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ABSTRACT

Reinforcement learning (RL) has emerged as an effective approach for enhancing
the reasoning capabilities of large language models (LLMs), especially in scenar-
ios where supervised fine-tuning (SFT) falls short due to limited chain-of-thought
(CoT) data. Among RL-based post-training methods, group relative advantage es-
timation, as exemplified by Group Relative Policy Optimization (GRPO), has at-
tracted considerable attention for eliminating the dependency on the value model,
thereby simplifying training compared to traditional approaches like Proximal
Policy Optimization (PPO). However, we observe that existing group relative ad-
vantage estimation method still suffers from training inefficiencies, particularly
when the estimated advantage approaches zero. To address this limitation, we pro-
pose Advantage-Augmented Policy Optimization (AAPO), a novel RL algorithm
that optimizes the cross-entropy (CE) loss using advantages enhanced through a
momentum-based estimation scheme. This approach effectively mitigates the in-
efficiencies associated with group relative advantage estimation. Experimental
results on multiple mathematical reasoning benchmarks and model series demon-
strate the superior performance of AAPO.

1 INTRODUCTION

Reinforcement learning (RL) has emerged as a powerful approach for enhancing the reasoning
and decision-making capabilities of large language models (LLMs). While LLMs have demon-
strated strong performance in both language understanding and generation tasks (Brown et al., 2020;
Chowdhery et al., 2023; Touvron et al., 2023a; Zhao et al., 2023), traditional training strategies such
as pre-training and supervised fine-tuning (SFT) (Radford et al., 2018; Bommasani et al., 2021; Liu
et al., 2023) often fall short in enabling effective chain-of-thought (CoT) (Wei et al., 2022) rea-
soning for complex decision-making tasks. To address this limitation, recent research has explored
RL-based training paradigms, which have shown considerable empirical success in specialized do-
mains such as mathematical reasoning. Models including GPT-o1 (OpenAI, 2024), DeepSeek-R1
(Guo et al., 2025), and QwQ (Qwen Team, 2024) exemplify this promising direction, demonstrating
the potential of RL to substantially improve the reasoning abilities of LLMs.

A recent advancement in LLM post-training with RL is the introduction of novel methods for ad-
vantage estimation, a technique for quantifying how favorable a specific action is in a given state.
In this context, the term advantage measures the relative benefit of an action compared to the av-
erage in that state, thereby providing an informative learning signal during training. Traditionally,
approaches such as Proximal Policy Optimization (PPO) (Schulman et al., 2017), exemplified by
InstructGPT (Ouyang et al., 2022), rely on a value model to estimate the advantage. Although
PPO offers stable and reliable performance, the need to maintain a separate value model leads to
substantial consumption of GPU resources.

In contrast to conventional approaches, the group relative advantage estimation method was orig-
inally proposed in Group Relative Policy Optimization (GRPO) (Shao et al., 2024) and has since
been widely adopted for enhancing reasoning capabilities in LLMs. Group relative advantage esti-
mation method removes the need for value models entirely by evaluating responses relative to the
average within a group of sampled responses. This approach significantly reduces GPU memory us-
age and computational costs while maintaining competitive performance in downstream reasoning
tasks. Its effectiveness is further evidenced by the strong performance of modern reasoning mod-
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els such as DeepSeek-R1 (Guo et al., 2025), which highlights the effectiveness of group relative
advantage estimation in balancing computational efficiency and performance robustness. Several
extensions have further refined this paradigm. Decoupled Clipping and Dynamic sAmpling Policy
Optimization (DAPO) (Yu et al., 2025) improves training on long CoT sequences through token-
level gradient estimation and relaxed clipping strategies. Dr. GRPO (Liu et al., 2025) introduces an
unbiased optimization method that enhances token efficiency, while Group Policy Gradient (GPG)
(Chu et al., 2025) further simplifies the learning process by removing surrogate losses and elimi-
nating the reference model. While these methods vary in implementation specifics, they all share
a common foundation in the principle of group relative advantage estimation for effective LLMs
post-training. We provide a comprehensive discussion of GRPO and GPG in Section 3.

Although the above approaches have significantly advanced RL in the post-training stage and en-
hanced the reasoning capabilities of LLMs beyond what SFT can achieve, the practical limitations
associated with the group relative advantage estimation method remain unresolved. As shown in
the left panel of Figure 1, when the group relative advantage estimation method (Shao et al., 2024;
Chu et al., 2025; Liu et al., 2025) is adopted, the advantage may approach when the rewards within
a group exhibit low variance, resulting in zero gradient and, consequently, no parameter updates.
Conversely, when rewards among responses within the group vary significantly, the resulting advan-
tages can exhibit high variance, potentially leading to unstable or unintended gradient ascent. Both
scenarios deviate from the desired optimization trajectories.

Figure 1: Left: An example convergence trajectories of policy optimization with group relative
advantage estimation method proposed in GRPO. Red node denotes gradient equals to zero. Purple
arrow denotes gradient ascent. Green arrow denotes gradient descent. Right: An example of ideal
convergence trajectories of policy optimization.

In this work, to address the challenges of policy optimization from the group relative advantage es-
timation method mentioned above, we propose a novel RL algorithm Advantage-Augmented Policy
Optimization (AAPO), which mitigates the issues demonstrated in Figure 1 by estimating the ad-
vantage with advantage momentum. Advantage momentum is defined as the distance between the
rewards of responses from the policy model and those of the responses from the reference model.
This approach incorporates a reference gradient into the original gradient, thus providing a reliable
optimization signal that reflects the overall direction of improvement, even when the advantages
approach zero. Experiments on several representative mathematical reasoning benchmarks demon-
strate the effectiveness and robustness of AAPO.

In summary, our main contributions are as follows:

• We delve into the optimization behavior of current RL algorithms adopting the group relative
advantage estimation method, in the context of post-training LLMs with RL, with a particular
emphasis on potential issues related to advantage estimation during the optimization.

• We propose Advantage-Augmented Policy Optimization, which mitigates the issues of advantage
estimation with advantage momentum by taking a comparison with the reference model.

• Experiments have demonstrated that AAPO achieves superior performance across different model
series and mathematical reasoning benchmarks.

2



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

Under review as a conference paper at ICLR 2026

2 RELATED WORK

Large Language Models LLMs such as PaLM 2 (Anil et al., 2023) and Llama (Touvron et al.,
2023a;b) achieved impressive performance in understanding and generation tasks, largely due to
scaling laws, high-quality pre-train corpus, and optimized training techniques (Chen et al., 2024;
Ouyang et al., 2022; Gunel et al., 2021; Wang et al., 2023). However, these models still struggle
with complex reasoning. In contrast, recent LLMs such as GPT-o1 (OpenAI, 2024), DeepSeek-R1
(Guo et al., 2025), and QwQ (Qwen Team, 2024) show strong reasoning capabilities, particularly in
mathematical tasks. These gains are primarily attributed to RL-based post-training, which signifi-
cantly outperforms traditional SFT.

Reinforcement Learning for LLMs Early RL-based post-training methods (Christiano et al.,
2017; Song et al., 2024; Ouyang et al., 2022; Ziegler et al., 2019) mainly relied on human-labeled
preference data and reward models to evaluate responses. PPO (Schulman et al., 2017) estimates
state values via a value model for advantage estimation while using a reward model to assign re-
wards. DPO (Rafailov et al., 2023) uses paired preference data to encourage preferred responses
and suppress undesired ones. However, annotating preferences and training reward models are re-
source intensive. Moreover, the scarcity of explicit reasoning data limits the enhancement of models’
reasoning capabilities via these RL methods. DeepSeek-R1 is the first to report the use of RL to en-
able extended CoT generation and the emergence of the so-called ”aha moment” (Guo et al., 2025).
Specifically, DeepSeek-R1 adopts GRPO (Shao et al., 2024), which estimates advantages through
in-group comparisons, thereby enhancing the feasibility of aligning models for reasoning tasks. Yet,
the limitations of existing advantage estimation remain underexplored. In this work, we introduce
AAPO, which redefines advantage estimation by incorporating advantage momentum, effectively
addressing the issues of the group relative advantage estimation method in policy optimization.

Advantage estimation in Reinforcement Learning Previous RL approaches (Schulman et al.,
2017; 2015; Haarnoja et al., 2018) estimate the advantage using either Monte Carlo returns
(Williams, 1992), Temporal-Difference (TD) (Sutton et al., 1999) errors, or Generalized Advantage
Estimation (GAE) (Schulman et al., 2016). While these critic-based estimators form the backbone of
algorithms such as PPO, maintaining a separate value network becomes computationally expensive
when the policy is implemented as an LLM. Group relative advantage estimation method proposed
by GRPO (Shao et al., 2024) computes the advantage by comparing each response’s reward to the
group mean, reducing the resources needed. However, it introduces new optimization challenges,
as discussed in the introduction section, that have yet to be investigated. In this work, we pro-
pose a novel advantage estimation method that incorporates advantage momentum and optimizes
the cross-entropy loss to better enhance the reasoning capabilities of LLMs.

3 PRELIMINARY

This section provides a preliminary overview of group-based relative advantage estimation methods
for RL-based training by briefly introducing GRPO (Shao et al., 2024) and GPG (Chu et al., 2025).
In the context of the GRPO algorithm, it circumvents the dependency on the value model which is
commonly required in PPO (Schulman et al., 2017) by estimating advantage within grouped sam-
ples. It utilizes a rule-based reward system to score responses generated by LLMs. Furthermore,
GRPO retains the clipping strategy from PPO to prevent excessively large policy updates and lever-
ages the reference model πref to compute the current Kullback-Leibler (KL) divergence, thereby
ensuring the stability and integrity of the model during training. Specifically, for each question q,
GRPO samples a group of responses O = {o1, o2, · · · , oG} from the old policy πθold and optimizes
the policy model πθ by maximizing the following objective:

JGRPO(θ) = E(q,a)∼D,{oi}G
i=1∼πθold

(·|q)
1

G

G∑
i=1

1

|oi|

|oi|∑
t=1{

min
[
ri,t(θ)Â

GRPO
i,t , clip (ri,t(θ), 1− ε, 1 + ε) ÂGRPO

i,t

]
− βDKL [πθ||πref ]

}
,

(1)

where ε and β are hyper-parameters to control the clip boundary and the KL divergence penalty
coefficient, respectively. In this context, ÂGRPO

i,t represents the advantage, derived exclusively from
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the relative reward of the responses within the same group. ri,t(θ) represents the likelihood ratio
between the current policy πθ and the old policy πθold . Typically, the likelihood ratio ri,t(θ) and the
advantage ÂGRPO

i,t are calculated using the following formula:

ri,t(θ) =
πθ (oi,t | q, oi,<t)

πθold (oi,t | q, oi,<t)
, ÂGRPO

i,t =
ri −mean({Ri}Gi=1)

std({Ri}Gi=1)
. (2)

Recent work GPG (Chu et al., 2025) proposes directly optimizing the original RL objective, yield-
ing improved performance over GRPO. While the advantage estimation method used in GPG is
similar to that of GRPO, it further emphasizes the advantage of responses that are valid to gradient
estimation. Generally speaking, the core objective of GPG is to optimize the following objective:

JGPG(θ) = E(q,a)∼D,{oi}G
i=1

 1∑G
i=1 |oi|

G∑
i=1

|oi|∑
t=1

(
− log πθ (oi,t | q, oi,<t) Â

GPG
i,t

) , (3)

where ÂGPG
i,t =

ri−mean({Ri}G
i=1)

Fnorm
and Fnorm could be 1 or std({Ri}Gi=1). However, the rewards of

the responses within a group may exhibit low variance. This suggests that ÂGPG
i,t in GPG encounters

the same challenges as ÂGRPO
i,t in GRPO.

In this work, we propose a novel algorithm AAPO to address the issues caused by the group rela-
tive advantage estimation method in the policy optimization process. We also provide an in-depth
analysis of both the prevailing advantage estimation method adopted in (Shao et al., 2024; Yu et al.,
2025; Chu et al., 2025) and our proposed AAPO.

4 ADVANTAGE-AUGMENTED POLICY OPTIMIZATION

Inspired by the optimization behavior found in current RL algorithms (Shao et al., 2024; Liu et al.,
2025; Yu et al., 2025; Chu et al., 2025), our objective is to mitigate the issues that arise in the pol-
icy optimization process, overcoming the challenge where advantage estimation tends to approach
zero or bad advantage estimation in the later steps of RL training. Drawing further inspiration from
the well-established Adam (Kingma & Ba, 2015) and the recent GPG algorithm (Chu et al., 2025),
which optimizes the RL objective directly, thus avoiding the surrogate loss function, we propose
a novel algorithm, Advantage-Augmented Policy Optimization (AAPO), which directly optimizes
the cross-entropy (CE) loss enhanced by augmented advantage, which is driven by the advantage
momentum. In contrast to previous approaches (Shao et al., 2024; Chu et al., 2025; Liu et al., 2025),
AAPO leverages advantage amplification by performing group-based sampling for both the policy
model πθ and the reference model πref . Specifically, we calculate the reward for each response
generated by the policy model πθ, evaluate the relative advantage of each response within its group
G, and compare these rewards rθi with those rrefi obtained from the reference model πref . This
method improves the effectiveness of the RL training step by preventing the advantage from ap-
proaching zero and exhibiting high variance. Formally, AAPO optimizes the policy model πθ by
minimizing the following objective:

JAAPO(θ) = E(q,a)∼D,{oi}G
i=1

 1∑G
i=1 |oi|

G∑
i=1

|oi|∑
t=1

(
− log πθ (oi,t | q, oi,<t) Â

∗
i,t

) , (4)

where

Â∗
i,t =

rθi −mean(rθ)

std(rθ)
+ clip( rθi − rrefi︸ ︷︷ ︸

Advantage momentum

, δlow, δhigh). (5)

Based on equation 4, it is straightforward to derive its gradient:

∇θJAAPO(θ) = −E(q,a)∼D,{oi}G
i=1

 1∑G
i=1 |oi|

G∑
i=1

|oi|∑
t=1

Â∗
i,t · ∇θ log πθ (oi,t | q, oi,<t)

 , (6)

4



216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Under review as a conference paper at ICLR 2026

where the augmented advantage Â∗
i,t functions as a constant coefficient that scales the gradient.

Definition For a group G containing sampled responses O = {o1, o2, · · · , oG}, the empirical
AAPO loss is defined as LG(θ) =

1
NG

∑
o∈G [− log πθ(o)Â

∗], where πθ is the policy model, NG =∑
o∈G |o| is the total number of tokens in the group. We further define the expected objective as the

expectation of the empirical loss over all possible groups L(θ) = EG∼πθ
[LG(θ)].

Theorem 1. (Stability) Since the rewards are bounded, the group standard deviation satisfies
0 ≤ σmin ≤ σ, and the log-likelihood gradients are bounded as ||∇θ log πθ(o)|| ≤ M . Then, Each
gradient step with learning rate ηk satisfies ||θk+1 − θk|| ≤ ηkMB, where B = Rmax−Rmin

σmin
+

max(|δlow|, |δhigh|) is the uniform bound on the AAPO weights. The expected objective is bounded
from L(θ) ≥ −B log |V|, where |V| is the vocabulary size. Hence, AAPO training is stable: the
objective cannot diverge to −∞ and parameter updates are always finite. Proof in Appendix B.
Theorem 2. (Convergence) Assume that the stochastic gradient is unbiased and that the per-
sample gradient has bounded second moment. Let the step sizes satisfy the Robbins–Monro condi-
tions ηk > 0,

∑
k ηk = ∞,

∑
k η

2
k < ∞. AAPO converges to a stationary point of its expected

objective lim infk→∞ E
[
∥∇L(θk)∥2

]
= 0. Moreover, if a constant step size η < 1

BL0
is used,

where L0 is the smoothness constant of − log πθ(o), then the iterates converge to a neighborhood of

stationarity lim supK→∞
1
K

∑K
k=1 E

[
∥∇L(θk)∥2

]
≲ O(η) +O

(
1

NG

)
. Proof in Appendix B.

From the formulation of the augmented advantage Â∗
i,t, it is evident that as the policy is optimized,

the reward rθi of the responses sampled from the policy πθ within a group increases. Consequently,
the distance between these rewards rθi and those rrefi of the responses sampled from the reference
model πref will also widen, since the parameters of the reference model remain frozen throughout
the training process of AAPO. In later steps of RL, the responses sampled from the policy tend
to be of high quality, causing the relative advantages ÂGRPO

i,t within the group to approach zero.
If training continues using the original advantage estimation method in equation 2, the resulting
gradients will approach zero, leading to significantly reduced training efficiency. However, under
the proposed method augmenting advantage with advantage momentum in equation 5, even when
the group relative advantage approaches zero, the rewards of the policy samples remain higher than
those of the reference samples. This ensures a nonzero advantage Â∗

i,t in AAPO as discussed in
Section 5.2, thereby maintaining informative gradients for continued policy optimization.

5 ANALYSIS OF AAPO

5.1 DEEP ANALYSIS OF GROUP RELATIVE ADVANTAGE ESTIMATION

As shown in equation 2, current advantage estimation methods in recent RL approaches (Shao et al.,
2024; Yu et al., 2025; Liu et al., 2025) that eliminate the dependency on a value model predominantly
adopt this form of computation. We now present a rigorous analysis into the underlying phenomena
induced by this advantage estimation method: (1) Phenomenon 1: What are the implications when
all responses within a group are similarly good (or all of high quality)? (2) Phenomenon 2: What
are the implications when all responses within a group are similarly bad (or all of low quality)?

To rigorously address the aforementioned questions, we proceed with a systematic, step-by-step
analysis. For the sake of mathematical convenience in the proof, we limit our discussion to cases
where all responses are similarly good in Phenomenon 1 and similarly bad in Phenomenon 2, re-
spectively, as the proof for all of high quality and low quality responses follows the same structure.

Phenomenon 1 Considering that all responses are similarly good, which implies that the reward
for each response is nearly the same, this indicates ∀i, j ∈ {1, 2, 3, · · · , G} ∧ i ̸= j, ri ≈ rj , their
respective advantage, as estimated according to equation 2, can be expressed in the following form:

ÂGRPO
i,t =

ri −mean({Ri}Gi=1)

std({Ri}Gi=1)
→ 0. (7)

As expressed in equation 7, the advantage of each response approaches zero in this case. For illus-
trative purposes, we use the loss function of GRPO (Yu et al., 2025) as an example. As mentioned in
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DAPO (Yu et al., 2025), removing the KL divergence in GRPO could further improve the optimiza-
tion. The KL divergence, summation and averaging operators in equation 1 are omitted to facilitate
clarity in this context. Under these conditions, the gradient formula of GRPO is formally given by:

∇θJGRPO(θ) = AGRPO
i,t ∇θ log πθ(oi,t | q, oi,<t). (8)

As illustrated in the computation of equation 8, when the advantage of each response approaches
zero, the corresponding gradient also decreases to zero. This implies that the gradient update for
the policy becomes negligible for this training step, resulting in very low training efficiency. Similar
issues are observed in methods such as GRPO, DAPO, GPG (Chu et al., 2025), and Dr. GRPO
(Liu et al., 2025). Nonetheless, the observation that all responses are associated with similarly high
reward does not unequivocally imply that the policy has been sufficiently optimized; it may alterna-
tively reflect a high variance (Roelofs et al., 2019; Yu et al., 2022) in the current policy, suggesting
that the policy has converged to a sub-optimum, performing well only on a narrow category of ques-
tions. However, this phenomenon is frequently observed during the later steps of RL training if the
advantage estimation method in GRPO is adopted.

Phenomenon 2 Similar to the scenario in Phenomenon 1 where all responses are similarly bad,
when all responses are similarly bad, the reward assigned to each response tends to be similar. As
a result, the relative advantage of each response approaches zero, leading to a zero gradient during
policy updates, which is computed using equation 8. Consequently, the efficiency of this training
step becomes significantly low. Such a phenomenon is frequently observed when the policy is
confronted with input samples that exhibit inherently high complexity or ambiguous representation.

Analysis Conclusion Based on our in-depth analysis of the two phenomena where generated re-
sponses are similarly good and similarly bad within a group, we observed that the gradient tends to
approach zero. This results in extremely low training efficiency during RL training.

Above phenomena can be generalized When the rewards of responses within any given group are
identical or highly similar, regardless of whether the responses are all good or all bad, the gradient
approaches zero, rendering the gradient update nearly ineffective in training. This issue becomes
particularly pronounced in the later steps of RL training, where generated responses are consistently
of high quality, and the corresponding advantage approaches zero. This indicates that the training
efficiency progressively declines as RL training progresses. Motivated by this insight, we propose
an advantage-augmented RL algorithm AAPO to address the aforementioned phenomena.

5.2 UNDERSTANDING THE EFFECTIVENESS OF AAPO

As discussed in Section 5.1, the previous advantage estimation method (as expressed in equation 2)
in RL algorithms (Shao et al., 2024; Chu et al., 2025; Liu et al., 2025) can lead to the advantage value
approaching zero, which in turn causes the magnitude of gradient updates to diminish accordingly.
In this section, we provide a comprehensive analysis of why our proposed advantage-augmented
method can effectively mitigate these issues.

Analysis 1 Consider a general situation, which naturally encompasses the two phenomena in Sec-
tion 5.1. In the later steps of RL training, once the policy has already acquired relatively easier-
to-learn features, it often struggles to learn more complex ones. During this phase, when the pol-
icy πθ samples a group of responses, the reward associated with each sample tends to be similar.
Consequently, the relative advantage computed according to equation 2 approaches zero. To ad-
dress this issue, we propose AAPO, which estimates the advantage Â∗

i,t with advantage momentum
following equation 5. Since the capability of the reference model πref remains unchanged while
the policy model πθ improves progressively throughout AAPO training, the quality of responses
generated by the policy model πθ exceeds that of the reference model πref over time. By measur-
ing the distance between the rewards of two groups of responses Oθ = {oθ1 , oθ2 , · · · , oθG} and
Oref = {oref1 , oref2 , · · · , orefG} from πref generated by the policy model πθ and the reference
model πref , respectively, we can calculate the augmented advantages of each response in Oθ via
equation 5. This prevents the advantages from approaching zero and ensures that the gradients
used to update the policy remain informative and effective. This analysis can be generalized to any
situation where the rewards of the responses in the group are similar, whether good or not.

Analysis 2 Group relative advantage estimation (equation 2) can be problematic in the presence of
two types of asymmetric response distributions. In one case, where most responses from the policy

6



324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377

Under review as a conference paper at ICLR 2026

πθ are high quality except for a single outlier, the relatively worse response may receive a negative
advantage and contribute an opposing gradient, increasing variance. Although this response may still
be correct under multi-dimensional reward rules, such as both format and correctness, it is penalized
due to its format. This misalignment between reward attribution and the true value of a response
increases the risk of reward hacking(Everitt et al., 2021; Pan et al., 2022). In the opposite case, where
most responses are low quality and one is relatively better, the better one receives an excessively
high advantage despite possibly low absolute quality, leading to biased updates and suboptimal
convergence. AAPO augments advantage estimation with advantage momentum, addresses both
issues: it boosts underappreciated yet valuable responses and suppresses misleading ones that exhibit
a high estimated advantage. As a result, AAPO reduces variance and the risk of reward hacking, and
improves the optimization stability of the policy.

Analysis 3 When policy optimization with AAPO reaches a global optimum, which means ∀i, j ∈
{1, 2, 3, · · · , G} ∧ i ̸= j, ri ≈ rj , the objective in equation 6, which consists of the CE loss and
the augmented advantage, exhibits a specific and predictable behavior as detailed in our derivation
below (for clarity and notational convenience, we omit the expectation operator). The optimization
exhibits slight oscillations near the optimum, avoiding large gradient updates.

JAAPO(θ) ≈
1∑G

i=1 |oi|

G∑
i=1

|oi|∑
t=1

(− log πθ (oi,t | q, oi,<t) · clip(rθi − rrefi , δlow, δhigh))

≤ δhigh · 1∑G
i=1 |oi|

G∑
i=1

|oi|∑
t=1

(− log πθ (oi,t | q, oi,<t))

6 EXPERIMENTS

6.1 EXPERIMENTAL SETUP

Most recent RL algorithms (Shao et al., 2024; Yu et al., 2025; Hu, 2025; Liu et al., 2025) struggle
to make LLMs perform better at solving mathematical problems, which requires the model to think
in the CoT (Wei et al., 2022) format before deciding the final answer. We choose open-rs (Dang
& Ngo, 2025) as our training dataset for DeepSeek-R1-Distill-Qwen-1.5B base model, because the
data in this dataset cover various types and difficulty levels of mathematical problems that are highly
representative. To further provide a fair and rigorous evaluation of the effectiveness of our proposed
AAPO, Qwen2.5-Math-7B model is chosen as the base model and subsequently trained on more
challenging simplelr qwen level3to5 dataset (Zeng et al., 2025). In addition to the different model
sizes, we also validate the effectiveness of AAPO on Llama series models.

In our experiment setting, we set the clip parameters δlow and δhigh to be -0.2 and 0.28, respectively.
We train all base models under the AAPO following the training process depicted in Algorithm 1.
All rule-based reward functions adopted in our experiments are simple and straightforward. More
training details about rule-based reward functions and the system prompt are provided in Appendix
C. To evaluate the extent to which our proposed AAPO algorithm can enhance the reasoning capabil-
ities of the model, we select AIME24, MATH-500 (Hendrycks et al., 2021; Lightman et al., 2024),
AMC23, Minerva (Lewkowycz et al., 2022), and OlympiadBench (Huang et al., 2024) as evaluation
benchmarks. Our evaluation framework utilizes a well-established and community-vetted codebase,
maintaining consistency with widely adopted implementations.

6.2 RESULTS

As shown in Table 1, taking model DeepSeek-R1-Distill-Qwen-1.5B as our base model, the ap-
plication of our proposed AAPO enables the base model to achieve the SOTA performance on
Minerva, the second-best performance on MATH-500, AMC23 and OlympiadBench. When av-
eraging scores across all benchmarks, the resulting AAPO-1.5B model achieves an overall SOTA
performance. By direct comparison under the same training data, AAPO-1.5B achieves improve-
ments of 2.7% and 2.0% over GRPO-1.5B and GPG-1.5B, respectively. It is worth noting that our
AAPO-1.5B achieves performance superior to Still-3-1.5B-Preview (Team, 2025), despite the fact
that Still-3-1.5B-Preview benefits from a larger training dataset that consists of long CoT reason-
ing data distilled from the DeepSeek-R1 (Guo et al., 2025) model and performs RL training with

7



378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431

Under review as a conference paper at ICLR 2026

specified reward strategies. After employing our proposed AAPO on the Qwen2.5-Math-7B model,
AAPO-7B achieves the overall SOTA performance compared to other methods. AAPO-7B achieves
improvements of 12.2%, 10.3% over SimpleRL-Zero-7B (Zeng et al., 2025), GPG-7B (Chu et al.,
2025), respectively, under identical training data. Furthermore, AAPO-7B also outperforms other
models such as Eurus-2-7B-PRIME (Cui et al., 2025), OpenReasoner-Zero-7B (Hu et al., 2025),
despite the fact that these baselines are trained with more high-quality data or data distilled from the
DeepSeek-R1 model. This suggests that the effectiveness can be mainly attributed to the design of
our proposed AAPO rather than to the scale or quality of the training data. AAPO also demonstrates
superior performance compared to GRPO and GPG on Llama series models under the same training
and evaluation settings as reported in Table 1. Compared to GRPO and GPG, AAPO achieves abso-
lute improvements of 3.5%, 2.5%, and 4.6%, 2.6% on Llama 1B and 3B models, respectively. It is
worth noting that evaluation results may be influenced by the computational device type. We have
also provided the original results of each model from the corresponding papers in Appendix E.

Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

Llama 1B Models

Llama-3.2-1B-Instruct† 0.0 11.8 2.5 1.8 3.7 4.0
+GRPO† (Shao et al., 2024) 0.0 19.4 12.5 3.7 4.3 8.0
+GPG† (Chu et al., 2025) 0.0 21.2 17.5 1.8 4.7 9.0
+AAPO (Ours) 10.0 25.0 12.5 4.0 6.1 11.5

Llama 3B Models

Llama-3.2-3B-Instruct† 3.3 28.6 7.5 3.7 7.6 10.1
+GRPO† (Shao et al., 2024) 0.0 32.8 22.5 8.1 7.7 14.2
+GPG† (Chu et al., 2025) 6.7 40.0 15.0 8.8 11.6 16.2
+AAPO (Ours) 6.7 43.8 22.5 9.6 11.4 18.8

Qwen 1.5B Models

DeepSeek-R1-Distill-Qwen-1.5B† 33.3 84.4 70.0 30.9 50.8 53.9
GRPO-1.5B† (Dang & Ngo, 2025) 26.7 86.2 82.5 27.6 52.6 55.2
GPG-1.5B† (Chu et al., 2025) 36.7 83.4 75.0 29.8 53.2 55.6
Still-3-1.5B-Preview† (Chen et al., 2025) 40.0 85.5 72.5 30.5 53.9 56.5
AAPO-1.5B (Ours) 33.3 86.0 80.0 30.9 53.3 56.7

Qwen 7B Models

Qwen2.5-Math-7B† (Yang et al., 2024) 6.7 56.2 47.5 14.0 23.4 39.6
SimpleRL-Zero-7B† (Zeng et al., 2025) 30.0 77.4 57.5 30.5 38.1 46.7
GPG-7B† (Chu et al., 2025) 23.3 80.2 55.0 36.0 42.8 47.5
OpenReasoner-Zero-7B† (Hu et al., 2025) 20.0 80.8 65.0 29.4 46.2 48.3
Eurus-2-7B-PRIME† (Cui et al., 2025) 16.7 81.8 65.0 37.5 44.6 49.1
Oat-Zero-7B† (Liu et al., 2025) 30.0 81.2 65.0 34.9 43.4 50.3
AAPO-7B (Ours) 30.0 82.4 70.0 35.3 44.3 52.4

Table 1: Zero-shot pass@1 performance on mathematical reasoning benchmarks. † represents re-
produced results with our best effort under the same settings. Bold and Underline indicate the best
and the second-best performance in the corresponding category, respectively.

6.3 ABLATION STUDY

1 2 3 4 5
Epoch

0

10

20

30

40

50

Av
er

ag
e 

P
as

s 
@

1 
pe

rfo
rm

an
ce

 o
n 

A
ll 

B
en

ch
m

ar
ks

46.4 46.7 46.1
49.4

51.2

44.6
48.7 49.8 51.0 52.4

Evaluation Results per Epoch

w/o clip
w/ clip

Clip operation To investigate the contribution of the clip operation to
AAPO, we conduct additional ablation studies by removing the clip opera-
tion on both the 1.5B and 7B models. The results presented in Table 2 indi-
cate that the performance of the optimized model without clip is inferior to
that with the clip, suggesting that incorporating the clip operation effectively
contributes to further improvements in optimization results. As illustrated in
the right figure, the optimization process becomes more stable with the incor-
poration of the clip operation compared to the optimization process without
it. The resulting AAPO-7B exhibits better performance on the benchmarks
when the clip operation is adopted.
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Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

AAPO-1.5B 33.3 86.0 80.0 30.9 53.3 56.7

AAPO-1.5B w/o clip 33.3 85.0 82.5 29.0 53.3 56.6

AAPO-7B 30.0 82.4 70.0 35.3 44.3 52.4

AAPO-7B w/o clip 30.0 79.6 70.0 34.9 42.5 51.2

Table 2: Ablation study results. w/o indicates without clip operation on the advantage momentum.
Zero-shot pass@1 performance on different mathematical benchmarks.

Training process analysis As illustrated by the training curves in Figure 2, AAPO achieves op-
timization performance comparable to that of GPG, while exhibiting further improvements during
the later steps of RL training. In the Format Reward and Reward figures, AAPO consistently attains
higher reward than GPG in the later steps of the training. In addition, three Reward figures demon-
strate significantly reduced fluctuations during the training process. AAPO also outperforms GRPO.
Moreover, in the Response Length figure, our proposed AAPO demonstrates superior optimization,
indicating higher training efficiency. The final results presented in Table 1 demonstrate that our
proposed AAPO achieves superior performance across five mathematical reasoning benchmarks.
To straightly and effectively analyze the training stability of AAPO, we calculated the variance
of the training loss forAAPO as well as methods GRPO and GPG. Var(LAAPO) = 3.6 × 10−4,
Var(LGPG) = 3.9× 10−4 and Var(LGRPO) = 3.53× 10−3. The results show that AAPO exhibits
the lowest variance, indicating relatively stable training. Additionally, the results of the ablation
experiments on clip operation demonstrate that AAPO can steadily improve model performance as
training epochs progress. More experiment analysis can be found in Appendix D.

Figure 2: Training process of DeepSeek-R1-Distill-Qwen-1.5B on open-rs (Dang & Ngo, 2025)
utilizing our proposed AAPO algorithm. Compared to GPG (Chu et al., 2025) and GRPO (Shao
et al., 2024), AAPO demonstrates better stability during training and achieves superior performance
in the final results as shown in Table 2.

7 CONCLUSION

In this paper, we conduct an in-depth analysis of the limitations inherent in the group relative ad-
vantage estimation method used by mainstream RL algorithms, such as GRPO, which would lead to
optimization issues such as zero gradient and gradient ascent. To address these issues, we propose a
novel RL algorithm Advantage-Augmented Policy Optimization (AAPO). By augmenting the group
relative advantage estimation method with advantage momentum, our method effectively improves
policy optimization performance in experimental benchmarks. Experimental results across several
mathematical reasoning benchmarks and model series demonstrate that AAPO achieves the overall
superior performance across several mathematical reasoning benchmarks.
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Reproducibility statement Experimental details about training and evaluation are depicted in
both Section 6 and Appendix C, our training code is implemented based on Transformers Re-
inforcement Learning framework (von Werra et al., 2020). All codes are available at https:
//anonymous.4open.science/r/AAPO-review-01B9.
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A ALGORITHM

AAPO Training The training process of AAPO can be summarized as follows: 1) Sample two
groups of responses, Oθ and Oref , of equal size from both the policy model πθ and the reference
model πref , respectively. 2) For each response in Oθ, compute its group relative advantage and the
advantage momentum with the corresponding response in Oref . The values, calculated by equa-
tion 5, are then used to perform gradient updates according to equation 6. It is important to note that
during the training process, the parameters of the reference model πref remain frozen and do not
undergo gradient updates. The training procedure is described in Algorithm 1.

Algorithm 1 Advantage-Augmented Policy Optimization

1: Input: policy model πθ, reference model πref , group size G, reward functions F =
{format, accuracy, · · · }, reward functions’ corresponding weights W = {wformat, waccuracy, · · · },
data batch B, global step Sgloabl

2: for i = 1 to Sgloabl do
3: for j = 1 to B do
4: 1) sample Oθ = {oθ1 , oθ2 , · · · , oθG} from πθ

5: 2) sample Oref = {oref1 , oref2 , · · · , orefG} from πref

6: 3) compute the rewards Rθ = {Rformat
θ , Raccuracy

θ , · · · , R···
θ } and Rref =

{Rformat
ref , Raccuracy

ref , · · · , R···
ref} for each response in Oθ and Oref using the re-

ward functions in F , e.g., Rformat
θ = {rformat

θ1
, rformat

θ2
, · · · , rformat

θG
}⊤ and Rformat

ref =

{rformat
ref1

, rformat
ref2

, · · · , rformat
refG

}⊤

7: 4) compute the weighted rewards Rweighted
θ = RθW

⊤ and Rweighted
ref = RrefW

⊤

8: 5) compute the augmented advantage Â∗
i,t following equation 5 for each sample in Oθ

9: 6) compute loss for Oθ following equation 4
10: end for
11: 7) update πθ following equation 6
12: end for

B PROOF

Theorem 1. (Stability) Since the rewards are bounded, the group standard deviation satisfies
0 ≤ σmin ≤ σ, and the log-likelihood gradients are bounded as ||∇θ log πθ(o)|| ≤ M . Then, Each
gradient step with learning rate ηk satisfies ||θk+1 − θk|| ≤ ηkMB, where B = Rmax−Rmin

σmin
+

max(|δlow|, |δhigh|) is the uniform bound on the AAPO weights. The expected objective is bounded
from L(θ) ≥ −B log |V|, where |V| is the vocabulary size. Hence, AAPO training is stable: the
objective cannot diverge to −∞ and parameter updates are always finite.

Proof. We restate the definitions used: (1) For any response o, the advantage Â∗ satisfies |Â∗| ≤
B = Rmax−Rmin

σmin
+max(|δlow|, |δhigh|), where σmin > 0 is the minimal standard deviation ensured

by group sampling. (2) The gradient of the log-policy is bounded: ||∇θ log πθ(o)|| ≤ M , and
− log πθ(o) is L0-Lipschitz. (3) The vocabulary size satisfies |V| < ∞. For a group G, the gradient
of the empirical loss is:

∇θLG(θ) =
1

NG

∑
o∈O

∇θ[− log πθ(o)]Â
∗.

By assumption (1) and (2), we have

||∇θLG(θ)|| ≤
1

NG

∑
o∈O

M ·B = MB.

Thus, one gradient update with learning rate ηk yields

||θk+1 − θk|| = ηk||∇θLG(θ)|| ≤ ηkMB.
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For any response o,
Ea∼πθ

[− log πθ(o)] = H(πθ(· | o<t)) ≤ log |V|.
where H(·) = −

∑
x p(x) log p(x) denotes Shannon entropy (Shannon, 1948). Multiplying by the

bounded advantage |Â∗| ≤ B and averaging over tokens in the batch, we obtain

L(θ) ≥ −B log |V|.

we conclude that parameter updates are bounded and the objective is lower bounded (which means
the objective cannot diverge to −∞). Therefore, AAPO training is stable and cannot diverge.

Theorem 2. (Convergence) Assume that the stochastic gradient is unbiased and that the per-
sample gradient has bounded second moment. Let the step sizes satisfy the Robbins–Monro condi-
tions ηk > 0,

∑
k ηk = ∞,

∑
k η

2
k < ∞. AAPO converges to a stationary point of its expected

objective lim infk→∞ E
[
∥∇L(θk)∥2

]
= 0. Moreover, if a constant step size η < 1

BL0
is used,

where L0 is the smoothness constant of − log πθ(o), then the iterates converge to a neighborhood of

stationarity lim supK→∞
1
K

∑K
k=1 E

[
∥∇L(θk)∥2

]
≲ O(η) +O

(
1

NG

)
.

Proof. We adopt the same definitions as in the Proof of Theorem 1. Since − log πθ(o | q) is L0-
smooth (i.e., its gradient is L0-Lipschitz) and the advantage is bounded by B, the empirical loss
LG(θ) is L = BL0-smooth:

∥∇LG(θ)−∇LG(θ
′)∥2 ≤ L ∥θ − θ′∥2 .

By the descent lemma for L-smooth functions, for any step size ηk,

LG(θ − ηkg) ≤ LG(θ)− ηk⟨g,∇LG(θ)⟩+ L
2 η

2
k∥g∥2.

Choosing g = ∇LG(θk) and requiring ηk ≤ 1/L, we obtain

LG(θk+1) ≤ LG(θk)− ηk

2 ∥∇LG(θk)∥2 .

Assume that, for all θ, the per-sample loss ℓ(q, o; θ) = − log πθ(o | q) Â∗ has a gradient with
bounded second moment:

sup
θ

E(q,o)∼πθ

[
∥∇θℓ(q, o; θ)∥2

]
≤ σ2,

where σ2 is a constant. Since ∇LG(θk) is the average of NG i.i.d. samples conditional on θk, we
have

E[∇LG(θk)] = ∇L(θk), E
[
∥∇LG(θk)−∇L(θk)∥2

]
≤ σ2

NG
.

Consequently (by variance decomposition),

E
[
∥∇LG(θk)∥2

]
≤ ∥∇L(θk)∥2 +

σ2

NG
.

Taking total expectation and noting E[LG(θ)] = L(θ), we obtain

E[L(θk+1)] ≤ E[L(θk)]− ηk

2 E
[
∥∇L(θk)∥2

]
+ L

2
η2
kσ

2

NG
.

Since L(θ) is lower bounded (Theorem 1), applying the Robbins–Siegmund theorem (Robbins &
Siegmund, 1971) gives

∞∑
k=0

ηk E
[
∥∇L(θk)∥2

]
< ∞.

Given
∑

k ηk = ∞, it follows that

lim inf
k→∞

E
[
∥∇L(θk)∥2

]
= 0.

15
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If ηk ≡ η ≤ 1/L is fixed, the residual is of order O(η) (from smoothness) and O(1/NG) (from
gradient variance). Hence

lim sup
K→∞

1

K

K∑
k=1

E
[
∥∇L(θk)∥2

]
≲ O(η) +O

(
1

NG

)
.

With diminishing step sizes, the algorithm converges to a stationary point of the expected objective;
with a small constant step size, it converges to a neighborhood of stationarity whose size depends
on η and the group size. The advantage momentum does not affect the asymptotic rates, as it only
changes the constant B (and hence L = BL0).

C EXPERIMENT DETAILS

C.1 REWARD RULES

Format Reward To encourage adherence to structured reasoning, we adopt a binary format re-
ward Rformat(o) ∈ {0, 1}, which assigns a reward of 1 if the model response o conforms to the
expected template by containing the delimiter sequence “\n </think>\n”, and 0 otherwise.

Cosine Scaled Reward We adopt the Rcosine scaled accuracy ∈ {0, 1} as expressed in equation 9,
which encourages correct outputs with shorter lengths and penalizes incorrect outputs with reduced
severity as their length increases, following a cosine annealing schedule in equation 10.

Rcosine scaled accuracy(o) =

{
Rcorrect(l), if correct
Rwrong(l), if wrong

, (9)

where

Rcorrect(l) = αc
min +

1

2
(αc

max − αc
min)

[
1 + cos

(
π
l

L

)]
,

Rwrong(l) = αw
max +

1

2
(αw

min − αw
max)

[
1 + cos

(
π
l

L

)]
,

. (10)

Accuracy Reward We adopt a standard accuracy reward Raccuracy ∈ {0, 1}, which assigns a
binary reward of 1 for correct response and 0 otherwise, providing a sparse but direct reward signal.

C.2 TRAINING SETUP

Training DeepSeek-R1-Distill-Qwen-1.5B For training DeepSeek-R1-Distill-Qwen-1.5B on
open-rs experiment (Dang & Ngo, 2025), we adopt the Rformat and Rcosine scaled accuracy re-
ward functions, with respective weights of 1 and 2. We directly perform our AAPO training from
the base model without any SFT with the group size of 6 and the per device batch size of 6 with
gradient accumulation steps of 4 on 2 Nvidia A800 GPUs with 80G VRAM. The system prompt
adopted in the RL training is provided below.

System prompt for training DeepSeek-R1-Distill-Qwen-1.5B base model

You are a helpful AI Assistant, designed to provided well-reasoned anddetailed responses.
You FIRST think about the reasoning process as an internal monologue and then provide
the user with the answer. The reasoning process MUST BE enclosed within <think>and
</think>tags.

Training Qwen2.5-Math-7B For training Qwen2.5-Math-7B (Yang et al., 2024) on sim-
plelr qwen level3to5 (Zeng et al., 2025), we adopt the Raccuracy reward function with a weight
of 1. We directly perform our AAPO training without any SFT with the group size of 8 and the
per device batch size 8 with gradient accumulation steps of 4 on 8 Nvidia A800 GPUs with 80G
VRAM. The system prompt adopted in the RL training is provided below.
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System prompt for training Qwen2.5-Math-7B base model

A conversation between User and Assistant. The user asks a question, and the Assistant
solves it. The assistant first thinks about the reasoning process in the mind and then provides
the user with the answer, and put your final answer within \\boxed . The reasoning process
and answer are enclosed within <think></think >and <answer></answer>tags, respec-
tively, i.e., <think>reasoning process here </think ><answer>answer here </answer>.
Note that respond by English, NOT use other languages.

Training Llama series models For training Llama-3.2-1B-Instruct and Llama-3.2-3B-Instruct
models, we adopt the simplelr able level3to5 dataset (Zeng et al., 2025) and the Raccuracy reward
function with a weight of 1. We directly perform our AAPO training without any SFT with the group
size of 8 and the per device batch size of 16 on 4 Nvidia A800 GPUs with 80G VRAM. There is no
extra system prompt added when training Llama series models.

C.3 EVALUATION SETUP

Evaluation of Qwen series models All the reproduced results in Table 1 are evaluated using
the lighteval framework (Habib et al., 2023) with vllm backend proposed by Hugging Face. Our
evaluation experiments on all benchmarks are conducted on a single Nvidia A800 GPU with 80G
VRAM, with system prompt provided in below.

System prompt for Qwen series evaluation on all benchmarks

Solve the following math problem efficiently and clearly. The last line of your response
should be of the following format: ‘Therefore, the final answer is: $\\boxed{{ AN-
SWER}}$. I hope it is correct’ (without quotes) where ANSWER is just the final number or
expression that solves the problem. Think step by step before answering.

Evaluation of Llama series models All the reproduced results in Table 2 are evaluated using
vllm backend for generation and the evaluation script provided by Zeng et al. (2025). Our evaluation
experiments on all benchmarks are conducted on 4 Nvidia A800 GPUs with 80G VRAM.

D MORE ANALYSIS ON EXPERIMENT RESULTS

We plot the loss curves of AAPO and GPG (Chu et al., 2025) during training DeepSeek-R1-Distill-
Qwen-1.5B on open-rs (Dang & Ngo, 2025) in Figure 3. As observed, the loss values for AAPO
remain predominantly positive throughout the training process. This indicates that AAPO primarily
optimizes the policy by encouraging diverse responses better than the reference, assigning different
gradient magnitudes according to the advantage estimated by Â∗

i,t, thus leading to performance
improvements. In contrast, GPG exhibits mostly negative loss values, suggesting that it focuses on
suppressing suboptimal responses as its main optimization strategy. It can be clearly seen from the
Figure 3 that the training process of AAPO is more stable than GRPO (Shao et al., 2024). These
results of the analysis imply that models trained with our proposed AAPO demonstrate stronger
generalization, resulting in superior performance as shown in Table 1.
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Figure 3: A comparative analysis of training loss between AAPO and GPG, AAPO and GRPO.
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E EXTRA COMPARISON WITH ORIGINAL RESULTS

Here we present the original results reported in the corresponding papers for Qwen series models.

Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

Qwen 1.5B Models

DeepSeek-R1-Distill-Qwen-1.5B 28.9 83.9 – – – –
GRPO-1.5B (Dang & Ngo, 2025) 46.7 84.4 72.5 26.8 51.3 56.3
GPG-1.5B (Chu et al., 2025) 33.3 85.0 80.0 26.8 52.4 55.5
Still-3-1.5B-Preview (Chen et al., 2025) 39.3 85.5 – – – –
AAPO-1.5B (Ours) 33.3 86.0 80.0 30.9 53.3 56.7

Qwen 7B Models

Qwen2.5-Math-7B (Yang et al., 2024) – 55.4 – – – –
SimpleRL-Zero-7B (Zeng et al., 2025) 20.0 78.2 62.5 38.6 40.4 47.9
GPG-7B(Chu et al., 2025) 33.3 80.0 65.0 34.2 42.4 51.0
OpenReasoner-Zero-7B (Hu et al., 2025) – – – – – –
Eurus-2-7B-PRIME (Cui et al., 2025) 20.0 78.2 50.6 39.3 40.3 45.7
Oat-Zero-7B(Liu et al., 2025) 43.3 80.0 62.7 30.1 41.0 51.4
AAPO-7B (Ours) 30.0 82.4 70.0 35.3 44.3 52.4

Table 3: Zero-shot pass@1 performance on mathematical reasoning benchmarks. All reported re-
sults in this table are directly adopted from the corresponding papers. Dashes (–) denote unavailable
official score.

F DISCLOSURE OF LLM USAGE

LLMs are utilized to assist in the drafting, refinement, and wording adjustments of portions of
the paper’s text. All content was ultimately reviewed and revised by the authors, who are solely
responsible for the facts, assertions, and arguments presented herein.
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