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Abstract

We consider the problem of discretization of neural operators between Hilbert
spaces in a general framework including skip connections. We focus on bijec-
tive neural operators through the lens of diffeomorphisms in infinite dimensions.
Framed using category theory, we give a no-go theorem that shows that diffeomor-
phisms between Hilbert spaces or Hilbert manifolds may not admit any continuous
approximations by diffeomorphisms on finite-dimensional spaces, even if the ap-
proximations are nonlinear. The natural way out is the introduction of strongly
monotone diffeomorphisms and layerwise strongly monotone neural operators
which have continuous approximations by strongly monotone diffeomorphisms
on finite-dimensional spaces. For these, one can guarantee discretization invari-
ance, while ensuring that finite-dimensional approximations converge not only as
sequences of functions, but that their representations converge in a suitable sense
as well. Finally, we show that bilipschitz neural operators may always be written
in the form of an alternating composition of strongly monotone neural operators,
plus a simple isometry. Thus we realize a rigorous platform for discretization of
a generalization of a neural operator. We also show that neural operators of this
type may be approximated through the composition of finite-rank residual neural
operators, where each block is strongly monotone, and may be inverted locally via
iteration. We conclude by providing a quantitative approximation result for the
discretization of general bilipschitz neural operators.

1 Introduction

Neural operators, first introduced in [30], have become more and more prominent in deep learning on
function spaces. As opposed to traditional neural networks that learn maps between finite-dimensional
Euclidean spaces, neural operators learn maps between infinite-dimensional function spaces yet may
be trained and evaluated on finite-dimensional data through a rigorous notion of discretization. Neural
operators are widely used in the field of scientific machine learning [6, 21} 38} 55 56], among others,
principally because of their discretization invariance. In this work, we consider the fundamental limits
of this discretization. Throughout, we emphasize the importance of continuity under discretization.

A key ingredient in our analysis is the identification of properties of diffeomorphisms that may be
induced by (bijective) neural operators, which are diffeomorphisms themselves. Diffeomorphisms
exist in many contexts, for example, in generative models. These involve mapping one probability
distribution or measure, i, over some measurable space to another, X, via a push forward, that is,
Fup(U) = p(F~Y(U)) for U C X. If ;1 admits a density dyu then, in finite dimensions, we may
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use the change of variables formula to write dp(z) = du(F~'(z))|JF(x)|~!, where JF is the
Jacobian of F'. Clearly, F' must be a bijection with full-rank Jacobian. In other words, F" must be a
diffeomorphism onto its range. This established diffeomorphisms as natural objects of interest in
finite-dimensional machine learning, and helps account for their wide use [20} 25, 31} 44, 154]]. In
this work, we consider the extension of these efforts from finite to infinite dimensions implemented
via neural operators. Although there is no analogue of the change of variables formula in infinite
dimensions, we argue that it is, nonetheless, natural to consider the role of diffeomorphisms, and how
they may be approximated via diffeomorphisms on finite-dimensional spaces.

The question of when operations between Hilbert spaces may be discretized continuously may be
understood through an analogy to computer vision. Consider the task of learning a map from one
image space to another, for example, a style transfer problem [16], where the mapping learned does
not depend much on the resolution of the images provided. It is natural to think of the map as
being defined between (infinite-resolution) continuum images, and then its application to images
of a specific resolution. In this analogy, X is a function space (over images m : [0,1]2 — R [29])
that is approximated with a finite-dimensional space R? and the transformation F' : X — X is
approximated by a map f : R? — R<, where each f acts on images of a particular resolution.
An explicit transformation formula can be obtained when f is a diffeomorphism and has a smooth
inverse.

We introduce a framework based on a generalized notion of neural operator layers including a skip
connection and their restrictions to balls rather than compact sets. With bijective neural operators
in mind, we give a perspective based on diffeomorphisms in infinite dimensions between Hilbert
manifolds. We give a no-go theorem, framed with category theory, that shows that diffeomorphisms
between Hilbert spaces may not admit any continuous approximations by diffeomorphisms on finite-
dimensional spaces, even if the underlying discretization is nonlinear. In this framing the discretization
operation is modeled as a functor from the category of Hilbert spaces and C"-diffeomorphisms on
them to their finite-dimensional approximations. A natural way to mitigate the no-go theorem
is described by the introduction of strongly monotone diffeomorphisms and layerwise strongly
monotone neural operators. We prove that all strongly monotone neural operator layers admit
continuous approximations by strongly monotone diffeomorphsisms on finite-dimensional spaces.
We then provide various conditions under which a neural operator layer is strongly monotone. Notably,
a bilipschitz (and, hence, bijective) neural operator layer can always be represented by a composition
of strongly monotone neural operator layers. Hence, such an operator may be continuously discretized.
More constructively, any bilipschitz neural operator layer can be approximated by residual finite-rank
neural operators, each of which are strongly monotone, plus a simple isometry. Moreover, these
finite-rank residual neural operators are (locally) bijective and invertible, and their inverses are limits
of compositions of finite-rank neural operators. Our framework may be used “out of the box” to
prove quantitative approximation results for discretization of neural operators.

1.1 Related work

Neural operators were first introduced in [30]. Alternative designs for mappings between function
spaces are the DeepONet [34,40], and the PCA-Net [[7,112]. In spite of the multitudinous applications
of neural operators, the theory of the natural class of injective or bijective neural operators is
comparatively underdeveloped; see, for example [2}114].

Our work is concerned with the of discretization of neural operators through the lens of diffeomor-
phisms. For recent important work on analyzing the effect of discretization error of Fourier Neural
Operators (FNOs) arising from aliasing, see [35]]. Our work has connections to infinite-dimensional
inference, see e.g. [19], and approximation theory, see e.g. [13] while bridging the gap with the
theory of neural operators.

We give a no-go theorem that uses a category theory framing. This contributes to the use of category
theory as an emerging tool in the analysis and understanding of neural networks at large. In this
sense, we are in league with the recent work generalizing ideas from geometric machine learning
using category theory [[17].

Discretization obstructions have been encountered in other contexts. Numerical methods that ap-
proximate continuous models are known to sometimes fail in surprising ways. A basic example of
this is the “locking” phenomenon in the study of the Finite Elements Method (FEM). For example,



linear elements used to model bending of a curved surface or beam lock in such a way that the model
exhibits a non-physical stiff response to deformations [4]. Understanding this has been instrumental
in developing improved numerical methods, such a high order FEM [52]. Furthermore, in discretized
statistical inverse problems [27, 36, 51]], the introduction of Besov priors [48}11] has been found to
be essential.

Finally, our work extends prior work (not based on deep learning) in discretization of physical or
partial differential equations based forward models in inverse problems. The analogous notion of
discretization invariance of solution algorithms of inverse problems was studied in [37}48}51]] and the
lack of it (in imaging methods using Bayesian inversion with L! priors) in [36} [48]. By considering
the neural operator as the physical model, our results state that discretization can be done locally in
an appropriate way, together with constructing an inverse.

1.2 Our contributions
The key results in this paper comprise the following:

1. We prove a general no-go theorem showing that, under general circumstances, diffeo-
morphisms between Hilbert spaces may not admit continuous approximation by finite-
dimensional diffeomorphisms. In particular, neural operators corresponding to diffeomor-
phic maps, in general, cannot be approximated by finite-dimensional diffeomorphisms and
their associated neural representations.

2. We show that strongly monotone neural operator layers admit continuous approximations
by strongly monotone diffeomorphsisms on finite-dimensional spaces.

3. We show that bilipschitz neural operators can be represented in any bounded set as a
composition of strongly monotone, diffeomorphic neural operator layers, plus a simple
isometry. These can be approximated by finite-rank diffeomorphic neural operators, where
each layer is strongly monotone. For these operators we give a quantitative approximation
result.

2 Definitions and notation

In this section, we give the definitions and notation used throughout the paper. First, we summarize
the relevant basic concepts from functional analysis. Then, we introduce generalized neural operators.

2.1 Elements of functional analysis

In this work, all Hilbert spaces, X, are endowed with their norm topology. We denote by Bx (1) =
Bx (0, r) the ball in the space X having the center at zero and radius r > 0. We denote by S(X) the
set of all finite-dimensional linear subspaces V' C X. The set So(V') C S(X) is a partially ordered
lattice. That is, if V1, Vo € So(X) then there is a V3 € So(X) so that V3 C Vs and V5 C V3. E]With
Y standing for another Hilbert space, we denote by C"(X;Y") the set of operators, F': X — Y,
having n continuous (Fréchet) derivatives, and C"(X) = C"(X; X).

Next, we define what it means that a nonlinear operator or function ': X — X on an infinite-
dimensional Hilbert space, X, is approximated by operators or functions on finite-dimensional
subspaces V' C X. The key is that as V' tends to X, the complexity of Fy  increases and one may
hope that the approximation becomes better. We formalize this in the following definition.

Definition 1 (e, approximators and weak approximators). (i) Let r > 0, F C C™(X; X) be a family
of functions, and € = (ev )y es,(x) be a sequence such that ey — 0 as'V — X. We say that a
function

Ax: T2 Xyes, o0 CBr0.0:V), F = (Fr)vesyx)

"Each element of Sp(X) will come to represent a discretization of X . The partially ordered lattice condition
will come to represent a notion of common refinement of a discretization. This makes it possible to consider
“realistic” choices of discretizations. The condition automatically follows for any discretization scheme that has
a notion of “common refinement” of two discretizations. Examples include finite-difference schemes, and the
finite elements Galerkin discretization that is based on a triangulation of the domain.



is an E-approximation operation for functions F in the ball Bx (0,r) taking values in families
Fy C CYV; V) if Ax maps a function F: X — X, where F € F, to a sequence of functions
(Fv)vesy(x) where Iy, € Fy, such that the following is valid: For all F': X — X satisfying
HFHC”(W;X) < M, we have
sup  [|[Fv(z) — Pv(F(z))|x < Mev, M
z€By (0,7)

where Py : X — X is the orthogonal projection onto V, that is, Ran(Py) = V.
(ii) We say that A: C"(X;X) — XVESO(X) C(V;V), F — (Fv)vesy(x) is a weak approxima-
tion operation for the family F C C™(X; X) if forany F € F and r > 0 it holds that

1imX sup  ||[Fy(z) — Pv(F(z))lx — 0.
v x€By (0,r)

Note that the condition (i) is stronger than the condition (ii). An example of an approximation
operation for the family 7 = C"™(X), that is, an £-approximation operation with all sequences
€= (ev)ves,(x) subject to ey > 0, is the linear discretization

Ain(F) = (Fv)ves,(x), Fv=Pyo(Fly): V=V 2)

Nonlinear discretization methods that do not rely on Py have been used, for example, in the
numerical analysis of nonlinear partial differential equations. Here, X becomes an appropriate
Sobolev space, and a Galerkin approximation is implemented through finite-dimensional subspaces,
V', spanned by finite element basis functions. We present an example for the nonlinear equation,
Au(t) — g(u(t)) = Az(t) where g is a smooth convex function, when F :  — u, in Appendix [A.1]

Below, we will study whether a family, F C Diff'(X), of C* diffeomorphisms on X can be

approximated by C'! diffeomorphisms, Fy, C Diffl(V), on finite-dimensional subspaces, V. Of
course, diffeomorphisms are bijective. Unless stated otherwise, from now on we will omit C L and
implicitly assume that diffeomorphism are C'* diffeomorphisms. We introduce two more notions that
will play a key role in the further analysis.

Definition 2 (Strongly Monotone). We say that a (nonlinear) operator F': X — X on Hilbert space,
X, is strongly monotone if there exists a constant o > 0 so that

(F(x1) — F(z2), 21 — x2)x > allzy — 2o||%, forallzy,zs € X. 3)

Definition 3 (Bilipschitz). We say that F' if bilipschitz there exist constants ¢ > 0 and C < oo so
that for all x1,x9 € X, c||x1 — x2|| < ||F(z1) — F(z2)| < C||lz1 — x2]|.

2.2 A general framework for neural operators

In this paper, we are concerned with the modeling of diffeomorphisms between Hilbert spaces by
bijective neural operators. Our working definition of neural operator, which generalizes the traditional
notion, is given below. We note the presence of a skip connection, which is essential.

Definition 4 (Generalized neural operator layer). For Hilbert space X, a layer of a neural operator
is a function F: X — X of the form

F(r) = 2 + ToG(Thx), 4

whereTy: X — X andT>: X — X are compact linear operatorsE]andG: X — X isanonlinear
operator in C1(X). A generalized neural operator, H : X — X, is given by the composition

H=ApocoFL0AL 1000F, 10---0Aj000F, 5

where each Fy, { = 1, ..., L is of the form ({), the Ay : X — X are bounded linear operators and
o: X — X is a continuous operation (for example, a Nemytskii operator defined by a composition
with a suitable activation function in function spaces).

By using mapping properties of monotone operators [3]], we can replace this definition by using Hilbert
spaces Y and Z that are isometric to X, 71 : X — Y and 75 : Z — X as compact linear operators, and
G : Y — Z as a C! nonlinear operator.



The generalized neural operators can represent the classical neural operators [30} 33]]. For an explicit
construction, we refer to Appendix [C.1] In the next section, we will study, under what conditions,
bounded linear operators A,, Nemytskii operators o, and neural operator layers Fy, for which the
generalized neural operator consists, can be continuously discretized.

We note that because G € C*(X) in Deﬁnition it follows that G € L*°(X) and Lipy_, +(G) < o0.
Given a Hilbert space, X, a layer of a strongly monotone neural operator (respectively, a layer of
a bilipschitz neural operator,) is a function F': X — X that is strongly monotone (respectively,
bilipschitz). Furthermore, a strongly monotone neural operator (respectively, a bilipschitz neural
operator), is a generalized neural operator with strongly monotone (respectively, bilipschitz), layers.

3 Category theoretic framework for discretization

“Well-behaved” operators between infinite-dimensional Hilbert spaces may have dramatically dif-
ferent behaviors than corresponding “well-behaved” maps between finite-dimensional Euclidean
spaces. This observation applies to discretization and neural operators versus neural networks. In
this section we explore this. We first present a no-go theorem, that there are no procedures that
continuously discretize an isotopy of diffeomorphisms. Next, we introduce strongly monotone
neural operator layers, which are strongly monotone diffeomorphisms, and then prove that these
allow a continuous approximation functor, that is, continuous approximations by strongly monotone
diffeomorphisms on finite dimensional spaces. We finally show that bilipschitz neural operator layers
admit a representation via strongly monotone operators and linear maps, allowing for their continuous
approximation.

3.1 No-go theorem for discretization of diffeomorphisms on Hilbert spaces

In this section, we present our no-go theorem. To formulate the ‘impossibility’ of something, we
must define what is meant by discretization and approximation. Before this, we give an informal
statement of the no-go theorem.

Theorem 1 (No-go Theorem, Informal). Let A be an approximation scheme that maps diffeomor-
phisms F on a Hilbert to a sequence of finite-approximations Fy that are themselves diffeomorphisms.
If Fy converges to F as V — X, then A is not continuous, that is, there are maps F9) that converge

to F as j — oo, but all F‘(/j) are far from Fy;.

We want to emphasize that most practical numerical algorithms are continuous so that the output
depends (in some suitable sense) continuously on the input. This shows that there are no such
numerical schemes that approximate infinite-dimensional diffeomorphisms with finite-dimensional
ones. In order to prove our no-go theorem in the most general setting, we phrase it in terms of
category theory. Namely, we formulate .4 (which will denote the approximation scheme) as a functor
from the category of Hilbert spaces and diffeomorphisms thereon, to their finite-rank approximations.

Definition 5 (Category of Hilbert Space Diffeomorphisms). We denote by D the category of Hilbert
diffeomorphisms with objects Op that are pairs (X, F') of a Hilbert space X and a (possibly non-
linear) C'-diffeomorphism F: X — X and the set of morphisms (or arrows that ‘map’ objects to
other objects) A that are either

1. (induced isomorphisms) Maps a4 that are defined for a linear isomorphism ¢ : X1 —
Xo of Hilbert spaces X1 and Xy that maps the objects (X1,F1) € Op to the object
(¢(X1),¢p0 Frop™) € Op, or

2. (induced restrictions) Maps ax, x, that are defined for a Hilbert space X1, its closed
subspace Xo C X, and an object (X1, F1) € Op such that F1(X3) = Xo. Then ax, x,
maps to the object (X1, F1) € Op to the object (X2, Fi|x,) € Op.

Definition 6 (Category of Approximation Sequences). We denote by I3 the category of approximation
sequences, that has objects Op that are of the form (X, So(X), (Fv )ves,(x)) where X is a Hilbert
space,

So(X) C S(X) ={V |V C X is a finite dimensional linear subspace},
are partially ordered lattices, UVeSO(X) V = X, and Fy: V — V are C'-diffeomorphisms of
spaces V € Sp(X).



The set of morphisms Ap consists of either

1. Maps Ay that are defined for a linear isomorphism ¢ : X1 — Xo of Hilbert spaces X,
and X5, and lattices So(X1) and So(X2) = {¢(V) | V € So(X1)}, that maps the objects

(X1,5(X1), (Fv)ves(xy)) to (X2,5(X2), (¢ 0 Fy-1qwy 0 ¢ Hwes(xa)) or

2. Maps Ax, x, that are defined for a Hilbert space X, its closed subspace X, C Xj,
and an object (X1,S0(X1), (Fv)vesy(x,)) such that F(Xs) = Xo and So(X2) =
{V € So(X1) | V C Xo} is a partially ordered lattice. Then Ax, x, maps the object
(Xl, S()(Xl), (FV)VESO(Xl)) to the object (XQ, So(XQ), (FV)VES(J(XQ))'

Next, we define the notion of an approximation or discretization functor. In practice, an approximation
functor is an operator which maps a function F' in an infinite dimensional space X to a function Fy
that operate in finite dimensional subspaces V' of X in such a way that functions Fy are close (in a
suitable sense) to the function F'.

Definition 7 (Approximation Functor). We define the approximation functor, denoted by A: D — B,
as the functor that maps each (X, F) € Op to some (X, So(X), (Fv)ves,(x)) € Op so that the
Hilbert space X stays the same. The approximation functor maps all morphisms ag to Ay and
morphisms ax, x, to Ax, x,, and has the following the properties

(A) Forallr > 0and all (X, F) € Op,

lim sup  [[Fv(z) — F(z)||x = 0.
V=X 2€Bx (0,r)NV

In separable Hilbert spaces this means that when the finite dimensional subspaces V- C X
grow fto fill the whole Hilbert space X, then the approximations Fy converge uniformly in
all bounded subsets to F'.

We recall the notation limy _, x used above: We consider (So(X), D) as a partially ordered set and
say that real numbers yy converge to the limit y as V' — X, and denote

li =
R YV =Y

if for all € > 0 there is Vj € Sp(X) such that for V' € Sy(X) satisfying V' O V} it holds that
lyy —y| < e

Definition 8. We say that the approximation functor A is continuous if the following holds:
Let (X, F),(X,FY) € Op be such that the Hilbert space X is the same for all these ob-
jects and let (X, So(X), (Fv)ves,(x)) = A(X, F) be approximating sequences of (X, F') and
(X, So(X), (Fj,v)vesy(x)) = A(X, FUY)) be approximating sequences of (X, F9)). Moreover,
assume that r > 0 and ,

lim sup ||[FY(z) - F(z)|x =0. ©)

j—roo zE€Bx (0,r)
Then, for all V € Sy(X) the approximations F‘(,j) of FUY) and Fy of F satisfy

lim  sup  |FY(2) — Fy(2)]|x = 0. )
J—reo x€VNBy (0,r)

The theorem below states a negative result, namely that there does not exist continuous approximating
functors for diffeomorphisms.

Theorem 2. (No-go theorem for discretization of general diffeomorphisms) There exists no functor
D — B that satisfies the property (A) of an approximation functor and is continuous.

The proof is given in Appendix[A.4.T] and is quite involved, but we give an overview of some of the
steps here. A generalization of Theorem[2] in the case where the norm topology is replaced by the
weak topology, is considered in Appendix [D.T}

A key fact is that for finite dimensional diffeomorphisms the space of smooth embeddings consists of
two connected components, one orientation preserving and the other orientation reversing. This is
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Figure 1: A figure illustrating the proof ideas for Theorem It represents the disconnected com-
ponents of diffeomorphisms that preserve orientation, notated by diff ", and reverse orientation,
notated, diff ~. The horizontal axis abstractly represents the two disconnected components of diff for
a finite-dimensional vector space V. The vertical axis represents the dimension of V. Observe how
the two components of diff connect as dim(V') — oo, and V becomes a Hilbert space H.

not the case in infinite dimensions, see e.g. [32] and [45]]. For an illustration of this, see Figure E}
The proof proceeds by contradiction. First, we consider the action of the approximation functor as it
operates on an isotopy (path of diffeomorphisms) that connects two diffeomorphisms. The first has
only orientation-preserving discretizations, and the second only orientation-reversing discretizations.
We then show that the image of the path under the approximation functor yields a disconnected path,
as the discretization ‘jumps’ from the orientation preserving component to the orientation reversing
component. This violates continuity. To encode the notions of orientation preserving and orientation
reversing that allow for a description of nonlinear discretization theory, we use topological degree
theory. This generalizes the familiar notion of orientation that uses the sign of the determinant of the
Jacobian matrix.

3.2 Strongly monotone diffeomorphisms and their approximation on finite-dimensional
subspaces

In this section and the next two we show that, although Theorem [2] precludes continuous approxima-
tion of general diffeomorphisms, stronger constraints on the diffeomorphisms allows one to sidestep
the topological obstruction. In this section, in summary, we show that the obstruction to continuous
approximation vanishes when the diffeomorphisms in question are assumed to be strongly monotone.
Key to our positive result is the following technical result that states that the restriction of the domain
and codomain of a strongly monotone diffeomorphism always yields another strongly monotone
diffeomorphism.

Lemma 1. Let V C X be a finite-dimensional subspace of X, and let Py : X — X be orthogonal
projection onto V. Let F : X — X be a strongly monotone C*-diffeomorphism. Then, Py F|y :
V — V is strongly monotone, and a C'-diffeomorphism.

The proof is given in Appendix Lemma [I] implies that the discretization functor Ay, de-
fined in is a well-defined functor from strongly monotone C'!-diffeomorphisms of X to C*-
diffeomorphisms of V. Note that the discretization functor Aj;,, on strongly monotone C'! diffeomor-
phisms may not be a continuous approximation functor in the strong sense of Definitions[7]and [8]
but it is obviously a continuous approximation functor in the weak sense of Definitions[T1|and
Therefore, we obtain that :

Proposition 1. Let Ay, be the discretization functor that maps F to Py F|y for each finite subspace
V C X. Let Dy, and By, be categories where F: X — X and Fyy : V' — V are strongly monotone
C'-diffeomorphisms. Then, the functor Ayy : Dem — Basm satisfies assumption (A’) of a weak
approximation functor in Definition[[1} and is continuous in the weak sense of Definition|[I2)]

3.3 Strongly monotone Nemytskii operators and linear bounded operators and their
continuous approximation on finite-dimensional subspaces

By Proposition[I} strongly monotone maps can be continuously discretized in the weak sense. Thus,
we concern under what conditions, the maps, of which generalized neural operator consists, can be



strongly monotone. In this subsection, we focus on bounded linear operators and Nemytskii operators
(layers of neural operator will be discussed in the next subsection). The following lemma is obviously
given by the definition of a strongly monotone map :

Lemma 2. Let A: X — X be a linear bounded operator and satisfy {Au, u) > col|ul|% for some
co > 0. Then, A : X — X is strongly monotone.

Next, assuming that X = L?(D;R), we define Nemytskii operator by
F7(u)=oou, ®)

where o : R — R is continuous. In this case, we can show the following lemma by using [50,
Corollary 3.3]:

Proposition 2. Assume that o satisfies that |o(s)| < C1|s| + C and the derivative of s — o (s) is
defined a.e and satisfies o' (s) > o > 0. Then, F? : L?(D;R) — L?(D;R) is strongly monotonous.

3.4 Strongly monotone generalized neural operators and their continuous approximation on
finite-dimensional subspaces

As seen in Theorem [3] below, strongly monotone layers of neural operators do not suffer from the
same topological obstruction to continuous discretization as general diffeomorphisms. We now give
sufficient conditions for the layers of a neural operator to be strongly monotone, and show that these
conditions imply that those are diffeomorphisms.

Lemma 3. All strongly monotone layers of neural operators (F) defined by @) are diffeomorphisms.

Also, the following theorem is proven in Appendix[A.6.3]

Theorem 3. Let Ay, be the discretization functor that maps F to Py F|y for each finite subspace
V C X. Let Dy, and By be categories where F: X — X and Fy:'V — V are strongly
monotone C-functions of the form (@). Then, the functor Ayy : Dsmn, — Bsmn satisfies assumption
(A), and it is continuous in the sense of Definition |8

The functor defined in Theorem 3|does not suffer from the same topological obstruction as functors
for general diffeomorphisms, shown in the no-go Theorem This is because when Fyy = Py F|y is
strongly monotone, its derivative D|, Fy : V — V is a strongly monotone matrix at all points x € V.
Therefore it is strictly positive definite (see [47, Prop. 12.3]) and the determinant det(D|, Fy ) is
strictly positive. Due to this, the orientation of the finite-dimensional approximations never switch
signs, and the key technique used in the proof of the no-go Theorem [2]does not apply.

A straightforward condition to guarantee strong monotonicity of a neural operator layer is given in

Lemmad. Let F : X — X be a layer of neural operator that is of the form F (u) = u + ToG(Tu),
where T : X — X, j = 1,2 are compact operators and G : X — X isa C'-smooth map. Assume
that Fréchet derivative DG)|, of G at x satisfies the following for all v € X,

IDGlallx—x < ST x5 x 12055 x -

Then, F': X — X is strongly monotone.
See Appendixes[A.6.T]and [A.6.2]for the proofs.

3.5 Bilipschitz neural operators are conditionally strongly monotone diffeomorphisms

Now we show an analogous result to Theorem 3] but applied to bilipschitz neural operators. Moreover,
we will show that all neural operator F': X — X that are bilipschitz admit approximations that can
be locally inverted using iteration for each point in their range using an iteration.

Theorem 4. Let X be a Hilbert space. Then there is e € X, |le|x = 1 such that the following is
true: Let F': X — X be a layer of a bilipschitz neural operator. Then for all 11 > 0 and € > 0 there
are a linear invertible map Ay : X — X, that is either the identity map or a reflection operatorE]

*Note that we can write the reflection operator across the hyperplane {e}*, that is, the operator x —
x — 2(x, e) x e as a diagonal operator diag(—1, 1, 1,...) in a suitable orthogonal basis of X.



x — x — 2(z, e) xe, and strongly monotone functions Hy, that are also layers of neural operators
such that
Hi: X - X, Hk(x):a:+Bk(x), k=1,2,...,J,
where By, : X — X is a compact mapping and satisfies Lip(By) < € and
F(zx)=Hjo---0oHyoHyoAy(x), forallz € Bx(0,r1). )
Moreover, if F € C*(X, X), then J = O(e~2).

The proof of Theoremd]is in Appendix Theorem [ shows that we may always decompose a
bilipschitz neural operator into the composition of strongly monotone neural operator layers H; and a
reflection operator Ag. Each H; can be discretized using the continuous functor Ay, from TheoremE}
If we consider the discretization (via the construction in Definition [0 using a collection of subsets
So(X) C S(X) such that all V' € Sy(X) satisfy e € V, then the operator A can be discretized by
Ap,v = Py o Agly. These mean that if we write a bilipschitz neural operator as a sufficiently deep
neural operator where each layer is either of the form Id + B;, where Lip(B;) < 1, or a reflection
operator Ag. In either case, we may use linear discretization to approximate each layer. So, we may
discretize F' in a ball Bx (0, R) by discretizing each layer H; and A; where F' = Hjyo---0 Hyo Aj.
We observe that the number of layers, .J, depends on R.

We have observed that operators of the form identity plus a compact term are critical for continuous
discretization. This insight motivates the introduction of residual networks as approximators within
the framework of finite-rank neural operators. In what follows, we assume that X is a separable
Hilbert space, with an orthonormal basis ¢ = {©,, }nen. For N € N, we define Ey : X — RY and
Dy :RY — X by Enu := ((u,01)x, s (u, on)x) € RN, Dya = > n<n Qn@n. We note
that Py, = Dy En, where Py, : X — X is the projection onto Vi := span{¢,, }n<n. Using Ey,
Dy, we define the class of residual networks in the separable Hilbert space, with 7', N € N and
activation function o, as

RN (X) 1= {G X 5 X:G=0L,(Idx + Dy o NN, o Ey),
NN, : RN — RV are neural networks with activation function t=1,..,T) } (10)

The following theorem proves a universality result for each of the layers G, allowing us to obtain a
general universality result for the entire network. The statement of the theorem requires the careful
construction of a neural operator-representable function ®. Giving a full description of ® involves
introducing a lot of technical notation, and so the presentation here in the main text leaves the details
of the construction of ® abridged. For the full statement of the theorem and definition of the notation,
see Section Intuitively, ® is the ‘wrapping’ of a fixed-point process in a neural operator.

Theorem 5. Let R > 0, and let F': X — X be a layer of a bilipschitz neural operator, as in
Deﬁntion Let o be the Rectified Cubic Unit (ReCU) function defined by o(z) := max{0,z}3.
Then, for any € € (0, 1), there are T, N € N and G € Ry n,p,0(X) that has the form

C;(:(Id}(-i-DJ\/'O]\/v]\f'l"OE‘]\/')OO(Id)(—‘y-D]\]O]V]VlOla‘]\/')7

such that each map (Idx + Dy o NNy o Ey) is strongly monotone C*-diffeomorphisms on some
ball and
sup  [[F(z) - Go A@)|x < e,
z€Bx (0,R)
where A: X — X is a linear invertible map that is either the identity map or a reflection operator
x — x — 2(x, €) x e with some unit vector e € X. Further, Go A: Bx(0,R) — G o A(Bx (0, R))
is invertible, and there is some neural operator ® : G o A(Bx(0,R)) — A(Bx (0, R)) so that

(G o AlBX(O,R))_l = A_l ] (I)

The proof is given in Section Neural operator ¢ becomes a better approximation of the inverse
operator when it becomes deeper. Theorem [5|means that neural operators are an operator algebra of
nonlinear operators that are closed in composition and when the inverse of a neural operator exists,
the inverse operator can be locally approximated by neural operators.

In the case when the separable Hilbert space X is the real-valued L?-function space L?(D;R),
residual networks in the separable Hilbert space can be represented as residual neural operators
defined by (I79). See Lemma [IT]for details. Then, we obtain the following



Corollary 1. Let D C R? be a bounded domain, and let o = {p,}nen be an orthonor-
mal basis in L?(D;R). Assume that the orthonormal basis ¢ include the constant func-
tion. Let RN Or N0 (L*(D;R)) be the class of residual neural operators defined in
Then, the statement replacing X with L*(D;R) and G € Ry N rerv(X) with G €
RNO7,N ., rerv (L?(D;R)) in Theorem 5] holds.

The proof is given by a combination of Theorem [5|and Lemma|[IT] We note that the assumption that
the orthonormal basis ¢ includes the constant function is satisfied if we choose ¢ to be a Fourier
basis, which yields the Fourier neural operator, see e.g., [39} 38].

Remark 1. In this section, we have shown that residual networks in a separable Hilbert space X,
defined in ([I0), are universal approximators for layers of bilipschitz neural operators. Additionally,
in the specific case where X = L?(D;R), residual neural operators, defined in Definition @] also
provide universal approximators for layers of bilipschitz neural operators. We note that the residual
network we have discussed is locally invertible but not globally. By introducing invertible residual
networks on Hilbert space X, defined in ({I66), we can similarly prove that these networks by
employing sort activation functions (see [3| Section 4]) are universal approximators for strongly
monotone diffeomorphisms with compact support. Specifically, when X = L?(D;R), invertible
residual neural operators, defined in Definition [9) are also universal approximators for strongly
monotone diffeomorphisms with compact support. For further details, we refer to Appendix|B|

4 Quantitative approximation

Quantitative approximation results for neural networks, see e.g. [S7] or [23]], can be used to derive
quantitative error estimates for discretization operations. Let F': By (0,7) — X be a non-linear
function satisfying F' € Lip(Bx (0,7); X),inn = 1,or F € C"(Bx(0,7); X), if n > 2. Then, F’
can be discretized using neural networks in the following way: Let ey, > 0 be numbers indexed by
the linear subspaces V' C X such thateyy — 0 as V' — X. When £ = (v )veg(x), in the sense
of Deﬁnition an c-approximation operation Axy : F' — (Fy)yes(x) in the ball Bx (0, r) can
be be obtained by defining Fyy = J;;' o Fyygo Jy: V — V, where Jy-: V — R? s an isometric
isomorphism, d = dim(V), Fyp : R4 — R is a feed-forward neural network with ReLU-activation
functions with at most C'(d) log, ((1+7) /e ) layers and C(d)e, log, ((1+47) /v ) non-zero elements
in the weight matrices. Details of this result are given in Proposition [5|in Appendix [A.8]

5 Conclusion

In this work, we have studied the problem of discretizing neural operators between Hilbert spaces.
Many physical models concern functions R™ — R, for example L?(R™), the computational methods
based on approximations in finite dimensional spaces should become better when the dimension of
the model grows and tends to infinity. We have focused on diffeomorphisms in infinite dimensions,
which are crucial to understand in generative modeling. We have shown that the approximation of
diffeomorphisms leads to computational difficulties. We used tools from category theory to produce
a no-go theorem showing that general diffeomorphisms between Hilbert spaces may not admit
any continuous approximations by diffeomorphisms on finite spaces, even if the approximations
are allowed to be nonlinear. We then proceeded to give several positive results, showing that
diffeomorphisms between Hilbert spaces may be continuously approximated if they are further
assumed to be strongly monotone. Moreover, we showed that the difficulties can be avoided by
considering a restricted but still practically rich class of diffeomorphisms. This includes bilipschitz
neural operators, which may be represented in any bounded set as a composition of strongly monotone
neural operators and strongly monotone diffeomorphisms. We then showed that such operators may
be inverted locally via an iteration scheme. Finally we gave a simple example on how quantitative
stability questions can be obtained for discretization functors, inviting other researchers to study
related questions using more sophisticated methods.
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A Proofs and additional examples

A.1 Non-linear discretization

In this section we consider the non-linear discretization theory, see [9]]. Let 2 C R"™ be a bounded
open set with smooth boundary. Let H(Q) = {u € L?(Q) | Vu € L?*(2)} and H}(Q) = {u €
H(Q) | ulsq = 0} be the Sobolev spaces with an integer order of smoothness and H*(2), s € R
the Sobolev space with a fractional order of smoothness [53]].

For simplicity, we assume in the section that n = 1, and that {2 C R is an interval and we point
out that in this case the Sobolev embedding theorem implies H!(Q) C C(Q) which significantly
simplifies the constructions below.

Let g € C™F1(R;R), m > 1, be the derivative of a convex function G € C™*+2(R; R) satisfying
—co <G(r)<en(1+7P), r €R, ¢g,c1,p > 0. (11)
Let FF = F @) HY(Q) — H(Q), F9): 2 — u be the solution operator of the non-linear differential
equation
Au(t) — g(u(t)) = z(t), teqQ, (12)
uloq =0, (13)

where A is the Laplace operator operating in the ¢ variable, where the function z(t) is a physical
source term. Because the u that solves (12)-(13)) is the minimizer of the strictly convex and lower
semi-continuous function H : X — R,

H(v) = V][> () +/Q(G(v(t)) — z(t)o(t))dt, (14)

the Weierstrass theorem, see [S0], Theorem II.8.1, implies that @—@I) has a unique solution.
Moreover, by regularity theory for elliptic equations, see [18], Theorem 8.13, we have that the
solution u is in H 3(Q) Moreover, as G is convex and satisfies @, the function H in @]) is
coercive, for any 2 > 0 there is p(R) > 0 such that when [|z[| ;1 (o) < R, then ||u[| g3 ) < p(R).

The equation (IZ)-(I3) can be written also as an integral equation
u®) + [ Vet =~ [ Wi a)dr, e 15)
Q Q

where W (¢, ) is the Dirichlet Green’s function of the negative Laplacian, that is, —AW (-, t") = &y (-),
U(-,t")|on = 0, and g.(u) = g(u). We can write (T3] as

(14+Qog.)u = Q). Quit) = [ w(t.)a(t)ar (16)

where i, graa © H3 () — H¥*(Q) and igra_ gy = H*() N H§(2) — H{($) are compact
operators and as H*/4(Q) C C(Q), the operators g, : H3/*(Q) — L*(Q) and Q : L*(Q) —
H?2(2) N H () are continuous, we see that

F=1TId+ig>m 0(Qog.)oig_ypsma: HY(Q) — HY(S),

is a layer of the neural operator. As G € C™ %1, m > 2, we have that F' : H}(Q) — H(Q) is
C'-smooth. Moreover, as G is convex, the operator F' : H(Q) — H'() is strongly monotone and
hence by Lemma 3| F has an inverse map F~! : H(Q) — H'(Q) that is C'-smooth. Thus, the
solution v of (12)-(13)) can be represented as

u=F"(Q()).
Let V C X = H}(Q) be a finite dimensional space. The Galerkin methods to obtain an approxima-

tion for the solution of the boundary value problem (I2)-(T3) using Finite Element Method. To do
this, let w € V be the solution of the problem

/ (V(t) - Vo(t) + g(w(t))é(t))dt = — / o(t)- s(t)dt, forallg V.  (17)
Q Q
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When ¢4,...,¢04 € V are a basis of the finite dimensional vector space V, and we write w =

ZZ:1 wy,$;, the problem (T7) is equivalent that (wy, ..., w,) € R? satisfies the system equations d
equations

d d
> by = [ e300 S won(®) e~ [ a0 o0t forj =124 a9
k=1 Q k=1

Q

where

by = /Q Vo, (t) - Voo ()dt.

When z € V, we define the map F‘(,g) : V. — V by setting map F‘(/g)(x) = w, where w € V is the
solution of the problem (I7). When

d
Frpp ={F9: X = X |g(s) = d—G(s) ,G € C™2(R) is convex and satisfies (TT)},
s

we define the map Apgas: Fl9) - F‘(/g) for F9) ¢ Fppp. As the the function g in the equation
(I8) is non-linear, the solution u of the continuum problem (I3)-(I3)) and the solution w of the finite
dimensional problem have typically no linear relationship, even if the source z satisfies z € V.

Let R > 0 As the embedding H2(Q2) N HE(Q) — HL(Q) is compactand Q : Hj(Q) — H2(Q)N
H} (£2) is continuous, we see that the image of the closed ball Bx (0, R) in the map @ is a precompact
set Q(Bx(0,R)) C X. As F~1: X — X is continuous the set of corresponding solutions,

Zr={u€ X |u=F Q) z € Bx(0,R)},
is precompact in X. Hence,

Jim Sup [(Id = Pv)(u)||x = 0. (19)

As G is convex, the Fréchet derivative of the map F' = Id + Q o g. : X — X is a strictly positive
linear operator at all points = € X. This, the uniform convergence (I19), and the convergence results
for the Galerkin method for semi-linear equations, [49, Theorem 3.2], see also [24]], imply that in the
space X = H}(Q)

lim su FO(z) - FO(z =0. 20
Jm sw F )~ FO @) 0)

These imply that Apgps: F9) — F, ‘(/g )isan approximation operation for the function F(9) € Fppp.

The map F‘(,g ).V = V is called the Galerkin approximation of the problem (I12)-(I3) and is an
example of the non-linear approximation methods. The properties of the Galerkin approximation is
studied in detail in [8], in particular sections 4.4 and 4.5.

A.2 Negative results

On the positive results, in Appendix [A.T] we have considered nonlinear discretiation of the operators
u — —Au + g(u). To exemplify the negative result, we consider the following example on the
solution operation of differential equations and the non-existence of approximation by diffeomorphic
maps: We consider the elliptic (but not not strongly elliptic) problem

d d
Bsu = —— | (1 +t)sign(t — s)—u(t) | = f(¢), te]0,1], (1)
dt dt
with the Dirichlet and Neumann boundary conditions
d
u(0) =0, —u(t) =0. (22)
dt t=1

Here, 0 < s < 1 is a parameter of the coeffient function and sign(t — s) = 1 if ¢ > s and
sign(t — s) < 0if ¢ < s. We consider the weak solutions of (1)) in the space

ue Hp y(0,1) :={ve H(0,1) : v(0) =0}
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We can write
Byu=—D{” A,D{Mu,

where
Asv(t) = (1 +¢)sign(t — s)v(t),

parametrized by 0 < s <, are multiplication operations that are invertible operators, A, : L?(0,1) —
L?(0,1) (this invertibility makes the equation elliptic). Moreover, Dgl) and D§2) are the
operators v — -4 v with the Dirichlet boundary condition v(0) = 0 and v(1) = 0, respectively. We

consider the Hilbert space X = H}D, ~(0,1); to generate an invertible operator G, : X — X related
to @) we write the source term using an auxiliary function g,

d2
ft) = Qg = ——59(t) + 9(t).
Then the equation,
Bsu = Qg, (23)

defines a continuous and invertible operator,
Gs: X=X, Gs:9—u.

In fact, G5 = B; ! o Q when the domains of B, and @ are chosen in a suitable way. The Galerkin
method (that is, the standard approximation based on the Finite Element Method) to approximate the
equation (23) involves introducing a complete basis x,(¢), j = 1,2, ... of the Hilbert space X, the
orthogonal projection

P,: X — X, :=span{yx;: j=1,2,...,n},
and approximate solutions of (23] through solving
P, BsPyuy, = PaQPngn, un € Xy, gn = Png. (24)

This means that operator B; 1Q : g — w is approximated by (P, BsP,) "' P,QP, : gn — un, when
P,B.P, : X,, — X, is invertible.

The above corresponds to the Finite Element Method where the matrix defined by the operator
P, B Py is b(s) = [bjk(s)]} =y € R"*", where

d

1
. d .
bik(s) = / (1 + t)sign(t — 5)%)(]-(15) . £Xk(t)dt, Jhk=1,...,n
0

Since we used the mixed Dirichlet and Neumann boundary conditions in the above boundary value
problem, we see that for s = 0 all eigenvalues of the matrix b(s) are strictly positive, and when
s = 1 all eigenvalues are strictly negative. As the function s — b(s) is a continuous matrix-valued
function, we see that there exists s € (0, 1) such that the matrix b(s) has a zero eigenvalue and is no
invertible. Thus, we have a situation where all operators B;1Q : g — u, s € [0, 1] are invertible (and
thus define diffeomorphisms X — X) but for any basis x;(¢) and any n there exists s € (0, 1) such
that the finite dimensional approximation b(s) : R™ — R"™ is not invertible. This example shows
that there is no FEM-based discretization method for which the finite dimensional approximations
of all operators B;1Q, s € (0, 1), are invertible. The above example also shows a key difference
between finite and infinite dimensional spaces. The operator A5 : L?(0,1) — L?(0,1) has only
continuous spectrum and not eigenvalues nor eigenfunctions whereas the finite dimensional matrices
have only point spectrum (that is, eigenvalues). The continuous spectrum makes it possible to deform
the positive operator A, with s = 0 to a negative operator A; with s = 1 in such a way that all
operators A, 0 < s < 1, are invertible but this is not possible to do for finite dimensional matrices.
We point out that the map s — A is not continuous in the operator norm topology but only in the
strong operator topology and the fact that Ay can be deformed to A; in the norm topology by a path
that lies in the set of invertible operators is a deeper result. However, the strong operator topology is
enough to make the FEM matrix b(s) to depend continuously on s.
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A.3 Application of Theorem [2]to Neural Operators

In this section, we give an example of the application of Theorem 2] as applied to the problem of
using a neural operator to solve a linear PDE. The guiding idea is to draw inspiration from Figure|[T}
the space of diffeomorphisms on X is disconnected if X is a finite-dimensional space, but connected
if it is a Hilbert space.

Before constructing the path, we first construct a isotopy of diffeomorphisms in L?(2) in several
steps

Let p: R — [0,1] be a smooth function such that p|(_c,0] = 0, p|j1,00) = 1. Let R(0) € R**? be
the rotation matrix given by

_( cos(9) sin(0)
R(9) := (— sin(6) Cos(6‘)> : (25)

Then, define the function R;: R — R2*2 by

R;(t) = R(p(t —i)m). (26)

Note that R;(t) € SO(2),fort < i, R;(t) =1,t > i+ 1, R;(t) = —1I.

Next, we consider the ‘little ell’ space, £ = {(al, Qoy.ooy)t oo a2 < oo}. Consider the linear

operator R: R — (£2 — ¢2) on (2 given by a pair-wise coordinate representation given by the
infinite dimensional ‘matrix’ with block structure

Ry (t)
R(t) == Ra(t) . 27)
Finally, define R: [0,1] — (¢2 — ¢2) by
> 1
R(t) == { R (ﬁ) tefo.1) (28)
—I t>1

R(t) = (1 R(t)> . (29)

Proposition 3 (R, R are isotopies of smooth diffeomorphisms in £2). The maps Hy : €% x [0,1] — ¢2
and Hy: 0 x [0,1] — ¢? defined by

Hi(v,t) =R(t)v, Ha(v,t) =R(t)v, (30)

are isotopies of smooth diffeomorphisms in {? and agree at t = 1.

Proof. We prove that H is an isotopy of smooth diffeomorphisms on £2, as the proof of the same for
Hj is very similar.

We first show that H (-, ) € diff(¢?) for each t.

For t < 1, R operates on vectors in ¢ in only a finite number of indices. In those indices it
corresponds to a rotation, and hence is a smooth diffeomorphism. When ¢ > 1, it corresponds to
scalar multiplication by —1, and so is too a smooth diffeomorphism. Now we show that R(t) is
continuous on . The only point where continuity may fail is at ¢ = 1, and there it may only fail in the
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limit from the left. Given a v € £2, we compute

R(Ly (W vy

1(17t) Vg Vo

Ro(-1) (8 v3

201+ V4 V4
I o — R, = li : : : 1
Jm IR =Rl = T )| e oy

R (s Vo,

Ly (V2 V2k+1

Riv1(7=) v2k+2> Voky2

2
Let k*(t) := [ 1= ]. Then for any integer i < k, we have that

1 1 , 2x2

Bili=g) =B |r| 71| 7| = B = LR, 2
>1

and likewise when ¢ > k*(t) + 1, then R; (ﬁ) =T € R%2%2 and so the r.h.s. of Eqn. [31{becomes

— v
—vy vy
—vs v3
—y V4
tl—lglf R (L) V2k*(t)—1 + Vg (t)—1 (33)
RO\ vgpe ) Vg (1)
V2> (t)+1 V2k* (t)+1
Vo (t)+2 V2K (t)+2
2
0
0
0
0
- 1ir{1 1 V2k (t). 1 Vg (t)—1 (34
Py (1) — . (4)—
K By (=) ( U2k (t) ) " <U2k*(t)+2)
209+ (1) +1
2U2k*(t)+2
2
Z 2. (35)
i=k*(t)

Ast — 17, k*(t) — oo, and so, by standard estimates, 2, /Z;')ik*(t) v? — 0. Hence, R(t) is
continuous on ¢ at t = 1.

Finally, by definition at t = 1, we have that H;(v,1) = R(1) = —I = R(1) = Ha(v,1). O

Finally, we define H: R* x [0, 1] — R by gluing the isotopies H; and H together by

Hi(v,2t) ift <

H(v,?) ::{Hg(v,Q—Zt) ift > (36)

N[
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Proposition 4. The function H given by Egn. @ is an isotopy of diffeomorphisms in (2.

Proof. Continuity of H follows from continuity of R, R, and that R(1) = R(1). For each t € [0, 1],
H(-,t) € diff(¢%). O

A.4 Proofs from Sec. 3.1]
A.4.1 Proof of Theorem[2]

Proof. Assume that A: D — B is a functor that satisfies the property (A) of an approximation
functor and is continuous. Let us consider the case when X = (2.

Let e € X be a unit vector and B, : X — X be a linear map Bx = x — 2(z, €) xe. In other words,
B is a diagonal matrix diag(—1, 1, ... ) in some orthogonal basis where e is the first basis vector.

By [32, Theorem 2], see also and [43]], for an infinite dimensional Hilbert space X the space GL(X)
of linear invertible maps have only one topological component in the operator norm topology and
the set GL(X) is contractible and hence path-connected. This implies that there are linear maps
Ar : X — X, t € ]0,1] such that Ag = Id, and A; € GL(X) is arbitrary invertible linear map
and that t — A; € GL(X) is continuous. Similarly, in an infinite dimensional real Hilbert space X
the space Og(X) of the orthogonal operators A : X — X is path-connected in the operator norm
topology, see [46l Section 4]. We recall that an orthogonal operator A : X — X is a bounded linear
operator satisfying A*A = AA* = I, where A* : X — X is the adjoint (i.e., the transpose) of the
operator A : X — X. Observe that in a finite dimensional space R”™ the set Og (R™) has two disjoint
topological components, those which determinant is 1 and those which determinant is —1, and thus
the set Og (R™) is not connected.

A bounded linear operator B : X — X is called a rotation operator of the form B = e° where
S : X — X is a linear, bounded, skew-symmetric operator, S* = —S, and eS=T+85+ %52 +
%S 3 4+ .... An orthogonal operator A is called a reflection if it is not a rotation.

One of the fundamental reasons for the surprising property that the space Or(X) of orthogonal
operators in X is path-connected is that in an infinite dimensional real Hilbert space X every
orthogonal operator A : X — X can be represented as a product of two rotation operators (that
is no valid in the finite dimensional spaces), that is, A = eS1e52 where 51,5, : X — X are
skew-symmetric linear operators. Thus any operator A € Or(X) can be connected to the identity
operator Id : X — X viaapath o : t — e1e!2 € Og(X), t € [0,1], so that a(0) = Id and
a(l) = A.

As a motivating example on the fact that Og(X) is connected in the operator norm topology, is to
consider a similar, but easier result in the strong operator topology, that is, topology generated by
the evaluation maps A — A(u), u € L?(0,1). Observe that the strong operator topology is weaker
than the operator norm topology, but in finite dimensional space those are equivalent.. So, let us next
show that the operators Id and —Id are in the same topological component of Og(X) in the strong
operator topology. As all infinite dimensional separable Hilbert spaces are isometric to L2(0, 1), let
us consider the Hilbert space L?(R) and the orthogonal linear operators A, : L*(0,1) — L?(0,1),
s € [0, 1] that are given by

Agu(t) = sign(t — s) - u(t), (37)

where u € L?(0,1) and sign() is the sign of the real number ¢. Then, for every u € L?(0, 1) the
functions

ay s — Ag(u),
are continuous functions a,, : [0,1] — L2(0,1). As Ag = Id and Ay = —Id, we see that
s — A, € Or(L*(0,1)), s€]0,1],
is a continuous path in the strong operator topology, that connects the operator Id to —Id.

We recall that the continuity of the function s — Aj in the strong operator topology, means that for
all w € L?(0, 1) the map
s — Asu € L*(0,1),
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is continuous. As for s > s
S
A= Al = [ [2u)dz 0,
S0

as s — sg, we see that s — A is continuous in the strong operator topology. All maps A; :
L?(0,1) — L*(0,1) are invertible and Ag = Id, A; = —Id. This has implications e.g. for Finite
Element method analysis of partial differential equations (See Appendix [A.5.2).

Note that when X is any infinite dimensional separable Hilbert space with real scalars, there is
an isometry J : X — L?(0,1) (e.g., the linear operator mapping an orthogonal basis of X to an
orthogonal basis L2(0,1). Then, the maps A, : X — X givenby A, = J 1o A 0] : X — X,
where A, : L?(0,1) — L?(0,1) are given above, are continuous paths in Og (X) from Ay = Id :
X — Xto fll = —Id : X — X. As discussed above, the deep result that /d and —Id can be

connected by a continuous path in the operator norm topology of Og (X) is given in [32] Theorem 2],
see also [45]].

Let us first warm up by proving the claim in the case when an additional assumption (B) is valid:

(B) : When V' C X is finite dimensional discretization maps Fy, of linear invertible maps F': X — X
are linear invertible maps and moreover, the set So(X) = S(X) consists of all linear subspaces of X.

Under assumptions (A) and (B), we consider the case when A; = —Id and denote by F; = A; :
X — X a family of linear maps such that Aq = Id, and that t — A; € GL(X) is continuous
path of operators connecting Id to Ay = —Id. Let (X, S(X), (Fy,v)ves(x)) = A(X, F}), that is,
Fy v : V — V be the linear isomorphism that is the discretizations of the map F} : X — X. Asthe
functor A is continuous, the map ¢ — F} y is a continuous map from [0, 1] to the space of linear
operators endowed with the topology of uniform convergence on compact sets, c.f. limit (7). As F} w
are linear, this implies that for all ¢ € [0, 1],

lim |Fyw — Fp w| = lim sup |Few (x) — Foow(2)]|x = 0. (38)

t=t! =t eVABx(0,1)

and hence the map ¢t — F} v is a continuous map [0, 1] — GL(W).

Let0 < e < 1/2andr > 1. Letto = 0 and t; = 1. Using Property (A) for operators F,, j = 0,1,
we see that there are Wy, W1 € Sy(X) such that for all V' € Sy (X) satisfying V' > W, we have
_sup | Fy, w, (2) — Fy, (2)]|x < e, forje{0,1}.
z€Bx (0,r)NV

Let W € Sp(X) be such a finite dimensional space which dimension is an odd integer and that
Wo + W1 C W. Then,

sup |y, ow(z) — Fy,(7)||x < e, forje{0,1}, (39)
x€Bx (0,r)NW

Clearly, Ay = Id satisfies Ag(W) = W and Ay : W — W is an invertible linear map. Similarly,
the map A, = —Id satisfies A; (W) = W and A; : W — W is an invertible linear map. These
observation and assumptions (A) and (B) imply that Fow : W — W and Fy y : W — W are linear
maps and by inequality (39),

1 1
| Fo.w — Aolw |lw—w < € < 3 |Faw — Ailwllwow < e < 2 (40)
and as the dimension of W is odd, we have

det(Ao|w) = det(Id|w) = 1, det(A1w) = det(—Id|w) = —1.

Let By s = (1 — s)Aolw + sEow : W — Woand By s = (1 —s)Ai|w +sFow : W — W. As
l(Aolw) " Hiw—w = [|(A1lw) " lw—w = 1, we see using that the maps By} : W — W and
Bf; : W — W are invertible and that the functions s — By, € GL(W) and s — By, € GL(W)
are continuous matrix-valued functions which determinants does not vanish and

det(BQS) = det(Ao‘W) > 07 det(BLs) = det(Al‘W) < O7
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for all s € [0, 1]. These imply that

det(Fypw) =det(Bop1) >0, det(Fy w) =det(Bp1) <0, (G3))
However, as t — F} w is a continuous maps [0, 1] — GL(W), see (38), we have that
t — det(Fiw), (42)

is a continuous function [0, 1] — R which does not obtain value zero and thus has a constant sign.
However, this is in contradiction with formula (@T).

Next we return to the main part of the proof where we do not assume that assumption (B) is valid, but
we only assume that the assumption (A) is valid. In this case, we use degree theory instead of the
determinants.

Next, let F; = A; : X — X be a family of linear maps such that Ay = Id, but that A;(z) =
B.(z) = © — 2e{x,e)x is a reflection, where e € X is a unit vector, and ¢t — A; € GL(X) is
continuous. Again, let (X, So(X), (Fy,v)ves,(x)) = A(X,Fy), thatis, Fyy : V — V be C*'-
diffeomorphisms that are discretizations of the map F': X — X. As the functor A4 is continuous, the
map t = Fyv|5.r) € C(B(0, R)) is a continuous map for all V' € Sy(X) and R > 0. Moreover,

we note that by our assumptions on B, the discretized map Fy : V — V, is C*-diffeomorphism of
V.

As V is a finite dimensional vector space, we can use finite dimensional degree theory and consider
the degree deg(F; v,V N Bx(0,7),p), that is the degree of the map F; v : V N Bx(0,7) — V at
the point p. We recall that when © C R? is open and bounded, F': 2 — R? is a C'-smooth function
and p € R? are such that p ¢ £(9) and for all € f~!(p) the derivative D f(x) is an invertible
matrix, the degree is defined to be

deg(f,Q,p) = > sgn(det(Df())),
z€f~1(p)

where sgn(r) is sign of a real number 7. Also, the map f — deg(h, 2, p) is defined for a continuous
function i : 2 — Rﬁ)y approximating i by C !_smooth function, see [43]], Definition 1.2.5 on
details. Let us denote By (0,r) = W N Bx(0,7).

Let r > 0. Recall that by assumption (A), for Fy = Id: X — X and F} = B, : X — X there are
finite dimensional spaces Vj € Sp(X) and V; € Sp(X) such that e € V{ and e € V; and that when
V € Sp(X) satisfies Vo C V and Vi C V, then

sup | Fo,v(z) — Fo(z)||x <r/4, (43)
zE€Bx (0,r)NV

and

sup |Fiv(z)— Fi(z)||x <r/4. (44)
z€Bx (0,r)NV

Moreover, let W € Sp(X) be such a finite dimensional linear space that Vo C W and V; C W.
Observe that as e € W, we can decompose W as

W = span(e) ® {x € W : (x,e)x = 0}. 45)
and denote W’ = {x € W : (z,e)x = 0}. We see that
Ay = B, : span(e) — span(e), Belspan(e) = —1d, (46)

Al =B.: W' — I/V/7 Be|W’ = Id.
Next we use the facts that Fp(0) = Id(0) = 0 and F}(0) = B.(0) = 0. Let us define the maps
fo=Flg 0. H=Flgu0n fow=Fowlg, o, [Lw=FwlE, o)

that are C''-smooth maps By (0,7) — W. Moreover, for j = 0,1, we have fo(0Bw (0,7)) =
OBw (0,7) and f1(0Bw (0,7)) = 0Bw (0, 7). Let p; := f; w(0). Then, by (@3) and {@4) we have

Ipillw = llf;,w O)lw = [|£;,w(0) — £;(0)[|w < .

e (47)
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and

dist(f;w(x),p;) > =r, forallz € OBw(0,r).

|~

This implies that
1 1 .
sup [ fiw (@) = fi(@)ll < g < or < dist(f;,w (0Bw (0,7)), ;). (48)
xEEW(O,r)

Then, by [43]], Definition 1.2.5, the formula (@8) implies that
deg(fjw, Bw(0,7),p;) = deg(f;, Bw(0,7),p;)-
Moreover, as F; = A; = B, satisfies @), and p; € By (0, r), we have

deg(fo, Bw (0,7),po) = deg(Id, By (0,r),po) = sgn(det(Id)) = 1,

and
deg(f1, Bw(0,7),p1) = deg(A1, Bw (0,7),p1) = sgn(det(B.|w)) = —1.

Moreover, by our assumptions on B, the discretized maps Fjw : W — W, j = 0,1 are C*-
diffeomorphism. Hence, the inverse image F{V%/({pj}) is a set containing only one point that
coincides with f;vlv({pj}) (that in fact is the set {0}). This and the above show that for any R > r,

we have

deg(Fjw,Bw(0,R),p;) = deg(Fjw,Bw(0,7),p;) (49)
= deg(fjw,Bw(0,r),p;) (50)
= deg(fj, Bw(0,7),p;)

— (—1).

Let us now consider the maps Fyy : W — W where t € [0, 1], that are C*-diffeomorphism
fiw : W — W. Ast — F, = A, is a continuous map [0,1] - GL(X)and A: D — Bisa
continuous functor, the map ¢ — F} y is a continuous map [0, 1] — C(Bw (0,7); W).

Let us consider ¢ € [0, 1] and denote p; = Fy iy (0). As F;yw : W — W is a C'-diffeomorphism,
the set F; 1, (Bw (0, 7)) is open and hence there is € > 0 such that

By (pz, 5€) C Fy yy (Bw (0, 7). (51)
This implies that
distw (pz, £ w (0Bw (0,7))) > Be. (52)

As t — Fyyw is a continuous map [0,1] — C(Bw (0,7); W), there is § > 0 such that when
[t — | < & then

sup  |[Fyv(z) = Fpy(o)lx <e (53)
zeVNBx (0,r)

In particular, this implies that
1E:v(0) = F; v (0)]x <, (54)

and thus p; = F; v(0) and p; = F; 1,(0) are in the ball By (p;, 5¢) and hence by (51)) these points
are in the same topological component of by W'\ F; y,(0Bw (0, 7)). Hence, it follows from [43],
Theorem 1.2.6 (5), that for |t — | < &, we have

deg(F{,WaEW(Ov T),pt) = deg(Ff,Wvgw(Ov 7), D) (35

Next, we observe that by (53), for any ¢,y € [0, 1] satisfying |t; — | < & and |ty — | < 6,

sup |Fy v(z) — Fiyv(z)]lx < 2e. (56)
zeVNBx (0,r)
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Inequalities (52), (54) and (56)) imply that for any t1, > € [0, 1] satisfying |t; —#| < §and [to—£| < §
we have

distyy (ptl 3 Ft2,W(aBW (Oa T))) = inf distyy (pt1 s Ft27W(y)) (57)
y€OBw (0,r)

> inf dist ,FA .
yeaér‘}v(o’r) 18 W(ptl t,W(y)) €

> inf  disty (p, F; o
yedBm o) w(pg, Frw (y)) — 26 — €

= distw (ps, F; w(0Bw (0,7))) — 3¢ — € > 5e — 3e = 2e.

Ast — F, w is a continuous map [0, 1] — C(Bw (0,7); W) and the formula is valid, it follows
from [43]], Theorem 1.2.6 (3) that for ¢, and ¢, satisfying |t; — #| < & and |ty — | < &, we have

deg(FthW?EW(Ov T)aptz) = deg<Ff,W7§W(07 r)aptz)' (58)
This and (33)) imply that
deg(Fh,WﬂEW(OvT)ath) = deg(Ff,W7§W(OaT)7pt2) (59)

= deg(F; w, Bw(0,7),p;),

In particular, when ¢, = t; satisfy |t; — £| < §, this implies

deg(Ftl,W7§W (Oa T)vptl) = deg(Ff,WVEW (Ov T)vpf)' (60)
Ast € [0,1] is above arbitrary, this implies that the function
g: t— deg(FtVW,FW(O,r), Ft,W(O», (61)

is a continuous integer valued function on [0, 1] and thus it is constant on the interval ¢ € [0, 1].
However, by (@9), g(0) = 1 is not equal to g(1) = —1 and hence g(¢) can not be constant function
on the interval ¢ € [0, 1]. This contradiction shows that the required functor does not exists. O

A.5 Proofs from Sec.
A.5.1 Proof of Lemmalll

Proof. Let F : X — X be strongly monotone and C!-diffeomorphism. It is obvious that strongly
monotonicity implies that strictly monotonicity.

We first show that the strongly monotonicity implies that the coercivity. Indeed, by the strongly
monotonicity we have
(F(z) = F(0),z — 0)x > a|z[%,
which implies that, as ||z||x — oo,
T T
(Fla). o) x 2 (F(0), 770 x + el — oo
Therefore, F' : X — X is coercive.

Let us consider the operator

FV 22va‘VIV—)V.
From the definitions, Fyy : V — V is C! and strongly monotones, and the (Fréchet) derivative
DFy|, atv € V is given by

DFV"U = PV(DF|U)|V’
which is linear and continuous operator from V to V. Since Fy : V — V is C! and strongly
monotone, it is hemicontinuous, strictly monotones, and coercive. By the Minty-Browder theorem
[10, Theorem 9.14-1], Fy : V' — V is bijective, and then its inverse F‘;l 1V — V exists.

Next, letv € V. As Fy : V — V is strongly monotones, we estimate that forall h € V,

JFrlv+ EIZ) —F(@) @+ 1’” “T)x = {Fla+ eh) — Fo), (x +eh) — ) x
> %H(m +eh) —zl% = allnl%.

24



Taking € — 40, we have that
2
(DFy|u(h),h)x > Al
Therefore, DFy |, : V — V is injective for all v € V. Then, it is bijective because V' is now finite
dimensional. By the inverse function theorem, the inverse Fy, Ly 5 visCl. O

A.5.2 Additional examples

Let us consider the elliptic (but not stongly elliptic) problem

Pou = —% (Sign(t — s)iu(t)) = f(t), te]o,1], (62)
with the boundary conditions
d
u(0) =0, —u(t) =0. (63)
dt t=1

The FEM (Finite Element Method) matrix corresponding to this problem is [p;i(s)]7 ,—,, where

1
pin(s) = [ sien(t = 5) (0 et Gk =1.m
0 t dt

and x;(t), j = 1,2,... are a complete basis of the Hilbert space H}, 5 (0,1) := {v € H'(0,1) :
v(0) = 0} that correspond to the mixed Dirichlet and Neumann boundary conditions. Note that in
the FEM approximation we use only a finite subset of the complete basis of the Hilbert space. Note
for u in the canonical domain of the above problem that makes the operator appearing in the above
equation selfadjoint (the Friedrichs extension), that is, for

u € {v € H*(0,1) : sign(t — s)%v(t) € H'(0,1), v(0) =0, %v(tﬂt:l = 0}7

we have
Pou=—-DPA,DMy,

where A; is the multiplication with the function sign(t — s), see (37), and Dgl) and D§2) are the

)

derivative operators ng U= %u having the different domains

D(D;Y) = Hp n(0,1) == {v € H'(0,1) : v(0) = 0}, (64)
D(DY) = HY p(0,1) := {v e H'(0,1) : v(1) = 0}. (65)
Observe that Dt(l) and D§2) have the inverse operators
t
D) () = [ ol (66)
0
1
(D)ot =~ [ vit)ar. (67)
t

that map (D))=1 : L2(0,1) — D(D{)). The eigenvalues of the matrix s — [pj(s)]} 4=, change
from positive values to negative values when s moves from 0 to 1. Thus, for some value s € (0, 1)
the matrix [p; k(s)]? x—1 has a zero eigenvalue and is no invertible even though all maps Dt(l), Dt@),

and A, : L?(0,1) — L?(0,1) are invertible. In particular, there are no finite FEM basis in where the
Galerkin discretizations of all operators P, s € [0, 1] are invertible.

Let us consider even simpler example: Similarly to the above, if we consider the Galerkin discretiza-
tions of the operator A, : L?(0,1) — L?(0, 1), we see that the Galerkin matrix corresponding to
Ag : L2(0,1) = L*(0,1) is [aji(5)]} .y, where

1
a;i(s) = /0 sign(t — s);(t) - Yp(t)dt, j k=1,...,m,

and v;(t), j = 1,2,... are a complete basis of the Hilbert space L?(0,1). Again, we see that the
eigenvalues of the matrix s — [a; k(s)];I x—1 change from positive values to negative values when s

moves from 0 to 1. Thus, for some value s € (0, 1) the matrix [a;x(s)]} ,_; has a zero eigenvalue

and is no invertible even though all maps A, : L?(0,1) — L?(0, 1) are invertible. Thus there are no
finite basis in where the Galerkin discretizations of all operators Ay, s € [0, 1] are invertible.
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A.6  Proofs from Sec.
A.6.1 Proof of Lemmal[d]

Proof. From the assumption, it holds that

1
IDF|: = Ilx»x < [T lx»x DGl x - x T2l x-x < 5
Then, by the mean value theorem, there is 0 < ¢ < 1 such that
0
<F(£L’1)—F(£L’2),£L’1 —1'2>X = §<F(.’E1 +t($2—$1))—F(fE2),IE1—CB2>X
0 1 2
= o (DF (w2 —m1), 21 — @2)x 2 S lw1 — 22X
ot Ft(za—w1) 2
Xy Xro—Iq
These imply that F': X — X is strongly monotone. O
A.6.2 Proof of Lemma[3]
Proof. Observe that strongly monotone neural operators are coercive, that is,
lim (F(u),7—)x = lim (F(u) — F(0),u — 0)x = oo. (68)
lull x—o0 l[ullx lullx oo [[ull x

and therefore F': X — X is surjective by Browder-Minty theorem [28, Thm. 2.1], see also [14]
considerations for neural operators. Moreover, the derivatives DF|, are linear strongly monotone
operators for all x € X, and therefore injective. Observe that the derivative is a linear operator of the
form

DF|,=1+T0DG|pp0Th: X = X,
and as T and Ty are compact and DG |t is bounded we see that DF|, is a Fredholm operator of
index zero. Observe that

(DF|,v.v)x = 1 tim (FEFEPVZED (o) > afol,
h h—0 h
where h € Rand v € X, and hence DF|,, : X — X is an injective linear operator. As DF|, is a
Fredholm operator of index zero, this implies that the derivative DF|, : X — X is a bijection. As
the Hilbert space X can be identified with it dual space and the operator F': X — X is continuous
and hence hemi-continuous, it follows from [28], Theorem 3.1, that the map F': X — X is a
homeomorphism. As it is C''-smooth and its derivative is bijective operator DF|, : X — X at all
x € X, it follows that F': X — X is a C''-smooth diffeomorphism. O

A.6.3 Proof of Theorem[3

Proof. To show the well-definedness of the discretization functor Aj;,, we need to show that, for
each strongly monotone C'-function F': X — X that is of the form @), F\y = Py F|y : V =V
is still strongly monotone C'*-smooth of the form (). This is given by Lemmam Moreover, such
functions are C''-smooth diffeomorphisms.

To verify assumption (A), let r,e > 0, and let F': X — X be a strongly monotone diffeomorphisms
that is of the form FF = [d+To oG o Ty : X — X where T7: X — X and T5: X — X are
compact linear operators, and G: X — X is such that G € C1(X). Since Ty o G o T} is a compact
mapping, there is a finite-dimensional subspace V' C X, depending on € > 0 such that

sup  [|([d — Pv)T2G(Tiz)||x <,

2€Bx (0,r)
which implies that
sup  |[Fy(z) = F(z)lx = sup  [[(Id — Pv)ToG(Tiz)||x <e.
z€Bx (0,r)NV z€Bx (0,r)NV

To prove the continuity in the sense of Definition[8|let 7 > 0 and let V' € So(X). Assume that

lim  sup ||F(j)(x) — F(z)||lx =0,
790 4eBx (0,r)
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where FU) and F are strongly monotone diffeomorphisms F: X — X that are of the form @.
Then, we see that, as j — o0,

sup [P (z) = Fu(x)|x < sup  |PyFY(z) — PyF(z)||x

z€VNBx(0,r) z€VNBx(0,r)
< swp o [PrfeplFV(@) - F@)x £ sup [[FY () - F(z)|x — 0.
z€VNBx (0,r) z€Bx (0,7)

A.7 Proofs from Sec.
A.7.1 Proof of Theorem[d]

In the proof of Theorem ] we prove first few auxiliary lemmas

Lemma 5. A layer of a neural operator F': X — X is surjective. In particular, if F': X — X is
bilipschitz, then F': X — X is a homeomorphism.

Proof. By formula (@) a layer of neural operator F': X — X is of the form F'(u) = u + ToG(Tiu)
where T} : X — X and T : X — X are compact linear operators and G : X — X is a function in
C'(X). Let co, ¢; > 0 be such that ||G|| L= (x) < ¢o and Lipx_, x (G) < c1.

Letp € X and Ry > ||T||x—xco + ||p||x- Then K, : X — X, defined by the formula
Ky(z) =—-To0GoTi(z)+p, z€X,
is a compact non-linear operator, see [43l Definition 2.1.11].

When p satisfies p ¢ (Id — Ky)(0B(0, Ryp)), let deg(Id — Ko, B(0,Ry),p) = deg(ld —
K,,B(0,Ryp),0) be the infinite dimensional (Leray-Schauder) degree of the operator Id — K :
X — X inthe set B(0, R) with respect to the point p, see [43| Definition 2.2.3]. Let K4 : X — X
be the non-linear compact operators that depend on the parameter ¢ € [0, 1], obtained by multiplying
K, (z) by the number ¢, that is,

Kp(z) =tK,(z), ze€X. (69)
As [[Kp(2)||x < || Te]lx—xco+ |Ipllx < Roforallt € [0,1] and z € X, we see that
Kpi(x) #x, forz e 0Bx(Ry). (70)

Then by the homotopy invariance of the Leray-Schauder degree, see [43, Theorem 2.2.4(3)], the
function

d(t) = deg(Id — K., B(0,Ry),0), t€][0,1], (71)
is a constant function. Moreover, by [43| Theorem 2.2.4(1)],
deg(Id — K,, B(0,Ry),0) = deg({ — Kp.1,B(0, Ry),0) = d(1)
= d(0) =deg(I,B(0,Ry),0) = 1.
By [43| Theorem 2.2.4(2)], this implies that the equation
x = Kp(x), orequivalently, x4 T50GoTi(x)=p,

has a solution « € Bx(Ry). As p € X was above arbitrary, this implies that F' = Id+ T, 0o Go T} :
X — X is surjection.

Finally, if F': X — X is bilipschitz, it is a bijection and its inverse function is Lipschitz function,
and thus F': X — X is a homeomorphism. O

The next lemma shows the existence of a (finite-dimensional) orthogonal subspace so that for each
compact operator, projection onto the subspace is a perturbation of the identity under either pre or
post composition.
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Lemma 6. Let 11,7, : X — X be compact operators and h > 0. There is a finite dimensional
space W C X such that for the orthogonal projector Py : X — X it holds that

||T1(Id_PW)HX*>X < h, (72)
||(Id_PW)T2HXHX < h, (73)
I(Id — Py)Ti(Id — Pw)|x—x < h, (74)
I(Id — Pw)T2(Id — Pw)| x—x < h. (75)

Proof. We use the singular value decomposition of compact operators: We can write
Tyw = wap wé,p ¢1,p»

where 1, ,, and ¢y ,, are orthogonal families in X and wy , > 0 satisfy wy p11 < wyp and wep, — 0
as p — oo. For all h > 0 we can choose P > 0 such that wy ;, < h when p > P. Then

|xox < h.

P
ITe = " wepcstep)brp

p=1
If

V = Vp =span{tyrp, ¢rp; £ =1,2, p < P}, (76)
we see that if W C X is a linear subspace such that V' C W then

ZWZ;D w27p>¢)lp O-PW Zwlp w2p>¢1 D>

p=1 p=1

Py o ZW&Z) Yep)d1p) Zw&p s ep)B1,ps
and

P P
Py o (Z we,p( Yep)P1,p) © Pw = Z‘W,p<'a Vep)P1,ps
p=1 p=1
and thus
Ty —Te o Pw|x—x <h, ||Tt—PwoTi||xsx <h,
and moreover,
||Tg — PwoTy,o PW”X%X < h.

O

Let
FW =Id+ Py oTy0GoT 0Py : X — X. (77)

Observe that for w € W and v € W+ we have

FW(w+v)=FY(w)+v, FY(w)eWw, (78)

and
FY (W) cw, (79)
Wowt s wt, FW e = Idy .. (80)

This means that FWV = Idy,. @ FW |y, where FW |y, : W — W is a function which maps the
finite dimensional vector space W to itself.

The lemma below shows that given an F' and € > 0, we may perturb it by a Lipschitz term B so it
becomes the operator F'
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Lemma 7. Forany ¢ > 0, there is a finite dimensional space W C X such that Lip_, «(F—FW) <
€ and for any ball Bx(R) C X, R > 0, the maps F': Bx(R) — X and FWV : Bx(R) — X satisfy
[1F = FY |y (r)) < 3(1+ R)e.

Proof. Let us choose a finite dimensional space W' C X so that Lemmalf]is valid with
B 1
T A [Gler oD+ Tl x) 0+ [ Tllxox)
The right hand side of is chosen so that
Lipy ,y(F — FW) =Lip(Pw o Ta 0 G o Ty o Py (x) — Ty 0o G o Th)

h

< Lip(PwoTaoGoTioPy — PyoTyoGoTi(x))
+Lip(Pw o To 0o GoTy(z) — To 0 G o Ty)
< 7Tellx—xLip(Glx—x) 1T (I = Pw)llx—»x + (I = Pw) T2/ x - xLip(Glx »x)| Tl x> x
1
§ 557
and
|F = FY | (po.r)y) = sup [[PwoTyoGoTyoPy(r)—TooGoTi(z)x
2€B(0,R)
< sup ||[PwoTooGoTyoPy(x)— PywoTyoGoTi(x)|x
2€B(0,R)
+ sup ||PwoTsoGoTi(z)—TooGoT(z)|x
2€B(0,R)
< | Tellx=xLip(Glao, 1) x o xR)ITIT — Pw)llx—x - R
+I(I = Pw)Tallx - x [|GllLo (80,71 x> x R))
1
< Z(R + De.

O

Lemma 8. For any € > 0, there are finite dimensional space W C X and (possibly non-linear)
functions B : X — X and B : X — X such that

Lip(B) <€, Lip(B)<e. (81)
and
FVW =(Id+B)oF:X — X, (82)
F=(Id+B)oF":X = X. (83)
Moreover, B : X — X is a compact non-linear operator of the form
B=PyoF oPy+Tyo0FyoPy+PyoFz0T)+T50F,0T, (84)

where Fy, Fy, F3, Fy : X — X are functions in C*(X) and B:X — Xis of the same form. In
addition, the operator Id+ B : X — X and Id + B : X — X are layers of neural operators.

Proof. Below, let Cy > 0 be such that
[F(z) = F(y)llx = Collz —ylx, =y€X, (85)
and let TV be the space in Lemma [6] with
1

h =
A1+ Gllerx))) A + 1T llxx) (1 + I T2l x-x)

€.

By Lemma5| F'(x) = 2 +T>G (T} (x)) is by an invertible function F' : X — X. Thus we can define
a non-linear operator

FW o (F)! (86)
=(Id+ Py oTyoGoTyoPy)o(Id+TyoGoT;)™*
=Id+ (PyoThoGoTioPy —ThoGoT)o(Id+TyoGoTy) .
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Let

R = PWOT20G0T10PW_T20G0T1 (87)
= (PWoTzoGoTloPW—TQOGOTlopw> (88)
+<T20G0T10PW—T20G0T1>. (89)

Then forall z,y € X
[R(z) — R(y)llx
< |[(d = Pw)T2| x5 x |G ||lipx, )| Tl x— x|z — yllx
T2l x - x |Gl Lipx, ) 1T (Id — Pw )| x s x|z — vl x

IN

! | |
—€|lx — .
2C, Yl x
and thus,

|[Ro(Id+TooGoTy) *z)—Ro(Id+TyoGoTy) (y)lx

< telz—yl
~ 26.’L‘ Yl x-

This implies that F' : X — X satisfies forall z,y € X
I(EY o ()" = Id)(x) — (F" o (F)™! = Id)(y)1x < %ellw —ylx,
and thus
IEY o (1)™" = (FY o () "M (y)llx < (1+ %G)Hx —ylx, (90)
and
Lip(FV: X - X) < (1+ %e) Lip(F: X — X). o1
Moreover, for all x,y € X

1
IFY () = FY ()llx = (Co —e)llz — yllx = 5 Collz —ylix. (92)

Let cg > 0 be such that |G| L~(x) < co. Let Ry > 0. As [T o G| p=(x) < [|T2]|co, finite
dimensional degree theory, see using [43l Theorem 1.2.6], as above that

Bw (0, Ry) € FY(Bw (0, Ry)), (93)

when Ry > Ry + ||Tzllco > Ro + ||[Pw 0 To 0 G o Th 0 Pa||(x). As Ry > 0 above is arbitrary,

formula (93) implies that F" : X — X is surjective. Thus, we have shown that F" : X — X isa
bijective bilipschitz map.

Similarly to the above, by replacing (83)) by (92) and changing the roles of I’V and F, we see that
forz,ye X

|Ro(I+PyoTyoGoTio PW)_l(J:) —Ro(I+Ty0G oTl)_l(y)HX
< ellz—yllx,
and

I(F o (FY)! = Id)(z) — (F o (F")™' = Id)(y)]|x < ellz —ylx. (94)

The above implies that
FW = (Id+ B)oF, (95)
F=(Id+B)oF"Y, (96)
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where
B=(FVoF1-Id:X X,
B=(Fo(FV)y™'-Id): X — X,

satisfy
1 -
Lip(B) < € Lip(B) < e. 97)
Next we use that
(Id+H)™" = (Id+H)'o(ld+ H - H)
Id—(Id+H) ‘o H,
so that
(Id+To0GoTy)™ = Id—(Id+Ty0GoTy) o(ThoG oTy).

Observe that by (86)

B=FWo(F)"'-1Id (98)

=Py oThoGoTyoPy —ThoGoT)o(Id+ThoGoT))™ !
:(PWOTQOGOT10PW*T20GOT1)
—(PyoThoGoTioPy —TooGoTy)o(Id+Ty0GoTy) o (ThoG oTy),

and as Py : X — X is a finite rank operator and T5 : W — W is a compact linear operator, we see
that B : X — X is a compact non-linear operator of the form

B=PyoF oPy+T0F,0Py+ PyoF30T) +T50F,0TY,
where Iy, Fy, F3, Fy : X — X are functions in C*(X).
Moreover, similarly to @), we see that
Fo(FW)=! 99)
z([d—l-TgoGoTl)o(Id+PWoT20GoT10PW)_1
=Id+ (Ty0GoT), —PyoTyoGoTioPy)o(I+PyoTyaoGoT,oPy) !,
and hence
B=Fo(F")'-Id (100)
=(TooGoT) —PyoTooGoTy oPW)o([d+PWoT20GoT1OPW)_l
=To0GoT; — PyoTyoGoT)oPy)
—(TyoGoT; — Py oTyaoGoT; o Py)
o(Id4+ Py oTa0GoTioPy) o(PyoTaoGoToPy),

and again, as Py : X — X is a finite rank operator and 75 : W — W is a compact linear operator,
we see that B : X — X is a compact non-linear operator of the form

B:PWoﬁlopw—‘rTQOFQOPW+PWoF30T1—|—TQOF4OT17

where Fy, Fy, F5, Fy : X — X are functions in C* (X). For an infinite dimensional Hilbert space X
there is a linear isomorphism J : X — X x X, as the cardinality of Hilbert basis of the space X is
the same as the cardinality of the Hilbert basis of X x X, see [26, Theorem 3.5]. Then, by writing
the isomorphism J as J(z) = (J1(z), J2(z)) € X x X, we see that

B = (v Tyonee( B B Yoneuo( B hw,
that is a composition of a linear compact operator X — X, a non-linear operator X — X, and a

compact operator X — X. Hence we see that Id + B, and similarly Id + B, are layers of neural
operators. O
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Now we present our Proof of Theorem 4]

Proof. Let F(z) = x 4+ ToG(T1(x)). Without loss of generality, we may assume that 0 < € <
min(|| Te[|x - xC1 | T1 | x - x, 5)-

By (©4)
[B(z) = B(y)lx < ellz —yllx, (101)
and
((Id+ B)(z) = (Id+ B)(y),z — y)x = llz —yllx —elle —yl%
= (1= ollz - ylk, (102)
which implies that
Id+B: X — X, (103)
is a strongly monotone operator. Similarly, we see that
Id+B: X — X, (104)
is a strongly monotone operator.

Recall that Fyy maps W+ to itself and it is equal to the identity map in W=, and moreover F'"Y can
be decomposed according to the formula (78). Thus we can write

Fy =Idy. & (PwoFywoPy):WraW sWtaWw.

Below, let us identify W with R" to clarify notations. We denote

f=Fwlw=PwoFyoPy:W—W (105)
By (O1) and (92)) there are ¢1, ¢y > 0 such that
colz =yl < |f(2) = f(y)l < erlz —yl. (106)
DeﬁneE|f0r 0<t<1
fila) = 5 (F(t2) = F(0)) +££(0) (107)
For t = 0, we define
fo(z) := Dflox. (108)

where D f|, : R — R" is the derivative of the map f at the point y, that is considered as a linear
map (or a matrix), and we denote its value at vector v by D f|, (v) = Df|,v.

Then f;(x) = f(z) and

@) = )] = §1f(e) ~ 7)), (109)
and as ) ) 1
500|t93 —ty| < ¥|f(tx) - fty)| < ¥C1|tz — tyl,
we have
colz —y| < [fe(x) — fely)l < crle —yl.
Below, let
Ro = [£(0)], (110)
and
Ry = c1m1 + Ro, (111)

“The above used homotopy can be replace by a more explicit flow in the Lie group of diffeomorphism, see
e.g. [42].
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where 71 appears in the claim of Theoremd] Observe that then fo(Bg» (0,71)) C B (0, R1).

As f € C?(R"™,R™), we have by Taylor’s series (with the remainder written in the integral form)
1 t
f(ta) = $(0) + Dflo(te) + 5 [ (= 5)Df sz ds
0
1 1
= f(0) + tDf|ox + §t2/ (1 — 8)Df|isex ds. (112)
0
Thus,

fu() = Dflox + ;tAl(l — $)Dflpasir ds + ££(0). (113)
Observe that for all x € X,
IDfloll < e1, and [(Df]2) M| < 5
By (I13),
Fi(Dflo)~ ) = f:(Dflo)~'y)

1
=r—y+ %t/o (1-3s) (Dflm(Dflo)_lw - Df|tsg(Df|o)_1y> ds

#=(Dflo) '@, g=(Dflo) "'y

=z —y+ %t/o (1-15) (Df|ts:;(Df|0)_1(x —y)) ds

z=(Dflo)~ 'z, §=(Dflo) 'y

1 [t _
+ 5t [ 1= 9((Dflus = DFesDI1) y> ds (114)
0 #=(Dflo)~ 'z, g=(Dflo) "ty
Here, for z,y € Bg~ (0, Ry),
D flesz — Dflesgllrn—re < || fllc2(Ban 0,R1))
| D flesz || rRr—re < c1,
(D flo) " yllen < cg Hllyllwn-
Hence,
fio(Dflo)~ ' =1Id+ Qo : R" = R", (115)
where
. 1
Lipg_, (0,r,)(@t,0) < t%(cl + || fllc2(Ban (0,R1)) F1)- (116)
Let us choose ¢; € (0,1) such that
200
t < e (117)
' e+ [ flexsxo,my R
so that
Lipg,.. (0,r,)(Qt,0) <& (118)
Below, we will denote
Hy,, 0(2) = fu (f5 ' (@) = fu (Dflo) " (@) (119)
Next we consider operators f; with ¢t > 0.
Let us next consider to, t3, ..., tmt1 € (0,1] such that to > t1, ty1 = 1, and t1 > tg.
We have

|£:(0)] = t[£(0)] = tRo,
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and Lip(f;) < ¢1. Hence,
|fe(x)] < erlz] + Ro. (120)
Moreover, for z = f(0) we have f; *(z) = 0 and |z| = Ry, and as the Lip(f; ) < cg ',
@ <17 @) = @I @ S egtle =2+ 0 < g ol +egtlel, (2D
so that
|f M (@)] < ¢ ta| + ¢ ' Ro. (122)

Also, as we can write

1

filw) 1= 3 (F(t2) = F(0) +1£(0) = 7(tz) + (¢ = 1)F(0), (123)

we have for t,tp41 € (0,1], k > 1,

Frenr — Fo)(@) = —— F(tyr2) - %f(th) — (= D) F0) + (s — 1) 1(0)

tht1 tk+1  tk
1 1

= (- D ftn) + S (F(teaz) — ()
tet1 23
1 1

— (7= = )F(0) + (tr1 — ) £(0)
k+1 k

_ (M)Lf(tkﬂx) + i(f(tkﬂgc) — f(ty))
tr trt1 (77

_ (M) (tlf(tk+1$) F (tpar — tl)f(o)) + tl(f(tk-&-lx) — f(tyx))

k+1 k+1 k

— (T 1 = (0 = (2= = 0 + (it — )0

_ (tk — k1 )ftw—l (x) =+ i(f(tk+1x) — f(tkl')) + Ch,

tr tr
where
te — thi 1 1 1
Cr. = —( Y(thy1r — ——)f(0) = (—— — =) f(0) + (try1 — tx) f(0) (124)
tk k1 thyr
= B g )+ B ) 4 (4 — ) F(0) (125)
tr trt1 trtpr1
= (tr+1 —t) (;k + 1)f(0)- (126)

To analyze the above, we denote

k(s b tst) = %(f(tm ~ f(ta))

1 te41 ,
=— Dfley+s (x)ds
ti th
1 1
= a (tk—i-l - tk)Df|tk+s(tk+1—tk)(x)ds'
0

As |\Df|tk+s(tk+1_tk)(x)\| < c1||z||, we have for all R > 0

tops — ¢
Lip(k(; g, tes1) : Ban(0,R) — R") < ¢ k+1t Ep
k

and

C
k(25 thy thgr)] < |thgr —tl - im- (127)
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Moreover, for z1, 22 € Bgrn (0, R),

by — 41 tht1 — t
|(ftk+l - ftk)(mQ) - (ftk+l - ftk)(m1)| < 617|$2 - £E1| +01TR|x2 - $1|a

t
(128)
and for all z € R",
tr — tr
o = Fu) @) < L= 5 @)+ st )] + 1O (129
t, —t c 1
< el )+ s — ] el + s — 0l +1)
(130)
[tk — trsa]
< HE— (20 [a] + 3R). (131)
k
Moreover,
ftk+l (ft;l(x)) = ftk (ft;l(x)) + (ftk+1 - ftk) © (ft;l(x)) (132)
:x+(ftk+1 _ftk)oft_kl('r)' (133)
Let
th+17tk (I) = ftk+1 (ft_kl('r)) - (134)
= (ftk+1 *ftk)oft_kl(x)' (135)
Hence by (128), for 21, 22 € Bgr» (0, R),
1 tr —1 t —t
|Qur it (2) = Qui oty (21)] € — (21— ¢ L E Ry — 4. (136)
Co 125 t
By (122) and (I29), it hold that of all z € R"
tp —t 1 1
Quann@l < 200 (0 (el Lro)+3m0) ) (137
k Co Co
tr —t 2 2
< Mz tenf 2 20 g (138)
tr co co

Let Ry > R; and define for k£ > 1 a function that is a convex combination of the identity map Id and
the map f, , o ftzl,

Htk+1,tk (.13) = (1 - ¢(x)x + ¢(x)ftk+1 (ft_kl(x)) (139)
=2+ ¢(@)(fo., (f, (7)) — @) (140)
= 2+ $(2)Quyy 1 10 (), (141)

where ¢ € C5°(R™) is such that ¢(z) = 1 for |z| < Ra, ¢(x) = 0 for |2| < 2Ry, and ||[V(x)| <
2/Rs. Then
Htk+17tk = Id + Ptk+1,tk7

where
LipR” (Ptk+1,tk) < ||¢||L°°(B(O,2R2)) . LipB(O,QRg)(th+17tk) + ||th+latk HL"O(B(O,ZRz))Lip(d))
1 t —t t —t
— k41 k Yo k+1 kRz) (142)
Co tr tr
[tk — ter1l| 4c 2cy 2
+——(—R — +3)Rp)) - —. 143
i (00 2+(CO )Ro)) s (143)
For k > 1 we have t;, > t1, and thus
. t —t c 6 c
Lipgn (Pey oy tn) < P =t 2104 Ro) + — (= + 1Ry ). (144)
tl Co R2 Co
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Then, when the condition f;, ,(x) € Bgrn(0, R2) it holds, we see that

Hiptoy 0 froi (@) = foo (@) + 0(fro, (@) (Fr (Fi, (Froey (2))) = foy (2))
= fo @)+ 1 (o, (fil, (o (@) = for 1 (2))
= fu(fil (fr, (@)
= fi,(x) € Brn(0, R2).

Observe that when = € Bgn (0, Ry) then fi,(z) € Bgn (0, R1) C Bgn(0, R2). Next, we denote
to = 0. Hence, by using induction, we see that for all j = 1,2,...,m + 1 it holds that

Htj,tjfl © Ht]‘—l’tj—Q ° Ht17t0 o fto(x) = ftj ($), and
Hyj ;0 Hyy y4; 5 0 Hyy g 0 fto(2) = fi; (%) € Bre (0, R2).

‘We recall that above we chose 1 > 0 such that

200
t1 < €. (145)
c1 + | flle2(Ban (0,7, ) Ra
We now choose m so that there are ¢y, k = 2,3,...,m + 1 satisfying |t;, — tx_1| < % and
t
—<e ! :
m C C
<C(1)(10 + Ro) + (& + 1)RO)
This means that we can choose
12 /¢ 6 c
>—-—— —(I0+ R —(—+ 1Ry |. 146
m> 22 (2004 R+ (24 )R0) (146)
Then,
Lipgn (Pt,cﬂ,tk) < e (147)
We define the map

filx, for0 <t <1,
t) =
o(t) {Df|0, fort = 0,

is a continuous map [0, 1] — C1(R"; R™).

The space W is a finite dimensional Euclidean space, and let GL(V) be the set of linear diffeo-
morphisms of it, that is, invertible linear operators A : W — W. We consider GL(W) with the
topology given by the operator norm of linear maps. Then GL(W) is a topological space with two
path connected components — those matrices which have a positive determinant and those having a
negative determinant.

The above implies that D f|y can be connected in GL(R™) either to a matrix B where
B is either the identity map, or the diagonal matrix diag(—1,1,1,...,1), (148)
with a continuous path 85 € GL(W), s € [0, 1] with D f|o = 81 and B = fy.

We need to consider the path 3 in GL(W) from 8; = fo = D f]o to matrix 8y = B € O(n). There
are some explicit formulas in literature with relatively complicated formulas, see [41]. However, let
us next consider estimates using a non-optimal but relatively explicit path. To do this we start from the
PU-decomposition of the matrix 81 = D f|o, that we denote 5, = PU where P = diag (o1,...,04,)
is positive matrix (given in a suitable basis) and U is an orthogonal matrix. Then, we consider the
path t — P,U, where ¢ € [0, 1] and
P, = P = exp((1 — t) log(P)).
This is a path from the matrix D f|y = PU to the matrix U. Observe that

P, U =Ph—2p, U,
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where

t—t . ti—t ti—t
P72 = diag (07" "2, ..., 0.t "2),

Y n

and when |t; — t2| < 1, by mean value theorem we have

IPA I < max (0972 —1) < max (05,05) - ( max |logoy]) - [t b
j=1,...,n j=1,...n j=1,...,n

A

< (T4 +egh)? |t —tal.

That is, using the norm of D f|o and the norm of inverse matrix (D f]o) ! we can bound the length
of the path t — P,U, t € [0, 1] (in the operator norm). After this, we need to consider the path from
Uto B = Idy x (—Id, ) in O(W). For this, we could use the structure of the Lie group O(n),
n = dim(W). By [15, Thm. 11.3.3], any matrix U in O(n) can be written as a tensor product of
elements in O(2) and possibly an operator +/d : R — R, that is, in a suitable orthogonal basis a
matrix U € O(n) is a block diagonal matrix of 2 x 2 matrixes in O(2) and one or two 1 x 1 matrices
+1d, that is,

‘R, -

+1]

where the matrices Ry = R1(%1), ..., R = R1(J) are 2-by-2 rotation matrices in SO(2),
Using this, we find a path form U(s), s € [0, 1] either to a matrix Idy X (—Id,—x),
_Rl (8191) ]

Rk(sﬁk)
+1

+1]

Observe that due the block diagonal form of this matrix, the operator norm satisfies

[U(s2) = U(s1)]

ey

where C, is an absolute constant (that does not depend on the dimension 7). We obtain the path
s — (s by concatenating the paths from PU to U in GL(n) and from U to B in SO(n). The
length of the obtained path /3 in the operator norm metric can be estimated and it is bounded
C(l4+c1+c¢ 1)2 plus a constant. Moreover, the path s — 3, can be decomposed to a product of
(C(1+ec1 +cy')? + C)e~! matrices of the form Id + B; where || B;|| < e.

Summarising the above analysis, we see that J can bounded by

12 6
J< =2 (10+ R) + — (L + DRy | +C(1+ 1 + ey )2t + 0L, (149)
Etl Co R2 Co
‘We recall that here

2¢
t1 < 0

e, (150)
c1 + [ flloz(Ben (0,71 ) B

radii Ry and R; are given in formulas (TI0) and (TII)) and ¢( and ¢, are the bi-Lipschitz constants of

f, see (106).

Note that ¢g, ¢1, C > 0 are constants independent of €, while Ry, Ry, R2 > 0 depends on | f(0)|. We
see that by f = Py F|w.

IO < [F(0)]|x,
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thus, the upper bounds of Ry, R;,Re are independent of e. By choosing t; as t; =
e, we furthermore estimate that

Cl+“f”c2(B]Rn ©r LT

J S llez(Ban (0, m1)RmE (151)
Here, if we assume that F' € CQ(X, X), we see that

I fllc2(Ban (0,R)mm) < 1 Flc2owixy < [1Fllo2(xx) < o0,

Thus, we obtain
J=0(?).

Now we can finish the proof of Theorem Denote ft = fi @ Idy 1, I:Itl,to = H; 4, ® Idwe
Bs = Bs ® Idy 1 and Ag = B & Idy, 1. Using these notations, we can write F'(x) as
F(z)=(Fo(F"V) Y oH, o

m+1,tm thnt'ln 1

o Hyy o0 (Bio By ) o (B, 0Bt )o0(Bs, 0By") 0 Ao, (152)

where ¢; and s; are chosensothat 0 =ty <t; < ...t <tpy1 =1land0 =50 <51 <...5, <

Sm+1 = 1 and that the Lipschitz constant of the maps f[t — Id and st o ~J7_11 — Id are less
that e.

Oo...

j+1,t5

Moreover, recall that

FW =Id+ Py oTy0GoT 0Py : X — X.

Observe that by writing € X in the form = = ¢ + z1, where o = (I — Py )z and 1 = Py,
we see that

FW(xg+x1) = (I+PyoTyoGoT oPy)(zo+ 1)
= xz0+ [T+ PyoTlooGoTioPy)(x)

= (I —Pw)x+ Py <(I +PywolyoGoTo0 PW))(PWx)>
= (I - Pw)z+ Pw(F" (Pyx)). (153)
Hence, (F")~!: X — X can be written as

(F"Y' = IT—Py+Pyo(FV) loPy
= I+Pyo(—T+(FV)™ Yo Py, (154)

and thus (")~ is a layer of a neural operator by definition. Similarly, as
f=FY =TIdx 4+ Py o (Fw — Idw) o Py : X — X.

and

fila) = () = £(0)) +££(0)

= 1d~ Pw + Pu(Id+ L (f(tPwa) — F(0)) +1(0)), (155)

for 0 < t < 1, and we see as above that f; and ft_1 are neural operators. Similarly, we see that B; !

and 1 are neural operators. Hence, all factors in the product (T52) are (strictly monotone) neural
operators. O
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A.7.2 Proof of Theorem 5

Theorem 6 (Theoremin the main text). Let X be a separable Hilbert space, and let ¢ = {¢y }nen
be an orthonormal basis in X. Let § € (0,1), and let R > 0, and let F: X — X be a layer
of a bilipschitz neural operator, as in Def. Then, for any ¢ € (0,1), there are T,N € N and
G € Rr,N,p,rerv (X) that has the form

G={dx +DyoNNpoEN)o---0o(ldx + Dy o NN; o Ey),

such that
sup [[F(z) —GoA(x)|[x <
z€Bx (0,R)
where A : X — X is a linear invertible map that is either the identity map or a reflection operator
x — x — 2(x, e) x e with some unit vector e € X. Moreover, Go A : Bx(0,R) — Go A(Bx(0, R))
is invertible, and there exists R' > 0 such that

A(BX (Oa R)) - BX(Oa Rl)a

and denoting by
I'g:=Bx(0,R), Ty:=B(0,R+6), -+ Tp:=DB(0,R+T6), Trii:=B(0,R+(T+1)J),
and

Ky := A(Bx(0,R)), K;:=(Idx+DnyoNNoEN)Ky, Ks:=(Idx+DnyoNNyoEyN)K],

Krp:=(Idx + Dy oNNypoEyx)Kr_, = Go A(Bx(0,R)),
we have that for eacht = 0,1, ...,T R
K, cCcTy

and the mapping G o A|g, o,r) : Bx (0, R) = G o A(Bx (0, R)) is bijective and its inverse is given
by
(G (] AIBX(O,R))_l = A_l o (I),
where ® : G o A(Bx(0,R)) — A(Bx(0, R)) is defined by
[ORES Ll‘f(lo~-~oLT_1|I~(T_1OLTlf(T7 (156)
where Ly : I'y — Ty

is defined by
Li(y) == lim 71 0 (Oh=19e) 0 €1(y),

where ¢ : I'yy1 X I'y = T'yyq x Ty is defined by
¢i(z,y) = (y + Dn o NN o En(z),y),

where 7 (x,y) = x and e1(y) = (0, y).

Remark 2. Note that, in the proof, we have used the approximation result [22| Theorem 4.3] of
Sobolev functions by neural networks with ReLU function x — max{0, x}, which is not differentiable
at 0. Alternatively, we can use approximation result [l Theorem 4.1] by neural networks with ReCU
function x — max{0, z}3, which are continuously differentiable. Then, each block Idx + Dy o
NN; o Ey in a obtained approximator G is C* and strongly monotone on ball Ty = B(0, R’ + t6),
that is, it holds that there is an o > 0 such that

((Idx + Dy o NNy o Ex)z, x)x > oflz — y|%, =,y € Ty,
which implies that, by the same argument as in Lemma 3]
(Idx + DN o NNioEn): 'y — (Idx + Dy o NNy o En)(Ty),
is a C'-diffeomorphism.

Remark 3. From the proof, we can show that, for eacht = 1,...,T
Lt(kt) C thl-
Then, the mapping ® defined in (I36) is well-defined.
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Proof. Letd,e € (0,1),and let F': X — X be a layer of a neural operator defined in . Assume
that F is bilipschitz, that is, it satisfies (85) and

|F(z) = F(y)lx < Cille —yllx, forallz,y e X. (157)
By Theorem[d] there is 7' € N such that I’ can represented in the form
F(z)= (Idx — Hy)o(Idx — Hr_1)o---0o (Idx — Hy) o A(z), forx € Bx(0,R),

where A : X — X is a linear invertible map that is either the identity map or a reflection operator
x — ¢ — 2{x,e)xe with some unit vector e € X, and H; : X — X are global Lipschitz maps
satisfying

Lipx_, x(H¢) <6/2. (158)

for all . Moreover, the operator H; : X — X is a compact mapping. We choose R’ > 0 such that
A(Bx(0,R)) € Bx(0,R).

We denote by
Ky:=A(Bx(0,R)), K;:=(Idx —H)(Ky), - Kr:=(Idx — Hr)(Kr-1).
Io:=Bx(0,R'), Ty:=B(0,R'+6), --- Try1:=B(O,R +(T+1)J).
We choose R > 0 such that forall t =0, ..., 7 + 1

En(K:), EN(T¢) C Brn (0, R).
Since H; : X — X is a compact mapping, for large enough IV € N, we have that forallt =1, ..., T,

€
sup ”Ht(x) _PVN OHtOPVN('T)

< ° (159)
2€Bx (R) Ix 2T(1+0)7

Note that
PyyoHioPy, =DyoHy;oFEn,

where I:IN,t ‘RN = RN by
f{Nﬂg = EN OHt e} DN.

From (138)), we have
Hyy € WH™(Bgw (0, R); RY).

By approximation by ReLU neural networks in Sobolev spaces (see e.g., [22, Theorem 4.3]) , there is
a ReLU neural network NN; : RN — RN, NN, € Ry N, rerv (X) such that

~ . € ]
[ H e — NNtHWLoo(BRN (0,R);rN) < Min {2T(1+5)T’ 2} - (160)
Then, we estimate that by (I59) and (T60)

€
5 Hy(x) —DnyoNN,oE < — .
mg}‘?_l | Hy () N © 1o En(7)]lx < T+ 0)T

Also, we estimate that by (T58) and (T60)

(161)

LipBRN(O,R)ﬁ]RN (NN;) < LipBRN(O,R)ﬁRN (ﬁN,t) + LipBRN (0,R)—>RN (ﬁN,t - NNy)
< LipX—>X(Ht) + HFIN,t - NNtHwLOO(BKN(o’R);RN) <4 (162)

We denote G : X — X by
G:=(I—-DyoNNroEyny)o(I-—DyoNNp_j0EN)o---0o(l —DyoNNjoEy),
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which belong to R7 n,¢ rert7(X). Then, by (161) and (162)), we estimate that for all z € Bx (0, R),
[F(z) = G o Az)[|x

< Y 1(OF=es1 = Dy o NNy 0 Ex)) o (Ohoy (I — Hy)) © A2)
1<t<T
T t—1
~ (Oh=t(I =Dy o NNy o En)) o (O),21 (I — Hp)) o A(z)||x
T
< > II (1+Livgy 0.pmv (NN)) sup [I(1 = Hi)(y) — (I = Dy o NNy o Ex)(y)llx
1<t<T h=t+1 YyeEK 1
T
< S ] @+6) suwp |Hey)— Dy o NNy o Ex(y)lx
1<t<T h=t+1 yeKi—1
< T; < e.
< 2, (+9) T+ = °

1<i<T

Next, as (T60), we see that
(I—DyoNNjoEN)|r, :Tg—T1, (I—DyoNNyoEN)|r, :T1 =Ty,
(I-DyoNNpoEN)|ps_, :Tp_q = Tp.
and
Glr, = (I—-DyoNNroEN)|rp_;o(I=DnoNNp_10EN)|rye_y0 - 0o(I—=DyoNNioEN)|r,,
which means that G|r, maps from I'g to I'p. Fort = 1,..., T, we define L; : I'; — I'y11 by
Li(y) =", yeTy,
where * € I';1 is a unique fixed point of h; , : I'y41 — I'y41, where
hiy(z) :=y+ Dn o NNy o Ex(z),
that is, 2* € I';11 is a unique solution of
hiy(x)=2 <<= y=({I—-DyoNN,oEn)(z), z&Tl.
Indeed, there is a unique solution because we have for x1, x2 € 'y, from @)
Aty (21) = hiy(22)[x = [[Dn o NNy o En(21) — Dy o NN; o En(32)||x < 6[|z1 — 22]|x,

which implies that h;, : I't11 — T's11 is a contraction map. Then, we have for x € I'y_y,
t=1,..,T,
Lio(I —DyxoNNyo En)(z) =uz. (163)

Here, the solution z* € I';1 is given by

¥ = lim z,,
n—oo

where
ro=0, Zpy1=y+DnoNN;oEn(wy).

We define ¢; : 'y X I'y = 'y X Ty by
(Pt($,y) = (y+ DN ONNt OEN(‘T)vy)‘

Let 71 (z,y) = xand e1(y) = (0,y) where 7 : X X X — X ande; : X — X X X are linear maps.
Then,

Li(y) = 2" = lim m o (Oh=1t) © e1(y).
n—oo
We define ®p : I'r — ['g by
®p:=PryoLioPr olso---0Pp,  olLr,

where Pr, : X — X is the projection onto the convex set I'y = B(0, R’ + tJ). Then, by (163), we
have for © € Bx (0, R')
DpoG(z) = 2. (164)
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Therefore, ®p is the left-inverse of G, that is, G| (0,r)) : A(Bx (0, R)) — X is injective, and
Glax(o,r)) : A(Bx (0, R)) — GoA(Bx (0, R)) is bijective, and the inverse (G|G0A(BX(0’R)))‘1 :
G o A(Bx(0,R)) — A(Bx(0, R)) is given by

(Glaoasx(0,r)) " =@,

where ® : G o A(Bx (0, R)) — A(Bx (0, R)) is defined by ® := ®p|goa(By (0,Rr)) and has the
form
®=1LioLyo-0oLr|goaBx(0,R):

Therefore, Go A : Bx(0,R) — G o A(Bx (0, R)) is also bijective, and the inverse is given by
(GoAlpyomr) =47 0.
Note that G o A(Bx (0, R)) C I'p. O

A.8 Production of Quantitative Universal Approximation Estimates

Here, we show how our framework may be used ‘out of the box’ to produce quantitative approximation
results for discretization of neural operators.

Let X be a separable Hilbert space. We will consider a Hilbert space X, endowed with its norm
topology. Recall that So(X) C S(X) is a partially ordered lattice of finite dimensional subspaces
of X. Next, we consider quantified discretization of a continuous, possibly non-linear function
F: X — X, thatis, how the discretizations Fy : V' — V can be chosen (using e.g. neural networks
Fv having a given architecture for each subspace V' C X)) so that the obtained discretization operator
A has the explicitly given error bounds ey .

Using quantitative approximation results for neural networks in R, see e.g. [57]] or [23]], one obtains
quantitative results for neural operators. An example of such result is given below.

Proposition 5. Let r > 0 and F: Bx(0,7) — X be a non-linear function satisfying F €
Lip(Bx(0,7); X), inn = 1, or F € C"(Bx(0,7); X), if n > 2. Let ey > 0 be numbers in-
dexed by the linear subspaces V. C X such thatey — 0as V — X. When d = dim(V'), the space V
is identified with R? using an isometric isomorphism Jy: V. — R%. Then there is a feed forward neu-
ral network Fy g : R — RY with ReLU-activation functions with at most C(n, d) logy (1 +7)"/ev)
layers and C(n, d)sad/n logs((1 + 7)™ /ev) non-zero elements in the weight matrices such that
AnN @ F = (Fv)vesy(x) where Fy = J; o Fygoldy: V. — V, is an -approximation
operation in the ball Bx (0, ).

Proof. Let Lip(F: Bx(0,r) = X) < M,inn = 1, or [Fllcn By omxy < M, ifn > 2. Let
V' C X be a linear subspace of dimension d and €y, > 0. Let us use some orthogonal basis of
V to identify V and R¢ and denote the identifying isomorphism by .J : R — V. The function
F:R? — R% givenby F' = J~1 o Py o F o J satisfies Lip(F': Bra(0,7)) = X) < M ifn =1,
or ||FHC,L(§W 0,m) < M if n > 2. Then, by applying [57, Theorem 1] or [23]], we see that there
exists a feed forward neural network Iy 4 : R? — R< with ReLU-activation functions with at most
C(n,d)log,((1 + r)" /ey ) layers and C|(n, d)e(/d/”
weight matrices such that

log,((1 4+ 7)™ /ev) non-zero elements in the

[Fve(z) — F(x)|gs < Mey. (165)
Due to Def. [I] this yields the claim. O

B Invertible residual network on separable Hilbert spaces

In this section, we consider the approximation of diffeomorphisms by globally invertible residual
networks on Hilbert spaces. From the viewpoint of no-go theorem, as the class of diffeomorphisms is
too large, we focus on the class of strongly monotone C'*-diffeomorphisms with compact suppo

>We denote the support of F' : X — X by supp(F) := {z € X : F(z) # z}.
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We first obverse a following similar result with Theoremthat strongly monotone C'*-diffeomorphism
F : X — X with compact support has the property that any linear discretizations Py F'|y are still
strongly monotone C!-diffeomorphism with compact support. The proof can be given by the same
argument in Theorem 3| because F has the form of F' = Id + B where B := F — Id is a compact
mapping.

Proposition 6. Let Ay, be the discretization functor that maps F to Py F|y for each finite subspace
V C X. Let Dy and By, be categories where F' : X — X and Fyy : 'V — V are strongly
monotone C'-diffeomorphisms with compact support. Then, the functor Ay @ Deme — Bsme
satisfies assumption (A), and it is continuous in the sense of Definition|§]

Under the same setting and notations in Section[3.5] we define the class of invertible residual networks
in the separable Hilbert space by, for T, N € Nand ¢ € (0, 1),

8050 (X) = {G € Renp0.0(X) : G = OL,(Idx + Dy 0 NNy o Ey),
Lipy_,x(Dn o NN, o Ex) < 6 (t = 1,...,T)}7 (166)

which is a subset of R%ﬁf}’v%é’a(X ) defined in . The smallness of Lipschitz constants
Lipy_, x(Dny o NN; o Ey) implies that Ri}f}’v%&g (X) is included in the class of homeomor-
phisms. The following lemma shows this fact.

Lemma 9. Ler 6 € (0,1), and let F' € R%%7¢757U(X). If o : R — R is Lipschitz continuous,

then F : X — X is homeomorphism. Moreover, if o : R — Ris C!, then, F : X — X is
C-diffeomorphism.

Proof. Assume that o is Lipschitz continuous. Let G € R’TZ”;VW 57U(X ), that is,
G = (Idx + Dy oNNpoEy)o---o(Idx + Dy o NNy o Ey),
where Lipy_, x(Dy o NN; o Ex) < 6. It is enough to show that forallt =1, ..., L
Idx + Dy o NN;oENy: X — X,
is homeomorphism. Indeed, we have for u,v € X
((Idx + Dy o NNy o En)(u) — (Idx + Dy o NNy o En)(v),u — v) x
= |lu—v||% + (Dy o NN;o Ex(u) — Dy o NNy o Ex(v),u —v)x > (1 —0)|lu— 0”%1’6

thatis, Idx + Dy o NN;o E : X — X is strongly monotone. By the same argument in Lemma
we can show that (Idx + Dy o NN;o Ey) : X — X is coercive. By the Minty-Browder theorem
[10, Theorem 9.14-1], (Idx + Dy o NNy o Ex) : X — X is bijective, and then its inverse
exists. Denoting by H; := Idx + Dy o NN, o Ey, we see that by substituting v = H~!(u) and
v = H~}(v) for (167)

1 ) — @)% < s Huo Hy () — oo Hy (o), Hy () — Hy (o) x
1

Tl = vllxE () = B )]l

which means that its inverse is continuous. Therefore, (Idx + Dy o NNy o Ey) : X — X is
homeomorphism.

<

For the second statement, we assume that o is C'*. By the same argument in Lemma we can show
that the derivative DHy|, : X — X atu € X is given by

DHily = Ix + Dn o D(NNi)| By (u) © EN,

and it is injective. Since Dy o D(NNy)|gy (u) © En : X — X is a finite dimensional linear operator,
it is compact operator. Then by the Fredholm theorem, DH|,, : X — X is bijective. By the

inverse function theorem, the inverse H, L' X — X is C', which implies that H; : X — X is
C'-diffeomorphism. O
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In what follow, we employ o as the GroupSort activation having a group size of 2 (see [3} Section
4]). As sort activation is 1-Lipschitz, from LemmaEl, RN, 5,0(X ) is a subset of the class of
homeomorphisms. We finally show that, in this case, ’L’“j\, o, 5,0(X ) is an universal approximator
for the class of the strongly monotone diffeomorphisms with compact support.

Theorem 7. Let R > 0, and let F: X — X be strongly monotone C*-diffeomorphism with compact
support, and let o be the GroupSort activation having a group size of 2. Then, for any orthonormal
basis {pn}nen C X, 0 € (0,1), and € € (0,1), there are T, N € N, and G € R}y , 5 ,(X) such
that

sup [[F(u) - Gu)[[x <e
u€Bx (0,R)

Moreover, the inverse G : X — X of G € Rfﬁ}’v)%é)o(){) is given by
G'=Lio-oLp_yolLr, (168)
where Ly : X — X is defined by

Li(y) = lim 710 (Ohoadr) o ea(y),
where gzgt : X X X — X x X is defined by

qzt(xay) = (y +DyoNNgo EN(x)ay)v
where m(z,y) = x and e1(y) = (0, y).

Proof. We denote by Diff* (X) the class of C'!-diffeomorphisms between X, and Diff!, (X the class
of strongly monotone C-diffeomorphisms between X. We also denote the support of F' € Diff! (X)
by supp(F) := {z € X : F(z) # x}. We say that F' € Diffim’c(X) if F € Diff!, (X) has a
compact support.

Let F' € Diffi’sm(X). We define Fy : X — X by Fy := Idx + Py, (F — Idx)Py,, and we see
that

Fy = Idx + Py, (F — Idx)Py, = Pyy + Py FPy, = Py, + DyEyFDyEy.
We can show that for large N € N
sup  [[F(u) = Fi(u)llx < sup [[Pvy(Idx — F)Pyy(u)x <, (169)

u€Bx (0,R) u€Bx (0,R)
as Idx — F : X — X is a compact mapping. By the same argument in Lemma [T} we can show
that Fiy := ExFDy € Diff! (RN), and DFy|o is a positive definite matrix, which is connected

sm,c

to Idp~. By the similar argument in the proof of Theorem [] see (I05)-(152), we can construct
continuous paths £ : [0, 1] — Diff},, (RN)and 3 : [0,1] — GL(RN) with fo = DFylo, fi = Fn,

sm,c

Bo = Idgw, and 81 = DFy|o such that
Fy=(fiof;,)o(frnofil)o...

m—1

o (fuofo)o(BioBi ) o (B, 0Bt )oo(Bs 0By, (170)

where t; and s; are chosensothat 0 =15 <t < ...t <tmpr =land 0 =50 <51 < ...8, <
Sm+1 = 1 and that the Lipschitz constant of the maps f;, o ft;il — Idg~ and B, o ;1) — Idgn
are less that §.

Then, there is T' € N such that F'y has the form
Fyn = (Idgny — Hr) o (Idgy — Hp—1)0---o (Idgn — Hy),
where foreacht =1, ..., T,
Lipg~ v (Hy) < 0.
Then, remarking that £y Dyn = Idgy and Dy En = Py,,, we see that
Fy =Py + Dy(Idgn — Hp)o---o (Idgn — H1)Ey
=(Idx —DyoHroEyN)o---0(Idx — Dy o Hy o Ey).
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Foreacht = 1,...,T, by using 3, Theorem 3 and Observation], 6-Lipschitz function H; : RN 5 RV
can be approximated by a neural network N N; : RN — RY with GroupSort activation ¢ having a
group size of 2 in L°°-norm on any compact set, and NN; : RN — R is §-Lipschitz continuous.

We denoting by
G := (IdX - DN ONNT OEN) ©--+0 (IdX - DN o NN1 o EN) S R%UN,w,é,a(X)'

Note that Lip y_, x (Dy o NNy o Ex) < 4. Then, we can show that, by similar way in the first half
of proof of Theorem 5]
sup [[Fi(u) = Glu)|lx <e. (171)
ueBx (O,R)

With (I69) and (I71)), we obtain that

sup  [|[F(u) =G(u)[x < sup [[F(u)-Fi(u)llx+ sup [[Fi(u) = G(u)llx < 2e.
u€Bx (0,R) u€Bx (0,R) u€Bx (0,R)

The representation of inverse G~! can be given by the same argument in the proof of Theorem [

Similarly in Corollary [T} Theorem [7]and Lemmas [I0]and [TT] have the following corollary.

Corollary 2. Under the same setting and assumptions with Corollary let
RNOTY 5.0(L*(D;R)) be the class of invertible residual neural operators defined
in . Then, the statement replacing X with L*(D;R) and G € 31?}(,7%570(X) with
G € RNOFY 4 5.0(L*(D;R)) in Theoreml?]holds.

C Neural operators

C.1 Examples of generalized neural operators

In the main text, we defined generalized neural operators on Hilbert spaces. Here, we give several
examples to show that they are extensions of classical neural operators [33}30].

Example 1. Let X be a Hilbert space. Let Gy : X — X be a classical neural operator having the
form

Gy := (WTg +KT£) OO’(WTZ,1 + KTzfl) o- ~-O‘(W1 +K1),

where Wy : X — X are linear bounded operators corresponding to the local term and K, : X — X
are compact operators corresponding to the non-local term (e.g., integral operators having a smooth
kernel or smooth basis). We assume that activation function o is C*. Then, we have Gy € C1(X; X).
Let Ty = Kipe : X — X and Ty = Kproj + X — X be compact linear operators, which
corresponds to lifting and projection, respectively. We denoting by

Fyp:=I+T 0GyoTs,

which is one block of classical neural operators with skip-connection. We also denote by Ay = 1d
and o = Id. Then, the generalized neural operator H = Fp, o --- o F corresponds to classical
neural operators with skip-connections. In this paper, the skip-connection (ie., the structure of the
identity plus some compact mapping) is so important to preserve bijectivity, discussed in Section[3]

Example 2. We show that classical neural operators , for example
Fogs s u (W2 =+ K2) © (U(Wlu + Kl(u))’

see [30,133l], can be written in the form of the generalized neural operators that we consider of the
form

H(x)=Agooo0F,o0Ax_1000F;_10---0Aj000F oA,
where Aj : X — X are linear operators which may not be bijective and F; = Id +T; 1 0 GoTjo :
X - X.

We could start with the observations that for an infinite dimensional Hilbert space X there is a
linear isomorphism Jp, , : X™ — X™, where X™ = X x --- x X. The reason for this is that the
cardinality of Hilbert basis of the space X is the same as the cardinality of the Hilbert basis of X",
see [26, Theorem 3.5].
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First we observe that we can write an operator

H(z) = Ag o6y 0F,0A;_1065_10F_10--0Ad;050F oAy,

where 121]‘ : X" — X"+! are linear operators which may not be bijective and Fj = Id+
TiinoGoTjo : X™ — X" and G, + X™ — X" is 6(X1, T2, -, Tips Tigt1s -« > Tny,) =
(1,22, .., iy, 0(Tip11)s - - -, 0(Tn,,)) in the form

H(z) = (Jl,nk“OAkOJnk,l)o(Jl,nk 060 F,0Jp, 1)0(J1np 0AR_ 10T, 1)0 - -0(J1m, 0A00Tng 1),
where e.g. (Jin, ., © ApoJn, 1) X = X and (J1p, 061 0 Fyo Jng1) + X — X. This means
that in our formalism we can replace e.g. operators Ay by matrices of operators Ay.
Next we go to the second step of the construction:
As an example, let us consider the classical neural operator

Feigs 1 u— (Wa + Kz) 0 0o (Wiu + Ki(u)),

where W1 and Ws are invertible matrices and K1 and Ko are compact operators, can be written as
an generalized neural operator

u— LyoF30Ls060Lqo0Fy(u),
where Fy : X — X is a layer of neural operator
Fo(v) = v+ W K (v),
and Ly : X — X is the invertible linear operator
Ly (u) = Whu,
and 6(u) = o(u) and Lo : X — X x X is a non-invertible linear operator
La(w) = (w,w),
and and F5 : X x X — X x X is a layer neural operator
Fy(wy,ws) = (w1, wy + Wy Ko(ws)),

and Ly : X x X — X is the non-invertible linear operator

L4(’LL1,’LL2) = WQ(UQ — ul).

Finally, we point out that if a non-invertible activation function o : X — X satisfies Lip(c) < )\, it
can be written as
u— Lo odolLq(u),

where
Ly :u— (u,u),

and & is an invertible function
0 : (ul,ug) — (ul, 2 ug + U(UQ)),
and
Ly: (wl,wg) — W9 — 2/\w1,
Note that equation 2 \u + o(u) = w can be written as a fixed point equation
u = go(u) = (20) " tw — (2\) Lo (u),
where Lip(g.,) < 1/2. Hence, g, : X — X is a contraction and the equation v = ¢,,(u) has a
unique solution for all w by Banach fixed point theorem. Hence, u — 2\u + o (u) is invertible.

Example 3. Let D C RY be a domain, and let L*(D;R) be the real-valued L?-function space on D,
and let p = {@y }nen C L?(D;R) be an orthonormal basis in L?(D;R). We consider the case when

X = L*(D;R") = L2(D;R)", and A; = W) where W) € R"*" are invertible matrices, and
F; =1Id+ PV/& o Kl(\?) o PV]@W(j)fl) (corresponding to Ty = PV]}\}’ Ty = PVJGW(j)fl, G = K](\?))
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where Vi := span{¢, n<n, and K%) : L2(D;R)" — L2(D;R)" is a finite rank operator defined
by

KJ(U,)(J)) = Z K;g?(3<uv<pp>L2(D;]R)<pq(x)v YIS Dv
p,q<N

Then, H : L?*(D;R)" — L?(D;R)" can be written by
H= (W(k) + K(’f)) 0o (W(k—l) + K(k—l)) 0go0---0 (W(l) + K(l)) 0o (W(O) + K(O))’
which coincides with classical neural operators (assuming that all local weight matrices are invertible)

used in e.g., [33]]. See Definition[9as well.

Example 4. Let us consider an example of an example of an generalized neural operator which
is obtained by composition of non-linear integral operators and smooth activation functions. Let
D C R? be be a bounded domain with a smooth boundary. We consider the case when X =
HY(D;R") = HY(D;R)" are Sobolev spaces, and A; = W'9) where W) € R"*" are invertible
matrices, and F; = Idgr + ig2_,p1 0 K9 o i 2WD= (corresponding to Ty = ig1_ o,
Ty =ige (W)L, G = KU) where K9 : L2(D;R)" — H'(D;R)" is non-linear integral
operator

RO )@= [ K@ pum)umiy. a €D,

where kernel satisfies k') € C3(D x D x R"; R"") has uniformly bounded three derivatives.
Also, let o € CY(R) be an activation function which derivative is uniformly bounded and we denote
o.f = 0o f. Then, H : H(D;R)" — H'(D;R)", defined by
H = (W(k)—‘,—sz*)Hl Ok(j)OiHI*)LQ)OU*O(W(k_l)+Z’H2*)H1 OK(j)OiH14,L2)OU*
O---0 (W(l) + K(l)) 004 O (W(O) + iH‘ZHHl o) R(J) o) iHl—)L2)7
is an generalized neural operator. Here, ig_, 1> and ig2_, 1 are compact emending from H' (D)

to L?(D) and H?(D) to H' (D), respectively. Non-linear integral operator in neural operator has
been used in [30)].

Example 5. Let us consider an example of a typical neural operator which is a finite composition of
layers of neural operators similar to those introduced in [30, 33|, F' : X — X of the form

F:u— oo (Wu+ Ta(G(Thu))), (172)

where X = H™ (), Q Cc R? is a bounded set with a smooth boundary and W : X — X is a linear
operator. In the above, Y = C(Q) and Z = C™+1(Q), where m > d/2. Moreover, G : Y — Z isa
nonlinear integral operator

G(u)(x) = /Q Fo(z, v, u(y))u(y)dy,

where kg, 0,ks € C™T1(Q x Q x R) is a kernel given by a feed-forward neural network with
sufficiently smooth activation functions. Here, we assume that o € CYR), £ > m + 2 and that the
kernel kg is of the form

J
ko(z,y,t) = Z cj(z,y,0)0;(aj(z,y,0)t +bj(x,y,0)).

j=1
Moreover, Ty : X — Y and T : Z — X are the identical embedding operators

Due to the choice of function spaces X,Y and Z, the maps Ty and Ty are compact operators.
Summarizing, F' = F5 w i, where

Fypw i (u)(z) = o(Wu)(z) + /Q Ko(z,y, u(y))u(y)dy). (173)
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Furthermore, by choosing ko(z,y,u(y)) = ke(z — y) and Q = T? as the convolutional kernel and
the torus, the map I takes the form of an FNO [39].

Here the activation functions o and o are in different roles as the functions o; appear inside the
integral operator (or between the compact operators T and Ts). The function o is useful in obtaining
universal approximation results for neural operators, but as this question is somewhat technical, we
postpone this discussion to the end.

The appearance of the compact operators Ty and Ty makes the discretization of activation function o
and the activation functions inside G in Definition{|different, and this is the reason why we have
introduced both o and G. To consider invertible neural operators, we will below assume that o is
an invertible function, for example, the leaky Relu function. In the above operator, the nonlinear
Sfunction G inside compact operators in the operation

N:u—u+ Tg(G(Tlu)),

and the compact operators map weakly converging sequences to norm converging sequences. This is
essential in the proofs of the positive results for approximation functors as discussed in the paper.
However, we do not have general results on how the operation

Gy :u—oou,

can be approximated by finite dimensional operators in the norm topology, but only in the weak
topology in the sense of Definition[I1]of the Weak Approximation Functor. However, one can overcome
this difficulty in two ways. The first way is to use in the discretization a suitable finite dimensional
space V that satisfies G,(V') C V. For example, when X = L*()) and o is a leaky relu function,
one can choose V' to be a space that consists of piecewise constant functions. The second way is
choosing a composition of layers of the form

N;:u— Wiu+T ;(G;(Tzu)),

and
Gy :u—oou,

in different finite dimensional spaces V;. For example, we can consider these operations as maps

Ny : Vi — V7, (174)
Gs: Vi = Vo =G, (W), (175)
Ny : Vo — Vs, (176)
Go: Vo = V3:=Gs (Vo). (177)

This makes the composition
GUONgoGUONl V= Vg,

well defined. The maps, G5, are clearly invertible and one can use TheoremsHd]and [3|to analyze
when N; : V; — V; are invertible functions.

Finally, we return to the question whether the activation function o is useful in universal approxima-
tion results. If the activation function o is removed (that is, it is the identical map o;q : s — S), the
operator F is a sum of a linear operator and a compact nonlinear integral operator,

Fw i (u)(z) = (Wu)(z) + A ko(,y, u(y))u(y)dy. (178)

Moreover, if we compose above operators F; of the above form, the obtained operator, G : X — X
is also a sum of a linear operator and a compact operator,

G(u) = Wu + K (u).
Moreover, the Frechet derivative of G at ug, denoted DG, is the map
DGy : v = Wu + DK |y, v,
and, due to the above assumptions on kernel ko(x,y, u), the derivative is a linear operator

DKy, : H™(Q) — H™ ().
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By the Sobolev embedding theorem it is a compact operator DK lug : X — X. This means that the
Fredholm index of the derivative of DG)|.,, is constant

Ind(DG|y,) = Ind(W),

that is, independent of the point ug where the derivative is computed. In particular, this means that
one cannot approximate an arbitrary C*-function G : X — X in compact subsets of X by neural
operators which are compositions of layers (IT8). Indeed, for a general C'-function G : X — X
the Fredholm index may be a varying function of ug. Thus, o appears to be relevant for obtaining
universal approximation theorems for neural operators.

C.2 Residual neural operators

Let D C R? be a domain. In what follows, we consider the real-valued L2-function space L?(D;R)
f]. Let ¢ = {pn}nen C L*(D;R) be an orthonormal basis in L?(D; R).

Definition 9 (Neural operators [33]). We define a neural operator G : L?*(D;R) — L*(D;R) by
G :up — Ur41,

where ur, 1 is give by the following steps:

w1(z) =0o (W(é)Ug(J?) + (Kj(f)ue)(x) + b(z)) , ve€D, 0<¢<L-1,

U () = W () + (K Pug)(2) + b8, 2 €D,

where o : R — R is a non-linear activation operating element-wise, and W) € Re+1%de gpd
b € R+ and

VA
KY ) ()= Y KW 0p)120m@e(e), €D,
p,q<N

where K,Sf,} € Rletrxde (¢ =0, ... L, p,qg=1,...,N, dy = dj4o = 1). Here, we use the notation
forv = (vy,...,vq,) € L*(D;R)%

(v, 0p) r2(DR) = ((V1,9p) L2(DsR) > s (Vay» Pp) 2 (DR)) € R%.
We denote by NOp, n,».-(L?(D;R)) the class of neural operators G : L*(D;R) — L*(D;R)

defined above, with depths L, rank N, orthonormal basis ¢, and activation function o.
Definition 10 (Residual Neural Operator). Let T, N € N and let 0 € (0,1). We define by
RNOr N p.o(L*(D;R))
:={G : L*(D;R) = L*(D;R) : G = (Id2(p;r) + Gr) 0 -+ o (Idr2(pr) + G1),
Gi € NOp, Npo(L*(D;R)), Ly €N, t =1,...,T}, (179)

RNOTY o 5.0 (L*(D:R)) :=={G : L*(D;R) — L*(D;R) :
G = (Idp2(pw) + Gr) o -+ o (Id2(pry + G1), Gy € NOL, N0 (L*(D; R)),
Lipr2(pry—r2(pir)(Ge) <0, Ly €N, t=1,..., T}, (180)
Lemma 10. Let § € (0,1), and let F € RNOY'Y , 5.,(L*(D;R)). Let o : R — R be Lipschitz

continuous. If o : R — R is Lipschitz continuous, then F' : X — X is homeomorphism. Moreover, if
o:R = RisCl, then, F : X — X is C'-diffeomorphism.

The proof is given by the same argument in Lemma 9]

Lemma 11. Assume that the orthonormal basis  include the constant function. Then, we have the
following inclusion:

Rr.Np0(L2(D;R)) € RNO7 N oo (L*(D;R)), (181)
% 060 (LA (D;R)) C RNOTEY 5. (L*(D;R)). (182)

5We will discuss the function space L?(D;R) for easier reading, but all arguments can be replaced with
real-valued function space U(D; R) that is a separable Hilbert space.

49



Proof. Let G € Ry n,.o(L?(D;R)) such that
G = (Isz(D‘]R) +DN ONNT OEN) O---0 (Isz(D'R) + DN e} NNl ¢} EN)

1p(z)

Since ¢ = {@n tnen C L?(D;R) has the constant basis, denoting it by ¢y : = Mol pn)” where
L2(D;R
1p(z) = 1forz € D, we see that for o = (al, .nay) € RN
DNa Z an@n - Z an<¢1a<p1>L2(D;R)SDn(x)
n<N n<N
= Z ||1 H <04n : 1D7901>L2(D;R)90n($)'
nen I1DllL2(DiR)
We define Dy : L2(D;R)N — L?(D;R) by for u € L?(D;R)N
Dyu:= Z ]jp,q<u» ©p)L2(DR) P>
P,q<N
where D, , € R™V is defined by
1
(0,...,0,W,O7...70>7 p:l
~ D||L2(DiR)
Dpq = —
q—th
0, p#1
Then, we have that _
DNONNtOEN(U):DN(NNtOEN<U)'1D). (183)

Next, we see that
En(u) = ((u, 1) L2(DsR)s s (U oN) L2(DiR)) = Ll 22(Dsr) ({45 01) L2(DiR)s s (U N ) L2(DiRY ) 01 (),
We define Ey : L2(D;R) — LQ(D R)N by

Z p.a{Us Pp) L2(DR) Pq(T),
p,q<N

where £, , € RV*1 is defined by

T
(07"'a07 <1D7¢n>L2(D;R),O7'“7O> , 4= 1

Ep,q - p—th
o, q# 1
Then we have that _ ~ _
DN (NNyoEn(u)-1p) = Dy o NNy o En(u). (184)

With (T83) and (T84)), we see that
DyoNN;oEy=DyoNN;oEy € NOp, v.yo(L*(D;R)),
where L; € N is the depth of N N;. Therefore, G has the form
G = (Idp2(pr)+ DNoNNpoEy)o- - -o(Idp2(pr)+ DnoNNioEy) € RNOr N .0 (L*(D; R)).

(I82) can be proved by the same argument. O

D Generalizations

D.1 Generalization of the no-go Theorem 2] using weak topology

We can generalize the no-go Theorem 2] for the case when approximations and continuity of approx-
imations are considered in the weak topology of the Hilbert space X. This can be done when the
approximations of the identity map and the minus one times the identity operator satisfy additional
assumptions and the partially ordered subset Sy (X) is the set of all all linear subspaces S(X) of X.

In the case when So(X) = S(X) and Definition[7]the condition (A) can generalized as follows:
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Definition 11 (Weak Approximation Functor). When So(X) = S(X) we define the weak approx-
imation functor, that we denote by A: D — B, as the functor that maps each (X, F) € Op to
some (X, S(X), (Fv)ves(x)) € Op so that the Hilbert space X stays the same. The approximation
Sfunctor maps all morphisms ag to Ay and morphisms ax, x, to Ax, x,, and has the following
properties

(A’) Forallr >0, all (X, F) € Op and all y € X, it holds that

lim sup  (Fy(x) — F(z),y)x =0. (185)
V=X z€Bx (0,r)NV

Moreover, when F : X — X is the operator Id : X — X or —Id : X — X, then Fy is
the operator Idy : V — V or —Idy : V — V, respectively.

Moreover, Definition [§|can generalized as follows so that it uses the weak topology.

Definition 12. We say that the approximation functor A is continuous in the weak topology if the
following holds: Let (X, F),(X,FY) € Op be such that the Hilbert space X is the same for all
these objects and let (X, S(X), (Fv)ves(x)) = A(X, F) be approximating sequences of (X, F)
and (X, S(X), (Fjv)vesx)) = A(X, FY9)) be approximating sequences of (X, F9)). Moreover,
assume that forr > 0 and ally € X

lim  sup [(FYU)(z) - F(z),y)x| = 0. (186)

Jroo x€Bx (0,r)
Then, for all V € S(X) the approximations F‘(,j) of FY) and Fy of F satisfy for all y € X

lim sup |<F‘(/j)(x) — Fy(z),y)x| =0. (187)
J—roeo x€VNBy(0,r)

The theorem below states a negative result, namely that there does not exist continuous approximating
functors for diffeomorphisms.

Theorem 8. (No-go theorem for discretization of general diffeomorphisms) There exists no functor
D — B that satisfies the property (A’) of a weak approximation functor and is continuous in the weak

topology.

The proof of Theorem [§]is analogous to Theorem [2]by replacing A, by the map —Id and considering
a linear space V' € S(X) having an odd dimension, in which case deg(4; : V. — V) = —1. Let
Fo=1Id:X — Xand I} = —Id: X — X. Assume that (X, S(X), (Fy,v)ves(x)) = AX, F})
are approximations of the map F': X — X in the weak topology and that A is continuous in the
weak topology. Recall that then F; v : V — V are C''-diffeomorphisms that are discretizations of
F: X — X. Then, by condition (A"), Fy v = Idy and Fy y = —Idy so that deg(Fpv) = 1 and
deg(Fy,yv) = —1. Observing that when the condition is applied for y1,y2,...,y, € V that
form a basis of the space V having the dimension dim(V) = n, we see that the condition
implies the condition (7). Using these observations, Theorem [§]is follows similarly to the proof of
Theorem 2
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2. Limitations
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For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
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Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: Our paper does not have any numerical experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: Our paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: Our paper does not include experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: Our paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Our paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We follow NeurIPS code of ethics
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work is fundamental. Our work is not tied to a particular application. To
our knowledge, there are no direct paths to any negative applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our work is theoretical, does not release data or models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: Our work is theoretical and does not contain owners of outside assets, like
code, data or models.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our work does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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