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Abstract

(Q-learning is one of the most fundamental rein-
forcement learning algorithms. It is widely be-
lieved that -learning with linear function ap-
proximation (i.e., linear ()-learning) suffers from
possible divergence until the recent work Meyn
(2024) which establishes the ultimate almost sure
boundedness of the iterates of linear (-learning.
Building on this success, this paper further es-
tablishes the first L? convergence rate of linear
(Q-learning iterates (to a bounded set). Similar to
Meyn (2024), we do not make any modification
to the original linear -learning algorithm, do not
make any Bellman completeness assumption, and
do not make any near-optimality assumption on
the behavior policy. All we need is an e-softmax
behavior policy with an adaptive temperature. The
key to our analysis is the general result of stochas-
tic approximations under Markovian noise with
fast-changing transition functions. As a side prod-
uct, we also use this general result to establish
the L? convergence rate of tabular Q-learning
with an e-softmax behavior policy, for which we
rely on a novel pseudo-contraction property of the
weighted Bellman optimality operator.

1. Introduction

Reinforcement learning (RL, Sutton & Barto (2018))
emerges as a powerful paradigm for training agents to make
decisions sequentially in complex environments. Among
various RL algorithms, Q-learning (Watkins, 1989; Watkins
& Dayan, 1992) stands out as one of the most celebrated
(Mnih et al., 2015). The original ()-learning in Watkins
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(1989) uses a look-up table for representing the action-value
function. To improve generalization and work with large
or even infinite state spaces, linear function approximation
is used to approximate the action value function, yielding
linear -learning.

Linear (-learning is, however, widely believed to suffer
from possible divergence (Baird, 1995; Sutton & Barto,
2018). In other words, the weights of linear (-learning can
possibly diverge to infinity as learning progresses. However,
Meyn (2024) recently proves that when an e-softmax be-
havior policy with an adaptive temperature is used, linear
-learning does not diverge. Instead, the weights are even-
tually bounded almost surely. Or more specifically, let {w; }
be the weights of linear ()-learning. Meyn (2024) proves
that lim sup, ||w¢|| < C almost surely for some determinis-
tic constant C'. Building on this success, we further provide
a nonasymptotic analysis of linear )-learning by establish-
ing the first L2 convergence rate of linear ()-learning to
a bounded set. Specifically, we establish the rate at which
E[||w||*] diminishes to a bounded set. Notably, this work
differs from many previous analyses of linear (J-learning
(prior to Meyn (2024)) in that, except for the aforemen-
tioned behavior policy, we do not make any modification
to the original linear Q)-learning algorithm (e.g., no target
network, no weight projection, no experience replay, no i.i.d.
data, no regularization). We also use the weakest possible
assumptions (e.g., no Bellman completeness assumption, no
near-optimality assumption on the behavior policy). Table 1
summarizes the improvements.

Our L? convergence rate is made possible by a novel result
concerning the convergence of stochastic approximations
under fast-changing time-inhomogeneous Markovian
noise, where the transition function of the Markovian noise
evolves as fast as the stochastic approximation weights,
i.e., there is only a single timescale. By contrast, Zhang
et al. (2022) obtain similar results only with a two-timescale
framework, where the transition function of the Markovian
noise evolves much slower than the stochastic approxima-
tion weights.

As a side product, we also use this general stochastic ap-
proximation result to establish the L? convergence rate of
tabular -learning with an e-softmax behavior policy. To



Convergence Rates of Linear (Q-Learning

Type | Algorithm Modification | Assumptions B;gﬁ\:;r Rate
i B A Jwd | F¥w X
Melo et al. (2008) linear | v V V v v v Lo
Lee & He (2020) linear | v vV v v d,
Chen et al. (2022) linear | v VvV v v v s v
Carvalho et al. (2020) linear v v v v d,
Zhang et al. (2021) linear v Ve v Lbe softmax
Gopalan & Thoppe (2022) linear | v vV V/ v v Vol Dy g iman
Chen et al. (2023) linear v v v v 1 v
Han-Dong & Donghwan (2024) | linear | v vV v v d,
Meyn (2024) linear | v vV V v v v Lbe softmax
Fan et al. (2020) neural v v v d, v
Xu & Gu (2020) neural | vV e Ve v s Ve
Cai et al. (2023) neural | vV v v v d,, v
Zhang et al. (2023b) neural Ve v Ve v Ie,arg max Ve
Theorem 1 linear | v VvV V v v v Ihe softmax v

Table 1. Summary of notable analyses of linear ()-learning. We additionally include )-learning with neural networks for completeness.
The exact definitions of the terminologies used in the columns and a more detailed exposition of the table are in Section 4. “7” is checked
if target network is not used. “B” is checked if experience replay is not used. “H” is checked if weight projection is not used. ‘M’ is
checked if no additional regularization is used. “Z-X7" is checked if Bellman completeness assumption is not used. “X" is checked if no
restrictive assumptions on the features are used. “Rate” is checked if a convergence rate is provided. For the “Behavior Policy” column,
“u” indicates that a fixed behavior policy is used. “u.” indicates that a fixed behavior policy is used and some strong near-optimality
assumption of the behaivor policy is made. “fic arg max~ indicates that an e-greedy policy is used, “ftc sofimax”” indicates that an e-softmax
policy is used. Let 10 € {1, fox, fle,arg maxs fe sofimax } DE any type of the aforementioned behavior policy. Then d,,, indicates that i.i.d.
samples from the stationary distribution of uo is provided directly instead of obtaining Markovian samples by executing fio.

Behavior
Lk SrAet) Policy Rate
Watkins (1989); Watkins & Dayan (1992); Jaakkola et al. (1993)

Tsitsiklis (1994); Littman & Szepesvéri (1996) any
Szepesvari (1997) d, v
Even-Dar et al. (2003) any v

Lee & He (2020) v d,

Devraj & Meyn (2022) v 1
Chen et al. (2021); Li et al. (2024); Zhang & Xie (2024) v I v
Theorem 2 v He softmax 4

Table 2. Summary of notable analyses of tabular ()-learning. The exact definitions of the terminologies used in the columns and a more
detailed exposition of the table are in Section 4. “ay, (s #7777 is checked if count based learning rate is not required. Notably, analyses of
the synchronous variant of tabular ()-learning is not surveyed in this paper.

our knowledge, this is the first time that such convergence ~ be L-smooth (w.r.t. some norm ||-||,) if Vw, w’,

rate is established. The key to this success is the identi- . 9
fication of a novel pseudo-contraction property of the fw') < f(w) +(Vf(w),w —w) + 5w —wl. 1)
weighted Bellman optimality operator. Table 2 summa-

. . . Since all norms in finite dimensional spaces are equivalent,
rizes the improvements over previous works.

when we say a function is smooth in this paper, it means it
is smooth w.r.t. any norm (with L depending on the choice
2. Background of the norm). In particular, to simplify notations, we in this
paper use ||-|| to denote an arbitrary vector norm such that
its square ||-||* is smooth. We abuse ||-|| to also denote the
corresponding induced matrix norm. We use ||-||,, to denote
the dual norm of ||-||. We use |||, and |||, to denote

Notations. We use (z,y) = 'y to denote the standard
inner product in Euclidean spaces. A function f is said to
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the /5 and infinity norm. We use functions and vectors
exchangeably when it does not confuse. For example, f
can denote both a function S — R and a vector in RIS!
simultaneously.

We consider an infinite horizon Markov Decision Process
(MDP, Bellman (1957)) defined by a tuple (S, A, p, 7,7, po),
where S is a finite set of states, A is a finite set of actions,
p:S xS xA— [0,1] is the transition probability func-
tion, r : § x A — R is the reward function, v € [0,1)
is the discount factor, and py : S — [0, 1] denotes the ini-
tial distribution. At the time step 0, an initial state S is
sampled from pg. At the time step ¢, an action A; is sam-
pled according to some policy 7 : A x S — [0,1], i.e.,
Ay ~ m(-|St). Areward Ry1 = (S, Ay) is then emitted
and a successor state Sy, 1 is sampled from p(-|S;, A;). We
use P to denote the transition matrix between state action
pairs for an arbitrary policy 7, i.e., P;[(s,a),(s',d")] =
p(s'ls,a)m(a’|s’). Weuse g : S x A — R to denote
the action value function of a policy 7, which is defined
as qr(s,a) = Ex [Y20 V' Rivit1]S: = s, Ay = a]. One
fundamental task in RL is control, where the goal is to
find the optimal action value function, denoted as g, sat-
isfying ¢.(s,a) > ¢x(s,a)Vn,s,a. It is well-known that
the g, is the unique fixed point of the Bellman optimality
operator 7 : RISIAI — RISIIAI defined as (Tq)(s,a) =
Yoo p(s'|s,a) [r(s,a) + ymaxq q(s',a’)].

Tabluar (-Learning. ()-learning is the most celebrated
method to estimate g,. In its simplest form, it uses a lookup
table ¢ € RIS to store the estimate of ¢, and generates
the iterates {q;} as

Ay ~ pg, (41St), (tabular )-learning)
0t = Ry +ymaxy qi(Si41,a’) — qe(St, Ap),
q+1(St, Ar) = q1(St, Ar) + oudy.

Here, {«; } are learning rates and /i, is the behavior policy.
In this paper, we consider an e-softmax behavior policy
defined as

Holals) = g + (1 — 2R, (2)

where € € (0, 1] controls the degree of exploration.

Linear ()-Learning. To promote generalization or work
with large state spaces, (-learning can be equipped with lin-
ear function approximation, where we approximate g. (s, a)
with (s, a) "w. Here z : S x A — R is the feature func-
tion that maps a state action pair to a d-dimensional feature
and w € R? is the learnable weight. Linear (Q-learning
generates the iterates {w; } as

At ~ ,U/wt("St>7
5,5 = Rt+1 + ymaxgs Z‘(St+1,

(linear Q-learning)
a’)th — z(St, At)Twn
Wi41 = Wy + O[t(stl'(st, At)

Here we have abused p,, to also denote the behavior policy
used in (linear )-learning), which is defined as

frw(als) =

where € € (0, 1] and the temperature parameter £, is de-
fined as

exp(nwz(s,a)Tw)

RS s e I

_ el lwlly =1
Ko otherwise

with K9 > 0 being a constant. To our knowledge, this
behaivor policy is first used in Meyn (2024). The soft-
max approximation of the greedy operator ensures the
continuity of w,,. The adaptive temperature k,, further
ensures the Lipschitz continuity of the expected updates
of (linear ()-learning). Both are key to our finite sample
analysis and are discussed in details shortly in the proofs.

4)

3. Main Results

Assumption 3.1. The Markov chain {5, } induced by a uni-
formly random behavior policy is irreducible and aperiodic.

Notably, since € is required to be strictly greater than O,
Assumption 3.1 ensures that for any w and any ¢, the
Markov chain induced by ., and p, is also irreducible
and aperiodic. This is a common assumption to analyze
time-inhomogeneous Markovian noise (Zhang et al., 2022).

Assumption LR. The learning rate is oy = W

where €, € (0.5,1], a > 0, tg > 0 are constants.

Theorem 1 (L2 Convergence Rate of Linear Q-Learning).
Let Assumptions 3.1 and LR hold. Then for sufficiently small
€ in (3), sufficiently large kg in (4), and sufficiently large
to in o, there exist some constant t such that the iterates
{w;} generated by (linear Q-learning) satisfy the following
statements ¥t > t.

(1) When €, = 1, there exist some constants B; 1, Bj 2, and
B 3 such that

B 2
E [llwil3] < gt lwoll3 + Brs.

(2) When €,, € (0,1), there exist some constants Bj 4, B 5
and Bj ¢ such that

E[Jwnll3] < Braexp (=222t + 1) =) ol
+B]76.

The proof of Theorem 1 is in Section 5.2. The precise
constraints on x( and e are specified in Lemma 16 in Ap-
pendix. The constants B; 3 and B) ¢ depend on 7, |S]|, |A],
max, o |7(s,a)|, and max, 4 ||z(s, a)|,, with the detailed
dependency specified in Section C.4. Theorem 1 confirms
the main claim of the work, with B; 3 and B, ¢ correspond-
ing to the bounded set.
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Theorem 2 (L? Convergence Rate of Tabular Q-Learning).
Let Assumptions 3.1 and LR hold. Then for sufficiently
large ty in oy, there exist some constant t such that the
iterates {w;} generated by (tabular Q-learning) satisfy the
following statements V't > 1.

(1) When €, = 1, there exist some constants B> 1, B» o, and
B 3 such that

2
E[lge - .12
B>
= (t+tU)B212a

B, 3 In(t+to)

2
qo — q«ll5, + gy (1 B2.29)

(2) When €, € (0.5,1), for any €/, € (0.5, €,,), there exist
some constants B> 4, B 5, and B ¢ such that

2
B[l - .I1%
<B _Basay 4 4yl-ea —q.l?
< Bpaexp (-2 (t+ o) llg0 — g+l

+ BZ,G(t + to)l_%;.

The proof of Theorem 2 is in Section 5.3. The constants B; 4
and B, ¢ depends on €, and €/,. Comparing Theorems 1 & 2,
it is now clear that (tabular (Q-learning) converges to the
optimal action value function while (linear -learning) con-
verges only to a bounded set, despite the (linear Q-learning)
adopts a more complicated behavior policy with an adap-
tive temperature. We note that the softmax function in (3)
and (2) can be replaced by any Lipschitz continuous func-
tion. We use the softmax function here because a softmax
policy is a commonly used approximation for the greedy
policy.

Stochastic Approximation. We now present a general
stochastic approximation result, which will be used to prove
Theorems 1 and 2. In particular, we consider a general
iterative update rule for a weight vector w € R?, driven by
a stochastic process {Y;} evolving in a finite space ):

wep1 = wy + o H(wy, Yig1), (SA)

where H : R? x ) — R? defines the incremental update.
The key difficulty in our analysis results from the fact that
we allow {Y;} to be a time-inhomogeneous Markov chain
with transition functions controlled by {w;}.

Assumption Al. There exists a family of parameterized
transition matrices Ap = {Pw S R\y|><|y\|w S Rd} such
that Pr(Yiy1 | Vi) = Py, (Ys, Yii1). Furthermore, let Ap
denote the closure of Ap. Then for any P € Ap, the time-
homogeneous Markov chain induced by P is irreducible
and aperiodic.

Assumption Al is a standard uniform ergodicity condition
(cf. Marbach & Tsitsiklis (2001) and Assumption 3.2 in
Zhang et al. (2022)). It is readily satisfied in our frame-
work, and we provide its formal verification in Section 5.2

and 5.3. Specifically, our Assumption 3.1, combined with
the use of an e-softmax behavior policy where € > 0, en-
sures that any policy P, € Ap induces an irreducible and
aperiodic Markov chain. Consequently, Assumption Al
ensures that for any w, the Markov chain induced by P,
has a unique stationary distribution, which we denote as
dy .. This allows us to define the expected update as
h(w) = Ey~q,, ,[H(w,y)]. One important implication
of uniform ergodicity is uniform mixing, which plays a key
role in our analysis in Section 5.1. We next present a few
assumptions about Lipschitz continuity.

Assumption A2. There exists a constant C; such that

[H (w1, y) = H(wa, y)|| < Cazllwr — w2l Vwr,wa,y.

Assumption A3. There exists a constant Cy3 such that

1Py = Puall < yaiigaay lwn — well,

[A(w1) — h(we)|| <Casllwr — wal|  Vwi, wo.

Assumption A3'. For any given wy, there exists a constant
U,y such that the iterates {w,} generated by (SA) satisfy

sup |lwe]] < Uyy  a.s.
¢

Furthermore, there exist a constant Cyy such that

||Pw1 - szH < CVA3'||wl - ’LU2|| Vwy, wa,

and for any w1, wo satisfying max {||w1||, |wz||} < Uysy,

[P(wr) = h(w2) || < Cyzrflwr — wall.

Notably, Assumption A3 uses a stronger Lipschitz condition
for P, than Assumption A3’. Moreover, Assumption A3
requires h(w) to be Lipschitz continuous on R¢ while As-
sumption A3’ requires h(w) to be Lipschitz continuous only
on compact subsets. The price that Assumption A3’ pays to
weaken Assumption A3 is an additional assumption that the
iterates are bounded by a constant almost surely. The partic-
ular multiplier 1/(1 + [|wy || 4 ||wz]|) is inspired by Assump-
tion 5.1(3) of Konda (2002) for analyzing actor critic algo-
rithms. We will use Assumption A3 for (linear ()-learning)
and Assumption A3’ for (tabular Q-learning). Let wys be
any fixed vector in R?. We now introduce

L(w) = %Hw - wref||2 ®)

to present our general results regarding {w;} in (SA).

Theorem 3. Let Assumptions Al, A2, and LR hold. Let at

least one of Assumptions A3 and A3’ hold. Then there exist
— 2
some constant t and some function f(t) = O (%)

such that the iterates {w; } generated by (SA) satisfy V't > t,

E[L(wt41)]
<(1+ f(O))E[L(w,)] + o E[(VL(wy), h(wy))] + f(t).
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The proof of Theorem 3 is in Section 5.1. Theorem 3
gives a recursive bound of L(w;). We will realize
wrer differently and bound (VL(w;),h(w)) differently
for (linear -learning) and (tabular QQ-learning).

4. Related Works

Previous analyses of (linear Q-learning) typically involve
different modifications to the algorithm. The first is
a target network (Mnih et al., 2015), where a slowly
changing copy of {w;} is stored. This copy is called
the target network and is referred to as {w;}. Then
the TD error J; in (linear ()-learning) is computed us-
ing max, z(S¢+1,a’)w; instead of maxy x(Si11,a’)ws.
The second is a replay buffer (Lin, 1992). After ob-
taining the tuple (S, A;, Riy1,S¢4+1), intead of apply-
ing (linear Q-learning) directly, they store the tuple into
a buffer, sample some previous tuple (s, a,r, s’) from the
buffer, and then apply the update based on the sampled
tuple. The third is projection, where the update to w; is
modified as w1 = (w; + adpx(Sy, Ay)). Here Il is a
projection operator that projects the weights into some com-
pact set to make sure {w;} is always bounded. The fourth
is regularization. One example is to change the update to
Wy AS Wi41 = Wi + atﬁtl’(St, Af) — OLtVHU)t 3, where the
last term corresponds to ridge regularization. Such regu-
larization is also used to facilitate boundedness of {w;}.
Besides the algorithmic modification, strong assumptions
on the features X are also sometimes made. For exam-
ple, Lee & He (2020) assume all column vectors of X are
orthogonal to each other and and each elements of X is
either 0 or 1. Finally, different assumptions on the data
are also used to facilitate analysis. For example, Lee &
He (2020); Carvalho et al. (2020); Han-Dong & Donghwan
(2024) assume that (S, A¢, Ri11, St+1) is sampled in an
i.i.d. manner from a fixed distribution. Gopalan & Thoppe
(2022) further assume that (S, A¢, Ri41, St+1) is sampled
from the stationary distribution of the current e-greedy pol-
icy, i.e., not only the samples are i.i.d., but also the sampling
distribution changes every time step. Melo et al. (2008);
Chen et al. (2022) make strong assumptions on the behavior
policy. Melo et al. (2008) use a special matrix condition as-
suming ¥, — WQE;(w) is positive definite for any w. Here
>, is the feature covariance matrix induced by the fixed
behaivor policy and EZ(w) is the feature covariance matrix
induced by the greedy policy w.r.t. w. Chen et al. (2022)
assume y2E[max,(é(s,a) "w)?] < E[(¢(s,a) w)?]Vw.
Since those assumptions are made w.r.t. all possible w, for
them to hold, one typically needs to ensure that the behaivor
policy p is close to the optimal policy in certain sense. See
Section 6 of Chen et al. (2022) for more discussion about
this. Similar strong assumptions are also later on used for
analyzing (-learning with neural networks (Cai et al., 2023;
Xu & Gu, 2020). As can be seen in Table 1, this work is

the first L? convergence rate of (linear (Q-learning) without
making any algorithmic modification or strong assumptions
on the behavior policy. This setting is known to be compu-
tationally challenging. Kane et al. (2023) show that finding
the optimal policy is NP-hard even if g, is linear in the given
features. This inherent difficulty highlights the importance
of establishing convergence to a bounded set, as our work
does, especially under minimal assumptions. Despite that
QQ-learning with neural network is also analyzed in previous
works, those work do not supercede our work since they
also need to make algorithmic modifications. Some of them
even need the Bellman completeness assumption, i.e., for
any w, the vector 7 X w still lies in the column space of X.

There is a rich literature in analyzing (tabular Q-learning).
Early works (Watkins, 1989; Watkins & Dayan, 1992;
Jaakkola et al., 1993; Tsitsiklis, 1994; Littman & Szepesvari,
1996) implicitly or explicitly rely on the use of count-based
learning rates, where the ay in (tabular Q-learning) is re-
placed by v, (s, 4, +). Here v(s, a, t) counts the number of
visits to the state action pair (s, a) until time ¢. The count-
based learning rate allows them to work with a wide range
of behavior policies. Convergence rates are also later on
established by Szepesvari (1997); Even-Dar et al. (2003).
However, to our knowledge, such count based learning rate
is rarely used by practitioners. Recent works (Chen et al.,
2021; Li et al., 2024; Zhang & Xie, 2024) are able to re-
move the count based learning rate. They, however, need
to assume that a fixed behaivor policy is used. By contrast,
practitioners usually prefer an e-greedy policy. In this work,
we use an e-softmax policy to approximate the e-greedy
policy and establish the L? convergence rate, without using
count based learning rate.

Meyn (2024) is the closest to this work in terms of the
results. However, the underlying techniques are dramatically
different. Meyn (2024) uses the ODE based analysis that
connects the iterates with the trajectories of certain ODEs
(Benveniste et al., 1990; Kushner & Yin, 2003; Borkar,
2009; Borkar et al., 2025; Liu et al., 2025). This work relies
on bounding the norm of the iterates recursively (Zou et al.,
2019; Chen et al., 2021; Zhang et al., 2022).

Previously, Zhang et al. (2023a) demonstrate convergence
rates of linear SARSA (Rummery & Niranjan, 1994) to a
bounded set. Our analysis is also largely inspired by Zhang
et al. (2023a). However, our analysis is more challenging
in two aspects. First, Zhang et al. (2023a) use a projection
to ensure the weights are bounded while we do not. Sec-
ond, linear SARSA is an on-policy algorithm, but linear
Q@-learning is an off-policy algorithm.

The key technical challenge of this work lies in the time-
inhomogeneous nature of the Markovian noise. Previously,
this is often tackled in a two-timescale framework, where the
transition function of the Markovian noise is controlled by
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a secondary weight, say {6}, and 0, evolves much slower
than w, (Konda & Tsitsiklis, 1999; Wu et al., 2020; Zhang
et al., 2020; 2022). This is recently improved by Olshevsky
& Gharesifard (2023); Chen & Zhao (2023) to allow 6; and
wy to evolve in the same timescale. Our analysis is more
challenging in that we actually have 6; = w;. This setting
is also previously considered in Zou et al. (2019); Zhang
et al. (2023a) but they all rely on a projection operator. By
contrast, our (SA) does not have any projection.

5. Proofs of the Main Results
5.1. Proof of Theorem 3

Proof. We start by recalling that we use ||-|| to denote an
arbitrary norm where ||-||? is smooth. In particular, %HH2
is smooth w.r.t. ||-|| for some L. In (1), identifying f(w) as
L(w), w" as wyy1, and w as w; yields

L(wig1) <L(wy) + ar(VL(we), H(we, Yig1))

+ ZoL || H (wy, Yi)|?
= L(wy) + @y (VL(wy), hw,))
+ ay(VL(wy), H(wy, Yir) — h(wy))

Laf 2
+ =5t H (we, Y [™ (6)

We now proceed to bounding the noise term including
H (w¢, Yiqy1) — h(wy). To this end, we notice that according
to Lemma 1 of Zhang et al. (2022), Assumption Al implies
that the Markov chains in A p mix both geometrically and
uniformly. In other words, there exist constants Cy > 0 and
7 € (0,1), such that

SUPy y Dy [P0 (4, Y) — dyw(y)] < Cot™. (7)
We then define
To = min{n >0 | Com < a} (8

to denote the number of steps that the Markov chain needs
to mix to an accuracy «. This allows us to decompose the
noise term as

(VL(wt), H(wy, Yeg1) — h(we)) ©)
=(VL(wi) = VL(wi—r,, ), H(we, Yi1) — h(wy))
Ty
+ (VL(wi—r,, ), H(we, Y1) — H(wi—r,,, Yit1)
+h(wi—r,,) — h(wy))
T
+ (VL(wi—r,, ), H(wi—r,,, Yir1) — h(wi—r,,)) -
Ts

Both 7T} and 75 can be bounded with Lipschitz conti-
nuity. To bound T3, we introduce an auxiliary Markov

chain {Y;} akin to Zou et al. (2019). The chain {V;}
is constructed to be identical to {Y;} up to time step
t — Ta,, after which it evolves independently according
to the fixed transition matrix P, , . By contrast, {Y;}
continues to evolve according to the changing transition
matrix Py, Puw, . - This choice of 7,, ensures
that the discrepancy between the two chains is sufficiently
small. We now further decompose 735 with this auxiliary
chain as

<VL(wt—7'at)a H(wt—mt Yig1) — h(wt—rat ) (10)
(VL(wi—r,, ), H(wi—r,, , Y1) — h(wi—r,))

T31
AT LW, ) H 01 ro Y1) — Hwyr,, Tig1))

T52

We now bound the terms one by one.

Lemma 1. There exists a constant C; such that

Ty < Crag—r,, t—1(L(we) +1).

The proof is in Section B.1.

Lemma 2. There exists a constant Cy such that

Ty < Cratr,, p—1(L(we) + 1),

The proof is in Section B.2.

Lemma 3. There exists a constant C; such that

E[Ts] < Csau (E[L(wy)] + 1).

The proof is in Section B.3.

Lemma 4. There exists a constant Cy such that

]E[Tg,g] S C4Oét_7at7t_1 ln(t + to + 1)(E[L(wt)] + 1)

The proof is in Section B.4.

Remark 1. We prove Lemma 4 considering Assumption A3
or A3’ in two cases. Under Assumption A3’, our proof is
similar to those in Zou et al. (2019); Zhang et al. (2022).
The technical novelty here lies in the proof under Assump-
tion A3. The proof under Assumption A3 involves bounding
the term HPwt — Py, ., H In Zou et al. (2019), a sim-
ilar term is bounded by ||w; — wi_q,|| via the standard
Lipschitz continuity of P, (cf. Assumption A3’). Zou
et al. (2019) further rely on a projection operator to bound
||lwy — wi—q, || directly. However, (SA) does not have such
a projection operator. In Zhang et al. (2022), a similar
term is bounded under the assumption that the transition



Convergence Rates of Linear (Q-Learning

matrix is controlled by another set of weights {6, }, which
involve much slower than {w; }. Their bound is made pos-
sible essentially because of this two-timescale setup. How-
ever, (SA) only has a single timescale where the transition
matrix evolves as fast as {w;}. We instead use a stronger
form of Lipschitz continuity in Assumption A3.

Assembling the bounds in the above lemmas to (9) and
further to (6), we complete the proof of Theorem 3. The
detailed steps are presented in Section B.5. O

In the following sections, we first map the general up-
date (SA) to (linear Q-learning) and (tabular (Q-learning)
by defining H (w,y), h(w), L(w), and the norm ||-|| prop-
erly. We then bound the remaining term (V L(w), h(w;))
in Theorem 3 separately to complete the proof.

5.2. Proof of Theorem 1

Proof. We first rewrite (linear Q-learning) in the form
of (SA). To this end, we define ;11 = (S, Az, Sit1),
which evolves in a finite space

Y={(s€S,acAs €8)|p(ss,a) >0}

We further define
H(w,y) (1D
=(r(s,a) +ymaxy z(s',a’) Tw — x(s,a) Tw)z(s,a).

where we have used y = (s,a,s’). We now proceed to
verify the assumptions of Theorem 3. We identify the norm
used in Theorem 3 as the /> norm ||-||,. For Assumption A1,
we define P, as

Pw[(807a07 56)7 (317 a1, 3/1)]

= (a|s1)p(sh]s1, a1)lgy=s, »

where [ is the indicator funciton. Then it is easy to see that

Pr(Ye41]Y:) =ptw, (Ae|St)p(Se41[St, Ar)
:Pwt [(St717 At717 St)7 (St7 At7 St+1)]
=Py, [V, Yig].

Thanks to Assumption 3.1 and the fact € > 0 in (3), it is
easy to see that for any P € Ap, P induces an irreducible
and aperiodic chain in ). Assumption Al is then verified.
Assumption A2 trivially holds according to the definition of
H(w,y) in (11) since max is Lipschitz and )/ is finite.

For Assumption A3, the first half is trivially implied by the
following lemma.

Lemma 5. There exists a constant Cs such that

Cs|lwi —ws|
s (als) = s (al8)] < a2y Vi, ws, s, a.

The proof is in Section C.1, where the adaptive temperature
K plays a key role. For the second half of Assumption A3,
we use d,,, € RISIMI o denote the stationary state-action
distribution induced by the policy t,,. Then it is easy to
see that dy (s, a,s") = d,, (s,a)p(s'|s,a). Then it can
be computed that

h(w) = Ey~ay ,, [H(w,y)] = A(w)w + b(w), (12)
where

A(w) = XD, (vPr, — )X, (13)
b(w)=X"D,,, (14)

Here, we use X € RISIAIXd {5 denote the feature matrix,
the (s, a)-indexed row of which is z(s,a)". Weuse D, €
RISIAIXISIAL to denote a diagonal matrix whose diagonal
is d,,,,. We use m,, to denote the greedy policy, i.e.,

1
my(als) = {O

where tie-breaking in arg max can be done through any
fixed and deterministic prodecure. We recall that P, €
RISIMAIXISIIAI denotes the state-action transition matrix of
the policy 7,,. We then have

if a=argmax,z(s,b) w

otherwise

Lemma 6. There exists a constant Cg such that

[A(w1) — h(wa)ly < Csllwi — wall, Ywy, wa.

The proof is Section C.2. Assumption A3 is then verified.

Remark 2. To prove the above lemma, we need to bound a
term involving ||Duw1 - Dy, H2 ||w1 ]|, for which we rely
on the factor 1/(||w1 || + ||wz||, + 1) in Lemma 5 to cancel
the multiplicative term ||w; ||,. Notably, as discussed at the
end of Section 2, an e-greedy policy, due to its discontinu-
ities w.r.t. w, will invalidate Lemma 5 and consequently
prevent the establishment of Lemma 6. Furthermore, despite
that 7, is not continuous, P, X w is Lipschitz continuous,
thanks to the adaptive temperature &.,.

We now identify wys = 0 and thus have L(w) = %||w||§
Invoking Theorem 3 then yields

E[L(w¢11)] (15)
<1+ f(t)E[L(wy)] + aB[(VL(wy), h(wy))] + f(t).

Since V L(w;) = w;, we now bound the inner product term
of the RHS with the following lemma.

Lemma 7. There exist constants 3 > 0 and C7 > 0 such
that
2
(w, h(w)) < =Bllwll; + C7lwlly Vw.
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The proof is in Section C.3, which is an extension of Lemma
A.9 of Meyn (2024). Notably, this lemma is the place where
we require sufficiently large «( and sufficiently small € in (3).
Plugging the bound in Lemma 7 back to (15) yields

E[L(wit1)] < (1 = Bag + f(8))E[L(we)] + O(ax).

Since f(t) is dominated by ay, it can be seen that E[L(w;)]
remains bounded as ¢ — oco. By telescoping the above
inequality, we can also obtain an explicit convergence rate
of E[L(w;)] to a bounded set. All those details are in Sec-
tion C.4, which completes the proof. O

5.3. Proof of Theorem 2

Proof. 1t is obvious that (tabular ()-learning) is a special
case of (linear )-learning) with X identified as the identity
matrix /. Most of the proofs here are similar to Section 5.3.
We, therefore, focus on the different part.

Assumption Al can be similarly verified with

Pq[(s()? ao, 8(/))’ (817 at, 5/1)]
iMQ(al |81)p(8/1 |517 al)HS(’):slv

where 11, is defined in (2). For the other assumptions, by
using X = I in (12), we obtain

h(q) =Dy, (YPr, — I)q+ Dy, r
:D,uq (Tq - Q)
=T'q—q, (16)

where we have defined the operator 7~ as
T'q=D,,(Te—q) +q.

Here we call 7' the weighted Bellman optimality operator.
The operator 7" is highly nonlinear since D,,, depends on
the stationary distribution of the chain induced by the policy
ttq. This operator 7 is unlikely to be a contraction. The
key insight that we rely on here is that 77 is still a pseudo-
contraction w.r.t. the infinity norm ||-|| .

Lemma 8. Ler Assumption 3.1 hold. For any ¢ > 0, the
weighted Bellman operator T’ is a pseudo-contraction and
q« is the unique fixed point. In other words, for any q, it
holds that

177q = qll oo < Bmllg — @xll oo

where B, =1 — (1 —)infy s, dy, (s,a) € (0,1).

The proof is in Section D.1.

Remark 3. This lemma is, to our knowledge, the first time
that this pseudo contraction property is identified. The inf
is strictly greater than 0 because € > 0.

The pseudo contraction property motivates us to identify
the [|-|| in Theorem 3 as ||-|| . Unfortunately, ||||§c is not
smooth. We then follow Chen et al. (2021) and use the
Moreau envelope of ||- ||f>O defined as

.. 2 2
M(q) = infyera { 31l + 3lla = ull3},

where £ > 0 is a constant to be tuned. Due to the equiva-
lence between norms, there exist positive constants /;; and
gt such that it [|qll, < [lqllo, < uitllgll,- The properties of
M (q) are summarized below.

Lemma 9. (Proposition A.1 and Section A.2 of Chen et al.
(2021))

(i). M(q)is %-smooth w.rt. |||

(ii). There exists a norm ||-||,, such that M (q) = %Hqun

(iii). Define li, = \/(1 4 &l2), wim = /(1 + &u?,), then

limllall, < llalloe < vimllgll,-

(). (VM(q),q') < llaln 14'llm,

We then identify the norm ||-|| in Theorem 3 as ||-||,,, and
further identify wyt as q.. As a result, we have realized
L(w) as

L(q) = 3llg — a.||2, = M(q — q.).

Assumption A2 again trivially holds. We now proceed to
verify Assumption A3’. The boundedness of {¢;} can be
easily obtained via induction (cf. Gosavi (2006)).

Lemma 10. For any qq, there exists a constant C'jy such
that sup, ||qt||,,, < Cio a.s.

The proof is in Section D.2. The Lipschitz continuity of F,
follows directly from the Lipschitz continuity of 1, in (2),
which is a direct result from the fact that the softmax func-
tion is Lipschitz continuous. The Lipschitz continuity of
h(q) on a compact set is also simpler to prove than Lemma 6.

Lemma 11. There exists a constant C;; such that for any
q1, q2 satisfying max {||q1|,,,, l|¢2|l,.,} < Cio, it holds that

17(q1) = Plg2)l,, < Crillgr = gall,n-

The proof is in Section D.3. Assumption A3’ is now verified.
Invoking Theorem 3 then yields

E[L(gt+1)] a7)
<1+ f()E[L(g:)] + a:E[(VL(qt), h(qe))] + f (1)

The pseudo-contraction property of 7" allows us to bound
the inner product in the RHS as below.
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Lemma 12. There exists a positive constant C, such that

(VL(gt), h(q)) < —Cp2L(qs) Vt.

The proof is in Section D.4.
Lemma 12 back to (17), we get

Plugging the bound in

E[L(gr+1)] <(1 = Craay + f(1))E[L(g0)] + f(2).

Since f(t) is dominated by «, telescoping the above in-
equality then generates the desired convergence rate. The
detailed steps are in Section D.5, which completes the
proof. O

6. Experiments

We test unmodified linear @)-learning (without target net-
works, experience replay, weight projection, or regulariza-
tion) on Baird’s counterexample, a challenging benchmark
for temporal difference methods, especially Q-learning (See
Chapter 11 of Sutton & Barto (2018)). For clearer experi-
mental results, we use a constant learning rate o« = 0.1, we
also select k9 = 100 and € = 0.1.

In Baird’s counterexample, we have seven states, two ac-
tions, zero reward (s, a) = 0 for all state-action pairs, and
discount factor v = 0.99. The environment uses a specific
feature representation and all transitions lead to state 7 with
probability 1, regardless of action.
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Figure 1. Convergence of (linear (-learning) with v = 0.99, a =
0.1. The graph shows the evolution of ||w;||3 over time steps,
demonstrating stable convergence behavior. The blue line rep-
resents the average of the squared L? norm of weights over 10
independent runs, and the shaded area indicates the range between
minimum and maximum values.

Figure 1 shows the evolution of [|w,|® over 1500 itera-
tions. We observed that the weights of unmodified linear
@-learning remain stably bounded throughout training, sup-
porting our theoretical findings. Appendix E provides com-
parisons with versions incorporating other modifications.

7. Conclusion

This paper establishes novel L? convergence rates for both
linear and tabular (Q-learning. A key novelty of the result is
that we allow the behavior policy to depend on the current
action value estimation, without making any algorithmic
modification or strong assumptions. Technically, such a
behavior policy is hard to analyze because it brings in time-
inhomogeneous Markovian noise, for which we provide
Theorem 3 as a general tool. A possible future work is to
characterize ()-learning with such a behavior policy from
other aspects, e.g., almost sure convergence rates, high prob-
ability concentration, and LP convergence rates, following
recent works like Chen et al. (2025); Qian et al. (2024).
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A. Auxiliary Lemmas and Notations

Lemma 13 (Definition 5.1 and Lemma 5.7 of Beck (2017)). The following statements about a differentiable function f(x)
are equivalent:

(i) f(x)is L-smooth w.r.t. a norm ||-||.
(ii) [V f(x) =Vl < Lllz -yl
(iii) 1f(y) = f(@) = (VI (@),y — )| < Gl —yl)”

Lemma 14 (Discrete Gronwall Inequality, Lemma 8 in Section 11.2 of Borkar (2009)). For non-negative real sequences
{zn,n > 0} and {a,,n > 0} and scalar L > 0, it holds

Tpi1 <CHLY " jam; Vn = zpq1 < (CHx9)exp(LY i ya;) Vn.

Lemma 15 (Lemma 9 of Zhang et al. (2021)). Let U be a set of policies and Ap = { P, € RISIAIXISIAL| 1 € ¢} be the
set of induced state action transition matrices. Let Ap be the closure of Ap. Assume for each P € Ap, the chain on S x A
induced by P is irreducible and aperiodic. Let dp, be the stationary distribution of the chain induced by P,. Then dp, is
Lipschitz continuous in p on U.

Recall the definition of A(w) in (13). We have

Lemma 16 (Lemma A.9 of Meyn (2024)). There exists a positive constant Fqo such that for kg > Ko and ¢ < (1 —
7)2/[(1 = )2 + ~2], there exists a positive constant 3 > 0 such that w" A(w)w < —Bjwl||3 holds for all |wl|, > 1. To
be more specific,

B = [(1 —y) —eyve L+ (1 — e)—l] Amin (X "D, X) —y(1 — e)%\/Amx(XTDMX)

where Amin () and Amax (+) denote the minimal and maximal eigenvalue of the matrix, respectively.

‘We define shorthand

J
aij =Y ar, Co=max|a(s,a)lly, Cr=lrlles  Crer = [l
:

t=1

We use F; = o(wp, Y1, ..., Yz) to denote the filtration representing the history up to time step ¢. Recall the definition of 7,
in (8). We have

Lemma 17 (Lemma 11 of Zhang et al. (2022)). For sufficiently large t, it holds that

log(t + o) ) .

o = Ologt+ ), a1 = O (R

Lemma 17 ensures that there exists some ¢ > 0 (depending on ¢) such that for all ¢ > ¢, it holds that £ > Ta,. Throughout
the appendix, we always assume tg is sufficiently large and ¢ > . We will refine (i.e., increase) ¢ along the proof when
necessary.

B. Proofs in Section 5.1

Lemma 18. There exists a constant C\g such that for any w, y, t,

[1H (w,y)|| <Cis(l|w]l + 1),
[7(we)l| <Cis([lwell +1).

Proof. Recall Assumption A2, we have

[1H (w,y) = H(0,y)|| < Crzllwll  Vw,y.

12
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According to the triangle inequality, we can obtain
1H (w,y)[| < [ H (w,y) — H(O,y)[| + [ H (O, )]
Therefore, we can further obtain
I1H (w,y)|| < Cuzllw|| + [[H(0,y)]-

Thus, choosing C'g1 = max, {Ca2, H(0, y)} completes the proof for bounding H (w, y). Similar result can be obtained
for h(w) under Assumption A3 by choosing C'g 2 = max {Ca3, h(0)} and under Assumption A3’ by choosing C'g 2 =
max {Cpy, h(0)}. Therefore, we can choose C3 = max {C's,1,Clig 2} O

Lemma 19. For sufficiently large to, there exists a constant C9 such that the following statement holds. For any t > t and
any i € [t — Ta,, t], it holds that

|lwi = wi—r,,, || < Crots—r,, i—1(|Jws]| + 1), (18)
|lwi — wi—r,,, || < Cro—r,, i—1(|lw; — wy|| + 1), (19)
|wi—ra, || < Cro([lwy — wrerl| + 1) (20)

Proof. In this proof, to simplify notations, we define shorthand ¢; =t — 7,,. Given Lemma 17, we can select a sufficiently
large tq such that for any ¢ > ¢,

exp(Cls@—r,,t-1) <3,
1

Ci30t—r,,t—1 <G

We then bound ||w; — wy, || as

i—1

lwi = we, | = Y llowH (wy, i)
k=t1
i—1
< > anCis(llwe —we, || + e, || +1)
k'=t1

i—1 i—1
< > aCis(llwe, |+ 1) + Y anCis(|lw — wy, |)

k=t k=t
< Cisayy im1(JJwy || + 1) exp(Cigay, 1—1). (Lemma 14)

We then have
|wi —we, [| < Crgae, i—1(lwi = we, || + [Jwi]| + 1) exp(Crsov, —1)
< %sz = wi, || + Cro 20ty i1 ([Jwill + 1),
where we have defined Cy9 2 = 3C)5. Thus, we have
[wi —wy, || < 2C19 200, i—1([lwil| + 1),
which gives a proof of (18). Furthermore, we obtain (19) as

wi —wi, || < 2C19, 20, i1 ([Jwill + 1)
< 2C19,000, i—1(||ws — Wret|| + ||wrer]| + 1)
< Croza, i1 (|lwi — weet| +1).

For (20), taking 7 = ¢ in the above inequality yields

[wiy | = lJwell < flws = we, | < Cro zexsy o1 (lwe — wrel] +1)-

13
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That is
l[we, || < Cro,zae, -1 (llwe — wretl| + 1) + [[we — Wieel] + [Jwree]|
< Croalllwr — wrel] + 1) + [lwe — weer|| + [[weet
which completes the proof. O
B.1. Proof of Lemma 1

Proof. According to (9),
Ty =(VL(wt) = VL(wi—r,, ), H(w, Yi1) — h(wy))
<[|VL(we) = VL(wir, )|, - [1H (wt, Yis1) = h(we)]-
For the first term,
VL) - VE(wi-r, ),

< L||wy —wi—r,, || (By (5) and Lemma 13)
< LCl9at—7—at,t—1(Hwt — W] +1) (Lemma 19).

For the second term,
[H (we, Yis1) = h(wp) || < Crs(lwell + 1) + Crs(llwe | +1) < 2C18([Jws — weer]| + Crer + 1)
Combining the two inequalities yields
(VL(wi) = VL(wi—r,, ), H(we, Yig1) — h(wy))
< LCot—r,, t—1(|we — Wretl| + Crer + 1) - 2C15([|wr — wret]| + Crer + 1)

S Cl,lat—TQt,t—l(||wt - wref” + 1)2

< 201,1at—mt,t—1(”wt - wrefH2 +1).

Choosing C; = 4C); ; then completes the proof. O

B.2. Proof of Lemma 2
Proof. According to (9),

Ty =(VL(wi—r,, ), H(wg, Yiy1) — H(wi—r,,, Yit1) + Mwi—r,, ) — h(wy))
SHVL(UJFTCH)H* : ||H(U1t7 Yiy1) = H(wi—r,,, Yit1) + Mwi—r,,) — h(wt)H.

For the first term, it is trivial to see V L(wr) = 0. We can then obtain

||VL(wt_Tf¥t)H*
=V L(wi—r,,) = VL(wir) |,
<L|jwi—r,, — wre|| (Lemma 13)

<L(||wi—ra, — we|| + lwe — wret)
Recall for ¢ sufficiently large, we have Cr9ait—r,, t—1 < 1. Applying Lemma 19 then yields

[VE@wr—r |, <L(|were, —we| + llwr = wee])
SL(Hwt - wrefH + 1 + H’U)t — wref||)

<L(2||we — wyet|| + 1). 21

*
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For the second term,

HH(wt; Yiy1) — H(wi—r,,, Yit1) + Mwi—r,,) — h(wt)H
<(Caz + max {Cas, CAs'})Hwt—mt - wt”
<C19(Caz + max {Caz, Cpy Pt t—1([[we] +1) (Lemma 19)
<C19(Caz + max {Cas, Cay v, t—1([[we — Wret]| + Crer + 1).

Combining the two inequalities together yields

(VL(wi—r,, ), H(wt, Yig1) — H(wi—r,,, Yig1) + Mwi—r,, ) — h(wy))
<L(2||wy — weet]| + 1) - C1o(Caz + max {Caz, Cay })tt—r,, t—1 (| — Weetl| + Cres + 1)

<104y, 11 ([Jwe — wret| + 1)2
Choosing C, = 4C,; then completes the proof.

B.3. Proof of Lemma 3

Proof. For the first component of T35 in (10), we have
E [Tgl |‘/—-'t_7—f¥t} = ]E |:<VL(wt_Tat )7 H(wt_Tat ) f/t"l‘l) - h(wt—Tat )> |‘Ft—Tat:|

< (VL7 ). E[H(wi v, Vi) = hwer,,)|Fir, |)

< VLwer ), - [B[H o, Ferr) = b, I Fecr,

The first term is bounded in (21). For the second term, we have

E [H(wt—mt Yirr) = h(wir,,) ’}"t—mt]

=Y H(wir, ) PVi1 = 4| Frr,) = Y Hwi sy s 9)dy oy, (Y)
Y Y

= Z H(wt—mt ) y)(P(Y/;H-l = y‘ft—mt) - dy,wt,mt ()

Y
< N H @ )| |PTois = ylFir) = s, )]
Yy

<max||H(wi—r,, )| Y [P(Ferr = yFir,) = v, )
Yy

<ayCis(||wi—r,, | +1) By (7). (8) and Lemma 18)
<y Oy (|| wi—ra, — we]| + lwe — Weetl| + Crer + 1).

Combining the two bounds yields
E[(VE(wir,,), H(w o, Y1) = (s, Fir,
<LC130¢(2)|we — wret|| + Cret + C19)(Croatt—r,, t—1([[wel| + 1) + [[we — wret|| + Crer + 1)  (Lemma 19)

<LC13C1904(||wy — wret|| + Cret + Cro + 03,1)2
<LC13C 00 ([lwy — wree|* + C5,2).

Choosing (3 = LC3C}9C5 2 then completes the proof.
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B.4. Proof of Lemma 4

We start with an auxiliary result.

Lemma 20. Then there exist a constant C>y such that

B[ |[H(wer, Yirt) = H@ery,s Vo) || Fiora, ] < Co00umraama It + to + 1)l = wag] + 1.
Proof. In this proof, all Pr are probabilities implicitly conditioned on F¢_, . For simplicity, we define P, = Py, .

Pr(Y; =y)=> Pr(Vi=y Y, 1 =y) = ZPty, )Pr(Ye1 =),
Yy

Pr(ﬁ = y’) = ZPI‘(Y/}A = y) P s, (9, Y)
Y
Consequently,

>

’

<y

Y.y’

Pr(Y; =9') — Pr (Yt = y/>

Pr(Yit = )Py ') = Pr(Yios =) Prr, (00)].

‘We now consider two cases.

Case 1. Under Assumption A3

Pr(Yi—1 = y)Pi(y,y) — Pr(ﬁ_l = y) P s, (y,Y)

<[Pr(Yio1 = y)Pi(y,y) — P(Yie1 = y) Py, o/ ‘ + ’P(Yt—l =y)P(y,y") — P(Vie1 = y)Pi—r, (1,1

lwe —wera, | (Y B )
waH n Hwt—mt ” 1 r\Yy—1 =Yy
—ry, -1 (Jwe] +1)
lwell + |Jwi—r,, || +1

<|Pr(Y;_1=y)—Pr

i1 = ) Pi(y,y') + Cas

Pr (}7;_1 = y) (Lemma 19)

<|Pr(Yio1 =y) —Pr(Yio1 =y )| Py, v) + CZ(),lat—'r(,t,t—h

Yy
(¥

<|Pr(Y;_1 =19) Pr(} 1=9 >P( )+CA3019
(v

,_.
\ \
v

where 02071 = CA3019.

Case 2. Under Assumption A3’

Pr(Yims = ) Pily.y) = Pr(Yies = y) P, (40))
<|Pr(Yior = y)P(y.y) — Pr(fft_l y>Pt(y y )’ + PI'(Yt—l = y)Pt(y,y’) - Pr(f@_l = y)Pt_Tat (v, 9)
<|Pr(Yio1=y) — Pr( ;1 = y) Pi(y,y') + Cuy || we — wi—r,, || Pr(f/tfl = y)
<|Pr(Yi.1=vy) — Pr( Y, 1 = y) Pi(y,y') + Cay Croay 7, i1 (llwe]l + 1) Pr(ﬁ_l = y) (Lemma 19)
<Pr(Yi-i=y) - PT( Vi1 = Z/) Pi(y,y) + Caz Croat—r,, t-1(Upy +1) Pr(fft—l = y)
<|Pr(Yi—1=y) — Pr( Y, 1 = y) Pi(y,y') + Cr20 7, 11,

where 02072 = CA3’OI9(UA3' + 1)

Thus, denote Cy 3 = max {Ch 1, 0,2}, we have

Z’Pr Pr(Yt—y)

< Z ‘Pr(Yt—l =y)— Pr(f/}_l = y)' + Cao 3|Vt 7, 11
y
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Applying the above inequality recursively yields

t—1
> ‘Pr(Yt =y) - Pr(f’t = y')‘ <CuslVl Y Qra,
"

J=t—Ta,

For the summation term, we have

t—1
Zj:t_.,—at Qp—1o,,j < Tov, Tory Ut —7,, _ T, Ot —7,, _0 <ln(t +to) CQ—r,,

) = O (In(t + to)) .

7, t—1 - Ta, Ot Qi Qi
Then there exists a constant C 4 such that

-1
Z Qrp, i < Qpry t—1C20 4 In(t + t0),

J=t—Ta,

Consequently,

E |:HH(wt7‘rat > Yt+1) - H(wtfrat , ﬁ+1)H|]:t77'at:|

> Hwir 4 Pr(Vis =) = S Hwir,, ') Pr(Yirs = o)

y’ Y

=>_H(wi ., v)Pr(Yess =y) — H(wy—,,,y') Pr (Yt+1 = y/>

y/

<Cis([lwe—r, | +1)- >

Pr(Yyy1=vy') —Pr (Yt+1 = y’)‘
,U/

<Cigvs—r,, t-1(Cro(|[ws — weet|| + 1) +1)Ca0,3|Y|Cr0,4 In(t + o + 1).

Choosing Chy = C'5(C9 + 1)Ch0,3Ch0.4|Y| then completes the proof.
We are now ready to present the proof of Lemma 4.

Proof. For the second component of T3 in (10), we have
E[To| Fi-r., ] = E[( VL7, ), H(wp 1, Y1) = H(wir,,, Y1) ) | For, |
< <VL(wt77'at)aE {H(wtfrat » Yt+1) - H(wtf'rat s ﬁ+1)|-7:t7'rat:| >

< ||VL(wt—mt)||* : HE[H(wt—T%al/t—&-l) - H(wt—ﬂ-atv)}t+1)’}—t—7at}

From Lemma 20, we have
B[|[H(wer, Yie) = H@i sy, Veo) || Fira, | SO0t oa It + o + D[l = e + 1),
Thus, there exists a constant C4 such that
Ty < E[HVL(wH%)||*HE[H(wt,mt Vi) — H(wpr.,, ffm)|ft,mt} H
< L(2||lwi — wret|| + Cres + C19)Co00tt 1y, t—1 In(t + to + 1)([[ws — weer|| +1)  (By (21)

< 2LC00—r,, t—1In(t + to + 1)([|wy — wret]| + Crer + Cio)?
< Cattpry, p—1 In(t +to + 1)([Jw — Weet]|* + 1).

This completes the proof.
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B.5. Proof of Theorem 3
Recall the decomposition (9), combining the bounds for 77, T5, T3; and T35 from the above lemmas, we have:
E[{(VL(wy), H(wg, Yi1) — h(wy))| Fir,, |
<Cy0t—ry, 41 (E[L(we)| Fiero, | + 1) + Cooi—ry, 41 (B[L(wi)| Fe—r,, ] + 1) + Csae(E[L(we)| Fo—r,,, | + 1)
+ Chovy—r,, g1 In(t 4 to + 1) (E[L(wy)| Fr—r,, | + 1)
<D304—r,, t—1In(t +to + 1)(E [L(wt)‘]:tfr(”] +1).

where D3 = C + C, + C5 + C4 is constant. Recall (6) and combine all the results, we have

E[L(wit1)|Fier, |
<SE[L(we)|Fiera, | + E[(VL(we), b(w))| Fe—r,, |

042 2
+ aE[(VL(wy), H(we, Yii1) — h(we))| Fi-r,,] + %E[HH(U&’YtH)H [ Ft—ra,
SE [L(wt)|]:t_7—at] + ozﬂE[(VL(wt), h(wt)>|]:t_7—at]

L 2
+ atD3at Tay,t—1 ln t+t0 +1 [L wt ‘ft Tat] + ]-) 4 0128(1 + ||'wt - wref||)2
<E[L(w)|Fi—r,, ] + E[{(VL(w ), h(we))| Fi-r,, ]

+ oy Doy, i1 In(t + to + 1)(B[L(wy)| Fier,, | + 1) 4+ 2La; CR(E[L(we) | Fo—r,, | + 1).

Denoting f(t) = Diaiay—r,, t—1In(t +to +1) + 2LO£CZZ = C’)(ln(i(f:; 7;%;:1)) and taking the total expectation then
completes the proof of Theorem 3.

C. Proofs in Section 5.2
C.1. Proof of Lemma 5

T

Proof. Since softmax is Lipschitz continuous, we only need to bound |k, (s, a) Twy — K,z (s, a) Twa ‘

Case 1: |[w: |, < 1 and ||wa|, < 1. In this case, Ky, = Kw, = ko. Define C;, = sup, , [|z(s, a)||,. Then we have

|/<;w1£L‘(S7a)TU)1 - szx(sva)Tw2|
SHOOwle —’LU2H2
S 3/100;5

L+ [lwafly + flwell,

w1 — wall,.

Case 2: ||w1]|, > 1 and |Jws||, > 1. Without loss of generality, let ||w1|| > ||w2]|. In this case, k., =

— Ko
Rws = T[T, -
Then we have

Ko
willy”

w1 — wall,

0 .
[[wils [[wsll

|wally — [lwall
[[wr]lofwa]l

|K7w1 - Iin| = Ko

Therefore,

’Fawlx(s, a) "Wy — K, x(s, a)ng‘

SH/@wlx(s, a)" (wy — wa) ||, + |2(s, a) Twa||Kuw, — K, |

w1 — wall,
< Callwr — wally + Collwallyroy—— =
||w Hz 20 TR g ||, lwa
BrioCyy Jwy — wall,
3wy ]|
6%001-

< w1 — wall,.
1+ [Jws ]|y + w2l 2

18
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Case 3: ||w]|, < 1 and ||ws||, > 1, and vice versa. In this case, Kk, = Ko, and K, =
1
Kaw, — Kws| = Kol 1 — )
=l =0 (1=

|"$w1‘r(87 a)Twl - ﬂng(sa a)Tw2’

< Kg. We can obtain that

Hw H

Similarly, we have

SHRWT’E(S,G,)T(’UM - w2)”2 + |$(87a)-rw1“"$w1 - F@w2|

KkoCly 1
<0G 1wy + Ca | (1)
Twa] 2 2 Tzl

KoCy 1
S ||U)1 ’lU2|| +C I‘i(](]. )
[[wa]] 2 [[wz]l,

"G |, + Cxfo
ST ||W1 — W2
sl 2 || T,

(l[wally = 1)

)GKQC
<
3[|w2ll

w1 — wall,

6/‘600;3
T flwly + [zl

w1 — w25,

where () is obtained because ||w;||, < 1, and according to the triangle inequality ||w; — w2y > [Jwa|ly — [Jwily >
lwa|ly — 1 since [|ws||, > 1. This completes the proof. O

C.2. Proof of Lemma 6

Proof. According to the definition in (13) and (14), we can apply the triangle inequality to get

[A(w1) — h(w2)ll,
=[|A(w1)wi + b(w1) — A(w2)wz — b(ws)||,
<X T Dy, (T(Xwy) = Xwy) = XDy, (T (Xws) — Xws)|,

<X T Dy, (T(Xwi) = T(Xws) — (Xwy — Xws))||, + [|X T (D, = Dy, (T (Xws) — Xws)|,-

g

The first term in the RHS can be bounded by ||w; — ws|| easily because ||D,Lw1 | , < 1and 7 is a contraction (and thus
Lipschitz continuous w.r.t. any norm). For the second term in the RHS, according to Lemma 15, D, is Lipschitz continuous
on iy, that is

HD/‘le - D:U"WQ H2 S 0671||uw1 - lu’w2||2'

ISTIA|

Here we interpret p,, as a vector in R . It is easy to see that

[T (Xwz) = Xws|| < Co2 + Co2[wall
for some Cj 2. Then Lemma 5 implies that for some Cs 3, we have

||XT(DP'1A71 - D;U"wl )(T(XU)Q) - Xw2)||2
§HX||206,1||.UU)1 — Hw, ”2(062 + 06,2”“’2”2)

0, Ltlual,
=T Tl + sl

<Ce3llwr —wa|,,

[lwi — wall,

which completes the proof. O
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C.3. Proof of Lemma 7

Proof. From Lemma 16, we know that if ||w]|, > 1, there exist positive constants 3, which satisfy
w A(w)w < =Bl
Therefore, for ||w||, > 1, recall b(w) = X T D, r, we have a constant C ; = |S|*|.A|C,.C,. that ensures
(w, A(w)w + b(w)) < —Bllwll; + Cl[w]],-
For ||w]|, < 1, recall || A||, can be bounded by another constant C7 > = (|S||.A|C;)?(y + 1), thus
(w, A(w)w + b(w)) < (Cr1 + Cr2)|[wlly < =Bllw]; + (Cr1 + Crz2 + B)[w]l,.
Thus, for C; = G4 + Cr2 + 8 = |S[|A|C.C, + (|S||A|C.)?(y + 1) + B, it always holds that
(we, A(w)we + b(wy)) < *ﬂ”wt”g + Crlw],-
This completes the proof.

C.4. Proof of Theorem 1

Proof. Combining (15) and Lemma 7, we have

E[L(we41)]
<E[L(w)] + E[(V L(wt), h(wi))] + f() (1 + E[L(w;)])
<E[L(w0)] + ao(~BE [l 3] + CrEllwell,)) + £(5)(1 + EL(w,)
=(1 = 2Ba; + f())E[L(wr)] + e CrE[[[wy [l o] + £(2)
<(1=2Ba; + f(1)E[L(we)] + E[at,@ : %Hthz + %07 + f(t) (using z +y > /zy)
<(1—Bay+ f(t)E[L(w)] + Di1aq  (since f(t) < 22720475 for sufficiently large t)
<(1 = Di204)E[L(w¢)] + Dy 10t
where D ; = fC and Dy o = g Unfolding the recursion from time £ to ¢ yields

t—1 t—1

1:‘[7 1-— D1 QOék [L(’LU{)] -+ D171 Zak H (1 — D]vgaj).

k=f  j=k+1

Case 1: ¢, = 1. We can derive that

t—1 t—1
H (1 — Dlygaj) S exp —D1’2 Z a;
j=k+1 j=k+1

t
1
<exp (—Dl}ga/ T dm)
k+1 L 0

= exp (=D 2a(In(t 4 tg) — In(k + 1+ tg)))

k14t
o\ t+to '
Substituting back, we obtain

~ Disa t—1 D oo
to+1 ' « k+1+tg ’
E[L(w)] < E[L(wz)| + D .
sl < (250) 7 ElLw) lek_{kﬂo( )
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The second term becomes

t—1 D) sa D t—1
o k+1+t ’ 2812 o
> ) i Sk
< k4t t+ 1o (t+t0) 120 ‘
k=t k=t
Denote ¢ = D, s and S(t) = (H_lt B 2;1—(k +tg)°!
1. When ¢ # 1:

t—1 t

t+tg)¢
E k+t061</ (x—f—to)cfldxgi(_{_o),
P -1 c

1 (t+ty)° 1
S(t) < (t+to)e ¢ ¢

2. Whenc =1:

R t—1
S(t) < > K= <1
4ty &~ t+to
k=t

Thus, we conclude that S(t) < 51—,
1,2¢

D| 20
to+t D 1
E|L < E|L(w; D272 ——
sl < (25 Bzl + DLz

D3

= g I D

Furthermore, the last constant can be expanded as D; 4 < 4072 52//2 < (IS|IAIC)2 (v + 1) + |S)*|A|C.C, )QQH . For
the E[L(wy;)] term, since ¢ is deterministic, starting from the update of w;1, we have

lwiall < llwell + el [H (we, Yoy )| < [Jwell + axCrg(lwe]| + 1)

That is, [[wit1 ]| < agCis + 3i_o(Cis + 1)||w;|. Applying discrete Gronwall inequality, we obtain

-1
[wi]l < (Cis + [[woll) exp (Z(l + @0018)> = (Cis + [lwoll) exp( + tagCis)

t=0

Furthermore, combining this with the current bound, denote By ; = D; 3 exp(2t(1 + aoC1s)), Bi2 = D12 and By 3 =

2 (ﬁ x 2C5 exp(2t(1 4+ apClg)) + D1,4) then completes the proof of the first case.
Pn

Case 2: ¢, € (0,1).
t—1 t—1
H (1 — D17205j) S exp 7D172 Z e}

j=k+1
¢ 1
< exp <—D1720z/ dx)
k1 (T + o)

D
(— : 22:‘ [(t+to) 7 — (k+ 1+ t0)150]>

exp ]2a(k+1+t0)1 ea)

exp (?' :O‘(t + o)™ 5@)

I
o
[}
ol
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Substituting back, we obtain

BILwn)] < oxp (— 222 [+ )7 = (1)~ )ElL(w)]

p
t-1
e Do 1— 1-
D e ——[(t+to) T = (k+1+1to) 7] ).
+ 1’1;(k+t0)6a exp( 1 [(t+ to) (k+1+tg) ]

[e3

For the second term,

=t « D sa
— exp (—1 N D (k+1+t0)1€a})

k=t (k 4 to)ce — €a
t—1
Disa -
< eXp( “—(k+1+1t9) ).
eXp(?iif(tthol u)kz_:t kHO 1-c
To make the notation cleaner, we define M = Dl 2% then
o t+to—1 1
RHS = M (k4 1)t
o OTE+ i) 2 T P )
o t+to—1 26.1
< exp (M(k+ 1)1 ¢
exp (M(t + 1) ) ; 1y P (D)

9€a t+to+1 )
< T Ca Mz "% )dx.
= o (ML 5 1) e“)/1 % exp (Mz'~“)dx

Now we perform a substitution to simplify the integral, let u = Ma' =€, then du = M (1 — €, )z~ “>dx, thus

bt 1 Mttt exp (M(t + to + 1) =)
—€n M 17601 d — d <
/1 x eXp( T ) T 7M(1_€Q) /M exp (u)du < M= e

Finally, we have

B ()] < exp (— 212 (0 4+ 10~ — (F+t0)' ] ELL(wy)

e
t—1
+D1 Y e B
e (ko) I —éa

[e%

< oxp (222 (0 t0)' (04 )] ELE o)

PR exp (M (t + tg)t )

D
+ Mexp (M(t+tg)l—e=) M(1—¢y)
Dl 20y 1— 1— 26"‘D1 10
= - t+1 fo — (T +1g) 6‘* E[L
exp( 17601[(—!-0) (t+to) MO —c)
D s« 1— 1— 26“D1 1
= — 2 t+¢ €a _ t t Ga E
exp( 1—€a[(+0) (£ to) D
_ D172O‘ 1—eq y l—eq _
=exp (-7 [(t+to) — (t+to)' ] |E[L(wp)] + Dy 5.
2¢at+3 2 2€a+3 2 2
The last constant can be expanded as Dy 5 = =5 = ((IS])A|C)? (v + 1) + |S|7|A|C,C,)?. Then Theorem 1
follows from using the Gronwall inequality to bound L(wg) w1th |lwo]| and the equlvalence of norms, with B 4, By 5, and
B, ¢ selected similarly. O]
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D. Proofs in Section 5.3
D.1. Proof of Lemma 8

Proof. Ttis obvious that g, is the unique fixed point because infg s 4 dy, (s,a) > 0 thanks to the fact that ¢ > 0. We also
have

170 = aulloo = |7'¢ = Dy (0 — @) — @,
= || Dy, Tq¢ = Dyya+ q — ¢« + Dy, (0 — ¢2)||
HDuq(Tq - CI*) + (I - Dm;)(q - Q*)Hoo
max |d,, (s,0)(Tq = ¢.)(s,@) + (1 = dy, (5,0)) (g = 0.) (s, 0)]

IN

IN

maxdy, (5, @) Tq — g. oo + (1~ dy, (5, )) g — ..

IN

max dy, (5,)7]1q = ullog + (1 = dp, (5, 0))llg = @l

= maX(l -(1- 'V)duq (s, a))Hq - Q*Hoo

s,a

(1= =) jnf (5. )l - 0.

q

IN

which completes the proof. O

D.2. Proof of Lemma 10

Proof. Recalling the update rule for tabular ()-learning in (SA) and (11), we have

gt+1ll0o < (1= ar)llgello + (Cr + Yl o)
= (1 —as +your)l|gel| oo + :Cr.

If ||g¢|l,,, is unbounded, then ||¢|| . is also unbounded, that is for each constant M > ||qo|| .., we can find some time ¢ such
that || ¢¢|| .. <M < ||¢t+1]| - Therefore,

M < (1—a +vya)M + o Cy,
which is equivalent to

a(l—v)M < ayC,.

Cr
1—

Since C, is a constant, we will get a contradiction for M > S

This completes the proof. O

D.3. Proof of Lemma 11
Proof. Recalling the definition of h(w) in (16), we have
(1) = ha2)l = 1T — 1 — (T2 — 2)ll oo
= |Dpy, (Tar = @1) = Dy, (Tg2 = 42) + Dy, (T2 — g2) = Dy, (T2 — @)
<||Dpy, (Tar = q1) = Dpy (Tg2 — @2)|| _ + || Puug, (Ta2 = g2) = Dy, (Tg2 — g2) ||
< Tq—Ta2) — (@1 — @)l + || Dy, — D, HOOHTCD — @2l -
The first term in the RHS can be bounded with ||g; — ¢2||, easily. For the second term in the RHS, |D,Lq1 - Dy, H can be

bounded with ||¢1 — ¢2|| ., thanks to Lemma 15. Noticing that ||7 g2 — ¢2|| ., is bounded because ¢; lies in a compact set
then completes the proof. O

D.4. Proof of Lemma 12
Proof. Recall that 3,,, = (1 — ) inf, ;4 d,, (s,a), we have
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(VM (gt —q:), T'at — q1)

(VM (gt — q): T @t — @ + @ — 1)

(VM (qr = 4), T'qt — q=) = (VM (g — <), a4t — q)
<llgt — @l Wl 7’2 = @l — llae — q]1%,  (Lemma 9)

1
<llge = @l - 7 1T"a — alloe — llae — a2,
l
m
1 2
SHQt - Q*”m . I Bm”qt - q*”oo - ||qt - Q*”m
m

:_G_

Since 3,, < 1, we can choose a sufficiently small  (defined in Lemma 9) such that Cj, = 1— 2= 3, > 0, which completes
the proof. O

U 2
5l g
m

D.5. Proof of Theorem 2

Proof. Combining (17) and Lemma 12 yields

E[L(gt+1)] <E[L(q:)] + a:E[(VL(qt), h(qe))] + f()(1 + E[L(g:)])
=(1—2Cna + f(1))E[L(q:)] + f(1)

In?(t + to)
<(1 — Dy 104)E[L + Dyg———.
<( 2,100 )E[L(q)] 2,2 (i + to )2
Recall we have: |
t+t
ay = @ 5 Qt_rt—1 = O(n( + O))7
(t +to)c= (t +to)ca

where €, € (0.5,1] and g > 0 is chosen sufficiently large. Then for any 0.5 < €/, < €,, for ¢ large enough, the recursive
inequality can be simplified to:

E[L(qi4+1)] < (1 = Dayoy)E[L(qe)] + D2,2( -

t + to)Zeg :
Thus,
t—1 t—1 o2 t—1
E[L(g:)] < (H(l - Dz,lak)>]E[L(Qt)} + Ds o Z (EES H (1= Daag).
k=t k=t 0/ k41
Therefore we have:
t—1 t—1
H (1—=Ds105) <exp | =Dy Z a;
j=k+1 j=k+1

[e3

Case 1: ¢, = 1. With the step size o; = the sum can be approximated by an integral:

Jtto’
t—1 t 1
Z aj; > a/ dz = a(In(t +to) — In(k + 1 + t¢)).
i k+1 T 1o
Thus, the product term becomes:
t—1 D1«
E+1+t 2
H (]. — D271aj) < exp [—Dzyla (ln(t + to) — ln(k + 1+ to))] = <t+to> .
0

j=k+1
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Substituting back into the recursive inequality:

_ Dsqa t—1 2 Dy
T+to\ > o kE+1+t0\
E[L < E|L(qz)] + D E .
[ (qt)] = <t+ t0> [ (Qt)] 2,2 —~ (k + tO)Z < t+to )

Now the summation term can be bounded by:

t+to—1

(]

k=t k=to+t

Define:

t+to—1

Sty = kPme?

k=tg +t

The behavior of S(¢) depends on the value of D, ja:

1. When D, ;a0 < 1, then D, ja0 — 2 < —1. The sum S(¢) converges to a constant as t — 0o:
S(t) < Dyjs.
Therefore,

2008(t) _ 2P1eDyg
(t+t0)D2*1a — (t—‘rt())D?,la'

2. When D, 1o = 1, then D ;o0 — 2 = —1. The sum S(¢) behaves like the harmonic series:
St) <Iln(t+to—1).
Thus,

2D212G(¢) - 2D qn(t + 15— 1)
t+to - t+to

3. When D, 1« > 1, then Dy jo« — 2 > —1. The sum S(¢) grows polynomially:

(t + tO)Dz’la_l

<
S(t) - Dz,la -1

Therefore,

2D2’1aS(t) B 2D2‘1(1(t+t0)D271(1—1 2D2’10z
(t +to)P21e  (Dyga— 1)(t+tg)P21* = (Dyja— 1)(t+tg)

Substituting the bounded summation term back into the recursive inequality, we obtain:

2ty \ P 2D2105(¢)
t+t0> [ (%)HW

«_ Doy Dy 5 In(t + to)

— (t+t0)D2=1a (t+t0)min(1,Dg,1a)'

iz < (

E[L(q¢)] +

For the E[L(qg;)] term, since ¢ is deterministic, following the similar derivation as above, we can obtain

21 g2 <k+ 1 +t0)D“0‘

Bl < (75 ) B+ DY g (S
k=0
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t—1 a2 A to Dya . t+§1 i ok D)« _ 2D2,1o¢ Z szvla—Q
(k+1t0)2\ t+to Rt k2 \t +to (t + tg)P2re '
=to

(22)
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Similarly, the summation term can be bounded by:

= 042 (k“‘l“v‘tO)Dz’la < 2D2,1(1 t+§flk,Dz 1a—2
2 F =7 Draia ’
o (k+t0) t+to (t+t0) 2,1 P
9Dr 1 o
maX(tODZ’la 2 (f+to — 1)P210-2),

< ————
= (t+t0)D2’la

Therefore, E[L(g7)] < D1 6E[L(go)] + D,7. Combining this with (22), denote By, 1 = Dy 4Ds 6, B o = D, 1 and
By 3 = D) 4D, 7 + D> 5 then completes the proof of the first case.

Case 2: ¢, € (0.5,1). With the step size a; = W, the sum can be approximated by an integral:
t—1 : ) N
D > 0‘/ dr = [(t+t0) "% — (k+1+1to) .
j=k+1 k1 (@ + o) 1—€q

Thus, the product term becomes:

t—1
Ds e .
H (1= Dyaa;) <exp <—1i16 [(t+t0)' ™ — (k + 1+ o)’ “})
j=k+1 a

Substituting back into the recursive inequality, we can get:

o 1_5(1

BIL(0] < oxp (- 2204 )~ ) exp (22207 ) BlE (o)

— €q

D s Daa® 4 1 g0)i=eo — (k4 1+ tg)1—Co
+ Z’QZWQXP -1 [(t+to) —(k+1+to) RE
=t

Dg,la
1

Denote D, ¢ = exp ( t(l)_ea). Now we bound the summation term. Since 2¢/, > 1, this term can be bounded by:

a4

[e3

. a? Dy

2.1 ew —ew
g 5o~ €Xp (—1 . [(t+t0) ™ — (k+1+to)" ])
k

2 D
= o exp (—1 2 [ to) T — (k1 +to)“”])
NE

= (Etto) e
t—1 2
e D« - 1—
S 21T T o) — (k14 o) e
+k§q (k +to)>a eXP( l—e€q [(¢-+t0) (k+1+to) ]
- 2
t, a? D, 1« 1 ot 1 = a?
<|=]— S 2R b to) e — (E4 |2 +tg) S
e e (A Gt R RO o
0 k=7t 14)
t o =1 a?
<| =] = exp(=Dy7(t + tg)' e —|—/ ——dzx
27 g2 ( ) )1 (T +tg)*e
<|_£Ja—26X (=Dyr(t+to)' =) + i (t +to) 2
=3l p(—Da,7 0 1= %, 0

<Dy s(t + o) 2.

Substituting the bounded summation term back into the recursive inequality, we obtain:

(e

.D « ’
E[L(q:)] < exp (_ 1 2 (t+ t0)16a>D2,6E[L(qt)] + Dy Dag(t + to) 2
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D1« —€ —2¢’
<exp (—12’1(15 +to)! ”‘)Dz,GE[L(qt)] + Dy o(t + tg)' 2.

- Ca

Then Theorem 2 follows from using the Gronwall inequality to bound L(gz) with ||qo|| and the equivalence of norms, with
B 4, By 5, and B, ¢ selected similarly. O

E. Comparsion with other algorithms

We compare our unmodified linear (Q-learning algorithm with several variants that incorporate common modifications.
All experiments are conducted in the Baird’s counterexample environment with 10 independent runs per algorithm. All
algorithms use the same e-softmax behavior policy with adaptive temperature parameter ko = 10 and € = 0.1 as described
in our main paper.

We compare the following algorithms:

1. No Modification: The original linear ()-learning algorithm as analyzed in our theoretical results.

2. Target Network: A separate target network is used for computing the TD error, with the target network updated every
10 timesteps.

3. Weight Projection: After each update, the weights are projected onto a ball with radius 10, ensuring ||w;||, < 10 at all
times(Chen et al., 2023).

4. Ridge Regularization: A ridge regularization term is added to the update rule with coefficient = 0.01(Zhang et al.,
2021), penalizing large weight values.

Figure 2 shows the evolution of weight norms ||w; ||§ for all four algorithms. While all methods eventually maintain bounded
weights, our unmodified approach achieves comparable performance without the computational overhead or hyperparameter
tuning required by the other methods.

0.035
—— Target Network

0.030 - —_— Welght Pro;ectllon.

Ridge Regularization

—— No Modification

0.025 1

, 0.020
lIwell2

0.015 |

0.010 1

0.005 |

0.000 T T T T . : :

0 200 400 600 800 1000 1200 1400

Time Step

Figure 2. Each scenario is independently run 10 times, with the solid lines representing the averages of the squared L? norm of weights,
and the shaded areas indicating the ranges between minimum and maximum values. This comparison illustrates the impact of different
modification strategies on the algorithm’s convergence behavior.
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