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ABSTRACT

The SimCLR method for contrastive learning of invariant visual representations
has become extensively used in supervised, semi-supervised, and unsupervised
settings, due to its ability to uncover patterns and structures in image data that
are not directly present in the pixel representations. However, the reason for this
success is not well-explained, since it is not guaranteed by invariance alone. In
this paper, we conduct a mathematical analysis of the SIimCLR method with the
goal of better understanding the geometric properties of the learned latent distri-
bution. Our findings reveal two things: (1) the SimCLR loss alone is not sufficient
to select a good minimizer — there are minimizers that give trivial latent distri-
butions, even when the original data is highly clustered — and (2) in order to
understand the success of contrastive learning methods like SimCLR, it is nec-
essary to analyze the neural network training dynamics induced by minimizing a
contrastive learning loss. Our preliminary analysis for a one-hidden layer neural
network shows that clustering structure can present itself for a substantial period
of time during training, even if it eventually converges to a trivial minimizer. To
substantiate our theoretical insights, we present numerical results that confirm our
theoretical predictions.

1 INTRODUCTION

Unsupervised learning of effective representations for data is one of the most fundamental problems
in machine learning, especially in the context of image data. The widely successful discriminative
approach to learning representations of data is most similar to fully supervised learning, where
features are extracted by a backbone convolutional neural network, except that the fully supervised
task is replaced by an unsupervised or self-supervised task that can be completed without labeled
training data.

Many successful discriminative representation learning methods are based around the idea of find-
ing a feature map that is invariant to a set of transformations (i.e., data augmentations) that are
expected to be present in the data. For image data, the transformations may include image scaling,
rotation, cropping, color jitter, Gaussian blurring, and adding noise, though the question of which
augmentations give the best features is not trivial (Tian et al., 2020). Invariant feature learning meth-
ods include VICReg Bardes et al.| (2021, Bootstrap Your Own Latent (BYOL) (Grill et al., |2020),
Siamese neural networks (Chicco|(2021)), and contrastive learning techniques such as SimCLR |Chen
et al.| (2020) (see also (Hadsell et al.l |2006; |[Dosovitskiy et al., 2014; Oord et al.l 2018; |Bachman
et al.}2019)).

In contrastive learning, the primary self-supervised task is to differentiate between positive and
negative pairs of data instances. The goal is to find a feature map for which positive pairs have
maximally similar features, while negative pairs have maximal different features. The positive and
negative examples do not necessarily correspond to classes. In SimCLR, positive pairs are images
that are the same up to a transformation, while all other pairs are negative pairs. Contrastive learning
has also been successfully applied in supervised (Khosla et al.,|2020) and semi-supervised contexts
(L1 et al.l 2021} |Yang et al., [2022; [Singhl [2021} [Zhang et al., 2022bj [Lee et al., [2022; |Kim et al.,
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(a) MNIST: pixel space (b) CifarlO0: pixel space (c) Cifar10: SimCLR

Figure 1: t-SNE visualizations of the MNIST and Cifar10 data sets. In (a) and (b) the images
are represented by the raw pixels, while (c) gives a visualization of the SimCLR embedding. This
illustrates how SimCLR is able to uncover clustering structure in data sets.

2021% 2023)), and has been used for learning Lie Symmetries of partial differential equations
Mialon et al.| (2023) (for a survey see[Le-Khac et al.| (2020)).

All invariance based feature extraction techniques must address the fundamental problem of dimen-
sion collapse, whereby a method learns the trivial constant map f(x) = ¢ (or a very low rank map),
which is invariant to all transformations, but not informative or descriptive. There are various ways
to prevent dimension collapse. In contrastive learning the role of the negative pairs is to prevent
collapse by creating repulsion terms in the latent space, however, full or partial collapse can still
occur (Jing et al} 2021}, [Zhang et al., 20224} [Shen et all,[2022} [Li et al., 2022)). In BYOL collapse is
prevented by halting backpropagation in certain parts of the loss, and incorporating temporal aver-
aging. In VICReg, additional terms are added to the loss function to maintain variance in each latent
dimension, as well as to decorrelate variables.

Provided dimensional collapse does not occur, a fundamental unresolved question surrounding many
feature learning methods is: why do they work so well at producing embeddings that uncover key
features and patterns in data sets? As a simple example, consider fig. [T} In fig. Tal and fig. [Tb] we
show t-SNE (Van der Maaten & Hinton}, [2008)) visualizations of the MNIST and Cifar-
10 (Krizhevsky et al.l [2009) data sets, respectively, using their pixel representations. We can see
that visual features are not required on MNIST, which is highly preprocessed, while for Cifar-10 the
pixel representations are largely uninformative, and feature representations are essential. In fig.
we show a t-SNE visualization of the latent embedding of the SimCLR method applied to Cifar-10,
which indicates that SImCLR has uncovered a strong clustering structure in Cifar-10 that was not
present in the pixel representation.

The goal of this paper is to provide a framework that can begin to address this question, and in
particular, to explain fig. [T} To do this, we assume the data follows a corruption model, where the
observed data is derived from some clean data with distribution g that is highly structured or clus-
tered in some way (e.g., follows the manifold assumption with a clustered density). The observed
data is then obtained by applying transformations at random from a set of augmentations 7 to the
clean data points (i.e., taking different views of the data), producing a corrupted distribution zi. The
main question that motivated our work is that of understanding what properties of the original clean
data distribution p can be uncovered by unsupervised contrastive feature learning techniques? That
is, once an invariant feature map f : RP — R is learned, is the latent distribution fap similar in
any to the clean distribution y, or can it be used to deduce any geometric or topological properties
of u?

This paper has two main contributions. For simplicity we focus on SimCLR, and indicate in the
appendix how our results extend to other techniques.

1. We show minimizing the SimCLR contrastive learning loss is not sufficient to recover
information about y. In particular, there are invariant minimizers of the SimCLR loss that
are completely independent of the data distributions p and p. In the extreme case, the
original clean data may be highly clustered, while the latent distribution has a minimizer
that is the uniform distribution.
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Figure 2: Hlustration-of Z-and—# Illustration of an invariant feature map f : R? — R? that maps
the data distribution p to the feature distribution f u in the latent space, along with a perturbation
function T : RP? — RP. The figure shows that both the original point = and the perturbed point
T'(x) map to f(z) in the feature space.

2. To understand the success of contrastive learning, it is necessary to analyze the neural net-
work training dynamics induced by gradient descent on the SimCLR loss. Using the neural
kernel approach, we show that clusterability structures in p strongly affect the training dy-
namics and can remain present in the latent distribution for a long time, even if gradient
descent converges to a trivial minimizer.

Our work is complementary to work on dimension collapse in contrastive learning (Jing et al., 2021}
Zhang et al.| 2022a; Shen et al.} 2022} |L1 et al.| 2022)), since our observations hold even when there
is no collapse. We also mention there is other recent work (Meng & Wang| 2024)) on understanding
the training dynamics of contrastive learning through a continuum limit partial differential equation.
Other related works include (HaoChen et al) 2021} Balestriero & LeCun, 2022)), which provide
guarantees on contrastive learning for downstream tasks, such as semi-supervised learning. The
idea in these works is to define an “augmentation graph” based on the relations between positive
and negative examples in contrastive learning, and study how the class-membership clusters align
with the augmentation graph — when they are aligned, downstream tasks perform well. Our paper
is complementary to these works, since we essentially study the question of when this alignment
holds in contrastive learning.

Outline: In section |Z| we overview contrastive learning, and our corruption model for the data. In
section 3] we derive and study the optimality conditions for the SimCLR loss, and give conditions for
stationary points. In section [f] we study the neural dynamics of training SimCLR for a one-hidden
layer neural network.

2 CONTRASTIVE LEARNING

We describe here our model for corrupted data in the setting of contrastive learning, and a reformula-
tion of the SimCLR loss that is useful or our analysis. Let 1z € P(R?) be a data distribution in R?.
Let 7 be a set of transformation functions 7' : R? — RP that is measurable such that, for a given
r € RP, T(x) € RP represents a perturbation of z, such as a data augmentation (e.g., cropping and
image, etc.). Let i € P(RP) denote the distribution obtained by perturbing y with the perturbations
defined in 7. That is, we choose a probability distribution » € P(7) over the perturbations, and
samples from i are generated by sampling 2 ~ p and f ~ v, and taking the composition f(z).

We treat p as the original clean data, which is not observable, while the perturbed distribution 7
is how the data is presented to the user. Our goal is to understand whether contrastive learning can
recover information about the original data distribution u, provided the distribution of augmentations
v is known.

Ostensibly, the objective of contrastive learning is to identify an embedding function f : RP — R?
that is invariant to the set of transformations 7. Provided such an invariant map is identified, f
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pushes forwards both p and f to the same latent distributions, that is

Jali = fap.

As a result, the desirable map f is not only invariant to perturbations from 7 but also successfully
retrieves the unperturbed data distribution 1, ensuring that the embedded distribution f (1 serves as
a pure feature representation of the given data distribution. However, it is far from clear how p and
f#p are related, and whether any interesting structures in y (such as clusterability) are also present
in fup.

For instance, if i represents image data, contrastive learning aims to discover a feature distribution
f v that remains invariant to transformations such as random translation, rotation, cropping, Gaus-
sian blurring, and others. Figureillustrates the mapping f : R? — R%and T' € T. As a result,
this feature distribution effectively captures the essential characteristics of the data without being in-
fluenced by these perturbations. These feature distributions are often leveraged in downstream tasks
such as classification, clustering, object detection, and retrieval, where they achieve state-of-the-art
performance (Le-Khac et al., [2020).

To achieve this, one designs a cost function that encourages similar points to be closer together and
dissimilar points to be farther apart through the embedding map, leveraging attraction and repulsion
forces. One of the most popular cost functions is introduced by (Chen et al.| (2020), known as the
Normalized Temperature-Scaled Cross-Entropy Loss (NT-Xent loss). Minimizing the NT-Xent loss
leads to the optimization problem

Ehe{T,T’} Eyon {ﬂw#y exp (7Simf(T(Tz)yh(y)))]
(Simf(T(m)vT’(x))) ’

min E log | 1+ @))

fRP R p~op, T, T ~v exp

where v € P(T) is a probability distribution on 7, which is assumed to be a measurable space, 7 is
a given parameter, and sim; : R? x RP? — R is a function measuring the similarity between two
embedded points with f in R? defined as:

. f(@)- fy)
simy(z,y) = ———~———".
’ 1 @)L )l
The denominator inside the log function acts as an attraction force between two perturbed points
from the same sample x, while minimizing the numerator acts as a repulsion force between two

perturbed points from two different samples = and y. As a result, the minimizer f of the cost is
expected to exhibit invariance under the group of perturbation functions from v, so that

f(T(z)) = f(z), VeeRP VT eT. 3)

The repulsion force prevents dimensional collapse, where the map sends every sample to a constant:
f(z) =cforallz € RP.

2

Our first observation is that the NT-Xent loss becomes independent of the data distribution once f
is invariant, and so the latent distribution for an invariant minimizer may be completely unrelated to
the input data.

Proposition 2.1. Suppose ;i € P(RY) is absolutely continuous and the embedding map f : RP —
R is invariant under the distribution v, satisfying eq. . Applying a change of variables, we obtain
the following reformulation from eq. (I)):

min E 10g(1+2 E {]lw exp(sims(x,y 7')})
f:RP R4 o~ fup Y fanpt #y ( f( )/

= min [E log(1+2E [190 exp(sim(z, TD,
pEP(RY) zrop g( yop L p(sim(z,y)/7)

where sim(z, y) = simyq(z,y) = ngf\lll\lyl\'

This result in Proposition [2.1] shows that the minimization problem with respect to an embedding
map under the NT-Xent cost, once the map is invariant, becomes equivalent to minimizing over
the probability distribution in the latent space. Furthermore, this latter minimization problem is
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completely independent of the input data distribution p. This phenomenon is also observable in
other unsupervised learning models such as VICReg (Bardes et al., [2021) and Bootstrap Your Own
Latent (BYOL) (Grill et al., 2020), for which we provide a similar derivation in the appendix.

In the subsequent sections, we will further explore the NT-Xent loss by analyzing its minimizer, as
well as the dynamics of gradient descent. For this, it is useful to reformulate the loss slightly, in order
to avoid the nondifferentiability of the angular similarity sim¢, and the nonuniqueness of solutions
(e.g., if f is a minimizer in eq. (I, then kf for any k£ > 0 is also a minimizer). To address these
issues and simplify the analysis, we consider the following generalized formulation of the NT-Xent
loss in equation [T}

Definition 2.1. The cost function we consider for contrastive learning is

ot {L(f) - E U (nywnf(T(:C),T’(y)))}’ @

fec xr~ou, T, T ~v nf(T(x)le(x))

where ¥ : R — R is a nondecreasing function, C is a constraint set, and 7y is defined as

ny(z,y) = n(llf (@) = F)1?/2), (5)

where 17 : R>o — R is a differentaible similarity function that is maximized at 0.

The formulation in eq. (d) generalizes the original formulation in eq. (I) by removing the indicator
function 1,,, as the effect of this function becomes negligible when a large n is considered. Fur-
thermore, the generalized formulation introduces a differentaible similarity function. This simplifies
the analysis of the minimizer in the variational formulation The generalized formulation can easily
be related to the original cost function in eq. (1)) by setting ¥(¢) = log(1 + t), n(t) = e~*/7 and
defining C = {f : RP? — S9!}, Then, the similarity function 1)y Tetains the same interpretation as

angular similarity sim ;. This is because, if f lies on the unit sphere in R, and so

exp (=52 110 = SG)I?) = exo (1) 1) = 1)) = Cexp (17O

where C' = exp(—1/7). The consideration of the constraint also resolves the issue in eq. . where
kf, for any k € R, could be a minimizer, given a minimizer f of eq. (I). Thus, in the end, the
introduced formulation in eq. (4) remains fundamentally consistent with the original NT-Xent cost
structure.

3 OPTIMALITY CONDITION

In this section, we aim to find the optimality condition for the contrastive learning problem equa-
tion (4| and analyze properties of the minimizers. Our first result provides the first order optimality
conditions.

Proposition 3.1. The first optimality condition of the problem eq. takes the form

(G (f,2) | V(G (f9) , e
J; /</ / (HFE ) * ) g ) T T @)1 0)
' (Grre (f,2)np(T(2), T'(y)) + O (G o (f, )0 (T'(2), T(y)))

(
M(ﬂm)) — F @) ()T, WD) es2)dT) =0 ©
n(T(x), T"(x))
for all h such that f + h € C where n}(x,y) = n'(||f(z) — FWII?/2), ¥(t) = log(1 + t) and

_ Eenuny (T(2),T'(2))
Gro(f, @) = =5 T

If f is invariant to the perturbation in v, then the gradient of L takes the form
VL(f)(z) = /RD (W'(G(f,2)) + Y(G(f, ) np(z,y)(f (@) — f(y))du(y) @)

where G(f,x) = Giaa(f, ).
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Using the first optimality condition described in Proposition 3.1} we can characterize the minimizer
of the NT-Xent loss in eq. (). The following theorem describes the possible local minimizers of
eq. (4), considering the constraint set defined as C = {f : RP — S4-1},

Theorem 3.2. Given a data distribution i € P(RP), let f € C = {f : RP? — S%1} be an
invariant map such that the embedded distribution f4 v is a symmetric discrete measure satisfying

/ h(er, y)dfspuly) = / W, y)df (), ®)
§d—1 §d—1

for all x1,x2 ~ fup and for all anti-symmetric functions h : St x §4=1 — S such that
h(z,y) = —h(y, z). Then, f is a stationary point of eq. @) inC.

Remark 3.1. Examples of the embedded distribution f, 1 described in Theorem include a dis-
1 n

crete measure, where fuu = > " d,,, and the points x; are evenly distributed on S4-1. This

also includes the case where all points are mapped to a single point, fxu = {z}. Figure [3| shows
plots of the loss for different embedded distributions fzup = + ZZK:1 0z, with the points z; evenly
distributed on S, illustrating how each stationary point relates to the loss function.

In the first plot, the loss is shown as a function of the number of clusters. As the number of clus-
ters increases, the loss decreases, but eventually reaches a point where further increases no longer
reduce it. Similarly, the second plot shows the loss as a function of the minimum squared distance
between two cluster points, z; and ;. As the distance between cluster points decreases, the loss
also decreases, but it stops decreasing once the minimum squared distance reaches a threshold. Both
results suggest that for a given value of 7, selecting an embedded distribution with a high number
of clusters or a uniform distribution on S! can minimize the NT-Xent loss function. Additionally,
increasing the number of cluster points and simultaneously decreasing the value of 7 can further
reduce the NT-Xent loss, as clearly illustrated in the figures.

The third plot shows the relationship between 7 and the threshold for the minimum squared distance
between two cluster points, where the loss ceases to decrease. The main purpose of this plot is to
provide insight into the optimal cluster structure of the embedded distribution that minimizes the
loss for a given value of 7. The results suggest that the minimum squared distance between two
cluster points and 7 are linearly related.

Remark 3.2. Theorem is related to the result from [Wang & Isolal (2020), where the authors
studied a possible local minimizer based on minimizing the repulsive force under the assumption
of an invariant feature map. In their work, they showed that, asymptotically, as the number of
negative points approaches oo, the uniform distribution on S~ satisfies the local minimizer. Our
result extends this by providing a more general characterization of local minimizers, and unlike their
result, it is not asymptotic. In this sense, our work generalizes their findings and offers a broader
perspective on the possible local minimizers.

It follows from Theorem [3.2] that gradient descent on the NT-Xent loss can lead to solutions that are
completely independent of the original data distribution p. For instance, if p has some underlying
cluster structure, with multiple clusters, there are minimizers of the NT-Xent loss, i.e., an invari-
ant map f, that map onto an arbitrary distribution in the latent space, completely independent of
the clustering structure of p. However, in practice, when the map is parameterized using neural
networks, and trained with gradient descent on L(f), it is very often observed that the clustering
structure of the original data distribution £, emerges in the latent space (see fig. [I). In fact, our re-
sults in section [4] show that this is true even if we initialize gradient descent very poorly, starting
with an invariant f mapping to the uniform distribution 2/(S~1)!

Thus, even though the contrastive loss L(f) has minimizers that ignore the data distribution g,
and thus would give poor results, when contrastive learning is trained in practice the results are
often extremely good. This indicates that the parameterization of f with a neural network and
the subsequent optimization via gradient descent are selecting a good minimizer to L(f), which
produces, for example, highly clustered distributions in the latent space. In order to understand this,
we need to analyze the dynamics of neural network optimization during training. In the following
sections, we will explore the minimization problem through this lens.
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Figure 3: The figure shows the NT-Xent loss for different stationary points, represented by various
embedded distributions fup = % Zfil d.,» where the z; are evenly distributed on S!. The first
plot demonstrates the loss decreasing as the number of clusters increases, until it reaches a point
where further increases no longer reduce the loss. The second plot shows the loss decreasing with
the minimum squared distance between cluster points decreasing, and stopping once a threshold is
reached. Both plots suggest that increasing the number of clusters and decreasing 7 can reduce the
NT-Xent loss. The third plot illustrates a linear relationship between 7 and the threshold for the
minimum squared distance, indicating the optimal cluster structure for minimizing loss.

4  OPTIMIZATION OF NEURAL NETWORKS

Here, we study contrastive learning through the lens of the associated neural network training dy-
namics, which illustrates how the data distribution enters the latent space through the neural kernel.
In this section, we use the notation [n] = {1,...,n}.

4.1 GRADIENT FLOW FROM NEURAL NETWORK PARAMETERS

Let w € R™ be a vector of neural network parameters, {x1,...,z,} C RP be data samples,
and f(w,z;) = (fY(w,2;),..., f4(w,2;))T € R be an embedding function where each function
fF:R"P — Risascalar function for k = 1,. .., d. Consider aloss function L = L(y',--- ,y%) :

R? — R with respect to w:
n

> L(f(w, ;). 9)
i=1

Let w(t) be a vector of neural network parameters as a function of time ¢. The gradient descent flow
can be expressed as

L(w) =

S|

w(t) = =VL(w).
Due to the highly non-convex nature of £, this gradient flow is difficult to analyze. By shifting the
focus to the evolution of the neural network’s output on the training data over time, rather than the
weights, we can derive an alternative gradient flow with better properties for easier analysis. The
following proposition outlines this gradient flow derived from the loss function £. The proof of the
proposition is provided in the appendix.

Proposition 4.1. Let w(t) be a vector of neural network parameters as a function of time t. Consider
a set of data samples {1, . ..,x,}. Define a matrix function z : R — RY*™ such that

fHwt),xr)  fHw(t),z2) - fH(w(t),zn)
Flw),z1) fPwt),z) - fHw(t),zn)
z(t) = . . . : . (10)
flwt),ar)  fUw(t),z2) - fHw(t),zn)
Let z; denote the i-th column of z. Then, z;(t) satisfies the following ordinary differential equation
(ODE) for each i € [n]:

Zi(t) = —%ZKij(t)VL(zj(t)) € R4, (11)

j=1
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where the kernel matrix K;; € R4 is given by

(Kij ()" = K (1) = (Vo fF(w(t),2:)) " (V' (w(t), 2))). (12)

Remark 4.1. 'We remark that the viewpoint in proposition of lifting the training dynamics from
the neural network weights to the function space setting, is the same that is taken by the Neural
Tangent Kernel (NTK) Jacot et al.| (2018). The difference here is that we do not consider an infinite
width neural network, and we evaluate the kernel function on the training data, so the results are
stated with kernel matrices that are data dependent (which is important in what follows). In fact, it is
important to note that proposition d.1]is very general and holds for any parameterization of f, e.g.,
we have so far not used that f is a neural network.

Remark 4.2. The training dynamics in the absence of a neural network can be expressed as
2(t) = =V Li(z(t)) € R? (13)

where Kj; is set to be identity matrices. In contrast to eq. (L1), the above expression shows that the
training dynamics on the i-th point z; are influenced solely by the gradient of the loss function at x;,
and there is no mixing of the data via the neural kernel K (since here it is the identity matrix).

Using proposition[4.T|we can study the invariance-preserving properties (or lack thereof) of gradient
descent with and without the neural network kernel.

Theorem 4.2. Consider the gradient descent iteration from a gradient flow without a neural network
in eq. (13), where z(b) f(w® ;) forall i € [n], and

zl-(bH) = zi(b) - UVL(zEb)), (14)

with o as the step size. If f (w(o)7 -) is invariant to perturbations from v, as defined in eq. 1| then
fw®, -) remains invariant for all gradient descent iterations.

On the other hand, in the case of a gradient descent iteration from eq. (10),

Z(b-&-l ZKU’)VL (b)) (15)

the invariance of f at the (b+ 1)-th iteration holds only if f is already invariant at the b-th iteration
and additionally satisfies the condition V., f(w®, f(x)) = V,f(w®, z) for all z € RP and
TeT.

Theorem [4.2] highlights the key difference between optimization with and without neural networks.
In standard gradient descent, as in eq. (14), without the neural network kernel matrix K;;, the map
f remains invariant throughout the entire training process, provided it is invariant at the initial time.
However, in the more realistic setting of gradient descent with the neural kernel in eq. (I3), even if f
is initially invariant to perturbations from v, it requires an additional condition on V,, f to preserve
this invariance. The gradient descent in eq. does not guarantee that this condition is satisfied
throughout the iterations. As a result, the optimization may introduce changes that cause f to lose
its invariance, leading to dynamics significantly different from those in eq. (14).

Many other works have shown that the neural kernel imparts significant changes on the dynamics of
gradient descent. For example, Xu et al.|(2019ajb)) established the frequency principle, showing that
the training dynamics of neural networks are significantly biased towards low frequency information,
compared to vanilla gradient descent.

4.2 STUDYING A CLUSTERED DATASET

In this section, we explore how the neural network kernel matrix K;; in eq. (I2) influences the
gradient flow on the contrastive learning loss. For clarity, we use a simplified setting that is straight-
forward enough to provide insights into the neural network’s impact on the optimization process.
Although simplified, the setting can be easily generalized to extend these insights to broader con-
texts.
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Dataset Description Consider a data distribution ;1 € P(M), where M is a d-dimensional com-
pact submanifold in R, and a noisy data distribution i € P(R”) defined by

p=p+a,
where a € P(M) represents noise (or perturbation) applied to / in the orthogonal direction to M.
For simplicity, assume that
M C {x: (zt, 22, ,2%,0,---,0) € IRD},
Mt {x =(0,---,0,2¢F g2 ... 2Py e RD}.
Now, let’s impose a clustered structure on the dataset. Given a dataset {x;}_; with n samples i.i.d.

from the noisy distribution 11, we assume that the data is organized into N (N < d) clusters. Let
{5(1}51\7:1 be N points in M such that &, - { # 0 if ¢ = ¢/, and 0 otherwise. Suppose the data

samples are arranged such that for each i € {1,...,n},
s =&+ forng 1 +1<i<n, (16)
where 0 = ng < n; < --- < ny = n and ¢; is a random variable (i.e., noise) and ||¢;|| < § for

some positive constant § > 0. This setup ensures that each data point x; lies within a ball of radius
0 centered at one of the points &, effectively representing the dataset as IV clusters.

Embedding Map Description Let f : R™*? — R be an embedding map parameterized by
a neural network, such that f = f(w(t),x), where w : R — R™ is a vector of neural network
parameters. We assume that at ¢t = 0, f satisfies

f(w(0),z) = R(z',...,2%0,...,0) € RY, (17)
1 D)

forall x = (z!,...,2P) € RP, where R : RP — R is an arbitrary map. Consequently, this
embedding map f is invariant under the following perturbations: for x ~ p and € ~ a,

fw(0),x 4+ ¢€) = R(z) = f(w(0),x).

Thus, f is an invariant to the perturbation from . This serves to initialize the embedding map f to be
an invariant map that is unrelated to the data distribution p. This is in some sense the “worst case”
initialization, where no information from the data distribution ; has been imbued upon the latent
distribution. The goal is to examine what happens when using this as the initialization for training.
As we will see below, the neural kernel always injects information from p into the optimization
procedure, and can even help recover from poor initializations.

4.2.1 PROPERTIES OF THE EMBEDDING MAP

In this section, we derive the explicit formulations for the gradients and the kernel matrix defined in
eq. (T2), within the setting described in Section[d.2] We examine the training dynamics of eq. (I0) to
understand how they are influenced by the neural network kernel matrix K;; and the dataset’s clus-
tering structure. Specifically, we consider the embedding map f : RMP4+DP _ R4 parameterized
by a one-hidden-layer fully connected neural network:

flw(t),z) = f(B(t),z) = ATo(B(t)x), (18)

where A € RMd%d ig 3 constant matrix defined as

Tarxt Oarxa -0 Oprxa
1 Omxt Taxt -+ Owmxi
A= N (19)
Omx1 Omxi -+ Tyxi

where 1,71 and 07«1 represent the M -dimensional vectors of ones and zeros, respectively. Ad-
ditionally, B(t) = (bk(t))kepn)peqaray € RM?*P is the weight matrix, and o is a differentiable
activation function applied element-wise.

Note that A acts as an averaging matrix that, when multiplied by the (M d)-dimensional vector
o(B(t)x), produces a d-dimensional vector. Furthermore, we assume that the parameters of W are
uniformly bounded, such that there exists a constant C' with [bf(¢)| < C forall ¢ > 0, k, and p.
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Figure 4: Comparison of the optimization process with and without neural network training, where
the data distribution is indicated in (a). The color of each point represents its corresponding cluster,
and the arrow represents the negative of unit gradient at that point. Row 2 illustrates the optimization
with neural network training, starting from a random initial embedding and revealing the cluster-
ing structure over iterations. Row 3 shows the optimization process using vanilla gradient descent
without neural network training from the same initial embedding. As the iterations progress, the
distribution converges to a uniformly dispersed arrangement, disregarding the clustering structure of
the input data.

Remark 4.3. In many contrastive learning works, the neural network is trained, and the last layer
is discarded when retrieving the feature representation. many works [Bordes et al.| (2023)); [Gui et al.
(2023)); [Wen & Li|(2022) studied this phenomenon in depth and found that discarding the last layer
actually improves the quality of the feature representation. In this paper, we do not consider dis-
carding the last layer for simplicity in our analysis, but it is an interesting direction for future work
to explore how the last layer of the neural network affects the training dynamics.

Based on the definitions of kernel matrices in eq. (I2) and the neural network function f in eq. (I8),
the following proposition provides the explicit kernel formula.

Proposition 4.3. Given the description of the embedding map in eq. , the kernel matrix K fjl
defined in eq. (12) can be explicitly written as

kM
The
Kikjl:%x;rxj > ol (bpri) (bp). (20)
p=(k—1)M+1

where 1y—; is an indicator function that equals 1 if k = [ and 0 otherwise.

From Proposition .3} as done in NTK paper (Jacot et al 2018), one can consider how the kernel

converges as the width of the neural network approaches infinity, i.e., as M — oo in eq. (Ig).
The following proposition shows the formulation of the limiting kernel in the infinite-width neural
network.

Proposition 4.4. Suppose the weight matrix B satisfies that each row vector b;, for i €
{1,..., Md}, consists of independent and identically distributed random variables in RP with a
Gaussian distribution. Also, suppose the activation function is o(x) = x4y = max{z,0}. Then, as

10
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M — oo, the kernel matrix converges to K> € RY%4 ywhere

11 Ta;
Kiof = (.’E;rmj) [2 o arccos (Wﬂ Ty

[EAlER

where I ;. 4 is an identity matrix.

Using the kernel matrix defined in Proposition[4.3] the following theorem presents the explicit form
of the gradient flows in terms of the clustering structure and the neural network parameters.

Theorem 4.5. Let the dataset to be clustered be as described in eq. (16). Define a function ~ :
[n] — [N] such that (i) = q if z; is from the cluster point £;. Then, the gradient flow formulation
takes the form

£i0) = = (OO ) 08,0 VL), 60) + O0) e

where B, € R4 (q € [n]) is a diagonal matrix where each diagonal entry 3F € R (k € [d]) is

kM
defined as 65 = ﬁ Zp:(k—l)M+1 Ul(bpfq)z'

Similar to Proposition -4} one can consider the gradient flow formulation in the limit of infinite
width, i.e., as M — oo. The following corollary provides the explicit form of the neural network
gradient flow in the infinite width case.

Corollary 4.6. Under the same conditions as in Proposition and Theorem if the width
approaches infinity, i.e., M — oo, then the gradient formulation in eq. becomes

Tom(3) — Nom(3)—
£i0) = = (MU e PTLU (0, 60) + O0),
Remark 4.4. The results from Theorem[#.5]and Proposition[#.4]show the explicit gradient flow under
the clustering setting, where the gradient is scaled by the ratio of each cluster’s size represented as
(My(i) — My(iy—1)/n. This means that if a certain cluster contains only a small number of points,
the gradient at those points could be negligible compared to the gradient from a cluster with a larger
number of points, which may result in the failure to capture the smaller cluster effectively. This result
aligns well with the findings in [Assran et al (2022)), where the authors show that semi-supervised
methods, including contrastive learning, tend to perform worse with imbalanced class data and work
better with uniform class distributions.

The formulations of the gradient flow in Theorem [4.5|and Corollary 4.6|can be viewed as a modifi-
cation of the training dynamics of the vanilla gradient flow in eq. dgl altered in such a way as to
steer the iterations towards a stationary solution that is both invariant to perturbations and influenced
by the dataset’s geometry. Specifically, the first term in eq. (1)) shows that for every data point ;
that originates from the same cluster, the gradient will be the same, with an error of order O(9).
This means that if the neural network is initialized randomly, such that the embeddings from the
feature map are completely random in the latent space, the gradient at points from the same cluster
in the embedded space will follow the same direction. This results in training dynamics that lead to
embeddings that exhibit the data’s clustering structure.

This behavior is reflected in the numerical results in Figure ] where a 2D dataset with four clus-
ters located along the z-axis at —3 (purple), —1 (blue), 1 (green), and 3 (yellow) is analyzed. The
arrow at each point indicates the negative gradient computed at that point. In the figure, the num-
ber of iterations is chosen differently for each training dynamic (with and without neural network
optimization) because the neural network kernel matrix affects the training dynamics, causing the
models to converge at different speeds. The iterations in the visualization are selected to best capture
and effectively depict the evolution of the feature distribution during training. Furthermore, both fig-
ures stabilize after a certain number of iterations: the first (b-f), with neural network optimization,
after 200 iterations, and the second (g-k), without it, after 1,000 iterations.

The training dynamics show that, despite starting from a random initialization without any initial
clustering structure, data points from the same cluster follow a similar gradient. This shared gradi-
ent, relative to their respective clusters, drives the separation of data points from different clusters in
the early iterations. By iteration 15, the clustering structure of the input data is already preserved in

11
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the embedded distribution, after just a few iterations. In contrast, without neural network optimiza-
tion, the embedded data points spread out and eventually form a uniform distribution on a sphere,
disregarding the input data’s cluster structure. This result aligns with the theoretical findings in
Theorem [3.2] which suggest that the gradient of the loss function is independent of the input data’s
structure.

5 CONCLUSION AND FUTURE WORK

We have studied the SimCLR contrastive learning problem from the perspective of a variational
analysis and through the dynamics of training a neural network to represent the embedding func-
tion. Our findings strongly suggest that in order to fully understand the representation power of
contrastive learning, it is necessary to study the training dynamics of gradient descent, as vanilla
gradient descent forgets all information about the data distribution.

The results in this paper are preliminary, and there are many interesting directions for future work.
It would be natural to examine a mean field limit (Mei et al.,[2018) for the training dynamics, which
may shed more light on this phenomenon (e.g., in theorem [4.5). We can also consider an infinite
width neural network, as is done in the NtK setting, in theorem4.5]to attempt to rigorously establish
convergence of the training dynamics. It would also be interesting to explore applications of these
techniques to other deep learning methods.
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A APPENDIX

In the appendix, we present the proofs of that are missing in the main manuscript.

A.1 INTERPRETATION OF VICREG AND BYOL

In this section, we show that two other popular methods related to deep learning models for learning
dataset invariance exhibit a similar phenomenon as shown in Proposition namely that the loss
function itself is ill-posed. First, consider the VICReg Bardes et al.| (2021) loss. Given a data
distribution ;2 € P(RP) and a distribution for the perturbation functions v, VICReg minimizes

B BB ST = ot
2 (0 (@), F(F @)+ 0(Fg(@)), - o S(g(wa)))
2 (el f(F@)s s F(F@a)) + e g(@n)), -+, S(g(@n)))

where A1, A2, and A3 are hyperparameters. The first term ensures the invariance of f with respect

to perturbation functions from v, v maintains the variance of each embedding dimension, and ¢

regularizes the covariance between pairs of embedded points towards zero. Suppose f is an invariant
embedding map such that f(7T'(x)) = f(z) for all T ~ v. Then, the above minimization problem
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becomes

L Ep B do (0 (), fe) (), )
+a(elf @), flan)) +elf (@), -, Flan)

= f'[RrgiE[Rd Ey, .. ,yan#H/\Q (U(yla o Yn) oy, 7yn))

+ As(C(yl,m s Yn) +cyr, - - 7yn))

Similar to the result in Proposition [2.1] the invariance term vanishes. This minimization can now be
expressed as a minimization over the embedded distribution:

pelg(iﬂgd) IEyl,'“ ayanJAQ (U(yl, e ayn) + U(yla o 7yn)>

+/\3(0(y1,~-- ) Fe(yn, ,yn))

This shows that given an invariant map f, the minimization problem becomes completely indepen-
dent of the input data p, thus demonstrating the same ill-posedness as the NT-Xent loss in Proposi-

tion 211

Now, consider the loss function from BYOL Grill et al.| (2020). Given a data distribution p € [P’(IRD )
and a distribution for the perturbation functions v, the loss takes the form

minE g g Eapllg(£(T(2))) = F(T' (@)

where ¢ : R? — R? is an auxiliary function designed to prevent f from collapsing all points x to
a constant in R?. Similar to the previous case, if we assume an invariant map f, the above problem
becomes

r?i;a Exmulla(f(2)) — f(2)] = r;li;ﬂ Ey~spnlla(y) — yl?

where the second equality follows from a change of variables. Again, this minimization problem
can be written with respect to the embedded distribution as:

min E, —yl|?
peP(RY) q y pHQ(y) yl|

This again shows that once the invariant map is considered, the minimization problem becomes
completely independent of the input data y, highlighting the ill-posedness of the cost function.

A.2 FURTHER ANALYSIS OF THE STATIONARY POINTS OF EQUATION

From the modified formulation eq. , we can define a minimizer that minimizes the function L( f)
on a constraint set C = {f : RP — R9}. The following proposition provides insight into the
minimizer of eq. (). The proof is provided in the appendix.

Proposition A.1. This proposition describes three different possible local minimizers of eq. (4) that
satisfy the Euler-Lagrange equation in eq. (6).

1. Any map f : RP — R? that maps to a constant, such that

f(x)=ceRY VeeM.

2. In addition to the condition in eq. (3), suppose the attraction and repulsion similarity func-
tions a : R>9 — R and r : R>o — R satisfy the following properties:

(a) Each function is maximized at 0, where its value is 1.
(b) Each function satisfies lim;_, o, a(t) = 0 and lim;_, o, ta’(t) = 0.

Let f be a map invariant to T. Consider a sequence of maps { fi.} such that
fu(x) =kf(x), Vre M,VkeN.
The limit f, = limy,_,~ fy satisfies the Euler-Lagrange equation eq. (6).
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Proof of Proposition|A1] If f is a constant function, it is trivial that it satisfies eq. (6).

Let us prove the second part of the proposition. From the Euler-Lagrange equation in eq. (6)), by
plugging in f; and using the fact that f is invariant to 7, the Euler-Lagrange equation can be
simplified to

/RD (W'(G(fr,1d, 2)) + V' (G(fr, 1)) ), (2, ) (fi () = fi(y), h(@)) dpu(y)
for any h : RP — R<. Using the invariance of f}, we have

= [ (¥(6510.0) + ¥(G5.10.9))) (e, (2.0) @) = S0).hla) dil). @2

Furthermore, by the assumptions on the function r,

]{72 _ 2
kry, (z,y) = kr'’ < ||f(:r,)2 TWl > —0, ask— oo
k2 _ 2
V(G f, Id,z)) = O’ <Ezwr ( ”f(x)Q 1@l )> SU(0), ask — oo.
Thus, eq. (22)) converges to 0 as k — co. This proves the theorem. O

A.3 PROOF OF THEOREM [3.2]

First, we prove Theorem [3.2] which characterizes the stationary points of the loss function. After
the proof, we demonstrate that by considering an additional condition on the direction of the second
variation at the stationary points, it is the second variation is strictly positive, thereby showing that
the stationary point is a local minimizer under this condition.

Proof of Theorem[3.2] 'We consider the following problem:

i L(f), 23
aiun, (f) (23)
where L is a loss function defined in eq. (). The problem in eq. (23) can be reformulated as a
constrained minimization problem:
min  L(f).

F:RP SR
llFll=1
By relaxing the the constraint for || f|| = 1, we can derive the lower bound such that
min L(f) > min  L(f).
FRP R4 ( ) F:RP R ( )

IFl=1 Jup I flldu=1

Note that since the constraint sets satisfy {|| f|| = 1} C { [ || fl|dp = 1}, the stationary point from
from the latter constraint set is also the stationary point of the prior set.

By introducing the Lagrange multiplier A for the constraint, we can convert the minimization prob-
lem into a minimax problem:

i i [L(f) + A (1= | @))] en)

Using the Euler-Lagrange formulation in eq. (6), we can derive the Euler-Lagrange equation for the
above problem, incorporating the Lagrange multiplier. To show that f is a minimizer of the problem
in eq. (24), we need to demonstrate that there exists A € R such that the following equation holds:

/RD [W(G(f,2) + V' (G(f, )]0} (2,y)(f(2) — f(y)) duly) — A ;Eg” =

for all 2 € M. Note that since f is an invariant map, f disappears and 7¢(z, f(z)) = 1. Further-

more, since f maps onto S9!, we have || f(z)| = 1 forall # € R”. Additionally, using the change
of variables, we obtain

0,

)\:C/gd_lr'(\x—y\2/2)($—y)df#ﬂ(y)v (25)
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where C is defined as C' = W/(E.~y,, [r(|zo — 2|?/2)]) for 29 ~ fxp. Given that the function

h(z,y) =r'(je —y[*/2)(z — y)
is an anti-symmetric function, by the assumption on fxx in eq. , the integral on the right-hand

side of eq. is constant for all 2 ~ fu u. Therefore, by defining X as in eq. (25), this proves the
lemma. O

Now that we have identified the characteristics required for embedding maps to be stationary points,
the next lemma shows that the second variation at this stationary point, in a specific direction h, is
positive. This demonstrates that the stationary point is indeed a local minimizer along this particular
direction.

Lemma A.2. Fix 7 > 0 and define ny(z,y) = e~ IF@—=FWI7/27 Lot f:RP — S be an
embedding map such that the embedded distribution fyp = Y .| 6., is a discrete measure on

S, satisfying that the number of points n = Km, where K is the number of cluster centers
i Ii and m is some positive integer. Moreover, the points satisfy the condition:
i=1 P 8 )4

;= §li/k)41 Jori € [n]. (26)
Furthermore, let o > 0 be a positive constant satisfying ¢ > 3K>7. Then,
S2L(f)(h,h) >0
forany h : RP — RY satisfying f + h € S and

(&) — Fe) hie) — b)) = ollhie) — hi&)I @)

Proof. Let f : RP — R? be an invariant embedding map. From the proof of ??, the first variation
takes the form

|, v @G [ = ). he) = b)) duts)duta).

The second variation takes the form
2
JRACE ( [ et = £ o) - h(y)>du(y)> dn(x)
RD RD
2
+ / w(G(f0) / ) (@)~ F),ha) — () duty)dn(a)
+ [ G [ hie) = ) Pdu()duto).

For simplicity, let us choose explicit forms for ¥ and r. The proof will be general enough to apply
to any W and r that satisfy the conditions mentioned in the paper. Let ¥(¢) = log(1 + ¢/2) and

r(t) = e~%/(27) With these choice of functions and by the change of variables,

— 2 (emms) ([ e 07w - Tt donto

1 1 —|lz—y||? T / / 2
w5 e o ) (0= 0 T @) T A (o)

2 (z)?/2
1 1 —|lz—y||?/ (27 / i
o ;/Sd_l 1+ G(x)2/2 /sd—l e I/ )HT () =T (Z/)H2df#/ﬁ(i‘/)df#ﬂ(x)~

(28)
where G(2) = Eyn s, pe 17917/ 7) and T'(x) = h(f~'(z)). By Jensen’s inequality, we have

(/gm eI ED g —y T () - T’(y)>df#u(y))2

< /gd—1 ef\|Ify|\2/(2‘r) (<x N va/(x) . T’(y)>)2df#ﬂ(y).
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Therefore, eq. (28) can be bounded below by

1 G(x)Q/Q —||lz—y 2/(2r / / 2
25 | s cerar / eI (@ —y T (@) = T () dfpi(y)df ()

B —lle=yl2/@0) 7 () — T
L e L T @)~ T W P drent) denta)

_1 / 1 / o~ lle—yl?/(27)
7'2 sd—1 1+G( ) /2 sd—1

G<x)2 ! / 2 / / 2
(s (1o = w @ = ') = 7T @) = TG ) ) dpn(o)

By the assumption on f# L in eq. @), the above can be written as

1 n
— —llzi—2;112/(27)
E E e
n2r? i:11+G z:)%/2 2

1751

<2(15(C:¥U(:)c)2/2)(<$ — () - g(x].)>)2 = 7llg(zi) — 9(%‘)2>
_m? & 1 eI/
T 272 ; 1+ é(&)z/z ;6

J#i

(5
( 6 /2)(@ &:9(&) - (&))" = llg(&) g<@>|>

(29)

2(1+G(&)?

If K = 1, the second variation becomes 0, and is therefore nonnegative. Now, suppose K > 1. We
can bound G from below by

—llgi—¢gxll?/(27) > 2 30
Ze K (30)

Furthermore, from the condition in eq. (27), we have

(16— &0~ 96 > ollo(e) — a(&) P a1

for some positive constant ¢ > 0. Combining eq. (30) and eq. (31)), we can bound eq. (29) from
below by

K
1 1 2 o
> - eTIemeIen (s~ 7 lg(es) — 9(&))II%
K272 14 G(&)2/2 ; 3K?
i
By the condition on ¢, the above quantity is strictly greater than zero. This concludes the proof of
the lemma.

O
A.4 PROOF OF PROPOSITION[4.1]
Proof. The gradient of L is given by
1 n d
S VL (w,20) T f (w0, 2) (32)

i=1 k=1

where Vi« L(f(w, z;)) is a gradient of L with respect to y; coordinate. For simplicity of notation,
let us denote by

fF = fFw,z;), Li = L(f(w,z)).

18
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Thus, eq. (32) can be rewritten as

n d
_1 S VLV ff (33)

1=1 k=1

3

By the definition of the loss function in eq. (E[), w(t) satisfies the gradient flow such that
w(t) = =VL(w). (34)
Thus, the solution of the above ODE converges to the local minimizer of £ as ¢ grows.
For each i € [n] and k € [d], denote by
2 (8) = [ (8).
Let us compute the time derivative of z¥. Using a chain rule, eq. and eq. ,

F() = Vo fF - ait) = — Vo f5 - VL(w lZvaﬁ VW VL. (35)

j=11=1

3

Using eq. (12), eq. (35), 2;(t) can be written as
1 n
t)=—_ > Ky VL)
j=1

This completes the proof. O

A.5 PROOF OF THEOREM [4.2]

Proof. Consider the gradient descent iterations in eq. (T4). Suppose f is invariant to the perturbation
from v at b-th iteration, that is we have f(w®, f(z)) = f(w®,z) forall z ~ pand T ~ v. We
want to show that, given an invariant embedding map f (w(b), -), it remains invariant after iteration
b. From the gradient formulation of the loss function in Proposition we have

VI(f(w®,2)) = — / V(2 5)(F(@®,2) — F(w®, y)) du(y),

RD

whete W/(z,y) = (V(G(f(@®,).2)) + V(G @®,).) )iy :9)
From the gradient descent formulation in eq. (T4), we have
F®Y, f() = F@®, f(2:)) = oVL(f (@, f(20)),
which gives
F@®, f(@i) = @, f(2:) + o /R V) (@, f) = f(w® ) du(y),
and since f(w®, f(x;)) = f(w®, x;) by invariance, this simplifies to
F@®, ) = oVL(f(w®,2:)) = fwD, 7),

which shows that f(w®+1) ;) is invariant for all i € [n]. Therefore, the embedding map remains
invariant throughout the optimization process.

Now, consider the gradient descent iteration with a neural network in eq. (T3)). Suppose f is invariant
to perturbations from v and satisfies

Vo fw®, f(2)) = Ve fw®, z), Vo~pu f~rv (36)

Denote the kernel matrix function K;; given a perturbation function 7' ~ v as

(K (w®, P = (Vau ff(@®, f(@:) T (Vo f (w0, f(z))).

19
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Then, we have

n

F@®, fla) = F®, f (@) = 237 Kig(w®, VL, f(@:))
j=1
= fw®, ;) — %zn:Kij(w(b)»ld)VL(f(w(b)»xz’))
j=1

= f(w(bJrl),xi).

Thus, if f is invariant at the b-th iteration, it remains invariant. However, note that this result no
longer holds if the condition in eq. (36)) fails, meaning that f is not invariant for b + 1-th iteration.
This completes the proof. O

A.6 PROOF OF PROPOSITION[Z.3]

Proof. We describe the matrices A € RM4*4 and B € RM4*D a5 follows:

o - o - aj - af
A=ld" a® at | = : = )
| | T ‘ — aprd — a}wd e a‘]jwd
| . | - bi(t) - bi(t) - bP(t)
B(t) = [ b'(t) b*(t) --- OP(t) ]| = : = : . :
| | o | — bma(t) — bira(t) -+ bia(t)

In this notation, a* and b* are M d-dimensional column vectors, a,, and b,, are d- and D-dimensional
row vectors, and a’; and b’; are scalars.

We can write f* with respect to a¥ and b%.
Md 1 kM
f¥(B,z) = (a*)To(Bz) = Zafc(bm) = — Z o(bim)
i=1 VM i=(k—1)M+1

where the last equality uses the definition of a matrix A in eq. (I9). By differentiating with respect
to b}, we can derive explicit forms for the gradient of f* with respect to a weight matrix B.

Vof*(B,z) = (ak O] O'/(B.%')){,ET

abo'(byx)xt - dbo!(byx)xP
ak,o' (byx)wt - ak ol (bya)aP

0 . 0
0 .. 0

o (biz)zt - o(byz)zP

— 1 c [RMdXD

i . .

o' (byx)xt - o' (bpyx)z?
0 .. 0
0 .. 0

where the row index of nonzero entries ranges from (k — 1)M + 1 to kM.
Define an inner product such that for h € RMdxD

(Vuwf*(B,z),h), ke [D].

20
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Now we are ready to show the explicit formula of the inner product (V,, f*, V., f*).

kM
=
(Vuf* (B, i),V [ (B,z;)) = W(%ij) Z o' (bpws)o’ (bpa;)
p=(k—1)M+1

where Tx—; is an indicator function that equals 1 if k¥ = [ and O otherwise. Therefore, the kernel
matrix takes the form

kM

1=
(K™ = W(xjx]) Z o' (byz;)o' (bpx;).
p=(k—1)M+1

O

Proof of Theorem#.3] Using the definition of a function ~ in Theorem #.3] and using the structure
of the dataset {z;} in eq. , consider z; and x; in +y(4)-th cluster and ~(j)-th cluster respectively.
Since the dataset is sampled from a compactly supported data distribution and given the assumption
that the activation function has bounded derivatives, we have

2] x5 = &) + O(0) = Lyiy=(s) + O(5)
o' (by) = 0" (bytiay) + O9).
Thus,

kM

=
K = 78050 o= D, 0 0)o b)) +00).
p=(k—1)M+1

Combining all, we can write the kernel matrix K;; as the following
Kij = 1y4)=) 16|18y + O(5)

where B; € R?*4 (i € [n]) is a diagonal matrix defined as

51_1 0O --- 0
0 B2 -+ 0
Bi=1. . .
o 0 --- 5;,1
where 8F € R (k € [d]) is defined as
1 kM
Bi=ap 2 T lgm) (37)
p=(k—1)M+1

Thus, from the gradient flow formulation in eq. @) we have
. 1<
4i(t) = —— > K (D) VL,(t)
j=1

2
= *wﬂv(i) Z vLj(t) * 0(5)

JEV(3)

1€ 112
= _%(nw) — Ny (i)=1)B~i) VL(w(1), £ )) + O(9)
Ny () — My (3)—

21



Under review as a conference paper at ICLR 2025

B EXTRA NUEMRICAL RESULTS

In this section, we provide additional experimental results to validate Theorem [4.5] showing that
neural network optimization influences training dynamics. Even when starting with the same ran-
dom initialization of the embedded distribution, the training dynamics with neural networks are
guided toward stationary points where the clustering structure is imposed. In contrast, vanilla gradi-
ent descent without neural network optimization is independent of the data structure.

The comparison of optimization processes with and without neural network training in 2D and 3D is
shown, with the data distribution presented in (a) and (1). A 4-layer fully connected neural network
was used in this experiment, demonstrating that the same behavior is observed even with different
neural network architectures. The color of each point corresponds to its respective cluster. Rows
2 and 5 illustrate optimization with neural network training, starting from a random initial embed-
ding and progressively revealing the clustering structure over iterations. Rows 3 and 6 show the
optimization process using vanilla gradient descent without neural network training. Over time, the
distribution converges to a uniformly dispersed arrangement, disregarding the clustering structure of
the input data.
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Figure 5: This experiment compares the optimization processes with and without neural network
training in 2D and 3D, with the data distribution depicted in (a) and (I). A 4-layer fully connected
neural network demonstrates consistent outcome as in Figure ] Each point’s color indicates its
cluster. Rows 2 and 5 show optimization with neural network training, starting from a random
embedding and gradually revealing the clustering structure. In contrast, Rows 3 and 6 illustrate
the optimization process using vanilla gradient descent, which converges to a uniformly dispersed
arrangement, disregarding the input data’s clustering structure.
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