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Abstract

Offline-to-online learning aims to improve on-
line decision-making by leveraging offline logged
data. A central challenge in this setting is the
distribution shift between offline and online envi-
ronments. While some existing works attempt to
leverage shifted offline data, they largely rely on
UCB-type algorithms. Thompson sampling (TS)
represents another canonical class of bandit algo-
rithms, well known for its strong empirical per-
formance and naturally suited to offline-to-online
learning through its Bayesian formulation. How-
ever, unlike UCB indices, posterior samples in
TS are not guaranteed to be optimistic with re-
spect to the true arm means. This makes indices
constructed from purely online and hybrid data
difficult to compare and complicates their use. To
address this issue, we propose sample-mean an-
chored TS (Anchor-TS), which introduces a novel
median-based anchoring rule that defines the arm
index as the median of an online posterior sample,
a hybrid posterior sample, and the online sam-
ple mean. The median anchoring systematically
corrects bias induced by distribution shift by mit-
igating over-estimation for suboptimal arms and
under-estimation for optimal arms, while exploit-
ing offline information to obtain more accurate
estimates when the shift is small. We establish the-
oretical guarantees showing that the proposed al-
gorithm safely leverages offline data to accelerate
online learning, and quantifying how the degree
of distribution shift and the size of offline data
affect the resulting regret reduction. Extensive ex-
periments demonstrate consistent improvements
of our algorithm over baselines.

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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1. Introduction
Stochastic multi-armed bandits (MAB) provide a fundamen-
tal framework for sequential decision-making under uncer-
tainty (Lai & Robbins, 1985; Lattimore & Szepesvári, 2020),
where a learning agent repeatedly selects actions to learn
the unknown environment and maximize cumulative reward.
The upper confidence bound (UCB) (Auer et al., 2002) and
Thompson sampling (TS) (Agrawal & Goyal, 2017) are two
canonical algorithm types to solving the problem: the for-
mer relies on optimism-driven confidence intervals, and the
latter selects actions by sampling from posterior distribu-
tions. Despite their importance, classical bandit algorithms
typically start from scratch. However, learning purely from
online interactions can be costly or risky. Many applications
provide access to offline logged data collected by historical
policies, which motivates the offline-to-online learning set-
ting that leverages such data to accelerate subsequent online
learning (Nair et al., 2020; Lee et al., 2022; Shivaswamy &
Joachims, 2012; Wagenmaker & Pacchiano, 2023).

Recently, there has been increasing interest in offline-to-
online algorithms under distribution shift (Cheung & Lyu,
2024; Yin & Fang, 2025; He et al., 2025; Qu et al., 2025),
where the offline reward distribution differs from the online
environment due to system updates, non-stationarity, or sim-
to-real gaps. A recurring insight in this line of work is
that achieving performance no worse than purely online
learning requires some form of prior knowledge about the
distribution shift. Existing approaches mainly adopt UCB-
type algorithms. A representative strategy is to construct
two UCBs: a hybrid UCB that incorporates offline data
together with a bias correction term, and a purely online
UCB based solely on online observations (Cheung & Lyu,
2024). Actions are selected according to the minimum of
the two, which guarantees regret no worse than that of pure
online UCB.

Thompson sampling (TS) represents another canonical class
of bandit algorithms and has been extensively studied across
a wide range of online learning settings (Agrawal & Goyal,
2012; Daniel et al., 2018). It is well known for its strong
empirical performance, often outperforming UCB-based
methods in practice, and its Bayesian formulation makes
it particularly appealing for offline-to-online learning as
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unbiased offline data can be naturally incorporated into the
prior distribution (Oetomo et al., 2023; Agnihotri et al.,
2024).

Despite these advantages, the posterior-sampling nature of
TS makes it fundamentally more challenging under distribu-
tion shift. In UCB-based methods, the index is optimistic,
and regret can be attributed to inaccurate estimates of subop-
timal arms. By contrast, TS relies on posterior samples that
may fall on either side of the true arm means, and its regret
depends jointly on the accuracy of both the optimal and
suboptimal arms. This principal difference has important
implications for incorporating offline data. For UCB-based
methods, conservatively taking the minimum of a purely on-
line index and a hybrid index provides a safe guard against
distribution shift. For TS, however, no analogous compari-
son rule exists: taking the minimum risks underestimating
the optimal arm, while taking the maximum may overesti-
mate suboptimal arms. This lack of a principled mechanism
for comparing posterior samples makes it nontrivial to ex-
ploit biased offline data for TS.

To address this challenge, we propose sample-mean an-
chored Thompson sampling (Anchor-TS), a modified TS
algorithm based on a median-of-indices aggregation scheme.
At each round, Anchor-TS assigns to each arm an index de-
fined as the median of three statistics: (i) an online posterior
sample, (ii) a hybrid posterior sample that integrates offline
and online data, and (iii) the online sample mean, which
serves as an unbiased anchor. This median-based aggre-
gation induces an inherent robustness–efficiency trade-off.
When the offline data are reliable, the hybrid posterior sam-
ple typically exhibits reduced variance and remains close
to the anchor, thereby accelerating learning. Conversely,
under severe bias in the offline component, the hybrid sam-
ple tends to behave as an outlier and is filtered out by the
median, so that the resulting index is primarily driven by
online observations. Furthermore, to prevent the underesti-
mation of the optimal arms’ online sample mean from being
amplified under median aggregation when its offline reward
is smaller, we additionally introduce a right-hand shift to
the hybrid posterior distribution.

Our analysis develops a new regret decomposition tailored
to median-based TS. In particular, we analyze the behav-
ior of posterior samples for both suboptimal and optimal
arms relative to the online sample mean, which serves as an
anchor, and characterize their joint contributions to regret
accordingly. This enables us to bound the leading regret
terms in a way that captures the more favorable behavior
between online TS and hybrid TS. Specifically, we obtain a

regret upper bound

O

( ∑
i∈[K]\{1}

∆i

((
log T/∆2

i−Ni max{0, 1−3ωi/∆i}
)
+

+
(
log T/∆2

i −N1

)
+

))
.

where T is online horizon, K is the arm set size, arm 1 is
the optimal arm, ∆i is arm i’s sub-optimality gap compared
with 1, ωi is an effective discrepancy related to i’s offline
and online expected reward, Ni is the offline sample size of
i, (·)+ represents max{0, ·}.

The above regret guarantee formalizes the robust-
ness–efficiency trade-off under distribution shift: it is no
worse than the pure online TS (Agrawal & Goyal, 2017), and
strictly improves when the distribution shift {ωi}i∈[K] is
mild. Compared to existing UCB-based algorithms (Cheung
& Lyu, 2024), the regret reduction attributable to suboptimal
arms estimations is of similar order. Crucially, our analysis
further reveals an additional source of improvement that
is unique to TS: offline data also reduces regret by accel-
erating concentration on the optimal arm, as reflected in
the dependence on N1. Such an advantage is particularly
relevant in practice, where offline data are often collected
by prior learning policies or expert behavior and therefore
tend to contain a large number of samples from the opti-
mal arm. In such cases, Anchor-TS can effectively exploit
this abundance of optimal-arm data, whereas UCB-based
methods are unable to benefit in the same way. Extensive
empirical results further validate our theory. Across all con-
sidered settings, Anchor-TS consistently and substantially
outperforms UCB-based algorithms. The performance gap
becomes even more pronounced when more offline data are
on the optimal arm. Importantly, even in the unbiased and
pure online settings, the sample-mean–based mechanism
helps reduce the excessive exploration caused by the high
variance of a single posterior sample in vanilla TS. As a
result, it achieves better empirical performance than the
corresponding TS baselines in these settings.

2. Related Work
Thompson sampling (TS). TS is a canonical Bayesian
framework for stochastic MAB. It has been widely adopted
since the seminal work of (Thompson, 1933), but the estab-
lishment of convergent regrets lagged for decades (Agrawal
& Goyal, 2012; Kaufmann et al., 2012; Agrawal & Goyal,
2017; Jin et al., 2021; 2023). In many problem settings,
although UCB-based algorithms have been applied, re-
searchers continue to devote significant effort to TS-type
algorithms (Agrawal & Goyal, 2013; Komiyama et al.,
2015; Wang & Chen, 2018; Verstraeten et al., 2020; Zhang
et al., 2021), driven by their superior empirical performance
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and ease of implementation (Granmo, 2010; Scott, 2010;
Chapelle & Li, 2011). More recently, TS-type algorithms
are also proposed for offline-to-online learning problems
with offline data naturally encoded in the prior (Oetomo
et al., 2023; Agnihotri et al., 2024). These approaches typ-
ically do not account for distribution shift between offline
and online environments.

Offline-to-online Learning. Offline-to-online learning
aims to accelerate online decision-making by leveraging
pre-collected logged data. This paradigm has been exten-
sively explored empirically in both bandit and reinforcement
learning (RL) settings (Lee et al., 2022; Nair et al., 2020;
Ball et al., 2023; Yu & Zhang, 2023; Nakamoto et al., 2023;
Xia et al., 2024), and has also motivated a growing body of
theoretical work establishing performance guarantees.

Early theoretical studies primarily focused on the unbiased
setting, where offline and online reward distributions coin-
cide. In the bandit setting, Shivaswamy & Joachims (2012)
show that historical data can yield constant regret, a result
later extended to contextual bandits through informative pri-
ors (Oetomo et al., 2023) and meta-algorithmic approaches
(Banerjee et al., 2022). More recently, Sentenac et al. (2025)
analyze the trade-off between optimism in online learning
and pessimism in offline learning in the offline-to-online
context. For RL, theoretical frameworks have expanded
from tabular Markov decision processes (Xie et al., 2021) to
linear models (Wagenmaker & Pacchiano, 2023; Tan & Xu,
2024; Huang et al., 2025) and further to general function
approximation (Song et al., 2023), with a common focus on
relaxing offline data coverage assumptions.

In practice, offline data often originate from heterogeneous
or outdated sources, making it essential to achieve both
efficiency gains from informative offline data and robustness
to distribution shift. Fundamental lower bounds establish
that without a priori knowledge of the distribution shift, no
policy can uniformly outperform purely online algorithms
(Zhang et al., 2019; Cheung & Lyu, 2024; Zhang et al., 2025;
Qu et al., 2025). Consequently, existing works typically
incorporate some shift information into the decision process.
Such information is encoded through lower bounds (Qu
et al., 2025) or upper bounds on the shift (Cheung & Lyu,
2024; Ahn et al., 2025). Our work follows the last line of
works. A representative strategy in this line is to construct a
hybrid UCB index by combining offline data with a known
upper bound on the bias, and to select actions according to
the minimum of this hybrid index and a purely online UCB
(Cheung & Lyu, 2024). This strategy is applied to a variety
of settings, including best arm identification (BAI) (Yang
et al., 2025), heterogeneous feedback structures (He et al.,
2025), auxiliary rewards (Yin & Fang, 2025), combinatorial
MAB (Zhou et al., 2025), and linear bandits (Zhang et al.,
2025). To the best of our knowledge, TS-type algorithms

for offline-to-online learning under distribution shift is still
open.

TS with misspecified priors. Our work is also related
to studies on misspecified priors in TS. Liu & Li (2016);
Simchowitz et al. (2021) show that when TS is initialized
with strongly biased priors, where the prior assigns very
little probability to the true model, it can suffer linear regret
and perform much worse than methods with uninformative
priors. These results demonstrate the negative impact of us-
ing an incorrect prior. Compared with this line of work, our
setting explicitly models the prior as being induced by of-
fline data. Our setting requires not only robustness to biased
priors, but also the ability to achieve regret improvement
when offline data are informative.

3. Preliminaries
We begin with the classical stochastic multi-armed bandit
problem. An agent interacts with an environment over a
time horizon T by repeatedly selecting arms from a finite
set [K] = {1, . . . ,K}. Each arm i ∈ [K] is associated with
an unknown reward distribution P

(on)
i supported on [0, 1]1

and unknown mean µ
(on)
i . At each round t = 1, 2, . . . , T ,

the agent selects an arm A(t) ∈ [K] and observes a reward
RA(t)(t) drawn independently from the corresponding on-
line distribution P

(on)
A(t) . Without loss of generality, let arm

1 ∈ argmaxj∈[K] µ
(on)
j denote the unique2 optimal arm.

For each suboptimal arm i ̸= 1, define the sub-optimality
gap ∆i = µ

(on)
1 − µ

(on)
i .

In this work, we study a stochastic bandit setting augmented
with offline data. In addition to the online interaction de-
scribed above, each arm i ∈ [K] is associated with an offline
dataset Si = {Xi,1, . . . , Xi,Ni} of size Ni. The samples
in Si are assumed to be i.i.d. draws from an offline dis-
tribution P

(off)
i supported on [0, 1], with unknown mean

µ
(off)
i = E

Xi∼P
(off)
i

[Xi].

Importantly, for any arm i, the offline and online reward dis-
tributions are not assumed to coincide. To explicitly model
the potential distribution shift between them, we assume
that for each arm i, there exists a known upper bound Vi ≥ 0

such that |µ(off)
i − µ

(on)
i | ≤ Vi. This assumption provides

a priori control over the magnitude of the distribution shift
and is information-theoretically necessary. Existing works
establish fundamental lower bounds that no policy can uni-

1Our analysis extends to sub-Gaussian reward distributions
by replacing Hoeffding-type concentration bounds with their sub-
Gaussian counterparts. The regret order remains unchanged.

2The uniqueness assumption is only for the convenience of the
analysis. The setting with multiple optimal arms can only decrease
the regret as shown in (Agrawal & Goyal, 2012).
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formly outperform purely online algorithms without any
prior knowledge (Zhang et al., 2019; Cheung & Lyu, 2024;
Zhang et al., 2025; Qu et al., 2025) and such upper bound
is widely adopted in previous works (Cheung & Lyu, 2024;
Zhang et al., 2025; He et al., 2025; Ahn et al., 2025; Yin &
Fang, 2025).

The performance of a policy π is measured by its cumulative
regret, which quantifies the expected loss relative to always
pulling the optimal arm:

Regπ(T ) = Tµ
(on)
1 − E

[
T∑

t=1

RA(t)(t)

]

=
∑
i̸=1

∆i E

[
T∑

t=1

1{A(t) = i}

]
. (1)

where the expectation is taken over all sources of random-
ness, including the internal randomness of π, the offline data
draw from P (off), and the online rewards generated under
P (on).

Useful Notations. For each arm i ∈ [K], let Ti(t) denote
the number of times arm i is pulled during rounds 1, . . . , t−
1, and define ni(t) = Ti(t) + Ni as the total number of
samples available for arm i, combining online and offline
data. Let µ̂(off)

i denote the sample mean of the offline dataset
for arm i, and let µ̂(on)

i (t) be the sample mean computed
from the online rewards observed up to round t − 1. We
further define µ̂

(hyb)
i (t) as the hybrid sample mean that

aggregates both offline samples and online observations for
arm i.

4. Algorithm
In the offline-to-online setting, it is natural to maintain two
types of estimators: a purely online estimator constructed
solely from online observations, and a hybrid estimator that
aggregates offline data with online observations. Due to the
distribution shift, the hybrid estimators may be biased and
can mislead the learning process if used indiscriminately.
The key algorithmic challenge is therefore how to balance
the use of the hybrid estimator against the purely online
estimator. In this section, we present our sample-mean
anchored TS (Anchor-TS, Algorithm 1), an efficient and ro-
bust mechanism for combining online and hybrid estimators
under the TS framework.

For each arm i ∈ [K], the algorithm maintains an online pos-
terior that is updated exclusively based on rewards observed
during online interaction, which is the same as the tradi-
tional TS algorithm for the purely online setting (Agrawal
& Goyal, 2017). At time t, this posterior is characterized by
the online sample mean µ̂

(on)
i (t) and an associated variance

σ2
i,on(t) (Line 1). An online posterior sample θ

(on)
i (t) is

Algorithm 1 Sample-Mean Anchored Thompson sampling
(Anchor-TS)

1: Input: Arm set [K]; offline sample mean µ̂
(off)
i and

sample size Ni, bias bound Vi, ∀i ∈ [K]

2: Initialization: Ti(1)← 0, µ̂(on)
i (1)← 0, σ̂2

i,on(t)← 1,

µ̂
(hyb)
i (1) ← µ̂

(off)
i , σ̂2

i,hyb(1) ← 1/(Ni + 1), Zi,1 ←
Vi, ∀i ∈ [K]

3: for t = 1, . . . do
4: for each arm i ∈ [K] do
5: Sample θ

(on)
i (t) from N

(
µ̂
(on)
i (t), σ̂2

i,on(t)
)

6: Sample θ
(hyb)
i (t) from

N
(
µ̂
(hyb)
i (t) + Zi,t, σ̂

2
i,hyb(t)

)
7: θ̂i(t)← median

{
µ̂
(on)
i (t), θ

(on)
i (t), θ

(hyb)
i (t)

}
8: end for
9: Select arm A(t)← argmaxi∈[K] θ̂i(t) and observe

reward RA(t)(t)
10: // Update online posterior of A(t)
11: TA(t)(t+ 1)← TA(t)(t) + 1

12: µ̂
(on)
A(t)(t + 1) ←

TA(t)(t)·µ̂
(on)

A(t)
(t)+RA(t)(t)

TA(t)(t+1)+1 ,

σ̂2
A(t),on(t+ 1)← 1

TA(t)(t+1)+1

13: // Update hybrid posterior of A(t)

14: µ̂
(hyb)
A(t) (t+ 1)←

TA(t)(t+1)·µ̂(on)

A(t)
(t+1)+NA(t)·µ̂

(off)

A(t)

TA(t)(t+1)+NA(t)+1

15: σ̂2
A(t),hyb(t + 1) ← 1

NA(t)(t+1)+TA(t)+1 ,

ZA(t),t+1 ←
NA(t)VA(t)

TA(t)(t+1)+NA(t)

16: for i ̸= A(t) do
17: Update µ̂(on)

i (t+1)← µ̂
(on)
i (t), µ̂(hyb)

i (t+1)←
µ̂
(hyb)
i (t), σ̂2

i,on(t+1)← σ̂2
i,on(t), σ̂

2
i,hyb(t+1)←

σ̂2
i,hyb(t), Zi,t+1 ← Zi,t

18: end for
19: end for

drawn from the corresponding Gaussian distribution (Line
1). Because it relies solely on online data, this posterior re-
mains unbiased with respect to the true arm mean, although
it may exhibit high variance in the early stages of learning.

In parallel, Anchor-TS constructs a hybrid posterior that
integrates offline empirical information with online obser-
vations. Specifically, the hybrid posterior mean µ̂

(hyb)
i (t)

is obtained by combining the offline sample mean µ̂
(off)
i

and the current online sample mean µ̂
(on)
i (t), weighted ac-

cording to their respective sample sizes (Line 1). The corre-
sponding variance σ̂2

i,hyb(t) reflects the increased effective
sample size enabled by incorporating offline data (Line 1).
Notably, to encourage sufficient exploration of the optimal
arm 1 and reduce regret, we apply a rightward shift of mag-
nitude Zi,t to the hybrid posterior distribution of each arm.

4
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A detailed discussion of the intuition behind this design
choice will be provided in the end of this section. A hybrid
posterior sample θ

(hyb)
i (t) is then drawn from the resulting

Gaussian distribution (Line 1).

At each time step, Anchor-TS computes three indices for
every arm: the online sample mean µ̂

(on)
i (t), an online poste-

rior sample θ(on)i (t), and a hybrid posterior sample θ(hyb)i (t).
The arm score is obtained by taking the median of these
three quantities (Line 1). And Anchor-TS selects the arm
with the highest score in each round (Line 1).

Intuition behind the median aggregation of three indices.
Intuitively, the role of median aggregation is to adaptively
select the index that is closest to the true mean rather than to
favor large or small posterior realizations like UCB-type al-
gorithms (Cheung & Lyu, 2024). This distinction is intrinsic
to TS: posterior samples in TS are neither guaranteed to be
optimistic nor pessimistic. Naively selecting the minimum
or maximum of multiple indices would either underesti-
mating the optimal arm or overestimating suboptimal arms,
leading to uncontrolled regret. The sample mean µ̂(on), esti-
mated from online observations, therefore serves as a natural
stabilizing anchor as it concentrates rapidly around the true
arm mean. By taking the median of µ̂(on), an online-only
and a hybrid posterior sample, Anchor-TS selects the index
that is most consistent with this anchor.

When the bias is small, the hybrid posterior, benefiting from
a larger effective sample size, tends to concentrate more
tightly around the true mean than the online-only posterior.
In this regime, the median naturally favors the hybrid poste-
rior sample, allowing Anchor-TS to exploit offline data for
faster learning. Conversely, when the offline bias is large,
the hybrid posterior may deviate from the true mean, while
the online-only posterior remains centered around the unbi-
ased online signal. In this case, the median suppresses the
biased hybrid sample and tends to select the online sample
instead, yielding robustness against offline-induced distor-
tion. Through this adaptive selection mechanism, Anchor-
TS automatically interpolates between efficiency and robust-
ness, leveraging offline data when it is reliable and reverting
to online evidence when offline bias is substantial.

Intuition behind the right-hand shift on the hybrid poste-
rior distribution. Recall that for TS-type algorithms, the
regret can still accumulate when the estimates of suboptimal
arms are accurate, as long as the optimal arm is poorly esti-
mated. Specific to the offline-to-online setting, if the offline
data underestimate the optimal arm, i.e., µ(off)

1 < µ
(on)
1 ,

and the online sample mean of arm 1 happens to be pes-
simistic, arm 1 may receive too little posterior probability
due to the three-index voting mechanism. In this case, it
is difficult to correct the estimation error of arm 1 through

additional online observations. As a result, the persistent
underestimation of arm 1 amplifies the number of selections
of suboptimal arms, leading to increased regret despite their
accurate estimation.

Our right-shift operation counteracts this effect by prevent-
ing the hybrid posterior distribution from underestimating
the online mean of arm 1. This guarantees adequate explo-
ration of the optimal arm and prevents regret from being
dominated by prolonged under-exploration of the optimal
arm.

Since the identity of the optimal arm is unknown, the right-
hand shift is applied uniformly across arms. Importantly,
this shift does not compromise the benefit of offline data
for suboptimal arms: although overestimation by the hybrid
posterior may initially increase their selection frequency,
the influence of offline information quickly diminishes as
online observations accumulate, and the estimate becomes
dominated by online samples through median aggregation.

5. Theoretical Results and Discussions
The following theorem summarizes the regret bound of our
algorithm:
Theorem 5.1. The cumulative regret of Algorithm 1 can be
bounded by

Reg(T ) ≤ O

(∑
i̸=1

∆i

((
C1 log T

∆2
i

−Ni

(
1− 3ωi

∆i

)
+

)
+

+

(
C2 log T

∆2
i

−N1

)
+

+
C3

∆2
i

))
.

where C1, C2, C3 are constants, (·)+ represents max{·, 0},
ωi := Vi+µ

(off)
i −µ(on)

i represents the effective discrepancy
by adding Vi in the hybrid posterior distribution.

Due to the space limit, the complete proof of Theorem 5.1
is deferred to Appendix A. In the following, we first provide
some discussions and then show the proof sketch.

Intuition of the regret upper bound. This upper bound
consists of three terms. The first term arises from inaccurate
estimation of suboptimal arms, the second from inaccurate
estimation of the optimal arm, and the third is a constant
term required for convergence of the online sample mean.

This upper bound can be interpreted as the regret in a purely
online setting minus the benefit provided by the offline data.
When no offline data are available, the regret reduces to
the standard purely online regret (Agrawal & Goyal, 2017).
When the distribution shift µ(on)

i − µ
(off)
i is zero, the offline

samples for both the sub-optimal arms and the optimal arm
can be viewed as offsetting a portion of the regret. In partic-
ular, if the sub-optimal arms have sufficiently many offline

5
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samples, their means can be accurately estimated from the
outset, rendering the corresponding regret term constant.
Similarly, if the optimal arm has sufficiently many offline
samples, the regret arising from inaccurate estimation of the
optimal arm is likewise reduced to a constant.

Regarding the bias, for a sub-optimal arm i, if the offline
mean is smaller than the online mean and V is a tight bound,
i.e., V = µ

(on)
i − µ

(off)
i > 0, then ωi = 0 and the of-

fline improvement scales linearly with Ni. However, if
the offline mean µ

(off)
i is larger, the hybrid samples may

overestimate the true online mean µ
(on)
i . In this case, the

contribution of the offline data is attenuated by a discount
factor (1 − 3ωi/∆i), which decreases as ωi increases, re-
sulting in diminishing effective information from the offline
samples. When 3ωi > ∆i, the hybrid samples can mislead
the identification of the optimal arm, and as the result the
offline benefit vanishes and the regret reduces to that of
the purely online setting. In contrast, for the optimal arm
(arm 1), adding the correction term V to the hybrid samples
always leads to an overestimation of the true mean µ

(on)
1 .

Such overestimation consistently favors the identification
of the optimal arm. Consequently, the contribution of the
offline data for the optimal arm is not subject to any discount
factor.

Comparison with Cheung & Lyu (2024). Cheung &
Lyu (2024) study the same offline-to-online setting as
ours, but focus on a UCB-based approach. They de-
rive an upper bound on the sub-optimal i’s selection time
O(C log T/∆2

i − Ni · max {1− ωi/∆i, 0}2)+. The first
term in our Theorem 5.1, which captures the regret due to
inaccurate estimation of suboptimal arms, is of the same
order as this bound. The main difference lies in how the size
of the offline dataset Ni is discounted. Specifically, their
bound uses the discount factor (1− ωi/∆i)

2 whereas ours
involves the factor (1− 3ωi/∆i). This constant coefficient
discrepancy primarily stems from differences in the analysis
techniques. In TS, posterior samples may be either opti-
mistic or pessimistic, which requires partitioning the gap
between µ1 and µi into three regions, leading to the ∆i/3
factor in our formula. Importantly, our analysis avoids an
additional squaring of the discount factor.

Compared with this result, our Theorem 5.1 further reveals
an additional improvement arising from the offline data N1

on the optimal arm, as reflected in the second term of our
bound. This improvement stems from the property that TS
incurs regret due to inaccurate estimation of both suboptimal
and optimal arms. When offline data are available for arm 1,
the estimation of the optimal arm becomes more accurate,
thereby reducing this source of regret. Such a scenario
is common in practical applications, since offline data are
typically collected using expert or near-optimal policies, and

therefore observations of the optimal arm are often abundant.
Our Anchor-TS algorithm is able to exploit this advantage,
whereas UCB-based methods do not benefit from offline
data on the optimal arm in the same way.

Another aspect worth discussion is the right-shift operation
applied to the hybrid samples. Although both the MINUCB
algorithm and our approach incorporate a bias-correction
term into the hybrid index, the underlying motivations are
fundamentally different. In MINUCB, the correction term
is introduced to preserve the optimism of the hybrid UCB
index, ensuring that it upper-bounds the true reward. In
contrast, TS does not intrinsically rely on optimism. The
primary purpose of introducing the right-shift in our method
is to encourage exploration of arm 1, thereby mitigating
the regret caused by underestimation of this arm. While
omitting this correction term would in fact improve the first
regret term from over-estimation of sub-optimal arms, it
would significantly complicate the analysis of µ̂

(on)
1 . In

particular, inaccuracies in estimating µ̂
(on)
1 would introduce

regret terms that grow exponentially with N1, since under-
estimation of the hybrid sample θ

(hyb)
1 would make arm 1

increasingly unlikely to be selected, leaving little opportu-
nity for correction.

Reduction to the pure online setting and the role of me-
dian aggregation. In the pure online setting, where no
offline data are available, the hybrid posterior distribution
coincides with the online posterior distribution. In this case,
Anchor-TS can be interpreted as sampling two online in-
dices, θ(on)i,1 , θ(on)i,2 , and selecting the median among these

two samples and the online sample mean µ̂
(on)
i . We analyze

this setting separately and show that this modification pre-
serves the classical instance-dependent regret bound, while
improving the leading regret order by a factor of 1/2. We
further provide empirical results that illustrate this advan-
tage. The corresponding theoretical analysis and experimen-
tal results are presented in Appendix B. This observation
may, to some extent, reflect a similar idea in Jin et al. (2023),
who show that TS with less exploration can perform better.
But we leverage different ideas to reduce exploration: they
divert a fixed probability mass ϵ from vanilla TS to select-
ing the sample mean, whereas our method incorporates the
sample mean in a more adaptive manner through median
aggregation.

6. Proof Sketch
In this section, we present a proof sketch for Theorem 5.1
and highlight the key ideas of our analysis. Our techni-
cal contributions operate at two levels: at a high level, we
tightly couple the median-based algorithmic design with the
regret decomposition, enabling the regret bound to adapt
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to the more informative of the online and hybrid posterior
distributions; at a more technical level, we develop a re-
fined probabilistic analysis that decouples multiple random
indices appearing within probability and expectation oper-
ators, allowing their individual regret contributions to be
explicitly controlled.

Standard TS analyses consider regret contributions from
a single posterior distribution. In contrast, our setting in-
volves two posterior sources, where a naive extension yields
additive regret bounds and fails to exploit the more infor-
mative one. To address this, we use the online sample
mean as an anchor: its estimation errors contribute only a
constant-order regret of O(1/∆i), allowing us to condition
on accurate estimation and isolate the effects of the two
posterior distributions.

For convenience, define xi := µ
(on)
i + ∆i/3 and yi :=

µ
(on)
i +2∆i/3 as two thresholds, Eµ(on)

i (t) := {µ̂(on)
i (t) ≤

xi} as the good event that arm i’s online sample mean is
accurate. Then,

E

[
T∑

t=1

1{A(t) = i}

]
=

T∑
t=1

Pr
(
A(t) = i, ¬Eµ(on)

i (t)
)

+

T∑
t=1

Pr
(
A(t) = i, E

µ(on)
i (t)

)
.

The first term can be upper bounded by O(1/∆2
i ) without

relying on T . The second term representing regret from
selecting i when its online sample mean is accurate can be
decomposed as

T∑
t=1

Pr
(
A(t) = i, E

µ(on)
i (t), θ̂i(t) > yi

)
+

T∑
t=1

Pr
(
A(t) = i, E

µ(on)
i (t), θ̂i(t) ≤ yi

)
. (2)

The first term in (2) corresponds to the case where arm i’s
median index is over-estimated. Conditional on the good
event {µ̂(on)

i (t) ≤ xi}, the event {θ̂i(t) > yi} implies that
{θ(on)i (t) > yi} ∩ {θ(hyb)i (t) > yi}. The corresponding
regret event is therefore the intersection of two unfavor-
able events, whose probability is strictly smaller than that
induced by either posterior alone,

T∑
t=1

min
{
Pr
(
A(t) = i, E

µ(on)
i (t), θ

(on)
i (t) > yi

)
,

Pr
(
A(t) = i, E

µ(on)
i (t), θ

(hyb)
i (t) > yi

)}
.

This yields the first term in Theorem 5.1 by taking the
minimum of the corresponding regret contributions from
the online and hybrid posterior distributions.

The second term in (2) can be transformed to the case where
arm 1’s median index is under-estimated. Dealing with
this term is commonly recognized as a key challenge in TS
analyses (Agrawal & Goyal, 2017; Jin et al., 2021; 2023),
which is typically upper bounded by E[1/p− 1] where p is
the conditional probability (given the history) that θ̂1 > yi.
In vanilla TS, p is the tail probability of a single posterior
sample θ̂1 := θ

(on)
1 , so one can directly convert E[1/p] into

the expectation of a geometric hitting time related to the
behavior of the index. In our setting, however, the arm
index is the median of three random quantities with distinct
concentration behaviors, which prevents a direct reduction
to a one-dimensional geometric hitting-time argument as in
vanilla TS.

To handle this term, we further condition on the behavior
of µ̂(on)

1 . Under the good event {µ̂(on)
1 (t) > yi}, it suffices

that either the online or the hybrid posterior sample of arm
1 exceeds yi for the optimal arm to be selected. This yields
a union of favorable events, implying that

p ≥ max{p(on), p(hyb)},

thus
1

p
− 1 ≤ min

{ 1

p(on)
− 1,

1

p(hyb)
− 1
}
.

where p(on) and p(hyb) represent the conditional probability
that {θ(on)1 (t) > yi} and {θ(hyb)1 (t) > yi}, respectively.
This leads to the second term in Theorem 5.1, where the
right-hand shift of the hybrid posterior distribution ensures
that p(hyb) > p(on) when offline data arm 1 are available.

Another key difficulty arises when µ̂
(on)
1 (t) < yi. In this

regime, the median index can no longer exploit the more
favorable of the two posterior samples, and the success
probability p reduces to an intersection event involving both
samples. This joint event can significantly shrink p and
amplify regret. Moreover, since µ̂

(on)
1 (t) and θ̂1(t) are sta-

tistically coupled, their contributions cannot be bounded
separately and combined multiplicatively.

To address this challenge, we first apply Hölder’s inequal-
ity to decompose the regret term into two components that
can be handled separately. The first component involves
the success probability 1/p corresponding to a joint hitting
event of two posterior samples. Here, the right-hand shift
of the hybrid posterior distribution plays a crucial role by
preventing this term from becoming excessively large, en-
suring that it remains bounded by a constant. The second
component captures the probability of inaccurate estimation
of the online sample mean, which decreases exponentially
as the selection of arm 1. As a result, the combined con-
tribution of these two components can be controlled by an
O(1/∆2

i ) upper bound.
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7. Experiments
In this section, we compare our Anchor-TS with three
classes of baselines: online-only methods including stan-
dard TS (Agrawal & Goyal, 2017) and standard UCB (Auer
et al., 2002); naive offline-to-online methods including hy-
brid TS and hybrid UCB (Shivaswamy & Joachims, 2012)
which use offline data for initialization while treating it as
unbiased; and bias-aware offline-to-online method MIN-
UCB (Cheung & Lyu, 2024). For each experiment, we
report cumulative regret over 10k rounds, averaged over 50
runs with error bars showing the standard error. We consider
a basic setting with K = 10 arms, where the optimal arm
has online mean reward 0.8 and all suboptimal arms have
mean 0.5, yielding a gap of 0.3. Rewards are drawn from a
Gaussian distribution with unit variance. The total number
of offline samples is 2k. To investigate the effect of offline
data coverage, we consider three coverage patterns: uniform
coverage across arms, coverage concentrated on the optimal
arm 1 (with 80% of samples), and coverage concentrated
on a suboptimal arm 2 (with 80% of samples). We further
explore algorithm performance by varying parameters of
this basic setting.

Unbiased offline data. We first consider a simple setting
with zero bias under different sub-optimality gaps ∆ ∈
{0.3, 0.1}. The results are reported in Figure 1. There are
two common observations: methods that leverage offline
data consistently outperform purely online methods, and
TS-type algorithms typically outperform their UCB-type
counterparts.

In the easiest setting with uniformly distributed and suffi-
ciently abundant offline data (Figure 1 left(a)), both hybrid
UCB and hybrid TS achieve zero regret. In contrast, Anchor-
TS incurs a small constant regret, as it deliberately requires a
constant number of online samples to form a reliable anchor.
In other settings, Anchor-TS consistently achieves the low-
est regret and outperforms hybrid TS, despite both methods
leveraging the same offline information. This gap comes
from different exploration control: hybrid TS relies on a
single high-variance posterior sample and may tend to over-
explore, whereas Anchor-TS reduces exploration through
sample-mean–based anchoring. A similar phenomenon was
also observed in Jin et al. (2023), where incorporating the
sample mean into the decision process leads to improved
performance.

Compared with UCB-based algorithms, Anchor-TS consis-
tently achieves substantial gains, particularly when offline
data are concentrated on the optimal arm. This behavior
aligns with our theoretical analysis, which predicts that the
benefit of Anchor-TS scales with the amount of offline data
available for the optimal arm, while UCB-based methods
do not benefit in the same way. This advantage becomes
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Figure 1. Cumulative regret in the unbiased setting under varying
offline coverage regimes and suboptimality gaps (left: ∆ = 0.3;
right: ∆ = 0.1).

even more pronounced in harder settings with a smaller gap
where hybrid UCB and MINUCB even underperform pure
online UCB (Figure 1 right (b)). This is because the UCB
of the optimal arm is excessively reduced when incorporat-
ing offline data, forcing other arms to be pulled more often
before their sub-optimality can be identified.

Biased offline data. We then evaluate the performance
of algorithms under distribution shift between offline and
online environments. We include both pure online methods
and bias-aware approaches as baselines. To ensure that the
offline data is sufficiently misleading, we consider a base
setting in which µ

(off)
1 = 0.5 and µ

(off)
i = 0.6 for i ̸= 1, so

that the optimal arm is underestimated in the offline data
while the suboptimal arms are overestimated. Figure 2 sum-
marizes the algorithms performances under biased offline
data by varying key problem parameters, including the total
offline sample size, the real bias level, the hyper-parameter
V , and the arm set size. Unless otherwise specified, the
hyperparameter V is set to the true bias magnitude for each
arm. Across all settings, Anchor-TS consistently achieves
the lowest regret, demonstrating robustness to offline bias
and markedly outperforming UCB-based methods in its
ability to effectively utilize offline information.

The top-left panel shows the algorithms performance under
different offline sample sizes

∑
i Ni. Increasing offline data

generally improves bias-aware methods, especially under
uniform coverage.

The top-right panel studies the effect of the bias level δ.
For ease of implementation, we fix the offline mean of sub-
optimal arms and vary µ

(off)
1 by setting different choices

of δ := µ
(on)
1 − µ

(off)
1 . Larger δ corresponds to stronger

underestimation of the optimal arm in the offline data. Nev-
ertheless, Anchor-TS maintains a stable low-regret profile

8
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Figure 2. Cumulative regret under varying offline coverage regimes and problem parameters (top-left: total offline sample size; top-right:
bias level δ; bottom-left: hyperparameter V ; bottom-right: number of arms K).

and consistently outperforms baselines.

The bottom-left panel examines the impact of hyper-
parameter V . For MINUCB and Anchor-TS, we set V
to the maximum of the true bias magnitude and the tested
value. When V is small, tighter prior control allows Anchor-
TS to exploit offline data more aggressively. As V increases,
its performance degrades but never falls below pure online
TS. Even when offline data are uninformative with large V ,
Anchor-TS retains a slight advantage due to sample-mean
based exploration.

The bottom-right panel evaluates scalability with respect
to the number of arms K. While regret increases with K
for all methods, UCB-based algorithms grow much faster,
whereas Anchor-TS scales more favorably by suppressing
unnecessary exploration.

8. Conclusion
In this work, we study the TS-type algorithm for offline-
to-online learning. Such algorithms face a fundamental
challenge in assessing the reliability of the hybrid posterior
distribution through comparison with the online posterior,
stemming from the lack of inherent optimism in posterior
samples. We address this challenge by introducing a novel
median-based aggregation mechanism that combines the on-
line sample mean, an online posterior sample, and a hybrid
posterior sample, enabling adaptive exploitation of informa-
tive offline data. Our theoretical results demonstrate that
our algorithm can effectively cope with bias in offline data,
while achieving strictly better regret improvement when the
offline data are sufficiently informative. Compared with
UCB-type algorithms, our TS-based approach can further
leverage abundant offline data on the optimal arm to obtain
larger performance gains. Moreover, even in the pure online
setting, the proposed median-index mechanism yields prov-
able improvement in the leading constant of the regret bound
compared with pure online TS. Extensive empirical evalua-

tions further validate our theoretical findings, demonstrating
that our algorithm consistently outperforms state-of-the-art
baselines across various settings of data coverage and bias
magnitudes.

Several promising directions merit further investigation.
First, it would be valuable to establish gap-independent
regret bounds that explicitly quantify the benefits of of-
fline data. Second, extending the proposed anchor-based
framework to contextual TS is an important direction for
addressing high-dimensional, real-world decision-making
problems.
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Impact Statement
This paper develops theory and algorithms for offline-to-
online bandit learning under distribution shift, with exper-
iments only on synthetic instances. The work is method-
ological and we do not release datasets or models. We do
not foresee direct dual-use risks from the theoretical results
themselves.
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A. Proof of Theorem 5.1
We first introduce some useful definitions that will be used in the proof.

For each sub-optimal arm i ̸= 1, we define two thresholds: xi := µ
(on)
i +∆i/3 and yi := µ

(on)
i + 2∆i/3 = µ

(on)
1 −∆i/3.

It holds that xi < yi and yi − xi = ∆i/3.

Define the confidence radius Lt := 2 log(2t/δt) with uncertainty level δt = 1/(t2∆2
i ).

Let Ft := ∪Ki=1Si∪{(A(τ), RA(τ)(τ)) : 1 ≤ τ ≤ t} to represent the history comprising the offline dataset and the sequence
of online observations collected up to round t.

For the optimal arm 1 and arm i, define pi,t := Pr
(
θ̂1(t) > yi | Ft−1

)
to represent the conditional probability that the

median-index is larger than yi. Similarly, define p
(on)
i,t := Pr

(
θ
(on)
1 (t) > yi | Ft−1

)
and p

(hyb)
i,t := Pr

(
θ
(hyb)
1 (t) > yi |

Ft−1

)
.

Further define the following good events representing the estimators are not far from their centers.

Definition A.1 (Good events Eµ(on)
i (t), E

µ(hyb)
i (t), E

θ(hyb)
i (t),Gi(t), Eµ(on)

1 (t)). For i ̸= 1, define the following good
event

E
µ(on)
i (t) :=

{
µ̂
(on)
i (t) ≤ xi

}
,

E
µ(hyb)
i (t) :=

{∣∣µ̂(hyb)
i (t)− µ

(on)
i

∣∣ ≤√ Lt

Ni(t) + Ti
+

TiVi

Ni(t) + Ti

}
,

E
θ(hyb)
i (t) :=

{∣∣θ(hyb)i (t)− µ̂
(hyb)
i (t)

∣∣ ≤√ Lt

Ni(t) + Ti
+

TiVi

Ni(t) + Ti

}
.

and the global good event

Gi(t) := E
µ(on)
i (t) ∩ E

µ(hyb)
i (t) ∩ E

θ(hyb)
i (t) .

Similarly, for optimal arm 1, define

E
µ(on)
1 (t) :=

{
µ̂
(on)
1 (t) > yi

}
.

In the following, we provide the detailed proof of Theorem 5.1.

Proof of Theorem 5.1. We first analyze the regret by bounding the number of selections of each sub-optimal arm i ̸= 1.

E

[
T∑

t=1

1{A(t) = i}

]
=

T∑
t=1

Pr(A(t) = i, ¬Eµ(on)
i (t)) +

T∑
t=1

Pr(A(t) = i, ¬Eµ(hyb)
i (t))

+

T∑
t=1

Pr(A(t) = i, ¬Eθ(hyb)
i (t)) +

T∑
t=1

Pr(A(t) = i,Gi(t)) (3)

≤O
(

1

∆2
i

)
+

T∑
t=1

Pr(A(t) = i,Gi(t)) (4)

≤O
(

1

∆2
i

)
+

T∑
t=1

Pr (A(t) = i,Gi(t), θ̂i(t) > yi)︸ ︷︷ ︸
E1,t

+

T∑
t=1

Pr (A(t) = i,Gi(t), θ̂i(t) ≤ yi)︸ ︷︷ ︸
E2,t

≤O
(

1

∆2
i

)
+

T∑
t=1

Pr(E1,t) +
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
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+

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]

(5)

≤C3

∆2
i

+

(
C1 log T

∆2
i

−Ni max

{(
1− 3ωi

∆i

)
, 0

})
+

+ c

(
C2 log T

∆2
i

−N1

)
+

. (6)

Here (4) follows from Lemma D.4, Lemma A.2, and Lemma A.3 for bounding the bad events. (5) is due to Lemma A.5. (6)
comes from the upper bound for E1 in Lemma A.4 and the upper bound for two terms of E2 in Lemma A.6 and Lemma A.9.
C1, C2, C3 are constant terms independent of the problem parameters, c = max

{
e11, exp

{
28+16

√
3

N1+1

}}
+ 5 is a constant

smaller than the coeffient in the pure online TS (Agrawal & Goyal, 2017) and decreases as N1 increases. O hides constant
terms.

The final regret can then be obtained by

Reg(T ) =
∑
i̸=1

∆iE

[
T∑

t=1

1{A(t) = i}

]

≤
∑
i̸=1

∆i

(
C3

∆2
i

+

(
C1 log T

∆2
i

−Ni max

{(
1− 3ωi

∆i

)
, 0

})
+

+ c

(
C2 log T

∆2
i

−N1

)
+

)
.

We next introduce the lemmas used in the above proof and provide the proof of lemmas in Appendix C. The first two lemmas
establish constant upper bounds on the probability of bad events.

Lemma A.2. For sub-optimal arm i ̸= 1, the second term in (3) can be bounded by

T∑
t=1

Pr(A(t) = i, ¬Eµ(hyb)
i (t)) ≤

T∑
t=1

δt = O

(
1

∆2
i

)
.

Lemma A.3. For sub-optimal arm i ̸= 1, the third term in (3) can be bounded by

T∑
t=1

Pr(A(t) = i, ¬Eθ(hyb)
i (t)) ≤

T∑
t=1

δt
t
= O

(
1

∆2
i

)
.

The following lemma establishes an upper bound on
∑T

t=1 Pr(E1,t) in the regret, corresponding to the regret incurred when
the global good event Gi(t) holds and the index θ̂i(t) of arm i is inaccurate.

Lemma A.4. For sub-optimal arm i ̸= 1,

T∑
t=1

Pr(E1,t) ≤
(
36

log(T∆2
i + e6)

∆2
i

−Ni max

{(
1− 3ωi

∆i

)
, 0

})
+

+
1

∆2
i

.

The following lemma establishes an upper bound on
∑T

t=1 Pr(E2,t) in the regret. This term can be transformed into the
case where the index θ̂1(t) of arm 1 is inaccurate, which may lead to the selection of arm i.

Lemma A.5. For all t, i ̸= 1 and all instantiations Ft−1 of Ft−1,

Pr
(
A(t) = i, Gi(t), θ̂i(t) ≤ yi | Ft−1

)
≤ 1− pi,t

pi,t
Pr
(
A(t) = 1, Gi(t), θ̂i(t) ≤ yi | Ft−1

)
.

Further,

T∑
t=1

Pr
(
E2,t
)
≤

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
+

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]

.
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Lemma A.6. For any t ≥ 0,

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
≤

T−1∑
k=0

min
{
E
[

1

p
(on)
i,τk+1

− 1
]
, E
[

1

p
(hyb)
i,τk+1

− 1
]}

.

We then prove a similar lemma corresponding to Lemma D.6 for the hybrid estimator.
Lemma A.7. Let τk be the time of the k-th play of arm 1. Then

E
[

1

p
(hyb)
i,τk+1

− 1
]
≤


max

{
e11, exp

(
28+16

√
3

N1+1

)}
+ 5, ∀ k,

5

T∆2
i

, k > L
(hyb)
i (T ),

where L
(hyb)
i (T ) =

(
288 ln(T∆2

i+e6)

∆2
i

−N1

)
+
.

Lemma A.8.
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
≤ C1

(
log(T∆2

i + e32)

∆2
i

−N1

)
+

+ C2
1

∆2
i

,

for suitable constants C1, C2 > 0 independent of T .

Proof of Lemma A.8. Combining Lemma A.6, Lemma D.6 and Lemma A.7 we get the bound.

Lemma A.9.
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]
≤ C

∆2
i

,

for some constant C.

B. Theoretical Analysis and Experiments in the Pure Online Setting
In this section, we provide a tighter analysis to the pure online setting, where no offline data are available. In this case, the
hybrid posterior coincides with the online posterior, and Anchor-TS reduces to selecting arms according to the median index

median
{
θ
(on)
i,1 (t), θ

(on)
i,2 (t), µ̂

(on)
i

}
,

where θ
(on)
i,1 and θ

(on)
i,2 are i.i.d. samples from the standard online posterior of arm i at time t. We show that this median rule

preserves the classical instance-dependent regret guarantee while improving the leading logarithmic term by a factor 1/2
compared with vanilla TS.

B.1. 1/2 improvement on the leading log T -term

We reuse the notation in Appendix A. Recall that the log T contribution in Theorem 5.1 arises from two parts: (i) controlling
over-optimistic indices of suboptimal arms (captured by the term

∑T
t=1 Pr(E1,t) as in Lemma A.4), and (ii) controlling

under-exploration of the optimal arm (via the ratio term in Lemma A.5). We bound these two parts separately.

Suboptimal-arm term. Recall that for a suboptimal arm i ̸= 1,

T∑
t=1

Pr(E1,t) =
T∑

t=1

Pr
(
A(t) = i,Gi(t), θ̂i(t) > yi

)
. (7)

Conditioned on the global good event Gi(t), we have µ̂
(on)
i < xi < yi. Therefore, the event {θ̂i(t) > yi} can only happen

when both posterior samples exceed yi, i.e.,{
median{θ(on)i,1 (t), θ

(on)
i,2 (t), µ̂

(on)
i (t)} > yi

}
=
{
θ
(on)
i,1 (t) > yi ∩ θ

(on)
i,2 (t) > yi

}
.
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Since θ
(on)
i,1 (t), θ(on)i,2 (t) are i.i.d. conditional on Ft−1,

Pr
(
θ̂i(t) > yi | Ft−1

)
= Pr

(
θ
(on)
i (t) > yi | Ft−1

)2
. (8)

Using (8) squares the Gaussian tail probability (Lemma D.2) in the vanilla TS analysis (Lemma D.4) and yields a halved
exploration threshold as

T∑
t=1

Pr
(
Ti(t) >

1
2Li(T ), Gi(t), θ̂i(t) > yi

)
≤

T∑
t=

1
2Li(t)

(
exp

{
−Ti(t)(yi − xi)

2

2

})2

≤
T∑

t=1

(
exp

{
−

1
2Li(t)(yi − xi)

2

2

})2

≤
T∑

t=1

1

T∆2
i

≤ 1

∆2
i

, (9)

where the threshold Li(T ) is the same as in Lemma D.4.

Thus take (9), we get

T∑
t=1

Pr(E1,t) ≤
T∑

t=1

Pr
(
A(t) = i, Ti(t) ≤ 1

2Li(T ), Gi(t), θ̂i(t) > yi

)
+

T∑
t=1

Pr
(
A(t) = i, Ti(t) >

1
2Li(T ), Gi(t), θ̂i(t) > yi

)
≤ 1

2Li(T ) +

T∑
t=1

Pr
(
Ti(t) >

1
2Li(T ), Gi(t), θ̂i(t) > yi

)
≤ 1

2Li(T ) +
1

∆2
i

,

which matches the classical bound but with a factor 1/2 on the leading logarithmic term.

Optimal-arm term. Next we bound the term arising from Lemma A.5, namely

T∑
t=1

Pr
(
E2,t
)
≤

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
+

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]

. (10)

We mainly focus on the first term since the second term upper bound does not depend on T . Under Eµ(on)
1 (τk + 1), we have

µ̂
(on)
1 (τk + 1) > yi, hence

pi,τk+1 = Pr
(
θ̂1(τk + 1) > yi | Fτk

)
= Pr

(
θ
(on)
1,1 (τk + 1) > yi ∪ θ

(on)
1,2 (τk + 1) > yi | Fτk

)
.

Let p(on)i,τk+1 := Pr(θ
(on)
1 (τk + 1) > yi | Fτk). Then

pi,τk+1 = 1−
(
1− p

(on)
i,τk+1

)2
= 2 p

(on)
i,τk+1 −

(
p
(on)
i,τk+1

)2
.
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Therefore,

1− pi,τk+1

pi,τk+1
=

(1− p
(on)
i,τk+1)

2

p
(on)
i,τk+1(2− p

(on)
i,τk+1)

=
1− p

(on)
i,τk+1

p
(on)
i,τk+1

·
1− p

(on)
i,τk+1

2− p
(on)
i,τk+1

≤ 1

2
·
1− p

(on)
i,τk+1

p
(on)
i,τk+1

, (11)

where we used (1− p)/(2− p) ≤ 1/2 for p ∈ [0, 1]. Plugging (11) into the first term of (10) directly yields a factor-1/2
reduction on the leading logarithmic contribution in the optimal-arm analysis. The second term in (10) is handled identically
to Appendix A and remains a lower-order constant term.

B.2. Experiments in the pure online setting
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Figure 3. Cumulative regret of our Anchor-TS and baselines in the pure online setting with different arm set size K and sub-optimality
gap ∆.

We examine the pure online setting in Figure 3, where no offline data are available. In this case, MIN-UCB, hybrid UCB,
and hybrid TS reduce to their respective pure online variants. The experimental setting follows Section 7. We test different
choices of arm set size K and sub-optimality gap ∆ = µ

(on)
1 − µ

(on)
2 . Anchor-TS makes decisions based on the median of

two posterior samples and the empirical mean from online data. As shown in the figure, Anchor-TS consistently achieves
the lowest cumulative regret across all tested settings. This demonstrates that even without offline data, the median-based
decision rule employed by Anchor-TS effectively suppresses over-exploration caused by the randomness of posterior
sampling, thereby exhibiting greater learning efficiency compared with vanilla TS and UCB-based methods.

C. Proof of Lemmas
Proof of Lemma A.2. We expand the difference between the empirical hybrid mean and the true mean of the online
distribution in E

µ(hyb)
i (t) as follows:

µ̂
(hyb)
i (t)− µ

(on)
i =

(
µ̂
(hyb)
i (t)− Ti(t)µ

(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni

)
+

(
Ti(t)µ

(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni
− µ

(on)
i

)

=

(
µ̂
(hyb)
i (t)− Ti(t)µ

(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni

)
+

Ni

Ti(t) +Ni

(
µ
(off)
i − µ

(on)
i

)
.

Using |µ(off)
i − µ

(on)
i | ≤ Vi, we obtain

∣∣µ̂(hyb)
i (t)− µ

(on)
i

∣∣ ≤ ∣∣∣∣∣Ti(t)µ̂
(on)
i (t) +Niµ̂

(off)
i

Ti(t) +Ni
− Ti(t)µ

(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni

∣∣∣∣∣+ NiVi

Ti(t) +Ni
. (12)

Combining the definition of ¬Eµ(hyb)
i (t)

∣∣µ̂(hyb)
i (t)− µ

(on)
i

∣∣ >√ Lt

Ti(t) +Ni
+

NiVi

Ti(t) +Ni
,
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with (12), we can derive the following relation:

¬Eµ(hyb)
i (t) ⊆

{∣∣∣∣∣Ti(t)µ̂
(on)
i (t) +Niµ̂

(off)
i

Ti(t) +Ni
− Ti(t)µ

(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni

∣∣∣∣∣ >
√

Lt

Ti(t) +Ni

}
. (13)

Noting that in (13),

E

[
Ti(t)µ̂

(on)
i (t) +Niµ̂

(off)
i

Ti(t) +Ni

]
=

Ti(t)µ
(on)
i (t) +Niµ

(off)
i

Ti(t) +Ni
.

Given Ti(t) = s, by Chernoff-Hoeffding bounds (Lemma D.1), we have

Pr

(∣∣∣∣∣sµ̂(on)
i (t) +Niµ̂

(off)
i

s+Ni
− E

[
sµ̂

(on)
i (t) +Niµ̂

(off)
i

s+Ni

]∣∣∣∣∣ >
√

Lt

s+Ni

)
≤ 2e

−(s+Ni)
Lt

s+Ni

≤ δt
t
.

Thus

Pr
(
¬Eµ(hyb)

i (t)
)
= Pr

(
∃s ∈ {0, . . . , t− 1} : Ti(t) = s and ¬Eµ(hyb)

i (t)
)

≤
t−1∑
s=0

Pr

(∣∣∣∣∣sµ̂(on)
i (t) +Niµ̂

(off)
i

s+Ni
− E

[
sµ̂

(on)
i (t) +Niµ̂

(off)
i

s+Ni

]∣∣∣∣∣ >
√

Lt

s+Ni

)

≤
t−1∑
s=0

δt
t
≤ δt.

Then we have
T∑

t=1

Pr(A(t) = i, ¬Eµ(hyb)
i (t)) ≤

T∑
t=1

Pr
(
¬Eµ(hyb)

i (t)
)
≤

T∑
t=1

δt = O

(
1

∆2
i

)
.

Proof of Lemma A.3. Recall that

θ
(hyb)
i (t) ∼ N

(
µ̂
(hyb)
i (t) +

NiVi

Ti(t) +Ni
,

1

Ti(t) +Ni + 1

)
,

thus E[θ(hyb)i (t)] = µ̂
(hyb)
i (t) + NiVi

Ti(t)+Ni
. By the triangle inequality,∣∣θ(hyb)i (t)− µ̂

(hyb)
i (t)

∣∣ ≤ ∣∣θ(hyb)i (t)− E[θ(hyb)i (t)]
∣∣+ ∣∣E[θ(hyb)i (t)]− µ̂

(hyb)
i (t)

∣∣
Thus

¬Eθ(hyb)
i (t) =

{∣∣θ(hyb)i (t)− µ̂
(hyb)
i (t)

∣∣ >√ Lt

Ti(t) +Ni
+

NiVi

Ti(t) +Ni

}

⊆

{∣∣θ(hyb)i (t)− E[θ(hyb)i (t)]
∣∣ ≥√ Lt

Ti(t) +Ni

}
. (14)

Conditional on the filtration Ft, µ̂
(hyb)
i (t) and Ti(t) are deterministic. Thus the right-hand of (14) can be bounded by

Gaussian tail inequality (Lemma D.2) as

Pr
(
¬Eθ(hyb)

i (t)|Ft

)
≤ 2 exp

(
−1

2

Lt

Ti(t) +Ni
· (Ti(t) +Ni + 1)

)
≤ δt

t
.
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Then we have

T∑
t=1

Pr(A(t) = i, ¬Eµ(hyb)
i (t)) =

T∑
t=1

E
[
Pr(A(t) = i, ¬Eµ(hyb)

i (t)|Ft)
]

≤
T∑

t=1

E
[
Pr( ¬Eµ(hyb)

i (t)|Ft)
]

≤
T∑

t=1

δt
t

= O

(
1

∆2
i

)
.

Proof of Lemma A.4. θ̂i(t) > yi indicates that the median among three indices is above yi, which implies that both the
online and hybrid indexes are above yi based on the event Eµ(on)

i (t), i.e.,

{θ̂i(t) > yi} ⊆ {θ(on)i (t) > yi} ∩ {θ(hyb)i (t) > yi} when Gi(t) holds.

Therefore

Pr(E1,t) = Pr
(
A(t) = i, Gi(t), θ̂i(t) > yi

)
≤ min

{
Pr
(
A(t) = i, Gi(t), θ(on)i (t) > yi

)
,Pr
(
A(t) = i, Gi(t), θ(hyb)i (t) > yi

)}
.

Then

T∑
t=1

Pr(E1,t) ≤
T∑

t=1

min
{
Pr
(
A(t) = i, Gi(t), θ(on)i (t) > yi

)
,Pr
(
A(t) = i, Gi(t), θ(hyb)i (t) > yi

)}

≤ min


T∑

t=1

Pr
(
A(t) = i, E

µ(on)
i (t), θ

(on)
i (t) > yi

)
︸ ︷︷ ︸

S1

,

T∑
t=1

Pr
(
A(t) = i, Gi(t), θ(hyb)i (t) > yi

)
︸ ︷︷ ︸

S2

 . (15)

Note that S1 is exactly the same as the corresponding term in vanilla TS (Agrawal & Goyal, 2017). By Lemma D.5,

S1 ≤
2 log(T∆2

i )

(yi − xi)2
+

1

∆2
i

=
18 log(T∆2

i )

∆2
i

+
1

∆2
i

. (16)

Next we bound term S2. Based on the good event Gi(t) and triangle inequality,

θ
(hyb)
i (t)− µ

(on)
i = θ

(hyb)
i (t)− µ

(hyb)
i + µ

(hyb)
i − µ

(on)
i

≤ 2

√
Lt

Ti(t) +Ni
+

NiVi

Ti(t) +Ni
+

Ni

Ti(t) +Ni
(µ

(off)
i − µ

(on)
i )

= 2

√
Lt

Ti(t) +Ni
+

Niωi

Ti(t) +Ni
. (17)

Conditional on the event {θ(hyb)i (t) > yi},

θ
(hyb)
i (t)− µ

(on)
i > yi − µ

(on)
i = 2∆i/3. (18)
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Combining (17) and (18),

S2 ≤
T∑

t=1

Pr

(
A(t) = i, 2

√
Lt

Ti(t) +Ni
+

Niωi

Ti(t) +Ni
≥ 2∆i

3

)

≤
T∑

t=1

Pr

(
A(t) = i, 2

√
Lt

Ti(t) +Ni
≥ ∆i

3
or

Niωi

Ti(t) +Ni
≥ ∆i

3

)

=

T∑
t=1

Pr

(
A(t) = i, Ti(t) +Ni ≤

36Lt

∆2
i

or Ti(t) +Ni ≤
3Niωi

∆i

)

≤
T∑

t=1

Pr

(
A(t) = i, Ti(t) +Ni ≤ max

{
36Lt

∆2
i

,
3Niωi

∆i

})
≤
(
max

{
36

LT

∆2
i

, 3
Niωi

∆i

}
−Ni

)
+

≤
(
36

log(T∆2
i )

∆2
i

−Ni

(
1− 3

ωi

∆i

))
+

(19)

Above all, based on (15), (16) and (19),

T∑
t=1

Pr(E1,t) ≤ min {S1, S2}

≤
(
36

log(T∆2
i )

∆2
i

−Ni max

{(
1− 3

ωi

∆i

)
, 0

})
+

+
1

∆2
i

. (20)

Proof of Lemma A.5. Our goal is to demonstrate

Pr
(
A(t) = i, θ̂i(t) ≤ yi | Gi(t), Ft−1

)
≤ 1− pi,t

pi,t
Pr
(
A(t) = 1, θ̂i(t) ≤ yi | Gi(t), Ft−1

)
. (21)

For sub-optimal arm i to be chosen given this constraint, every other arm j must satisfy θ̂j(t) ≤ θ̂i(t) ≤ yi. Besides, noting
that given instantiation Ft−1, the posterior distribution between optimal arm 1 and other sub-optimal arms are independent,
and Pr

(
θ̂1(t) ≤ yi | Gi(t), Ft−1

)
= Pr

(
θ̂1(t) ≤ yi | Ft−1

)
. Therefore,

LHS of (21) ≤ Pr
(
θ̂j(t) ≤ yi, ∀ j | Gi(t), Ft−1

)
= Pr

(
θ̂1(t) ≤ yi | Ft−1

)
· Pr

(
θ̂j(t) ≤ yi, ∀ j ̸= 1 | Gi(t), Ft−1

)
= (1− pi,t) · Pr

(
θ̂j(t) ≤ yi, ∀ j ̸= 1 | Gi(t), Ft−1

)
.

Next, consider the probability of selecting the optimal arm 1 under the same conditions. Arm 1 is chosen if its median index
θ̂1(t) exceeds all others. Thus we have

Pr
(
A(t) = 1 | Gi(t), Ft−1

)
≥ Pr

(
θ̂1(t) > yi ≥ θ̂j(t), ∀j | Gi(t), Ft−1

)
= Pr

(
θ̂1(t) > yi | Ft−1

)
· Pr

(
θ̂j(t) ≤ yi, ∀ j ̸= 1 | Gi(t), Ft−1

)
= pi,t · Pr

(
θ̂j(t) ≤ yi, ∀ j ̸= 1 | Gi(t), Ft−1

)
.

Combining the above two inequalities, we get the first result in the lemma.

19



1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099

Sample-Mean Anchored Thompson Sampling for Offline-to-Online Learning with Distribution Shift

For the term E2,t, taking expectations and summing over t yields

T∑
t=1

Pr
(
E2,t
)
=

T∑
t=1

E
[
Pr
(
E2,t | Ft−1

)]
≤

T∑
t=1

E
[
1− pi,t
pi,t

Pr
(
A(t) = 1,Gi(t) | Ft−1

)]
(22)

=

T∑
t=1

E
[
E
[
1− pi,t
pi,t

1{A(t) = 1,Gi(t)} | Ft−1

]]
(23)

=

T∑
t=1

E
[
1− pi,t
pi,t

1{A(t) = 1,Gi(t)}
]
. (24)

(22) is derived from the first result in the lemma, (23) above uses that pi,t is fixed given Ft−1.

Let τk be the time of the k-th pull of arm 1 (k ≥ 1) and set τ0 := 0. Between two consecutive pulls of arm 1, neither
its posteriors nor their empirical mean estimations change, so both pi,t and E

µ(on)
1 (t) is invariant within each block

{τk + 1, . . . , τk+1}. Summing up the sum in (24) block wise we obtain

RHS of (24) ≤
T−1∑
k=0

E

[
1− pi,τk+1

pi,τk+1

τk+1∑
t=τk+1

1{A(t) = 1,Gi(t)}

]

≤
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1

]
(25)

≤
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
+

T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]

,

(25) is derived because each block contains at most one round with A(t) = 1 and E
µ(on)
1 (t) coincides with E

µ(on)
1 (τk + 1)

throughout the block.

Proof of Lemma A.6. For any time t, define MIXt := max{p(on)i,t , p
(hyb)
i,t }. We first prove that when E

µ(on)
1 (t) holds,

pi,t = Pr
(
θ̂1(t) > yi | Ft−1

)
≥ MIXt . (26)

Recall that event Eµ(on)
1 (t) = {µ̂(on)

1 (t) > yi}. This implies with E
µ(on)
1 (t) being true,(

{θ(hyb)1 (t) > yi} ∪ {θ(on)1 (t) > yi}
)
⊆ {θ̂1(t) > yi}.

Taking conditional probabilities given Ft−1 and using that θ(on)1 (t) and θ
(hyb)
1 (t) are independent of µ̂(on)

1 (t) conditional on
Ft−1, we obtain

pi,t ≥ Pr
(
{θ(hyb)1 (t) > yi} ∪ {θ(on)1 (t) > yi} | Ft−1

)
≥ max{p(on)i,t , p

(hyb)
i,t } = MIXt on E

µ(on)
1 (t).

Further, using 1−p
p = 1

p − 1 and the monotonicity of x 7→ 1/x on (0, 1], (26) implies that on E
µ(on)
1 (t)

1− pi,t
pi,t

≤ 1−MIXt

MIXt
=

1

MIXt
− 1,

and multiplying by 1
{
E

µ(on)
1 (t)

}
gets the point-wise bound

1− pi,t
pi,t

1
{
E

µ(on)
1 (t)

}
≤
(

1

MIXt
− 1

)
1
{
E

µ(on)
1 (t)

}
≤ 1

MIXt
− 1.
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The last inequality comes from 1
{
E

µ(on)
1 (t)

}
≤ 1.

Since MIXt = max{p(on)i,t , p
(hyb)
i,t },

1

MIXt
− 1 ≤ min

{
1

p
(on)
i,t

− 1,
1

p
(hyb)
i,t

− 1

}
. (27)

Applying (26)–(27) at time τk + 1, we obtain that for each k,

1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}
≤ min

{ 1

p
(on)
i,τk+1

− 1,
1

p
(hyb)
i,τk+1

− 1
}
, (28)

and hence
T−1∑
k=0

E
[
1− pi,τk+1

pi,τk+1
1
{
E

µ(on)
1 (τk + 1)

}]
≤

T−1∑
k=0

min
{
E
[

1

p
(on)
i,τk+1

− 1
]
, E
[

1

p
(hyb)
i,τk+1

− 1
]}

. (29)

Proof of Lemma A.7. Recall that p(hyb)i,t denotes the probability that θ(hyb)1 (t) exceeds yi given Ft−1, and for the algorithm
with Gaussian priors we have

θ
(hyb)
1 (t) ∼ N

(
µ̂
(hyb)
1 (t) +

N1V1

T1(t) +N1
,

1

T1(t) +N1 + 1

)
.

Given Fτk , let Θk denote a Gaussian random variable sampled from the above gaussian distribution with T1(t) = k. Let Gk

be the geometric random variable denoting the number of consecutive independent trials until a sample of Θk becomes
greater than yi. Then

pi,τk+1 = Pr(Θk > yi | Fτk)

and hence

E
[

1

pi,τk+1

]
= E

[
E[Gk | Fτk ]

]
= E[Gk].

We first bound E[Gk] by a constant for all k.

Fix any integer r ≥ 1. Let z =
√
ln r and let the random variable MAXr denote the maximum of r independent samples of

Θk. For brevity, write µ̂
(hyb)
1 = µ̂

(hyb)
1 (τk + 1). Then, for any integer r ≥ 1,

Pr(Gk ≤ r) ≥Pr(MAXr > yi)

≥Pr

(
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

)
=E
[
E
[
1

{
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

}
| Fτk

]]
=E
[
1

{
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

}
·

Pr

(
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
| Fτk

)]
. (30)

Given Fτk , Θk is Gaussian with distribution N
(
µ̂
(hyb)
1 (t) + N1V1

k+N1
, 1/(k +N1 + 1)

)
, using a Gaussian tail (Lemma D.2)

we have

Pr

(
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1

∣∣∣∣ Fτk

)
≥ 1−

(
1− 1√

2π

z

z2 + 1
e−z2/2

)r
= 1−

(
1− 1√

2π

√
ln r

ln r + 1

1√
r

)r

.
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For sufficiently large r (in particular, for all r ≥ e11), we have(
1− 1√

2π

√
ln r

ln r + 1

1√
r

)r

≤ exp

(
−
√
r

4πr ln r

)
≤ 1

r2
,

and hence for all r ≥ e11,

Pr

(
MAXr > µ̂

(hyb)
1 +

z√
j +N1 + 1

+
N1V1

j +N1

∣∣∣∣ Fτj

)
≥ 1− 1

r2
. (31)

Substituting (31) into (30) yields, for r ≥ e11,

Pr(Gk ≤ r) ≥
(
1− 1

r2

)
Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

)
.

Next we obtain a lower bound on the second term using Chernoff–Hoeffding bound (Lemma D.1).

Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

)
≥Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ µ

(on)
1

)
≥Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

≥ k · µ(on)
1 +N1µ

(off)
1

k +N1

)
,

where the last inequality is from a simple decomposition for the hybrid mean like (12).

Applying the Chernoff bound at time t = τk + 1 (so that k1(t) = k), we get, for any x > 0,

Pr

(
µ̂
(hyb)
1 +

1

k +N1
+

x√
k +N1 + 1

≥ µ
(hyb)
1

)
≥ 1− e−2x2

.

Here, the term 1
k+N1+1 was added to µ̂

(hyb)
1 to adjust for the fact that µ̂(hyb)

1 is not simply average of the past k+N1 samples,
instead, it is the sum of past k+N1 samples divided by k+N1 + 1. Now, we use x := z − 1√

k+N1+1
≥ z − 1√

N1+1
for all

k ≥ 0, we obtain

Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ µ1

)
≥ 1− exp

(
−2
(
z − 1√

N1 + 1

)2
)

= 1− 1

r2
exp

(
4√

N1 + 1

√
log r − 2

N1 + 1

)
.

Since yi ≤ µ1, this further implies

Pr

(
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
≥ yi

)
≥ 1− 1

r2
exp

(
4√

N1 + 1

√
log r − 2

N1 + 1

)
. (32)

Noting that for r ≥ exp
(

28+16
√
3

N1+1

)
, we have

1

r2
exp

(
4√

N1 + 1

√
log r − 2

N1 + 1

)
≤ 1

r1.5
(33)

and combining this with (32), (32) and (33) yields, for all r ≥ max
{
e11, exp

(
28+16

√
3

N1+1

)}
,

Pr(Gk ≤ r) ≥ 1− 1

r2
− 1

r1.5
.
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We can now bound E[Gk]:

E[Gk] =

∞∑
r=0

Pr(Gk ≥ r)

= 1 +

∞∑
r=1

Pr(Gk ≥ r)

≤ 1 + e11 +
∑
r≥1

(
1

r2
+

1

r1.5

)

≤ 1 + max

{
e11, exp

(
28 + 16

√
3

N1 + 1

)}
+ 2 + 2.7

≤ max

{
e11, exp

(
28 + 16

√
3

N1 + 1

)}
+ 6. (34)

Hence

E
[

1

pi,τk+1
− 1

]
= E[Gk]− 1 ≤ max

{
e11, exp

(
28 + 16

√
3

N1 + 1

)}
+ 5 for all k.

Next we derive a tighter bound for large k.

k > L
(hyb)
i (T ) =

(
288 ln(T∆2

i + e6)

∆2
i

−N1

)
+

.

Again fix r ≥ 1, let z =
√
ln r, and define MAXr as before. Then

Pr(Gk ≤ r) ≥ Pr(MAXr > yi)

≥ Pr

(
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
− ∆i

6
≥ yi

)
= E

[
1

{
µ̂
(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
+

∆i

6
≥ µ

(on)
1

}
(35)

· Pr
(
MAXr > µ̂

(hyb)
1 +

z√
k +N1 + 1

+
N1V1

k +N1
− ∆i

6

∣∣∣∣ Fτk

)]
, (36)

where we used that yi = µ1 −∆i/3.

By the definition of L(hyb)
i (T ) we have

k +N1 ≥
288 ln(T∆2

i + e6)

∆2
i

,

and hence √
2 ln(T∆2 + e6)√
k +N1 + 1

≤ ∆i

12
.

Therefore, for all r ≤ (T∆2
i + e6)2,

z√
k +N1 + 1

− ∆i

6
=

√
log r√

k +N1 + 1
− ∆i

6
≤ −∆i

12
.

Using the upper tail bound for a Gaussian random variable (Lemma D.2) we obtain, for any realization Fτk ,

Pr

(
Θk > µ̂

(hyb)
1 (τk + 1) +

N1V1

k +N1
− ∆i

12

∣∣∣∣ Fτk

)
≥ 1− 1

2
exp

(
− (k + 1)∆2

i

288

)
≥ 1− 1

2(T∆2
i + e32)

,
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which implies

Pr

(
MAXr > µ̂

(hyb)
1 (τk + 1) +

z√
k +N1 + 1

+
N1V1

k +N1
− ∆i

6

∣∣∣∣ Fτk

)
≥ 1− 1

2r(T∆2
i + e6)r

.

Moreover, for any t ≥ τk + 1 we have T1(t) ≥ k, and by Chernoff–Hoeffding bound (Lemma D.1),

Pr

(
µ̂
(hyb)
1 (t) +

z√
k +N1 + 1

+
N1V1

k +N1
− ∆i

6
≥ yi

)
≥ Pr

(
µ̂
(hyb)
1 (t) ≥ µ

(hyb)
1 − ∆i

6

)
≥ 1− exp

(
−2(T1(t) +N1)∆

2
i

36

)
≥ 1− 1

(T∆2
i + e6)16

.

Let T ′ = (T∆2
i + e6)2. Therefore,

E[Gk] ≤
∞∑
r=1

Pr(Gk ≥ r)

≤ 1 +

T ′∑
r=1

Pr(Gk ≥ r) +

∞∑
r=T ′+1

Pr(Gk ≥ r)

≤ 1 +

T ′∑
r=1

(
1

(2
√
T ′)r

+
1

(T ′)8

)
+

∞∑
r=T ′+1

(
1

r2
+

1

r1.5

)
≤ 1 +

1√
T ′

+
1

(T ′)7
+

2

T ′ +
3√
T ′

≤ 1 +
5

T∆2
i + e6

.

The above upper bound shows that E
[

1

p
(hyb)
i,τk+1

]
− 1 = E [Gk]− 1 ≤ 5

T∆2
i

for k > L
(hyb)
i (T ).

Proof of Lemma A.9. On E
µ(on)
1 (τk + 1) we have µ̂

(on)
1 (τk + 1) ≤ yi, hence

{
median{θ(on)1 (τk+1), µ̂

(on)
1 (τk+1), θ

(hyb)
1 (τk+1)} > yi

}
=
{
θ
(on)
1 (τk+1) > yi, θ

(hyb)
1 (τk+1) > yi

}
. (37)

We denote the right-hand of (37) as

p∧k := Pr
(
θ
(on)
1 (τk+1) > yi, θ

(hyb)
1 (τk+1) > yi | Fτk

)
.

Conditioned on Fτk , draw i.i.d. copies(
Θ

(on)
k,ℓ ,Θ

(hyb)
k,ℓ

)
ℓ≥1

i.i.d.∼
(
θ
(on)
1 (τk+1), θ

(hyb)
1 (τk+1)

)
| Fτk ,

and define the (conditional) geometric hitting time

Gk := min
{
ℓ ≥ 1 : Θ

(on)
k,ℓ > yi, Θ

(hyb)
k,ℓ > yi

}
.

Then Gk | Fk ∼ Geom(p∧k ) (supported on {1, 2, . . . }), so

1

p∧k
= E[Gk | Fk].
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Fix any α ∈ (1, 3
2 ) and let β := α

α−1 . By Jensen’s inequality (since x 7→ xα is convex for α > 1),( 1

p∧k

)α
=
(
E[Gk | Fk]

)α ≤ E[Gα
k | Fk], ⇒ E

[( 1

p∧k

)α]
≤ E[Gα

k ].

Next we bound E[Gα
k ] uniformly in k. For any integer r ≥ 1,

{Gk > r} ⊆
{

max
1≤ℓ≤r

Θ
(on)
k,ℓ ≤ yi

}
∪
{

max
1≤ℓ≤r

Θ
(hyb)
k,ℓ ≤ yi

}
.

Recall in Lemma D.6 and Lemma A.7 where we prove a constant upper bound for all k ≥ 0, for r ≥ r0 = e64, we have

Pr

(
max
1≤ℓ≤r

Θ
(on)
k,ℓ ≤ yi

)
≤ 1

r2
+

1

r3/2
,

Pr

(
max
1≤ℓ≤r

Θ
(hyb)
k,ℓ ≤ yi

)
≤ 1

r2
+

1

r3/2
.

Therefore,

Pr(Gk > r) ≤ 2

r2
+

2

r3/2
≤ 4

r3/2
.

For integer-valued X ≥ 1, we first note that

(r + 1)α − rα ≤ α(r + 1)α−1 ≤ α2α−1rα−1,

Then we have

Xα =

X−1∑
r=1

((r + 1)α − rα) + 1

≤
X∑
r=1

((r + 1)α − rα)

≤ α2α−1
X∑
r=1

rα−1

≤ α2α−1
∞∑
r=1

rα−11{r ≤ X}

= α2α−1
∞∑
r=1

rα−11{X ≥ r}

Taking exception on both sides, let Cα = α2α−1,we have

E[Xα] ≤ Cα

∞∑
r=1

rα−1P(X ≥ r),

hence with X = Gk,

E[Gα
k ] ≤ Cα

(
r0−1∑
r=1

rα−1 +

∞∑
r=r0

rα−1 · 4

r3/2

)
= Cα

(
Cr0 + 4

∞∑
r=r0

rα−
5
2

)
≤Mα <∞,

where the last inequality uses α < 3
2 so that α− 5

2 < −1, and we use Cr0 to denote
∑r0−1

r=1 rα−1 as a constant.
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Consequently,

sup
k≥0

E
[( 1

p∧k

)α]
≤Mα <∞. (38)

By Hölder’s inequality (Lemma D.3) with exponents (α, β),

E
[ 1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]

= E
[ 1

p∧k
1
{
¬Eµ(on)

1 (τk + 1)
}]

≤
(
E
[( 1

p∧k

)α])1/α
· Pr(¬Eµ(on)

1 (τk + 1))1/β

≤M1/α
α Pr(¬Eµ(on)

1 (τk + 1))1/β .

Noting that, by approximation, taking r0 = e64, (Cr0)
1/α ≈ e64.

Finally, since at time τk + 1 the online empirical mean of arm 1 is computed from exactly k i.i.d. Gaussian samples with
mean µ1 and variance 1, we have the standard tail bound

Pr(¬Eµ(on)
1 (τk + 1)) = P

(
µ̂
(on)
1,k ≤ yi

)
≤ exp

(
− k(µ1 − yi)

2

2

)
= exp

(
− k∆2

i

18

)
,

where we used yi = µ1 −∆i/3. Therefore,

T−1∑
k=1

E
[ 1

pi,τk+1
1
{
¬Eµ(on)

1 (τk + 1)
}]
≤M1/α

α

∞∑
k=1

exp
(
− k∆2

i

18β

)
≤ C

∆2
i

, (39)

for some constant C > 0 depending only on α (hence on β), which completes the bound for the I{¬Eµ(on)
1 (τk + 1)}-part

of Lemma A.5.

D. Useful Lemmas
Lemma D.1 (Chernoff-Hoeffding Bound). Let X1, . . . , Xn be independent random variables in [0, 1] with E[Xi] = µi

(not necessarily equal). Let X = 1
n

∑n
i=1 Xi, µ = E[X] = 1

n

∑n
i=1 µi. Then for any 0 < ϵ < 1− µ,

Pr(X ≥ µ+ ϵ) ≤ e−2nϵ2 ,

and, for any 0 < ϵ < µ,
Pr(X ≤ µ− ϵ) ≤ e−2nϵ2 .

Lemma D.2 (Concentration inequality of Gaussian variables (Abramowitz et al., 1988)). For a Gaussian distributed random
variable Z with mean µ and variance σ2, for any x > 0,

Pr(Z > µ+ xσ) ≥ 1√
2π

x

x2 + 1
e−x2/2.

Lemma D.3 (Hölder’s inequality). Let p, q ∈ (1,∞) be conjugate exponents such that 1
p + 1

q = 1. Let X and Y be
real-valued random variables defined on the same probability space. If E[|X|p] <∞ and E[|Y |q] <∞, then

E[|XY |] ≤ (E[|X|p])
1
p (E[|Y |q])

1
q .

Lemma D.4 (Lemma 2.15 in (Agrawal & Goyal, 2017)). For any sub-optimal arm i ̸= 1,

T∑
t=1

Pr(A(t) = i, µ̂
(on)
i (t) ≤ xi) ≤

1

d(xi, yi)
+ 1 ≤ 9

2∆2
i

+ 1,

where d(a, b) = a ln a
b + (1− a) ln (1−a)

(1−b) .
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Lemma D.5 (Lemma 2.16 in (Agrawal & Goyal, 2017)). For any sub-optimal arm i ̸= 1,

T∑
t=1

Pr(A(t) = i, θ
(on)
i (t) > yi, µ̂

(on)
i (t) ≤ xi) ≤ Li(T ) +

1

∆2
i

,

where Li(T ) ≥ 2 log(T∆2
i )

(yi−xi)2
.

Lemma D.6 (Lemma 2.13 in (Agrawal & Goyal, 2017)). Let τj denote the time of the jth pull of the optimal arm 1. Then

E

[
1

p
(on)
i,τj+1

− 1

]
≤
{

e64 + 5 ∀j,
5

T∆2
i
, j > Li(T ),

where L
(on)
i (T ) =

288 log(T∆2
i+e32)

∆2
i

.
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