2].
Since then, similar performance measures have continued to attract considerable attention in the
literature [8, 10, 19, 21, 23, 29]. The concept of the surrogate regret was highlighted in the recent
work by Van der Hoeven [44] on online classification, and the terminology was explicitly used in the
subsequent work by Van der Hoeven et al. [45]. Later, Sakaue et al. [41] extended this concept to
online structured prediction.

The surrogate regret is designed to evaluate how small the cumulative target loss can be made, sharing
the same spirit as the standard regret in this regard. The main motivation for using the surrogate
regret lies in the empirical observation that the cumulative surrogate loss can often be made very
small. An extreme case is the linearly separable setting considered in the convergence analysis of the
perceptron, where ZtT:l S¢(U) = 0 holds for the hinge loss. Thus, the surrogate regret naturally
captures the data-dependent easiness of a problem and yields better upper bounds on the cumulative
target loss as the cumulative surrogate loss becomes smaller.

C.2 Comparison to the standard regret

In online classification, given a hypothesis class H consisting of mappings from X’ to A4, the standard
regret is defined as Zthl 1|y # yi] — infren Zthl 1[h(xs) # y¢]- Unlike the surrogate regret,
it is defined solely in terms of the target loss. At a conceptual level, the standard regret focuses
more on worst-case analysis under the agnostic setting, whereas the surrogate regret is designed to
benefit from data-dependent analysis, as discussed above. For the standard regret, Daniely et al. [17]
established a lower bound of Q(1/Ldim(#)T"), where Ldim(#) denotes the Littlestone dimension
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of H. This does not contradict the finite upper bound on the surrogate regret, since the cumulative
surrogate loss may grow with 7'

C.3 Discussion on the difference in surrogate loss functions

As in Section 1, the surrogate regret, R, is defined by Zle Ly, yt) = ZZ;I S(Uxs;y:) + R,
which means the choice of the surrogate loss function, .S, affects the bound on the cumulative loss
ZL L(y:; y¢). Van der Hoeven et al. [45, Theorem 1], which applies to a more general setting
than bandit feedback, implies Ry = O(K \/T) for the bandit setting with .S being a logistic loss

defined with the base-K logarithm. On the other hand, our bound of Ry = O(v/ KT) applies to
the logistic loss S defined with the base-2 logarithm. As a result, while our bound on R is better,

the Zf:l S(Uwy;y:) term can be worse; this is why we cannot directly compare our O(vV KT

bound with the O(K+/T) bound in Van der Hoeven et al. [45, Theorem 1]. We may use the decoding
procedure in Van der Hoeven et al. [45], instead of RDUE, to recover their bound that applies to
the base- K logistic loss. It should be noted that their method is specific to multiclass classification;
naively extending their method to structured prediction formulated as |)|-class classification results
in the undesirable dependence on K = |)|, as is also discussed in Sakaue et al. [41]. By contrast,
our pseudo-inverse estimator, combined with RDUE, can rule out the explicit dependence on K, at

the cost of the increase from /T to T2/3.

D Details omitted from Section 3

This section provides the omitted details of Section 3.

D.1 Concentration inequality

To prove high probability regret bounds, we will use the following concentration inequality.

Lemma D.1 (Bernstein’s inequality, e.g., [8, Lemma A.8]). Let Z1,...,Zr be a martingale dif-
ference sequence and & € (0,1). If there exist a and v which satisfy |Z|< a for any t € [T and

Zthl E;[Z}] < v, then with probability at least 1 — 6, it holds that

T

/ 1 V2 1
EZ< 2ulog = + —alog —.
2 t < Uog5+ 3@0g(S

D.2 Proof of high probability bound

Here, we provide the proof of a high probability bound. Hereafter, we let Sp,.x = maxw ew St (W)

and §f(W) =S (W) = %5} (W). The following theorem is the formal version of the high

probability bound under the bandit feedback:
Theorem D.2. Consider the bandit and non-delayed setting. Let

B%Kb
2(1-¢)

Then, for any T > C and § € (0,1/2), with probability at least 1 — ¢, the algorithm in Section 3.3

with ¢ = \/C/T achieves

RT S 2\/C7T + 210g(2/6)(CT)1/4 + (2(a1+_§a_1) + 2) 10g(2/(5)

3
C = (2(a+§—1) + 1> K Smax log(2/6) +

Before proving this theorem, we provide the following lemma:
Lemma D.3. It holds that

T

> (BdlLe(@)] - Si)) < 3-((1 — a)Su(Wi) = S.(Wi)) +aT + V2B

t=1 t=1

b T
- Z ’UtSt(Wt).
q t=1
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Proof. We have

i(Et[Lt@m—@(U)) fj(uzt[myt)] SiW) + X (Suwh) - Suw)).

t=1 t=1 t=1

From Assumption 3.2, the first term is bounded as

i(Et[Lt@m - 5u(w) < sz(u — a)Si(Wy) = 5,(Wh)) + dT,

t=1 t=1

and the second term is bounded as

T

T T
S (5w = 5,U)) < V2B, YIGHIIE = VIB| > |Gl

t=1

T T
K
S \/iB b E ’U%St(Wt) S \/iBJ % E UtSt(Wt),
t=1 t=1

where we used Lemma 3.3 and v; < K/q. Combining the above three, we obtain

S (BlLa(@)] - 5uv)) < 30 ((1 - a)SuWa) — 5i(Wh)) +a7+ VEB, | 22 5~ sy (Wo),

t=1 t=1

which completes the proof. O

Proof of Theorem D.2. The surrogate regret can be decomposed as

T T

Rr =Y (Le(G) = Be[Le(@)]) + D (e[ Le(r)] — Se(U)). 3)

t=1 t=1

We first upper bound the first term in (3). Let Z; = L;(y;) —E¢[L: ()] for simplicity. Then, we have
Zy <1,E[Z,] = 0, and E, [Z2] < E¢[(Le(92))?] < (1 — a)S¢(W;) + g. Hence, from Bernstein’s
inequality in Lemma D.1, for any 6’ € (0,1), at least 1 — §’ we have

d V2
Z; < $210g (1/6)> (1 = a)Sy(Wh) + q) + ?log(l/é/). 4)
t=1

Mq

t=1

We next consider the second term in (3). Define r, = S, (U) — £S:(W) for some £ € (0, 1), which
will be determined later, and let v; = 1[y: = y:]/p:(y:) < K/q for simplicity. Then, we have
]Et[’Ut’f't — ’I"t] = O |’Ut’l"t — Tt| § KSmax/Qs and

KSIIIELX
q

Hence, from Bernstein’s inequality in Lemma D.1, for any §” € (0, 1), with probability at least
1 — ¢"” we have

KSI’I’]H.X

E¢[(vire — 1¢)?] < Eg[(vgre)?] < (Se(U) + S (W)).

Ire] <

T

T

KSmax QKSIH&X
S —ri) < J:ﬂog 1/ 3 K5 5,0 1 s, w) + Y2 S 01/, )
t=1

t=1 q

Below, we proceed by case analysis.

When 23:1 Sy(U) < Zf:l S(Wy). We first consider the case of Zle Sy(U) < Zle St(We).
From Lemma D.3, we have

ZEt [Li(yr)] — T
=1
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1 t=1

T
S thSt(U) + Z((l — a)St(Wt) — UtSt(Wt) + \[BJ thSt Wf)

=7

+(1—G)ZSt(Wt +\[B\l thst Wt

t=1

B2Kb
<thrt+ (1-a) ZSt (W) + ( yt

where the last inequality follows from ¢11/Z — cox < ¢2/(4cg) forx >0, ¢; > 0, and ¢ > 0. From
the concentration result provided in (5), this is further bounded as

T
ZEt Li(gy)] — qT < Z Sy(U) — &S (Wh)) + J 3log(1/6") %(&(U) + S¢(Wh))

t=1

V2K Snax d B2Kb
+ " og(1/6")+ (1 —a Si(Wy) + ———,
where we recall that r, = S;(U) — £S;(W;). Rearranging the last inequality and using the inequality
that Z;‘ll S¢(U) < Zthl S¢(W3), we obtain

T T
t;(Et[Ltm —S,(U)) < qT + J 61og(1/6") g KSmasx ¢ 7 4 mgf‘“ log(1/5")
) B2Kb
+(]. —a—f);St(Wt) + m

In what follows, we let &' = 0" = §/2 and £ = (41”)7 for a sufficiently small constant ¢ > 0, which
satisfies @ + £ > 1. Then, plugging (4) and the last inequality in (3), with probability at least 1 — 4,
we obtain

T
Rr < J?log 2/9) Z ((1 = a)Sy (W) —l—q)—f—glog(Q/é)—i—qT
t=1

T
KSmax ﬂKSIIIaX

t=1

T 2
+(1a§)ZSt(Wt)+2f(glffb§)

Sﬂagz_u(“a)+wffw)bﬂW®+2ﬂW%@M)+ﬁ?mgy®+qT
2
+ \/iléjmlog(wd)—k B

2¢(1-¢)

1 3KSmax 10g(2/5) BQKb
Sf]( 2(a+€&-1) KSmaxlOg(2/5)+2(1_€>>+qT+\/m
1 V2
Fafare TR g los/)

% +qT + /2qT log(2/6) + (1—a)log(2/0) + g log(2/9).

v
20 +&—1)
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Using the definition of ¢ = /C/T with the last inequality, we obtain

1—a

RT S 2\/07+ (CT)1/4 10g(2/5) + (2(@-‘1-6—1)

+ ?) log(2/46).

When ZtT:1 Sy(U) > Zthl Si(Wy). We next consider the case of Zthl Sy(U) > ZtT:1 St(Wh).
We have

T T
Rr =Y (Le(@e) — ELo(@)]) + > (Ee[Li(Gh)] — Se(U))
T f T
< | 210g(1/8) > (1= a)Su(Wy) +q) + —log (1/8") + Y (B [Lo(Gr)] — Se(W2))
T f T
< \ 210g(1/5/);((1 — a)Sy(W,) +q) + 7log (1/8") +t§;: —aS, (W) + q)
< ()21¢ +/2qT log(1/8") + flog 1/68") + qT,

where the first inequality follows from (4) and thl Sy(U) > thl S¢(W¢), and the second
inequality follows from Assumption 3.2, the last inequality follows from c11/Z — coz < ¢ /(4cz) for
x> 0,c¢ > 0,and ¢y > 0. Substituting ¢ = 1/C/T and &’ = §/2 in the last inequality, we obtain

Ry < A= VRC) | mioemrsiiery it + Y2 og(a/s) + VET.

- 2a
This completes the proof. O

D.3 Proof of Theorem 3.7

Here, we provide the formal version and the proof of Theorem 3.7.
Theorem D.4 (Formal version of Theorem 3.7). The algorithm in Section 3.4 achieves
bB? ;
E[Ry] < — + 25/3,1/3(BC,T)*/®.
a
We recall that P, = E, [gtgﬂ . We then estimate y; by y; = V"' P4, (y;, Vy;) and G, by G, =
(¥a(0:) — )=, under Assumption 3.6. This G, satisfies E, [ét} = G. To prove Theorem 3.7,
we will upper bound E, {Hét ||%} . To do so, we begin by proving the following lemma:
Lemma D.5. Let A and B positive semi-definite matrices with Im(A) = Im(B) and A = B. Then,
it holds that AT < BT,

Proof. Since Im(A) = Im(B), there exists an orthogonal matrix R, a diagonal matrix A, and an
invertible matrix B’ that has same dimensions as A such that

_ O O T _ O O T
AR<O A)R and BR<O B,)R.

Then, we have

AT=R (8 AOl) R" and B*=R (g B(,)1> R'. (6)

From A = B, we have A = B’, which implies A~ =< B’~!. From this and (6), we have
At < BT, as desired. O
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Using this lemma, we prove a property of P, and an upper bound of E, [tr(%;7, )]. In what follows,
we use Apin(A) to denote the minimum eigenvalue of a matrix A.

Lemma D.6. Suppose that tr(V'Q(V 1)) <w for Q = Ey.,lyy"], where we recall that ju is
the uniform distribution over ). Then, we have

E,[tr(g:9, )] < g

Proof. By the linearity of expectation and the trace property, we have
Joys _ PR T _ T
Efu@y))] < (VPR GE P (v ) =u(viR PR (V)
— (VIR (V) ),

where the first inequality follows from —1 < (g;, Vy;) < 1 and the last equality follows from
P P,P" = P;". The right-hand side is bounded as follows:

w(VIRH(v) ) = ZeTV 1PV zdj Q) (v e

gtr((v—l) (qcz)) SV ‘1Q+(V‘1)T)§%,

where in the first inequality we used Lemma D.5 and in the last inequality we used the assumption
that tr(V=2Q™(V~!)T) < w. This completes the proof. O

Now, we are ready to upper bound E, [||C~¥t ||%] .
Lemma D.7. Under the same assumption as Lemma D.6, it holds that
2C%w

q

E, [HétH%} < 205 (Wy) +

Proof. We have
IGHE = (G (8e) — gz & < 2| (Fa(8:) — yo)a/ |IF + 2 (ye — gz, [IF
< 2|Gellf + 20 llye — w3,
where we recall C, = diam(X’). From this inequality, we obtain
E:|I1Gill?] < 201G + 262, [lly: — 5ill]

< 2bSt(VVt> + 203(“%”2 - 2yt Et[yt] + Eq [HytH ])
= 2bS,(Wy) + 203(“%”2 —2|lyel|3 + By “lyt||2])

9 - T 2C%w
S QbSt(Wt> + 2Cw]Et [tr(ytyt )] S 2bSt(Wt) + 5

where in the second inequality we used | Gy||% < bS; (W), in the equality we used E;[g;] = y:, and
in the last inequality we used Lemma D.6. O

Finally, we are ready to prove Theorem D.4.

Proof of Theorem D.4. From Assumption 3.2, we have

E[Rr] <E|> (S:(Wy) — Si(U)) —aElZSt(Wt) +qT
t;l . t=1
<Gt7 Wt — U> —alE ZSt(Wt) + qT
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From Lemma D.7 and the unbiasedness of Gy, the first term in the last inequality is further bounded
as

—E ZT:<C~J,§,W,5U>1 <V2B,|E

T

| S

ET: IIC:‘tI%]

t=1

<2B

+2BC,\/w/q,

where the first inequality follows from Lemma 3.3 and the last inequality follows from Lemma D.7
and the subadditivity of = — /x for z > 0. Therefore, we obtain

> 5wy

t=1
bB?
< T + 2BCI\/ w/q + (]T,

where we used ¢/ — cox < ¢3/(4eg) forz > 0, ¢; > 0, and co > 0. Finally, substituting

E[Rr] < 2B, |bE +qT (7

+2BCy\/w/q — aE lz S (W)

t=1

1/3
= (%) in the last inequality gives
bB?
E[Rr] < — + 25/3,/3(BC,T)*/?,
a
which is the desired bound. O

D.4 Proof of Corollary 3.8

We derive the surrogate regret upper bounds provided by the algorithm established in Theorem D.4
for online multiclass classification, online multilabel classification, and ranking. Recall that we can
achieve

2
E[Ry] < b% + 25313 BC, T)??, ®)

where we recall that w is defined as tr(V='QT (V1) T) < wfor @ = Ey,[yy " ]. Note that when
span()) = RY, then the matrix @ is invertible and A, (Q) > 0, and hence

d
tI‘(V_lQ+(V_1)T) — ZeiTV_lQJF(V_l)
=1

1
< ———||[V7YA. 9

Consequently, surrogate regret bounds for specific problems are obtained as follows:

ez = /\mm el ||2

||‘M&

Multiclass classification with 0-1 loss We first consider multiclass classification with the 0-1
loss. From V' = 117 — I, we have |V~ !|2 < d for d > 2. Recalling that y is the uniform

distribution over Y = {ey, ..., eq}, wehave By, [(y T@)?] = & Zle 2?2 for any = € R%. Hence,
Amin(Q) = minjz,=1 Ey~p [(yTa:)z] = é, where the first equality follows from [9, Lemma 2].
Since span()) = R< holds in this case, from (9), we can set w = d/Apin(Q) = d?. Substituting

these into our surrogate regret upper bound in (8), we obtain

2
B[Rr] < 22 4 25/3(aBe, Ty,
a

Online multilabel classification with m correct labels and the Hamming loss We next consider
online multilabel classification with the number of correct labels m and the Hamming loss. Since

V = —2I, we have [V} = %. Let Y C {0,1}9 be the set of all vectors where exactly m
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components are 1, and the remaining components are all 0. By drawing y € ) according to the

uniform distribution over )/, the probability that a given component of y is 1 is (’”_1) /() =2

d—1 d d-

Hence, for any = € R? with ||z||2 = 1, we have

m o m? m(d—m), .o _ m(d—m)
Byl = 5 3+ S = zxz )y md )
i=1 i#
Thus, Amin(Q) = min g ,—1 By [(y72)2] > ™9™ holds, where the equality is from Cesa-
Bianchi and Lugosi [9, Lemma 2]. Since we have span()) = R4, from (9), we can set w =
m > |[V7|12/Amin (Q). Therefore, our surrogate regret upper bound in (8) is reduced to

bB2 d5 1/3
E <= 42— BC,T)?/3.
[Rr] < ot (m(d—m)> (BO.T)

Ranking with the Hamming loss and the number of items m We finally consider online ranking
with the Hamming loss and the number of items m. From Cesa-Bianchi and Lugosi [9, Proposition 4],

the smallest positive eigenvalue is at least 1/m. Hence, since V' = —%I , we have
rank(Q*)
tr(VIQH(VHT) = m? tr(Q™) < m? Z m < m?,
i=1

where we used rank(QT) < d = m?, and this allows us to choose w = m®. Substituting these
values into our surrogate regret upper bound in (8) , we obtain

E[R7] <

2
< % + (2m)*/3(BC,T)%3.

E Details omitted from Section 4
This section provides the proofs of the theorems in Section 4.

E.1 Details of Optimistic Delayed Adaptive FTRL (ODAFTRL)

We provide a more detailed explanation of the Optimistic Delayed Adaptive FTRL (ODAFTRL)
algorithm used for updating W in Section 4.1. Recall that ODAFTRL computes W by the following
update rule:

- el [W I3
W;,.1 = arg min E (G, W) + 5 £ (10)
wew | =

where \; > 0 is the regularization parameter. Note that we use the notation a;.; = Zle a; for
simplicity in the following. The ODAFTRL algorithm, when using the parameter update called
AdaHedgeD, satisfies the following lemma:

Lemma E.1 ([20, Theorem 12]). Fix a > 0. Let fe: W — R be a convex function for each
t=1,...,T. Suppose that we update )\, in (10) by the following AdaHedgeD update:

1 t—D
A = — 557
= ;

(St = min{FHl(Wt) — Ft+1(Wt)7 <Gt7 Wt - Wt>7 Ft+1(wt) - Ft+1(Wt) + <Gt7 Wt - Wt>}+’
W, = argmin Fy, (W),
Wew

‘//17} = arg min{FtH(W) — min{”GtHF, 1}<GtD;t, W}}, and
Wew |Gi—p:tll¥
MW |2
Fip1(W) = M + (G, W).
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Then, for any U € W, ODAFTRL achieves

T T T
B2
t;ft(wt)f;ft( z:: G, W, -U) < (m“) 2 max 0, piot + > a? +2ab, |,

t=1

where
a; = Bmin{||Gi—p.lr, |Gir},

1 1 1
by = iber(Ge | Gill). and huber(, ) = 3a* = 3(l-Iy2 < min S ol }.

. 2 . . . . . .
In the following, we let o = BT for simplicity. Then, since S; is the convex function ,we have

T T T
;St(Wt)—;St( z:: Gt,Wt <2 Qm?j)ﬁa& D:s—1 + Za%-{-B%t

t=1

E.2 Proof of Theorem 4.3

We present Theorem 4.3 in a more detailed form and provide its proof. In what follows, let
C, = max{ max ,  max -y
e N
denote the maximum of the largest Euclidean norm of vectors in conv()) or the diameter of conv(}).
Theorem E.2 (Formal version of Theorem 4.3). Let = %2. Then, ODAFTRL with the AdaHedgeD
update in online structured prediction with a fixed delay of D achieves

2 2
25", min{b(Dm 3@ B' (D + 1)2T)1/3}.

E[R7] < ABC,C,D + SR

Proof. From the definition of b,, it holds that

T T
. 1
S b < me{2|at_pzt||%, |Gt_D;tF||Gt||F}

t=1 t=1

T t
MPED S S sWh).C.Cy(D + 1)

t=1 s=t—D

< min

where we used ||>°1 | A;||2 <n i ||A;|? for any matrix A;, the Cauchy—Schwarz inequality,
|Gtllr < |ga(6:) — yell2|lzt|l2 < C.Cy, and ||Gy]|E < bS;(W;). Combining this inequality with
Lemma E.1 and the definition of a;, we have

Z Sy(W;) — S,(U))

s—1
< 4B ma G;
< 4B max Z42_:}3” [r

T t T
b(D +1)
+2B | > |G| + min LZ D S (Wh), CoCy(D +1), | BT > Se(Wh)
t=1 t=1s=t—D t=1
T
<A4BC,CyD + (| bB2 > S{(Wy)
t=1

1/4
. b(D +1)2 4
+ 2min #;St(wt)v bBCCI(D +1)*T > " Sy(Wr) ,

t=1
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where we used ||Gy||% < bS;(W,) and the subadditivity of z +— / for z > 0 in the last inequality.
From this inequality and Assumption 4.1, we can the evaluate surrogate regret as

T
E[Rr] < Z (1 = a)Sy(Wy) — S (U))

<4BC,C,D +
: b(D+1)? ¢ 442 2 2 S e -
+2ming | = —— ; S (W), (bB*C2C2(D +1) T; S, (W) —a)_ Sy(Wy)
2082 b(D+1)* 3
< 4BC,C,D + + min{(“7 5 (0B C2CH(D + 1)2T)1/3},
a

where in the last inequality we used c; /7 — cox < ¢2/(4co) and c12 — coz* < (3/4) (c‘f/(402))1/3,
which hold for any > 0, ¢; > 0, and co > 0. O

E.3 High-probability regret bound

We present the result of the high probability bound in a more detailed form and provide its proof.

Theorem E.3. Let o = 372 and § € (0,1). Then, ODAFTRL with the AdaHedgeD update in online
structured prediction with a fixed delay of D achieves

2 1
Ry <ABC,C,D + g log
2
\/(1—a)log i +/2bB2 D+1)2 .
+ ( i ) + min YD +1)" , §(CL—11113‘10502(D + 1)2T)1/" ,
a a 2 Y
with probability at least 1 — 0.
Proof. We decompose R into
T T
Rr =Y (Le(@e) — ELo(@)]) + > Ee[Le(Gh)] — Si(U)). (11)
t=1 t=1

Let Zt = Lt(@t) — Et [Lt(gt)] Then, we have |Zt|§ 1 and Et [th] S ]Et [Lt(:l/]t)] S (]. - G)St(Wt)
from Assumption 4.1. Hence, from Lemma D.1, with probability at least 1 — J, the first term in (11)
is upper bounded as

T T

1 V2. 1
E Zi <, 12(1 —a E S (Wy)log = + — log —. 12
2 t S ( )t:1 t( t) g5 3 g5 (12)

From Assumption 4.1 and Lemma E.1, the second term in (11) is also upper bounded as

T
> (EdLi(@0)] - Si(U))

T
<4BC,CyD + \|bB2 Y 5,(W)
t=1
b(D + 1)2 & d v d
+ 2min Z (bB4c2C2(D +1°Ty st(wt)> —a)_ Si(Wy),
t=1 t=1 =

13)
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Algorithm 3 Black-box Online Learning under Delayed feedback (BOLD)

Input: BASE instances BASEq, BASE,, ... ,BASEp
1: for timestept =1,2,...,7T do
2: Setr < r, = ‘- k:(D+ 1), where r, € {0,..., D} and k € Z>o.
Set W, <— W,. as the prediction for the current time step.
Receive the delayed feedback.
Update BASE,. with the feedback.
W,. < the next prediction of BASE,..

AR AN

where we used the subadditivity of x — /x for > 0. Therefore, substituting (12) and (13) into
(11) gives

2 1 1
Rr <4BC,CyD + % log 5 + (1/2(1 —a) logg + 2V bBQ>

T 1/4 T
+ min Z <b340202(D+ 1) TZSt W, > —a)_ Si(Wi)
t=1 t=1

t=1

> 8wy

2
i1 ( (1—a)logl+ \/2bB2)
<4BC.C,D + 5 log 5 + a

2
+ min{b(D:”, %(m%B‘*CﬁCj(D + 1)2T)1/3},

where we used ¢1/7 — cox < ¢2/(4c) and ¢y — cox* < (3/4) (C%/(402))1/3 forx > 0,c; >0,
and co > 0 in the last inequality. This is the desired bound. O

E.4 Algorithm based on (D + 1)-copies of online algorithms

Here, we provide the detail of Section 4.2. The pseudocode of BOLD for fixed delay D is Algorithm 3.
By using Algorithm 3, we can achive the following bound:

Theorem E.4 (Formal version of Theorem 4.4). BOLD with adaptive OGD achieves the surrogate
regret of

bB?(D +1)

<
]E[RT] - 2a

Proof. Let T} be the set of rounds ¢ for which the remainder when dividing ¢ by D + 1 is equal to
j—1,ie,T; ={t|r, =j— 1}. By partitioning 7T into these disjoint sets, we have

T D+1
D (S(Wy) =S, (U) < > | D (S-(Wh) = S-(U)
t=1 j=1 \r€T;

Applying OGD in Section 3.2 with the learning rate of 7, = B//2 22:1 |G¢||% to each independent

block, we obtain
> (8- (Wr) = S(U) < V2B | |IG-|3.
TETj TETj

Thus, it holds that

T D+1
D (S (W) = Su(U) <v2B Y > IIG.?
t=1 j=1 \| €Ty
T T
<\[2B2(D+ 1)) IG[E < 4| 20B2(D + 1) Z
t=1 t=1
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where the second inequality follows from the Cauchy—Schwarz inequality and the last inequality
follows from (1). Therefore, combining this and Assumption 4.1, we have

T T
E[R7r] <Y (Si(Wy) = Si(U)) —a > Si(Wy)
t=1 t=1
T T
bB%(D + 1
< 2bB2D+1Z L(W2) —atzlstwt 7#,
where we used ¢11/7 — cox < ¢2/(4cg) for x > 0, ¢; > 0, and ¢ > 0 in the last inequality. O

E.5 Proof of Theorem 4.5

Here we provide the proof of Theorem 4.5.

Proof. Assume for simplicity that M = (B2 — log?(dT))/(log(2d))? is a positive integer. We
partition the time indices t = 1, ..., (D + 1)M into M blocks by grouping every consecutive D + 1
rounds. In each block, we set an identical input vector and a true class. Specifically, we define the
input vectors and the true classes as follows.

For each s = 1,..., M + 1, sample a true class i; € [d] uniformly at random. Set z; = e, for
t=(D+1)(s—1)+1,...,(D+1)sforeachs=1,..., M, and &; = epr4; fort > (D + 1) M.
Define the offline estimator U’ € R%*(M+1) such that its s-th column (s = 1,..., M) is log(2d)e;_,
and its (M + 1)-th column is log(dT')e;,, .. Note that |U’||% = M (log 2d)? + (log(dT))? = B?
holds.

‘We denote :l/j; = g(D+1)(S,1)+Z—, yi, = Y(D+1)(s—1)+i> and S; = S(DJrl)(S,l)Jri. Note that, within
each block, the corresponding true class is not observed at the beginning of the D + 1 rounds. Thus,
foreachs =1,...,M +landi=1,...,D+ 1, we have E[1[g} # y]] > 1 — 4. By the same
calculation as that of Sakaue et al. [41, Theorem 13], we also have S¢(U’) < (1 — 1). Thus, for
eacht=1,...,D + 1, we have

al = 7 Z % / M 1 M B2
;E[ﬂ[ys # y.l] —;53(0')2 2<1_d> =y :Q<(logd)2>'

Summing over: = 1,..., D + 1 yields

(D+1)M (D+1)M 9
, B*(D+1)
; E[1[y: # y.]] Z Sy(U") ((log EA

The contribution of rounds ¢ > (D + 1)M to the surrogate regret is non-negative. In fact, by the
definition of U’, we have Zt>(D+1)M S(U") < W(l — %) <1- %, and we also have
Yisrnym B[y #y]] =1 - 1 since ipr41 is selected uniformly at random.

Therefore, it holds that
T T
B*(D+1)
E[Rr] > — S(UN)=Q ——=
T] > z:: (Yt # Y] ; +(U") ( (log d)? )
which completes the proof. O

F Details omitted from Section 5

This section provides the omitted proofs of the theorems in Section 5.
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F.1 Common analysis

We provide the analysis that is commonly used in the proofs of Theorems 5.1 and 5.2. Although we
use C:’t as a notation for the estimator for convenience in this subsection, the same argument applies
equally to G;. We use ODAFTRL with the AdaHedgeD update in Appendix E.1 as ALG. Here, we
recall that ]E[ZtT:1 (S:(Wy) — S (U))] < E[Zthl (G, W, — U)] from the convexity of S, and
the unbiasness of CAv’t. From Lemma E.1, it holds that

é,W— ) <2 Qmaxa + a? + B2%b, |, (14)
tz:;< t, Wi MmAX 4t Dit-1 Z 7 ¢

t=1
where

s . (14 N .
0 = Buin{|Gy_plir. [Gillr} and btsmm{2||Gt_D:t|%,nGt_D:tnﬂGt|F}.

By the definition of a;, we have

E _Dit— G, 15
[?el%at D:t 1} = {1613%52[)” ||F]7 (135)
and thus
R T
E Gy, W; —U)| <2|2E|maxa + 4| E ai| + B, |E b
LZ} v >] [tem e 1} Z t 2 t]
t—1 T T
<2B|2E max ST G e| +|EDCIGHR| + | E th] :
[ t=1 t=1
(16)
where we used the subadditivity of & — /x for z > 0. The last term in the last inequality is further
bounded as
T T R T T -1
E[th <E|31G-plr Gl SElZIIGtI% +E[Y G Y |Gs||F]
t=1 = = t=1 s=t—D
ZnthF +E ZEt[mtnF} S e ||F], (17)
s=t—D

where the second 1nequahty follows from the triangle inequality and the equality follows from the
law of total expectation.

F.2 Proof of Theorem 5.1

We provide the complete version of Theorem 5.1:
Theorem F.1 (Formal version of Theorem 5.1). The algorithm in Section 5.1 achieves

4bB
E[Rr] < 4BC,C,D + <a + 1) VKT + 2BC,C,VDT = O(\/(K + D)T).

Proof. First, we will upper bound E {23:1 bt} . From (17), we have

T T T
E th E ZII@II% E ZEf[|Gt||F] Z |é€||F]
- = t=1 s=t—D
T -1 R
<E Z“GtHF +C,CyE Z Z E, [HGSHF]‘|
L t=1 s=t—D
<E ZH@II% +C2C2DrT, (18)
Li=1 i
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where the second and third inequality follow from the inequality [E; [||@t ||F] = ||Gillr < CuCy.
Hence, from E; [||C:’t||p} < CCy, (16) and (18), it holds that

T T T
E|Y (G, W, —U)| <2B|20,0,D+ |E\D_|GZ| + | E| D IG:|3| + c2c2pT
t=1 t=1 t=1
T
< 4BC,C,D + 43\ E lz |Gy||2| +2BC,C,vVDT
t=1
WK | &
< 4BC,C,D + 4B quZ S, (Wy)| + 2BC,C, VDT, (19)
t=1

where in the second inequality we used the subadditivity of  — +/z for z > 0 and in the last
inequality we used

~ G/} K bK
E ()G 2] = LG o Koo K gy,
JIGHE] = b < GRS = s
Therefore, combining all the above arguments yields
T T
E[Rr] <E Z(St(WaSt(U))} —aE | > Sy(Wy)| +qT
t=1 t=1
T T
<E|> (G, W, —U)| —aE|>_ Si(Wy)| +qT
t=1 t=1

T
> 5wy

t=1

T
bK
<4BC,C,D + 4B 71@ lz S:(Wy)| +2BC,C,VDT — aE +qT

t=1

4bB? bK
v +2BC,Cyv DT +qT,

< 4BC,C,D +

where the first inequality follows from Assumption 3.2, the second inequality follows from the
convexity of S; and the unbiasedness of G, and the last inequality follows from ci4/x — cox <
c2/(4cy) forz > 0, ¢; > 0, and ¢ > 0. Finally, from ¢ = B/ K /T, we obtain

:;
E[Rr] < 4BC,C,D + (l; + 1) VKT +2BC,C, VDT,

which is the desired bound. O

F.3 Proof of Theorem 5.2

We provide the complete version of Theorem 5.2:
Theorem F.2 (Formal version of Theorem 5.2). The algorithm in Section 5.2 achieves

2
85 O(w1/3D1/3T2/3>.

E[Rr] = 4BC;C, (2D +VDT) + —

Proof. First, we will derive an upper bound of E {Zthl bt] . We first observe that

Ed[I1Gille] = B[l @a(0) - g)e] |1e]
< EIGille + Cullye — Gilla) < 1Gille + CoBulllyell2 + 5]2)

< Gills + CuCy + CuE, { (@] )} < Gillr + CoCy + Cor /e [er(GeT )]
< ||Gi|lr + CoCy + /C2w/q < 2C,C,, + /C2w/q, (20)
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where the first inequality follows from C;, > ||a;||2, the third inequality follows from Cyy > ||y ||2, the
fourth inequality follows from Jensen’s inequality, and the fifth inequality follows from Lemma D.6.
Thus, combining (17) with the last inequality, we have

T T t—1
E[> b ZHGtHF +E|Y E:|IGillr] Y ésnF]
t=1 t=1

s=t—D

<E
Lt=1
rr 7 CQUJ T t—1

<E|> G| + <acxcy+\/ )E[z E, [IG, w]]
t=1 t=1 s=t—D

2

L 9 C2w
<E Z||Gt||F + DT | 20,C, + .| (21)

Hence, from (16), (20), and (21), we have

T
E[Z (G, W, — U>]

t=1

t—1 T T
< 2B | 28 | max 1Gslle | + B> G2 | + (| B o
telr] s=t—D t=1 t=1
T B T
<2B|4C.CyD +2C:Dy/w/q+ |E[D> G2 | + | E th]
t=1 t=1

T
< 8BC,C,D +4BC,D\/w/q+4B,|E|Y_ |GI2| +2B (QCmCy + Cx\/o.)/q> VDT
t=1
<8BC,CyD + 4BC,D+/w/q
T C2w
+4B,2Y° (bSt(Wt) + == ) +2B (2CmCy + Cx\/w/q) VDT, 22)

t=1

where the first inequality follows from (16), the second inequality follows from (20), the third
inequality follows from (21) and the subadditivity of = — /x for z > 0, and the last inequality
follows from Lemma D.7. Therefore, combining all the above arguments yields

E[Rr] <E|Y (S:(Wy) — Si(U)) —aE[ZSt(Wt) +qT
t;l . t=1
Z Gt7Wt —alE lz St Wt +qT

T
<8BC,C,D +4B| | 20E Z +Co/20T/q | +4BC,D\/w/

T
n 23(203007, + Cw\/w/q)\/ﬁ —aE Z

B2
< 4BC,C, (2D + VDT) + 8B | 4B, D\/w]q + 2BCy(VD + 2v3) /T g + qT,
a

where the first inequality follows from Assumption 3.2, the third inequality follows from (22) and
the subadditivity of 2z — +/z for 2z > 0, and the last inequality follows from the definition of ¢ and

9 . N wB2c2p\ /3
c1v/x — cox < ¢} /(4ey) for x > 0, ¢; > 0, and ¢y > 0. Finally, substituting ¢ = (%)

gives the desired bound. O

+qT
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Algorithm 4 Single-instance Online Learning In Delayed environments (SOLID)

Input: BASE, the first prediction W of BASE
1: for timestept =1,2,...,7T do
2: Set W, <— W as the prediction for the current time step.
Receive the feedbacks H, that arrive at the end of time step ¢.
for all feedback in H; do
Update BASE with feedback.
W < the next prediction of BASE.

AR AN

G Variable delay

This section provides the algorithms and analyses under the variable-delay setting, which is a natural
extension of the fixed-delay setting. As the notation for the variable-delay setting, let 7, denote
the delay time of the feedback received at time ¢, and define 7. = max; ;. Under this setting, by
leveraging the Single-instance Online Learning In Delayed environments (SOLID) [28], we achieve a
surrogate regret bound of O (/71,7 + 7.) in the full-information setting (Theorem G.2), and bounds
of OWKT + /717 + T%? + 7.) (Theorem G.3) and O(T"'/%,/71.7 + 7..) (Theorem G.4) in the
bandit setting.

G.1 Single-instance Online Learning In Delayed environments (SOLID)

We provide a detail of SOLID algorithm used for updating W under the variable-delay setting.
Consider any deterministic non-delayed online learning algorithm (call it BASE). SOLID is an
algorithm that, regardless of the original arrival time of the feedback, provides the feedback to
BASE in the order in which it is observed, and makes predictions based on the outputs of BASE
(Algorithm 4). Below, let p(t) denote the time step of the ¢th feedback from SOLID to BASE for any
t € [T), as in [28]. When we use OGD as BASE, SOLID achieves the following bound:

Lemma G.1 ([28, Theorem 5]). Let BASE OGD with learning rate

-1

t t—1
T = V2R | D (IG o)} +21Gwlle D 1Guwlle) +CiC( +7) |
s=1

i=t—T
where R > 0 satisfies np ZZ;I |U — W, ||z < 4R2. Then, SOLID achieves

T
> (SuWh) = Si(U))

t=1

< 2V2R Z||Gt|\F+QZ||G o lIF Z |Gl 1{s — 75 <t} + C.OyR\/2(72 + 7).

s=t+1

G.2 Full-information

Here, we provide the algorithm for the variable-delay full-information setting. This subsection
assumes Assumption 4.1, as in Section 4.

Algorithm We use SOLID with OGD as ALG for updating W;.

Regret bound and analysis The above algorithm achieves the following bound:

Theorem G.2. SOLID with OGD update in online structured prediction with a delay of Ty achieves
2bR?

B{Rr) < 200 1 10,0, Ry + CORVAE T ) = O/ +72).
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Proof. Using SOLID with OGD (Lemma G.1), we have

Z S:(Wr) — 5:(U))

T T T
<2V2R, | D IIGE +2) IGumlle D G lrl{s = 7 <t} + C.C,RV/2(r? + 7.
t=1 t=1

s=t+1

T
<2V2R, b Sy (Wh) +4C,CyRy/Tir + CoCyR\/2(r2 + 72), (23)
t=1

where we used [|Gy[|3 < 0S,(Wh), [|Gillr < CoCy, S0, Ms —F <t} =7, X0 71 =

Z;T:l ¢, and the subadditivity of x — /& for z > 0 in the last inequality. Therefore, from this
inequality, it holds that

RT <Z St Wt *azst Wt

T T
<2V2R,\ |0 Si(Whi) +4C.CyRy/rr + CoCyR\V/2(12 +7.) — a > Si(Wh)
t=1 t=1

2bR2

+4C,CyR\/T1.7 + CoCyR\/2(72 + T,

where the first mequallty follows from Assumption 4.1, the second inequality follows from (23), and
the last inequality follows from ¢,/ — cox < ¢2/(4¢) forz > 0, ¢; > 0, and co > 0. This is the
desired bound. O

This result is superior to the algorithm designed for the fixed-delay feedback in that it can handle
variable-delay feedback. When D > T, is known and small, we may also use the algorithm developed
for fixed-delay feedback to achieve the O(D?) bound.

G.3 Bandit feedback

We provide algorithms for the variable-delay bandit setting. This subsection assumes Assumption 3.2,
as in Section 3. Then, by using the inverse-weighted gradient estimator and the pseudo-inverse matrix

estimator as gradient estimators, we can achieve surrogate regret upper bounds of O(vV KT + \/T1.7 +
T« ) and O(Tl/ 6 /i +T?/3 + T« ), respectively. Below, we provide details of these results.

G.3.1 Algorithm based on inverse-weighted gradient estimator with O(vV KT + \/71.1 + 7«)
regret

Here, we introduce an algorithm with a surrogate regret upper bound of O(vV KT + /1.7 + 7«).

Algorithm We use RDUE with ¢ = R\/K/T for decoding (assuming 7' > R?K), the gradient
estimator G; as in Section 3.3, and SOLID with OGD as ALG.

Regret bound and analysis The above algorithm achieves the following surrogate regret bound:
Theorem G.3. The above algorithm achieves

2b
E[Rr] < ( —|—1>R\/ T+4C,CyR\/T1.7 + CxCyR\/2(72 + 1) = OV KT 4+ \/T1.7 + T4).

This result is an extension of the bound under the fixed-delay setting. In particular, if 7, = D for any
t, we obtain E[Rr] = O(\/(K + D)T).
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Proof. First, we recall that E4[||G¢|r] < C,C, and E,[||G¢||%] < bK S;(W})/q from the proof of
Theorem 5.1. Using SOLID with OGD (Lemma G.1) and the subadditivity of = — /z for z > 0,
we have

T
E|Y (Si(Wy) - Si(U))

< 2V2RE Z||GtHF+QZ Z IG o lle G e {s — 7, < 1}

t=1 s=t+1

+ C,CyR\/2(T2 + 1)

T T T
<2V2RE|\| Y IIGUIR | +4RE| | > D G0 lrllG o llrL{s =7 <t}

t=1 t=1 s=t+1

+ C,CyRA\/2(72 + 7). (24)

The second term is bounded as

T T
E[Y " > IGmlrlG o llri{s =7 < t}]
t=1 s=t+1

T T
<EIY Y B [1Glle ]G I s — 7 < )
t=1s

=t+1
T T T
< C,C,E t_zl ’;1Epmm [||c?*,,mm }Fn{sfa <t} <c2c2y . (25)

where we assumed ppax = max{p(t), p(s)} and pmin = min{p(t), p(s)}, used the tower property
in the first and second inequalities, and used E,[||G¢||r] < C,C, in the second and last inequalities.
Hence, it holds that

T R
E Z (St(Wt)—St(U))] <2V2R 7]13 lz Sy (W)
t=1 t=1

+4C,CyR\/T1.7+CCyR\/2(72 + T),

(26)
where the inequality follows from E;[|G¢||%] < bKS;(W;)/q and (25). Therefore, combining all
the above arguments yields

T T
RT<EZStWt 1-&2 +qT
DK [
32\/§R 7E [Zst(wt) +4C:1:CyR\/TI:T
t=1
T
+ C,CyR\/2(12 + 7.) — aE Z Si(Wy) | +¢T
t=1

2bR2

+4C,CyR\/Ti.7 + C.CyR\/2(72 + 1) + (T,

where the first inequality follows from Assumption 3.2, the second inequality follows from (26), and
the last inequality follows from c11/Z — cox < ¢2/(4cg) for @ > 0, ¢; > 0, and ¢ > 0. Finally,
choosing ¢ = R+/K /T gives the desired bound. O

G.3.2 Algorithm based on pseudo-inverse matrix estimator with O(7"/6. /7.7 + T%/3 + 1,)
regret

Here, we provide an algorithm that achieves a surrogate regret upper bound of O(Tl/ S /T +
T%/3 4 7). This subsection assumes Assumption 3.6 in addition to Assumption 3.2.
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1/3
Algorithm We use RDUE with ¢ = <°JR;C2) for decoding (assuming 7' > wR2C?), the

gradient estimator C:‘t as in Section 3.4, and SOLID with OGD as ALG.

Regret bound and analysis The algorithm described above achieves the following surrogate regret
bound:

Theorem G.4. The above algorithm achieves

4bR’K

E[R7] < +8C,Cy Ry/Ti.7 + CoCyR\/2(72 + T..) +O< V3R2STYS, [ +T2/3)
= 0(T1/6¢ﬁ7+T2/3 + 7).

Proof. First, we recall that Ey[|| Gy ||p] < 2C,Cy++/C?w/qand E[|Gy 2] < 2bK Sy (W) + 25w
hold from (20) and Lemma D.7, respectively. Following the same steps as in the proof of Theorem G 3,
we obtain

T
Z Z [fepmen S)|F]l{s—7-5<t}] (20 Cy +/C2w/q ) domoo @

t=1 s=t+1

Therefore, by using these inequalities and (24), we get

T T
E[Rr] <E Z (S (Wy) = Sy(U)) | — aE| > Se(Wh) | + qT
=1 t=1
r C2w C2w
<ARE|\|bKE|Y " S:(Wy) | + == | +4R|2C,C, + | —= | VTir
q q
t=1
T
+ C,CyR\/2(12 + 7,.) — aE ZSt(Wt) +qT
t=1

4 2K 2 2
< bR + 4Ry —— Caw +4R <2C’z0y +4/ C'mcu> VTir + CoCyR\/2(72 + 1) + ¢T,
a q q

where the first inequality follows from Assumption 3.2, the second inequality follows from
Lemma D.7, (24), and (27), the last inequality follows from c;v/7 — cox < ¢3/(4cz) for x > 0,

1/3
c1 > 0, and co > 0. Finally, by substituting ¢ = (%) , we can obtain the desired bound. [J

H Numerical experiments

This section presents the results of numerical experiments for online multiclass classification and
multilabel classification under bandit feedback on MNIST and synthetic data. All experiments
were run on a system with 16GB of RAM, Apple M3 CPU, and in Python 3.11.7 on a macOS
Sonoma 14.6.1. The code is provided in the supplementary material.

H.1 Multiclass classification

Setup We describe the experimental setup. We compare four algorithms: Gaptron [44] with logistic
loss, Gappletron [45] with logistic loss and hinge loss, and our algorithm in Section 5.1. Theoretically,
these methods have their own advantages: ours enjoys a surrogate regret bound of O(v/ KT'), which
is better than the O(K+/T') bounds of the others; however, Gaptron/Gappletron can work with a
broader class of surrogate losses. This section aims to compare those methods from the empirical
perspective.
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Figure 1: Results of the synthetic experiments in multiclass classification with bandit feedback. In all
figures, the horizontal axis represents the number of classes K, and the vertical axis represents the
cumulative target loss.

Details of algorithms As the algorithm ALG for updating the linear estimator, we employ the OGD

in Section 3.2. Following [45], we use the learning rate of 7; = B/\/?(l()*8 +30 [te? |%) and no

projection is performed in OGD. Here, the addition of 10~2 to the denominator is to prevent division
by zero. Although B = diam (W) is unknown, we fixed B = 10 in all experiments, regardless of
whether this value represents the actual diameter. All other parameters are set according to theoretical
values. Under these parameter settings, we repeat experiments 20 times.

H.1.1 Synthetic data

We also run experiments on synthetic data to facilitate comparisons across different values of K.

Data generation We describe the procedure for generating synthetic data. The synthetic data were
generated by using the same procedure as Van der Hoeven et al. [45]. The input vector consists of
a binary vector with entries of 0 and 1, and is composed of two parts. The first part corresponds
to a unique feature vector associated with the label, and the second part is randomly selected and
unrelated to the label. Specifically, the data is generated as follows. We generate K € N unique
feature vectors of length 10n’ as follows. First, we randomly select an integer s uniformly from the
range [n’, 5n'], then randomly choose s elements from a zero vector of length 10n’ and set them
to 1. The input vector is obtained by concatenating the feature vector of a randomly chosen class
with a vector of length 30n’, in which exactly 5n’ elements are randomly set to 1. Additionally, with
probability 7, the corresponding class label is replaced with a randomly chosen label to introduce
noise. The resulting input vector thus has length n = 40n’. These input vectors are generated for T
rounds. Based on this procedure, we create datasets for n’ € {2,4} and r € {0.0,0.1}.

Results The results on the synthetic data are shown in Figure 1. Our algorithm achieves comparable
or better performance than the existing algorithms for datasets with KX < 24. In contrast, when
K = 48 or 96, the cumulative losses of our algorithm are larger than those of Gaptron with the
hinge loss and Gappletron with the logistic loss. Note that these observations do not contradict
the theoretical results: for large K, the upper bound on the cumulative 01 loss of Gappletron can
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Figure 2: A box plot of error rates of the MNIST experiment for multiclass classification with bandit
feedback.
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Figure 3: Results of the synsetic experiments in multilabel classification with bandit feedback. The
horizontal axis shows the number of labels, and the vertical axis indicates the cumulative target loss.

be tighter than ours because of differences in the surrogate loss functions (see Appendix C.3 for
details). Nevertheless, our structured prediction method does not fully demonstrate its potential in
this setting, as the setup favors algorithms specialized for multiclass classification. It is also worth
noting that by using the same decoding function as theirs, our approach can achieve the same order
of the cumulative losses in online multiclass classification with bandit feedback.

H.1.2 Real-world data

We also evaluate the algorithms on the MNIST dataset [31], a widely used benchmark of handwritten
digit images.

Result The box plot in Figure 2 summarizes the misclassification rates. It shows that our method
achieves the lowest misclassification rate, even though it is not specifically designed for multiclass
classification, outperforming the existing algorithms on this real dataset with K = 10.

H.2 Multilabel classification

In the results presented in Section 3, the algorithm based on the pseudo-inverse matrix estimator
achieves a tighter upper bound in its dependence on K compared to the one based on the inverse-
weighted gradient estimator. To examine whether this theoretical result can also be observed
empirically, we conduct experiments on multilabel classification with a fixed number of correct
labels.
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Setup We compare two algorithms: the algorithm based on the inverse-weighted gradient estimator
in Section 3.3 and the one based on the pseudo-inverse matrix estimator in Section 3.4.

Data generation We generate synthetic data using the multilabel classification data-generation
function in scikit-learn [38]. Specifically, we employ the make_multilabel_classification
method in scikit-learn to generate 7' multilabel samples with feature dimension n, label dimension
d, and an average of m correct labels per sample. We then extract only those samples that have
exactly m correct labels and repeat this process until we obtain 7" = 10* such samples. Based on this
procedure, we create datasets with n = 50, d € {10, 12,16, 20,24}, m = 5, and T = 10*.

Details of algorithms As the algorithm ALG for updating the linear estimator, we employ OGD

as described in Section 3.2 with learning rate 7, = B/\/Q(IO*8 +30, |G, |2) and orthogonal

projection. The small constant 102 in the denominator prevents division by zero. We fixed B = 50
for all experiments, and the other parameters were set according to their theoretical values. Under
these settings, each experiment was repeated 10 times.

Results The results are shown in Figure 3. When d is small, the algorithm based on the inverse-
weighted gradient estimator incurs a smaller loss, whereas when d is large, the algorithm based on
the pseudo-inverse matrix estimator performs better. The superiority of the inverse-weighted gradient
estimator for small d aligns with the theoretical result that it has a more favorable dependence on 7.
Similarly, the better performance of the pseudo-inverse matrix estimator for large d agrees with the
theoretical result that it does not depend explicitly on K. These experimental results thus provide
empirical support for our theoretical findings.
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