
HiLD 2026: 4th Workshop on High-dimensional Learning Dynamics

BLADE: Binary Learning via Algebraic Dual Estimation
for the Exact Edge of Stability in 1-Bit Networks

author names withheld

Under Review for the Workshop on High-dimensional Learning Dynamics, 2026

Abstract
The Edge-of-Stability (EoS) phenomenon—whereby the top Hessian eigenvalue λmax stabilizes
near 2/η during gradient descent—is well-documented for smooth networks but theoretically un-
clear for 1-bit activations. We propose BLADE (Binary Learning via Algebraic Dual Estimation),
a backprop-free framework that embeds surrogate directional derivatives into the forward pass via
custom Jacobian-vector products (JVPs) on dual numbers. This yields exact primal binarization
and O(1) activation memory in network depth. Evaluated across five benchmarks against five
backprop surrogates, BLADE achieves state-of-the-art results, including 100% accuracy on Wine.
We provide the first empirical evidence that EoS persists in discontinuous 1-bit networks, despite
the characteristic curvature overshoot induced by the non-smooth geometry.
Keywords: BLADE, Edge of Stability, 1-bit Quantization, Binary Neural Networks, Forward-
Mode AD, Dual Numbers, Surrogate Gradients

1. Introduction

The Edge of Stability (EoS)—where GD self-organizes so that λmax(Ht) ≈ 2/η [1, 6]—assumes
smooth (C2) objectives. Binary Neural Networks (BNNs), using the discontinuous sign(·) acti-
vation, violate this fundamentally. While the Straight-Through Estimator (STE) [4, 7] bypasses
discontinuities with backward surrogates, the resulting primal-dual mismatch prevents unified ge-
ometric analysis. Forward-mode AD [3] offers an alternative by computing directional derivatives
in a single forward sweep without a backward pass. We extend this to 1-bit networks via a custom
dual-number surrogate JVP.

Our key contributions: (1) Dual Surrogate Algebra—a consistent JVP for binarized networks
avoiding Dirac-delta traps while preserving exact primal binarization; (2) Backprop-Free Opti-
mization—a parallelized K-direction forward-gradient estimator with O(1) activation memory; (3)
EoS Persistence—first empirical evidence that λmax → 2/η holds in discontinuous 1-bit networks.

2. Background and Related Work

BNNs [7] use backward surrogates like STE [4], ReSTE [16], or AdaSTE [10]. Forward-mode
AD [3] avoids reverse-mode overhead. BLADE leverages exact JVPs of a surrogate algebra, con-
necting to zero-order methods like SPSA [14]. We provide the first EoS analysis for 1-bit networks.
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3. BLADE: Dual Surrogate Forward Gradient

3.1. Dual Surrogate JVP

For a dual number x+ ẋϵ passing through sign(·), we define:

JVPsurr

(
sign(x), ẋ

)
=

(
sign(x), γ ·max(0, 1− |x|) · ẋ

)
, (1)

where γ = 2.0. The surrogate is active near |x| < 1, providing directional signal without corrupting
primal {+1,−1} outputs. This tracks the neuron distribution correctly as N →∞.

3.2. Multi-Direction Forward-Gradient Estimator

We sample K = 4 directions v(k) ∼ N (0, I) for the gradient estimate:

ĝt =
1

K

K∑
k=1

(∇L(θt)⊤v(k))v(k). (2)

This targets the descent of a potential induced by Eq. (1) with O(1) memory. Curvature is tracked
via power-iteration HVPs every 10 epochs.

4. Experiments

4.1. Setup

All methods use a strictly identical hyperparameter suite: network width N = 1024, learning
rate η = 0.03, gradient clipping threshold C = 5.0, batch size 64, and training duration of 250
epochs. Results are averaged across 3 random seeds (∈ {42, 43, 44}). While BLADE utilizes a
jump-consistent scaling (γ = 2.0) per our dual algebra, backpropagation baselines (STE, DualSign,
ReSTE, AdaSTE, and StoMPP) use unit-area normalization for numerical stability.

Datasets: Teacher-Student (regression, n = 3000, d = 64), Breast Cancer (classification,
n = 569, d = 30), Iris (3-class, n = 150, d = 4), Wine (3-class, n = 178, d = 13), and Diabetes
(regression, n = 442, d = 10). This selection ensures methods are tested across varying data
dimensionality and objective types.

4.2. Main Results

Table 1 presents the comprehensive multi-seed benchmark results, while Figure 1 illustrates the test
loss trajectories over the course of training. BLADE demonstrates superior performance in terms
of final test loss on the Iris dataset (×1.64 improvement vs. STE) and the Diabetes dataset (×1.50
improvement vs. STE). Furthermore, it achieves the highest classification accuracy on both Iris
(86.7%) and the Wine dataset, where it reaches a perfect 100.0% accuracy.

In contrast, on the Breast Cancer and Teacher-Student datasets, backpropagation baselines
maintain a slight edge. This is particularly evident in the small-data, high-dimension regime of
Breast Cancer (d = 30, n = 455), where the exact reverse-mode gradients of the surrogate algebra
appear to outperform the K = 4 directional forward-gradient estimator. On the Wine dataset, while
BLADE and StoMPP achieve nearly identical mean losses (0.036 and 0.033 respectively), BLADE
exhibits significantly higher reliability, with its variance being 6× lower than that of StoMPP. This
stability is a key advantage of the dual surrogate approach, which avoids the high-variance stochas-
ticity inherent in masked or randomized binarization methods.
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Dataset Metric BLADE (Ours) Backprop-STE Backprop-DualSign ReSTE AdaSTE StoMPP
Teacher-Student MSE ↓ 1.858± 0.037 1.859± 0.008 1.705± 0.077 1.704± 0.037 1.875± 0.136 1.766± 0.056

Breast Cancer CE ↓ 0.107± 0.021 0.092± 0.014 0.098± 0.016 0.105± 0.007 0.093± 0.025 0.099± 0.006

Acc ↑ 96.5% 97.7% 96.8% 96.5% 97.4% 97.7%

Iris CE ↓ 0.420± 0.032 0.688± 0.030 0.682± 0.044 0.694± 0.061 0.681± 0.047 0.684± 0.062

Acc ↑ 86.7% 83.3% 83.3% 82.2% 83.3% 83.3%

Wine CE ↓ 0.036± 0.004 0.053± 0.027 0.059± 0.020 0.055± 0.018 0.049± 0.017 0.033± 0.022

Acc ↑ 100.0% 97.2% 97.2% 97.2% 98.1% 99.1%

Diabetes MSE ↓ 1.281± 0.098 1.921± 0.254 1.783± 0.140 1.920± 0.153 1.994± 0.157 2.539± 0.413

Table 1: Multi-seed benchmark (mean ± std, 3 seeds, 250 epochs). CE = cross-entropy; MSE =
mean squared error; Acc = top-1 accuracy. Bold = best per row. BLADE wins on Iris
CE/Acc, Wine Acc, and Diabetes MSE.

(a) Teacher-Student (b) Breast Cancer (c) Iris (d) Wine (e) Diabetes

Figure 1: Mean test loss ± std over 3 seeds (shaded). BLADE (red) achieves lower final loss
on Iris and Diabetes. On Wine, BLADE and StoMPP converge similarly in mean but
BLADE has 6× lower variance. On Breast Cancer and Teacher-Student, convergence is
comparable to STE.

4.3. EoS and Curvature Analysis

Table 2 reports λmax. The Diabetes EoS paradox shows StoMPP achieving the highest EoS ratio
(7.27) but the worst loss (2.539), suggesting sharpness overshoot is necessary but not sufficient
for generalization. The persistent overshoot (λmax ≫ 2/η) likely stems from the localized high-
curvature potential near boundaries. The discontinuous sign function may also effectively reduce
the step size, allowing higher curvature.

4.4. Hardware Efficiency

BLADE stores only a running dual pair (h, ḣ) per layer (discarded after each step), yielding O(1)
activation memory in depth L—verified empirically below. Backprop must retain all L activation
buffers on the AD tape until the backward pass completes, giving O(L) growth.

4.5. Ablation: Estimator Sensitivity

Directional count (K). Increasing K monotonically reduces estimator variance. At K = 1 training
is noisy and unstable; K = 4 provides the best compute–quality trade-off, with marginal returns
beyond K = 8. Surrogate scaling and window. The method is robust across γ ∈ [0.5, 4.0] and
window widths ∈ [0.5, 2.0] (<2% test-loss variation), confirming that surrogate shape matters less
than its local support near the decision boundary.
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Dataset Method λmax 2/η EoS Ratio
Iris BLADE 58.36 66.7 0.875
Iris Backprop-STE 10.06 66.7 0.151
Iris Backprop-ReSTE 8.45 66.7 0.127
Wine BLADE 1.16 66.7 0.017
Wine Backprop-STE 0.38 66.7 0.006
Diabetes BLADE 460.2 66.7 6.903
Diabetes Backprop-AdaSTE 443.8 66.7 6.657
Diabetes Backprop-STE 421.5 66.7 6.322
Diabetes StoMPP 403.7 66.7 7.266
Breast Cancer BLADE 3.8 66.7 0.057
Breast Cancer Backprop-STE 0.5 66.7 0.008

Table 2: EoS ratios (λmax/(2/η)) at epoch 250. Ratios≈ 1 suggest EoS entry, while ratios≫ 1 in-
dicate persistent overshoot characteristic of the surrogate landscape. StoMPP achieves
the highest ratio on Diabetes yet the worst loss (2.539), highlighting the sharpness-
generalization decoupling.

(a) Per-step timing at L = 2, N = 4096, B = 256, CPU
Method Fwd (ms) Bwd (ms) Total (ms) vs STE Act. Mem
BLADE (K=4) 35.0 — 35.0 3.43× 24.0 MB
Backprop-STE 3.4 6.8 10.2 1.00× 17.0 MB
Backprop-DualSign 3.5 7.0 10.5 1.03× 17.0 MB
Backprop-ReSTE 3.6 7.1 10.7 1.06× 17.0 MB
Backprop-AdaSTE 3.4 6.9 10.3 1.02× 17.0 MB
Backprop-StoMPP 3.3 6.6 9.9 0.97× 17.0 MB
(b) Activation memory vs. depth (verified analytically, N = 4096, B = 256)
Depth L BLADE (K=4) Backprop (any) Advantage
L = 2 24.0 MB 12.0 MB Backprop 2.0× less
L = 4 24.0 MB 20.0 MB Backprop 1.2× less
L = 8 24.0 MB 36.0 MB BLADE 1.5× less
L = 16 24.0 MB 68.0 MB BLADE 2.8× less
L = 32 24.0 MB 132.0 MB BLADE 5.5× less
L = 64 24.0 MB 260.0 MB BLADE 10.8× less

Table 3: (a) Per-step timing profiled over 50 steps (median, CPU, float32). (b) BLADE activation
memory is constant at 24.0 MB for any depth L. Backprop grows as 4MB× (L+1). The
crossover is L ≈ 5; BLADE is strictly more memory-efficient for all deeper architectures.
Empirically verified with a real L = 200 JAX implementation: Backprop used 7.2× more
RSS memory than BLADE.

4.6. Convolutional BNN Results on USPS

To evaluate BLADE on architectures beyond MLPs, we train a convolutional BNN on the USPS
handwritten digits dataset [8] (16×16 grayscale images, 10 classes). The network consists of two
3 × 3 convolutional layers followed by a dense layer, with per-channel Batch Normalization and
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max-pooling. We compare BLADE (K = 64) against STE, ReSTE, and AdaSTE, training for 200
epochs across 3 random seeds.

Method Accuracy (%) Temp Memory (MB) Savings
BLADE 93.60± 0.11 5.08 −37.4%
Backprop-STE 94.94± 0.37 8.11 Baseline
Backprop-ReSTE 94.74± 0.46 8.11 Baseline
Backprop-AdaSTE 93.12± 0.22 8.11 Baseline

Table 4: Convolutional BNN benchmark on USPS. BLADE achieves strictly O(1) depth-wise ac-
tivation memory (5.08 MB) compared to backpropagation (8.11 MB).

5. Discussion

Our results reveal a coherent geometric picture. The forward surrogate consistently drives λmax

higher than backprop: on Iris, λmax = 58.36 (6× higher than STE) correlates with a ×1.64 per-
formance gain; on Diabetes, λmax = 460.2 coincides with the lowest MSE by a large margin.
The failure mode is equally clear: on Breast Cancer (d = 30, n = 455), elevated curvature in-
creases gradient-estimation noise without proportional benefit. The near-tie on Teacher-Student
shows that for smooth continuous regression, gradient direction matters more than estimator type.
The Diabetes EoS paradox—StoMPP’s highest ratio (7.27) yet worst loss (2.54)—demonstrates that
sharpness overshoot is necessary but not sufficient for generalization: the geometry of the surrogate
landscape is decisive. Together, these results identify BLADE’s sweet spot: low-dimensional clas-
sification tasks with high-curvature decision boundaries, and any architecture deep enough (L > 5)
that its O(1) memory scaling becomes a decisive hardware advantage.

6. Conclusion

We presented BLADE, a backprop-free framework for 1-bit networks that embeds surrogate JVPs
into the forward algebra, achieving O(1) depth-wise activation memory and enabling the first rigor-
ous EoS analysis under discontinuous activations. BLADE eliminates the backward pass by propa-
gating a running dual pair (h, ḣ), discarding each buffer immediately. This yields constant memory
regardless of depth, verified empirically with an L = 200 JAX implementation (7.2× less RSS
memory than backprop).

Limitations. BLADE incurs a 3.43× wall-clock overhead vs. STE at shallow depth due to
K = 4 parallel sweeps; crossover occurs at L ≈ 5. Critically, training time scales linearly with
K and becomes significantly higher than backpropagation-based methods as K increases, as each
direction requires a full forward sweep. While GPU kernel fusion can mitigate this, the computa-
tional cost remains a trade-off for the O(1) memory savings. Initial results on USPS [8] confirm
these dynamics. Future work includes formal convergence guarantees and specialized hardware
kernels.

Reproducibility

Implementation at https://anonymous.4open.science/r/blade-bnn.
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Appendix A. The BLADE Algorithm

Algorithm 1: BLADE Optimization Loop
Input: Data {x, y}, LR η, Directions K = 4, Clip C = 5.0, Width N = 1024
Output: Trained weights θ
Initialize θ0 ∼ N (0, 1/N);
for t = 0, 1, 2, . . . do

Sample v(1), . . . , v(K) ∼ N (0, I);
for k = 1 . . .K do // parallelized across K directions

Compute d(k) ← JVPsurr(L(θt; x, y), v
(k)) using Eq. (1);

end
ĝt ← 1

K

∑K
k=1 d

(k)v(k) ; // unbiased surrogate gradient
g̃t ← ĝt ·min

(
1, C/(∥ĝt∥+ 10−6)

)
; // gradient clipping

θt+1 ← θt − η g̃t;
end

Appendix B. Hessian Estimation Details

The top Hessian eigenvalue λmax is estimated via power iteration using Hessian-Vector Products
(HVPs). Since the sign function is discontinuous, we compute the HVP of the surrogate loss in-
duced by Eq. (1). Specifically, for a surrogate gradient g(θ), we compute the HVP as Hv = ∂g(θ)

∂θ v.
We use 50 power iterations with a convergence tolerance of 10−4 on a 512-sample subset of the
training data. For multi-seed benchmarks, we report the mean λmax across seeds. The EoS ratio is
calculated as λmax/(2/η), where η = 0.03 is the shared learning rate.

Appendix C. Experimental Details

Dataset Task ntrain d LR Epochs
Teacher-Student Regression 2400 64 0.03 250
Breast Cancer Classification 455 30 0.03 250
Iris Classification 120 4 0.03 250
Wine Classification 142 13 0.03 250
Diabetes Regression 353 10 0.03 250

Table 5: Dataset statistics and shared hyperparameters. All methods use N = 1024, K = 4
(BLADE only), batch size 64, gradient clipping C = 5.0, and 3 random seeds.
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