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Abstract

We propose a new framework for imitation learning—treating imitation as a two-player
ranking-based game between a policy and a reward. In this game, the reward agent learns
to satisfy pairwise performance rankings between behaviors, while the policy agent learns
to maximize this reward. In imitation learning, near-optimal expert data can be difficult to
obtain, and even in the limit of infinite data cannot imply a total ordering over trajectories
as preferences can. On the other hand, learning from preferences alone is challenging as
a large number of preferences are required to infer a high-dimensional reward function,
though preference data is typically much easier to collect than expert demonstrations. The
classical inverse reinforcement learning (IRL) formulation learns from expert demonstrations
but provides no mechanism to incorporate learning from offline preferences and vice versa.
We instantiate the proposed ranking-game framework with a novel ranking loss giving
an algorithm that can simultaneously learn from expert demonstrations and preferences,
gaining the advantages of both modalities. Our experiments show that the proposed method
achieves state-of-the-art sample efficiency and can solve previously unsolvable tasks in the
Learning from Observation (LfO) setting. Project video and code can be found at this URL.

1 Introduction

Reinforcement learning relies on environmental reward feedback to learn meaningful behaviors. Reward
specification is a hard problem (Krakovna, 2018), thus motivating imitation learning (IL) as a technique
to bypass reward specification and learn from expert data, often via Inverse Reinforcement Learning (IRL)
techniques. Imitation learning typically deals with the setting of Learning from Demonstrations (LfD), where
expert states and actions are provided to the learning agent. A more practical problem in imitation learning
is Learning from Observations (LfO), where the learning agent has access to only the expert observations.
This setting is common when access to expert actions are unavailable such as when learning from accessible
observation sources like videos or learning to imitate across different agent morphologies. We note that LfD
and LfO settings differ from the setting where the agent has access to the environment reward function along
with expert transitions, referred to as Reinforcement Learning from Demonstrations (RLfD) (Jing et al., 2020;
Zhang et al., 2020; Brys et al., 2015).

Learning to imitate using expert observations alone can require efficient exploration when the expert actions
are unavailable as in LfO (Kidambi et al., 2021). Incorporating preferences over potentially suboptimal
trajectories for reward learning can help reduce the exploration burden by regularizing the reward function
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and providing e�ective guidance for policy optimization. Previous literature in learning from preferences
either assumes no environment interaction (Brown et al., 2019; 2020a) or assumes an active query framework
with a restricted reward class (Palan et al., 2019). The classical IRL formulation su�ers from two issues:
(1) Learning from expert demonstrations and learning from preferences/rankings provide complementary
advantages for increasing learning e�ciency (Ibarz et al., 2018; Palan et al., 2019); however, existing IRL
methods that learn from expert demonstrations provide no mechanisms to incorporate o�ine preferences
and vice versa. (2) Optimization is di�cult, making the learning sample ine�cient (Arenz & Neumann,
2020; Ho & Ermon, 2016) due to the adversarial min-max game.

Our primary contribution is an algorithmic framework casting imitation learning as a ranking game which
addresses both of the above issues in IRL. This framework treats imitation as a ranking game between two
agents: a reward agent and a policy agent�the reward agent learns to satisfy pairwise performance rankings
between di�erent behaviorsrepresented as state-action or state visitations, while the policy agent maximizes
its performance under the learned reward function. The ranking game is detailed in Figure 1 and is speci�ed
by three components: (1) The dataset of pairwise behavior rankings, (2) A ranking loss function, and (3)
An optimization strategy. This game encompasses a large subset of both inverse reinforcement learning (IRL)
methods and methods which learn from suboptimal o�ine preferences. Popular IRL methods such as GAIL,
AIRL, f -MAX (Ho & Ermon, 2016; Ghasemipour et al., 2020; Ke et al., 2021) are instantiations of this
ranking game in which rankings are given only between the learning agent and the expert, and a gradient
descent ascent (GDA) optimization strategy is used with a ranking loss that maximizes the performance
gap between the behavior rankings.

The ranking loss used by the prior IRL approaches is speci�c to the comparison of optimal (expert)
vs. suboptimal (agent) data, and precludes incorporation of comparisons among suboptimal behaviors.

Figure 1: rank-game: The Policy agent maximizes the re-
ward function by interacting with the environment. The Re-
ward agent satis�es a set of behavior rankings obtained from
various sources: generated by the policy agent (vanilla), au-
tomatically generated (auto), or o�ine annotated rankings
obtained from a human or o�ine dataset (pref). Treat-
ing this game in the Stackelberg framework leads to either
Policy being a leader and Reward being a follower, or vice-
versa.

In this work, we instantiate the ranking game by
proposing a new ranking loss (L k ) that facilitates in-
corporation of rankings over suboptimal trajectories
for reward learning. Our theoretical analysis reveals
that the proposed ranking loss results in a bounded
performance gap with the expert that depends on
a controllable hyperparameter. Our ranking loss
can also ease policy optimization by supporting
data augmentation to make the reward landscape
smooth and allowing control over the learned reward
scale. Finally, viewing our ranking game in the
Stackelberg game framework (see Section 3)�an
e�cient setup for solving general-sum games�we
obtain two algorithms with complementary bene�ts
in non-stationary environments depending on which
agent is set to be the leader.

In summary, this paper formulates a new framework
rank-game for imitation learning that allows us to
view learning from preferences and demonstrations
under a uni�ed perspective. We instantiate the
framework with a principled ranking loss that
can naturally incorporate rankings provided by
diverse sources. Finally, by incorporating additional
rankings�auto-generated or o�ine�our method:
(a) outperforms state-of-the-art methods for imita-
tion learning in several MuJoCo simulated domains
by a signi�cant margin and (b) solves complex
tasks like imitating to reorient a pen with dextrous
manipulation using only a few observation trajectories that none of the previous LfO baselines can solve.
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IL Method
O�ine Expert Ranking Reward Active Human

Preferences Data Loss Function Query

MaxEntIRL, AdRIL,GAN-GCL,
7 LfD supremum non-linear 7

GAIL, f -MAX, AIRL
BCO,GAIfO, DACfO,

7 LfO supremum non-linear 7
OPOLO, f -IRL
TREX, DREX 3 7 Bradley-Terry non-linear 7

BREX 3 7 Bradley-Terry linear 7
DemPref 3 LfO/LfD Bradley-Terry linear 3

Ibarz et al. (2018) 3 LfD Bradley-Terry non-linear 3
rank-game 3 LfO/LfD L k non-linear 7

Table 1: A summary of IL methods demonstrating the data modalities they can handle (expert data and/or preferences),
the ranking-loss functions they use, the assumptions they make on reward function, and whether they require availability
of an external agent to provide preferences during training. We highlight whether a method enables LfD, LfO, or both
when it is able to incorporate expert data.

2 Related Work

Imitation learning methods are broadly divided into two categories: Behavioral cloning (Pomerleau, 1991;
Ross et al., 2011) and Inverse Reinforcement Learning (IRL) (Ng et al., 2000; Abbeel & Ng, 2004; Ziebart
et al., 2008; Finn et al., 2016; Fu et al., 2017; Ho & Ermon, 2016; Ghasemipour et al., 2020). Our work
focuses on developing a new framework in the setting of IRL through the lens of ranking. Table 1 shows a
comparison of the proposedrank-game method to prior works.

Classical Imitation Game for IRL : The classical imitation game for IRL aims to solve the adversarial
min-max problem of �nding a policy that minimizes the worst-case performance gap between the agent and
the expert. A number of previous works (Ghasemipour et al., 2020; Swamy et al., 2021; Ke et al., 2021)
have focused on analyzing the properties of thismin-max game and its relation to divergence minimization.
Under some additional regularization, this min-max objective can be understood as minimizing a certain
f -divergence (Ho & Ermon, 2016; Ghasemipour et al., 2020; Ke et al., 2021) between the agent and expert
state-action visitation. More recently, Swamy et al. (2021) showed that all forms of imitation learning (BC
and IRL) can be understood as performing moment matching under di�ering assumptions. In this work,
we present a new perspective on imitation in which the reward function is learned using a dataset of behavior
comparisons, generalizing previous IRL methods that learn from expert demonstrations and additionally
giving the �exibility to incorporate rankings over suboptimal behaviors.

Learning from Preferences and Suboptimal Data : Learning from preferences and suboptimal data is
important when expert data is limited or hard to obtain. Preferences (Akrour et al., 2011; Wilson et al., 2012;
Sadigh et al., 2017; Christiano et al., 2017; Palan et al., 2019; Cui et al., 2021) have the advantage of providing
guidance in situations expert might not get into, and in the limit provides full ordering over trajectories which
expert data cannot. A previous line of work (Brown et al., 2019; 2020b;a; Chen et al., 2020) has studied this
setting and demonstrated that o�ine rankings over suboptimal behaviors can be e�ectively leveraged to learn a
reward function. Christiano et al. (2017); Palan et al. (2019); Ibarz et al. (2018) studied the question of learning
from preferences in the setting when a human is available to provide online preferences1 (active queries), while
Palan et al. (2019) additionally assumed the reward to be linear in known features. Our work makes no such as-
sumptions and allows for integrating o�ine preferences and expert demonstrations under a common framework.

Learning from Observation (LfO): LfO is the problem setting of learning from expert observations. This
is typically more challenging than the traditional learning from demonstration setting (LfD), because actions
taken by the expert are unavailable. LfO is broadly formulated using two objectives: state-next state marginal
matching (Torabi et al., 2019; Zhu et al., 2020b; Sun et al., 2019) and direct state marginal matching (Ni
et al., 2020; Liu et al., 2019). Some prior works (Torabi et al., 2018a; Yang et al., 2019; Edwards et al., 2019)
approach LfO by inferring expert actions through a learned inverse dynamics model. These methods assume

1We will use preferences and ranking interchangebly
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injective dynamics and su�er from compounding errors when the policy is deployed. A recently proposed
method OPOLO (Zhu et al., 2020b) derives an upper bound for the LfO objective which enables it to utilize
o�-policy data and increase sample e�ciency. Our method outperforms baselines including OPOLO, by a
signi�cant margin.

3 Background

We consider a learning agent in a Markov Decision Process (MDP) (Puterman, 2014; Sutton & Barto, 2018)
which can be de�ned as a tuple: M = ( S; A ; P; R; 
; � 0), where S and A are the state and action spaces;P
is the state transition probability function, with P(s0js; a) indicating the probability of transitioning from s
to s0 when taking action a; R : S � A ! R is the reward function bounded in [0; Rmax ]; We consider MDPs
with in�nite horizon, with the discount factor 
 2 [0; 1], though our results extend to �nite horizons as well;
p0 is the initial state distribution. We use � and R to denote the space of policies and reward functions
respectively. A reinforcement learning agent aims to �nd a policy � : S ! A that maximizes its expected
return, J (R; � ) = 1

1� 
 E(s;a ) � � � (s;a ) [R(s; a)], where � � (s; a) is the stationary state-action distribution induced
by � . In imitation learning, we are provided with samples from the state-action visitation of the expert
� � E (s; a) but the reward function of the expert, denoted by Rgt , is unknown. We will use � E (s; a) as a
shorthand for � � E (s; a).

Classical Imitation Learning : The goal of imitation learning is to close the imitation gap J (Rgt ; � E ) �
J (Rgt ; � ) de�ned with respect to the unknown expert reward function Rgt . Several prior works (Ho & Ermon,
2016; Swamy et al., 2021; Kostrikov et al., 2019; Ni et al., 2020) tackle this problem by minimizing the
imitation gap on all possible reward hypotheses. This leads to a zero-sum (min-max) game formulation of
imitation learning in which a policy is optimized with respect to the reward function that induces the largest
imitation gap:

imit-game (� ) = arg min
� 2 �

sup
f 2R

E� E (s;a ) [f (s; a)] � E� � (s;a ) [f (s; a)]: (1)

Here, assuming realizability (Rgt 2 R ), the imitation gap is upper bounded as follows (8� ):

J (Rgt ; � E ) � J (Rgt ; � ) � sup
f 2R

1
1 � 


[E� E (s;a ) [f (s; a)] � E� � (s;a ) [f (s; a)]]: (2)

Note that, when the performance gap is maximized between the expert� E and the agent � , we can observe
that the worst-case reward function f � induces a ranking between policy behaviors based on their performance:
� E � � � := E� E (s;a ) [f � (s; a)] � E� � (s;a ) [f � (s; a)]; 8� . Therefore, we can regard the above loss function that
maximizes the performance gap (Eq. 2) as an instantiation of the ranking-loss. We will refer to the implicit
ranking between agent and the expert� E � � � as vanilla rankings and this variant of the ranking-loss function
as the supremum-loss.

Stackelberg Games : A Stackelberg game (Ba³ar & Olsder, 1998) is a general-sum game between two
agents where one agent is set to be the leader and the other a follower. The leader in this game optimizes
its objective under the assumption that the follower will choose the best response for its own optimization
objective. More concretely, assume there are two playersA and B with parameters � A ; � B and corresponding
lossesL A (� A ; � B ) and L B (� A ; � B ). A Stackelberg game solves the following bi-level optimization whenA
is the leader andB is the follower: min � A L A (� A ; � �

B (� A )) s.t � �
B (� A ) = arg min� L B (� A ; � ): Rajeswaran

et al. (2020) showed that casting model-based RL as an approximate Stackelberg game leads to performance
bene�ts and reduces training instability in comparison to the commonly used GDA (Schäfer & Anandkumar,
2019) and Best Reponse (BR) (Cesa-Bianchi & Lugosi, 2006) methods. Fiez et al. (2019); Zheng et al. (2021)
prove convergence of Stackelberg games under smooth player cost functions and show that they reduce the
cycling behavior to �nd an equilibrium and allow for better convergence.

4 A Ranking Game for Imitation Learning

In this section, we �rst formalize the notion of the proposed two-player general-sum ranking game for imitation
learning. We then propose a practical instantiation of the ranking game through a novel ranking-loss (L k ).
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Algorithm 1 Meta algorithm: rank-game (vanilla) for imitation

1: Initialize policy � 0
� , reward funtion R� , empty dataset D � . empirical expert data �̂ E

2: for t = 1 ::T iterations do
3: Collect empirical visitation data �̂ � t

� with � t
� in the environment. Set D � = f (�̂ � � �̂ E )g

4: Train reward R� to satisfy rankings in D � using ranking lossL k in equation 3.
5: Optimize policy under the reward function: � t +1

�  argmax� 0J (R� ; � 0)
6: end for

The proposed ranking game gives us the �exibility to incorporate additional rankings�both auto-generated
(a form of data augmentation mentioned as `auto' in Fig. 1) and o�ine (`pref' in Fig. 1)�which improves
learning e�ciency. Finally, we discuss the Stackelberg formulation for the two-player ranking game and
discuss two algorithms that naturally arise depending on which player is designated as the leader.

4.1 The Two-Player Ranking Game Formulation

We present a new framework,rank-game, for imitation learning which casts it as a general-sumranking game
between two players � a reward and a policy.

argmax� 2 � J (R; � )
| {z }

Policy Agent

argminR 2R L(Dp; R)
| {z }

Reward Agent

In this formulation, the policy agent maximizes the reward by interacting with the environment, and the
reward agent attempts to �nd a reward function that satis�es a set of pairwise behavior rankings in the
given datasetDp; a reward function satis�es these rankings ifE� � i [R(s; a)] � E� � j [R(s; a)]; 8� � i

� � � j
2 D p,

where � � i
; � � j

can be state-action or state vistitations.

The dataset of pairwise behavior rankingsDp can be comprised of the implicit `vanilla' rankings between
the learning agent and the expert's policy behaviors (� � � � E ), giving us the classical IRL methods when a
speci�c ranking loss function � supremum-lossis used (Ho & Ermon, 2016; Ghasemipour et al., 2020; Ke
et al., 2021). If rankings are provided between trajectories, they can be reduced to the equivalent ranking
between the corresponding state-action/state visitations. In the case whenDp comprises purely of o�ine
trajectory performance rankings then, under a speci�c ranking loss function (Luce-shepard), the ranking
game reduces to prior reward inference methods like T-REX (Brown et al., 2019; 2020b;a; Chen et al., 2020).
Thus, the ranking game a�ords us a broader perspective of imitation learning, going beyond only using expert
demonstrations.

4.2 Ranking Loss L k for the Reward Agent

We use aranking-loss to train the reward function�an objective that minimizes the distortion (Iyer & Bilmes,
2012) between the ground truth ranking for a pair of entities f x; yg and rankings induced by a parameterized
function R : X ! R for a pair of scalarsf R(x); R(y)g. One type of such a ranking-loss is thesupremum-loss
in the classical imitation learning setup.

We propose a class of ranking-loss functionsL k that attempts to induce a performance gap ofk 2 [0; Rmax ]
for all behavior preferences in the dataset. Formally, this can be implemented with the regression loss:

L k (Dp; R) = E( � � i ;� � j ) �D p

h
Es;a � � � i

�
(R(s; a) � 0)2�

+ Es;a � � � j

�
(R(s; a) � k)2� i

: (3)

where Dp contains behavior pairs (� � i
; � � j

) with the prespeci�ed ranking � � i
� � � j

.

The proposed ranking loss allows for learningbounded rewards with user-de�ned scalek in the agent and
the expert visitations as opposed to prior works in Adversarial Imitation Learning (Ho & Ermon, 2016; Fu
et al., 2017; Ghasemipour et al., 2020). Reward scaling has been known to improve learning e�ciency in deep
RL; a large reward scale can make the optimization landscape less smooth (Henderson et al., 2018; Glorot &
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Bengio, 2010) and a small scale might make the action-gap small and increase susceptibility to extrapolation
errors (Bellemare et al., 2016). In contrast to thesupremum loss,L k can also naturally incorporate rankings
provided by additional sources by learning a reward function satisfying all speci�ed pairwise preferences. The
following theorem characterizes the equilibrium of therank-game for imitation learning when L k is used as
the ranking-loss.

Theorem 4.1. (Performance of the rank-game equilibrium pair) Consider an equilibrium of the imitation
rank-game (�̂; R̂), such that the ranking lossL k generalization error is bounded by2R2

max � r and the policy is
near-optimal with J (R̂; �̂ ) � J (R̂; � ) � � � 8� , then at this equilibrium pair under the expert's unknown reward
function Rgt bounded in[0; RE

max ]:

�
�J (Rgt ; � E ) � J (Rgt ; �̂ )j �

4RE
max

q
(1 � 
 ) � � +4 R max

p
� r

k

1 � 

(4)

If reward is a state-only function and only expert observations are available, the same bound applies to the
LfO setting.

Proof. We defer the proof to Appendix A.

Figure 2: Figure shows learned reward function
when agent and expert has a visitation
shown by pink and black markers respectively.
rank-game (auto) results in smooth reward
functions more amenable to gradient-based
policy optimization compared to GAIL.

Comments on Theorem 4.1 : The ranking loss trains the
reward function with �nite samples using supervised learning.
We can quantify � r , the �nite sample generalization error for the
reward function, using standard concentration bounds (Shalev-
Shwartz & Ben-David, 2014; Hoe�ding, 1994) with high prob-
ability. We use � � to denote the policy optimization error from
solving the reinforcement learning problem. In Deep Rein-
forcement Learning, this error can stem as a result of function
approximation, biases in value function update, and �nite sam-
ples. Accounting for this error allows us to bring our analysis
closer to the real setting. Note that the performance gap be-
tween agent policy and expert policy depends on the scale of
the expert reward function RE

max . This behavior is expected
as the performance gap arising as a result of di�erences in be-
haviors/visitations of agent policy and expert policy, can be
ampli�ed by the expert's unknown reward scale. We assume
realizability i.e the expert reward function lies in the agent
reward function class, which ensures thatRE

max � Rmax . The performance bound in Theorem 4.1 is derived
in Appendix A by �rst proving an intermediate result that demonstrates � �̂ and � � E

are close in a speci�c
f -divergence at the equilibrium, a bound that does not depend on the unknown expert reward scaleRE

max .

Theoretical properties: We now discuss some theoretical properties ofL k . Theorem 4.1 shows that
rank-game has an equilibrium with bounded performance gap with the expert. Second, our derivation for
Theorem 4.1 also shows that � an optimization step by the policy player, under a reward function optimized
by the reward player, is equivalent to minimizing an f -divergence with the expert. Equivalently, at iteration
t in Algorithm 1: max� t E� � t [R�

t ] � E� � E [R�
t ] = min � t D f (� � t

k� � E
). We characterize and elaborate on the

regret of this idealized algorithm in Appendix A. Theorem 4.1 suggests that large values ofk, upto Rmax , can
guarantee the agent's performance is close to the expert. In practice, we observe intermediate values ofk also
preserve imitation equilibrium optimality with a bene�t of promoting sample e�cient learning. We attribute
this observation to the e�ect of reward scaling described earlier. We validate this observation further in
Appendix D.9. rank-game naturally extends to the LfO regime under a state-only reward function where
Theorem 4.1 results in a divergence bound between state-visitations of the expert and the agent. A state-only
reward function is also a su�cient and necessary condition to ensure that we learn a dynamics-disentangled
reward function (Fu et al., 2017).

L k can incorporate additional preferences that can help learn a regularized/shaped reward function that pro-
vides better guidance for policy optimization, reducing the exploration burden and increasing sample e�ciency
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for IRL. A better-guided policy optimization is also expected to incur a lower � � . However, augmenting the rank-
ing dataset can lead to decrease in the intended performance gap (kef f < k ) between the agent and the expert
(Appendix A). This can loosen the bound in Eq 4 and lead to sub-optimal imitation learning. We hypothesize
that given informative preferences, decreased� � can compensate potentially decreased intended performance
gap kef f to ensure near optimal imitation. In our experiments, we observe this hypothesis holds true; we enjoy
sample e�ciency bene�ts without losing any asymptotic performance. To leverage these bene�ts, we present
two methods for augmenting the ranking dataset below and defer the implementation details to Appendix B.

4.2.1 Generating the Ranking Dataset

Reward loss w/ automatically generated rankings (auto) : In this method, we assume access to the
behavior-generating trajectories in the ranking dataset. A trajectory � is a sequence of states (LfO) given by
[s0; s1; ::sH ] or state-action pairs (LfD) given by [s0; a0; s1; a1::sH ; aH ]. For each pairwise comparison� i � � j

present in the dataset,L k sets the regression targets for states in� i to be 0 and for states visited by� j to be
k. Equivalently, we can rewrite minimizing L k as regressing an input of trajectory� i to vector 0, and � j to
vector k1 where � i ; � j are trajectories that generate the behavior� i ; � j respectively. We use the comparison
� i � � j to generate additional behavior rankings� i = � � 0 ;ij � � � 1 ;ij � � � 2 ;ij :: � � � P ;ij � � j = � � P +1 ;ij where
0 = � 0 < � 1 < � 2 < ::: < � P < 1 = � P +1 . The behavior � � p ;ij is obtained by independently sampling the
trajectories that generate the behaviors� i ; � j and taking convex combinations i.e. � � p ;ij = � p� i + (1 � � p)� j

and their corresponding reward regressions targets are given bykp = � p0 + (1 � � p)k1. The loss function
takes the following form:

SLk (D; R) = E� i ;� j �D

"
1

P + 2

P +1X

p=0

Es;a � � � p ;ij (s;a )
�
(R(s; a) � kp)2�

#

(5)

This form of data augmentation can be interpreted as mixup (Zhang et al., 2017) regularization in the
trajectory space. Mixup has been shown to improve generalization and adversarial robustness (Guo et al., 2019;
Zhang et al., 2017) by regularizing the �rst and second order gradients of the parameterized function. Following
the general principle of using a smoothed objective with respect to inputs to obtain e�ective gradient signals,
explicit smoothing in the trajectory-space can also help reduce the policy optimization error� � . A didactic
example showing rewards learned using this method is shown in Figure 2. In a special case when the expert's un-
known reward function is linear in observations, these rankings re�ect the true underlying rankings of behaviors.

Reward loss w/ o�ine annotated rankings (pref) : Another way of increasing learning e�ciency is
augmenting the ranking dataset containing the vanilla ranking (f � � � � E g := D � ) with o�ine annotated
rankings (Dof f line ). These rankings may be provided by a human observer or obtained using an o�ine
dataset of behaviors with annotated reward information, similar to the datasets used in o�ine RL (Fu
et al., 2020; Levine et al., 2020). We combine o�ine rankings by using a weighted loss betweenL k for
satisfying vanilla rankings (� � � � E ) and o�ine rankings, grounded by an expert. Providing o�ine rankings
alone that are su�cient to explain the reward function of the expert (Brown et al., 2019) is often a di�cult
task and the number of o�ine preferences required depends on the complexity of the environment. In the
LfO setting, learning from an expert's state visitation alone can be a hard problem due to exploration
requirements (Kidambi et al., 2021). This ranking-loss combines the bene�ts of using preferences to shape the
reward function and guide policy improvement while using the expert to guarantee near-optimal performance.
The weighted loss function for this setting takes the following form:

L k (D � ; Dof f line ; R) = �L k (D � ; R) + (1 � � ) � L k (Dof f line ; R) (6)

4.3 Optimizing the Two-Player General-Sum Ranking Game as a Stackelberg Game

Solving the ranking-game in the Stackelberg setup allows us to propose two di�erent algorithms depending on
which agent is set to be the leader and utilize the learning stability and e�ciency a�orded by the formulation
as studied in Rajeswaran et al. (2020); Zheng et al. (2021); Fiez et al. (2019).
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Policy as leader (PAL) : Choosing policy as the leader implies the following optimization:

max
�

�
J (R̂; � ) s:t: R̂ = arg min

R
L(D � ; R)

�
(7)

Reward as leader (RAL): Choosing reward as the leader implies the following optimization:

min
R̂

�
L (D � ; R̂) s:t � = arg max

�
J (R̂; � )

�
(8)

We follow the �rst order gradient approximation for leader's update from previous work (Rajeswaran
et al., 2020) to develop practical algorithms. This strategy has been proven to be e�ective and avoids the
computational complexity of calculating the implicit Jacobian term ( d� �

B =d�A ). PAL updates the reward to
near convergence on datasetD � (D � contains rankings generated using the current policy agent only� � � E )
and takes a few policy steps. Note that even after the �rst-order approximation, this optimization strategy
di�ers from GDA as often only a few iterations are used for training the reward even in hyperparameter
studies like Orsini et al. (2021). RAL updates the reward conservatively. This is achieved through aggregating
the dataset of implicit rankings from all previous policies obtained during training. PAL's strategy of using
on-policy data D � for reward training resembles that of methods including GAIL (Ho & Ermon, 2016; Torabi
et al., 2018b), f -MAX (Ghasemipour et al., 2020), and f -IRL (Ni et al., 2020). RAL uses the entire history
of agent visitation to update the reward function and resembles methods such as apprenticeship learning
and DAC (Abbeel & Ng, 2004; Kostrikov et al., 2018). PAL and RAL bring together two seemingly di�erent
algorithm classes under a uni�ed Stackelberg game viewpoint.

5 Experimental Results

We comparerank-game against state-of-the-art LfO and LfD approaches on MuJoCo benchmarks having
continuous state and action spaces. The LfO setting is more challenging since no actions are available, and is
a crucial imitation learning problem that can be used in cases where action modalities di�er between the
expert and the agent, such as in robot learning. We focus on the LfO setting in this section and defer the LfD
experiments to Appendix D.2. We denote the imitation learning algorithms that use the proposed ranking-loss
L k from Section 4.2 as RANK-{PAL, RAL}. We refer to the rank-game variants which use automatically
generated rankings and o�ine preferences as (auto) and (pref) respectively following Section 4.2. In all our
methods, we rely on an o�-policy model-free algorithm, Soft Actor-Critic (SAC) (Haarnoja et al., 2018), for
updating the policy agent (in step 5 of Algorithm 1).

We design experiments to answer the following questions:

1. Asymptotic Performance and Sample E�ciency : Is our method able to achieve near-expert performance
given a limited number (one) of expert observations? Can our method learn using fewer environment
interactions than prior state-of-the-art imitation learning (LfO) methods?

2. Utility of preferences for imitation learning : Current LfO methods struggle to solve a number of complex
manipulation tasks with sparse success signals. Can we leverage o�ine annotated preferences through
rank-game in such environments to achieve near-expert performance?

3. Choosing between PAL and RAL methods: Can we characterize the bene�ts and pitfalls of each method,
and determine when one method is preferable over the other?

4. Ablations for the method components: Can we establish the importance of hyperparameters and design
decisions in our experiments?

Baselines: We compare RANK-PAL and RANK-RAL against 6 representative LfO approaches that covers
a spectrum of on-policy and o�-policy model-free methods from prior work: GAIfO (Torabi et al., 2018b;
Ho & Ermon, 2016), DACfO (Kostrikov et al., 2018), BCO (Torabi et al., 2018a), f -IRL (Ni et al., 2020)
and recently proposed OPOLO (Zhu et al., 2020b) and IQLearn (Garg et al., 2021). We do not assume
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access to expert actions in this setting. Our LfD experiments compare to the IQLearn (Garg et al., 2021),
DAC (Kostrikov et al., 2018) and BC baselines. Detailed description about the environments and baselines
can be found in Appendix C.

5.1 Asymptotic Performance and Sample E�ciency

In this section, we compare RANK-PAL(auto) and RANK-RAL(auto) to baselines on a set of MuJoCo
locomotion tasks of varying complexities: Swimmer-v2, Hopper-v2, HalfCheetah-v2, Walker2d-
v2, Ant-v2 and Humanoid-v2 . In this experiment, we provide one expert trajectory for all methods and
do not assume access to any o�ine annotated rankings.

Env Hopper HalfCheetah Walker Ant Humanoid
BCO 20.10� 2.15 5.12� 3.82 4.00� 1.25 12.80� 1.26 3.90� 1.24
GaIFO 81.13� 9.99 13.54� 7.24 83.83� 2.55 20.10� 24.41 3.93� 1.81
DACfO 94.73� 3.63 85.03� 5.09 54.70� 44.64 86.45� 1.67 19.31� 32.19
f -IRL 97.45� 0.61 96.06� 4.63 101.16 � 1.25 71.18� 19.80 77.93� 6.372
OPOLO 89.56� 5.46 88.92� 3.20 79.19� 24.35 93.37� 3.78 24.87� 17.04
RANK-
PAL(ours)

87.14� 16.14 94.05� 3.59 93.88� 0.72 98.93 � 1.83 96.84 � 3.28

RANK-
RAL(ours)

99.34 � 0.20 101.14 � 7.45 93.24� 1.25 93.21� 2.98 94.45� 4.13

Expert 100.00� 0 100.00� 0 100.00� 0 100.00� 0 100.00� 0
(jSj; jAj ) (11; 3) (17; 6) (17; 6) (111; 8) (376; 17)

Table 2: Asymptotic normalized performance of LfO methods at 2 million timesteps on MuJoCo locomotion tasks.
The standard deviation is calculated with 5 di�erent runs each averaging over 10 trajectory returns. For unnormalized
score and more details, check Appendix D. We omit IQlearn due to poor performance.

Figure 3: Comparison of performance on OpenAI gym benchmark tasks. The shaded region represents standard
deviation across 5 random runs. RANK-PAL and RANK-RAL substantially outperform the baselines in sample
e�ciency. Complete set of results can be found in Appendix D.1

Asymptotic Performance : Table 2 shows that both rank-game methods are able to reach near-expert
asymptotic performance with a single expert trajectory. BCO shows poor performance which can be attributed
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to the compounding error problem arising from its behavior cloning strategy. GAIfO and DACfO use GDA
for optimization with a supremum loss and show high variance in their asymptotic performance whereas
rank-game methods are more stable and low-variance.

Sample E�ciency : Figure 3 shows that RANK-RAL and RANK-PAL are among the most sample e�cient
methods for the LfO setting, outperforming the recent state-of-the-art method OPOLO (Zhu et al., 2020b) by
a signi�cant margin. We notice that IQLearn fails to learn in the LfO setting. This experiment demonstrates
the bene�t of the combined improvements of the proposed ranking-loss with automatically generated rankings.
Our method is also simpler to implement than OPOLO, as we require fewer lines of code changes on top of
SAC and need to maintain fewer parameterized networks compared to OPOLO which requires an additional
inverse action model to regularize learning.

5.2 Utility of Preferences in Imitation

Figure 4: O�ine annotated preferences can help solve LfO
tasks in the complex manipulation environments Pen-v0
and Door, whereas prior LfO methods fail. Black dotted
line shows asymptotic performance of RANK-PAL (auto)
method.

Our experiments on complex manipulation
environments�door opening with a parallel-
jaw gripper (Zhu et al., 2020a) and pen manipulation
with a dexterous adroit hand (Rajeswaran et al.,
2017) � reveal that none of the prior LfO methods
are able to imitate the expert even under increasing
amounts of expert data. This failure of LfO methods
can be potentially attributed to the exploration
requirements of LfO compared to LfD (Kidambi
et al., 2021), coupled with the sparse successes
encountered in these tasks, leading to poorly guided
policy gradients.

In these experiments, we show that rank-game
can incorporate additional information in the form
of o�ine annotated rankings to guide the agent
in solving such tasks. These o�ine rankings are
obtained by uniformly sampling a small set of trajectories (10) from the replay bu�er of SAC (Haarnoja et al.,
2018) labeled with a ground truth reward function. We use a weighted ranking loss (pref) from Section 4.2.

Figure 4 shows that RANK-PAL/RAL(pref) method leveraging o�ine ranking is the only method that can
solve these tasks, whereas prior LfO methods and RANK-PAL/RAL(auto) with automatically generated
rankings struggle even after a large amount of training. We also point out that T-REX, an o�ine method
that learns using the preferences grounded by expert is unable to achieve near-expert performance, thereby
highlighting the bene�ts of learning online with expert demonstrations alongside a set of o�ine preferences.

5.3 Comparing PAL and RAL

PAL uses the agent's current visitation for reward learning, whereas RAL learns a reward consistent with
all rankings arising from the history of the agent's visitation. These properties can present certain bene�ts
depending on the task setting.

To test the potential bene�ts of PAL and RAL, we consider two non-stationary imitation learning problems,
similar to (Rajeswaran et al., 2017) � one in which the expert changes it's intent and the other where dynamics
of the environment change during training in the Hopper-v2 locomotion task. For changing intent, we present
a new set of demonstrations where the hopper agent hops backwards rather than forward. For changing
environment dynamics, we increase the mass of the hopper agent by a factor of 1.2. Changes are introduced
at 1e5 time steps during training at which point we notice a sudden performance drop.

In Figure 5 (left), we notice that PAL adapts faster to intent changes, whereas RAL needs to unlearn
the rankings obtained from the agent's history and takes longer to adapt. Figure 5 (right) shows that
RAL adapts faster to the changing dynamics of the system, as it has already learned a good global
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notion of the dynamics-disentangled reward function in the LfO setting, whereas PAL only has a local
understanding of reward as a result of using ranking obtained only from the agent's current visitation.

Figure 5: We compare the relative strengths of PAL and
RAL. Left plot shows a comparison when the goal is
changed, and right plot shows a comparison when dynamics
of the environment is changed. These changes occur at
1e5 timesteps into training. PAL adapts faster to changing
intent and RAL adapts faster to changing dynamics.

Ablation of Method Components: Appendix D
contains eight additional experiments to study the
importance of hyperparameters and design decisions.
Our ablations validate the importance of using auto-
matically generated rankings, the bene�t of ranking
loss oversupremum loss, and sensitivity to hyperpa-
rameters like the intended performance gapk, policy
iterations, and the reward regularizer. We �nd that
key improvements in learning e�ciency are driven by
using the proposed ranking loss, controlling the reward
range, and the reward/policy update frequency in the
Stackelberg framework. In Figure 6, we also analyze
the performance of rank-game with a varying num-
ber of expert trajectories and its robustness to noisy
o�ine-annotated preferences. We �nd rank-game to
consistently outperform baselines with a varying num-
ber of expert trajectories. On Door manipulation task rank-game is robust to 60 percent noise in the
o�ine-annotated preferences. Experiments on more environments and additional details can be found in
Appendix D.

Figure 6: (a) RANK-PAL outperforms other methods with varying number of expert trajectories. Error bars denote
standard deviation. (b) On Door-v0 environment, RANK-PAL(pref) is robust to at least 60 percent noisy preferences.

6 Conclusion

In this work, we present a new framework for imitation learning that treats imitation as a two-player
ranking-game between a policy and a reward function. Unlike prior works in imitation learning, the ranking
game allows incorporation of rankings over suboptimal behaviors to aid policy learning. We instantiate the
ranking game by proposing a novel ranking loss which guarantees agent's performance to be close to expert
for imitation learning. Our experiments on simulated MuJoCo tasks reveal that utilizing additional ranking
through our proposed ranking loss leads to improved sample e�ciency for imitation learning, outperforming
prior methods by a signi�cant margin and solving some tasks which were unsolvable by previous LfO methods.

Limitations and Negative Societal Impacts: Preferences obtained in the real world are usually
noisy (Kwon et al., 2020; Jeon et al., 2020; B�y�k et al., 2021) and one limitation ofrank-game is that it
does not suggest a way to handle noisy preferences. Second,rank-game proposes modi�cations to learn
a reward function amenable to policy optimization but these hyperparameters are set manually. Future
work can explore methods to automate learning such reward functions. Third, despite learning e�ective
policies we observed that we do not learn reusable robust reward functions (Ni et al., 2020). Negative Societal
Impact: Imitation learning can cause harm if given demonstrations of harmful behaviors, either accidentally
or purposefully. Furthermore, even when given high-quality demonstrations of desirable behaviors, our
algorithm does not provide guarantees of performance, and thus could cause harm if used in high-stakes
domains without su�cient safety checks on learned behaviors.
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A Theory

We aim to show that rank-game has an equilibrium that bounds the f -divergence between the agent and the
expert (Theorem A.1) in the imitation learning setting. For imitation learning, we have the vanilla implicit
ranking � agent � � E , between the behavior of agent and the expert. Later, we show that, the bounded
f -divergence can be used to bound the performance gap with the expert under the expert's unknown reward
function using a solution to Vajda's tight lower bound (Corollary A.1.1). Our proof proceeds by �rst showing
that minimizing the empirical ranking loss produces a reward function that is close to the reward function
obtained by the true ranking loss. Then, we show that even under the presence of policy optimization errors
maximizing the obtained reward function will lead to a bounded f -divergence with the expert.

Theorem A.1. (Performance of the rank-game equilibrium pair) Consider an equilibrium of the imitation
rank-game (�̂; R̂), such that R̂ minimizes the empirical ranking-loss for datasetD �̂ = f (� �̂ ; � E )g and the
ranking-loss generalization error is bounded by� 0

r = 2 R2
max � r , and the policy �̂ has bounded suboptimality

with J (R̂; �̂ ) � J (R̂; � 0) � � � 8�
0
, then we have that at this equilibrium pair:

D f
�
� �̂ (s; a)jj � E (s; a)

�
�

(1 � 
 )� � + 4Rmax
p

2� r

k
(9)

where D f is an f -divergence with the generator functionf (x) = 1� x
1+ x (Rényi, 1961; Ali & Silvey, 1966;

Csiszár, 1967; Liese & Vajda, 2006).
Proof. Previous works (Xu et al., 2021; Swamy et al., 2021) characterize the equilibrium in imitation learning
based on thesupremum ranking loss/min-max adversarial setting under no error assumption. In this section,
we consider the ranking loss functionL k and derive the equilibrium for the rank-game in presence of reward
learning and policy optimization errors. L k attempts to explain the rankings between the agent and the
expert using their state-action visitations D � = f � � (s; a), � E (s; a)} respectively, by attempting to induce a
performance gap ofk. With this dataset D � , L k regresses the return of state or state-action pairs in the
expert's visitation to a scalar k and the agent's visitation to a value of 0. Thus, we have:

L k (D; R) = E� E (s;a )
�
(R(s; a) � k)2�

+ E� � (s;a )
�
(R(s; a) � 0)2�

(10)

The above ranking loss is minimized (r L k = 0 ) pointwise when

R� (s; a) =
k(� E (s; a))

� E (s; a) + � � (s; a)
(11)

In practice, we have �nite samples from both the expert visitation distribution and the agent distribution so
we minimize the following empirical ranking lossL̂ k (D; R):

L̂ k (D; R) =

P
s;a 2 �̂ E [(R(s; a) � k)2]

j�̂ E j
+

P
s;a 2 �̂ � [(R(s; a) � 0)2]

j�̂ � j
(12)

where �̂ E and �̂ � are empirical state-action visitations respectively.

From empirical loss function to reward optimality: Since the reward function is trained with supervised
learning, we can quantify the sample error in minimizing the empirical loss using concentration bounds (Shalev-
Shwartz & Ben-David, 2014) up to a constant with high probability. Since 0 < R (s; a) < R max With high
probability,

8R; jL k (D; R) � L̂ k (D; R)j� 2R2
max � r (13)

where� r is the statistical estimation error that can be bounded using concentration bounds such as Hoe�ding's.
Let R� belong to the optimal solution for L k (D; R) and R̂� belong to the optimal minimizing solution for
L̂ k (D; R). Therefore, we have that,

8R; L̂ k (D; R̂� ) � L̂ k (D; R) (14)

Using Eq 13 and Eq 14, we have

8R; L̂ k (D; R̂� ) � L̂ k (D; R) (15)

� L k (D; R) + 2 R2
max � r (16)

� L k (D; R� ) + 2 R2
max � r (17)
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and similarly

8R; L k (D; R� ) � L k (D; R) (18)

� L̂ k (D; R) + 2 R2
max � r (19)

� L̂ k (D; R̂� ) + 2 R2
max � r (20)

Eq 17 and Eq 20 implies thatL k (D; R� ) and L̂ k (D; R̂� ) are bounded with high probability. i.e

jL k (D; R� ) � L̂ k (D; R̂� )j� 2R2
max � r (21)

We will use Eq 21 to show that indeedR̂� has a bounded loss compared toR� .

L̂ k (D; R̂� ) � L k (D; R� ) � 2R2
max � r (22)

L k (D; R̂� ) � 2R2
max � L k (D; R� )� r � 2R2

max � r (23)

L k (D; R̂� ) � L k (D; R� ) � 4R2
max � r (24)

We consider the tabular MDP setting and overload R to denote a vector of reward values for the entire
state-action space of sizejS � Aj . Using the Taylor series expansion for loss functionL k , we have:

L k (D; R̂� ) � L k (D; R� ) � 4R2
max � r (25)

L k (D; R� ) + hr R � L k (D; R� ); R̂� � R� i

+0 :5(R̂� � R� )T H (R̂� � R� ) � L k (D; R� ) � 4R2
max � r (26)

(R̂� � R� )T H (R̂� � R� ) � 8R2
max � r (27)

where H denotes the hessian for the loss function w.r.tR and is given by H = P � �
+ P � E

where P � is a
matrix of size jS � Aj�jS � Aj with � vector of visitations as its diagonal and zero elsewhere.

(R̂� � R� )T H (R̂� � R� ) � 8R2
max � r (28)

Es� � �

h
(R̂� (s; a) � R� (s; a))2

i
+ Es� � E

h
(R̂� (s; a) � R� (s; a))2

i
� 8R2

max � r (29)

Since both terms in the LHS are positive we have Es;a � � �

h
(R̂� (s; a) � R� (s; a))2

i
� 8R2

max � r

and Es;a � � E

h
(R̂� (s; a) � R� (s; a))2

i
� 8R2

max � r . Applying Jensen's inequality, we further have

(Es;a � � �

h
R̂� (s; a) � R� (s; a)

i
)2 � 8R2

max � r and (Es;a � � E

h
R̂� (s; a) � R� (s; a)

i
)2 � 8R2

max � r . Hence,
�
�
�Es;a � � �

h
R̂� (s; a) � R� (s; a)

i �
�
� � Rmax

p
8� r , and (30)

�
�
�Es;a � � E

h
R̂� (s; a) � R� (s; a)

i �
�
� � Rmax

p
8� r (31)

At this point we have bounded the expected di�erence between the reward functions obtained from the
empirical ranking loss and the true ranking loss. We will now characterize the equilibrium obtained by
learning a policy on the reward function R̂� that is optimal under the empirical ranking loss. Under a policy
optimization error of � � we have:

J (R̂� ; �̂ ) � J (R̂� ; � 0) � � � 8�
0

2 � (32)

where J (R; � ) denotes the performance of policy� under reward function R.

Taking �
0

= � E , we can reduce the above expression as follows:

J (R̂� ; � E ) � J (R̂� ; �̂ ) � � � (33)

1
1 � 


�
E� E (s;a )

h
R̂� (s; a)

i
� E� � (s;a )

h
R̂� (s; a)

i �
� � � (34)
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Using Eq 30 and Eq 31 we can lower boundE� E (s;a )

h
R̂� (s; a)

i
� E� � (s;a )

h
R̂� (s; a)

i
as follows:

E� E (s;a )

h
R̂� (s; a)

i
� E� E (s;a ) [R

� (s; a)] � Rmax
p

8� r (35)

E� � (s;a )

h
R̂� (s; a)

i
� E� � (s;a ) [R

� (s; a)] + Rmax
p

8� r (36)

where R� (s; a) is given by Equation 11.

Subtracting Equation 36 from Equation 35, we have

E� E (s;a )

h
R̂� (s; a)

i
� E� � (s;a )

h
R̂� (s; a)

i
� E� E (s;a ) [R

� (s; a)] � E� � (s;a ) [R
� (s; a)] � 2Rmax

p
8� r (37)

Plugging in the lower bound from Equation 37 in Equation 34 we have:

1
1 � 


[E� E (s;a ) [R
� (s; a)] � E� � (s;a ) [R

� (s; a)] � 2Rmax
p

8� r ] � � � (38)

Replacing R� using Equation 11 we get,

1
1 � 


�
E� E (s;a )

�
k(� E (s; a))

� E (s; a) + � � (s; a)

�
� E� � (s;a )

�
k(� E (s; a))

� E (s; a) + � � (s; a)

�
� 2Rmax

p
8� r

�
� � � (39)

E� E (s;a )

�
k(� E (s; a))

� E (s; a) + � � (s; a)

�
� E� � (s;a )

�
k(� E (s; a))

� E (s; a) + � � (s; a)

�
� (1 � 
 )� � + 2Rmax

p
8� r (40)

E� E (s;a )

�
(� E (s; a) � � � (s; a))
� E (s; a) + � � (s; a)

�
�

(1 � 
 )� � + 2Rmax
p

8� r

k
(41)

The convex function f (x) = 1� x
1+ x in R+ de�nes an f -divergence. Under this generator function, the LHS

of Equation 41 de�nes an f -divergence between the state-visitations of the agent� � (s; a) and the expert
� E (s; a). Hence, we have that

D f [� � (s; a); � E (s; a)] �
(1 � 
 )� � + 4Rmax

p
2� r

k
(42)

This bound shows that the equilibrium of the ranking game is a near-optimal imitation learning solution when
ranking loss target k trades o� e�ectively with the policy optimization error � � and reward generalization
error � r . We note that, since k � Rmax we can get the tightest bound whenk = Rmax . Now, in imitation
learning both k and Rmax are tunable hyperparameters. We varyk while keepingk = Rmax and observe in
appendix D.9 that this hyperparameter can signi�cantly a�ect learning performance.

Corollary A.1.1. (From f -divergence to performance gap) For the equilibrium of therank-game (�̂; R̂) as
described in Theorem A.1, we have that the performance gap of the expert policy witĥ� is bounded under the
unknown expert's reward function (r gt ) bounded in [0; RE

max ] as follows:

jJ (� E ; r gt ) � J (�̂; r gt )j�
4RE

max

q
(1 � 
 ) � � +4 R max

p
2� r

k

1 � 

(43)

Proof. In Theorem A.1, we show that the equilibrium of rank-game ensures that.thef -divergence of expert
visitation and agent visitation is bounded with the generator function f = 1� x

1+ x . First we attempt to �nd a
tight lower bound of our f -divergence in terms of the total variational distance between the two distributions.
Such a bound has been discussed in previous literature for the usualf -divergences like KL, Hellinger and
� 2. This problem of �nding a tight lower bound in terms of variational distance for a general f -divergence
was introduced in Vajda (1970) and referred to as Vajda's tight lower bound and a solution for arbitrary
f -divergences was proposed in Gilardoni (2006). Thef -divergence with generator function f = 1� x

1+ x satis�es
that f (t) = tf ( 1

t ) + 2 f 0(1)( t � 1) and hence the total variational bound for this f divergence takes the form
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D f � 2� D T V
2 f ( 2+ D T V

2� D T V
) � f 0(1)DT V . Plugging in the function de�nition f = 1� x

1+ x the inequality simpli�es to:

D f (� � (s; a)k� E (s; a)) �
(DT V (� � (s; a)k� E (s; a))2

4
(44)

We also note an upper bound for thisf -divergence in TV distance, sandwiching this particular f -divergence
with TV bounds:

D f (� � (s; a)k� E (s; a)) = E� E (s;a )

�
� E (s; a)

� E (s; a) + � � (s; a)

�
� E� � (s;a )

�
� E (s; a)

� E (s) + � � (s; a)

�
(45)

�
X

s;a 2S�A

�
� � E (s; a) � � � (s; a)

�
�
�
�
�
�

� E (s; a)
� E (s; a) + � � (s; a)

�
�
�
� (46)

� DT V (� � (s; a)k� E (s; a)) (47)

So,

DT V (� � (s; a)k� E (s; a)) � D f (� � (s; a)k� E (s; a)) �
(DT V (� � (s; a)k� E (s; a))2

4
(48)

Therefore from Eq 42 we have that,

DT V (� � (s; a)jj � E (s; a)) � 2

r
(1 � 
 )� � + 4Rmax

p
2� r

k
(49)

For any policy � , and experts unknown reward function r gt , J (�; r ) = 1
1� 
 [Es;a � � � [r (s; a)]]. Therefore,

jJ (� E ; r gt ) � J (�; r gt )j =

�
�
�
�

1
1 � 


[Es;a � � E [r gt (s; a)]] �
1

1 � 

[Es;a � � � [r gt (s; a)]]

�
�
�
� 8� (50)

=
1

1 � 


�
�
�
�
�
�

X

s;a 2S�A

j(� E � � � )r gt (s; a)

�
�
�
�
�
�

(51)

�
RE

max

1 � 


X

s;a 2S�A

�
�(� E � � � )

�
� (52)

�
2RE

max

1 � 

DT V (� E ; � � ) (53)

(54)

where RE
max is the upper bound for the expert's reward function. Under a worst case expert reward function

which assigns �nite reward values to the expert's visitation and �1 outside the visitation, even a small
mistake (visiting any state outside the expert's visitation) by the policy can result in an in�nite performance
gap between expert and the agent. Thus, this parameter is decided by the expert and is not in control of the
learning agent.

From Eq 49 and Eq 53 we have

jJ (� E ; r gt ) � J (�̂; r gt )j�
4RE

max

q
(1 � 
 ) � � +4 R max

p
2� r

k

1 � 

(55)

Lemma A.2. (Regret bound under �nite data assumptions) Let M̂ t denote the approximate transition model
under the collected dataset of transitions until iteration t. Assume that the ground truth modelM and the
reward function are realizable. Under these assumptions the regret ofrank-game at t th iteration:

V � E

M � V � t

M �
2
� � t

m Rmax

(1 � 
 )2 +
4Rmax

1 � 


r

D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
� r

k
(56)
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whereV �
M denotes the performance of policy� under transition dynamics M , � � t

m is expected model error under
policy � t 's visitation, � �

M is the visitation of policy � in transition dynamics M and � stat is the statistical
error due to �nite expert samples.

Proof. We useM to denote the ground truth model and M̂ t to denote the approximate transition model with
collected data until the t th iteration of rank-game. We are interested in solving the following optimization
problem under �nite data assumptions:

max
�

Es;a � � �
M̂ t

h
f̂ �

� (s; a)
i

�

P
s;a 2 �̂ E [f̂ �

� (s; a)]

j�̂ E j
s:t f̂ �

� = arg min
f

(L̂ k (f ; D �
M̂ t

)) (57)

where �̂ E is the empirical distribution generated from �nite expert samples and D �
M̂ t

= f (�̂ �
M̂ t

; �̂ E
M )g. Using

standard concentration bounds such as Hoe�ding's (Hoe�ding, 1994), we can bound the empirical estimate
with true estimate 8� with high probability:

�
�
�
�

P
s;a 2 �̂ E [f �

� (s; a)]

j�̂ E j
� Es� � E

M
[f �

� (s; a)]

�
�
�
� � � stat (58)

Using the concentration bounds and the fact that � t is the solution that maximizes the optimization problem
Eq 57 at t-iteration,

Es;a � � � t

M̂ t

h
f̂ �

� t (s; a)
i

�

P
s;a 2 �̂ E [f̂ �

� t (s; a)]

j�̂ E j
� Es;a � � � E

M̂ t

h
f̂ �

� E (s; a)
i

�

P
s;a 2 �̂ E [f̂ �

� E (s; a)]

j�̂ E j
(59)

� Es;a � � � E

M̂ t

h
f̂ �

� E (s; a)
i

� Es;a � � E
M

h
f̂ �

� E (s; a)
i

� � stat (60)

f̂ �
� t is the reward function that minimizes the empirical ranking loss L̂ k . Let f �

� t be the solution to the true
ranking loss L k . As shown previously in Eq 30 and Eq 31, we can bound the expected values of these two
quantities with high probability under agent or expert distribution.

We also have from concentration bound:

Es;a � � � t

M̂ t

h
f̂ �

� t (s; a)
i

�

P
s;a 2 �̂ E [f̂ �

� t (s; a)]

j�̂ E j
� Es;a � � � t

M̂ t

h
f̂ �

� t (s; a)
i

� Es;a � � E
M

h
f̂ �

� t (s; a)
i

+ � stat (61)

Therefore, combining Eq 61 and Eq 59:

Es;a � � � t

M̂ t

h
f̂ �

� t (s; a)
i

� Es;a � � E
M

h
f̂ �

� t (s; a)
i

� Es;a � � � E

M̂ t

h
f̂ �

� E (s; a)
i

� Es;a � � E
M

h
f̂ �

� E (s; a)
i

� 2� stat (62)

The LHS of the Eq. 62 can be further upper bounded as follows:

Es;a � � � t

M̂ t

h
f̂ �

� t (s; a)
i

� Es;a � � E
M

h
f̂ �

� t (s; a)
i

� Es;a � � � t

M̂ t

[f �
� t (s; a)] � Es;a � � E

M
[f �

� t (s; a)] + 2 Rmax
p

8� r (63)

= Es;a � � � t

M̂ t

"
k� � E

M (s; a)

� � E

M (s; a) + � � t

M̂ t
(s; a)

#

� Es;a � � E
M

"
k� � E

M (s; a)

� � E

M (s; a) + � � t

M̂ t
(s; a)

#

+ 2Rmax
p

8� r (64)

= kEs;a � � � E
M

2

4
� � t

M̂ t
(s; a) � � � E

M (s; a)

� � t

M̂ t
(s; a) + � � E

M (s; a)

3

5 + 2Rmax
p

8� r (65)

= � kD f (� � t

M̂ t
k� � E

M ) + 2 Rmax
p

8� r (66)
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Similarly the RHS of Eq 62 can be further lower bounded as follows:

Es;a � � � E

M̂ t

h
f̂ �

� E (s; a)
i

� Es;a � � E
M

h
f̂ �

� (s; a)
i

� 2� stat (67)

� Es;a � � � E

M̂ t

[f �
� E (s; a)] � Es� � E

M
[f �

� (s; a)] � 2� stat � 2Rmax
p

8� r (68)

= kEs;a � � � E
M

2

4
� � E

M̂ t
(s; a) � � � E

M (s; a)

� � E

M̂ t
(s; a) + � � E

M (s; a)

3

5 � 2� stat � 2Rmax
p

8� r (69)

= � kD f (� E
M̂ t

k� E
M ) � 2� stat � 2Rmax

p
8� r (70)

Plugging the relations obtained (Eq 70 and 66) back in Eq 62, we see that thef -divergence between the
agent visitation in the learned MDP and the expert visitation in the ground truth MDP is bounded by the
f -divergence of the expert policy's visitation on the learned vs. ground truth environment. We expect this
term to be low if the dynamics are accurately learned at the transitions encountered in visitation of expert.

D f (� � t

M̂ t
k� � E

M ) � D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
8� r

k
(71)

We can use the total-variation lower bound for this f -divergence to later obtain a performance bound between
the policy in learned MDP and expert in ground-truth MDP.

DT V (� � t

M̂ t
k� � E

M ) � 2
q

D f (� � t

M̂ t
k� � E

M ) � 2

r

D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
8� r

k
(72)

Similar to Corollary A.1.1, we can further get a performance bound:

jV � E

M � V � t

M̂
j�

2Rmax

1 � 

DT V (� � t

M̂ t
k� � E

M ) �
4Rmax

1 � 


r

D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
8� r

k
(73)

Let the local model error in the visitation of � t be bounded by� � t

m , i.e Es;a � � � t

�
DT V (PM (:js; a)kPM̂ (:js; a))

�
�

� � t

m . Using simulation lemma for local models (Kearns & Singh, 1998; Kakade & Langford, 2002), we have:

jV � t

M � V � t

M̂
j�

2
� � t

m Rmax

(1 � 
 )2 (74)

We are interested in bounding the performance of the policy� t in ground-truth MDP rather than the learned
MDP.

V � E

M � V � t

M � V � E

M � V � t

M̂
+

4Rmax

1 � 


r

D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
8� r

k
(75)

�
2
� � t

m Rmax

(1 � 
 )2 +
4Rmax

1 � 


r

D f (� � E

M̂ t
k� � E

M ) +
2� stat + 4Rmax

p
8� r

k
(76)

The regret of an algorithm with ranking-loss depends on the accuracy of the approximate transition model at
the visitation of the output policy � t and the expected accuracy of the approximate transition model at the
transitions encountered in the visitation of expert. Using an exploratory policy optimization procedure, the
regret grows sublinearly as shown in (Kidambi et al., 2021). Kidambi et al. (2021) uses an exploration bonus
and shows that the RHS in the above regret simpli�es to be information gain and for a number of MDP
families the growth rate of information gain is mild.
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Potential imitation suboptimality with additional rankings

In this section, we consider how additional rankings can a�ect the intended performance gap as discussed
in 4.2. Consider a tabular MDP setting in which we are given a set of rankings� � � � 1 � :: � � n � � E .
In such a case, we regress the state-action pairs from their respective visitations to[0; k1; k2; ::kn ; k] where
0 < k 1 < k 2:: < k n < k . We will discuss in Appendix B.1.1 how this regression generalizesL k and make it
computationally more e�cient. For this regression, the optimal reward function that minimizes the ranking
loss pointwise is given by:

R� (s; a) =
P n

i =1 ki � � i
(s; a) + � E (s; a)

� � (s; a) +
P n

i =1 � � i (s; a) + � E (s; a)
(77)

We consider a surrogate ranking loss with regression targetkef f that achieves the same optimal reward when
only � � � E ranking is given. Therefore:

P n
i =1 ki � i (s; a) + k� E (s; a)

� � (s; a) +
P n

i =1 � i (s; a) + � E (s; a)
=

kef f � E (s; a)
� E (s; a) + � � (s; a)

(78)

kef f can be upper bounded as follows:

kef f =
� E (s; a) + � � (s; a)

� E (s; a)

P n
i =1 ki � � i

(s; a) + k� E (s; a)
� � (s; a) +

P n
i =1 � � i (s; a) + k� E (s; a)

(79)

�
� E (s; a) + � � (s; a)

� E (s; a)

P n
i =1 ki � � i

(s; a) + k� E (s; a)
� � (s; a) + � E (s; a)

(80)

= k +
nX

i =1

ki
� � i

(s; a)
� E (s; a)

(81)

kef f can be lower bounded by:

kef f =
� E (s; a) + � � (s; a)

� E (s; a)

P n
i =1 ki � � i

(s; a) + k� E (s; a)
� � (s; a) +

P n
i =1 � � i (s; a) + � E (s; a)

(82)

�
� E (s; a) + � � (s; a)

� E (s; a)
k� E (s; a)

� � (s; a) +
P n

i =1 � � i (s; a) + � E (s; a)
(83)

=
k

1 +
P n

i =1
� � i (s;a )

� � (s;a )+ � E (s;a )

(84)

Thus, kef f can increase or decrease compared tok after augmenting the ranking dataset. We discuss the
consequences of a decreasedk in Section 4.2.

B Algorithm Details

B.1 Ranking Loss for the Reward Agent

Consider a dataset of behavior rankingsD = f (� 1
1 � � 2

1); (� 1
2 � � 2

2); :::(� 1
n � � 2

n )g, wherein for � i
j � i denotes

the comparison index within a pair of policies, j denotes the pair number, and� 1
1 � � 2

1 denotes that � 2
1

is preferable in comparison to� 1
1 and in turn implies that � 2

1 has a higher return. Each pair of behavior
comparisons in the dataset are between the state-action or state visitations. We will restrict our attention to a
speci�c instantiation of the ranking loss (a regression loss) that attempts to explain the rankings between each
pair of policies present in the dataset by a performance gap of at leastk, i.e. E� 1 [R(s; a)] � E� 2 [R(s; a)] � k.
Formally, the ranking loss is de�ned as follows:

min
R

L k (D; R) = min
R

E( � 1 ;� 2 ) �D
�
Es� � 1 (s;a )

�
(R(s; a) � 0)2�

+ Es� � 2 (s;a )
�
(R(s; a) � k)2��

(85)

When k is set to 1 (k = 1 ), this loss function resembles the loss function used for SQIL (Reddy et al., 2019) if
�xed rewards were used instead of learned. Thus, SQIL can be understood as a special case. We also note
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that a similar ranking loss function has been previously used for training generative adversarial networks in
LS-GAN (Mao et al., 2017).

Our work explores the setting of imitation learning given samples from state or state-action visitation� E

of the expert � E . We will use � agent
m to denote the mth update of the agent in Algorithm 1. The updated

agent generates a new visitation in the environment which is stored in an empty datasetDonline
m given by

Donline
m = f � � agent

m � � � E
g

B.1.1 Reward loss with automatically generated rankings (auto)

The ranking dataset Dp contains pairwise comparison between behaviors� i � � j . First, we assume access to
the trajectories that generate the behaviors, i.e� i = f � i

1; � i
2:::� i

n g and � j = f � j
1 ; � j

2 :::� j
m g In this method we

propose to automatically generate additional rankings using the following procedure: (a) Sample trajectory
� i � � i and � j � � j . Both trajectories are equal length because of our use of absorbing states (see Appendix C).
(b) Generate an interpolation � ij

� p
between trajectories depending on a parameter� p. A trajectory is a matrix

of dimensionsH � (jSj+ jAj ), where H is the horizon length of all the trajectories.

� ij
� p

= � p� i + (1 � � p)� j (86)

These intermediate interpolated trajectories lead to a ranking that matches the ranking under the expert
reward function if the reward function is indeed linear in state features. We further note that � can also be a
trajectory of features rather than state-action pairs.

Next, we generate regression targets for the interpolated trajectories. For a trajectory� ij
� p

the regression
target is given by a vector � p0 + (1 � � p)k1, where vectors0; 1 are given by [0,0,..0] and [1,1,...,1] of length
H respectively. This procedure can be regarded as a form of mixup (Zhang et al., 2017) in trajectory space.
The set of obtained � ij

� p
after expending the sampling budget forms our behavior� ij

� p
.

A generalized and computationally e�cient interpolation strategy for rank-game

Once we have generatedP interpolated rankings, we e�ectively have O(P2) rankings that we can use to
augment our ranking dataset. Using them all naively would incur a high memory burden. Thus, we present
another method for achieving the same objective of using automatically generated rankings in a more e�cient
and generalized way. For each pairwise ranking� i � � j in the dataset Dp, we have the following new set of
rankings � i � � ij

� 1
� :: � � ij

� P
� � j . Using the O(P2) rankings in the ranking lossL k , the ranking loss can be

simpli�ed to the following using basic algebraic manipulation:

(P + 1) E(s;a ) � � j

�
(R(s; a) � k)2�

+ ( P)E(s;a ) � � ij
� P

�
(R(s; a) � k)2�

+ :: + (1) E(s;a ) � � ij
� 1

�
(R(s; a) � k)2�

+( P + 1) E(s;a ) � � i

�
(R(s; a) � 0)2�

+ ( P)E(s;a ) � � ij
� 1

�
(R(s; a) � 0)2�

+ :: + (1) E(s;a ) � � ij
� P

�
(R(s; a) � 0)2� (87)

The reward function that minimizes the above loss pointwise is given by:

R� (s; a) =
k[(P + 1) � j + P � ij

� P
+ ( P � 1)� ij

� P � 1
+ :: + � ij

� 1
]

(P + 1)( � j + � ij
� P

+ :: + � ij
� 1

+ � i )
(88)

=
k[� j + P

P +1 � ij
� P

+ P � 1
P +1 � ij

� P � 1
+ :: + 1

P +1 � ij
� 1

]

(� j + � ij
� P

+ :: + � ij
� 1

+ � i )
(89)

We consider a modi�cation to the ranking loss objective (Equation 85) that increases �exibility in regression
targets for ranking as well as reducing the computational burden from dealing withO(P2) rankings pairs to
O(P). In this modi�cation we regress the current agent, the expert, and each of the intermediate interpolants
(� i ; � ij

� 1
; :::; � ij

� P
; � E ) to a �xed scalar return ( k0; k1; :::; kP +1 ) where k0 � k1 � ::: � kP +1 = k. The optimal

reward function for this loss function is given by:

R� (s; a) =
kp+1 � E (s; a) + kp� ij

� P
(s; a) + kp� 1� ij

� P � 1
(s; a) + :: + k1� ij

� 1
(s; a) + k0� � (s; a)

(� E (s; a) + � ij
� P

(s; a) + :: + � ij
� 1

(s; a) + � � )(s; a)
(90)
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This modi�ed loss function generalizes Eq 88 and recovers it exactly when[k0; k1::; kP +1 ] is set to be
[0; k 1

P +1 ; ::; k P
P +1 ; k]. We will call this reward loss function a generalized ranking loss.

Shaping the ranking loss: The generalized ranking loss contains a set of regression targets (k0; k1; :::; kP +1 )
which needs to be decided apriori. We propose two strategies for deciding these regression targets.We consider
two families of parameterized mappings: (1) linear in� (k� = � � k) and (2) rate of increase in return
exponential in � ( dk �

d� / e�� ), where � is the temperature parameter and denote this family by exp-� . We
also setk� =0 = 0 (in agent's visitation) and k� =1 = k (in expert's visitation) under the reward function
that is bounded in [0; Rmax ]. The shaped ranking regression loss, denoted bySLk (D; R), that induces a
performance gap betweenp + 2 consecutive rankings (� i = � ij

� 0
; � ij

� 1
; :::; � ij

� P
; � j = � ij

� P +1
) is given by:

SLk (D; R) =
1

p + 2

p+1X

i =0

Es� � ij
� i

(s;a )

�
(R(s; a) � ki )2�

(91)

Figure 7: This �gure shows the assignment of value k� (intended return value) corresponding to values of � (degree of
time-conditional interpolation between the visitation distribution of the agent and the expert). When the rate of
increase is exponential with positive slope, we have a higher performance gap over comparisons closer to the expert
and when the rate of increase is negative, the performance gap is higher for comparisons closer to the agent.
Figure 7 above shows the �exibility in reward shaping a�orded by the two families of parameterized functions.
The temperature parameter � > 0 encourages the initial preferences to have a smaller performance gap than
the latter preferences. Conversely,� < 0 encourages the initial preferences to have a larger performance gap
compared to the latter preferences. We ablate these choices of parameteric functions in Appendix D.5.

B.1.2 Reward loss with o�ine annotated rankings (pref)

Automatically generated rankings are generated without any additional supervision and can be understood
as a form of data augmentation. By contrast, with o�ine annotated rankings, we are given a �xed dataset
of comparisons which is a form of additional supervision for the reward function. Automatically generated
rankings can only help by making the reward landscape easier to optimize, but o�ine rankings can help
reduce the exploration burden by informing the agent about counterfactuals that it had no information about.
This can, for instance, help the agent avoid unnecessary exploration by providing a dense improvement signal.
The o�ine rankings are either provided by a human or extracted from a set of trajectories for which ground
truth reward is known. In our work, we extract o�ine preferences by uniformly sampling p trajectories from
an o�ine dataset obtained from a training run of an RL method (SAC) (Haarnoja et al., 2018) with ground
truth reward.
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For imitation learning with o�ine annotated rankings, at every iteration m of Algorithm 1 we have a new
dataset of rankings given byDonline

m = f � agent
m � � E g along with a �xed o�ine dataset containing rankings

of the form (Dof f line = f � 1 � � 2::: � � p}). We always ground the o�ine preferences by expert's visitation in
our experiments, i.e� p � � E . We incorporate the o�ine rankings as a soft constraint in reward learning by
combining the ranking lossL k between the policy agent and the expert, with a ranking lossL k or a shaped
ranking loss SLk (Equation 91) over o�ine trajectories:

L of f line
k (Donline ; Dof f line ; R) = �L k (Donline ; R) + (1 � � ) � L k (Dof f line ; R) (92)

Here, instead of the consecutive rankings being interpolants, they are o�ine rankings. The videos attached
in the supplementary show the bene�t of using preferences in imitation learning. The policy learned without
preferences in the pen environment drops the pen frequently and in the door environment is unable to
successfully open the door.

B.2 Stackelberg Game Instantiation

A Stackelberg game view of optimizing the two-player game with a dataset of behavior rankings leads to two
methods: PAL (Policy as Leader) and RAL (Reward as Leader) (refer Section 4.3). PAL uses a fast reward
update step and we simulate this step by training the reward function until convergence (using a validation
set) on the dataset of rankings. We simulate a slow update step of the policy by using a few iterations of the
SAC (Haarnoja et al., 2018) update for the policy. RAL uses a slow reward update which we approximate
by dataset aggregation � aggregating all the datasets of rankings generated by the agent in each previous
iteration enforces the reward function to update slowly. A fast policy update is simulated by using more
iterations of SAC. Since SAC does not perform well with a high update to environment step ratio, more
iterations of SAC would imply more environment steps under a �xed reward function. This was observed to
lead to reduced learning e�ciency, and an intermediate value of SAC updates was observed to perform best
(Table 5).

B.2.1 Policy as Leader

Algorithm 2 presents psuedocode for a practical instantiation of the PAL methods - RANK-PAL (vanilla),
RANK-PAL (auto) and RANK-PAL (pref) that we use in our work. Recall that (vanilla) variant uses no
additional rankings, whereas (auto) uses automatically generated rankings and (pref) uses o�ine annotated
ranking.

B.2.2 Reward as Leader

Algorithm 3 presents psuedocode for a practical instantiation of the RAL methods - RANK-RAL (vanilla),
RANK-RAL (auto).

C Implementation and Experiment Details

Environments: Figure 8 shows some of the environments we use in this work. For benchmarking we use 6
MuJoCo (licensed under CC BY 4.0) locomotion environments. We also test our method on manipulation
environments - Door opening environment from Robosuite (Zhu et al., 2020a) (licensed under MIT License)
and the Pen-v0 environment from mjrl (Rajeswaran et al., 2017) (licensed under Apache License 2.0).

Expert data : For all environments, we obtain expert data by a policy trained until convergence using
SAC (Haarnoja et al., 2018) with ground truth rewards.

Baselines: We compare our proposed methods against 6 representative LfO approaches that cover a spectrum
of on-policy and o�-policy, model-free methods from prior work: GAIfO (Torabi et al., 2018b; Ho & Ermon,
2016), DACfO (Kostrikov et al., 2018), BCO (Torabi et al., 2018a), f -IRL (Ni et al., 2020), OPOLO (Zhu
et al., 2020b) and IQ-Learn Garg et al. (2021). GAIfO (Torabi et al., 2018b) is a modi�cation of the
adversarial GAIL method (Ho & Ermon, 2016), in which the discriminator is trained to distinguish between
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Algorithm 2 Policy As Leader (PAL) practical instantiation

1: Initialize: Policy network � � , reward network R� , replay bu�er R
2: Hyperparameters: Common: Policy update stepsnpol , Reward update stepsnrew , Performance gap

k, empty ranking dataset Donline , RANK-PAL (auto) : number of interpolations P, RANK-PAL(pref) :
O�ine annotated rankings Dof f line .

3: for m = 0 ; 1; 2; : : : do
4: Collect transitions in the environment and add to replay bu�er R . Run policy update step: � m

� = Soft
Actor-Critic( Rm � 1

� ; � m � 1
� ) with transitions relabelled with reward obtained from Rm � 1

� . // call npol

times
5: Add absorbing state/state-actions to all early-terminated trajectories collected in the current npol

policy update steps to make them full horizon and collect inDonline
m . Donline = Donline

m (discard old
data).

6: (for RANK-PAL(auto)) Generate interpolations for rankings in the dataset Donline and collect in
Donline

auto
7: Reward Update step: // call nrew times

Rm
� =

8
><

>:

min L k (Donline ; Rm � 1
� ); RANK-PAL (vanilla) (Equation 85)

min SLk (Donline
auto ; Rm � 1

� ); RANK-PAL (auto) (Equation 91)

min L of f line
k (Donline ; Dof f line ; R); RANK-PAL (pref) (Equation 92)

8: end for

Algorithm 3 Reward As Leader (RAL) practical instantiation

1: Initialize: Policy network � � , reward network R� , replay bu�er R, trajectory bu�er D
2: Hyperparameters: Common: Policy update stepsnpol , Reward update stepsnrew , Performance gap

k, empty ranking dataset Donline , RANK-PAL (auto) : number of interpolations P, RANK-PAL (pref) :
O�ine annotated rankings Dof f line .

3: for m = 0 ; 1; 2; : : : do
4: Collect transitions in the environment and add to replay bu�er R . Run policy update step: � m

� = Soft
Actor-Critic( Rm � 1

� ; � m � 1
� ) with transitions relabelled with reward obtained from Rm � 1

� . // call npol

times
5: Add absorbing state/state-actions to all early-terminated trajectories collected in the current npol

policy update steps to make them full horizon and collect inD online
m . Aggregate data in Donline =

Donline
m [ D online .

6: (for RANK-RAL(auto)) Generate interpolations for rankings in the dataset Donline and collect in
Donline

auto
7: Reward Update step: // call nrew times

Rm
� =

(
min L k (Donline ; Rm � 1

� ); RANK-RAL (vanilla) (Equation 85)

min SLk (Donline
auto ; Rm � 1

� ); RANK-RAL(auto) (Equation 91)

8: end for

state-distributions rather than state-action distributions. DAC-fO (Kostrikov et al., 2018) is an o�-policy
modi�cation of GAIfO (Torabi et al., 2018b), in which the discriminator distinguishes the expert states with
respect to the entire replay bu�er of the agent's previously visited states, with additional implementation
details such as added absorbing states to early-terminated trajectories. BCO (Torabi et al., 2018a) learns
an inverse dynamics model, iteratively using the state-action-next state visitation in the environment and
using it to predict the actions that generate the expert state trajectory. OPOLO (Zhu et al., 2020b) is
a recent method which presents a principled o�-policy approach for imitation learning by minimizing an
upper-bound of the state marginal matching objective. IQ-Learn (Garg et al., 2021) proposes to make
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Env Swimmer Hopper HalfCheetah Walker Ant Humanoid
BCO 102.76� 0.90 20.10� 2.15 5.12� 3.82 4.00� 1.25 12.80� 1.26 3.90� 1.24
GaiFO 99.04� 1.61 81.13� 9.99 13.54� 7.24 83.83� 2.55 20.10� 24.41 3.93� 1.81
DACfO 95.09� 6.14 94.73� 3.63 85.03� 5.09 54.70� 44.64 86.45� 1.67 19.31� 32.19
f -IRL 103.89� 2.37 97.45� 0.61 96.06� 4.63 101.16 � 1.25 71.18� 19.80 77.93� 6.372
OPOLO 98.64� 0.14 89.56� 5.46 88.92� 3.20 79.19� 24.35 93.37� 3.78 24.87� 17.04
IMIT-
PAL
(ours)

105.93 � 3.12 86.47� 7.66 90.65� 15.17 75.60� 1.90 82.40� 9.05 94.49� 3.21

IMIT-
RAL
(ours)

100.35� 3.6 92.34� 8.63 96.80� 2.45 94.41� 2.94 78.06� 4.24 91.27� 9.33

RANK-
PAL
(ours)

98.83� 0.09 87.14� 16.14 94.05� 3.59 93.88� 0.72 98.93 � 1.83 96.84 � 3.28

RANK-
RAL
(ours)

99.31� 1.50 99.34 � 0.20 101.14 � 7.45 93.24� 1.25 93.21� 2.98 94.45� 4.13

Expert 100.00� 0 100.00� 0 100.00� 0 100.00� 0 100.00� 0 100.00� 0
(jSj; jAj ) (8; 2) (11; 3) (17; 6) (17; 6) (111; 8) (376; 17)

Table 3: Asymptotic normalized performance of LfO methods at 2 million timesteps on MuJoCo locomotion tasks.
The results in this Table also include evaluations for the IMIT-{PAL, RAL} methods.

Env Swimmer Hopper HalfCheetah Walker Ant Humanoid
BCO 210.22� 3.43 721.92� 89.89 410.83� 238.02 224.58� 71.42 704.88� 13.49 324.94� 44.39

GAIfO 202.66� 4.87 2871.47� 365.73 1532.57� 693.72 4666.31� 143.75 1141.66� 1400.11 326.69� 13.26
DACfO 194.65� 14.08 3350.55� 141.69 11057.54� 407.26 3045.21� 2485.33 5112.15� 38.01 1165.40� 1867.61
f -IRL 212.50� 6.43 3446.33� 35.66 12527.24� 344.95 5630.32 � 71.35 4200.48� 1124.17 4362.46� 459.72

OPOLO 210.84� 1.31 3168.35� 206.26 11576.12� 155.09 4407.70� 1356.39 5529.44� 164.94 1468.90� 1041.853
IMIT-PAL (ours) 216.64 � 7.95 3059.43� 283.85 11806.47� 1750.24 4208.17� 107.41 4872.39� 480.23 5265.60� 287.44
IMIT-RAL (ours) 205.33 � 8.92 3266.28� 318.03 12626.18� 54.71 5254.54� 165.19 4612.8� 192.06 5089.88� 621.07
RANK-PAL (ours) 202.24 � 1.80 3082.98� 582.59 12259.06� 206.82 5225.49� 42.02 5862.42 � 47.68 5393.45 � 291.16
RANK-RAL (ours) 203.20 � 4.65 3512.67 � 21.09 13204.49 � 721.77 5189.51� 71.27 5520.14� 116.77 5262.96� 337.44

Expert 204.6 � 0 3535.88� 0 13051.46� 0 5456.91� 0 5926.17� 0 5565.53� 0
(jSj; jAj ) (8; 2) (11; 3) (17; 6) (17; 6) (111; 8) (376; 17)

Table 4: Asymptotic performance of LfO methods at 2 million timesteps on MuJoCo locomotion tasks. The results in
this Table also include evaluations for the IMIT-{PAL, RAL} methods.

imitation learning non-adversarial by directly optimizing the Q-function and removing the need to learn a
reward as a subproblem. All the approaches only have access to expert state-trajectories.

We use the author's open-source implementations of baselines OPOLO, DACfO, GAIfO, BCO available
at https://github.com/illidanlab/opolo-code . We use the author-provided hyperparameters (similar
to those used in (Zhu et al., 2020b)) for all MuJoCo locomotion environments. Forf -IRL, we use the
author implementation available at https://github.com/twni2016/f-IRL and use the author provided
hyperparameters. IQ-Learn was tested on our expert dataset by following authors implementation found here:
https://github.com/Div99/IQ-Learn . We tested two IQ-Learn loss variants: 'v0' and 'value' as found in
their hyperparameter con�gurations and took the best out of the two runs.

Policy Optimization: We implement RANK-PAL and RANK-RAL with policy learn-
ing using SAC (Haarnoja et al., 2018). We build upon the SAC code (Achiam, 2018)
(https://github.com/openai/spinningup) without changing any hyperparameters.

Reward Learning: For reward learning, we use an MLP parameterized by two hidden layers of64 dimensions
each. Furthermore, we clip the outputs of the reward network between [� 10; 10] range to keep the range of
rewards bounded while also adding an L2 regularization of0:01. We add absorbing states to early terminated
agent trajectories following Kostrikov et al. (2019). For training the ranking loss until convergence in both
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Figure 8: We evaluate rank-game over environments including Hopper-v2, Ant-v2, Humanoid-v2, Door, and Pen-v0.

update strategies (PAL and RAL), we used evaluation on a holdout set that is 0.1 the total dataset size as a
proxy for convergence.

Data sharing between players : We rely on data sharing between players to utilize the same collected
transitions for both players' gradient updates. The reward learning objective in RANK-PAL and RANK-RAL
requires rolling out the current policy. This makes using an o�-policy routine for training the policy player
quite ine�cient, since o�-policy model-free algorithms update a policy frequently even when executing a
trajectory. To remedy this, we reuse the data collected with a mixture of policies obtained during the previous
o�-policy policy learning step for training the reward player. This allows us to reuse the same data for policy
learning as well as reward learning at each iteration.

Ranking loss for reward shaping via o�ine annotated rankings : In practice for the (pref) setting
(Section 4.2), to increase supervision and prevent over�tting, we augment the o�ine dataset by regressing the
snippets (length l) of each o�ine trajectory � i for behavior � i to k � l , in addition to regressing the rewards for
each state tok. The snippets are generated as contiguous subsequence from the trajectory, similar to Brown
et al. (2019).

C.1 Hyperparameters

Hyperparameters for RANK-{PAL,RAL} (vanilla,auto and pref) methods are shown in Table 5. For RANK-
PAL, we found the following hyperparameters to give best results:npol = H and nrew = ( 'validation' or H=b),
where H is the environment horizon (usually set to1000for MuJoCo locomotion tasks) and b is the batch size
used for the reward update. For RANK-RAL, we found npol = H and nrew = ( 'validation' or jD j=b), where
jD j indicates the cumulative size of the ranking dataset. We found that scaling reward updates proportionally
to the size of the dataset also performs well and is a computationally e�ective alternative to training the
reward until convergence (see Section D.7).

Hyperparameter Value

Policy updates npol H
Reward batch size(b) 1024
Reward gradient updatesnrew val or |D|/1024
Reward learning rate 1e-3
Reward clamp range [-10,10]
Reward l2 weight decay 0.0001
Number of interpolations [auto] 5
Reward shaping parameterization [auto] exp-[-1]
O�ine rankings loss weight ( � ) [pref] 0.3
Snippet length l [pref] 10

Table 5: Common hyperparameters for the RANK-GAME algorithms. Square brackets in the left column indicate
which hyperparameters that are speci�c to `auto' and `pref' methods.
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D Additional Experiments

D.1 Complete evaluation of LfO with rank-game(auto)

Figure 9 shows a comparison of RANK-PAL(auto) and RANK-RAL(auto) for the LfO setting on the
Mujoco benchmark tasks: Swimmer-v2, Hopper-v2, HalfCheetah-v2, Walker2d-v2, Ant-v2
and Humanoid-v2 . This section provides complete results for Section 5.1 in the main paper.

Figure 9: Comparison of performance on OpenAI gym benchmark tasks. The shaded region represents standard
deviation across 5 random runs. RANK-PAL and RANK-RAL substantially outperform the baselines in sample
e�ciency. Dotted blue line shows the expert's performance.

D.2 Evaluation of LfD with rank-game(auto)

rank-game is a general framework for both LfD(with expert states and actions) and LfO (with only expert
states/observations). We compare performance ofrank-game compared to LfD baselines: IQ-Learn (Garg
et al., 2021), DAC (Kostrikov et al., 2018) and BC (Pomerleau, 1991).

In �gure 10, we observe that rank-game is among the most sample e�cient methods for learning from
demonstrations. IQlearn shows poor learning performance on some tasks which we suspect is due to the low
number of expert trajectories we use in our experiments compared to the original work. DAC was tuned
using the guidelines from Orsini et al. (2021) to ensure fair comparison.

D.3 Utility of automatically generated rankings in rank-game(auto)

We investigate the question of how much the automatically generated rankings actually help in this experiment.
To do that, we keep all the hyperparameters same and compare RANK-GAME (vanilla) with RANK-GAME
(auto). RANK-GAME (vanilla) uses no additional ranking information and L k is used as the reward loss.
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Figure 10: Comparison of rank-game methods with baselines in the LfD setting (expert actions are available).
RANK-{PAL,RAL} are competitive to state of the art methods.

Figure 11: RANK-PAL(vanilla) has high variance learning curves with lower sample e�ciency compared to RANK-
PAL(auto).

Figure 11 shows that in RANK-PAL (auto) has lower variance throughout training (more stable) and is more
sample e�cient compared to RANK-PAL(vanilla).

D.4 Comparison of imit-game and rank-game methods

Imitation learning algorithms, particularly adversarial methods, have a number of implementation com-
ponents that can a�ect learning performance. In this experiment, we aim to further reduce any imple-
mentation/hyperparameter gap between adversarial imitation learning (AIL) methods that are based on
the supremum-loss (described in section 3) function andrank-game to bring out the obtained algorithmic
improvements. To achieve this, we swap out the ranking lossL k based on regression with asupremum-loss
and call this method IMIT-{PAL,RAL}. This results in all the other hyperparameters such as batch size,
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