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Abstract

In contextual dynamic pricing, a seller sequentially prices goods based on contex-
tual information. Buyers will purchase products only if the prices are below their
valuations. The goal of the seller is to design a pricing strategy that collects as much
revenue as possible. We focus on two different valuation models. The first assumes
that valuations linearly depend on the context and are further distorted by noise.
Under minor regularity assumptions, our algorithm achieves an optimal regret
bound of @(Tz/ 3), improving the existing results. The second model removes the
linearity assumption, requiring only that the expected buyer valuation is -Holder
in the context. For this model, our algorithm obtains a regret @(Td”ﬁ /d+3p ),
where d is the dimension of the context space.

1 Introduction

Setting a price and devising a strategy to dynamically adjust it poses a fundamental challenge in
revenue management. This problem, known as dynamic pricing or online posted price auction,
finds applications across various industries and has received significant attention from economists,
operations researchers, statisticians, and machine learning communities. In this problem, a seller
sequentially offers goods to arriving buyers by presenting a one-time offer at a specified price. If
the offered price falls below the buyer’s (unknown) valuation of the item, a transaction occurs, and
the seller obtains the posted price as revenue. Conversely, if the price exceeds the buyer’s valuation,
the transaction fails, resulting in zero gain for the seller. Crucially, the seller solely receives binary
feedback indicating whether the trade happened. Her objective is to learn from this limited feedback
how to set prices that maximize her cumulative gains while ensuring that transactions take place. In
this paper, we study the problem of designing an adaptive pricing strategy, when the seller can rely
on contextual information, describing the product itself, the marketing environment, or the buyer.

While this problem has been extensively studied, previous results either rely on strong assumptions
on the structure of the problem, greatly limiting the applicability of such approaches, or achieve
sub-optimal regret bounds. In this work, we aim to improve both aspects—achieving better regret
bounds while making minimal assumptions about the problem. Specifically, we study two different
models for the valuation of buyers as a function of the context: /) linear valuations, where the
item valuation of buyers is an unknown noisy linear function of the context; and 2) non-parametric
valuations, where the valuation is given by an unknown Holder-continuous function of the contextual
information, perturbed by noise.

*Equal contribution.
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Table 1: Summary of existing regret bounds. g is the expected valuation function, F' is the c.d.f. of
the noise, and 7(x, p) is the reward for price p and context x, defined in Section

Model Noise Assumption Regret
F is known O(T*?*) [11]
F’ is known or parametric, and log-concave O(T"?) [13]
Linear F has m-th order derivatives O(T*™ /4m=1) [14]
F"" is bounded O(T**) v ||6 — 0|, T [21]
. . O(T™*) [14], O(T**) [this work]
F'is Lipschitz ) Q(Tz/(g) [30]
Bounded noise O(T"*), [30]
Nor- m(x, -) is quadratic around its maximum O(T* ?++4) [10]
parametric for all x, F" and g are Lipschitz Q(Td+2/d+4) [10]
F'is Lipschitz and g is Holder O(T*7/4+35) [this work]

1.1 Related Work

Dynamic pricing has been extensively studied for half a century [[19, 25]], leading to rich research
on both theoretical and empirical fronts. For comprehensive surveys on the topic, we refer the
readers to [[6,[12]. While earlier works assumed that the buyer’s valuations are i.i.d. [18} 516} 9],
recent research has increasingly focused on feature-based (or contextual) pricing problems. In this
scenario, product value and pricing strategy depend on covariates. Pioneering works considered
valuations depending deterministically on the covariates. Linear valuations have been the most
studied [3 [15} [11} 20], yet a few authors have also explored non-parametric valuations [23]].

Recent works have extended these methods to random valuations, mainly assuming that valuations
are given by a function of the covariate, distorted by an additive i.i.d. noise. As this poses more
challenges, authors have mostly focused on the simplest case of linear valuation functions, under
additional assumptions. Initial studies assumed knowledge of the noise distribution [11} [15} 29].
This assumption was later relaxed, albeit with additional regularity requirements on the cumulative
distribution function (c.d.f.) of the noise and/or the reward function [[14},21]]. Closest to our work, [30]]
achieves a regret bound of O(T"*/*) for linear valuations, while assuming only the boundedness of the
noise. Other parametric models have been explored, with, for example, generalized linear regression
models [27], though they also require strong assumptions, including quadratic behavior of the reward
function around each optimal price. Few works have considered non-deterministic valuations with
non-parametric valuation functions. Among those, [10] consider Lipschitz-continuous valuation
functions of d-dimensional covariates. They achieve a regret of order @(T 2/ 4+4), assuming again
quadratic behaviour around optimal prices. We refer to Table [I] for a comprehensive comparison
between different previous works, their assumptions and regret bounds.

To improve on previous results, we design algorithms that share information on the noise distribution
across different contexts. This idea relates to methods used in cross-learning, a research direction
stemming from online bandit problems with graph feedback [22| 2. In this framework, introduced by
[4] and further studied in [26], when choosing to take action ¢ in context x;, the agent observes the
reward 7; () along with rewards r;(z}) associated with other contexts x;/. Our algorithms leverage
similar principles to learn information usable across different contexts. However, compared to the
typical problems addressed by cross-learning methods (e.g., first-price auctions, sleeping bandits,
multi-armed bandits with exogenous costs), the contextual dynamic problem is more complex due to
the intricate dependence of the reward on the unknown valuation function.

1.2 Outline and Contributions

In this work, we tackle the problem of dynamic pricing with contextual information. We consider
two models for the expected valuations of the buyer, assuming respectively that they are given by a
linear function, or by a non-parametric function. For both models, we present a general algorithmic
scheme called VALUATION APPROXIMATION - PRICE ELIMINATION (VAPE), and provide bounds
on its regret in both models:



* In the linear model, we obtain a regret of O~(T2/ %), assuming only that the c.d.f. of the noise
is Lipschitz. This concludes an extensive series of papers on the topic, as it establishes the
minimax optimal regret rate and proves it is attainable under minimal assumptions.

* In the non-parametric model, we obtain a regret rate of O(Td“ﬁ/ 4+28)  assuming only the
Lipschitz-continuity of the noise and the Holder one of the valuation function. This result is
the first of its kind under such minimal assumptions.

The rest of the paper is organized as follows. We begin by presenting the model and summarizing
the notations used throughout the paper in Section[2.1] Section [2.2] outlines our assumptions and
compares them with those in previous works. In Section[2.3] we discuss the main sources of difficulty
of the problem and highlight the importance of information sharing in contextual dynamic pricing. In
Section[3] we present our algorithmic scheme, VAPE, and provide an initial informal result bounding
its regret. Then, in Section[d] we apply this algorithmic scheme to linear valuations and provide a
bound on its regret. Finally, in Section[5] we extend this algorithm to non-parametric valuations.

2 Preliminaries

2.1 Model and Notations

The problem of dynamic pricing with contextual information is formalized as follows. At each step
t < T, acontext x; € R?, describing a sale session (product, customer, and context) is revealed. The
customer assigns a hidden valuation ¥, to the product, and the seller proposes a price p;, based on
and on historical sales records. If p; < ¥, the trade is successful, and the seller receives a reward
y¢; otherwise the trade fails. The seller’s only feedback is the binary outcome o; = 1{p; < y;}. We
assume that the seller’s valuation is given by

yr = g(xe) + &, (1

where ¢ : R? — R is the valuation function, and &; is a centered, bounded, i.i.d. noise term,
independent of z; and of (x4, ps, £s)s<¢. In the present paper, we consider successively linear and
non-parametric valuation functions ¢ in Sections @ and[5] The seller’s objective is to maximize the
sum of her cumulative earnings. We denote by 7(p, ;) the expected reward of the seller if she posts
a price p for a product described by covariate x;:

m(zt,p) = E[pl{p < y: }[p, z4].

Adopting the terminology of the literature on multi-armed bandits, we measure the performance of
our algorithm and the difficulty of the problem through the regret R, defined as

T T
Rr = Z%é%ﬁ(xt,p) - Zﬂ-(xtapt)'
t=1 t=1

Notations Throughout this paper, we make use of the following notation. We denote by ||-|| the
Euclidean norm. For all A, B € R, we denote by [A, B] the set {4, A+ 1,...,B}. Rr < Br

(resp. Ry = O(Br)) means that there exists a (possibly problem-dependent) constant C' such that
Ry < CBrp (tesp. Ry = O(log(T)CBT)). Finally, f and F’ denote the p.d.f. and c.d.f. of the noise,
respectively.

2.2 Assumptions

For both valuation models, we make the following assumptions on the context and noise distribution.
Assumption 1. Contexts and expected valuations are bounded: |||, < By and |g(z¢)| < By a.s.

This assumption is classical in contextual dynamic pricing problems. We underline that contexts
do not need to be random. In particular, they can be chosen by an adaptive adversary, aware of the
seller’s strategy, and based on past realizations of (z s, ps, &s)s<¢. Assumption |l|is milder than the
i.i.d. context assumption appearing in [14} 27, [10].

Dynamic pricing strategies mostly assume that the buyer’s valuations are bounded. To enforce this,
we assume that the noise is bounded; moreover, we assume that its c.d.f. Lipschitz continuous.



Assumption 2. The noise & is bounded: |&| < B¢ a.s. Moreover, its c.d.f. F is L¢-Lispchitz
continuous: for all (6,8') € RY, |F(8) — F(8")] < L¢ |6 — &' .

Assumption[2]is weaker than most of the assumptions in related works. For example, [15] require
both F and 1 — F to be log-concave. [14] assume that F' has m-th derivative, and that § — 1=F(5)/F’(s)
is greater than some positive constant for all §, achieving a regret of order (’N)(sz'“/ 4m=1)_ In the
case m = 1, they propose a different algorithm, reaching a regret @(TS/ *). [21]] consider Lipschitz-
continuous noise, under the additional assumption that, for every z, p*(r) € argmax, 7(z,p) is
unique, and that 7" is bounded. [10] assume quadratic behaviour around every maxima: for every z,
p*(x) € argmax, 7 (x,p), p*(x) is unique, and for all p, C(p*(z) — p)* < w(z,p* () — 7 (x,p) <
C'(p*(z) — p)? for some constants C, C’. The only work considering non-Lipschitz c.d.f. is [30];

however, they achieve a higher regret bound of @(TS/ 4.

2.3 Information Sharing in Contextual Dynamic Pricing

For § € R, we denote D(6) =P (§; > §) = 1 — F(0), the demand function associated with the noise
&;. Note that, under Assumption D is L¢-Lipschitz continuous. Straightforward computations show
that, for any price increment 6 € R, the expected reward corresponding to the price p = g(z;) + 4 in
the context x; is given by

(2t 9(2e) +6) = (9(x1) +6)D(6). @)
Equation () highlights the intricate roles played by the expected valuation g(z;) and the price
increment 6 = p — g(x;) in the reward. An immediate consequence is that the optimal price
increment § depends on the value of g(z;). Intuitively, if g(x;) is large, the seller should choose 4 to
be small to ensure a high probability D(d) to perform a trade. However, for smaller values of g(x:),
the seller might prefer a larger J to ensure significant rewards when a trade occurs. Importantly, there
is no explicit relationship between the optimal increments 6 for different valuations g(z;), so knowing
the optimal price for a value g(x;) does not allow optimal pricing for a different value g(x ).

This reasoning suggests that the optimal price increment may span a wide range of values as the
expected valuation g(x;) varies. Unfortunately, as is typical in bandit problems, it is necessary
to estimate the reward function around the optimal price with high precision to ensure low regret.
Consequently, solving the dynamic pricing problem may entail estimating the demand function
precisely across a broad range of price increments. This marks a significant departure from non-
contextual dynamic pricing and non-parametric bandit problems, where precise estimation of the
reward function is often only necessary around its (single) maximum. Thus, the contextual dynamic
pricing problem might be more challenging than its non-contextual counterpart, potentially leading to
higher regret. This intuition is supported by the fact that straightforward application of basic bandit
algorithms, even in the most simple linear model, leads to regret higher than the rate of order O(7%?)
encountered in non-contextual dynamic pricing problems, as we show in the following discussion.

Naive bandit algorithms for contextual dynamic pricing. As a first attempt, one might apply a
simple explore-then-commit algorithm. Such algorithms start with an exploration phase to obtain
uniformly good estimates of both g and of the demand function D over a finite grid of price increments
{0k }rex- Then, in a second exploitation phase, prices are set greedily to maximize the estimated
reward. To bound the regret of this approach, note that uniform estimation of D over the grid {dx } rex
with precision € requires ¢ ~2|KC| estimation rounds. Moreover, the Lipschitz continuity of the reward
function implies a discretization error of order 1/|x|. Classical arguments suggest that the regret
would be at least T'(¢ + 1/|x|) + |KC|e~2, which is minimized for ¢ = /x| = T~"/*. Thus, this
approach would lead to a regret of order O(T%*).

Another approach, akin to that used in [[LO], involves partitioning the covariate space into bins and

running independent algorithms for non-parametric bandits (such as CAB1 [[17]) within each bin. Let
us assume, for simplicity, contexts in [0, 1], and that we partition this segment into K bins. Then,

the discretization error is 1/k. Classical results show that the regret in one bin is @(TZB), where
Tk = T/K is the number of rounds in each bin. Consequently, the regret is O(7/k + K x (T/K)*?),
which is minimized for K = T'"/*, resulting in a regret O(T"*/*).

Thus, both approaches — using either independent bandit algorithms over binned contexts or common
exploration rounds followed by an exploitation phase — suffer a regret of order 7%/* in the linear model.



This raises the question of whether this rate is optimal for the linear model, and if the contextual
dynamic pricing problem is indeed more difficult than the non-contextual one. Strikingly, we show
that this is not the case. We rely on an intermediate approach, based on regret-minimizing algorithms
for each valuation level g(x) that share information across different values of g(z;). We show that it
achieves an optimal regret rate of order O(T?) in the linear valuation model. Moreover, it achieves
a rate of order @(T‘”w /4+38) in the non-parametric valuation model under minimal assumptions.

3 Algorithmic Approach

In this section, we present the general algorithmic approach that we use to tackle dynamic pricing
with covariates, called VALUATION APPROXIMATION - PRICE ELIMINATION (VAPE). Before
presenting the full scheme, described in Algorithm[I] we start with some intuition that leads to its
design. Then, we provide a first analysis of the regret of this algorithm.

3.1 Outline of the Algorithm

Equation (2) highlights how the reward is influenced by the expected valuation g(z;) and by the
demand at the price increment 0 = p; — g(x). To separate the effect of these terms, we estimate g
and D independently. Hereafter, we assume that the valuations y, are bounded, in [—B,;, B,].

Estimation of g.  To estimate g(z;), we rely on the following observation: when prices p; are
uniformly chosen from the interval [—B,, B, |, the random variable 2B,, (o, — 1/2) can serve as
an unbiased estimate of g(x;) conditioned on z;. Given that 2B,, (o; — 1/2) is bounded, classical
concentration results can be employed to bound the error of our estimates for g(x;). Thus, in each
round, we test whether our estimate of g(x) is precise enough to ensure that the error g(x:) — g(x+)
is small. If this is not the case, we conduct a VALUATION APPROXIMATION round by setting a
uniform price. In the next sections, we consider linear and non-parametric valuation functions, and
we discuss how to ensure sufficient precision in a limited number of valuation approximation rounds.

Surprisingly, even though this estimation approach for g(x) from binary feedback is extremely simple
to perform, this method appears to have never been used in dynamic pricing. Previous approaches
for estimating valuation functions in the linear model include the regularized maximum-likelihood
estimator [15} 29], which requires knowledge of the noise distribution. Another approach used in
[21] relies on the relation between estimating a linear valuation function from binary feedback and
the classical linear classification problem. The authors propose recovering the linear parameters
0 through logistic regression; however, they do not provide an explicit estimation rate for 6. [20]]
use the EXP-4 algorithm to aggregate policies corresponding to different values of 6 and F', thus
circumventing the necessity to estimate them. In a similar vein, in the non-parametric valuation
model, [L0] avoid the need to estimate g(x;) by employing independent bandit algorithms for each
(binned) value of z;. Closer to our method, [14] also set uniform prices to obtain unbiased estimates
of valuations. Yet, their analysis does not rely on classic bandit techniques, but rather uses more
intricate arguments and requires stronger assumptions on F' and on the distribution of the contexts.

Estimation of D. If the expected valuation g(x;) is known with sufficient precision, we can use it
to estimate the demand function over a set of candidate price increments {Jy }zex. More precisely,
assume we set a price p, = g(;) + O, and that |g(x¢) — g(z;)| < e. Then, the observation o, can
be used as an almost unbiased estimate of the demand at level Jy, since

Elo)] = E[1{g(x¢) + 6 < g(w¢) + &} = D(0k + g(x1) — g(24)).-

Under Assumption E], D is L¢-Lipschitz, so the bias is of order L¢e. Then, relying on classical
bandit techniques, we show that with high probability (for a small enough), |D(d;) — ﬁf| is of
order Lee + (/los(1/a)/NF, where ﬁf is the average of the observations o; when setting a price
pt = g(z¢) + 6k, and Ntk is the number of rounds in which we chose the price increment J; up

to round ¢. Importantly, to estimate DF, we share information collected during all rounds we
chose the increment 0y, across all values of g(z;); this is necessary to obtain better regret rates.

Then, using ptﬁf as an estimate of the reward 7 (zy, p;) given the price p; = g(z;) + dx, the error

|7 (z¢, pr) — peDF| is of order By (Lee + /loe(1/a)/NF).



Algorithm 1 VALUATION APPROXIMATION - PRICE ELIMINATION (VAPE): General scheme

1: Input: Price increments {dy}, ., expected valuation precision err;(z), reward confidence
intervals [LCB;(k), UCB,(k)], parameters a, €.

2: while t < T do

3 if erry(x¢) > € then > Valuation Approximation

4 Post a price p; ~ U([—By, By])

5: Use o, to improve the valuation estimator g(x;)

6

7

8

9

else > Price Elimination
At “— {k 6]C:fq}+5k S [O,By]}
Kt + {k € A; : UCB(k) > maxyrea, LCB¢ (k') }
Choose k; € argming gy, Ntk and post a price p; = g¢ + I,

10: Update ﬁfjrl Ntkjrl

The PRICE ELIMINATION subroutine relies on the previous remark to select a price increment. For
each increment &, we build a confidence bound [LCB,(;,), UCB,(0;)] = [p:DF + B,(2L¢e +
\/2log(1/)/NF)] for the reward of price p, = g(z+) + dx. Then, we use a successive elimination
algorithm [13} [24] to select a good increment. More precisely, we consider increments J;, such that
UCB;(dx) > max; LCB(d;), and we choose among these increments the increment dy, that has
been selected the least frequently. By doing so, we ensure to only select potentially optimal prices
and gradually eliminate sub-optimal increments.

3.2 A First Bound on the Regret

Before discussing the application of the algorithmic scheme VAPE to linear and non-parametric
valuation functions, we provide some intuition on regret bounds achievable through this scheme.

Claim 1. (Informal) Let 6, = ke for k € K £ [|~Bv—1/e|, [By+1/]]. Assume that, on a high-
probability event, [g(x:) — g(xy)| < € for every round t where PRICE ELIMINATION is conducted.
Then, on a high-probability event, the regret of VAPE verifies

Ry STYA(€) + Te + log(1/a)e 2.
where TV (€) is a bound on the length of the VALUATION APPROXIMATION phase.

Claim[T}is proved in the Appendix by combining Equations (4] and (5), and Lemma[d] We provide a
sketch of proof below. To bound on regret of VAPE using Claim 1] it will suffice to bound the length
of the VALUATION APPROXIMATION phase, and prove high-probability error bounds on g(x).

Sketch of proof. Note that the regret in the VALUATION APPROXIMATION phase scales at most
linearly with its length. Then, to prove Claim[I] it is enough to bound the regret during the PRICE
ELIMINATION phase. We begin by bounding the sub-optimality gap of the price chosen at round ¢,

showing that it is of order € + /los(1/a)/NFe.

To do so, for p € R, we define A;(z;,p) = max, m(x,p’) — 7(x,p) the sub-optimality gap
corresponding to price p. Recall that dy, is the increment chosen at round ¢, i.e. that p; = g(+) + 0, -
Classical arguments from the bandit literature show that with high probability, for all £ € I, the
upper and lower confidence bounds on 7(z, g(2:) 4+ i) given by UCB,(d;) and LCB;(dy) are
valid. Then, the optimal increment dy» defined by k* = arg max;.c 4, 7(z¢, g(¢) + J) belongs
to the set of non-eliminated increments. Now, on the one hand, since UCB;(dx,) > LCB;(6; ),
and since the confidence interval are valid, the gap 7(x, g(w¢) + Ox;) — (¢, p) is of order

€ + /2log(1/a)/NFt + /2log(1/a)/NF7 . Our round-robin sampling scheme ensures that Ntkt* > Nj,
so this bound is of order € 4 4/l0s(1/@)/NFt. On the other hand, our choice of grid {0y }rex, together
with the Lipschitz-continuity of the reward in Assumption 2} imply that the cost A¢(z¢, g(2¢) + k)
of considering a discrete price grid is of order B, L¢e. Thus, at each round, the gap A (z¢, g(x¢)+0y,)
is at most of order ¢ + 4/los(1/@)/N¥t (up to problem-dependent constants).



Algorithm 2 VALUATION APPROXIMATION - PRICE ELIMINATION (VAPE) for Linear Valuations
1: Input: bounds By and L¢, parameters «, fi, €.
2: Initialize: 6; = 04, V, = 14, K = [(By+1)/¢], K = [~ K, K], and for k € K, Nf = D} = 0.
3: whilet < 7T do

4: if ||att||V;1 > u then > Valuation Approximation
5: Post a price p; ~ U([—By, By])
6: te 1, Vg ;thzsxz + 14,0141 2ByV;+11 ;th (os - %) T

s< RS
7: else > Price Elimination
8: Lt(—o,gt(—I;ret,At(—{kEICI@\t+k6€[O,By]}
9: for k. € A, do
10: UCB, (k) < (G + ke) (DF + /21;@7(/) + 2L¢e)
11: LCBy (k) + (G + ke) (Df + /2502 —2Lcc)
12: Kt + {k € A; : UCB(k) > maxyre.a, LCB: (k') }
13: Choose k; € argming gy, NF and post a price p; = gy + kqe

Sk NF DN for Ak k

14: Update Dyt W Nefy < Ne' + 1

Now, let us decompose the regret of the PRICE ELIMINATION phase as follows:

Z Ay, pr) = Z Z A(wy, pe).-

tEPRICE ELIMINATION phase kel t:ki=k

In order to bound ., _, A(z¢,p;) for k € K, we begin by introducing further notations. Let

us denote le, el T% the rounds in the PRICE ELIMINATION phase where we choose k; = k. We
also define A, = 2% and @ such that Az ~ €. For all a < @, we also define t, such that the
bound € + y/los(1/@)/¢, is of order A,. Then, our previous reasoning implies that if ¢ > t,, for some
a € {1,a}, it must be that At(l’t,p,r}c) < A,. Moreover, for a > 1, each phase {t,,...,t,11} is of

length approximately log(1/a) (A, 7, — A7 2). Thus,

log(1/a) %2 log(1/cx log(1/c
Z A(xt,pt) S 7g( / ) + ZAa X ( g(2/ ) - g( 2/ )> + Aaquw.
t:ki=k Al a=1 A(H'l Aa

Using the definitions of A, and @, we find that this sum is of order log(1/a)/e + e NX. We conclude
by summing over the values of k € K, using _, ., N& < T and the fact that || is of order e 1. [

4 Linear Valuation Functions

In this section, we consider the linear valuation model, given by
T
g(z)=2"0, 3)
where 6 € R¢ is an unknown parameter. To ensure that the valuations are bounded, we assume the

boundedness of the parameter 6.

Assumption 3. The parameter 0 is bounded: ||0|| < By

Note that under Assumptions 1| and [3| the expected valuations g(z¢) verify |g(x:)| < B, for
By, = B, x Bg. Moreover, the random valuations verify a.s. ly:| < B, for B, = By + DBe.

We apply the VAPE algorithmic scheme to the problem of dynamic pricing with linear valuations.
To estimate the valuation function, we use a ridge estimator for the parameter . Moreover, we
distinguish between phases by setting ¢, = 1 if ¢ belongs to the VALUATION APPROXIMATION phase
and ¢, = 0 if ¢ belongs to the PRICE ELIMINATION one. The details are presented in Algorithm 2]

Theorem 1. Assume that the valuations follow the model given by Equations (1) and (B). Under
Assumptions [I} B} and [3] the regret of Algorithm VAPE for Linear Valuations with parameters



€ = (d°log(1)?/7) /3, 1y = ¢/ <By \/@ﬂ%), and o = 1/(T+271? (3+(B£+1)T1/3)> verifies
Ry < CBg,Bm,Bg,L5d2/3T2/3 log(T)z/s

with probability 1 — T, where CBe B, By, L 15 a constant that polynomially depends on By, B,
By, and L.

Sketch of proof. [See Appendix [A]for the full proof] Using Claim [I] we see that it is enough to
prove that the VALUATION APPROXIMATION phase allows to estimate g(x) up to precision € =

(4% 108(T)?/7) /3 in at most O (d*/*T** log(T)**) rounds.

To prove the first part of the claim, note that for all rounds in the PRICE ELIMINATION phase,

[zelly-1 < p= 6/(By\/m+39). Then,
19(x) = g(@e)| < N0 = Oillv, l2elly-2 < 10— Oullv, x 6/(37,¢W+39).

Classical result on ridge regression in bandit framework [[1] show that on a large probability event,

16 = Billv, < (Byy/dlog (B2T/a) + By ) s0 [glae) — g(w)] < e

To prove the second part of the claim, we rely on the elliptical potential lemma to bound the number

of rounds where thHv;1 > p. This Lemma states that ZLZ‘l |z, [|y-1 < V|G|dlog (191+d/a),
ti—
where ¢; is the i-th round of the VALUATION APPROXIMATION phase, and |G| is its length. Using
the fact that ||z, [|y—1 . > u, we conclude that |G| < %T;d/d), which implies the result. O
t;—

Theorem |1| provides a regret bound of order O(T ?/ %), showing that VAPE for Linear Valuations
is minimax optimal, possibly up to sub-logarithmic terms and to sub-linear dependence in the
dimension. Indeed, it matches the T/* lower bound established in [30] for linear valuation functions
and Lipschitz-continuous demand functions. This result represents a clear improvement over the
existing regret bounds for the same problem. Indeed, VAPE achieves the regret bound conjectured in
[21] while at the same time removing their regularity assumption on the revenue function. On the
other hand, we improve on the regret rate @(TS/ *) achieved respectively in [30] under assumptions
slightly milder than ours, and in [14]] under stronger assumptions.

5 Non-Parametric Valuation Functions

In this Section, we consider the non-parametric valuation model. As usual in dynamic pricing, we
assume that the valuation function g is bounded. Furthermore, we assume that it is (L, 8)-Holder
continuous for some constants Ly > 0and 0 < 5 < 1.

Assumption 4. The valuation function g is (L, 3)-Holder: for all (x,2") € R, |g(z) — g(a’)| <
Lyllz—a'|I”.

Under Assumptions and the random valuations y; verify |y;| < B, for B, = B¢ + B,.

Next, we apply the VAPE algorithmic scheme to the non-parametric valuation model. To estimate
the function g, we use a finite grid of points, on which this function is evaluated. More precisely, we
consider a minimal (¢/3z,)"/?-covering X of the ball of radius B, in R%, i.e. a finite set of points, of
minimal cardinality, such that for any context z such that ||z|| < B,, there exists a point in X’ at a
distance at most (¢/3L,)"/? from .

At each round, we round the context z; to the closest context T in X by setting 7 =
arg ming, % ||#; — Z’||, and acting as if we observed the context 7;. If this context has not been
observed sufficiently, we conduct a round of VALUATION APPROXIMATION: we sample a price
uniformly at random and use it to update our estimate of g(T; ); otherwise, we proceed with the PRICE
ELIMINATION phase. To distinguish between the VALUATION APPROXIMATION steps corresponding
to contexts T € X, we collect their indices in sets Gz. The algorithm is presented in Algorithm




Algorithm 3 VALUATION APPROXIMATION - PRICE ELIMINATION (VAPE) for Non-Parametric
Valuations
1: Input: bounds B, and L, finite set X C RY, parameters «, T, €.
2: Initialize: Gz = () forall 7 € X, K = [By+1/c], K = [~ K, K], and for k € K, Nf = D¥ = 0.
3: while t < T do T; < argming, 5 [z — 7’|
4: if |Gz,| < 7 then > Price Elimination
5.
6

Post a price p; ~ U([—-By, By))
Gz, + Gz, U {t}, /g\(ft) — % Z (Os - %)
se

Gz,
7 else > Run Successive Elimination
8: Q\t — g(ft), At — {k eK: /gt + ke € [O,By]}
9: for k € A; do
10: UCB: (k) 4 (§c + ke) (Df + /2252 1 2Lcc)
11: LCB, (k) « (g; + ke) (DF + ,/21%(;/@ — 2L¢e)
12: Kt  {k € A : UCB4(k) > maxyrec4, LCBy (k') }
13: Choose k; € argmingcx, NF and post a price p; = gy + kqe
14: Update D, « NetDiltor ke o ke g
: pdate Dyy < =yreiy o N & N+ L

Theorem 2. Assume that the valuations follow the model given by Equation (1)). Under Assumptions
and with probability 1 — T~ the regret of Algorithm VAPE for non-parametric Valuations
with parameters € = (T/log(T)) 738, o = T4, 7 = 188} log(21¥//a) /2, and X a minimal (¢/3L,)"-
covering of the ball of radius B, verifies

d+28 B
Rr < CB, B, Be,Ly,Le,d,6T 73 log(T) 735

where Cp, B, B¢ L, Le.d.3 i a constant that polynomially depends on B, By, Be, Ly, Lg, d, and f3.

Sketch of proof. [See Appendix [B|for the full proof] Using Claim [T} we only need to show that the
length of the VALUATION APPROXIMATION phase is at most of order 7 "*%/4+38 1og(T')"/*+3% and
that w.h.p., it allows estimating g uniformly on a ball of radius B, with precision e = (T/1og(T)) ™ 7/++%5.

To prove the first part of the claim, we note that classical results imply that the size of a minimal
covering of precision €/ of a ball in dimension d scales as € “/?. Then, the total length of the
VALUATION APPROXIMATION phase is of order e %/#7 ~ T***%/4+35 1og(T)"/4+3% To prove the
second part of the lemma, note that the Holder-continuity of g and the definition of the (¢/3L,)"*?-
covering G ensure that |g(z:) — g(Z:)| < ¢/3. Then, standard concentration arguments reveal that 7 ~
log(|X|/)/€e? samples are sufficient to estimate g(7;) with precision € with high probability. [

Theorem [2] shows that the Algorithm VALUATION APPROXIMATION — PRICE ELIMINATION for
non-parametric valuations enjoys a O(T‘”zﬁ/ 2+38) regret bound when the noise c.d.f. is Lipschitz
and the valuation function Holder-continuous. This result is the first of its kind under such minimal
assumptions. In particular, previous work by [10] assumes quadratic behavior around the optimal price
for all values of g(x) — a very strong assumption. However, this rate is higher than the O(T*"*/#+2#)
rates that are usually encountered in S-Holder non-parametric bandits [7]. Thus, the question of
optimality of the VAPE algorithmic scheme in the non-parametric valuation problem remains open.

6 Conclusions

In this paper, we studied the problem of dynamic pricing with covariates. We first presented a novel
algorithmic approach called VAPE, which adaptively alternates between improving the valuation
approximation and learning to set prices through successive elimination. We then applied VAPE
under two valuation models — when the buyer’s valuation corresponds to a noisy linear function
and when expected valuations follow a smooth non-parametric model. In the linear case, our regret



bounds are order-optimal, while in the non-parametric setting, we improve existing results. All our
results are proven under regularity assumptions that are either milder or match existing assumptions.

Our results on the linear valuation model are the first to match the existing lower bound rate of
Q (Tz/ 3) under our assumptions. However, the optimal dependence of this rate on the dimension of
the context remains unknown. Additionally, there are no similar lower bounds for non-parametric
valuations. We conjecture that our results are also tight in this setting but leave this for future work.
Future research directions also include exploring other valuation models, and further relaxing our
assumptions, as Lipschitz-continuity of the noise (Assumption[2). Without this, even minor increases
in the price could lead to a major drop in revenue, magnifying the impact of valuation approximation
errors. Another limiting assumption is that the noise is independent and identically distributed, such
that its distribution can be learned across different contexts. It is of great interest to study problems
where the noise distribution can change between rounds, or depends on the context.
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A Proof of Theorem (1]

We state several lemmas before proving Theorem [l We begin by bounding the length of the
exploration phase corresponding to lines 5 and 6 of Algorithm 2]

Lemma 1. Let G = {t < T : ;s = 1}. Almost surely, the length of exploration phase G is bounded as

dlog (T1%)

The following lemma bounds the error of our estimates for # and D, for the values of y prescribed in
Theorem Before stating the Lemma, we define the event

~ ~p 2log(1l/a
- {w ¢ G, (G, — g(z)| < e,and‘Df —D(k:e)‘ < % +L£e}.

Lemma 2. The event € happens with probability at least 1 — (o + 2T?|K| ).

Finally, we bound the number of times a sub-optimal price increment ke can be selected. For p € R,
x € R, we define

A(.’)Q‘7p) = sup 7_(_(1,7p/) - W(l’,p)-
p’E[O,By]

Lemma 3. On the event &, for all t ¢ G, if ks = k, then k must be such that

Az, g + ke) < By (4 % + 9Lge> )
¢

We are now ready to bound the regret of Algorithm VAPE for Linear Valuations. We begin by
rewriting the regret as

Ry = ET: ( max 7 (x,p) — W(mt,pt)>

p€[0,By]

= - - . @
Z (pen[})ag (@) = (@ pe ) +) ( max 7 (z¢,p) W(xtvpt)> )

t2G p€[0,By]

Under Assumptions [1} [2] and [3] both the optimal price and p; are in [0, B,], we know that the
instantaneous regret is bounded by B,. Then,

Z < max m(x,p) — W(Itvpt)> < B,|G|. ®)

teg p€E|0, By]

Using LemmalI] together with the definition of 1, we find that

2
Bydlog (£+4) <B dlog (B=ITH) +BQ>
- )

max (7(x¢,p) — w(wt, <
tegpe[ovBy]( (z¢,p) (=, pr)) c
We rely on the following Lemma to bound 3, ;¢ (max,epo,p,) T(2e,p) — (24, pr)).

Lemma 4. On the event £,

Z ( max  (zs, p) — ﬂ(xt,pt)> <|K] (5123 log(1/c) +223/1(}i(:/a)

) +36B,TLee.
t2G p€[0,By]

Combining Equations @), (6), and Lemma] we find that

2
Bydlog (T34) <B dlog (2=1+1) +Bg)

Rp < 5

By log(1/a)
L

+ K| (5123y log(1/a) + 22
56

) +36B,TLee.

€

Using the definition of X, € and « allows us to conclude the proof.

12



B Proof of Theorem 2

The proof of Theorem [2]follows closely the proof of Theorem[I] The following two Lemmas are
analogues of Lemmas|[l|and

Lemma 5. Let X be an (5= )"/?-covering of Bp, q of minimal cardinality, and let G = |J Gs.
TEX
Almost surely, the length of exploration phase G is bounded as

1/5 d
1G] < <2Bw (350) + 1) (T+1).

Recall that we defined the event £ as

~ 2log(1
€= {Vt ¢ G, (G, — g(x:)| < ¢ and ‘Df - D(ke)‘ < % n Lfe} .
t
The following lemma shows that £ happens with large probability.
Lemma 6. The event £ happens with probability at least 1 — (o + 2T?|K|c).

The rest of the proof holds follows the proof of Theorem|I] In particular, on the event £, we still have

Rr = Z (perr[%)z?gy]ﬂ(xt7p) - xt,pt ) + Z (perr%)ag s xhp) — W(Cﬂt,pt))

teg t¢g

B, log(1l/a)
Lge

where we used the fact that the instantaneous regret is bounded by B, along with Lemmal 4l Using

Lemmal5] we obtain

< B,|G| + K] <512By log(1/a) + 22 ) +36B,TLee.

By log(1/a)

B, T L¢e.
Lge )+36 y 56

d
3L,\ "’
Rr < B, (23 < ; > + 1) (r+1)+|K] (5128y log(1/a) + 22
Using the definition of /C, €, 7 and « allows us to conclude the proof.

C Proof of Auxilliary Lemmas

C.1 Proof of Lemmal(l]

We use the elliptical potential Lemma (see, e.g., Proposition 1 in [8]) to bound the total number of
rounds used to estimate 6. Formally, denote the estimation indices G = {t1 < tig) } and notice that

1+ = 1 only for these indices. Thus, for all i € [|G|], we can write V;, = 22:1 Tty :rtTk + Iz and
V:,—1 = Vi, _,. In particular, the elliptical potential lemma implies that

4] 1G]

G| +d
2 MNTtllvy L, = 1J1S¢mm%(d'
i=1 i=1

Since for all ¢ such that ¢; = 1, xtT V; 1,13315 > u, this implies that

Qu<¢ﬂﬂ% (%)

Now, almost surely, |G| < T'. Using this bound and reorganizing the inequality leads to the desired
result

dlog (T+d
Gl < 52“

13



C.2 Proof of Lemmal[2

Lemma 2]is obtained by combining the following two results.
Lemma 7. Let us define the event

E={Vt¢G:|g(x:) — | < €}
Then, the event £, happens with probability at least 1 — c.

The remainder of the proof follows from the following lemma.

~ 2log(1
Dk —D(ke)‘ < 1/Og]\(ﬂ€m+Lge} ne
t

Assume that event £1 holds with probability 1 — «. Then, the event £ happens with probability at
least 1 — (o + 2T?|K|a).

Lemma 8. Let us define the event

&= {Vte [T],k € K,

C.3 Proof of Lemma[3

We assume that ¢ ¢ G, that k; = k, and that Ntk > 0 (otherwise the statement is trivial). We begin by
stating an auxiliary result, which follows immediately from Lemma 2]

Lemma 9. On the event £, we have that for all t ¢ G, and all k € Ay;
LCBy(k) < m(x¢, g + ke) < UCBy (k).

Moreover, ki € Ky, where
kf € argmaxm(xy, g + ke).
keA,

On the event &, Lemma@]implies that
m(x¢, g + ke) > LCB(k)
= UCB(k) — (UCB(k) — LCB(k)).
Since k} € A; , we have
UCB, (k) > LCB, (k).
This implies
m(xe, ge + ke) = LCBy (k) — (UCB, (k) — LCBy(k))
— UCB, (k) — (UCBy(k) — LCB,(K)) — (UCB, (K}) — LCB,(k}))
> m(z¢, ge + ki€) — (UCBy(k) — LCB¢(k)) — (UCBy(ky) — LCBy(k;))
Thus,
m(2e, G + kie) — m(@e, Ge + ke)
< (UCB (k) — LCB, (k)) + (UCB, (K}) — LCBy(k}))

Now,

N
8log(1
SBy( w+4L§€>

since k € A;. Moreover, since k; = k, and since k; € K; by Lemma@ we know that Nt’c < Ntk*.
This implies that

UCB; (k) — LCB, (k) = (g; + ke) ( 8log(l/a) 4L£e>

_ 8log(1
UCB, (k) — LCB, (k) = (G + k7'¢) ( w n 4L56>
;



Thus,

o~ * ~ 8log(1l/cx
mw(x¢, Gy + ki€) — (2, e + ke) < 2B, ( if%/) + 4L§6> . @)
t
Next, we bound the discretization error using the following Lemma.
Lemma 10. On the event £, we have that

sup m(xs,p) — w(e, Gt + kf€)
PE[OaBy]

S Bnge.

By Lemma([I0] Equation (7)) implies that on the event &,

Az, g + ke) < By (4 w + 9L§€> )
¢

C.4 Proof of Lemmald]

Note that

> (pé%( @) - w(xt,po) =Y D Alw,Gi+ke) ®)

t¢g kEK t¢G:k,=k

We bound this term on the high-probability event £. For k € K, we define t}f < --- < tka

T+1
the rounds where t ¢ G and k; = k. We split these rounds into episodes as follows. We define
a = |—log, (18L¢e)|. For a € [1,a], we also define

_ 128log(1 /)
te = 92—2a
With these notations, we have

a-1
Z Az, Gy + ke) = Z A(zyr, Gor + ke) + Z Z A(zyr, Gpr + ke)

t¢G:ki=k i<t ANE a=l{, ANK | <i<tap 1 AN
+ E A(z4r, Gy + ke)
it
taANE <i<NE

On the one hand, A(x,p,) < By forallt < T, so
> A, G +ke) < Byt

iStANE

On the other hand, using Lemma we see that on the event £, if ¢ > t, and a € [1,7@],

2log(1/a)

a

27(1
S By( 9 +9L§6)

A(zye, g + ke) < By |4 +9L¢e

Since 27 % > 18L¢e, this implies that
A(zye, g + ke) < 27°B,,.
Then,

Ql
|
—

a—1

Z A(mt§7/g\t§ + ke) < Byz (tay1 — [ta] +1)27¢

Lo ANE  <i<ter1ANE a=1

S
Il

a—1

<ByY (tay1— )27+ B,

a=1
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By definition of t,, this implies that

a—1 a—1
> Awp, Gor + ke) < 128B,log(1/a)) (%12 —2°9)27* + B,
a=1 ta/\NT+1<7’<ta+1/\NT+1 a=1
a—1
< 384B, log(1/a) (1 + ZQ”)
a=1
< 384B, log(1/a)2”
Lfe
where we used that 2% < 18i€€. Similarly,
Z Az, G + ke) < 27EByN§“-|-1
taANE | <i<NE,,
< 36B,NF, Lee.
Combining these results, we find that
1
Z A(ws, Ge + ke) < 512B,log(1/a) + QZM +36B, N, Lee. )
56
t¢G:ki=

We conclude the proof by summing over & € K, and using the fact that ) 0, _,- lei 1 ST

C.5 Proof of Lemmal[3
‘We note that
G| < [X|(T +1).

We conclude by using classical results on covering number of the ball (see, e.g., Corollary 4.2.13
in [28])), stating that there exists an (5% 3, ) e -covering of the ball of radius B, in dimension d of

)/ +1)d.

cardinality at most (2395 (

C.6 Proof of Lemmal6

The proof of Lemma [6]relies on the following Lemma.

Lemma 11. Let us define the event
& ={Vt ¢ G:|g(x) —g(@:)| < €}
Then, the event £, happens with probability at least 1 — c.

Note that Lemma [§]still holds for non-parametric valuations. This concludes the proof of Lemma6]
C.7 Proof of Lemmal[7]

‘We introduce the variables

1
i’t = LTt and ﬂt = QBth (Ot — 2)

and the o-algebra 7; = o ((5)s<t+1, (0s)s<t) - Since V,_; and z; are F;_1-measurable, then so
does ¢4, and thus both Z;1; and g, are F;-measurable. Moreover, for any round where ¢, = 1, the
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price is chosen uniformly at random and we have

By du
E [ Fi1] = 1 % <2By/ Plu <y Fi—1] B By)
_By Y

B, B
:th</_3/ n{u<xja+§}f(§)dgdu—3y>

Be etz 6
=1 X (/_B§ /_By duf(ﬁ)dé—3y>

Be
=1 X (sc? 0+ | £f(9) df)
= X xj@

where in the last equality we used that ff;é& £f(&)dE = E[&] = 0. The same relation also trivially

holds when ¢, = 0. Thus, conditionally on F;_1, 3 — i"fT 6 is centered and in [—B,, B,], which
implies that it is B, -subgaussian. Now, for all £ < T, we have

—1
5,5 = 2B, <Z Lsxsx;r + Id> Z (05 — ;) T

s<t s€g

~1
= (z{:fsfj+ld> j{:gsj&

s<t s<t

Using the fact that for all ¢ > 1, ||Z;|| < B, and that ||#|| < By, and applying Theorem 2 in [, we
find that for all £ > 0, with probability 1 — a,

R 1+ B2T
10: = Ollcsz, ., 237410y < By\/‘“"g (a) o

Note that our definitions of Z; and g ensure that H@ =0l x> L EmET ) = ||E)\t — 0||v,. Moreover,
for all ¢, o

i (0 = O)] < Nz lly-+ 116 = Ollv,.-

In particular, if ¢ ¢ G, |/ [|(y,)-1 < p, 50

~ 1+ B2T
|z (6 — 0)| < (By\/dlog (az> +Be> .
. . / 1+B2T
The conclusion follows from the choice € = p (By dlog ( 2 ) + Be), and the fact that

~ T
gt — l’t 9,5.

C.8 Proof of Lemmal§]
We rely on the following well-known result (we provide proof in the appendix for the sake of
completeness).

Lemma 12. Let (y):>1 be a sequence of random variables adapted for a filtration Fy, such that
yt — Elye| Fi—1] € [m, M]. Assume that for t € N, 1; € {0,1} is F;_1-measurable, and define

Ni =3, u, and jiy = Lise Ll(yl;f[y”}-sfl]) if Ny > 1. Then, for anyt € N, and o € (0, 1),
log(1
P | Ny =0or ] < (M —m) og(1/a) > 1 - 2ta.

2N
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Moreover, for any t > 0 and o € (0, 1),

) log(1/a)

P| N, =tand || > (M —
+ = tand || > ( m 2N,

<1-—2a.

Note Lemma holds trivially for all ¢ such that N} = 0. Therefore we assume w.l.o.g. that N} > 1

(otherwise the statement is trivial). For any such given ¢ € [T'], we control the error |F} — F(ke)|
uniformly for k& € K. To do so, we rely on Lemma we define 7y = 1 {ts = 0 and k; = k}, and
note that for 73 = o ((z1,...,%t+1), (01,...,0¢)), &y is Fy—1-measurable, and o; is F; adapted.
Moreover,

LR [0 Fe—1] = L (g(2¢) + & > Ge + ke)
= itD (g — g(w¢) + ke) ,
and directly by definition, it holds that ﬁf = Zii’fof Using Lemma , we find that with
probability 1 — 2at, NF = 0 or

Y s<t 6D (Gt — g(a1) + ke)
N

2log(1/a)
p— Ntlc .

Nk
Dy —

Moreover, on the event &1, which happens w.p. at least 1 — o, forall t ¢ G, [g; — g(z¢)| < e. Using
the fact that D is L¢-Lipschitz, we find that for all ¢ ¢ G,

1D (9t — 9(x1) + ke) — D (ke) | < Le|gr — g(1)] < Lee.
Thus, with probability 1 — 2ad,

21log(1/a)

Ntk_ + L,EE

‘ﬁf - D(ke)‘ <

Using a union bound over all k£ € K and ¢ € [T'] and then intersecting with £; using another union
bound yields the desired result.

C.9 Proof of Lemmal[9

For any t ¢ G, denoting p;(k) = g: + ke, we first rewrite
m(xe, pe(k)) = Elpe(k)L{p: (k) < yi }|pe(k), 4]
= pe(K)E[L{p: (k) < g(w¢) + & }Hpe(k), 24
= pe(k)D(pe(k) — g())
= (gt + ke)D(g; — g(z1) + ke)
— (G + ke)Df + (G + ke) (D@ — glw1) + ke) — DF).
Since the event £ holds, the following hold for all t ¢ G and k € A;:

21log(1/a)

|9t —g(x:)] <€, and ‘ﬁf — D(ke)‘ < 7
t

+ Lge.

In particular, we have that:

D(Gi — g(w) + ke) — Df

< D@ — glwr) + ke) = Dlke)| + [ D(ke) — D

L ~p
< Lefgi — g(we)| + [ D(ke) - D

2log(1/)
N

2log(1/c)
- ,/Tk +2Lee

18

< Lee + + Lee



Relation (1) holds since D is L¢-Lipschitz and (2) is under the event € for all t ¢ £. As the set Ay is
chosen such that g; + ke > 0 for all k € Ay, it implies that

~ ~ ~ N 2log(l/c
m(xs, g + ke) — (g¢ + kE)Df’ < (gt + ke) < 7%/ ) + 2Lg€>.
t

Reorganizing, we get forall k € A, and ¢t ¢ G
LCB; (k) < m(x¢, gr + ke) < UCBy(k).
which proves the first part of the statement.

Now let kf € argmax,¢ 4, 7(x¢, g¢ + ke). By the first part of the claim, it holds that

Q )
UCB:(k}) > 7(xt, g + kie) = max m(xt, g + ke) > max LCB;(k),
€ keA
where relations (x) are due to the first part of the lemma; this proves that k; € K;.

C.10 Proof of Lemma [10]

The proof follows by noticing that, on the one hand, K ensures that for all p € [0, By], there
exists k € IC such that g; + ke € [0, B,] and |g; + ke — p| < €. On the other hand, the prices
considered are bounded by I3,, and the demand function D is L¢-Lipschitz, so the reward function 7
is B, L¢-Lipschitz.

C.11 Proof of Lemma[11]

For T € X, let us define recursively the variables :f = 1{Z; =T}, and for t > 1, .f =
1{Z, =7, and }___, (% < 7}, and define the variables

NI Nf _ 1
g7 = Fg(xy) and §F = 2Byt (ot — 2)

and the o-algebra F; = o ((25)s<t+1, (0s)s<t) . Note that ¢ is F;_;-measurable, and thus both
Z¢+1 and g, are F;-measurable. Moreover, for any round where ¢¥ = 1, the price is chosen uniformly
at random and we have

By
E [g7|Fi-1] = ¢f x (23/ Plu < y¢| Fi_ 1]2(2 By>
//1{u<gwt>+s}f<)dsdu—3y>

o
( I /f*g““”duf dg_3y>
(

g+ [ ere d€>

T
: X

Il
~

=g
where in the last equality we used that fféé £f(&)dE = E[&] = 0. The same relation also trivially

holds when ¢§ = 0. Thus, conditionally on F;_1, §; — g7 is centered and in [~ B,, B, ]. We denote
NP =3 ., 12, wenote that if t ¢ G, then N = [7] a.s. Using Lemma. we find that for all
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t ¢ G% as., NF = [7]. Then,

T

= <t U1 =9 log(2|X
P3¢ ge.|Zecome i 20| o [log@IX]/a)
Ni 2[7]
T Dsegms<t Ut — GF log(2|X|/)
<P|N/=][r]and N7 2 2B\ [ = 5ra—

«
Sj.

Moreover, since g is (L4, 3)-Holder- continuous, and ||Z; — || < (55

3L,

B c 17578 .
) — 7| <Ly |- _—
|g($t) gt| — g [<3Lg> ‘| 3

Then, with probability at least 1 — «/|%|, for all ¢ ¢ G,

1
) /8 a.s., we have

5(3) — ()| < 2B, 2ECX) €

2[7] 3
2e
< —.
-3
where we used 7 = 188, log([¥]/a) 1052(\2(\/ ) . Using a union bound over X, we find that with probability at
least 1 — o, for all ¢t ¢ G%,
2¢

9(z1) — 9(@)| < 3
Similarly, for all ¢ ¢ G, ||g(x¢) — g(Zy)|| < Ly 37 - Then, we have that with probability 1 — a, for
allt ¢ G=,

9(T:) — g(ze)] <e
C.12 Proof of Lemma[12]

Let us define Z;, = Esgt Lt(yt - E[yt|]:t—1])9 and forx € R, M; = exp (Jth — M)

We begin by showing that M, is a super-martingale. Indeed, we have that

E | %t (e —Ely:|Fe—1])

-thl} =E [Lte:v(ythE[yt\ft,l]) + (]_ —_ Lt)

Fia)

22(M—m)2.y
5

<e

where we use the fact that (v, — E [y;|F;—1]) is bounded in [m, M] together with the conditional
version of Hoeffding’s Lemma. Noticing that

z2(M—m)2.y
B

M, = Mt_lemt(yt*E[yt\ft—l])*

)

this proves that M, is a super-martingale, and so E [M;] < E [M,] = 1.

Now, for all e > O and all [ € N, and all z > 0, by a Markov-Chernoff argument,
P(Z; > eand Ny =1) = P(ll {N: =1} 4t > e“)
< B (71 (N, = 1)

_ z2(M—m)21 _ 2?2 -m)?%i
—e s CE(e T s 1{N, =1},
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Using the previous result, we have that

772 —m 2
E <emZt' SN, = l})

(7 =)

<E <eth””2(M8m)2”t)
=E(M;)
<E(Mp) = 1.

SO

z2(M—m)231
8

P (Zt > € and Nt = l) < €_Ew+

l-log(1/a)

In particular, for e = (M — m) 5

_ 4e
and z = M —m)?>

l-log(l/a)
2

]P’(Zt>(M—m) andNt:l><a.

This proves the first part of the Lemma. Summing over the values of [ from 1 to ¢, we find that

Nilog(1/a)
2

P (Zt > (M —m) and N; > 1) < ta.

Similar arguments can be used to prove that

Nilog(1/a)

P <—Zt > (M —m) and N; > 1) < ta.

Noting that Z; = ji; N; and normalizing by N; (and since adding the case N; = 0 can only increase
the probability) concludes the proof of the Lemma.
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