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Abstract

Graph machine learning architectures are typically tailored to specific tasks on
specific datasets, which hinders their broader applicability. This has led to a new
quest in graph machine learning: how to build graph foundation models (GFMs)
capable of generalizing across arbitrary graphs and features? In this work, we
present a recipe for designing GFMs for node-level tasks from first principles. The
key ingredient underpinning our study is a systematic investigation of the symme-
tries that a graph foundation model must respect. In a nutshell, we argue that label
permutation-equivariance alongside feature permutation-invariance are necessary
in addition to the common node permutation-equivariance on each local neighbor-
hood of the graph. To this end, we first characterize the space of linear transfor-
mations that are equivariant to permutations of nodes and labels, and invariant to
permutations of features. We then prove that the resulting network is a universal
approximator on multisets that respect the aforementioned symmetries. Our recipe
uses such layers on the multiset of features induced by the local neighborhood of
the graph to obtain a class of graph foundation models for node property prediction.
We validate our approach through extensive experiments on 29 real-world node
classification datasets, demonstrating both strong zero-shot empirical performance
and consistent improvement as the number of training graphs increases.

1 Introduction

Foundation models have shown remarkable success in diverse domains such as natural language
[33, 28} [41], computer vision [8, 31} 43| [1]], and audio processing [6} [7, [32]. This success has
sparked interest in building foundation models for graph machine learning (graph foundation models
(GFMs))[24, 152, 2], raising a fundamental question: what are the key requirements for a graph
machine learning architecture to generalize across tasks, graph structures, and feature and label sets?

Significant progress has recently been made on link-level tasks in knowledge graphs [13} 21} |12}
51, [18]], which typically do not involve node features. This success is partially due to the nature of
knowledge graphs, where learning focuses on structured relational patterns rather than raw feature
inputs. Unlike in knowledge graphs, natural language processing or computer vision, node-level tasks
in general graphs face a fundamental obstacle: the absence of a shared feature "vocabulary": Features
may encode textual embeddings in one dataset, molecular properties in another, or social attributes
in yet another. This semantic diversity makes it inherently difficult to define a unified feature space,
posing a major challenge to building graph foundation models that generalize across domains.

Classical graph neural networks (GNNs) [5] 20} 42} [47] rely on fixed feature ordering and predefined
feature sets, making them ill-equipped to generalize across arbitrary graphs with varying features.
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Figure 1: The input to a triple-symmetry network is a feature matrix X and (possibly masked) label

matrix Y. The encoder must be equivariant to element-wise permutations o € Sy (affecting the

rows of both X and Y'), equivariant to class label permutations o € S¢ (affecting the columns of
Y), and invariant to feature permutations o € Sg (affecting the columns of X).

To date, the only architecture shown to generalize zero-shot across graphs with rich node features is
that of Zhao et al. [52], which represents a promising step forward. However, their model offers a
specific empirical solution and does not address the deeper question: how can one systematically
design generalizable node-level graph foundation models?

Contributions. In this paper, we directly address this challenge by introducing a theoretically-
grounded recipe for designing GFMs for node-level classification and regression tasks. On the
theoretical front, our starting point is identifying three symmetries that a GFM must respect:

1. Node permutation-equivariance (S in Figure[]). The standard requirement in graph learning
is to ensure that the predictions are invariant under isomorphisms. This is satisfied by design in
message-passing GNNs through permutation-invariant local aggregation, which guarantees that a
permutation of the input nodes would result in a consistent permutation of the node-level outputs.

2. Label permutation-equivariance (Sc: in Figure [I). In node-level tasks (classification or
regression), outputs should also respect permutations of class labels or multi-regression targets.
Permuting the ground-truth should yield a consistent permutation in the predictions, ensuring
semantic consistency irrespective of the chosen ordering.

3. Feature permutation-invariance (Sg in Figure[I). Graph node features often represent different
quantities from different domains and can vary substantially across different graphs, which
poses challenges in identifying a shared feature vocabulary. Hence, a GFM should not rely
on feature ordering or dimensionality. This invariance ensures robust predictions irrespective
of how the features are arranged across different datasets and tasks.

Having established this triple-symmetry criterion, we then characterize the space of linear transfor-
mations that are equivariant to permutations of nodes and labels, and invariant to permutations of
features. We prove that the resulting triple-symmetry network (TSNet) (see Figure[I)) is a universal
approximator of functions that take multisets as inputs and respect the aforementioned symmetries.
This is our key theoretical contribution, as it allows us to apply TSNets on the neighborhoods of the
input graph to define a symmetry preserving message passing scheme.

The resulting TSNet scheme can be interpreted as a message passing network in which messages
are not only sent between nodes but also across feature and label channels via sum aggregation.
We then extend this, to introduce a more general GFM recipe: use any GNN aggregation to pass
messages between nodes, feature channels, and labels. Each such GNN yields a GFM which transfer
across graphs of arbitrary sizes and with any number of feature and label channels, for both node
classification and regression. The resulting GFM is trained on a given set of graphs with their node
features and labels, and then transferred to new graphs with different types of features and labels,
unseen during training. To summarize, we make the following contributions:

 Universality results. We characterize the space of linear maps equivariant to permutations of nodes,
features, and labels, and prove that the resulting multilayer architecture is a universal approximator
of functions that take multiset as inputs and respect nodes, features and label symmetries (Section ).

* A general recipe for GFMs. We introduce triple-symmetry graph neural networks (TS-GNNs5),
a modular and practical method to transform any GNN aggregation into a GFM. This allows the
GNN to operate on arbitrary graphs, feature, and label sets (Section [3).



* Empirical validation. We evaluate our framework on 29 real-world node classification datasets,
showing consistent performance improvements over the corresponding standard GNN backbone
that TS-GNN uses (e.g., GraphSAGE, GAT [14}42]). We also establish TS-GNN as the first graph
foundation model to show improved zero-shot accuracy with increasing training data (Section[6.2).

2 Background: Graphs, Groups, and Equivariance

Graphs and Vectors. Vectors, matrices and tensors are denoted in bold, and for any tensor Q, we
denote its i-th row by Q; . ., its j-th column by Q. ;. and its z-th slice by Q. . .. The vector of IV ones
and the all-ones N x M matrix are denoted by 1 and 1y, s, respectively. Throughout the paper,
N denotes the number of elements in a set or the number nodes in a graph; I’ denotes the number
of input features per element; and C' denotes the number of output classes or regression targets. We
focus on node-level tasks and consider an undirected, unweighted graph G = (V, €, X,Y'), where
X € RYXF is a matrix of node features and Y € RY* is a matrix encoding labels over C classes
(for classification) or C' targets (for regression). We represent the topology of the graph (V, £) using
an adjacency matrix A € {0, 1}V*V,

Groups, permutations and arrays. Let Sy be the group of permutations (i.e. the symmetric group)
over the set [N] = {1,2,..., N}. We define the action of Sy x Sp x S¢ on REXNx(F+C) py

X: 0'71(75).071
((O'NaO-Fvo-C)'X)iJ‘: _X7 N oE
Loy (), F+og (j—F)

o if j € [F),
otherwise

for all (0, 00,0n) € Sk x Sc x Sy and X € REXNX(F+C) That is, o permutes the first F'
columns (features), o permutes the last C' columns (labels), and o permutes the rows.

Equivariance and Invariance. We focus on functions that are equivariant or invariant under joint
node-, feature- and label-permutations. Namely, a function f : RE1 X NX(F+C) _ RE2xNx(F+C) jg
(Sn x SpxSc)-equivariant if f ((on,0p,0¢) - X) = (on,0F,0¢)-f(X) forall (on,0p,0¢) €
Sy x Sp x Sc and for all X € REWXNX(F+C) - Gimilarly, a function f : RE1xNx(F+C) _,
RE2XNXC is (S x S¢)-equivariant and Sg-invariant if f ((on,0r,0¢) - X) = (on,0¢) - f(X)
forall (on,0p,0¢) € Sy X Sp x Sc and for all X € RE1XNX(F+C)

Graph neural networks (GNNs). Our framework provides a recipe for converting some GNNs into
GFMs. In particular, we focus on message-passing neural networks (MPNNs), a subclass of GNNs

that update the initial representations X, € RE“XN of each node v for 0 < /¢ < L — 1 iterations
based on its own state and the state of its neighbors N, as

X = (o (W0 AW | 0 ).

where {-}} denotes a multiset, o is a nonlinearity, Wl(z)7 WQ(Z) e REUTVXED gre weight matrices,
K is the dimensionality of node embeddings at layer £, M(R**N) denote the space of multiset
of elements in RE*Y and ¢ : REXN x M(REXN) — REXN j5 an aggregation function that is
invariant to permutations of the elements in its multiset argument.

3 Related Work

Graph foundation models for node classification. Traditional graph neural networks (GNNs)
[5) 1201 47, 142]] assume fixed feature ordering and predefined feature sets. This mode of operation
severely restricts their ability to generalize across graphs with unknown or dynamically varying feature
distributions. Unlike domains such as natural language processing, where pre-defined embeddings
allow for a shared vocabulary, this approach is unsuitable when dealing with entirely unknown or dy-
namic graph attributes. GraphAny [52] addresses this limitation by using a Transformer-based mixer
that dynamically combines predictions from multiple closed-form least-squares classifiers. Further-
more, [52] is the first to introduce the necessary of node-equivariance, label-equivariance and feature-
invariance in fully inductive node classification. While empirically effective, GraphAny simply per-
forms a learned average across the least-squares classifiers, which is very limiting for the model design
space. In contrast, we offer a class of GFMs derived from first principles, offering theoretical guaran-
tees. Existing message-passing neural networks can be seamlessly integrated into our recipe of GFMs.



Knowledge graph foundation models. There are recent graph foundation models dedicated for pre-
diction with knowledge graphs (KGs), which can generalize to any KG, including novel entities and
novel relation types (unseen during training), by learning transferrable relational invariants. Notable
examples include RMPI [13]], InGRAM [21], ULTRA [12], TRIX [51], and MOTIF [18]]. The expres-
sive power of these knowledge graph foundation models has been recently investigated by Huang et al.
[L8]. Although these methods demonstrate promising generalization capabilities, they only apply to
(knowledge) graphs without node features and lack any theoretical guarantees of universality. This lim-
its their applicability to graphs with rich node features, which is critical for node-level prediction tasks.

Invariant and equivariant networks. Expressivity of equivariant and invariant neural networks
is well-studied within the graph machine learning community. In their seminal work on DeepSets,
Zaheer et al. [50] established universality of S-invariant networks over sets of size N. Subsequently,
a universality result for permutation subgroups G < Sy is presented by Maron et al. [25]]. This uni-
versality result is extended by Segol and Lipman [38]] to show that DeepSets can approximate any .Sy -
equivariant functions. Further advancements by Maron et al. [26] considered both S x H-invariant
and equivariant functions, where H < Sp and D denotes the number of input features. The proof
techniques introduced in Segol and Lipman [38]] were partially adopted in Maron et al. [26] and also
utilized to prove universality in other contexts. For example, universality for point-cloud-equivariant
functions with symmetry group Sy x SO(3) and for higher-dimensional equivariant representations
was established by Dym and Maron [9] and [[1L1]], respectively. Our work utilizes the proof techniques
in [38}126] to extend the known universality guarantees to our triple-symmetry GFM framework.

Scaling Laws in Graph Learning. Scaling laws have played a central role in understanding and
developing foundation models in domains such as natural language and computer vision, where
performance is known to improve predictably with increased model and dataset size. Kaplan et al. [[19]
introduced the original scaling laws for language models, demonstrating that performance improves
with larger models and more data. Hoffmann et al. [[15]] later refined this trend, showing that the
models in [19] were under-trained and that slightly better performance could be achieved for smaller
models. Similar scaling behaviors have been observed in vision, notably in Vision Transformers [8]]
and large-scale contrastive models such as CLIP [31].

In graph learning, scaling laws remain relatively underexplored. A first investigation is Liu et al. [23],
which studies classical GNNs on graph-level classification tasks under varying model and dataset
scales. However, this study is limited to traditional, task-specific architectures and does not address
GFMs, which aim to generalize across diverse graphs, label spaces, or feature domains. It remains un-
clear whether scaling trends observed in narrowly-scoped GNNs also hold in this more challenging and
general setting. Our framework is the first to demonstrate scaling-law behavior in GFMs, where per-
formance improves consistently as the number of diverse training graphs increases (see Section [6.2).

4 Universal Approximation of Functions With Triple-Symmetries

To derive a GFM that generalizes across arbitrary graphs and across feature and label sets, we first
define universal approximators of multiset functions that respect triple symmetries: permutations
of nodes, features, and labels. In Section@ we characterize all linear maps that are equivariant to
these permutations and. By composing the linear layers with nonlinearities, we obtain a symmetry-
preserving networks in Section .2) with a universal approximation property. We later use these func-
tions in Section [5|on each node’s neighborhood to obtain a message-passing scheme for graph data.

4.1 Characterizing Equivariant Linear Layers

To define multilayer neural networks that respect triple-symmetries, we first characterize the linear
layers that are equivariant to node-, label- and feature- permutations (“Equivariance Everywhere
All At Once”). Our result builds on the rich literature on learning on sets [50, 38}, 26]] and extends
these techniques to our symmetry groups. To better locate our result, we first discuss existing
characterizations for DeepSets [50] and for Deep Sets for Symmetric elements.

DeepSets. A seminal result for learning on sets is presented by Zaheer et al. [S0], who characterize
all linear maps of the form 7" : RVt — RN*F2 that are Sy -equivariant, as

T(X) = ]_N7NXA1 + X Ay, where A1, As € RFLXF:2



Deep sets for symmetric elements (DSS). The characterization of S -equivariant functions intro-
duced by Zaheer et al. [50]] is extended by Maron et al. [26] to include an additional symmetry across
the feature dimension. Specifically, they characterize all Sy x H-equivariant linear maps, where
H C Sp is a subgroup of the feature permutation group Sg. Our interests lies in the simpler and more
common case in which H = Sp, corresponding to the full feature permutation group. In this setting,
Maron et al. [26] characterize all linear maps of the form 7' : RVXFxEr _ RNXFXEKz that are
(Sn x Sp)-equivariant; that is, for each ko € [K3), the corresponding output T'(X). . x, € RNV*F g

T(X).op = vy X 1 + 1w X + X010 + XY, ¢h)
where Vi € [4], X:(,Z:?kz = ZkKll X:7:,k1A,(;1)7k2 and A() € RK1*K2_ Note that symmetry across both
axes of the feature matrix requires lifting the 2D function inputs used in DeepSets to 3D tensors in
DSS and in our framework.

The limitations of semi-supervised node-classification. Most existing GNNs and set-based archi-
tectures, such as DeepSets or DSS, operate within the classical semi-supervised learning framework:
each node in the input graph is associated with a feature vector, but only a subset of nodes have
known labels during training. In this setup, the model learns to map node embeddings to the specific
label set observed during training. Consequently, the model is inherently tied to this fixed label set
and cannot generalize effectively to new or varying label sets encountered at test time.

The label inpainting task. To enable generalization across label sets, we move beyond the classical
semi-supervised regime and its dependence on the fixed set of training labels and feature, and
fixed graph. In label inpainting, each datapoint is a graph G = (V, £, X, Y') with node features
X € RY*F and labels in [C]. The full graph and node features are given as inputs, along with the
labels of a partial set of nodes L C [N]. The goal is to inpaint (predict) the labels of the remaining
masked nodes R = [N]\ L. We consider a supervised setting in which the dataset consists of many
graphs, each with a different set of revealed label nodes. Each training graph has the ground-truth
labels of the masked nodes available for supervision during training, but masked labels are hidden
in test graphs. Note that difference data points, i.e. graphs at training or inference, may differ in
their node features, label sets, and topology.

Our framework for triple-symmetry. To build a layered architecture consisting of equivariant linear
layers and nonlinearities, we first find all linear alyers that respect triple-symmetries. The following
proposition provides a complete characterization of the linear transformations 7' = (T1,T5) :
RN*(F+C) _ RNX(F+C) that are (S x Sp x Sc)-equivariant. See Sectionfor more details.
Proposition 4.1. A linear function of the form T = (Ty,Ty): RVXFXKi  RNXCOxKi
RNXEX s o RNXCXE o (S % Sp x S¢)-equivariant if and only if there exist AY ... A(12) ¢
RE XKz gych that for every X € RN*XFXK1 'y ¢ RNXOXEy gnd by € [Ks), the corresponding
outputs Ty (X,Y) € RNXEXK2 gnd Ty(X,Y) € RVXCXE2 gre given by

T(X,Y). . p, = (1N,NX:(’:1});€2 +x¢ K

:,:,)k2> ]-F,F + 1N7NX:(,::;,)I<:2 + X:(g,kz
+ (1N,NY;,(§?;)€2 + Y(6112> ler, o
To(X,Y oo = (v Y0, + Y0 ) 1ee + 1va¥ D), + ¥,

(v X, + X9 ) 1re

where for every i € [6], we have X(l)k2 = Z?ll:o X;,:,klA,(fl)ka and Y(Z)k2 = Z}I@?:o Y,:,MA;(;:/{GB-

4.2 A Universal Approximation Theorem for Functions with Triple-Symmetries

In this section, we introduce equivariant triple symmetry networks (TSNets), based on the (Sy X
Sk X S¢)-equivariant layers in Section We prove universality for TSNetg,, and then derive
universality for the triple symmetry networks (TSNet) — an (Sy X S¢)-equivariant and .S p-invariant
architecture that serves as the core building block of our GFM.

Triple-symmetry networks for multi-sets (TSNets). We define an equivaraint triple symmetry
network (TSNetg) Fiq : RVXFFOXT _ RNX(F+C)x1 54

FEq:T(L)OGOT(L71)000-~~OT(1)

3
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where each () : RNx(F+O)x K _y RNx(F+O)x K™ o an (S x Sp x S¢)-equivariant linear
layer, and ¢ is a non-linearity.

We then define the space of TSNet label inpainters, TSNety as follows. Define the label projection
map e by Me(X,Y) = Y forall (X,Y) € RVXFxK®  RNxCxK™ A griple symmetry
network F : RNX(FHC)x1 o RNXCX1in TSNetyy if it is of the form F = IIo o Fg,, where
Fgq : RVX(FFO1 _y RN>X(FHC)X1 s 3 TSNety,.

Observe that IIo is Sp-invariant and each intermediate linear layer 7O jg (Sy x Sp x S¢)-
equivariant by construction. Since equivariance and invariance are preserved under compositions,
it follows directly that the resulting network F' is both (Sy x S¢)-equivariant and Sp-invariant,
as required. We set K(9) = K(I) = 1 so that the network can accept the initial feature and label
matrices and outputs predictions with the same shape as the ground-truth labels.

We now state our main result: TSNets are not only symmetry-preserving but are also universal
approximators, i.e., capable of approximating any continuous function that respects the triple-
symmetries. More accurately, this guarantee holds over any symmetric compact domain which is
disjoint from some small set, called the exclusion set £ (Definition [D.20).

Lemma 4.2. Let K ¢ RVN*F+C) be a compact domain such that K = UgesSy xSrxSc 9K and
KNE = 0, where £ ¢ RNXF+C) s the exclusion set corresponding to RN *F+C) (Definition .
Then, TSNety, is a universal approximator (i.e. in L) of continuous KK — RNX(F+C) functions
that are (Sy X Sg X S¢)-equivariant.

Theorem 4.3. Let K ¢ RV*XFH0) pe compact domain such that K = Ugesy xSpxsc 9K and

KNE = 0, where & € RN*F+0) i the exclusion set corresponding to RN *(F+C) (Definition|D.20).
Then, TSNety is a universal approximator of continuous K — RN*C functions that are (Sy x Sc)-
equivariant and S p-invariant.

Relations to the literature. Our result is closely related to Theorem 3 of [26], which establishes a
universality result for (Sy x H)-equivariant networks, where H C Sp. Specifically, the theorem
states that for any subgroup H C Sy and any compact domain K C RV *¥ that is closed under the
action of (Sy x H) and avoids the exception set £’ (defined in Definition [E.2). If H-equivariant
networks are universal for H-equivariant functions. Then, (Sy x H)-equivariant networks are
universal approximators (in the L., norm) for continuous (Sy x H)-equivariant functions defined
on [C. However, their proof contains a subtle but important flaw. They introduce an H-equivariant
polynomial p; : RV*F — R and write “If we fix X, ..., X, then p1 (X1, ..., Xy) is an H-
equivariant polynomial in X;”, which does not hold generally. By definition, H -equivariance of p;
requires the group action to be applied consistently across all arguments: applying the action to only
one row while fixing the others violates equivariance. We refer the reader to Section [E]for a detailed
discussion on this issue, why it invalidates the general universality claim for arbitrary subgroups
H < Sr and how, by leveraging techniques from [38]], the claim can still be upheld in the special
case H = S — akey insight that allows us to show universality for TSNets in Theorem [4.3]

5 A Recipe for Graph Foundation Models for Node Property Prediction

In this section, we build on the results from Section[4.1]to derive a practical architecture for node
property inpainting (see Figure [2). Specifically, we construct a learnable layer that is equivariant to
the symmetry group (Sy X Sg X S¢) based on any aggregtion scheme. In the graph setting, this
elevates the MPNN to a symmetry-aware foundation model that generalizes across diverse feature
sets and labels, unlike traditional GNNs.

We start from Equation (2), which can be interpreted as passing messages by applying sum aggregation
along the feature, label, and node axes. We generalize these sums to arbitrary permutation-invariant
operators (e.g., mean, max, or attention style aggregations). Setting the operators to sums recovers
the linear structure of Equation (2).

Triple-symmetry graph neural networks (TS-GNNs). Consider inputs of the form (X,Y, A) €
RN*(FHC)XL 5 10, 1]V *N where X € RV*F is a feature matrix, Y € RV*C is a label matrix,
and A € [0,1]V*¥ is the graph adjacency matrix. Formally, we define a triple-symmetry graph
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Figure 2: An illustration of the feature and label embeddings across the layers of our
triple-symmetric graph neural network architecture. The architecture is composed of feature-, label-
and node-equivariant aggregation layers and a final feature-invariant projection layer.

neural network F : RVX(F+C) XL o [ JJNXN _y RNXCX1 g

F=roTWogoT" Vogo--0oTW),
) :RNX(F-&-C)XK“) % [0, 1]N><N - RNX(F-&-C)XK(”” % [0, 1]N><N,

where ¢ is a non-linearity (e.g., ReLU) and each T¥) is an (Sy x S x Sc¢)-equivariant layer with
a general aggregation along the feature, label and node axes, that acts jointly on the node features and

node labels, while also using the adjacency matrix. Each T*) updates the feature X 1()6) € RK“xF
and label YU(Z) € RK'xC representations of node v € V at layer ¢ as

X£é+1) _ vJ;(W“) 1(}4) {{W“)X“) lueN, }})
+ (WU XN o AW SOU(X N p | u e N}
+ (WY N1 o AV v (YN | u e N, D) + O,
YD = (W Y“) AWV | ue N}
+ (W (V)1 o, AW w(Y )10 | u € N, })
+ (WU XN 0, WS V(X0 | u e Ny }) + Oc,

where 1) is the node aggregation function, v is the label/feature aggregation function, Wi(é) €

RETVxK (Z), i € [12], are learnable weight matrices (replacing the coefficients A;), and the terms
©F and O¢ are (S x Sp x S¢)-equivariant feature-label mixing terms (detailed below). Finally,
the label projection map Il is applied to obtain node-wise predictions. Similarly to TSNets, we
also set K(©) = K(I) = 1. It is easy to see that the architecture is (Sy x Sc)-equivariant and
Sp-invariant, as desired. In this formulation, the aggregations can be based on any MPNN, e.g., GAT,
GraphSAGE, or GCNII [42] [14] 5]].

How to mix features and labels? A key consideration in designing graph foundation models is
determining the degree of interaction between feature and label embeddings. In the extreme, if we
do not impose any such interactions then the model’s predictions would be independent of the input
features, leading to a degradation in model performance. Effective information flow between feature
and label representations is thus essential for building strong graph foundation models. This raises a
central design question: To what extent should feature embeddings and label embeddings interact?

In TS-GNNs, we initially perform mixing by applying permutation-invariant pooling operations (e.g.,
feature-wise or label-wise sum pooling) and appending the pooled representations to the opposing
modality (feature-to-label and label-to-feature). While such operations are theoretically sufficient
for our universal approximation result (Section .2), they often suffer from practical limitations,
because all feature or label information is compressed into a single vector representation, creating a
representational bottleneck .

To overcome this issue and enable richer feature-label mixing, we introduce an additional mixing
operation based on least-squares solutions, which showed strong empirical results [52]]. Specifically,
we solve the following optimization problems:

Tr = argmin ||Y — AXTp||, and 7T¢ = argmin | X — AYT¢|,

TreREFXC ToEROXF



where A is a random-walk normalized adjacency matrix. These projections transform features into
the label space and labels into the feature space, respectively. We incorporate these least-squares
transformations into each layer as follows:

Or = (WY OTe AW)YTe | u e N, })
Oc = (W XOTp AW X T | e N},

where Wl(g), Wl(ﬁ), Wl(g), Wl(é) € RE“™XEY are learnable weight matrices.

These terms share the same objective as our original mixing terms, but crucially avoid collapsing over
feature or label dimensions. Instead, they introduce structured, linear mappings across modalities via
T'r and Tc, enabling localized mixing. Importantly, these least-squares transformations are linear and
are equivariant to node-, feature-, and label- permutations, allowing us to retain the triple-symmetry
property at every layer. This design also lays a foundation for future extensions involving more
expressive mixing mechanisms.

How to incorporate bias terms? Another important design choice involves the integration of bias
terms into a model that needs to generalize to varying feature scales. Even after row-wise or global
L1 /Ly normalization, node features can differ both within a graph and across graphs. A bias vector
learned on the set of training graphs may be much larger or much smaller than the features which are
going to be observed at test time. This is clearly problematic for generalization, as the bias term may
for instance dominate the actual input features in magnitute, leading to them being largely ignored. To
avoid this, one option is to completely avoid using bias terms in the layers, but this is too restrictive.
In our architecture, we solve the least-squares problem including an added bias term, and the bias
terms obtained, are injected only through the feature-to-label and label-to-feature mixers (© p and
O¢). Such biases are learned relative to the current feature scale, and thus remain scale-aware and
adapt naturally to new graphs, offering better generalization.

6 Empirical Evaluation

We empirically validate the capabilities of TS-GNNs, addressing the core research questions:

Q1 Can the proposed graph foundation models effectively generalize to unseen graphs with
varying structures, feature configurations, and label semantics without retraining?

Q2 Does the zero-shot generalization ability of the proposed graph foundation models improve
as the number of training graphs increases?

In Section[G] we additionally investigate supplementary questions:

Q3 How sensitive are TS-GNNs to the choice of pretraining dataset in low-data regimes?
Q4 What is the impact of least-squares mixing and the bias term on TS-GNNs’ performance?
QS5 Is triple-symmetry necessary for graph foundation models?

To address these questions, we perform experiments across 29 real-world node classification datasets,
covering diverse domains, graph sizes, and feature representations. Note that we focus on the node
classification setting due to the lack of node-regression datasets, and refer the reader to the appropriate
discussion in Section[H| We train TS-GNNs by randomly masking the labels of 50% of the labeled
nodes at each epoch and optimizing the model to predict the masked labels from the node features and
the remaining visible labels. We optimize all models using the Adam optimizer, with detailed hyperpa-
rameter settings provided in Section [J]] Experiments are executed on a single NVIDIA L40 GPU, and
publicly accessible at: https://github.com/benfinkelshtein/EquivarianceEverywhere,

Datasets. We use an ensemble of 29 node classification datasets and their respective official splits.
Specifically, we use roman-empire, amazon-ratings, minesweeper, questions and tolokers from [30],
cora, citeseer and pubmed from [49]], chameleon and squirrel from [36]], cornell, wisconsin, texas and
actor from [29]], full-dblp and full-cora from [3l], wiki-attr and blogcatalog from [48]], wiki-cs from
[27], co-cs, co-physics, computers and photo from [39]], brazil, usa and europe from [34], last-fm-asia
and deezer from [35], and arxiv from [[17]]. As full-Cora, co-cs, and co-physics, have an exceptionally
large feature dimension, we first reduce their feature dimensionality with PCA to 2048 components
before training. Lastly, we apply Lo normalization to each node’s feature vector.


https://github.com/benfinkelshtein/EquivarianceEverywhere

Table 1: Test accuracy of the baselines MeanGNN and GAT and models GraphAny and our GFM
variants, all trained on cora. Top three models are colored by First, Second, Third.

End-to-end Zero-shot
MeanGNN GAT GraphAny TS-Mean TS-GAT
actor 32.03+029 32594083 27.54£0.20 28.09 £0.93 28.80 £ 2.12
amazon-ratings 40.74 £0.13  40.63 +£0.66  42.80 £ 0.09 4227 +£140  41.92£047
arxiv 5094 £0.38 57.93+£3.44  58.85 4+ 0.03 56.33 £2.58 53.13 £ 2.04
blogcatalog 8448 £0.74 7820£7.23 71.54+£3.04 76.30 £+ 2.92 78.44 £5.18
brazil 3231 4+750 3538+421 338441565 3923+570 36.92+10.03
chameleon 61.75+ 094 5846 +6.23 63.64 £1.48 60.83 + 5.41 54.65 + 4.58
citeseer 65.06 £ 1.30 63.92+0.84 68.88 £0.10 68.66 = 0.19 68.70 + 0.48
co-cs 80.87 £0.69 8228 £0.86  90.06 £ 0.80 90.92 + 0.47 91.13 £ 043
co-physics 79.05+1.13 8592+1.10 91.85+0.34 92.61 £ 0.61 92.23 £ 0.61
computers 73.88 +£0.88 7094 £3.40 8279 £1.13 81.37 £ 1.25 80.23 £2.44
cornell 63.78 =148 69.73 £2.26 63.24 £1.32 68.65 +2.42 71.35 +£4.52
deezer 5491+ 1.81 55224233 51.82+£249 5231252 52.88 + 2.86
europe 39.12 4+ 644 3900 £430 41254725 35.88 £ 6.91 38.38 £6.32
full-DBLP 65.01 £240 6734+275 7148+ 1.44 66.42 + 3.65 64.30 £ 3.75
full-cora 5585+ 1.04 5995+088 51.18+0.78 53.58 £0.73 52.82 +0.90
last-fm-asia 7723 +£1.01 72.65+048 81.14£042 78.03 £ 1.02 76.60 + 1.44
minesweeper 84.06 £0.18 84.15+0.24 80.46£0.11 80.68 £ 0.38 80.72 £ 0.78
photo 88.95+1.08 80.78 £3.59 89.91 £ 0.88 90.18 + 1.30 89.66 +1.23
pubmed 7456 £0.13  75.12+£0.89  76.46 + 0.08 74.98 + 0.56 75.46 + 0.86
questions 97.16 £0.06 97.13+0.05 97.07 £0.03 97.02 £ 0.01 97.02 + 0.01
roman-empire 69.37 £ 0.66 69.80 £4.18 63.34 +0.58 66.36 + 1.02 67.76 + 0.60
squirrel 4332 +£0.66 38.16+1.04 49.74 £0.47 41.81 £ 0.80 38.29 £4.29
texas 76.76 =148 81.62+ 645 71.35+2.16 73.51 +£4.01 74.05 £ 4.10
tolokers 78.59 £ 0.66 78224037 7820+ 0.03 78.12 £ 0.09 78.01 £0.23
usa 4393+ 1.16 43.03 £2.08 4335+1.62 4234 +2.12 41.69 £ 2.59
wiki-attr 7423 +£0.89 6891 £9.50 60.27 £ 3.06 69.89 + 1.31 72.53 £ 1.59
wiki-cs 7197+ 170 7499 £0.59 74.11 £ 0.60 74.16 + 2.07 73.24 +2.49
wisconsin 74.12 £12.20 7333 £827 59.61 £5.77 61.18 £11.38  65.88 + 9.86
Average (28 graphs)  65.50 £ 1.75  65.55+2.82  65.56 +1.86 65.78 +2.28 65.60 + 2.74

6.1 Do TS-GNNs Generalize to Unseen Graphs?

Setup. To evaluate generalization (Q1), we design an experiment to assess how well each model
performs after being trained on a single graph (cora) — measuring how much transferable knowledge
can be extracted from that graph. Our setup closely follows the setup introduced in GraphAny [52].
We experiment with two widely-used baseline GNN architectures: MeanGNN and GAT [42]. Since
these models are inherently non-transferable across datasets, we train and evaluate each baseline in an
end-to-end fashion on every dataset. Further to this, we provide zero-shot experiments with TS-Mean
and TS-GAT, which are TS-GNNs using MeanGNN and GAT, respectively (as their aggregation
function). Additional GNN variants, such as TS-GCNII, are evaluated in Section [G.4] We also
experiment with the only other node-level graph foundation model GraphAny [52], which provides a
strong zero-shot prediction baseline. In the zero-shot setup, we train each model TS-Mean, TS-GAT,
and GraphAny on the cora dataset and evaluate their performance on the remaining 28 datasets. All
reported results reflect the mean accuracy and standard deviation over five random seeds.

Results. Table[T|shows that both TS-Mean and TS-GAT consistently outperform their respective base-
lines, despite being trained in an end-to-end manner. This highlights the generalization capabilities of
our proposed framework and its compatibility with varying GNN architectures. Furthermore, both
TS-Mean and TS-GAT outperform GraphAny on average across 28 datasets under its own evaluation
protocol, further underscoring the strong generalization capabilities of our framework. These results
directly address our initial research question (Q1) — our proposed framework, that is also theoretically
grounded, successfully generalizes across graphs, features, and label distributions without retraining.



6.2 Does More Training Data Improve Generalization?

Setup. To assess the impact of the amount of training

data on zero-shot generalization (Q2), we train TS-Mean 68.6
and GraphAny on increasingly larger subsets of a held- 68.4
out training pool. We reserve 9 representative graphs for
training and construct training subsets of sizes 1, 3, 5, 7, § 68.0
and 9, where each larger subset includes all datasets from 8,
the smaller trainsets. The remaining 20 datasets are used o
for zero-shot evaluation. For each subset size, we report <
mean zero-shot accuracy, averaged over five random seeds.
Detailed per-dataset results are provided in Section[G.3]

—e— TS-Mean
—s— GraphAny

3 5 7
Results. Figure [3] shows that the zero-shot accuracy #Training Graphs

of TS-Mean improves steadily as more training graphs
are introduced. This behavior aligns with the expected
characteristics of a graph foundation model — the ability to
benefit from increased data diversity, directly addressing
Q2. In contrast, GraphAny’s performance remains
unchanged as more training graphs are added. This
counterintuitive result suggests that GraphAny is not well-suited for the foundation model setting,
and may instead be better tailored to scenarios with limited training data. Interestingly, both models
perform comparably when trained on three graphs or less, indicating that TS-Mean is competitive
in the low-data regime. However, as the training set grows, TS-Mean increasingly outperforms
GraphAny, highlighting the benefits of performance that scales with training data.

Figure 3: Average zero-shot accuracy of
TS-Mean and GraphAny across 20
datasets as a function of the number of
training graphs.

While we do not claim to establish a formal “scaling law,” this offers, to our knowledge, the first
empirical indication that a GFM improves with more training data — a key property of foundation
models in language and vision. These findings position TS-GNN as a strong and, at present, the only
viable candidate for node-level graph foundation modeling.

7 Conclusion

This work introduces a principled, theoretically-grounded framework for designing GFMs for node-
level classification and regression tasks. At the heart of our approach lies the triple-symmetry criterion:
a GFM must be equivariant to node and label permutations and invariant to permutations of input
features. These symmetries capture the key inductive bias required for generalization across graphs
with varying structures, feature spaces, and labels.

Building on this, we propose a triple-symmetry neural network which is proven to bea universal
approximator of triple-symmetry respecting functions. By applying TSNets to the multisets of
features induced by the local graph neighborhoods, and by extending TSNet to general aggregation
schemes, we derived triple-symmetry graph neural networks: a flexible framework that extends any
standard GNN into a triple-symmetry-aware GFM capable of zero-shot generalization.

Our empirical study validates the effectiveness of this recipe. We train the GFM variations of the
well-used models MeanGNN and GAT on a single dataset, achieving robust zero-shot generalization
across 29 diverse node classification benchmarks, outperforming not only their original counterparts,
but also the prior state-of-the-art GraphAny. Furthermore, we present the first empirical evidence that
a graph foundation model can systematically benefit from increasing training data: TS-Mean exhibits
steadily improving zero-shot performance as more training graphs are introduced, while GraphAny
fails to do so. These findings underscore the strong generalization capabilities of our principled recipe.

Altogether, our work provides a unified theoretical and practical foundation for constructing gener-
alizable GNNs. Future work could explore extending this recipe to edge-level or graph-level tasks
as our recipe is currently limited to the node-level case. As the landscape of graph learning moves
toward more flexible and general architectures, our work offers a compelling blueprint for building
robust, transferable and principled models.

10



Acknowledgments

We thank Yonatan Sverdlov for discussions regarding related literature and its theoretical relevance to
this work. This research was supported by a grant from the United States-Israel Binational Science
Foundation (BSF), Jerusalem, Israel, and the United States National Science Foundation (NSF),
(NSF-BSF, grant No. 2024660) , and by the Israel Science Foundation (ISF grant No. 1937/23).
BF is funded by the Clarendon scholarship. MB is supported by EPSRC Turing AI World-Leading
Research Fellowship No. EP/X040062/1 and EPSRC Al Hub on Mathematical Foundations of
Intelligence: An “Erlangen Programme” for AI No. EP/Y028872/1.

References

[1] Hangbo Bao, Li Dong, Songhao Piao, and Furu Wei. Beit: Bert pre-training of image trans-
formers, 2022.

[2] Maya Bechler-Speicher, Ben Finkelshtein, Fabrizio Frasca, Luis Miiller, Jan Tonshoff, Antoine
Siraudin, Viktor Zaverkin, Michael M. Bronstein, Mathias Niepert, Bryan Perozzi, Mikhail
Galkin, and Christopher Morris. Position: Graph learning will lose relevance due to poor
benchmarks. In ICML, 2025.

[3] Aleksandar Bojchevski and Stephan Giinnemann. Deep gaussian embedding of graphs: Unsu-
pervised inductive learning via ranking, 2018.

[4] Emmanuel Briand. When is the algebra of multisymmetric polynomials generated by the
elementary multisymmetric polynomials. Beitrige zur Algebra und Geometrie, 2004.

[5] Ming Chen, Zhewei Wei, Zengfeng Huang, Bolin Ding, and Yaliang Li. Simple and deep graph
convolutional networks. In ICML, 2020.

[6] Sanyuan Chen, Chengyi Wang, Zhengyang Chen, Yu Wu, Shujie Liu, Zhuo Chen, Jinyu Li,
Naoyuki Kanda, Takuya Yoshioka, Xiong Xiao, Jian Wu, Long Zhou, Shuo Ren, Yanmin
Qian, Yao Qian, Jian Wu, Michael Zeng, Xiangzhan Yu, and Furu Wei. Wavlm: Large-scale
self-supervised pre-training for full stack speech processing. IEEE Journal of Selected Topics
in Signal Processing, 2022.

[7] Sanyuan Chen, Yu Wu, Chengyi Wang, Shujie Liu, Daniel Tompkins, Zhuo Chen, and Furu
Wei. Beats: Audio pre-training with acoustic tokenizers, 2022.

[8] Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai,
Thomas Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly,
Jakob Uszkoreit, and Neil Houlsby. An image is worth 16x16 words: Transformers for image
recognition at scale, 2021.

[9] Nadav Dym and Haggai Maron. On the universality of rotation equivariant point cloud networks,
2020.

[10] Matthias Fey and Jan E. Lenssen. Fast graph representation learning with PyTorch Geometric.
In ICLR Workshop on Representation Learning on Graphs and Manifolds, 2019.

[11] Ben Finkelshtein, Chaim Baskin, Haggai Maron, and Nadav Dym. A simple and universal
rotation equivariant point-cloud network. In TAG Workshop ICML, 2022.

[12] Mikhail Galkin, Xinyu Yuan, Hesham Mostafa, Jian Tang, and Zhaocheng Zhu. Towards
foundation models for knowledge graph reasoning. In /CLR, 2024.

[13] Yuxia Geng, Jiaoyan Chen, Jeff Z. Pan, Mingyang Chen, Song Jiang, Wen Zhang, and Huajun
Chen. Relational message passing for fully inductive knowledge graph completion. In ICDE,
2022.

[14] William L. Hamilton, Rex Ying, and Jure Leskovec. Inductive representation learning on large
graphs, 2018.

11



[15] Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, et al.
Training compute-optimal large language models. arXiv, 2022.

[16] Weihua Hu, Matthias Fey, Marinka Zitnik, Yuxiao Dong, Hongyu Ren, Bowen Liu, Michele
Catasta, and Jure Leskovec. Open graph benchmark: Datasets for machine learning on graphs.
NeurlPS, 2020.

[17] Weihua Hu, Matthias Fey, Marinka Zitnik, Yuxiao Dong, Hongyu Ren, Bowen Liu, Michele
Catasta, and Jure Leskovec. Open graph benchmark: Datasets for machine learning on graphs.
In NeurIPS, 2021.

[18] Xingyue Huang, Pablo Barcel6, Michael M. Bronstein, Ismail ilkan Ceylan, Mikhail Galkin,
Juan L Reutter, and Miguel Romero Orth. How expressive are knowledge graph foundation
models? In ICML, 2025.

[19] Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B Brown, Benjamin Chess, Rewon Child,
Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural language
models. arXiv, 2020.

[20] Thomas Kipf and Max Welling. Semi-supervised classification with graph convolutional
networks. In ICLR, 2017.

[21] Jaejun Lee, Chanyoung Chung, and Joyce Jiyoung Whang. Ingram: Inductive knowledge graph
embedding via relation graphs. In ICML, 2023.

[22] Moshe Leshno, Vladimir Ya. Lin, Allan Pinkus, and Shimon Schocken. Multilayer feedforward
networks with a nonpolynomial activation function can approximate any function. Neural
Networks, 1993.

[23] Jingzhe Liu, Haitao Mao, Zhikai Chen, Tong Zhao, Neil Shah, and Jiliang Tang. Towards neural
scaling laws on graphs. arXiv, 2024.

[24] Haitao Mao, Zhikai Chen, Wenzhuo Tang, Jianan Zhao, Yao Ma, Tong Zhao, Neil Shah, Mikhail
Galkin, and Jiliang Tang. Position: Graph foundation models are already here. In ICML, 2024.

[25] Haggai Maron, Ethan Fetaya, Nimrod Segol, and Yaron Lipman. On the universality of invariant
networks. In ICML, 2019.

[26] Haggai Maron, Or Litany, Gal Chechik, and Ethan Fetaya. On learning sets of symmetric
elements. In ICML, 2020.

[27] Péter Mernyei and Catdlina Cangea. Wiki-cs: A wikipedia-based benchmark for graph neural
networks, 2022.

[28] Gerhard Paall and Sven Giesselbach. Foundation models for natural language processing —
pre-trained language models integrating media. Springer Nature, 2023.

[29] Hongbin Pei, Bingzhe Wei, Kevin Chen-Chuan Chang, Yu Lei, and Bo Yang. Geom-gcn:
Geometric graph convolutional networks, 2020.

[30] Oleg Platonov, Denis Kuznedelev, Michael Diskin, Artem Babenko, and Liudmila
Prokhorenkova. A critical look at the evaluation of gnns under heterophily: Are we really
making progress?, 2024.

[31] Alec Radford, Jong Wook Kim, Chris Hallacy, Aditya Ramesh, Gabriel Goh, Sandhini Agar-
wal, Girish Sastry, Amanda Askell, Pamela Mishkin, Jack Clark, Gretchen Krueger, and Ilya

Sutskever. Learning transferable visual models from natural language supervision. In /CML,
2021.

[32] Alec Radford, Jong Wook Kim, Tao Xu, Greg Brockman, Christine McLeavey, and Ilya
Sutskever. Robust speech recognition via large-scale weak supervision, 2022.

12



[33] Colin Raffel, Noam Shazeer, Adam Roberts, Katherine Lee, Sharan Narang, Michael Matena,
Yanqi Zhou, Wei Li, and Peter J. Liu. Exploring the limits of transfer learning with a unified
text-to-text transformer. JMLR, 2023.

[34] Leonardo F.R. Ribeiro, Pedro H.P. Saverese, and Daniel R. Figueiredo. struc2vec: Learning
node representations from structural identity. In KDD, 2017.

[35] Benedek Rozemberczki and Rik Sarkar. Characteristic functions on graphs: Birds of a feather,
from statistical descriptors to parametric models. In CIKM, 2020.

[36] Benedek Rozemberczki, Carl Allen, and Rik Sarkar. Multi-scale attributed node embedding.
Journal of Complex Networks, 2021.

[37] David Rydh. A minimal set of generators for the ring of multisymmetric functions. In Annales
de ’institut Fourier, 2007.

[38] Nimrod Segol and Yaron Lipman. On universal equivariant set networks. arXiv, 2019.

[39] Oleksandr Shchur, Maximilian Mumme, Aleksandar Bojchevski, and Stephan Giinnemann.
Pitfalls of graph neural network evaluation, 2019.

[40] Karen E. Smith. Groups and their representations, 2017. Lecture notes, University of Michigan.

[41] Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, Timo-
thée Lacroix, Baptiste Roziere, Naman Goyal, Eric Hambro, Faisal Azhar, Aurelien Rodriguez,
Armand Joulin, Edouard Grave, and Guillaume Lample. Llama: Open and efficient foundation
language models, 2023.

[42] Petar Velickovié, Guillem Cucurull, Arantxa Casanova, Adriana Romero, Pietro Li0, and Yoshua
Bengio. Graph attention networks. In /CLR, 2018.

[43] Jianfeng Wang, Zhengyuan Yang, Xiaowei Hu, Linjie Li, Kevin Lin, Zhe Gan, Zicheng Liu,
Ce Liu, and Lijuan Wang. Git: A generative image-to-text transformer for vision and language,
2022.

[44] Minjie Wang, Da Zheng, Zihao Ye, Quan Gan, Mufei Li, Xiang Song, Jinjing Zhou, Chao Ma,
Lingfan Yu, Yu Gai, et al. Deep graph library: A graph-centric, highly-performant package for
graph neural networks. arXiv, 2019.

[45] Peter Woit. Topics in representation theory: Finite groups and character theory. https!
//www.math.columbia.edu/ woit/RepThy/repthynotes2.pdf, 2000.

[46] Felix Wu, Tianyi Zhang, Amauri Holanda de Souza Jr., Christopher Fifty, Tao Yu, and Kilian Q.
Weinberger. Simplifying graph convolutional networks. In /CML, 2019.

[47] Keyulu Xu, Weihua Hu, Jure Leskovec, and Stefanie Jegelka. How powerful are graph neural
networks? In ICLR, 2019.

[48] Renchi Yang, Jieming Shi, Xiaokui Xiao, Yin Yang, Sourav S. Bhowmick, and Juncheng Liu.
Pane: scalable and effective attributed network embedding. The VLDB Journal, 2023.

[49] Zhilin Yang, William W. Cohen, and Ruslan Salakhutdinov. Revisiting semi-supervised learning
with graph embeddings. In ICML, 2016.

[50] Manzil Zaheer, Satwik Kottur, Siamak Ravanbakhsh, Barnabas Poczos, Russ R Salakhutdinov,
and Alexander J Smola. Deep sets. In NeurIPS, 2017.

[51] Yucheng Zhang, Beatrice Bevilacqua, Mikhail Galkin, and Bruno Ribeiro. Trix: A more
expressive model for zero-shot domain transfer in knowledge graphs, 2025.

[52] Jianan Zhao, Zhaocheng Zhu, Mikhail Galkin, Hesham Mostafa, Michael Bronstein, and Jian
Tang. Fully-inductive node classification on arbitrary graphs. In /CLR, 2025.

13


https://www.math.columbia.edu/~woit/RepThy/repthynotes2.pdf
https://www.math.columbia.edu/~woit/RepThy/repthynotes2.pdf

NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state the motivation, scope, and main
contributions of the paper. These include the identification of necessary symmetries for graph
foundation models (GFMs), the characterization of equivariant linear layers, a universality
theorem for multilayer architectures, and a practical recipe for converting any GNN into a
GFM.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We acknowledge several limitations of our study in the introduction and
discussion. Specifically, we restrict our framework and experiments to node-level tasks and
do not evaluate regression, even though the theory supports it.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Our paper contains formal statements of the main theoretical results, including
a characterization of all linear layers equivariant to Sy X Sg x S¢ actions, and a universality
theorem for the resulting multilayer networks. The complete proofs are provided in the
appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide full details of the experimental setup, including dataset sources,
evaluation metrics, training protocols, model architectures and hyperparameters.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We reference the sources of all datasets used in our experiments. Further-
more, we also provide our full codebase, along with detailed instructions to reproduce our
experimental setup, including hyperparameters, model configurations, and random seed
settings.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The paper provides a detailed description of the experimental protocol in
both the main text and the appendix. We evaluate our approach on 27 real-world node
classification datasets, where models are trained on Cora and tested on all remaining datasets.
Hyperparameters, optimizer choice (Adam), and evaluation procedure are described in the
appendix, along with full dataset. Furthermore, we follow standard, commonly used splits
and an a link to the code-base is provided to ensure full reproducibility.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance
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Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All reported results are accompanied by standard deviation error bars computed
across the 5 random seeds, 0,1,2,3 and 4.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We use a single NVIDIA L40 GPU for all experiments, as reported in the
experimental section.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research fully conforms with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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10.

11.

12.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper focuses on the theoretical and empirical development of graph
foundation models. As such, it has no meaningful societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our work poses no risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
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Justification: We cite the source/paper of each of the 28 datasets used throughout the work.
Guidelines:

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do note introduce any new assets in this work.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our work does not include crowdsourcing experiments or research with human
subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]

Justification: Our work does not include crowdsourcing experiments or research with human
subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: Our framework does not involve LLMs or their usage.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Groups, Permutations, and Symmetries

A.1 A Primer on Representation Theory

We denote the identity element of any group by e. The notation H < G indicates that H is a subgroup
of the group G. Denote by GL (V') the general linear group of invertible linear transformations on
the vector space V. Denote by idy the identity map on a vector space V.

Representation theory studies how abstract groups can be understood by expressing their elements
as linear transformations on vector spaces. This is formalized by a group homomorphism from the
group into the general linear group, called a representation. We begin by recalling the notion of a
group homomorphism, which is a structure-preserving map between groups.

Definition A.1 (Group Homomorphism). Let G and H be groups. Amap ¢ : G — H is called a
group homomorphism if it satisfies

Vg1,92 € G2 B(g1-92) = ¢(g1) - H(g2)-

Definition A.2 (Representations). Let G be a group. A representation p : G — GL (V) of a group G
on a vector space V over a field F' is a group homomorphism p : G — GL (V).

Next we define group action, which generalizes group representation. We often want to describe how
the elements of a group can effect a set — transforming its elements in a way that reflects the group’s
algebraic structure. This idea is formalized through the concept of a group action.

Definition A.3 (Group Action). Let G be a group and X a set. A group action of G on X is a
mapping G x X — X, denoted by -, such that

*g-(h-z)=(gh) =

s c-x =2,
forallg,h € Gandall s € S.

We say that the group element g € G acts on the element x € X via g - . A representation
p: G — GL (V) is a special case of a group action where the set X is a vector space V' and the
action of G on V is given by g - v := p(g)v forv € V.

Given a group action, it is natural to ask about the set of all elements that can be reached from a given
one via the group action. This leads to the concept of an orbit.

Definition A.4 (Orbit). Let G be a group acting on a set X. The orbit of x € X is defined to be
Oc(z) ={g-x|g€G}.

Given a group representation, we often look for subspaces that are preserved by the action of all group
elements. These subspaces are known as G-invariant subspaces and the restricted representation to
this subspace is called a subrepresentation.

Definition A.5 (G-invariant Subspace). Let p : G — GL (V) be a representation. A linear subspace
W C V is called G-invariant if
VgeG, weW: plgweW.

Definition A.6 (Subrepresentation). Let p : G — GL (V) be a representation. Let W C V be a
G-invariant subspace. The map p|lw : G — GL (W) defined to be p(g) restricted to inputs from W,
is called the subrepresentation of p on W.

Some representations cannot be broken down into smaller, nontrivial subrepresentations. These are
known as irreducible representations.

Definition A.7 (Irreducible Representation). A representation p : G — GL (V') is called irreducible
if the only G-invariant subspaces of V are the trivial subspaces {0} and V.

We next define symmetry preserving mappings. Such mappings are typically called intertwining
operators in representation theory, but a more common term for them in deep learning is equivariant

mappings.
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Definition A.8 (Equivariant Mapping between Representations). Let py : G — GL (V) and
pw : G — GL (W) be representations of a group G. A linear mapping f : V. — W is called
G-equivariant (with respect to py and py ) if it satisfies

VgeG,veV: [flpv(g)v) = pwl(g)f(v).

Next, we define which representations are considered as equivalent.

Definition A.9 (Isomorphic Representations). Let py : G — GL (V) and pw : G — GL (W) be
two representations. The representations are called isomorphic (denoted by pyy =2 pyw ) if there exists
a bijective linear map ¢ : V. — W (i.e., an isomorphism of linear spaces V=2 W) such that

VveV,geG: ¢lpv(g)v) = pw(g)e(v).

Such a ¢ is called a representation isomorphism.

A classical result characterizing linear equivariant mappings between irreducible representations is
Schur’s lemma. Given two irreducible representations, one may anticipate that there could potentially
be many G-equivariant mappings between them. However, Schur’s lemma states that is essentially
either one or zero such mappings. The following is one variant of the lemma.

Lemma A.10 (Theorem 2 in [43]], Schur’s Lemma). Let G be a finite group. Let py : G — GL (V)
and pw : G — GL (W) be irreducible representations. Let L be the space of G-equivariant linear
mappings from'V to W.

1. If py and pw are not isomorphic, then L is 0-dimensional (only 0 intertwines py and pyy ).

2. If pv and pyw are isomorphic, then L is 1-dimensional (up to multiplication by scalar,
there is only one equivariant operator between py and pw, which is a representation
isomorphism).

Part 2 of Schur’s lemma means that if there exists an isomorphism ¢ between the irreducible
representations py : G — GL (V) and py : G — GL (W) then any other isomorphism of
these representations is a scalar times . Moreover, any linear G-equivariant mapping must be an
isomorphism or the zero mapping.

For two representations py : G — GL (V) and pw : G — GL (W), we define the representation
pv ®pw :G— GL(Va@ W), forveVandw e W, by
(pv @ pw)(9) (v, w) = (pv (9)v, pw (9)w).
The tensor product of py @ pw : G — GL (V ® W) is defined on simple tensors v ® w (where
veVandw € W) by
(pv @ pw)(9)(v,w) = (pv(9)v) @ (pw (9)w).

Since the linear closure of the simple tensors is the whole tensor product space V' ® W, the above
definition uniquely extends from simple tensors w ® z to general elements in the tensor product space
Z € V ® W. For example, when V = RY and W = RM, we identify V @ W with RV *M and for
matrices py-(g) € RV*Y and py(g) € RM*M we have for any Z € RV*M

(pv @ pw)(9)Z = pv(9)Zpw(g) "

In this example, the simple tensors are rank-1 matrices, and the space of all matrices is spanned by
the rank-1 matrices.

From this point onward, when the representation of the group G is clear from context, we use the
shorthand notation ¢ - X instead of py (¢)X to denote the representation py (g) actingon X € V.

A.2 Representation Theory of the Symmetric Group

Here, we present standard results on the standard permutation representation of the symmetric group.
Recall that S denotes the group of permutations, i.e. the symmetric group.

Definition A.11 (The Symmetric Group). The symmetric group Sy is the group of all permutations
of the set [N] = {1,...,N}.
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We denote by o = (ij) € Sy the permutation that swaps the i-th and j-th elements, leaving the
remaining elements fixed.

Definition A.12 (The Standard Permutation Representation). The standard permutation representation
pN Sy — GL (RN) is given by

VO‘NESN,CL‘ERN: pN(O'N):EZ <I0§1(1),...,$U;1(N)).

The following two subspaces of RY, denoted by V¥ and V", can be shown to be the only two
irreducible subrepresentations of the standard permutation representation of Sy on RV,

Definition A.13 (The standard subspace and representation). The space
VeV ={xz e RY | 13z =0}
is called the (N — 1)-dimensional S -invariant standard subspace. The standard representation of
S, denoted by PyUN - Sy — GL (VON), is defined as
Von €Sy, ze V¥ pyy (oN)T = (fl?o_;,l(l), e ,xo_;]l(N)) .
Definition A.14 (The trivial subspace and representation). The space
VYN ={cly | ceR}

is called the 1-dimensional Sy -invariant trivial subspace. The trivial representation of Sy, denoted
by pyn~ : Sy — GL (VlN) is defined as

Yon € Sy : PyN (on) =1, (where I is the identity operator).

We adopt the names of the above two spaces from Chapter 3 in [40].

It can now be seen that RYY decomposes to a direct sum of the two irreducible subspaces of Sy
defined above. Moreover, the standard permutation representation also decomposes to the above two
representations.

Lemma A.15. The subspaces V¥ and V¥ of RN are orthogonal, and R™ = VN @ V. Moreover,
PN = pyy D pyN, and the representations PyN and pyy are the only two irreducible subrepresen-
tations of pn.

A.3 The Triple-Symmetric Group

Let K, N, F,C € N. In the setting of the triple-symmetric group, we consider three copies of
symmetric groups Sy, S, and S¢, each acting on one dimension of the input tensor. Namely, each
of the three groups acts on X € RE*Nx(F+C) a5 follows.

» Sy acts by permuting the second axis, i.e.

(O’N~X)k’n’j:X VO’NESN,]CE[K},’I’LE[N},]'E[F-FC].

kont (n).57
» S acts by permuting the first F' entries of the third axis, i.e.

(or X))k, = Ximori(sy VOr € Sr,k € [K],n € [N], f € [F],
* S¢ acts by permuting the last C entries of the third axis, i.e.

(0F - X))k Fic= XinFrosi(e)p VoC €Sk k€ [K],n € [N],c € [C)].

When K = 1, we simply consider the space RNVNX(F+C) where, here, S v acts of the first axis, and
Sr and S¢ act on the second axis as above.
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B Proof of Proposition 4.1]

In this section we provide the proof for Proposition .1}

Let p : G — GL (RV*(F+)) be the representation defined by

(on,0p.0¢) X), ;= {?’Ni‘")’%l(j)l | iﬁefw[f:i 3)
o3t (), Frogt (- F)
Denote
RF = {x e R"" | zp 1.0 = 0}, RC = {x e RF*C | &1, = 0},
Ry ={x € R" |1}, oz =0}, RS ={x € R° |1}, cx =0},
R{ ={(c1p,0)| c€ R}, RS = {(0,c1¢) | c € R}.

Lemma B.1. The only irreducible subrepresentaions of p are on the following eight invariant
subspaces

Wapr = V¥ @ Ry < RNVFHO)
fora,b€{0,1} and L € {F,C}, where V.N are defined in Deﬁnitionsand
Proof. By construction
RVXIHD = RY @ RT) @ (RY@RY)  and  p = (pry © ppr) © (pry @ pre),  (4)
where pgo : G — GL (RP) are the representations of G on R” for D € {N, F,C}.

By Lemma|A.15| the subspaces V;” and V” of RP = V;P & VP are orthogonal, and the represen-
tations pvp and pyp are the only two irreducible subrepresentations of pp =2 pvp @ pyp, where

D € {N, F,C}. Thus, by substituting this into Equation (E[), we get the eight invariant subspaces
RV = (VN gRE) o (VY o RY) @ (V¥ @ RY) @ (VY @ RY)
@ (1g' oRg) @ (VY oRY) @ (Vo' @ RY) @ (V1" @ RY)
and the corrisponding eight irreducible representation
p= (PVON ® P]Rg) ® (PVIN ® P]Ré”) ® (PVON ® P]Raf) @ (PV{V ® pr)

@ (PVON ® PRg) o (Ple ® prg ) & (PVON ® PRIC) ® (PVIN ® PRIC) :

O
Propositiond.1} Let F' # C € N. A linear function
T = (Tl TQ): RleNxF % RKIXNXC N RKQXNXF % RKQXNXC
is (S x Sp % S¢)-equivariant if and only if there exist AV | ... A2 € REYK> gych that for

every X € RNXFXKi 'y ¢ RVXOXKy gnd by € [Ks), the corresponding outputs Ty (X,Y) €
RNXEXKz gnd To(X,Y) € RNXCOXE2 gre given by

T1 (X’ Y)imkz = (1N7NX:(,},)192 + X:(,?,)k2> ]-F,F + 1N7NX:(,?,)I<:2 + X(4,)k2
+ (1N,NK,(:E,’1)Q + Y(6z)€2) e,
DX, Y )i = (v ¥ 0, + Y0, ) Loo + 1Y, + Y9,

+ (1N,NX;(,?7);€2 + X;(f,)k2> 1rc,

for every ko € [K3], where for every i € [6], we define X:(,?I@ = kKll:O X;):,;.CIA,(CZ‘I)’,C2 and
(1) _ K (i+6)
Y;,:,kz = Zklzo Yr,aklAkl,kz :
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Proof. For i € {1,2}, consider the representation p; : G — GL (RVX(F+C)xK:) 'where G :=
Sn x Sp x Sc is defined in Section[A.3]by

X:.afl(n) o=t (4)
((os0r.00) X,y =1 7 07
son' (), Ftogt (i=F)

it j € [F],
otherwise

&)

for all (on,0r,00) € Sy X Sp X Sc and X € RN*(F+CO)xK; Similarly, denote by p : G —
GL (RV*(F+C)) the representation as in (5) with K; = 1.

Leti € {1,2}. Foreach k € [K;], let V; C¢ RVX(F+C)xKi be the subspace of vectors X such that
X, ;1 = 0 for every k' # k. Note that V- is an invariant subspace. The subrepresentation pi\vqu is

isomorphic to RV *(F+C) yia the isomorphism 7}, : RN *(F+C) — Vi defined by 7} (X ) = X. . .
By Lemma [B1] the only irreducible subspaces of p; are

(Vi awr = (1) " (VS © RY) Yeerki)abe (o1}, Lefr,0}-
By dimensionality consideration, the only pairs of subrepresentations of p; and p, that can be
isomorphic are pl‘vkll,a,b,L and p2|Vz§2,a,b,L forany k; € [K1], k2 € [Ko] and a,b € {0,1}, L €

{F,C}. Moreover, it is easy to verify that p1|y2  ~ palya  for any such ki, k2, a,b, L.
1,4,5, °2

. . . . . 2 1 71
Indeed, a representation isomorphism is given by 7, o (ﬂkl) .

a,b,

Note that we have the direct sum decomposition into orthogonal subspaces
RN*(F+C)xKi _ @ VioL
’a7 k) :

ke[K;),a,be{0,1},Le{F,C}

Let P,j% p, 1, be the orthogonal projection upon V,jﬁa, p,1,- Let T' be an intertwining operator between
p1 and p2. We can decompose 7' into the direct sum

_ § % %
T - Pk’,a/,b’,L/TPk‘,a,b,L' (6)
Kk’ a,a’,b,b!,L,L'

By Schur’s lemma (Lemmal[A.10), the only nonzero components of () are those with a = a’,b =
b', L = L'. Moreover, by Schur’s lemma, the operator Ty, y' o p.1. *= P} o o 1 TPt oo =TP} 001
can only come from a one dimensional space of operators.

Next, we find these one dimensional spaces explicitly:

Ty : Vieroor = Vir 0,0F, T X)=X-1ynX1pp
T : Vi 01,F — Vi 0,1,F, T(X)=(X-1ynX)1lpr
T3 : Vi ior = Vi 1,0F, T3(X)=1yn (X — X 1pF)
Ty Vi aar,r = Vi i1,F, Ty(X)=1ynX1pp

T5 : Vi 0,00 = Vi ,00,0 I5(Y)=Y -1y nY 1lcc
Ts : Viw 01, = Viw 01,0, Ts(Y)=(Y —1ynY)1loc
17 Viw 1,00 = Vi 1,00, T(Y)=1yn (Y =Y 1cc)
T : Viwiii,c = Vi 11,0, T3(Y)=1ynY 1lcc

Ty : Vi 01,F = Vi 01,0, T9(X)=X1pc

Tio : Vi 0,1,¢ = Vi 0,1,F5 Tiw(Y)=Y1lcr

T Vi a1, r = Vir 1,1,0s T (X)=1nynv X 1pc

T2 : Viwait,c = Viw 11,F, T12(Y)=1nvnY 1o F

It is easy to see that each of the above transformation is a representation isomorphism. Lastly, the set
of transformations from Proposition[4.1]is a reparameterization of the above isomorphisms.

O
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C Extended notations of TSNets

Definition C.1. Let state,states € {self,pool} and D,L € {F,C}. For ks < K; € Nand

ky < K € N, denote by [Dstate, M L](kl,kz) . RNX(F+C)xKr _y RNX(F+C)xK2 4,
operator, defined for (X,Y) € RN*(F+C)xK1 py

12 Ko K1

Nstates (i ) i
Z Z Z A,(Cl) ks Dstatel(i) statea(®) L(Z)](kl k2)’

i=1 ky=1 ky=1
and for any (k1, k) # (k1, ka)

Netaten
S L)X, Y

[Dstate1 bty (O7 0)
This is exactly the form stated in Proposition 4.1} in particular,
Tl (Xa Y):,:ch = (]-N,NAX.(.U]C2 + X(2)k2) ]-F,F + ]-N,N*X:(f)’)k;2 + X:(il’)k2
+ <1N,NY(5) + Y(G) ) 1C,F7
To(X,Y). : ke (1N NY(l) Y:fg) ) lcc +1n, NY(3) + Y(4,)€2
+ (1N,NX:(:;J’);€2 + X,(,:,)kz) 1rc,
where for each i € [6], X(l ey = Z ;7;,;61/\5;1)&2 and Y(i)k2 Zkl 1 Yy;’klA,glfg
For (X,Y) € RVX(F+C) (e, K| = K, = 1), the twelve building blocks read

Heels C(X,Y) = (0, 1n v X 1rc

[Far ~22% FI(X,Y) = (X,0), [Fhool 2295 FI(X,Y) = (X 1p.5,0),
[Faar —2% FI(X,Y) = (Iyn X, 00, [Fpool —2% FI(X,Y) = (Iy.n X 15.5,0),
[Choot 5 FI(X,Y) = (Y 1cr,0),  [Choot 2% FI(X,Y) = (1y.nY Lep,0),
[Caatt =25 C)(X,Y) = (0,Y), [(Choot ~25% C)(X,Y) = (0,Y 1¢0),
[Cuatt 2% CYX,Y) = (0.1xnY),  [Cpoot —2% C)(X,Y) = (0, Ly Y o).

).

[Fpool M O](X, Y) = (0, X ]-F,C)v [Fpool

Interpretation of self and pool.

* Self along an axis means “no aggregation” on that axis (identity action). E.g., Fi.j¢ keeps
per-feature structure; Ngejr keeps per-node structure.

* Pool along an axis means ‘“‘sum-and-broadcast” on that axis via 1: left multiplication by
1y, n pools over nodes and copies the node-sum to every node; right multiplication by 17
(resp. 1¢,c) pools over features (resp. labels) and broadcasts to all features (resp. labels).

¢ Cross—family maps (F'— C or C'— F’) necessarily use the corresponding all-ones bridge
1r ¢ or 1¢, ., hence require the source to be in the “pool” state.

D Proof of Theorem

This section presents the proof of Theorem [.3] We describe relevant background and definitions in
Section[D.1] We then review results on symmetric polynomials in Section[D.3]and extend them to
our setting of triple symmetry in Section[D.4] The subsequent Section [D.6f-Section [D.10] provides
supporting lemmas and approximation properties that play a role in Theorem 4.3} In Sections
and[D.12] we discuss properties of topological spaces required for the proof of Theorem@.3] Finally,
we complete the proof of Theorem [4.3]in Section[D.13]
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Proof strategy. We prove Theorem while avoiding the aforementioned caveat by closely
utilizing the proof techniques introduced in [38] and [26]. Specifically, our proof idea can be
decomposed into four high-level steps: (i) Characterization of (Sr x S¢)-invariant polynomials.
It is well established that any Sy -invariant polynomial can be represented as a polynomials in the
multisymmetric power-sum polynomials [4, 38| [37]. We provide a non-trivial extension to a richer
symmetry setting by defining the doubly-symmetric polynomials (DMPs) (see Definition[D.7) and
showing that any (Sp x Sc¢)-invariant polynomial, can be represented as a polynomials in the
DMPS (see Lemma . (ii) Expressing (Sy_1 X Sp_1 X S¢)-invariant polynomials using
DMPs. We adapt the techniques from Theorem 3 of [26] and Lemma 2 of [38]] to use the DMPs
introduced in (i) and the (S x SF X S¢)-equivariant linear maps we derived in Equation (2) to
express (Sy—1 X Sp_1 X S¢)-or (Sy_1 X Sp X Sg_1)-invariant polynomials. (iii) Composition of
(Sy X S x S¢)-equivariant polynomials. We extend Lemmas 1 from [38]] to show that the outputs
of an (Sy x Sp x S¢)-equivariant polynomial are (Sy_1 X Sp_1 X S¢)-or (Sy_1 X Sg X Sc—1)-
invariant. By leveraging the stronger symmetry structure provided by the permutation groups rather
than their subgroups, we avoid the pitfall in Theorem 3 by [26] — enabling the composition of
equivariant functions via invariant ones, which was also the goal of the flawed transition in [26], as
discussed above. (iv) Approximating (Sy x S¢)-equivariant and Sp-invariant functions using
TSNets. We replicate each intermediate step from (ii) and (iii), constructing approximators for the
corresponding polynomial spaces using the (Sy x Sg X S¢)-equivariant linear maps derived in
Equation (2)), and multi-layer perceptrons instantiated from the Universal Approximation Theorem
(D.12). Finally, by incorporating the label projection map  as the final layer of our architecture, we
enforce Sp-invariance and yield an approximator for the desired class of (Sy x S¢)-equivariant and
Sp-invariant functions, completing our construction for the triple-symmetry setting. A more detailed
illustration, incorporating additional steps, is provided in Figure @] with the complete proof detailed in
Section

Note that when labels are removed (i.e., C' = 0), steps (ii) and (iii) recover a corrected but less general
version of Theorem 3 in [26] for H = Sp, using techniques from [38], 26].

D.1 Background and Definitions

Norms. The Lo, norm of a vector & € R” is defined to be ||x|| . = max;e(r) |[#;| . The Loo(K)
norm of a continuous function f : X — R over a compact topological space K is defined to be

[l fll oo =Iglg)§||f(w)lloo~

We often denote in short L, instead of L., (K). Note that any continuous function over a compact
domain lﬁC has a finite L, (K) norm. We denote the space of all continuous functions over C by
Loo(K)

Multivariate functions. Let X € RV*(F+C) We denote the first F' columns by X () ¢ RNVxF
and the last C' columns by X (¢) € RV*C ‘and write X = (X ) X(©)),

Let X € RV*P and let p : RV*P — REXE Forany | € [L],k € [K], we denote by p; ;. :
RV*D — R the (1, k)-th element of p(X). For any [ € [L], we denote by p; : RV*P — RE the I-th
row of p(X). We call p; the K-dimensional feature vector corresponding to the I-th row of p(X),
and write

(X)) = (P(X)1,p(X)12, -, p(X)1 k) € RF

D.2 Restrictions of the triple-symmetric group representation

Consider the subgroup Sy_1 X Sgp_1 X S¢ of the triple-symmetric group. We define the action
of Sy_1 X Sp_1 X Sc on RV*(F+0) by restricting the permutation op_1 € Sp_1 to act only on
the second to the F'-th columns, and restricting the permutation oy _1 € Sy_1 to act only on last

'In the literature the space of continuous functions over K with the infinity norm is typically denoted by
c(K).
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(N — 1)-th rows, keeping element (1, 1) fixed. Namely,

X171 1fn:1andj:1,
X1,1+a;i1(47‘—1) ifn=1andj € [F]\[1],
| Ftos (- F) ifn=1andj e [F+C]\ [F],

ifne[N]\[l]andj =1,
if n € [N]\ [1] and j € [F]\ [1],

otherwise ,

l+oyt ,(n—1),1

X
((on—1,0F-1,0¢) .X)w, =3 x
X

4oyt (n=1),14+05"  (5—1)

X1+a;,171(n71),F+051(j7F)

forall (cn_1,0p-1,0¢) € SN—1 X Sp_1 X Scand X € RV*(F+0),
Similarly, the action of Sy_1 x Sp x Sc_1 on RVX(F+C) ig defined as follows. The permutation

oc—1 € Sc—1 acts only on the last C' — 1 label columns and the permutation o _1 € Sy_1 acts act
only on last N — 1-th rows, keeping element (1, F' + 1) fixed. Namely,

((on-1,0F,00-1) X)), ; =

X1 Fr+1 ifn=1andj=F +1,

X ifn=1andj € [F+C]\[F+1],

X ifn=1andj € [F),

)X ifne [N]\[l]and j = F +1,

X ifne[N]\[l]andj € [F+ C]\ [F + 1],

X otherwise ,

1,F+l4o;"  (j—F-1)
Loy (d)
1+oyt, (n—1),F+1

1+oyt, (n—1),F+1+o5" , (j—F—1)

4oyt (n=1),05"(5)
forall (ox_1,0r,00-1) € Sy_1 X Sp x S¢_1 and X € RVX(F+C),

By abuse of notation, for (o, e,e) € Sy x Sg x S, we often denote in short oy = (o, €, €),
and similarly denote o = (e,0F,€), and ¢ = (e, e,00).

D.3 Symmetric Polynomials

This subsection introduces key definitions and lemmas from symmetric polynomials and invariant
theory that will be extended to our setting of triple-symmetry in Section [D.4]

Polynomials. A multi-index o with D € N components is an element of NP, where Ny is the set
of non-negative integers. Given a multi-index o« € NOD andx = (x1, - ,xp) € RP, we define the
monomial x* = x{" ---x}P and call ||a||; := )", aq the degree of the monomial.

Definition D.1 (Polynomial Ring). A polynomial ring is a set R of polynomials from RY to R
invariant to the following operations: for all p,q € Rand c € R

* Addition. p+q € R,

* Multiplication. pq € R,

 Scalar multiplication. cp € R.
Equivalently, a set R of polynomials RY — R is a ring if for every D € N, every p1,...,pp € R,
and every polynomial ¢ : R” — R, we have ¢(p1,...,pp) € R.

Let R be a ring of polynomials. A finite set of polynomials p1, ..., pr C R is called a generating set
for R if every polynomial in R can be expressed as a polynomial in p1, . .., pr with real coefficients.

Symmetry preserving polynomials.

Definition D.2 (Invariant functions). Let G be a group that acts on RY. A function p : R — RP is
called G-invariant if

plg-x) =p(x), VgeG, xecRE
Definition D.3 (Equivariant functions). Let G be a group that acts on RY. A function p : R — R
is called G-equivariant if

plg-x) =g p(x), VgeG xeR"
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We now define the power-sum multi-symmetric polynomials, which form a generating set for the ring
of invariant polynomials to permutations.

Definition D.4 (Power-sum Multi-symmetric Polynomials). Let M, D € N. Let T = (MgD , and

let {a}!_, be an enumeration of all multi-indices o) € N§ such that ||a||| < MP| The
power-sum multi-symmetric polynomials (PMP) {s;}7_; : RVXDP — R are defined by

N

a®

s(X)=>_ Xz
n=1

The following well-known result from invariant theory shows that the PMPs are a generating set for
the ring of S invariant polynomials.

Lemma D.5 (Corollary 8.4 in [37])). Letp : RV*P — R be an Sy-invariant polynomial with degree
M. Then, it can be written as a polynomial in the PMPs

p(X) = q(sl(X)? i '78T(X))7

MJrD)'

for some polynomial q : RT — R, where T' = ( b

The following lemma enables the decomposition of polynomials that are S _j-invariant into a
combination of polynomials that are .S -invariant. The lemma, originally stated as Lemma 2 in [38§]],
had a minor error in the summation index bounds, which we correct.

Lemma D.6 (Lemma 2 in [38]). Let p : RN*P — R be an Sy _1-invariant polynomial of degree
M. Then, there exist Sy -invariant polynomials {qs : RN*P — R}HQHISM such that

pX)= Y XPga(X).
leell, <M

Here, o runs over all multi-indices in NP of degree less or equal to M.

D.4 Triple-symmetric Polynomials

In this subsection, we extend the results on symmetric polynomials to our triple-symmetry setting.
This extension provides us with the mathematical tools needed to show that: (1) any symmetry
preserving continuous function over symmetric compact domains can be approximated by triple-
symmetry preserving polynomials. (2) any symmetry preserving polynomial over symmetric compact
domains can be approximated by TSNets. Together, these results establish the universality of TSNets
under triple symmetry.

We now define the doubly power-sum multi-symmetric polynomials, which form a generating set for
the ring of (Sp x S¢)-invariant polynomials RV *(F+€) s R,

Definition D.7 (Doubly power-sum Multi-symmetric Polynomials). Let M, N € N. Let T = (M;N ,

and let {a M} | be an enumeration of all multi-indices o) € N such that |a™ ||| < M. The
doubly power-sum multi-symmetric polynomials (DMPs) {s\*) : RNx(F+C) s RAT | U {s{9) .
RN*(F+C) 5 RYT | are the polynomials

B

F C
F a® c a®
(X)) =3 X" and sO(X) =Y X%,
f=1 c=1

We next show that the DMPs form a generating set for the ring of (Sg x S¢)-invariant polynomials

RN*(F+C) _ R, This is later employed in the construction of the approximating neural networks in
Theorem 4.3

2We count the number of possible values of a by introducing a slack variable ap 1 == M — ZZ’; 1 Qs
so that ZD: +11 a; = M. The number of such non-negative integer solutions is equivalent to distributing M

indistinguishable balls into D + 1 distinguishable bins, which yields (M g = ) possibilities.
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Lemma D.8. Letp : RN*(F+C) s R be an Sy x Sc-invariant polynomial of degree M. Then, p
can be written as a polynomial in the DMPs

p(X) = q(s87(X), ., 857 (X), 88X, 55 (X)),

(]VI+N).

: . 2T _
for some polynomial q : R** — R, where T' = (™

Proof. Let p be an invariant polynomial of degree M as stated in the lemma. Using the notation
X = (XB) X)) ¢ RVN*WF+C) for a point in the domain of p, we freeze X () as a fixed
parameter, and treat p as a function only of X (), denoted by pX @, XNxF 4R je.,

p(X) = pX T (x®). )

Note that pX ““isan S p-invariant polynomial RV*¥ — R for every X (¢) € RNXC,

The space of Sp-invariant polynomials over RV *¥" of bounded degree is a finite dimensional linear

space, and therefore has a basis {bl}lL:1 with degree for each b; at most M. Hence, we can write

(X Z (X Oy (X)), ®)

=1

where the coefficients {c;(X(“))}£ | € R depend on X (©). By Equations (7) and , we get
L
= a(X)p(X), )
=1

where the coefficients {c;}7-, : R¥*¢ — R must be polynomials of degree at most M in X (¢).

Let o¢c € S¢. Since p is S¢-invariant, we get
p(X) =p(oc - X).
Namely,
L L
ZCI(X(C) by ( X(F) ch oo - X9 bl(X(F))
1=1 1=1

Now, due to the fact that basis expansions are unique, we must have
Vie(L], a(X©)=c¢(oc  XO).
Hence, each {c¢;}£_, is an Sc-invariant polynomial.

As a result, by Lemma each {¢;}}, can be written as a polynomial v; : R” — R in the
multi-symmetric power-sum polynomials (PMPs) {s;}7_, : RN*¢ 5 R, i.e.,

(X)) = v (51(XD),...,50(X D)) VielL), (10)

where T = (M;\;N ). Moreover, since b; are Sp-invariant, by Lemm each {b;}}, can also be
written as a polynomial u; : RT — R in the same PMPs {s;,}1 | : R — R, ie.,

b(X)) = w(sy (X)), s (X)) VL€ (L), (11)

By substituting Equations (I0) and (IT)) into Equation (9)), we deduce that p is a doubly power-sum
multi-symmetric polynomial. O

Similarly to Lemma [D.6] which enables the decomposition of Sy _;-invariant polynomials into
a combination of polynomials that are (S X S¢)-invariant, the following lemma enables the
decomposition of (Sg_1 X S¢)-invariant polynomials into a combination of polynomials that are
(SF x Sc)-invariant.
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LemmaD.9. Let p : RNX(F+C) 5 R be an (Sp_1 x S¢)-invariant polynomial of degree M. Then,
there exist Sp X Sc-invariant polynomials {qy : RN (F+C) _y R}IIKHISM such that

p(X)= Y XFau(X).

=l <M

Here, k are multi-indeces in N}y .

Proof. Following Definition [D.7| with respect to the the domain RV *(F=D+C) " we denote the
doubly multi-symmetric power-sum polynomials (DMPs) RV*((F=1D+C) _, R taking the the
variable Z € RV*((F=1)+C) py

F—1 c
(F a® ~(C a®
$7@2)=3"z%" ad §7(2) =3 2% .
f=1 c=1
where these polynomials are parameterized by ¢ € [T] for T = (MJJ\;N ) Similarly, following

Definition with respect to the the domain RN *(F+C) we denote the DMPs which take the
variable Y € RV*(F+C) py

F
SO =Y vy ad sy) =Y vl
f=1

where these polynomials are parameterized by the same enumeration a*) € NY, t € [T), as the
RV*((F=1+C) _, R DMPs. Now, note that for each ¢ € [T'] we have

(F— (®) .
8T Xo Xopre) = s8(X) - XP and 59 (Xoo, ., X o) = sS9(X). (12)
Observe that we can expand the polynomial p(X) in X ; as

p(X> = Z X31p7<X:,25"'7X:7F+C)7 (]3)
llyll, <M

where each p., : RV*X(F=1+C) 5 R is a polynomial of degree at most M — ||||,. Since derivatives

commute with permutations, and specifically with the representation of Sp_; X S¢, any partial
derivative of an (Sp_; X S¢)-invariant polynomial is also an (Sp_1 X S¢)-invariant polynomial.
Moreover, plugging X. ; = 0 into an (Sp_1 X S¢)-invariant polynomial v : RFXC 5 R gives an
(Sp—1 x Sc)-invariant polynomial u|x , — : RV*(F=1+C) _ R Hence, the polynomials

. < 1 el
p'y( 029y :,F+C)—w(mp

are (Sp_1 X S¢)-invariant. Therefore, by Lemma each p can be expressed as a polynomial
G~ : R?T — R in the DMPs RV*((F=D+C) R je.,

)0 Xoaio o Xorie), VAl <M

p’Y(X3727 e 7X:’F+C) = qA"Y (gi(lFil)(X:,Q, oo aX:,F+C)) .. '7§’(TF71)(X:,27 .. -;X:,F+C)a

$O( X Xopic)y o 8 (Xoa, X:,Fw)).
By Equation (T2), p-, can be written as
Py(Xozs s Xopic) =y (S(IF)(X) x2S - xP (14)
sSX©), ..., 5<TC>(X<C>)).
We can now expand ¢ in the right-hand-side of Equation @) in monomials of X 1, and write

p’y(X:,27~"vX:,F+C) = Z Xflav,5(ng)(X)7~"7sg”F)(X)7 (15)
H‘SH1S]\/I_H'Y”1

sx),..., 859 (X))
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where g5 is an Sg x Sc-invariant polynomial as it is a polynomial in the Sy x Sc-invariant DMPs.

When substituting Equation (I5)) into Equation (13), we obtain

~ C C
p(X) = E E X:’l"'aqmg(ng)(X),...7S;F)(X),s§ )(X)7...,s§1)(X)).
Iyl <M |81l <M~y

Now, by performing the change of variables § = k — -, we have that

< ~ F F c c
P = D X5 Y e (700, 0,50, (X))
lell, <M Iyl <M
o=l <M—[lvll,
(16)
Lastly, by denoting
~ F F C C
wX)= Y T (X0, (X0, s (X)),
Iyl <M

le=~lli <M—|lvlly
Equation (I6) can be written as

p(X) = Z X7q(X).
ll=ll, <M

Here, note that as g,,(X) are defined as linear combinations of the (SF X S¢)-invariant polynomials
Gy, r—~- 80 g (X)) are also (Sg x S¢)-invariant, concluding the proof.

Analogously, a similar lemma holds for (S x Sc_1)-invariant polynomials.

Lemma D.10. Ler p : RV*(F+C) 5 R be an (Sg x Sc_1)-invariant polynomial with degree M.
Then, there exist Sp X Sc-invariant polynomials {qy, : RN*(F+C) R}HN\MSM such that

pX)= > XFpige(X).
[l <M

D.5 Supporting Universal Approximation Properties

In this subsection, we present universal approximation properties that support the proof of the
universal approximation result Theorem [4.3]

First, we extend Lemma 4 from [38]], which shows that continuous equivariant functions can be
uniformly approximated by equivariant polynomials. Specifically, our extension generalizes the result
from functions defined on the cube to functions defined on arbitrary compact G-invariant subsets.

Lemma D.11. Let G < S;. Let K C RY be a compact domain such that KK = UgecgK. Then the

space of G-equivariant polynomials p : K — R is dense in the space of continuous G-equivariant
functions f : K — RL in Lo (K).

Proof. Let e > 0, and let f : K — R’ be a continuous G-equivariant function. For each output
coordinate f; : K — R, the classical Stone—Weierstrass theorem guarantees the existence of a
polynomial p; : R — R such that

[fi(X) —pi(X)| <e, forall X € K.
Define the polynomial p : R* — R’ by
p(X) = (p1(X),...,p(X)) eR", VX eR".
To construct a G-equivariant approximating polynomial, we now introduce a symmetrization of p.
Define p : RY — R” by
p(X) = |7€1¥| > g-plgt X).

geG
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Let X € RE. Now, since f is G-equivariant, we have

1

Hf(X) _5(X)Hoo = @ Zg . (f(gfl . X) —p(gil X))
geG -
1 — —
SEﬂEZHﬂgl-X)—Mgl~XHk;;a
geG
Thus, p is a G-equivariant polynomial that uniformly approximates f, concluding the proof. O

We mention the classical Universal Approximation Theorem (UAT) as it is later employed to show
universality in Lemma[4.2] which has a central role in the proof of Theorem [D.T4]

Theorem D.12 (Universal Approximation Theorem (UAT) [22]]). Let 0 : R — R be a continuous,
non-polynomial function. Then, for every M,L € N, compact K C RM, continuous function
fK— RY | and € > 0, there exist D € N,W; € RP*M b, € RP and Wy, € RE*P such that

sug |f(x) — Woo (Wi +by) || <e. 17
xe

Note that since all finite dimensional norms are equivalent, one can take any norm in (17).

We next study universality with respect to composition of functions. For that, we first define universal
approximation rigorously.

Definition D.13 (Universal Approximator). Let D1, Dy € N. A space of continuous functions N
from a domain Q1 C RP* to a domain Qo C RP2 is said to be a universal approximator of another
space of continuous functions B from Q1 to Qo, if for every f € B, every compact domain C C RP1
such that C C Q1, and every € > 0, there is a function ¢ € N such that for every v € C

(@) = a(@)llec <.

The following theorem is a simple approximation theoretic result.

Theorem D.14. Let L. € N, and D1, ... D11 € N. Let N be a universal approximator of B; for
I € [L). Let the domain of the functions B; be Q; C RV and the range be Q11 C RP+1, forl € [L).
Consider the function spaces

N;:{eLO...Oal‘elEJ\/h lE[L]}7

and
B:={fro...ofi| fie B, le[L]}.

Then N is a universal approximator of B.

Proof. We prove this by induction on L.

Base case L = 1. In this case N' = Nj and B = By, so the claim follows directly from the
assumption that A is a universal approximator of /3.

Inductive Step. Assume the result holds for L — 1 and consider a function
f=fLofr-10--0f1 €B,
where f; € B;. Let C; C Q1 be compact and let € > 0. Define the compact set
Cr:=(fr-10---0 f1)(C1) C QL.
By continuity of f7, on Q1 and compactness of Cp, fr, is uniformly continuous on C,. Thus, there

exists > 0 such that for all y,y’ € C, with ||y — 3| < 6, we have

1f2() = £ < 5. (1)

By the induction hypothesis, there exist 6; € N1, ...,0r_1 € Nz_1 such that
sup [(fr—10-0 fi)(@) = (Op—10---001)(2)]| <4,
rxeCy
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and by Equation (T8)), we get

sup [1f(@) = (fu o100 b)) < 3. (19)
zeCq

Define the compact set CL = (0,—1 0+-+061)(Cy). Define the compact set C' := C, U CLCQr.
Since f;, € By, and N7, is a universal approximator of By, there exists 87, € N7, such that

9
sup || 2(y) = 00 (vl < 5.
yeC

which implies

sup [[(frofp—10---001)(x) — (0L oblr—10---0b)(x)] <

9
c. (20)
zeCy 2

Define § = 0 00y, _1 o - -- 0 6. By the triangle inequality
sup || f(z) — 0(z)|| =
zeCy

= sup [|f(z) = (frofr10---00)(x) + (frobr10---0b1)(z) - 0(z)|

zeCq

< sup [|f(z) = (frofp—yo---0bi)(x)| + sup [[(fLobr—10---0bi)(x) —0(z)|
z€Cy zeCy

and by Equations and (20), we get

sup [1£(x) ~ 0(@)]| < 5
xzeCq

This completes the induction step and the proof. O

D.6 Supporting Lemmas for GG-descriptors

In this subsection, we introduce a special class of G-invariant polynomials, which are called G-
descriptors. These polynomials are designed to distinguish between different orbits under the action of
a subgroup G < Sy of the symmetric group. We establish the existence of (Sg_; X S¢)-descriptors
and S _1-descriptors which we later use to express (Sy—1 X Sp_1 X S¢)-invariant polynomials
defined over a symmetric compact domain.

Given a subgroup G of the symmetric group, we next define the notion of a G-descriptor. Roughly
speaking, a G-descriptor is a polynomial that maps different orbits under the representation of G to
different values.

Definition D.15 (G-descriptor). Let G < Sy act on RM*P be changing the order of the rows, and
let K € RM*P sych that K = UyeqgK. We call a G-invariant function q : K — RL a G-descriptor,
if it satisfies

VX, Y ek, ¢X)=¢q(Y) < JgeG:Y =g -X.

Next, we cite Lemma 3 from [26], which shows the existence of a descriptor given a subgroup of the
symmetric group.

Lemma D.16 (Lemma 3 in [26]). Let G < Sy; act on RM*P by changing the order of the rows.
Then, there exists L € N and a polynomial G-descriptor u : RM>*P — RL,

D.7 Expressing G-Polynomial Descriptors Using Symmetric Polynomials

In the proof of Lemma[D.24] we define polynomial descriptors. We then show that these descriptors
can be written using symmetric polynomials, which then allows approximating them by TSNets.
In this subsection, we show how certain polynomials descriptors can be written using symmetric
polynomials.

We first define basic operations related to the constriction of symmetric polynomials.

Definition D.17. Let K, M,D € N, letT = Ty p = (MgD) (i.e., the number of monomials in
RP up to degree M), and let {c\D}]_, be an enumeration of all multi-indices a® € NJ such that
la®]], < 01
o .
1 S
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e The mapping ¢M-P) : RP — RT is the function that calculates all monomials up to degree
T, namely, for D € RD

(D) (D) = (Da“),. y ,D"‘(T)) . 1)

o The mapping bUMD) . REXD _y REXT ¢ defined by

Vje[K], Ve REXD . pEMD)yy), — AMD)(y, ) (22)

I8 I8

* The mapping tgﬁ&g’m cREXT 5 RT js defined, for E € REXT by

K
tonin ) (B) =Y By 23)
k=1

e For F,C € N such that F + C = K, the mapping tgﬁg’M’D) s RFHOIXT _ R2T g
defined, for H € RF+CIXT by

F C
C,M,D
toas P (H) = (O"Hy > Hpse). (24)
/=1 =1

Remark D.18. Note that tgﬁ&g’[)) o bEMD) s the mapping that computes the sequence of all

PMPs up to degree M. Similarly, tg\/ﬂ?’M’D) o BUEMD) computes the sequence of all DMPs up to
degree M.

Lemma D.19. Let K,M,D € Nand T = Tar,p = (MSP).

1. Let ¢ : REXP 5 RE be an Sy _1-polynomial descriptor of degree M, namely,
VZ,Y € REXD (q(Z) = q(Y)) = (aaK,l €Sk1:Z=0K_1- Y).

Then, there exist polynomials Ug : RT — RL, parameterized by B € 7L, such that for
V e RKXD

qV)y= > VPWa(V),
18I, <M
where

Wa = Ugotpyp ) o bUMD),

2. Let F,C € Nsuch that F +C = K. Let q : RFTOXD 5 RL pe g (Sp_1 x Sc)-
polynomial descriptor of degree M, namely, VZ,Y € RF+C)IxD .

(H(CTF_l,Uc) € Sp_1 x SC 4= (UF—I,O'C) . Y)

Then, there exist polynomials Ug : R2T — RL, parameterized by 3 € Z, such that for
Ve R(F+C’)><D

aV)= > VPWa(V),
18]I, <M

where

W = Ug oty 7)o pF+CMD),

The result is also immediately true when transposing the order of F" and C.
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Proof. We prove 1, and note that 2 is shown analogously.

Recall the property defining the polynomial ¢ : RK*P — R~

VZ,Y € REXD . (q(Z) - q(Y)) — (EUK_l € Sk_1:Z=0x_ ~Y).

Fix [ € [L], and consider the I-th output dimension of ¢, namely ¢; : RK*? — R. By Lemma
the Sk _1-invariant polynomial ¢; can be expressed as

aV)= > VlwgV), (25)
I1Bll, <Mn

where w; g : REXP — R are Sk-invariant polynomials with degree at most M, and 3 € N} are
multi-indices with || 3||; < M. Next, we express using PMPs (Definition [D.4). The power-sum
multi-symmetric polynomials (PMPs) s, : RE*P — R map the variable V' € R%*P to

K

®

si(V) =) Vi,
k=1

where these polynomials are indexed by ¢ € [T7], in order to enumerate all multi-indices a¥) € N}
such that ||a(t) H1 < M. Fix 8 € NP with |8, < M. By Lernma the S -invariant polynomial
wy g of can be expressed as a polynomial u; g : R” — R in the PMPs {s;}]_; by

wl,ﬁ(v) = up (51(V),....s7(V)). (26)
By Remark[D.T8] we can write w; g as a composition of the three mappings

wig =g o toyp ) 0 BUCMD), @7)

where tglf/ig’D) o bUK-M.D) is the mapping that computes the sequence of all PMPs (see Definition

We next express g via the above construction. Define Ug : RT — RE, by

Viell]: (Ug),=uwgp (28)
and similarly define W : REXDP — RL by

VielL]: (Wg),=wg. (29)
Now, using Equations (27) to (29), we see that W3 can be written as the composition

Wa =Upotpyip " o b5,

and by Equation (23)), we have

qV)y= > VPWwa(V),
18I, <M

which shows 1.

To prove 2, we use Lemma|[D.9]instead of Lemma[D.6]and follow an analogous construction. [

D.8 The Exclusion Set

As part of the proof that TSNets are universal approximators of continuous functions over symmetric
compact domains (see Theorem 4.3, we need to define a descriptor that is injective on group orbits —
the descriptor should assign the same value to inputs in the same orbit and different values otherwise.
However, this injectivity can fail on a small subset of the domain. To still guarantee injectivity, we
exclude this small subset from the domain of definition and refer to it as the exclusion set. This
exclusion set has a specific form, as defined next.
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Definition D.20 (The exclusion set). The set

£ = U {XGRNX(F+C)

1<fi<fo<F

N N

Z Xn,fl = Z Xn,fz} U

n=1 n=1

N N

Z Xn,F+01 = Z XTL,F+02} U
n=1

U {XERNX(F+C)

1<c1<e<C n=1
F+C F+C
Nx(F+C —
U (XeRVUIFDNDY Xoy=) Xu
1<n;<ns<N j=1 j=1
is called the exclusion set corresponding to RN *(F+C),

The exclusion set £ is a finite union of linear subspaces of co-dimension one. We consider input
matrices X € RV*(F+C) where X ) correspond to continuous real-valued features and X (¢)
encode one-hot vectors with entries in {0, 1}, assigning probability one to exactly one class and zero
to the others in each row. The real-valued features X () vary continuously in R¥". The set of features
that lie inside the exclusion set £ is meagre with respect to the standard topology of the feature space
(more specifically, it is nowhere dense). Hence, being outside £ is the generic case in the topological
sense. From a probabilistic perspective, if the features are sampled from a joint distribution that is
continuous with respect to the Lebesgue measure (in the Radon—Nikodym sense), then the features
belong to { X*) | X € £} in probability zero. Hence, for the features to belong to £ is an event
that almost surely does not occur. With regard to the labels, the exclusion set £ rules out the special
scenario in which multiple classes have exactly the same number of examples. If labels are samples
from a reasonable joint probability space, where labels are not constrained to be exactly balanced,
such an even typically occurs in low probability. To summarize, from both the feature and label
perspectives, the data typically lies outside the exclusion set £, and hence considering a domain C
disjoint from & is reasonable. A similar philosophy regarding an exclusion set is adopted by [26].

D.9 TSNets With Output Projected to (1,1) and (1, F + 1)

To prove that our invariant neural networks TSNety,; are universal approximators of symmetry pre-
serving continuous functions, we first prove that TSNetg is a universal approximator of equivariant
continuous function. For that, we first define spaces of neural network which are TSNetg, with
outputs restricted to the entries (1,1) and (1, F + 1).

Definition D.21 (The TSNet” ), TSNet(C), TSNetV ) and TSNet V) Architectures).
A TSNet'™) is any MLP 6 : RExXNX(F+C) _y RNXK2 of the following form. There

exists a TSNetgy ¢ : REVNX(FHC) y RE2XNX(FHC) gych that for every (X,Y) €
RE1XNx(F+C)

0(X.Y) = (s(X.,Y)) .

S

o A TSNet'©) is any MLP 0 : RE1XNX(F+C) s RNXK> g0 that there exists a TSNetwq
¢ : REVINX(FHC) _y RE2XNX(F+C) gyeh that

0(X,Y)= (¢(XaY));,;,F+1'

o Similarly, a TSNet'™N ™) is any MLP 0 : RE1XN*(F+C) _ REK2 gych that

0(X,Y) = (¢(XaY));,1,1’

and a TSNet™N©) is any MLP 6 : REVNX(F+C) _ RE> gych that

0(X,Y)= (¢(X7Y));,1,F+1'

Note that TSNet(*) are invariant to (o X 01 X 0¢), TSNet!¥) to (o x o X 0¢_1), TSNetVF)
to (O’N_1 X Oop_1 X Uc), and TSNet(NC) to (O'N_1 X op X UC—1)~
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Remark D.22. The entries [:, 1, 1] are special for TSNet'NF) | and break the Sx and Sy symmetries.
Indeed, all “self” transformations in the last linear layer of a TSNet'™NF) can be written in terms of

[,1,1], e.g.,
NSe
[Fself Hlf F]<X7Y)1,1 = X171'
Similarly, the entires [:,1, F + 1] are special for TSNet\!N®), [:,:, 1] for TSNet'F), and [:,:, F + 1]
for TSNet(©).

Given two networks, (VF) € TSNet(NF) and (V) € TSNetVE) | one can recover a corresponding
TSNetg, as follows.

Lemma D.23.
* The MLP 0 is a TSNetg,, if and only if there is a TSNet'™) 0F) and a TSNet'©) 0(C) such
that
VFEIF]: O(X. YY) =0 (e, (1f).e) - (X,Y))
and

Vee[O]: 0(X,Y)..rre=0" (e,e,(l0) - (X,Y)),
for (1f) € Sk (the permutation that swaps only 1 with f) and (1¢) € Sc.

» The MLP 0 is a TSNetg,, if and only if there is a TSNet\NF) 9INF) gnd g TSNet™N©) §(NC)
such that

Wne [N],fe[Fl: O(X,Y).n; =0 (((1n), (1f),€) - (X,Y))
and
Vn € [Nl,c€[C0]: 0(X,Y). nrrec=0"(((1n),e (1) - (X,Y)),
for (ln) € Sn, (1f) € S, and (16) € Sc.
Proof. We prove 2, and note that 1 is analogous. Suppose that 6 is defined via the above formulas

given V) = (¢(-)) , , in TSNet M) and 6V = (y(+)) in TSNetVC), For any n € [N]
and f € [F] we have

O(X, Y )ons = 0N ((1n), (11),€) - (X, 7)) = (&(((1n), (1F),€) - (X, Y)) )

1, F+1

1,1

= (), (1)) - 6((X.Y))) | = 0(X, ).
Hence, 0(-)..1.r = (). 1.5 : RNXFFTC) s RNXF 56 0(.). . 1. is equivariant to oy X o x {e}
and invariant to {e} x {e} x o¢. Similarly, 0().. pi1.rrc = V(). prrpic : RVXEFO)

RN>F s equivariant to o x {e} x o and invariant to {e} x Sp x {e}. Together, 6 is equivariant
to Sy X Sp X Sc.

The other direction is trivial by taking V) = (6(-)) | | € TSNet™V#) and 6V = (6(-)) , Fi1 €
TSNet(VO), O

D.10 Existence of R *(F+C) \ £ descriptors that can be approximated by TSNets"V©) and
TSNets(VC)

The key step in the proof of the universal approximation theorem Lemma [4.2]is constructing a
polynomial descriptor that can be approximated by TSNets. The following lemma established this.

Lemma D.24. Let N, F,C € N and consider the triple-symmetric group Sy X Sg X S¢ and its
standard representation in RVXEFC) and restrictions to Sy _1 X Sp_1 X Scand Sny_1xXSpxSc_1

(see Subsecction . Let & be the exclusion set corresponding to RN *(F+C) (Definition @
Then, there exist L € N and two spaces BNT) and BN of polynomials from RN *(F+CT\ ¢

to RY such that TSNet™N'™) is a universal approximator of BINF) and TSNet'™N©) is a universal
approximator of BINC), with the following two properties.
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1. There exists an Sy _1 X Sp_1 X Sc-polynomial descriptor QNF) (RNX(F+C)\€) — RE
in BVE),

2. There exists an Sy—_1 X Sg x Sc_1-polynomial descriptor QN (RNX (F+0) \5) — RE
in BVNO),

Note that, for example, 1. of Lemma means that VZ,Y € RVX(F+0O)\ ¢
QWNI(Z) = QW(Y)
T (30)

Jon—1,0r-1,0¢c) € SNm1 X Sp_1 X Sc: Y =(on—1,0p-1,00) - Z.

Proof of of Lemma We prove 1. of Lemma[D.24] and note that the proof of 2. is analogous.

(1) A (Sp_1 x Sc)-descriptor Q). By Lemma [D.16] there exists an Sp_; x Sc-polynomial
descriptor (see Definition |D.15) ¢(*) : RF+C)x2 _, REF with degree My, namely, a polynomial
such that

VZ,Y € REHO)Ix2, (31)
(q<F>(Z) - q(F>(Y)) — (a(o—F,l,aC) €Sp1 % Sc: Z=(0p_1,00)- Y).

We define a polynomial Q) : RNX(F+C)\ & 5 RNXLr a5 follows. Given X € RV*(F+C)\ g,

the polynomial is defined by taking the row vector Zi\;l X, € RF*C and appending it to each row
of X forming a new dimension and creating the intermediate tensor

N
X =[X,1y Y X;.] € RNz, (32)
=1

To define Q¥), the function ¢¥) is then applied on X via

¥ne [N, QUN(X)n:=q¢" (X)) = ¢ (X0 Y X)) (33)

Y

By construction, this makes Q(*) an Sy-equivariant polynomial. Note that given a permutation
(0p_1,0¢) € Sp_1 x Sc, forevery Z,Y € RN*(F+C) we have

(Vn 2 Zy,. = (op_1,00) - Yn,:>

N N
Za 1NZZI7‘| - [(UF—17UC)'Yy(UF—lvaC)'lNZ},i,:] )
=1 M, T,%,:

=1

= (Vn:

— (Vn : ZAW): = (op-1,0¢)" Yn)
Thus, we obtained that
(Vn 2 Zy,. = (0p_1,00) - Yn,:) = (Vn : ZAW,: = (op-1,00)" Yn7:7:). (34)
We now prove that Q(*) is an Sy -equivariant polynomial that satisfies
VZ,Y € RVXFHO)\ ¢ (35)
(0"(2)= Q" (¥)) = (3(or1,00) € Sp-1x Sc: ¥ = (0r-1,00) - Z).

Direction < of Equation . Assume there exists (cp_1,0¢) € Sp_1 X Sc, such that Y =
(0p_1,00) - Z € RNX(F+C) By definition, the action of (o7_1, o) permutes the columns of Z
identically across all rows, namely,

Vne[N|: Y,.=(op_1,00) Zy,:
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and by Equation (34)

Vne[Nl: Y,..=(op_1,0¢) Zn

By Equations (3T)) and (36)), we obtain
vneNl: ¢(Zn.) =" (V)
and by the definition of Q) in Equation , we have that Q) (Y) = Q) (Z).

(36)

3e9e”

Direction =- of Equation . We now show the opposite direction. Assume that Q) (Y') =
QU)(Z) for some Y, Z € RV*(F+O) \ €. By the definition of Q) in Equation (33), we have that

Vn € [N] : q(F)(Zn,:,:) = q(F)(Yn,:,:)7

and by Equation li , the equality implies the existence of a permutation (ag,n_)l, (n)) € Sp_1 X S¢
for each n € [N], such that
Yn,:,: (cr%n)l, ng)) Zy...

IR

(37)
Next, we would like to show that

Vni,ng € [N} (Uj(f‘nl)lv (nl)) ( 5:2)7 ng))

For that, consider two indices n1 # ny € [N]. By Equation and the definition of Z and Y’
(Equation (32)), we get

1NZYZ, (o) glm)y .1 ZZ and 1NZY (oir2) glra)y. 1NZZ (38)

Since 1y Zi:l Z;.. has equal rows (and so does 1y Zi:l Y;. ) and Sp_; x Sc permutes all
columns simultaneously, Equation (38) can be written as

N
(oim) glm)y. ZZ,, (082,00 2z, (39)

i=1
Recall that Y, Z € RV*(F+C)\ £, Hence the first F entries of > | Y;. and Y.\ | Z; ., each

have I’ distinct elements. Moreover, the last C' entries of 21\;1 Y., and Zfil Z; ., each have C

distinct elements. Therefore, the only way that Equation lb holds is when 05;“)1 = a;m)l and

Jg”) = U(C"Q). Thus, all row—wise permutations coincide, i.e.

op-_1,0¢) € Sp_1 x S¢, Vi € [N]: (U%) l,ag)) = (oF-1,00),
and consequently by Equations (34) and (37),
Vie[N]: Y..=(op-1,00) Z;,.
Thus, Q(F) : RV*(F+C) _y RN*Lr js an Sy-equivariant polynomial that satisfies Equation (35).

Similarly, by Lemma|D. 16| there exists an Sr x Sc_1-polynomial descriptor ¢(©) : R(F+C)x2
R with degree M, namely, a polynomial such that

VZ,Y € RFFO)Ix2 .
(q<c>(Z) - q<C>(Y)) — (a(ap,ac_l) €SpxSc1: Z=(op,001)- Y).

We define a polynomial Q(©) : RN*(F+C)\ g _ RN*Lc gimilarly to Q(©). Given X €
RNX(F+C)\ £ we form the intermediate tensor, as in Equation

X ]-NZX RNX F+C)><2
To define Q(?), the function ¢() is then applied on X via

Vn € [N]v Q(C) (X)n,: = q(c) (Xn,:,:) = q(c)([Xn,:7 ZXz,]) (40)
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Then Q(©) is an Sy-equivariant polynomial that satisfies the analogue of Equation
VZ,Y e RVXEFO ¢
(Q(C)(Z) = Q(C)(Y)> < (3(0’}7,00_1) € Sp x SC_1 Y = (O'F7UC—1) . Z)

(2) A (Sy-1 X Sp—1 x S¢)-descriptor QWNF), By Lemma , there exists an S _1-invariant
polynomial ¢(V) : RN*3 — RN of degree My, such that

VZ,Y e RV*3 . (q<N>(Z) = q<N>(Y)) = (ao—N,l €Sn_1: Z=0Nn_1- Y). (41)

We define a polynomial Q(VF) : RN > (F+C) \ & — RENXLF ‘where L is the output dimension of
the polynomial descriptor ¢(*") given in Equation , as follows. Given an input X € RV*(¥ +C)\5 ,
the output QN ¥)(X) is defined via the following composition of computations.

(i) Compute Q) (X) € RV*Lr  as defined in Equation .

(ii) Consider the column vectors 2}21 X.;€RY and Zil X. e € RY. Append these
vectors to Q7 (X ) forming a new dimension. Namely, construct the intermediate tensor

F C
X =[QUN(X),> X.f11,,Y  X.picl],] € RVEmS, (42)
f=1 c=1
(iii) Apply the function ¢¥) on X to define QUVF) (X) via

Vie[Lel: QVI(X)., :=¢M(X.,.) (43)

F C
= (™M (X).1,Y . X. 1.3 X pye]) € RPN
= =1

By construction, Q V) is a polynomial from RY*(F+C)\ € to REN <L We now prove that Q(VE)
satisfies VZ,Y € RVX(F+O)\ ¢ .

QW(2) ="I(Y)
g (44)

Ion-1,0p-1,0c) € Sn_1 X Sp_1 xSc: Y =(on_1,0p-1,00) - Z.

Direction 1 of Equation (44). Let Y. Z < RVNX(F+C) \ £ Suppose there exists
(O’Nfl,O'F,l,JC) € Sy_1 X Sp_1 X Sc such that Y = (O’Nfl,UF,l,Uc) - Z. Recall that
Q") is Sy-equivariant. This, together with Equation , gives

VieLe]: QYY) =Q" ((on-1,e.¢) (e,0p_1,0¢0) Z)
=on_1- QP ((e,op_1,00)- Z) =on_1-QY(Z).,.

s

(45)
Substituting Equation into the definition of Y in Equation , we get
_ F C
Y =lon1-QUN(2), ) Yipll,, ) Yorsell,l.
f=1 c=1

Since Y = (on_1,0r_1,0¢) - Z, and by the fact that summation is invariant to the permutations
or_1 and o, we obtain

F C
Y= ON-1" [Q(F)(Z)7 Z Zi,fle7Z Z:,F—&-clzp] =O0ON-1" Z.
f=1 c=1
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Hence, by Equation (@T)
vi € [LF] : q(N)(Z:,l,:) = q(N)(?,l,:)y
and by the definition of Q") in Equation (43), we obtain QN ) (V) = QI (Z).

Direction || of Equation (44). We now show the opposite direction. Let Y, Z € RN *(FHO)\ g,

and assume that Q) (Z) = QIVF)(Y'). By the definition of QN in Equation (43), we have
that
Vi e [LF] : q(N)(Z:,l,:) = q(N)(Y,l,:)-
)

By Equation , this equality implies the existence of a permutation o), € Sy_1, for each
I € [LF], such that

Yoi.=oW - Z,. (46)
Next, we would like to show that
Vi, lp € [Lp]: oW, =0l .
For that, consider two indices l; # I € [Lr|. By Equation , and by the definition of Z and Y’
(Equation @2)), we get, for j = 1,2,

C

F F c
1’ I
SV L, ol S 2L, wd SVl — ol S Zel, @)
f=1 f=1 =1 =
Note that 2?21 Z., fl—LrF has equal columns (or rows consisting of a scalar times IIF), and so
does 25:1 Z. ric1] . The same property holds also for ag\l,j)l : Z? 1 Z. 51 and aj(\l,j)

ZC 1 Z. F+clT for j = 1,2. Moreover, since Sp_; X Sc permutes all rows simultaneously,
Equation (]1_7]) is equlvalent to

axﬂl-ZZt,f—a](v”l ZZ ; and ol Zz Fie =0\, ZZ Fie  (48)
=1

Recall that Y, Z € RVX(F+C)\ £ Hence 2?21 Y. s, Z?:l Z.p. S Yiopseand Y0 Z b,
each have N distinct elements. Therefore the only way that Equation (@8) holds is when all col-
umn-wise permutations coincide, i.e.,

dony_1 € SNfl, Vi e [LF] : U%)fl =ON-_-1-
and by Equation (&6)

Vie[Lr]: QUNY).,=on_1 -Q¥)(2Z).,.
Recall that Q(F )is S v-equivariant, so

Q(F)(Y) =oN_1- Q(F)(Z) = Q(F)(O—]\F1 -Z).
Hence, by Equation (35)
I(op-1,0¢) € Sp-1 x Sc: Y =(on_1,0p-1,0¢) Z.

Thus, QVF) . RNX(F+C) _ RENXLr satisfies Equation (44).

Similarly, we define a polynomial Q(VC) : RNx(F+C)\ & _ RE~*Le g5 follows. Given an input
X € RVX(F+ON £, the output QN F) (X)) is defined via the following composition of computations.

(i) Compute Q(©)(X) € RV*Lc | as defined in Equation (40).

(ii) Consider the column vectors Z}Zl X.; € RN and 25:1 X. e € RY. Append these
vectors to Q¢ (X)) forming a new dimension. Namely, construct the intermediate tensor

=[x Zvach’ZX Frclf] € RV Foxd,
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(iii) Apply the function ¢¥) on X to define Q) (X)) via
Vie Lol QWNX). =¢"™(X )

B

F C
=M ([QX).. Y X 1) X pyc)) €REV.
f=1 =1

Then QVE) satisfies the analogue of Equation , ie. VZ,Y e RVX(F+O)\ g
QNN (Z) = W(Y)
i
Jon-1,0r,00-1) E SN—1 X Sp X Sc—1: Y =(on_1,0F,0c0-1) - Z.
(3) Expressing ¢(™), ¢(©) and ¢() using DMPs and PMPs.
Let Tp = T2 = (Mg”). Since ¢F) : RF+C)x2 _ RLF jg an (Sp-1 X S¢)-polynomial de-

scriptor of degree M, by Lemma|D.19] there exist polynomials U, [(_}F) : R?Tr — REF | parameterized
by B € ZZ, such that for V € RU+C) %2

¢OWy= Y vewiw), (49)
18I, <MF
where
W,C(_,F) _ U,((-}F) o t](DFl\;[&-PC,MF,Z) o p(F+C.Mp.2) (50)

Similarly, there exist polynomials U[(jc) : R?TF — REF such that

dOWvy= Y vewi(wv),

18I, <Mp
where
W,((ac) _ éC) o t](DI;vJIrPC,MFQ) o pF+C.MF.2)

Lastly, for Ty = (MA§+3), there exist polynomials U éN) : RTv — REN parameterized by 3 € Z3,
such that for V€ RV*3

@Mvy= > vEwM ), (51)
18I, <M
where
W = UG o tiyip™ ) o pNMN-3), (52)

(4) Approximating Q") using TSNet(*). Next, we show how to approximate Q") by a TSNet(*)
via a composition of approximations of the components of Q(*).

4.1) The space of polynomials B3; and MLPs ;. Note that ¢(™#>2) : R2 — R”F of Definition
belongs to the space B; of all polynomials from R? to R7#. By the Universal Approximation
Theorem (Theorem , the space A; of multilayer perceptrons (MLPs) from R? to R’ is a
universal approximator of B;.

F+C,Mp, Mp,2)

(4.2) The space of polynomials 3;,. The polynomial b 2) applies c! row-wise (see
Definition [D.17)) and belongs to the space B;, of all polynomials z : RFTE)x2 _ RUFHC)XTr of
the form (V') = (y(V4..),...,y(VF4c..)) " for an arbitrary polynomial y € Bj.

The space of MLPs \,. We define a corresponding space N, of MLPs from R(F+)x2 to
RUHEIXTr in which each function 2 € N, is of the form 2(V') := (§(V4.), ..., 9(Vrsc.)) T
where § € N7 as defined in (4.1). It is easy to see that A, is a universal approximator of Bj.
Indeed, let 2(V') = (y(V4,.),...,y(VF4c,.)) " be a polynomial in By, restricted to a compact domain

C ¢ RF+E)I*2 and let € > 0. The domain C' is contained in a larger compact domain of the form

C=C"x...xC,
~—_—
F+C
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where C’ C R? is compact. Now, note that y is extended uniquely to a polynomial 3 : ¢’ — R”.
Hence, since N is a universal approximator of 1, y can be uniformly approximated by some
9 € N7 over the compact domain C”, up to error €. As a result, z is uniformly approximated by
(V) := (Vi) ..., 9 (Veyc:))T up to error e over C. Lastly, since C C C, z is uniformly
approximated by Z up to e also in C.

(4.3) The space of linear mappings ;. The transformation tgﬁpc Mr2) RIFFC)XTr _y R2TF of

Definition belongs to the space N; of linear mappings spanned by the two linear mappings

[Foum] : REFTOXTr o R2Te 1 (X, Y) = (X1r,0) (53)
and

[Coum] : REFOXTr o R2Te - [ L I(X,Y) = (0,Y10). (54)
Trivially, N is a universal approximator of itself.
(4.4) The space of polynomials 5, and MLPs . Consider the polynomial U*) : R*Tr —
RTF*Lr defined by

F
U — {U[(3 ) cR2TF RLF}HB\MSMF' (55)

The mapping U") belongs to the space B, of all polynomials from R?”F to R”F*Lr By the

Universal Approximation Theorem (Theorem [D.12) the space ,, of multilayer perceptrons (MLPs)
from R27F to RT#*LF is a universal approximator of 13,,.

(4.5) The space of polynomials 5,, and MLPs \,,. Define the polynomial W) : R(F+C)x2 _,
RTF XLF by
F
W = (W5 Y1, <ate
and note that by (50) we have
W) = g o ¢FASMr2) o (F+CMr2), (56)

Define the space of MLPs R(F+C)x2 _ RTrxLr
Nw = {ou Oat 091, | 9u ENuyet EM,eb ENb}-

By Theorem[D.T4]and the above derivation, the space of MLPs ,, is a universal approximator of
the space of polynomial R(F+¢)*x2 _ RTrxLr

Bw = {fuoft ofb ‘ fu S Buaft eA[tmfb S Bb}
Moreover, by we have W) ¢ By.

(4.6) The space of polynomials 3. Next, we construct a space By of polynomials from RNV * (F+C)\
£ to RVXLr | and show that Q) € Bp. A general function from the space By is defined
constructively as follows. Given an input X € RV*(F+C)\ £ we first compute its row-wise sum
SV . X, and append it to a new dimension of X, creating a tensor V' € RV*(F+0)x2 yjg

N
Vn € [N] . Vn,:,: = [Xn,:ain,:]-
=1

Note that this step is a TSNetg,. Next, for some ¥ € N (which can be any value from N), we define
for each multi-index 3 with ||3||; <Y, a polynomial Rg € B,, (Rg can be any function from B,,).

and multiply it by VP . to create the following array in

n,3,:0

B
> Vn,l,zRg(Vn,:,;)}nem.

181, <Y
Consequently, by Equations and and@l, QW) € Br.
The space of MLPs \/-. We now define a corresponding space of MLPs from RY*(F+C)\ £ to

RN*LF that we denote by N, as follows. Given an input X € RN*(F+C)_first compute its row-

wise sum Zf\il X, . and append it to a new dimension of X, creating the tensor V' € RN *(F+¢)x2
defined by

We then apply Rg row-wise on each V,
RN X LF

syt

Vne N Vi =[Xn Y Xl

44



This step is a TSNetg,. Next, we apply on V;, ; ., for each n € [N] and j € [F + C], any sequence
of general MLPs 6, : R? — R, [ € [L] for some L € N. Again, this computation is still a TSNetg,,.
Then, apply the same general MLP ¢ € N,, on V,, . . for all n € [N]. Lastly, we apply any general
MLP « : R? — R on each (6,(V;,.1..),((V,....)) and sum over [ to obtain

{ XL: K(01 (Vi) C(Vnm:))}

=1 ne[N]
Since we can approximate the function that takes the product of two input numbers (for us Vﬁ 1. and

Rg(V,,..)) by an MLP s : R? — R, since we can approximate monomials V[3 by MLPs R2 — R,
and since we can approximate polynomials from B,, by MLPs from N, the above space N is a
universal approximator of B. Moreover, by construction, the space N consists only of TSNets(?) .

(5) Approximating Q(VF) using TSNet*. Next, we show how to approximate QNF) by a
TSNetNF) via a composition of approximations of the components of Q(VF) .

(5.1) The space of polynomials B.". Note that c(¥~3) : R3 — RT of Deﬁnitionbelongs
to the space B (N) of all polynomials from R? to R7~. By the Universal Approximation Theorem
(Theorem D , the space V, 1(N) of multilayer perceptrons (MLPs) from R? to R”¥ is a universal
approximator of BEN)

(5.2) The space of polynomials BZEN). The polynomial b(V-*~-3) applies ¢(M~:3) row-wise (see
Definition i and belongs to the space BIEN) of all polynomials z : RV*3 — RVNXTN of the form

2(V) = (y(Vi..),...,y(Vn.))" for an arbitrary polynomial y € B§N).

The space of MLPs ./\/'b(N). We define a corresponding space N, b(N) of MLPs from R >3 to
RV*T~_ in which each function 2 € A" is of the form (V) := (§(Vi..),...,8(Viv.))T where
Yy € Nl(N) as defined in (5.1). It is easy to see that /\/'b(N) is a universal approximator of BZEN).
Indeed, let (V') = (y(Vi..),...,4y(V,...)) T be a polynomial in BZEN) restricted to a compact domain
C C RV>3 and let € > 0. The domain C is contained in a larger compact domain of the form

C=0C"x...xC,

T/
where C’ C R? is compact. Now, note that y is extended uniquely to a polynomial 3y : ¢’ — R”.
Hence, since N} (M) is a universal approximator of B (N), y can be uniformly approximated by some
7€ N; (™) over the compact domain C’, up to error e. As a result, z is unlformly approximated

by (V) = (5(Vi.),-..,9(Vn.))T up to error € over C. Lastly, since C C C, z is uniformly
approximated by Z up to € also in C.

(5.3) The space of linear mappings N"). The transformation ¢y M~?) : RNXTy _, RTN of

Definition belongs to the space ./\ft( ) of linear mappings spanned by the linear mapping
[Noum] : RN 5 RV [Ny ] (X)) = X 1. (57)
Trivially, j\ft(N) is a universal approximator of itself.

(5.4) The space of polynomials B&N) and MLPs N&N). Consider the polynomial U(™) : RT~ —
RTN XL~ defined by

UM = {(USY : RTY = REY Y51 < (58)

The mapping U™Y) belongs to the space BN of all polynomials from RT~ to RT¥*L~ By the
Universal Approximation Theorem (Theorem|D.12) the space N, qﬁN) of multilayer perceptrons (MLPs)
from R~ to RT~ XL~ jg a universal approximator of BN,

(5.5) The space of polynomials 3"’ and MLPs \V.""). Define the polynomial W) : RNV*3 _,
RTN X LN by

N
W = (WS a1, <
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and note that by (52) we have
W) = g o g GV o p(NMw 3) (59)
Define the space of MLPs RV *3 — RT~xLn
NN = 10,060,000, € NN .0, € N 6, € NV

By Theorem and the above derivation, the space of MLPs NSV is a universal approximator for
the space of polynomial RYV*3 — RT~*Ln

BN = {fuofiofy| fuc BN, fre BN, f,e BV}
Moreover, by we have W) ¢ BV,

(5.6) The space of polynomials 5yr. Next, we construct a space B of polynomials from
RN *(F+C) \ € to RENXLF and show that QWF) € Byp. A general function from the space By g
is defined constructively as follows. Given an input X € RV*(F+C) \ &, we first apply a polynomial
E € Br on X and compute the sums Z?zl X. s and ZCCZI X. ryc. The sums Z}Zl X. ;and

Zle X. p4. are then appended to a new dimension of F(X), creating a tensor Z € RV XLr >3 yia

F C
Vi € [LF] : Z:,l,: - [E(X):.,bZX:,f,ZX:,F-‘rC]-
= =1

Note that this step is a TSNetgq,i. Next, for some Y € N (which can be any value from N), we
define for each multi-index 8 with ||3||; < Y, a polynomial Gg € BV (G can be any function

from B,(UN)). We then apply Gg column-wise on each Z. ; ., and multiply it by ZP, | to create the

n,l,:?
following array in RLv*Er

Xz,
I8ll, <Y "
Consequently, by Equations (42) and (@3) and[51} QVF) € By .

The space of MLPs Ny . We now define a corresponding space of MLPs from RV *(F+C)\ £
to RENXLF that we denote by Ny, as follows. Given an input X € RV*(F+C)\ £ we first
apply a polynomials £/ € B on X and compute the sums Z?Zl X rand chzl X. Ftc. The sums
Z?:l X. rand ch:l X. ric are then appended to a new dimension of E(X), creating a tensor
Z € RNXLrx3 yig

F c
Vie[Lpl: Zyu.=[EX).,Y X5 X
f=1 =1

This step is a TSNetgqui. Next, we apply on Z,, ; ., for each n € [N] and | € [Lp], any sequence of
general MLPs 0, R3S R,ic [I] for some I € N. Again, this computation is still a TSNetgqy;.
Then, apply the same general MLP f € ./V;S,N) on Z. ;. foralll € [Lp]. Lastly, we apply any general
MLP % : R?2 — R on each (éi(Zn,l’:), (A(Z:J,;)) and sum over ¢ to obtain

I

2(0,(Vi ), E(Z.. } .
{ DBLULERRC AR
Since we can approximate the function that takes the product of two input numbers (for us Zﬁ ., and
Eg(Z.,.)) by an MLP £ : R? — R, since we can approximate monomials Vlﬁl by MLPs R? — R,

and since we can approximate polynomials from Bq(DN ) by MLPs from NéfV), the above space Ny
is a universal approximator of By r. Moreover, by construction, the space Ny consists only of
TSNets(VF),

O
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D.11 Topological Spaces

In mathematics, one often formulates the most general setting under which a certain property can
be analyzed. The most general setting for defining and analyzing continuous functions is (point-set)
topology. In topology, all notions related to continuity are defined by axiomatically formulating the
notion of open sets. This generalizes the concept of continuity as defined for functions between
metric spaces. A topological space is a set B with a set of subsets B C 25 called the open sets, or the
topology, which satisfy some list of axioms: the empty set is open () € B), any finite or infinite union
of open sets in open, and the intersection of any finite number of open sets in open. The complement
of an open set is called closed.

A mapping f : B — R between two topological spaces 3 and R is called continuous if the preimage
f7YR) := {b € B| f(b) € R} C B of every open set R C R is open. Equivalently, f is
continuous if and only if f~1(R) is closed whenever R C R is closed. The mapping f is called
open if f(B) C R is open whenever B C B is open. A continuous open bijection is called a
homeomorphism. Two topological spaces are called homeomorphic if there is a homeomorphism
between them. Two homeomorphic spaces are interpreted as “essentially the same” in the context of
topology, as they share all topological properties, like continuity of functions and compactness.

In the standard topology of RP, the open sets are exactly those sets B C R” such that for every
x € B there is an open ball C' C RP (with respect to the standard Euclidean metric) such that
x € C C B. Under this topology, the classical notion of continuity from calculus is equivalent to
the topological notion of continuity. More generally, every metric space has a canonical topology
associated with it, defined as above, with the open balls defined with respect to the metric.

A subset C C B of a topological space B is called compact if every open covering of C has a finite
sub-covering. The topological space B is called compact if it is compact as a subset B C 5. One
can show that every closed set in a compact space is compact. In general, a compact set need not be
closed. However, one can show that when the space B is a metric space, then every compact subset is
closed. One can also show that continuous functions map compact sets to compact sets.

D.12 Quotient Spaces

In the proof of Theoremwe consider the quotient space of RN *(F+C) \ £ with respect to orbits of
the triple-symmetric group. Roughly speaking, a quotient space of a topological space R is another
topological space R/ ~ obtained from R by declaring that certain sets of points R C R should be
treated as points and not sets. We will develop quotient spaces only in our setting of interest, by
declaring that orbits in R (for us D = N(F + C)) under the action of a subgroup of the symmetric
group Sp (for us a triple-symmetric group) should be treated as points (see Definition for the
notion of orbit).

Let D € N. Consider a subgroup G of the symmetric group Sp, acting on R” in the standard way.
Let R C RP be an invariant set, i.e., g - R = R for every g € G. Consider the subspace topology on
R, namely, a set is open in R if and only if it is of the form R N B where B is open in R”. Consider
the equivalence relation RP 5 x ~ y € RP if and only if there exists g € G such thatx = ¢ - y.
The equivalence class of y € R is defined to be

[yl :={9-ylgecG}

Note that [y] is nothing else but the orbit of y under G. For a set S C R, we denote [S] := {[y] | y €
S}. We defined the quotient space R/ ~ as follows. As a set, R/ ~ is the set of equivalence classes,
ie.

R/ ~={lylly e R}
Define the canonical projection m: R — (R/ ~) to be m(y) = [y] for y € R. The quotient space
is equipped with the finest topology that makes the canonical projection continuous. This topology
is called the quotient topology. More explicitly, the open sets in R/ ~ are all sets B C R/ ~

such that 7=1(B) := {y € R” | n(y) € B} is open in RP. We can also derive a more explicit
characterization of the open sets of R/ ~.

Lemma D.25. Consider the above setting. A set Bis open in R/ ~ if and only if there exists an
open set B in R such that B = g - B for every g € G and B = [B].
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Proof. For the first direction, let B be open in R/ ~. Note that 7~ (B) = [B] for

B:= J vl

[yleB

Moreover, since 7 is continuous and B is open in R / ~, we must have that B is open in R. Lastly,
since B is a union of orbits, we must have B = g - B for every g € G,

For the other direction, let B C R/ ~ satisfy B = [B] where B is open in R and satisfy B = g - B
for every g € G. Note that the invariance of B to GG can be written as

B=|Jxl= |J W ={yeRlr(y) € [B]}.

z€B [ye[B]

Since B = [B], this is equivalent to B = 7~ (B). Since, by definition, the open sets in R/ ~ are
exactly those sets S C R/ ~ such that 7—*(B) are open in R, and B = 7~ *(B) is open in R, B
must be open in R/ ~. O

We next prove a simple lemma about continuous symmetry preserving functions.

Lemma D.26. Let D € N, and let G < Sp act on RP in the standard way. Let R C R be compact
and satisfy g - R = R for every g € G.

1. Let ¢ : R — RE be a continuous G-invariant function. Then, there exists a unique
continuous function G : R/ ~— RE such that ¢ = G o .

2. Let q : R — R be a continuous G-descriptor (Definition . Then, there exists a unique
continuous and open injective function G : R/ ~— R such that ¢ = G o . Namely, G is a
homeomorphism between R/ ~ and q(R).

Proof. By the definition of G-invariant function, we have ¢(x) = ¢(y) whenever x and y belong to
the same orbit. As a result, there exists a unique function ¢ : R/ ~— R such that ¢ = Go . Next, we
show that § is continuous. Let B C R be an open set. By invariance of ¢ to the action of G, ¢~ !(B)
is invariant to G, i.e., g - ¢~ *(B) = ¢~ !(B) for every g € G. Moreover, ¢~ !(B) is open in R by
continuity of q. Hence, by Lemma [¢~1(B)] is openin R/ ~. Note that [¢~1(B)] = ¢~ *(B).
This shows that G~ (B) is open whenever B is open.

When ¢ is a continuous G-descriptor, ¢ is a continuous bijection. By continuity, ¢ maps compact sets
to compact, and since it is a mapping between a compact metric space to a metric space, it maps
closed to closed sets. Indeed, every closed set in a compact space is compact, and every compact set
in a metric space is closed. Let C be closed in R/ ~. Then, by continuity of 7, 7=1(C) is closed.
Hence, ¢(7~1(C)) is closed. Now, by the fact that ¢ is constant on orbits and by the definition of
G, (7= (C)) = G(C), so § also maps closed to closed sets. Since § is invertible, § = ()"
maps closed to closed sets, which is equivalent to the pre-images of all closed sets under ¢~ being
closed. Namely, (G~)~*(C) c R” is closed whenever C' C R/ ~ is closed. This is equivalent to
continuity of ¢~', so ¢ is an open mapping, and together with injectivity and continuity of §, this
makes § : R/ ~— ¢(R) a homeomorphism. O

D.13 The Proof of Theorem 4.3

The following universal approximation theorem (Lemma [.2)) follows the same proof strategy as
Theorem 3 of [26] with added elements from [38] to correct the issue detailed in Section 2] The
lemma modifies Theorem 3 of [26] to accommodate our triple-symmetry. For a high-level overview
of the proof of Lemma[zl;Z] and its connection to [38| 26]], we refer the reader to the flow chart in
Figure 4] which outlines the main steps, the key lemmas and their dependencies.

Lemma Let K ¢ RVX(F+C) pe g compact domain such that K = Ugcsy xspxSc 9K and

KNE = 0, where & € RN*F+C) i the exclusion set corresponding to RN *(F+C) (Definition|[D.20).
Then, TSNetg,, is a universal approximator (i.e. in L) of continuous K — RY *(F+C) functions
that are (Sy x Sp x S¢)-equivariant.
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(iii,iv) Approximating p (4) Approximating Q(F) (5) Approximating Q(NF)

using TSNetg using TSNet(#) using TSNet(V F)
! = Theorem[D14] &
Lemmas[D23]and [D26]

Figure 4: Flow chart illustrating the main steps in the proof of Lemmas and which are the
key lemmas used in establishing Theorem 43| Each box represents a logical step, and arrows
indicate the lemmas, arguments, and dependencies connecting them. Blue and green boxes denote
steps that extend techniques similar to, or inspired by, [38] and [26]. The proof steps of Lemma[D.23]
and Lemma[4.2] are labeled (1-5) and (i-iv), respectively, with the final step (iii,iv) highlighted with a
thicker outline.

Proof. (i) Reduction to polynomials. Let ¢ : L — RV *(F+C) be a continuous (Sy x S x Sc)-
equivariant function, and let € > 0. By Lemma there exists an (Sy x Sp x S¢)-equivariant
polynomial p : RV*(F+C) _ RNX(F+C) of some degree M, such that

sup [[p(X) - q(X)]|, < 5. (60)
XeK

For the remainder of the proof, we show how to approximate the (Sy X Sg X S¢)-equivariant
polynomial p : RNX(F+C) 5 RN*(F+C) ysing TSNetg,,.

(i) Reduction to p; ; and p; p ;. Recall that we denote by p; ;(X) € R the (¢, j)-th entry of p(X).
Note that the polynomial p is (Sy X SF X S¢)-equivariant, meaning that

p(X):(JN70F700)71'p((UN70F>UC)’X)7 (61)

for every (on,0r,0¢c) € Sy X Sp X Sc. By choosing o as the identity e, oy = (1n) and
or = (1f) in (61)), we obtain
Py (X) =p1a((on,0F,e) - X), Vne€[N], fe[F]. (62)
Moreover, by choosing oy = (1n), oF as the identity e, and o = (1c¢), we obtain
Pnpie(X) =pra((lon,e,0c) - X), Vn € [N],cel[C]. (63)

Thus, every entry in the output of p can be recovered from p; ; or p1,p41, reducing the problem
to the approximation of p;; and p; py1. In fact, we will approximate p; ; and p; p41 by two
MLPs 0V F) € TSNet(NF) and 9(NC) € TSNet(VE) respectively, and Lemma will allow us to
reconstruct a TSNetg, from HNF) and (V) which approximates p.
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The symmetries of p; ; and p; r1. The output element in the first row and column p; ; can be
viewed as the composition of p with the projection map 7y 7 : RNX(F+C) 4 R, defined by

T (X) = X1,

which extracts the (1, 1)-st element of X € RV*(F+C) Namely, p; ; = 711 o p. The projection
map 7, is invariant to the representation of Sy_1 x Sp_1 X S¢, as such permutations leave the
(1,1)-st element unaffected. Now, since p is an (Sy x Sg X S¢)-equivariant map, it is also an
(Sn—1 X Sp—1 X S¢)-equivariant map. Thus, p; ; is a composition of an (Sy_1 X Sp_1 X S¢)-
equivariant map p and an (Sn_1 X Sp_1 X S¢)-invariant map 71 1, making p1 1 an (Sy—1 X Sp_1 X
S¢)-invariant polynomial. By the same reasoning, p; p41 is an (Sy_1 X Sp X Sc_1)-invariant
polynomial.

(iii) Approximating p; ; by a TSNet V). For Y,Z € K C RN*(F+C) define the equiv-
alence relation Y ~ Z if there exists (on—1,0p-1,0¢c) € Sny-—1 X Sp—1 X S¢ such that
Y = (on—1,0r_1,0¢) - Z. Consider the quotient space X'/ ~ and the canonical projection
m: K = (K/ ~), n(Y) = [Y] (see Subsection[D.12). Recall that £ ¢ R¥*(F+C) js compact,
invariant to Sy X Sg X Sc, and KN (RNX(FJrc) \5) = (). Consider as well the Sy_1 X Sp_1 X Sc-
polynomial descriptor Q) : I — R’ from the space of polynomials BN¥) mapping K to R,
guaranteed by Lemma Here, by the lemma, the space TSNet(N ) of MLPs from K to R is a
universal approximator of BVF) | Since Q(V) is a continuous (Sy—1 X SF_1 X S¢)-descriptor and
p1,1 : K — Ris continuous and (Sy—1 x Sp_1 X S¢)-invariant, by Lemmathere exist a home-
omorphism QNF) : (K/ ~) — QWF)(K) and a continuous function py 1 : (K/ ~) = p1.1(K)
such that _
pri=paonr and QW) =QWHonr.

Thus, we can now write py ; as
pra=B110 QNN ™) o QWV I or = (110 (QN)1) 0 Q) = o QUVF),

where r 1= p; ; 0 ((5(1\”:’))*1 : QWF)(K) — R belongs to the space B3, of all continuous mappings
from QN F)(K) to R. Since K is compact and QN ) is continuous, the set QN (K) ¢ R is
compact. By the Universal Approximation Theorem (Theorem [D.12)), the space N,. of multilayer
perceptrons (MLPs) from Q(N ) (K) to R is a universal approximator of 53,.. Define

N :={0,00x |0, € N;,05 € TSNet M)},

By Theorem[D.T4] the function space A\ is a universal approximator for the class
Bi={frofn|fr€B fneBYIY

noting that p; ; = r o QVF) € B by the above construction.
This shows that we can approximate p; ; by a TSNet(NVF) gINF)

approximate p; p41 by a TSNet(N®) g(NC) yp to error €/2.

up to error €/2. Similarly, we can

(iv) Approximating p using TSNetg,. Define an (Sy x Sp x Sc¢)-equivariant network 6 :
RNX(F+C) _y RNX(F+C) yia

On 1 (X) =0V ((on,0p,€) - X), Vne[N],fe[F], (64)
and
On ric(X) =0V ((on,e,00)- X), Vne|N],celC] (65)

Lemma and (62063)), 6 is a TSNetg, which approximates p up to error €/2 in L. This, together
with (60), finally gives

16 = dlloe < 110 =Pl + P —dlloc <€
O

Theorem 4.3, Let K ¢ RV*XFH0) pe compact domain such that K = Ugesy xSpxsc 9K and

KNE = 0, where & ¢ RN*F+0) i the exclusion set corresponding to RN *(F+C) (Definition|[D.20).
Then, TSNetsy 1 is a universal approximator of continuous K — RN*C functions that are (Sn x S¢)-
equivariant and S p-invariant.
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Proof. Let q : K — RN*Y be a continuous Sy x Sc-equivariant and Sp-invariant continuous
function and let € > 0. We define the lifted function ¢* : L — RV*(F+C) py

q*(X> — (ONXF,q(X)) c RNX(F+C),

where we pad ¢(X) with zeros in the first F' columns. It is easy to verify that ¢* is (Sg X S X Sy )-
equivariant, as the S part of the group action acts only on the zero-padded section, and thus does
not affect g(X).

By Lemmald.2} there exists a network TSNetg,, denoted by f : RNX(F+C) _ RNX(F+C) quch
that
1¢"(X) — f(X)]|w < forall X €K.

Consider the label projection map p defined by
p(X,Y)=Y, Y(X,Y)eRV*F x RNxC
Notice that ¢ := p o ¢* and that f. := p o fZ is a TSNety architecture. Thus, we get

14(Z) = fe(Z) o = lIrho (¢"(Z) = f2(Z)) lloc < l¢"(Z) = [2(Z)] o <,
for all Z € K. Hence, there exists a TSNetr that approximates ¢ on K up to error e. O

E Theorem 3 in [26]

In this section, we present the (S x H)-equivariant DSS layers and the corresponding DSSNet
architecture, along with their universality result, as introduced in [26], for an arbitrary subgroup
H C Sp. We then explain why the issue discussed in Section [4.2]invalidates the general universality
claim for arbitrary subgroups H C S and how, by drawing on techniques from [38]], the claim
can still be upheld in the special case H = Sr — a key insight that enables us to extend the revised
Theorem 3 by [26] to the triple-symmetry setting.

We begin by restating Theorem 4 from [26], which characterizes the (Sy x H)-equivariant linear
layers over R™V*¥ for any subgroup H C Sk.

Theorem E.1 (Theorem 4 in [26]). Let H C Sp. Any linear (Sy x H)-equivariant layer L :
REXNXE _ RE2XNXFE s of the form

L(X).n: = Li(X. n:) + LQ(Z X...), VYnelN]

i=1
where Ly, Ly € RE1XF s RE2XF gre linear H-equivariant functions.
Deep sets for symmetric elements networks (DSSNets). Given H C S, [26] define a DSS network
F - RIXNXF N RIXNXF as:

F:T(L)oaoT(Lfl)OO'o-uoT(l), (66)
where each T(9) ; REXNxF _y REVXNXF jg an (S x H)-equivariant linear layer as in
Equation , o is a non-linearity and K0, k(1) = 1.

The universality claim in [26] uses a different exclusion set than our Theorem @], but serves the
same purpose — to enable the composition of descriptors while preserving our triple symmetry.

Definition E.2 (The DSSNet exclusion set). The set

N N N
o) U fxewrolsx,Sx,

I=11<f1<f2<F n#l n#l

is called the DSSNet exclusion set corresponding to RV >,
Theorem E.3 (Theorem 3 in [26]). Let H C Sp. Let K C RN*F be a compact domain such that
K =Ugesyxsp9K and KNE" = 0, where &' C RNXF js the exclusion set corresponding to RV *F

(Definition . Then, DSSNet are universal approximators in Lo, of continuous IC — RN*F
functions that are (Sn x H)-equivariant.
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Discussion on universality in the general subgroup case (H C Sp). The issue identified in
Theorem. E.3| discussed earlier in Sectlon | stems from an attempt to span the space of (Sy_1 X H)-
equivariant polynomials p; : RV *F — RT j.e.

[26] expand p; (X)) using the polynomial basis {b; }/, : RF — R in X , as

L
pr(X) =) ou(Xas, ..., Xn)b(X1),
=0

where {¢;} : RWV-DXF _ R are the base coefficients and by Equation , we have

L
> b Xauy o he Xy )b(h- X1 ) (Zal Xo.0. .., :)b(XL;)>. (68)

=0

The misstep arises in their assertion that ‘If we fix X5, ..., X, then p1(X1,..., Xy) is an H-
equivariant polynomial in X", which does not hold generally as explained in Section[4.2] The goal
of this step was to express the equivariant function in terms of invariant functions to later leverage the
richer approximation theory for invariant functions.

We avoid the aforementioned pitfall for the special case H = S by exploiting the stronger symmetry
structure provided by the permutation groups rather than their subgroups. Following similar reasoning
to Lemma 1 of [38], we show in step (2) of the proof of LemmN@] that the first component
p11: RV*E — Rofthe (Sy_1 % Sr)-equivariant polynomial p; : — RFis (Sy_1xSp_1)-
invariant and fully determines the remaining components (see Equation (62)). This step corrects
the flawed transition in [26]-namely, the decomposition of an equivariant polynomial into invariant
components—allowing us to recover a corrected (though less general) version of their Theorem 3 for
H = Sp, and to extend the result to our triple-symmetry setting in Theorem[4.3]

F Time and Memory Complexity of TS-GNNs

Time complexity. Given a graph with NV nodes, F’ features, and E edges, TS-GNNs operate in three
main stages:

* Local aggregation: A non-learnable, standard aggregation over each node’s neighborhood.
This step has a time complexity of O(EF).

* Least-squares (LS) preprocessing: A one-time LS problem is solved using the aggregated
features. This step has a complexity of O(N F? + F3). Importantly, this computation is
performed once per graph and does not scale with the number of layers or training epochs.

* Message-passing (MP): During the forward pass, standard MP operations are performed
for each layer, with a time complexity of O(FEF') per layer.

For comparison, GraphAny, the only other zero-shot baseline, uses a similar preprocessing pipeline.
It performs multiple local aggregations and LS solutions over different neighborhood radii, followed
by a transformer over the resulting representations. Despite these architectural differences, its overall
computational cost remains on the order of O(F), making it comparable to TS-GNN and consistent
with the standard complexity of message-passing neural networks (MPNNSs).

Memory complexity. The intermediate node representations produced by TS-GNN have size
N x F x K, where K is the number of channels in the model. During message-passing, tensors
of size £ x F' x K must also be kept in memory. Compared to standard message-passing neural
networks, this represents a K -fold increase in memory usage.

Although the asymptotic memory complexity remains the same in O-notation with K = O(1), in
practice the additional factor K increases memory usage, which can reduce efficiency and potentially
create bottlenecks for very large graphs or high-dimensional feature spaces.
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Table 2: Zero-shot per-dataset accuracy of TS-Mean and average accuracy of GraphAny.

cora chameleon roman-empire wiki-cs average
actor 28.25 £1.28 31.62 £ 1.04 29.91 £ 0.91 26.16 £ 0.67 28.98 1+ 0.98
amazon-ratings 42.03 + 1.44 4431 £ 1.19 38.42 £ 1.26 41.99 £0.53 41.69 + 1.10
arxiv 55.78 +2.02 54.01 +5.35 48.98 £5.01 56.46 +2.38 53.81 &+ 3.69
blogcatalog 76.70 & 3.48 73.89 +3.85 67.30 &+ 11.46 73.59 +2.57 72.87 534
brazil 38.46 +5.44 39.23 +£9.96 32.31 +£6.99 29.23 +8.85 34.81 £ 7.81
citeseer 68.66 £ 0.18 68.14 £ 0.71 66.62 £ 2.07 70.84 £ 0.23 68.56 & 0.80
co-cs 90.93 £ 0.47 90.04 £ 0.67 91.12 £ 0.52 90.56 & 0.30 90.66 £ 0.49
co-physics 92.52+0.73 91.36 + 1.74 92.92 4+ 0.48 91.67 + 0.87 92.12 +0.95
computers 81.15 £ 0.97 76.76 £ 2.08 76.73 + 6.50 7842 +2.13 78.27 +2.92
cornell 70.27 £ 4.68 62.16 & 3.31 74.05 +4.10 48.65 + 10.98 63.78 +5.77
deezer 52.46 £+ 2.57 5229 £2.15 51.95 +£2.40 50.87 £ 2.18 51.89 +£2.33
europe 35.37 £6.70 39.12 & 5.41 31.25 +£4.57 30.88 £ 3.44 34.16 £ 5.03
full-DBLP 66.31 +3.43 66.55 + 1.97 67.06 & 4.38 67.09 + 5.09 66.75 +3.72
full-cora 53.35 + 1.07 5397 £ 1.21 49.05 + 4.06 57.52 4+ 0.60 5347+ 1.74
last-fm-asia 77.69 £ 0.93 78.11 +0.93 76.71 + 1.96 78.57 £ 0.93 7777 £ 1.19
minesweeper 80.71 £ 0.54 80.03 £ 0.05 81.00 £ 0.84 80.03 £ 0.05 80.44 £ 0.37
photo 90.09 £ 1.20 87.05 £ 1.61 88.51 £ 4.38 89.61 £ 1.96 88.82 £ 2.29
pubmed 75.18 +0.54 75.28 +1.13 75.48 +0.45 76.44 + 1.00 75.60 = 0.78
questions 97.02 £ 0.01 97.02 £+ 0.01 97.15 + 0.08 97.02 £ 0.00 97.05 £+ 0.03
squirrel 41.10 £ 1.44 49.38 +£2.82 40.37 £ 1.24 3543 £3.07 41.57 £2.14
texas 75.68 £ 3.31 72.97 £ 5.06 78.38 +£9.17 62.16 & 5.06 72.30 £ 5.65
tolokers 78.16 £ 0.04 78.16 £ 0.00 76.89 +2.83 78.16 £ 0.00 77.84 +0.72
usa 42.38 £1.99 39.03 + 8.37 40.32 £ 7.36 41.37 £2.11 40.78 + 4.96
wiki-attr 70.40 £ 1.63 71.23 +£2.27 70.36 + 1.69 7191 +1.21 70.97 + 1.70
wisconsin 61.63 £ 10.11  60.44 £ 11.39 62.67 &+ 9.49 62.82 1+ 9.38 61.89 + 10.09

TS-Mean average (25 graphs) 65.69 £+ 2.25 65.29 +£2.97 64.22 +3.77 63.50 £ 2.62 64.67 £ 2.90
GraphAny average (25 graphs) 64.23 £ 1.47 65.40 £ 1.63 64.60 £+ 1.69 64.30 £+ 1.64 64.63 £ 1.61

G Additional Experiments

In this section, we address the following questions introduced in Section [6}

Q3 How sensitive are TS-GNNSs to the choice of pretraining dataset in low-data regimes?

Q4 What is the impact of least-squares mixing and the bias term on TS-GNNs’ generalization
performance?

QS Is triple-symmetry necessary for graph foundation models?

Specifically, we answer Q3, Q4, and QS in Sections to [G.3] respectively. Additionally, in
Section we extend the experiments from Section to include more GNN variants and in
Section we provide the full per-dataset results for Figure 3]

G.1 Sensitivity of TS-GNNs to Pretraining Data

Setup. We answer Q3 by repeating the same experimental setup in Section [6.1]— we explore how
sensitive our method is when a single dataset is used in training. In addition to cora, we train TS-Mean
on roman-empire, chameleon, and wiki-cs. All models are evaluated zero-shot on the remaining 25
test graphs.

Results. Table2]demonstrates that both TS-Mean and GraphAny maintain strong performance across
different pretraining sources in the low-data regime, indicating that TS-GNNs are largely insensitive
to the choice of pretraining data. While all pretraining datasets lead to comparable zero-shot accuracy,
TS-Mean slightly outperforms GraphAny on average.

These observations are consistent with the results shown in Figure [3] which illustrate that across
varying training set sizes, both approaches remain competitive in the low data regime when labeled
examples are scarce. Notably, the true strength of TS-GNNs becomes apparent in the foundation
model scenario, that is, the high data regime.

G.2 The Importance of the Least-Squares Mixing and the Bias Term

Setup. To address Q4, we isolate the contributions of (a) the least-squares (LS) feature-label mixing
and (b) the inclusion of a bias term. First, we evaluate a non-parametric setup across our test set of
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Table 3: Accuracy of non-parametric least-squares variants with and without bias and mean
aggregation.

random LS LS+bias LS+bias+mean
Average 2098 58.39 +1.24 58.754+1.58 59.00 £ 2.11

Table 4: Zero-shot accuracy of TS-Mean and TS-GAT with and without the least-squares mixing and
the bias term.

plain +LS +LS+bias

TS-Mean 5543 +£1.12 63.21 £2.08 66.21 £1.93
TS-GAT  55.19£1.54 62.66 220 65.85 £ 2.38

27 datasets. We compare four configurations: LS alone, LS with a bias term, LS with a bias term
followed by a local mean aggregation step (analogous to MEAN-GNN), and a random baseline. Next,
we assess the impact of these components on TS-Mean and TS-GAT, trained on Cora and evaluated
zero-shot on the 28 datasets. We consider three configurations: plain (no LS, no bias), LS only, and
LS plus bias. This allows us to understand how each component contributes to generalization in
parametric TS-GNNs.

Results. As shown in Table 3] the plain TS-GNN variants slightly lag behind the LS baseline. This
behavior is expected, since global pooling in plain TS-GNNs creates an information bottleneck that
limits feature-label mixing. Nevertheless, even without LS or a bias term, plain TS-GNNs perform
substantially above random guessing, indicating that the model captures transferable graph structure
on its own.

Table [ highlights that including LS alone provides a notable performance boost, demonstrating
that LS and TS-GNNs capture complementary patterns. Adding a bias term further improves
generalization, with the combination of LS and bias yielding the best performance across both
TS-Mean and TS-GAT. The combination of the two yields greater generalization than either alone.

G.3 Necessity of Triple-Symmetry in GFMs

Setup. To investigate QS, we examine the importance of feature and label symmetries in graph
foundation models. We consider three architectures with varying symmetries: (i) MeanGNN, which
is node-permutation equivariant; (ii) DSS with local mean aggregation, denoted as DSS-Mean, which
is node-equivariant and feature-permutation invariant; and (iii) TS-Mean, which is fully symmetric
to node, feature, and label permutations (triple-symmetric). Following the setup in Section|[G.I] each
model is trained on a single dataset, choosing from cora, roman-empire, chameleon, or wiki-cs, and
evaluated zero-shot on the remaining 25 test graphs. To handle varying input and output dimensions
across datasets, we pad or truncate features and labels when necessary.

Results. As shown in Table[5] performance increases with the inclusion of additional symmetries.
MeanGNN achieves the lowest accuracy, DSS-Mean improves by incorporating feature symmetry,
and TS-Mean attains the highest zero-shot accuracy by aligning with all three symmetries that are
required of a GFM. This provides concrete empirical evidence that both feature and label symmetries
(the triple-symmetry criteria) is crucial for strong generalization in GFMs.

G.4 TS-GNNs variants

We extend Table[l|to include zero-shot experiments for TS-SGC, TS-GCN, and TS-GCNII, which
are TS-GNN variants employing SGC [46], GCN [20]], and GCNII [5]] as their respective aggregation
functions. Each model is trained on the cora dataset and evaluated on the remaining 28 datasets. All
reported results reflect the mean accuracy and standard deviation over five random seeds.

Results. Table[6|reveals a interesting trend: as the GNN architecture becomes more complex—from
SGC to GCN to GCNII, the zero-shot performance degrades in the low-data regime. This supports a
hypothesis that complex GNN architectures, while beneficial in fully supervised settings, may overfit
to training distributions and generalize poorly in transfer scenarios (when trained on a single graph).
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Table 5: Zero-shot accuracy of models with varying symmetries.

cora roman-empire  chameleon wiki-cs average
MeanGNN 2330 +£5.12 21.78 £6.76  23.11 £4.52 2228 £6.01 22.62 +5.60
DSS-Mean 2830 £4.97 23.69 £6.33 27.06 +3.70 2422 +4.81 2582+4.95
TS-Mean  65.69 £2.25 6529+297 64224+377 63.50£2.62 64.67+2.90

Table 6: Zero-shot accuracy of TS-SGC, TS-GCN and TS-GCNII, all trained on cora.

TS-SGC TS-GCN TS-GCNII

actor 30.24 £0.56 29.59 £1.07 2695+ 1.81

amazon-ratings 4124 +1.62 40.78 +1.71 38.10 £1.94
arxiv 5479 £1.80 53.25+£3.59 54.53 £2.13

blogcatalog 7894 +£9.06 79.15+7.04 56.52+5.20
brazil 30.00 £9.58 26.15 +£9.18 44.62 + 17.54
chameleon 48.86 £5.53 4829 +5.12 5259 £4.56
citeseer 69.74 + 0.87 69.70 = 0.69  65.90 + 0.27
co-Cs 91.75+ 041 91.65+0.45 89.30+0.54
co-physics 9276 £ 0.70  92.54 +0.72 90.98 + 1.71

computers 80.63 +1.43 80.01 £1.59 73.99 + 1.81

cornell 69.19 £4.52 67.57 £5.06 60.54 &+ 3.08

deezer 52.61 £291 5294 +2.87 5091 4+2.27

europe 3238 £5.60 31.75+7.06 35.25+9.34
full-DBLP 68.01 +£2.49 67.67+1.49 65.76 + 2.49
full-cora 53.01 £1.64 52.56 +0.86 54.52+0.75
last-fm-asia 7623 +£1.06 75.79 +£1.17 78.22 +0.76
minesweeper 80.47 £ 047 80.38 £0.26 80.00 £ 0.00
photo 90.49 £ 0.94 90.23 £0.98 84.62 = 1.35
pubmed 7732 +£0.69 77.60 £0.31 76.98 + 0.68
questions 97.08 £ 0.07 97.03 £0.03 97.04 £ 0.02
roman-empire 66.99 £ 140 66.13 +1.57 52.58+1.72
squirrel 33224+ 193 3245+1.79 34.08 +£3.27
texas 72.97 £10.64 75.68 £6.62 82.70 £+ 3.63
tolokers 7238 +£8.62 78.24 +0.15 63.37 £23.79
usa 38.81 £3.08 38.59 +4.18 31.32 +6.26
wiki-attr 74.60 £ 1.65 7485+ 1.25 69.70 + 1.62
wiki-cs 72.62 £ 0.80 68.00 £3.32 65.05 £ 10.78
wisconsin 64.40£222 6285+197 60.18+£2.59

Average (28 graphs) 64.70 £2.94 64.34 +2.57 62.01 £4.00

G.5 Per-dataset Results for TS-Mean in Figure 3]

In Section[6.2] we studied how the size of the training set affects zero-shot generalization by training
TS-Mean and GraphAny on progressively larger subsets of a held-out training pool. Table [7|reports
the per-dataset zero-shot accuracy of TS-Mean for training subset sizes of 1, 3, 5, 7, and 9. Each
larger subset includes all datasets from the smaller subsets and is sampled from a held-out pool of
9 datasets. Zero-shot evaluation is performed on the remaining 20 datasets, following the protocol
described in Section[6.2
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Table 7: Zero-shot accuracy of TS-Mean across 20 datasets when trained on 1, 3, 5, 7 and 9 held-out

graphs.

# Training Graphs 1 3 5 7 9

amazon-ratings 4216 £ 141 4193 £220 3992+130 39.79+£0.79 4220+0.72
arxiv 56.20 +£2.50 5547 +424 5728 +191 56.88+ 153 56.13+ 1.67
blogcatalog 7622 +£290 76.39+538 77.82+5.19 77.01+£2.87 77.90+ 3.80
brazil 39.23 +£5.70 3846 £8.16 36.15+£5.83 33.08+798 40.77 £ 14.80
chameleon 60.83 £553 5851 +4.03 53.86+5.60 55.88+2.82 56.97+3.68
citeseer 68.66 £0.18 67.58 £0.50 67.80+0.56 67.88+£0.70 68.14 £ 0.30
co-cs 90.89 +0.44 90.94+0.65 91.52+0.39 9145+043 91.36+0.36
co-physics 92.56 +£0.71 92.75+0.64 92.83 £0.34 92.97+0.33 92.80+0.54
cornell 68.65+242 6757+191 77.84+6.16 78.38+427 7459+491
deezer 5231 +£253 51.70+£2.99 51.47+234 52.06+222 51.88+2.85
full-DBLP 6649 £3.62 67.51+294 6694+440 68.97+2.82 66.64+3.55
full-cora 53.57+0.76  51.04 £2.15 51.45+£1.52 53.39+143 5320+ 1.70
last-fm-asia 78.01 £ 1.01 77.69+0.73 77.40+£0.85 78.72+0.87 78.07 +0.76
minesweeper 80.65 +0.38 8041 £041 80.86+0.94 80.98+0.34 80.05%+0.05
pubmed 75.06 £0.52 7544 +1.19 76.60+0.82 77.92+045 77.82+0.56
questions 97.02£0.01 97.024+0.02 9691+0.39 97.18£0.02 97.03 £0.02
squirrel 41.61 £ 1.25 40.31+224 3729+241 37.89+0.67 37.35+1.62
wiki-attr 69.84 £ 1.23 70.76 £1.58 73.03+1.63 7473 +0.65 73.71+1.61
wiki-cs 73.89 £222 73.13+4.16 73.37+140 72.82+346 7431+£0.90
wisconsin 60.78 £ 11.76 7255+ 693 76.08 £2.56 80.39+2.77 80.47 £ 6.04
Average (20 graphs)  67.23 £2.35 67.36 £2.65 67.82+£233 6842+187 6857252

H Lack of Node-regression Benchmarks

Our proposed architecture is designed to handle both node classification and regression tasks, as its
theoretical derivation imposes no assumptions on label semantics. However, our empirical evaluation
is restricted to node classification — not by design, but due to a fundamental limitation in the current
ecosystem of graph machine learning benchmarks.

In our experiments, we evaluated performance across 28 node classification datasets sourced from the
major graph learning libraries such as PyG [[10], DGL[44]], or OGB[16]. Yet, not a single node-level
regression benchmark was available. This absence is not an isolated gap but reflects a broader issue in
the field: the lack of standardized, diverse, and meaningful benchmarks. As recently emphasized by
Bechler-Speicher et al. [2], the progress of graph foundation models is increasingly bottlenecked not
by modeling capacity or computational resources, but by the lack of representative evaluation tasks.

We strongly encourage future works to develop standardized benchmarks for node-level regression.
In the absence of such benchmarks, our results in Section@on node classification serve as a strong
indicator of the method’s potential for more general node-level prediction tasks.

I Dataset Statistics

The statistics of the 29 node classification datasets used in Table[T]can be found in Table[8l The node
classification datasets used for training in Figure [3|are detailed in Table[9]

J Hyperparameters

We adopt the hyperparameters from [52]] for the experiments in Table [T]over the MeanGNN, GAT
and GraphAny architectures. The complete hyperparameter configurations, including those used for
TS-Mean and TS-GAT, is provided in Table [I0]

The same hyperparameters detailed in Table [I0]are also used for the experiment in Figure 3| when
training on a single graph. Hyperparameters used for training on more than one graph in Figure [3| are
reported in Table[TT]
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Table 8: Statistics of the 28 node node classification datasets.

Dataset #Nodes  #Edges #Feature #Classes Train/Val/Test Ratios (%)
actor 7600 30019 932 5 48.0/32.0/20.0
amazon-ratings 24492 186100 300 5 50.0/25.0/25.0
Arxiv 169343 1166243 128 40 53.7/17.6/28.7
blogcatalog 5196 343486 8189 6 2.3/48.8/48.8
brazil 131 1074 131 4 61.1/19.1/19.8
chameleon 2277 36101 2325 5 48.0/32.0/20.0
citeseer 3327 9104 3703 6 3.6/15.0/30.1
co-CS 18333 163788 6805 15 1.6/49.2/49.2
co-physics 34493 495924 8415 5 0.3/49.9/49.9
computers 13752 491722 767 10 1.5/49.3/49.3
cora 2708 10556 1433 7 5.2/18.5/36.9
cornell 183 554 1703 5 47.5/32.2/20.2
deezer 28281 185504 128 2 0.1/49.9/49.9
europe 399 5995 399 4 20.1/39.8/40.1
full-DBLP 17716 105734 1639 4 0.5/49.8/49.8
full-cora 19793 126842 8710 70 7.1/46.5/46.5
last-fm-asia 7624 55612 128 18 4.7/47.6/47.6
minesweeper 10000 78804 7 2 50.0/25.0/25.0
photo 7650 238162 745 8 2.1/49.0/49.0
pubmed 19717 88648 500 3 0.3/2.5/5.1
questions 48921 307080 301 2 50.0/25.0/25.0
roman-empire 22662 65854 300 18 50.0/25.0/25.0
squirrel 5201 217073 2089 5 48.0/32.0/20.0
texas 183 558 1703 5 47.5/31.7/20.2
tolokers 11758 1038000 10 2 50.0/25.0/25.0
usa 1190 13599 1190 4 6.7/46.6/46.6
wiki 2405 17981 4973 17 14.1/42.9/43.0
wiki-cs 11701 431206 300 10 5.0/15.1/49.9
5

wisconsin

251 900 1703 47.8/31.9/20.3

Table 9: Datasets used for training in Figure

Train-set size ~ Graphs
1 cora
3 cora, texas, tolokers
5 cora, texas, tolokers, photo, roman-empire
7 cora, texas, tolokers, photo, roman-empire, usa, actor
9 cora, texas, tolokers, photo, roman-empire, usa, actor, computers, europe
Table 10: Hyperparameters used in Table[ﬂ
MeanGNN GAT GraphAny TS-Mean TS-GAT
2.107¢ 2-107¢ 4 0.01
Ir 5.10-  5.10-4 2710 0.01 0.03
hidden dimension 64, 128 64,128 32,64, 128 16 16
# layers 2 2 2 2 2
# batch - 128 - -

.. . 0.25,0.3, 0.25,0.3,
visible train labels (%) - - 0.5 035.04 03504
# epochs 400 400 1000 2000 2000
Entropy - - 1,2 - -

# MLP layers 0 0 1,2 0 0
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Table 11: Hyperparameters used in FigureB}

GraphAny TS-Mean
4 3-1073

Ir 2-10 5.10-3
hidden dimension 32,64, 128 16
# layers 2 2
# batch 128 1
visible train labels (%) 0.5 0.6,0.7, 0.8
# epochs 500, 1000 50, 100, 300, 500
Entropy 1,2 -
# MLP layers 1,2 0
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