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ABSTRACT

Dense Associative Memories (DenseAMs) are modern generalizations of Hop-
field networks with high-capacity, energy-based retrieval dynamics, but it remains
unclear what the most elegant training principle should be for these models.
Contrastive divergence (CD) is theoretically well motivated but requires expen-
sive iterative negative sampling, and backpropagating reconstruction loss through
long inference trajectories is also costly while not directly leveraging the explicit
energy objective. Inspired by the Hebbian learning rule in classical Hopfield
networks, we propose to train DenseAMs by direct energy minimization. For
DenseAMs with translation-invariant kernel energies, we show that the partition
function is independent of memory parameters, so maximum likelihood estima-
tion (MLE) reduces exactly to minimizing data energy. This yields a sampling-
free training rule that preserves an explicit energy formulation. We demonstrate
the method in both ambient space and latent space, where a stop-gradient coupling
with an autoencoder enables stable joint training and memory synthesis from la-
tent noise.

1 INTRODUCTION

Hopfield networks (Amari, 1972; Hopfield, 1982) are among the earliest Associative Memory (AM)
systems and energy-based models (EBMs). Specifically, these systems define an explicit energy
landscape where stored patterns are attractors, i.e., low-energy minima. The inference process
(memory retrieval) of these systems starts from a noisy or partial query, and iteratively follows
energy-decreasing dynamics toward a nearby stable state or memory: a local minimum of the en-
ergy. The modern revisions of these systems, Dense Associative Memories (DenseAMs) (Krotov
& Hopfield, 2016), extend this framework with higher memory capacity and sharper basins around
the memories while preserving the AM retrieval principle. From an EBM perspective, lower-energy
states have higher probability while implausible or noisy queries remain at higher energy.

This retrieval perspective naturally raises the training question for AMs: how should we shape the
energy landscape so inference reliably retrieves data-like patterns at low-energy minima? In gen-
eral, there are many ways to train EBMs, including AMs. A natural starting point is to borrow from
the general EBM literature, where the typical approach is contrastive divergence (CD) (Hinton &
Sejnowski, 1986; Ackley et al., 1985; Hinton, 2002), which approximates Maximum Likelihood
Estimation (MLE) without directly differentiating an intractable partition function. Though elegant,
CD requires iterative negative sampling from an evolving model distribution, introducing both com-
putational overhead and approximation error while training (Du et al., 2020; Song & Kingma, 2021;
Dawid & LeCun, 2024). This inefficiency has motivated other EBM training methods (Hyvärinen,
2005; Hyvärinen, 2007; Vincent, 2011; Sohl-Dickstein et al., 2015; Song & Ermon, 2019; Grath-
wohl et al., 2020; Song et al., 2021), many of which approximate negative energy gradients (scores)
directly, which work well since the score function drives the inference dynamics, but comes at the
cost of the theoretical power of explicit energy formulations.

∗ denotes equal contribution.
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Figure 1: Learning DenseAM memories by direct energy minimization. We evaluate the Gaussian-kernel
DenseAM energy function (4) at each data point and minimize it with respect to memory weights, using a form
of annealed Langevin dynamics to keep memories active during training (see Sec. (A.1) for full training details).
Red dots are dino data points (Matejka & Fitzmaurice, 2017), and yellow stars are the learned memories. The
final memories form isotropic Gaussian basins of attraction that line the data manifold. Training this kind of
DenseAM in this manner is strictly equivalent to Maximum Likelihood Estimation (see Sec. (3)).

In this work, we exploit a structural property of specific DenseAMs to obtain a sampling-free train-
ing alternative to CD while keeping an explicit energy formulation. Specifically, the partition func-
tion of DenseAMs with translation-invariant kernel energies is independent of the memory parame-
ters, allowing MLE to reduce exactly to direct energy minimization on observed data. Training then
becomes conceptually aligned with retrieval: both processes minimize the same energy, but with
respect to different variables. This rule then exhibits the same elegance of the classical Hopfield
Hebbian rule (Hopfield, 1982). See Fig. (1) for an illustration of this training process.

Furthermore, we extend this framework from the ambient space to the latent space by coupling a
DenseAM with an autoencoder. A stop-gradient path through the latent code stabilizes the joint
optimization of these two systems, allowing the learning of memories through energy minimization
while the autoencoder learns meaningful latent representations of the data. In this setup, we also
obtain a competitive score on generations of images on the CIFAR-10 dataset (Krizhevsky, 2009),
showcasing the viability of this method for training certain types of DenseAMs.

2 BACKGROUND

In EBMs, the energy and probability of a state x ∈ RN are linked through the Boltzmann distribution
with the inverse temperature β > 0:

pθ(x) =
e−βEθ(x)

Zθ
, (1)

where Eθ(x) : RN → R, θ denotes model parameters, and Zθ =
∫
exp(−βEθ(y)) dy is the

partition function. The most natural learning objective is maximum likelihood estimation (MLE),
i.e., minimizing negative log-likelihood on observed data x ∼ pdata:

θ⋆
MLE = argmin

θ
E

x∼pdata
[− log pθ(x)] = argmin

θ
E

x∼pdata
[Eθ(x) + logZθ] . (2)

Finding θ⋆
MLE in Eq. (2) requires gradients through the partition term, i.e., ∇θ logZθ. For general

energies, Zθ is intractable, so directly optimizing Eq. (2) with that term is typically infeasible. Con-
trastive divergence (CD) (Hinton & Sejnowski, 1986; Ackley et al., 1985; Hinton, 2002) addresses
this by replacing the partition-term gradient with sampled “negative” states:

θ⋆
CD = argmin

θ
E

x∼pdata

[
Eθ(x)

]
− E

x−∼pθ

[
Eθ(x

−)
]
, (3)

which we can view as lowering the energy of data points while raising the energy of model-generated
samples. CD is effective, but it is costly since it requires drawing x− ∼ pθ from an evolving model
at each update step. In practice, gradient-based samplers (like Langevin dynamics (Welling & Teh,
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Figure 2: Generation examples (a) of our trained model on CIFAR-10 (Krizhevsky, 2009), with K = 4096
latent memories, generated from latent noise vectors (b) sampled from a Gaussian distribution. The generations
are computed by performing Eq. (8) with Langevin noise at each energy descent step for diversity. In these
illustrations, generated examples and noise vectors are mapped back to image space via the decoder gϕ.

2011)) are helpful, but they also introduce approximation error (Du et al., 2020; Song & Kingma,
2021). Another common route is to directly differentiate through unrolling the inference (typically
done in training AM) or sampling dynamics. However, this approach can be very memory-intensive
and possibly unstable (due to vanishing or exploding gradients) for long unrolls (Metz et al., 2016;
Savinov et al., 2021; Saha et al., 2023; Hoover et al., 2023; Dehmamy et al., 2025).

3 ENERGY MINIMIZATION

The bottleneck in the previous section was the partition function. For a broad class of DenseAM
energies, that term becomes parameter-independent, and training reduces exactly to direct energy
minimization. Intuitively, lowering energy at observed data points should move memories toward
the data manifold, as seen in Fig. (1). Below, following the convention of AM literature, we describe
energy parameters as memory weights Ξ rather than θ.

In DenseAMs, a common general form of the energy is EΞ(x) = −Q
[∑K

µ=1 F
(
βS(x, ξµ)

)]
,

where Q[·] is monotonic, S : RN ×RN → R is a similarity function, and F : R → R controls basin
sharpness around each memory ξµ in the bank Ξ ∈ RK×N (Hoover et al., 2025). In this work, we
focus on the Gaussian-kernel DenseAM (Millidge et al., 2022; Saha et al., 2023; Ambrogioni, 2023;
Pham et al., 2025):

EΞ(x) = − 1

β
log

K∑
µ=1

exp
(
−β∥x− ξµ∥2

)
. (4)

With fixed β, this yields our proposed energy minimization objective and update rule for memory
Ξ = {ξµ}Kµ=1 as

Ξ⋆
EM = argmin

Ξ
Ex∼pdata [EΞ(x)] , and

dξµ
ds

= −∇ξµ Ex∼pdata [EΞ(x)] , (5)

where s denotes training time (we reserve t for inference-time denoising dynamics). In discrete
time, this is standard gradient descent with step size η. Since β > 0 and constant, minimizing EΞ

is equivalent to minimizing βEΞ. When specialized to the classical Hopfield energy, this gradient-
based memory update recovers the standard Hebbian outer-product learning rule (up to scaling)
(Hopfield, 1982). In practice, we can add langevin dynamics or use other tricks like dropout or
noisy data augmentation to keep memories active during training (e.g., see Sec. (A.1)).

For the Gaussian kernel in Eq. (4), the partition function is independent of the parameters Ξ:

ZΞ =

∫
exp(−βEΞ(y)) dy =

∫ K∑
µ=1

exp
(
−β∥y − ξµ∥2

)
dy =

K∑
µ=1

(π/β)N/2 = Cβ . (6)

Therefore, logZΞ is constant in Ξ, and MLE via Eq. (2) reduces exactly to Eq. (5) because the term
∇Ξ logZΞ vanishes. This same argument holds for translation-invariant kernels more generally,
including compactly-supported choices such as the Epanechnikov form of DenseAM in Hoover
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Figure 3: Illustrations of a subset of 64 decoded latent memories in (a) belonging to the learned memory bank
Ξ for CIFAR-10 (Krizhevsky, 2009), and a hand-selected set of interesting and novel memories with their top-3
nearest neighbors from the training set in (b). The memories in (b) are not entirely duplicates of the training
points, where some of them can be superpositions of some training points in the latent space.

et al. (2025). See Fig. (1) for an illustration of energy minimization training in the ambient-space,
where direct minimization of Eq. (5) yields memories that line the data manifold with isotropic
Gaussian basins of attraction. This idea also generalizes to larger data like MNIST (Sec. (A.2)). In
the next section, we extend this same training principle to the latent space by jointly training with
an autoencoder.

4 LATENT ENERGY MINIMIZATION

So far, we have discussed aspects of CD and energy minimization in the input space RN instead of
a latent space Rd where d < N . Hence, is it possible to train a DenseAM operating in the latent
space alongside an autoencoder?

In the input space, Eq. (4) can easily be optimized via Eq. (5). However, if one were to jointly train a
DenseAM, an encoder fθ : RN → Rd, and a decoder gϕ : Rd → RN , this cannot easily be done. If
the gradients flow through these sets of parameters (θ, ϕ, and Ξ), it is unlikely that this system will
converge, as there exists a tug-of-war between them, hindering the latent embeddings from learning
properly and causing the energy function to collapse (Dawid & LeCun, 2024).

To make this setup trainable, we borrow a trick from VQ-VAE (Van Den Oord et al., 2017), involv-
ing the stop-gradient operator Ω(·). Specifically, we have the following objective:

L
(
θ,ϕ,Ξ

)
= EΞ

(
Ω(z)

)
+ Lrecon

(
gϕ(z),x

)
, z ∼ fθ(x), (7)

where z ∈ Rd is a latent variable and Ω(z) stops the gradient flows through z back to the encoder
fθ(x) from EΞ(·). The reconstruction loss Lrecon ensures the consistency between the decoded latent
embeddings and the data points. Nonetheless, since the operator Ω(·) decouples the gradient flow
between the two objectives in Eq. (7), one could train the autoencoder and DenseAM separately.

Once trained, the DenseAM can act as a generative prior: one can synthesize new data by initializing
a noise vector in the latent space Rd, minimizing the energy via gradient descent to find a memory1,

z∗ = argmin
z

EΞ(z) (8)

and decoding the result z∗ via the decoder gϕ, see Fig. (2) for examples. For better diversity, we
rely on Langevin dynamics (Welling & Teh, 2011), to add a small amount of noise at each gradient
descent step in Eq. (8).

4.1 EXPERIMENT

We quantitatively compare our model, trained using Eq. (7), against established baselines using
the Fréchet Inception Distance (FID) (Heusel et al., 2017) on CIFAR-10 (Krizhevsky, 2009). The

1The operator Ω(·) is not applied for this process as we want z to be differentiable during inference.
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Figure 4: (Top) Density histogram of energy values
computed on the embeddings of training data samples.
(Bottom) Randomly selected low energy samples and
high energy samples alongside their respective top-2
nearest memories identified via ℓ2-distance in the em-
bedding space. Samples with a low energy value are
stored as memories, while those with a high energy
value are associated with a novel memory.

Model FID

Deep-GAN (Radford et al., 2015) 38.2
WGAN-GP (Gulrajani et al., 2017) 36.4
SN-GAN (Miyato et al., 2018) 21.7

IGEBM (Du & Mordatch, 2019) 38.2
f -EBM (Yu et al., 2020) 30.86
I-IGEBM (Du et al., 2020) 25.1
NCSN (Song & Ermon, 2019) 25.32
G-EBM (Arbel et al., 2020) 19.31
D-EBM (Gao et al., 2020) 9.58

Ours 12.25

Table 1: FID scores on CIFAR-10 (Krizhevsky,
2009). Lower is better. The best baseline is
highlighted in gray. Here, our model beats vari-
ous complicated EBMs, including the one trained
with score-matching (Song & Ermon, 2019), but it
does not beat the EBM trained with the diffusion-
based CD (Gao et al., 2020).

autoencoder architecture is based on the ResNet used in Ho et al. (2020) without time-conditioning.
As described above, to generate our samples for the evaluation of FID, we initialized the latent noise
vectors from a Gaussian distribution and performed Eq. (8) with Langevin dynamics. For more
details, please refer to Appx. (A).

While FID is the standard metric for assessing generalization, it should be noted that it is convention-
ally evaluated by comparing the distribution of generated samples directly against the entire training
set for certain small datasets, like CIFAR-10. Since our model tries to compress the entire dataset
into a small set of K = 4096 latent memories, we can observe a distinction in energy values within
the training samples shown in Fig. (4). The density histogram in Fig. (4) reveals that only a small
fraction of the training data resides in the extremely low-energy state corresponding directly to the
learned memories. The majority of the training data points yield higher energy values, indicating
that they are not local minima. Specifically, from Fig. (3), we can observe novel memories that do
not correspond to training samples, implying that our model does not trivially memorize.

Nonetheless, our model achieves a highly competitive FID, as shown in Tab. (1). Specifically, it out-
performs several sophisticated EBMs, including the score-matching model (Song & Ermon, 2019),
and other types of generative models. While our model does not surpass the method from Gao et al.
(2020), it is crucial to note that their approach relies on a more sophisticated version of CD based on
diffusion. However, from our ablation study in Tab. (4) of Appx. (B), increasing the number of mem-
ories K does yield better FID scores. Overall, our result demonstrates that the energy-minimization
setup yields promising results.

5 CONCLUSION

In this work, we introduced a sampling-free approach to training DenseAMs by exploiting the ana-
lytic tractability of their partition function. By equipping the DenseAM with a translation-invariant
similarity metric, we demonstrated that direct energy minimization circumvents the need to sample
negative examples from the model (which is inherent to the CD method). Furthermore, we extended
this framework to the latent space by jointly training the DenseAM with an autoencoder. Our em-
pirical results on CIFAR-10 confirm that this approach allows our DenseAM to learn memories in
a compressed latent space, synthesize from noise vectors in latent space, and deliver promising FID
results. Overall, energy minimization is a viable training method for certain types of DenseAMs.
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A ADDITIONAL DETAILS

A.1 TRAINING SETUP FOR FIGURE 1

Figure 5: Training loss for the DenseAM run used in Fig. (1). Noisy loss minimization comes from the noise
added to the minibatches.

We trained a Gaussian-kernel DenseAM with the energy function (4) on the 2D dinosaur dataset
(Matejka & Fitzmaurice, 2017) in Fig. (1), using Eq. (5) as the objective. The dataset has 135
points, and we learned K = 120 memory vectors. Memory weights were initialized from a zero-
mean Gaussian with standard deviation 1.5. We used a constant inverse temperature β = 30, the
Adam (Kingma, 2014) optimizer with learning rate of 0.007, minibatch size of 64, and 6000 training
steps.

Each training step is simple: sample a minibatch of 64 data points, add Gaussian noise to every
point in that minibatch, compute the average energy of the noisy minibatch, and update the memory
weights with Adam to lower that average energy.

The standard deviation of the noise added to minibatches is linearly decayed over training, from 1.0
at the start to 0.1 at the end of the 6000-th step. Strong perturbations at early steps help activate and
train the weights to reduce the number of “dead” weights.

Figure 6: MNIST training snapshots across optimization. (top) Visualizing the effect of training and aug-
mentation on learned weights. Columns show checkpoints at steps 0, 2000, 4000, 6000, and 8000 while the
data-noise standard deviation is annealed from 1.0 to 0.0. At each checkpoint, we visualize learned memory
weights (top row), augmented noisy training samples from the current batch (middle row), and the retrieved
memories after energy-descent dynamics (bottom row). Early memories are diffuse and retrieval is poor; later
memories sharpen into class prototypes and retrievals align with denoised digits. The lower panel shows the
energy over each minibatch while training, with dashed vertical lines marking the displayed checkpoints.

A.2 TRAINING SETUP FOR MNIST

We repeat the experiment of Sec. (A.1) on MNIST, training Gaussian-kernel DenseAM on the same
energy-minimization objective (5). Input images were normalized to [0, 1], flattened to N = 784,
and taken from the first 50,000 training images (with 10,000 test images used only for evaluation).
We learned K = 1000 memory vectors.
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Figure 7: Energy minimization learns diverse and high quality prototype patterns on MNIST. Visualized
are all 1000 learned memory patterns trained on MNIST, sorted by their skew and KNN-nearest class label.
Each stored pattern serves as an attractor to denoising dynamics.

Memory weights were initialized from a Gaussian with data-dependent parameters:

µ0 = clip(mean(Xtrain), 0, 1), σ0 = clip(0.2 · std(Xtrain), 0.02, 0.08).

We used fixed inverse temperature β = 0.6, Adam with learning rate 2× 10−3, minibatch size 256,
and 8000 training steps.

At each step, we sampled a minibatch uniformly (with replacement), added i.i.d. Gaussian noise to
each sample, clipped back to [0, 1], computed mean minibatch energy, and updated memory weights
with Adam. Like before, we augment each image by adding Gaussian noise, allowing standard
deviation to linearly anneal from 1.0 to 0.01 over training. No Langevin noise was added to the
memory update rule. The learned memories are shown in Fig. (7), and the training loss curve is
shown in Fig. (6).

A.3 TRAINING SETUP FOR CIFAR-10

Using Eq. (7), we trained an autoencoder alongside our DenseAM equipped with the energy function
(4) on CIFAR-10 (Krizhevsky, 2009), which has 50,000 training images at 32x32 resolution. The
reconstruction loss Lrecon in Eq. (7) is simply 1

N ∥gϕ(z)−x∥22, or the mean squared error. Meanwhile,
the entire autoencoder is based on the ResNet used in Ho et al. (2020), but without time conditioning.

10
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Residual Block
GroupNorm32()

Swish()
Conv3x3()

GroupNorm32()
Swish()

Conv3x3()

DownConv3x3() [Optional]

Table 2: Residual block architecture. Each 3x3
convolutional layer (no bias) uses padding and
stride with a value of 1. There is an optional
Conv3x3 layer with a stride of 2 which down-
sample the image by half of its resolution.

Hyperparameter Value(s)

Initial Latent Dimension 128
Num. of Residual Blocks 4

Channel Multipliers [1, 2, 2, 4]
Attention Resolutions [16, 8]

Attention Heads 4
Memory Dimension 512

Table 3: Hyperparameters for the ResNet used on
CIFAR-10 (Krizhevsky, 2009).

Architecture. The encoder consists of four channel-multiplier blocks, where each block upscales
the initial embedding dimension by a certain scale and consists of a certain number of residual
blocks. Moreover, for each multiplier block, the image resolution is halved, with the exception of
the last block. Meanwhile, at certain down-scaled resolutions of the image, a typical attention block
(Vaswani et al., 2017) is utilized. At the end of the encoder, the image is flattened and projected to
the memory-vector dimension, and RMSNorm (Zhang & Sennrich, 2019) is applied to ensure that
the latent embeddings are within a certain scale. Meanwhile, for the decoder, it is the reverse of the
encoder, where its first operations undo the flattening, and then subsequent upscale blocks increase
the image resolution back to the original by doubling each time. For more details, refer to Tabs. (2)
and (3) for the hyperparameters of the ResNet.

Training. For training, we used AdamW (Loshchilov & Hutter, 2017) with the momentum variables
β̄1 = 0.9 and β̄2 = 0.95, where the learning rate was set as 2× 10−4. The weight decay value was
set as 5 × 10−2. Additionally, we used linear warmup of the learning rate from 0 to 2 × 10−4 for
the beginning 20,000 training steps. Afterwards, we used cosine scheduler to decay the learning rate
from the same learning rate back to 0 (Loshchilov & Hutter, 2016). Our minibatch size was set as
64 2.

Meanwhile, similarly to Ho et al. (2020), we kept track of the exponential-moving-average (EMA)
of our trained model and used it during inference. The total number of training steps for the model
was 800,000. However, we only utilized the best trained model according to our FID validation. See
Fig. (8) for the energy and reconstruction-loss curves.

Our inverse temperature β of the DenseAM was also linearly scheduled from a small value of 1.25×
10−4 to β = 30 for the first 50,000 training steps. Moreover, to ensure that our memory bank Ξ
converges decently, we randomly replace 10% of our memory vectors every 5,000 steps during those
first 50,000 training steps, i.e., we replace memory vectors a total of 10 times. The motivation behind
this approach is that our autoencoder learns much faster than our DenseAM, while our memory bank
Ξ is still largely stuck in its initial (noisy) initialization. Thus, based on Eq. (4), our latent memories
cannot find their nearest data points to learn properly. We also based this motivation on observing
the ℓ2-norms of the gradients of different parameter sets in Fig. (9) from very small training runs of
our models.

Sampling. Using our EMA model, we generated samples from latent noise vectors drawn from
N (0, σ2 Id) where σ = 10. Meanwhile, for Eq. (8), we used a total of 100 steps of energy gradient
descent with Langevin noise (Welling & Teh, 2011) added at each step with σlangevin = 0.005 and
a step size of 0.05. For our DenseAM, we used inverse temperature β = 30, fixed throughout the
descent. At the end of the descent, we used our decoder gϕ to map the latent vectors back to image
space. Lastly, for the FID computation (Heusel et al., 2017), we used the CIFAR-10 training dataset
as our reference set, as done by related works in Tab. (1).

2See https://github.com/Lemon-cmd/Energy-Minimization for the code on latent energy minimization.
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Figure 8: Training loss curve for the model trained on CIFAR-10 (Krizhevsky, 2009) with K = 4096 mem-
ories. The total loss is the combination of Eq. (4) and Lrecon, but they are separated here for illustration. The
energy increases initially due to the increasing inverse temperature β for the first 50,000 training steps.

Figure 9: Illustrations of the ℓ2-norm of the gradients of Ξ,θ and ϕ, respectively. Here, the curve of the
memory bank’s gradient demonstrates that Ξ learns slower than that of the autoencoder’s parameters.

B ADDITIONAL RESULTS

Num. of Memories FID Total Param. Count
1536 20.55 ∼ 64.6M
3072 14.00 ∼ 66.3M
4096 12.25 ∼ 67.4M

Table 4: Ablation FID results based on varying numbers of memories K for CIFAR-10.

C USAGE OF LLM DISCLAIMER

LLMs were utilized in part of the writing of the manuscript, specifically for fine-tuning sentences
and syntax correction.

12



New Frontiers in Associative Memory workshop at ICLR 2026

Figure 10: Illustration of 384 decoded latent memories from the learned memory bank Ξ on CIFAR-10. Here,
there are prototypical memories alongside training data points which have been stored inside of the model.
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Figure 11: Illustration of 384 examples generated from latent noise vectors sampled from Gaussian distribu-
tion, by using Eq. (8) alongside Langevin noise at each energy descent step.
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