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Abstract

Classical experimental design has traditionally focused on constructing design
variables that facilitate the selection of models with high predictive accuracy. In
decision-focused learning, however, the model that achieves the lowest prediction
error may not coincide with the one that induces the best downstream decision.
Motivated by this misalignment, we investigate appropriate criteria for sequential
experimental design in decision-focused settings. Specifically, we consider a
sequential data acquisition problem in which a learner adaptively selects samples to
label, or equivalently, treatment responses to observe. Existing experimental design
methods are inherently decision-blind: they aim to reduce predictive uncertainty,
even though reductions in predictive error need not translate into improvements in
decision quality. To bridge this gap, we introduce a directional uncertainty criterion
that aligns predictive uncertainty with the structure of the downstream decision-
making problem, in contrast to naive decision-blind uncertainty quantification
methods. We show that this transformation admits strong theoretical guarantees
and achieves reduced sample complexity relative to decision-blind design.

1 Introduction

Experimental design seeks to identify, with as little labeled data as possible, a model that is adequate
for the task at hand. Here, data refers to pairs of (group, response) or, equivalently, (feature, label).
This problem is especially compelling when labels are costly or slow to obtain, such as in healthcare
studies or when relying on human annotators to evaluate prompts for large language models (LLMs).

Classical sequential experimental design approaches typically aim to minimize prediction error
by reducing predictive uncertainty[ll, 2, 13| 4]. In decision-focused learning[5} |6} [7} 8], however,
predictions are intermediate quantities that feed into a downstream optimization problem, such
as pricing, inventory control, or more general linear optimization. What ultimately matters is the
decision loss, not prediction error alone. Uniformly shrinking predictive uncertainty can therefore
fail to improve downstream decisions if the remaining uncertainty does not influence the optimizer in
consequential directions.

To address this gap, we develop a sequential design framework that explicitly exploits the structure
of the downstream linear optimization problem. The central idea is to replace absolute predictive
uncertainty with directional uncertainty that captures how errors project onto the decision-relevant
directions which perturb the optimizer. This lens yields acquisition rules that prioritize labels most
consequential for the downstream decision and de-emphasize uncertainties that are decision-irrelevant.
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Figure 1: Illustration of Directional Uncertainty-based method and benchmark methods for experi-
mental design.

The process of our sequential design in illustrated in Figure [T} At each iteration, after designing
experiment z, we collect the response ¢, and shrink the hypothesis class according to the new response.
Then, the best model is selected from the current hypothesis class. After the experimental design
process, the final model is evaluated by the decision-making loss, which is referred to as the SPO
(Smart predict-then-optimize) loss.

Motivated by the fact that scaling predictions does not affect downstream solutions in linear opti-
mization, our method prioritizes reducing directional rather than absolute uncertainty. This yields
adaptive sampling policies that target labels most consequential for decisions. Our contributions are
summarized as follows:

* We propose a sequential design algorithm for decision-focused learning that prioritizes labels
by directional uncertainty, reflecting the scale-invariance of downstream optimization.

 To ensure convergence, we develop a hypothesis-augmentation method and establish non-
asymptotic guarantees, including excess risk bounds and sample complexity, showing our
approach is never worse than prediction-uncertainty designs.

* Under a suboptimality gap assumption—meaning that every suboptimal model incurs at
least a fixed margin of additional SPO risk relative to the optimal one—we prove our method
requires fewer designs than decision-blind baselines to achieve the same decision quality.

* Numerical experiments—on prompt engineering for LLMs and cost-sensitive multi-class
classification—demonstrate that our policy achieves comparable decision risk with substan-
tially fewer labels.

1.1 Decision-focused Sequential Design

We study a setting where a decision maker (DM) seeks to learn a predictive model for unknown pa-
rameters in a linear optimization problem with cost vector c. The DM adaptively designs experiments,
aiming to learn a predictor using few samples while minimizing decision risk.

Let || - || denote the ¢5 norm, X the sample space, C the label space, and S the polyhedral feasible
region. We assume X has finite support with known marginal x(z), each conditional distribution
of ¢ given x = A;) is bounded, and define radius to be p(C) := max.cc ||c||. We also assume the
feasible region is bounded, i.e., A(S) := sup,,, u,es ||w1 — wal|. The DM has no prior knowledge
of the joint distribution and must learn ¢ = h(z) from a finite hypothesis class . Let 74* denote the
set of minimizers of SPO risk, and h* € H* an optimal predictor.

At each periodt =0, 1, 2, ..., the DM selects x; € X and observes c;. Decision loss is measured by
the SPO loss [5],

lspo(h(z),c) = ¢ w* (h(z)) — ¢ w*(c),
where w*(¢) = argmin,es ¢ w, assuming unique solutions under a consistent tie-breaking
rule. The corresponding risk is Rspo(h) = E;.)[¢{spo(h(x),c)], and the learning objective
is minpey Rspo(h). We define the uncertainty set of predicted labels as C = {h(z):x € X, h €
H}, and the maximum SPO loss by w ., (C,C) 1= Sup,cs .cc €spo(é,c).



2 Algorithm and Performance Guarantees

In sequential experimental design, policies often query the covariate with the highest prediction
uncertainty rather than those already well learned. A common measure is the ¢ distance among
predictions from the current hypothesis class (Figure 2a)).
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Figure 2: Comparison of two predictive uncertainty measures.

Figure 24 illustrates selecting one of three data points with the greatest uncertainty under four
predictors. The target cost vector ¢ € R? is two-dimensional; red, green, and blue denote =1, 2, 23
evaluated by hq, ..., hqy € H. The circle marks the maximum /5 distance among their predictions,
and hence the green point is chosen.

However, an observation shows that SPO loss is scale invariant: For all ¢ and « > 0, £spo(aé,c) =
lspo(é,c) since w*(¢) = w*(«é). This indicates that for a fixed true cost vector ¢, £spo(.,c) is
scale independent for any given prediction ¢. This comes from the geometric property of linear
programming; the oracle w*(¢) only depends on the estimated cost vector’s direction, not its length.
The observation also shows that the ¢» based criterion is decision-blind, and hence quantifying
prediction uncertainty using the ¢ distance may lead to inefficiency in decision-focused problems.
Example [T| further illustrates this idea.

Thus, it motivates us to expand beyond the canonical distance metrics to construct a more effec-
tive, decision-focused sequential experimental design algorithm. A natural extension is to utilize
directional information to evaluate the predictive uncertainty, illustrated in Figure

—hy(x1)

—hi(x2)

(a) Cost vector prediction with (b) Cost vector prediction with /5
corresponding optimizer distance

Example 1 Consider a two-dimensional setting with hypothesis class H = hy, ho and data points
X = x1, x9. We choose one point to label and denote predictions by h;(x;). Figure shows the
feasible region S, predicted cost vectors (plotted in the negative direction), and their optimizers. Each
cost vector lies in a normal cone, with the corresponding vertex as optimizer. In Figure[3b| although (5
uncertainty is larger at x5 than 1, predictions at xo lead to the same optimizer, while predictions at x,
yield different optimizers. Thus, from the perspective of the SPO loss, lspo(h1(21)) # €spo(ha(z1))
but lspo(h1(z2)) = lspo(h2(x2)), despite xo exhibiting greater {5 distance.



2.1 Algorithm: Importance Weighted Sequential Experimental Design

Our importance-weighted sequential design algorithm based on prediction uncertainty IWSD-PU)
is given in Algorithm [I] At each iteration ¢, the algorithm selects a design z; from the pool
X = {X;}i2,. It maintains a confidence set H; C H, initialized as H. To compute sampling

it L hi(zi) ha(xs) o Dt,i
probabilities, we evaluate p, ; = maxy, n,cH, Tl ~ ThaoT || and set 7, ; = ST The
design x is drawn according to (7,1, . .., T¢,m ), With Qs = [{x; = A(;)}. After selecting x;, the

algorithm observes ¢; ~ p(c | x;) and adds (x, ¢;) with weight 7 ; to the training set W;_;.

Pseudo Algorithm 1 Importance-Weighted Sequential Design Based on Prediction Uncertainty
(IWSD-PU)

1: Input: Initial slackness 7.
2: Set Wy + @, ng < 0, Hy < Haugmented~
3: while condition for ending loop do

4. For each potential design X € X, calculate  p;; —
ha (X)) ha (X)) I
M&Xhy,hy € He {” T (o)~ Tha (T ”} i = ST
50 301 prj > 0. then
6 Sample z; according to the probability m; = (4,1, ..., 7T¢,m). Let Q¢ € {0,1} denotes

the indicator for the realization of ;.

7. else
8: stop the algorithm and return hp
9: endif

10:  Conduct experiment and obtain a label ¢; associated with
11: Update W, < W,_ 1U{ .”L't7Ct,7Tt,Qt)},’l’Lt<—nt,1+1.

12 Let/{(h) « 1+ Z(JCJ,C]77TJ7Q])EWt (:j)QjKSPO(h( j), ;).
13:  Update h; < argminpepy,_, 8'(h) and (% minpem, ét(h)'

14:  Update the confidence set of the predictor Hy by Hy < {h € Hy_y : 0*(h) < /t* 4 r,}.

¢ log(2(t+1))

15: Update Tig1 < T¢ 1 log(20)

16: end while
17: Return hr.

In Algorithm |1} the random variables at iteration ¢ are (x¢, ¢, 7, Q¢). For simplicity, we use
random variable z; € Z := X x C x (0,1]™ x {0,1}" to denote the tuple of random variables
z¢ := (@, ce, 7, Q). Thus, z; depends on 21, ..., 2,1 and the classical convergence results for
i.i.d. samples do not apply to our importance-weighted sampling algorithm. We define F;_1 as
the o-field of all random variables until the end of iteration ¢t — 1, i.e., 21, ..., z;,—1. With slight
abuse of notation, in Algorithm I} the re-weighted loss function at iteration ¢ can be rewritten as

0% (h; (g, e, ) = D00 ”ﬂ?)Qt ilspo(h(zi), i)

It can be shown that the expectation of the re-weighted loss is an unbiased estimator for the risk of h.
Thus, under appropriate regularity conditions that are guaranteed by our assumptions, the empirical
re-weighted loss is expected to converge to the risk, and its minimizer h; over the confidence set
‘H.—1 is expected to converge to the true ~A* that minimizes the risk.

Theorem|I] shows the main convergence result of the algorithm, which relies on a mild assumption ]
about the margin condition that can guarantee a Lipschitz-like condition in [9].

Assumption 1 (Directional Margin Condition) There exists T > 0 such that forallh € H,z € X,
it holds that Vﬁ,(?g”)) > .

Theorem 1 (Risk Bound) Suppose that Assumption |I| holds. Let 6 € (0,1] be a given parame-
ter; and set 1o < max{2w;(C,C), 2yL+\/In(2[H]|/5)} where L = M Then, the following



guarantees hold with probability at least 1 — §: for all T > 1, the SPO risk satisfies

log(2T|H|/5
Rspo(hr) — Rspo(h") < 4vL M- 1)

Theorem |1| establishes that the excess risk of our algorithm admits a bound of order @(1 JNT),
matching the standard rate in experimental design. Building on this, Theorem [2] shows that,
for a certain class of distributions, our decision-focused design attains strictly lower sam-
ple complexity than the decision-blind design. Specifically, we define this class as P, :=
D : Rspo(h) — Répo > aforall h € H \ H*, which enforces a uniform suboptimality gap in the
SPO risk.

Theorem 2 (Earlier stopping time than decision-blind design) Suppose that Assumption|I|holds.
Considering the class of distribution within P, for some o > 0, we have the following results:

1. For Algorithm|l| for any § € (0,1), there exists a constant Ty (depending on « and §),
such that for any distribution D € P, that satisfies Assumptions|l| for any T > T}, with
probability at least 1 — 6, the candidate prediction set Hy has excluded all suboptimal
prediction models, i.e., Hp C H*.

2. For the decision-blind design, there exists a distribution of D € P, and a constant d,
such that for any T, the probability of having some suboptimal prediction models within
Hry is larger than 6y, i.e., with probability at least 0y, there exists h € Hrp, such that
Rspo(h) > RgPO‘

Conclusion. We propose a new design criterion that is based on the directional uncertainty of the
response, in the context of decision-focused sequential experimental design. We demonstrate that this
simple transformation of the uncertainty enjoys a (7)(1 / V/'T) convergence rate in the general case,
and an exponential convergence rate in Theorem[2] We also empirically check the effectiveness of
our direction uncertainty-based design in real-world data.
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