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Abstract

From a machine learning perspective, the problem
of solving partial differential equations (PDEs)
can be formulated into a least square minimiza-
tion problem, where neural networks are used to
parametrized PDE solutions. Ideally a global min-
imizer of the square loss corresponds to a solution
of the PDE. In this paper we start with a special
type of nonlinear PDE arising from differential ge-
ometry, the isometric embedding equation, which
relates to many long-standing open questions in
geometry and analysis. We show that the gradient
descent method can identify a global minimizer
of the least-square loss function with two-layer
neural networks under the assumption of over-
parametrization. As a consequence, this solves
the surface embedding locally with a prescribed
Riemannian metric. We also extend the conver-
gence analysis for gradient descent to higher order
linear PDEs with over-parametrization assump-
tion.

1. Introduction

In recent years deep learning has revolutionized many fields
of science and engineering, including a variety of applica-
tions of deep learning in applied mathematics. There have
been many breakthroughs in solving partial differential equa-
tions (PDEs) (M.W.M.G.Dissanayake & Phan-Thien, 1994;
LE.Lagaris et al., 1998; Rudd & Ferrari, 2015; G.Carleo &
M.Troyer, 2017; J.Han et al., 2018; E et al., 2017; Raissi
et al., 2019; Huang et al., 2020; Luo & Yang, 2020). The
main idea of these approaches is to reformulate the PDE
solution into a global minimizer of an expectation mini-
mization problem, where deep neural networks (DNN5s) are
applied for discretization and the stochastic gradient descent
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(SGD) is adopted to solve the minimization problem. As a
case of recent successes, physics informed neural networks
(PINNSs) have been widely used for robust and accurate
approximate of PDEs. Deep neural networks possess the
so-called universal approximation property (A.R.Barron,
1993; G.Cybenko, 1989; Hornik et al., 1989), namely any
continuous, even measurable, function can be approximated
by DNNs, (D.Yarotsky, 2017) has provided a precise de-
scriptions of the required neural network architecture for
functions with sufficient Sobolev regularity. Based on this
result, it is natural to use deep neural networks for the space
of solutions of PDEs.

In deep learning, the fact that first order methods like gra-
dient descent can achieve zero training loss for non-convex
objective functions remained mysteries until the merging
of analysis based on over-parametrization. Two-layer fully
connected ReLLU activated neural networks were proven to
achieve zero training error with high probability (Du et al.,
2019). Their analysis relies on over-parametrization and
random initialization jointly restrict every weight vector to
be close to its initialization for all iterations, which allow
one to exploit a strong convexity-like property to prove that
gradient descent converges at a global linear to the global
optimum. Extending the analysis of function approxima-
tion with over-parametrization to linear PDEs, authors of
(Luo & Yang, 2020) provide optimization and generalization
analysis for second order linear PDEs.

Despite the remarkable empirical successes in solving PDEs
with neural networks and in theoretical analysis in opti-
mizing loss function in function approximation and solv-
ing linear PDEg, it is less understood how gradient descent
works in solving non-linear PDEs in general, even with over-
parametrization assumptions. Orthogonal to linear PDEs
(or semi-linear PDEs) which has a relatively uniform struc-
ture, non-linear PDEs diverse case by case and it is almost
impossible to formulate a simple structure. For example,
Monge-Ampere equation det(D?u) — f(x,u, Du) = 0 and
KdV equation u; + %y, — 6uu, = 0 has completely differ-
ent algebraic forms regarding them as functions of partial
derivatives. Due to the complexity introduced by the non-
linearity of all kinds of PDEs, the loss function usually
contains highly non-linear expressions of parameters and



Embedding Surfaces by Optimizing Neural Networks with Prescribed Riemannian Metric and Beyond

activation functions. This is the main challenge in analyzing
convergence property of first order methods like gradient de-
scent in optimizing the loss functions induced by non-linear
PDEs.

In order to leverage the power of over-parametrization in ob-
taining provable convergence of gradient descent in solving
linear PDEs, we step out into a classic non-linear PDEs prob-
lems arising from differential geometry, i.e., the systems of
isometric embedding of Riemannian manifolds. This type
of PDEs are of interests in community of geometry and
analysis. We start the convergence analysis for non-linear
PDEs with isometric embedding systems because they are
both mildly and sufficiently complicated in the sense that
the algebraic function on the partial derivatives are quadratic
functions (non-linear but not out of control), they are first
order PDEs (the partial derivatives of the neural networks
will not be too complicated to be handled), there is no ex-
plicit solutions in general for isometric embedding (Nash’s
embedding theorem is essentially an algorithm of approach-
ing the exact solution of these PDEs), and embedding a
Riemannian manifold into Euclidean space has important
application in manifold learning and dimensionality reduc-
tion for high dimensional data sets. Moreover, we extend
the over-parametrization based arguments of function ap-
proximation of (Du et al., 2019) to higher order PDEs which
only contain partial derivatives of the same order.

2. Preliminaries
2.1. Over-parametrized Neural Networks

A widely believed explanation on why a neural network
can fit all training labels in that the neural network is over-
parametrized. A theoretical analysis on the convergence of
gradient descent in optimizing two-layer neural networks is
given by (Du et al., 2019). Formally, we consider a neural
network of the following form.

f(W,a,x) = % Z a,0(W,X)
r=1

where x € R? is the input, w,. € R? is the weight vector of
the first layer (for convenience we assume w,. are row vec-
tors), a, € R is the output weight and o (-) is the activation
function. Especially, in the surface embedding problems
considered in this paper, x is a two-dimensional vector and
o(-) = ReLU? which is sufficient for smoothness require-
ment of the PDE of isometric embedding.

2.2. Surfaces in Low Dimensional Euclidean Spaces

In this section, we review briefly the classical theory of
differentiable surfaces. In our notation 2 C R? is an
open set in the plane and points of {2 are denoted by
x = (w1,m2) € R% A differentiable map r : Q — R3

induces a linear transform dr : R? — R3? for each x € ().
Then r is call a regular surface if dr(x) is injective for each
x € Q. The inner product on R? composed with the lin-
ear map dr(x) : R? — R? induces a quadratic differential
form on R?, which is called the first fundamental form and
is denoted by g(x), i.e., a Riemannian metric induced by
the ambient space R®. We also use I(x) or I as the first
fundamental form. Precisely, we have

I(x)(X,Y) = dr(x)X -dr(x)Y forany X,Y € R?
We usually write this, using the summation convention, as
I =dr-dr = g;;dz;dx;

where
gij = 0;r-0jr, 4,5 =1,2.

We call (g;;) the coefficients of the first fundamental forms.

3. Main Results
3.1. Gradient Descent for Surface Embedding

The local isometric embedding problem, which is mainly
considered in this paper, can be reduced to a constrained
approximation problem by implementing the embedding
map r as a function defined on 2. Suppose the surface is
the graph of certain function h : Q@ — R, and r(x1,z2) is
defined as follows.

I'($1,l'2) = (l‘l,l'g,h(l‘l,l‘g)) € Rg'

Then finding r such that g;; = d;r - 9;r is equivalent to
finding a function & such that the following system of partial
differential equations is satisfied,

1+ % Qf
8331 =dn

2
X

where g;; are prescribed differentiable functions defined on
Q.

Let o(-) be ReLU activation, and assume the neural net-
work has form f(x,t) = ﬁ S aio?(wi(t) Tx), where
w;,x € R?, and there are N sample points {x;} ;, and
we also assume ||z;||= 1 for convenience. In the following,
we will also write w;(¢) by w; when there is no confusion.
Now we have

of 2«
875,61()() = ﬁ E aiwi,lg(WiTX)H{wiTXZO}
=1
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of

8(E2 Zazwz QU(W X)H{w x>0}

The loss function is
N (’)f 2
L(w) = kz::l ((E)zl(xk))Q +1- 911(Xk)) (Loss)

Of 2 i
+ (8 (xk))" + 1 — g2a(xx) 2)
)
. . 2} 9,
In the following we will denote anl(Xk) and aTc(Xk) by

u x(t) and ug x (t) respectively, {uy , }2_, {uz 1 }2_, are
functions of ¢ because their values are depended on w(t).
We also denote y1 = g11(Xx) — 1, Y26 = goo(xx) —
1, thus {y1 %}, {y2,k }o_, are constant numbers. With
these notations, (Loss) can also be written as

N

Lw) =) (((u1,r)® = y10)® + (u2,k)® — y2,8)°) -

k=1
3)

Note that there is a zero point of L(w), uj, = /%, for
i =1,2and k = 1,2,...,N. Since the local embedding
is nothing but a graph of a function on a small neighbor-
hood, we can further assume that the values of y; ; are
non-negative, i.e.,

y = (\/yl,la VY1,25 - V/YLN > VY2,15/Y2,25 -5 \/yQ,N)T

Before stating the main result of surface embedding, we
introduce the matrix G° as follows,

Ewn(0.1) Liws; 20, wxy >0yh11 (W, Xk, x0)],

EWNN(O,I) []I{kaT >0, wx;r 20}h12(wa Xk Xb)}a
kb =
EWNN(O,I) []I{wx;r >0, wx;r 20}h21 (W7 Xk, Xb)}?

Ewn v 0,0 Liws >0, wx >0 722(W, Xk, X5)].

“4)

where from the first to last expression, the £ and b are taken
from the following set respectively,

1<k<N, 1<b<N
1<k<N, N<b<2N
N<Ek<2N, 1<b<N
N <k<2N, N<b<2N

The main result is:

Theorem 3.1. There is a neighbourhood U of y such that
if the neural network is over-parameterized with m =

(9(%) and (u},(0)) € U, then (ui(t)) will converge to'y
0

with rate O(e‘¥)where Ao > 0 is the least eigenvalue of
G defined by (14).

Similar to (Du et al., 2019), the convergence analysis relies
on the understanding of the training dynamics of the gradient
flow de(:V) —V L(w). Our notations enable us to write
the trajectories of predictions in the following way,

(u1,1(£)% = y1.1

(ul,N(t)jQ —Y1,N

(u2,1(t))* = ya,1

(usn ()2 — o

In the proof of Theorem 3.1, Proposition A.1 and its corol-
lary assert that the evolution of prediction governed by
by training dynamics has a linear structure and the co-
efficient matrix is always positive definite such that the
least eigenvalue of the coefficient matrix is uniformly lower
bounded by a positive number . Consequently, we have
that [[u(t) — y|| < e 7*|[u(0) — y||. On top of this, the
positive definite property of the coefficient matrix is derived
by a perturbation argument of the matrix G°°. The proof
details are left in Appendix.

3.2. Gradient Descent for Homogeneous Linear PDEs

We proceed considering an important type of linear PDEs,
the PDE that has partial derivatives of the same order.

Amongst this class of PDEs, Laplace (3 % = 0) and

2
Poissog (Z gTJ: = h) equations Ipight be of highest interest
in applications. To see that gradient descent can solve ho-
mogeneous linear PDEs, we compute the partial derivatives
of the neural network.

of 0 _ “ o (WgX)
9z, — oa, <\F2ako WX ) = \Fz:: 78951
B L m ) |
= T kz::laka (WEX) Wi,

and the most fundamental homogeneous linear PDE is of
the following form,

8f 8f 1 m

8—x1—|— axd Z ag <Z wks) (wWrx) = h(x).
4)

Naturally, solving the above PDE boils down to optimiza-

tion of the loss function defined by a set of sample points
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{x4,yi }_; such that h(x;) = y; for all i € [n]. We claim
that the convergence analysis of the gradient flow of the
corresponding loss function can be reduced to that we have
just obtained from last section, i.e., the convergence analysis

of RePU networks. In (5), we can let b, = ay, (Zg:1 wks)
and then the PDE (5) is of the following form:

of of . ,
. + ...+ dea T ;bka (Wrx) = h(x).
The advantage of considering the above PDE is ob-
vious. We can solve the approximation problem
ﬁ S bro'(wix) = h(x) by considering b =
(b1, ...,bm) as independent variables with respect to W,
with the convergence rate that is just obtained in last section.
Some extra effort is necessary to solve algebraic equations
b, = ap (Zle wks> to obtain the actual parameters for
a. Some cares should be taken in solving these algebraic
equations since Zle wys 18 likely to be 0. But this will not
cause the process collapse in general for two reasons. Firstly,
the set of parameters {wy, }7; such that Zle wgs = 0
for some k is of measure zero, which means the chance that
ar = bk/(z;izl wys) blows is ignorable. Secondly, even
if Zle wgs = 0 for some k, we can add a small perturba-
tion on this set of {wy,}9_, such that the sum is not zero.
Formally, the main convergence results for homogeneous
linear equation of arbitrary order can be stated below, where
we assume the coefficient of each partial derivative to be 1
without loss of generality.

Our observation for the structure of linear PDEs also holds
for higher order partial derivatives. In general, the higher
order partial derivatives of function f is written as

o f

pof=— 29
f oxt, ..., 0xp™

where o = (av, ..., iy, ), such that |a| = a1 + ... + a,, < 7.
With these notations, we are ready to state the convergence
result of gradient descent using in solving homogeneous
linear PDEs of arbitrary order. In the rest of this paper, we
focus on two-layer neural networks with rectified power unit
(RePU) activation, i.e.,

o(z)=2"if >0 and o(x) =0 if  <0.

Theorem 3.1. Let o« = (v, ..., ag) be a partition of integer
p, and o(x) be a RePU activation function of smoothness
higher than p. Then the loss function defined by following
PDE reaches 0 by running gradient descent.

> DYf =h(x).

where o runs over all partitions of |a|.

The proof is left in Appendix due to space constraint.

4. Experiments

In this section we illustrate that the gradient descent ac-
tually finds isometric embeddings of sphere and torus
in R3. The graph of hemisphere is given by function

h(z1,22) = \/1 — 22 — a3, and the graph of torus is given

by function h(x1,x9) = \/r2 — (v/z% + 23 — R)2.

—06 -04 —0.2 00 02 04 06
x

(a) Isometric embedding of sphere with ReLLU? neural net-
works.

(b) Isometric embedding of torus with ReL.U? neural net-
works.

Figure 1. Solving PDE:s of sphere and torus embedding with gradi-
ent descent.

5. Conclusion

In this paper, we investigate local isometric embedding
of surfaces into Euclidean space from the perspective of
PDE solving with neural networks. We show that over-
parametrization is a condition that guarantees convergence
result of gradient flow in solving such non-linear PDEs.
As an extension of the arguments, we generalize the over-
parametrization based analysis to higher oder linear PDEs
whose partial derivatives are of the same order.
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A. Proof of Theorem 3.1

Proposition A.1. Denote

ut) —y= ((ul,l(t))Z — Y115

then
dL(w) _ d|u(t) —yl|

dt dt
— —16(u(t) - y)
_uljl(t) -
ule(t)
Ugvl(t)
I ug, N (1) ]
“(u(t) —y)"

where G(t) € R2N*2N and

G p(t) =

Our aim is to prove when (u1,1(t), ..., u1, N (t), u2,1(%), ..., u2 v (£)) lies in some neighbourhood of y, then

_ul,l(t)

uLN(t)

2211 (vwiul,b)—rvwiuLkv
Z:il (vwiu2,b—N)va7;ul,ka

S (V1) T Vi, U k-,

S (Vwsu2p-nN) Vet g—n, when N <k <2N,N <b<2N.

’U,g’l(t)

uz N (t)]

; (u1,N(t))2 — Y1,N, (Uz,l(t))2 —Y2,1, -

_U171(t)

uLN(t)
Ug,l(t)

whenl <k <N, 1<b<N.
whenl <k < N,N <b<2N.

when N <k <2N,1<b<N.

_Ul,l(t)

ul,N(t)
Ug,1(t)

(ua, N (1) — y2,n),

(6)
uz N (1),
@)
()
uz N (1)

has a uniform positive lower bound of eigenvalues. If this is true, we will have following proposition about the convergence

rate of ||u(t) —y|:

Corollary A.2. If the matrix in (8) is always positive definite and the smallest eigenvalue of (8)has a uniform lower bound

v > 0, then we have

[u(t) - yl< e [[u(0) —yl.

Proof. This is a simple integral of (7).

The proof of Proposition A.1 is completed by combining the following calculations.

Recall the loss function is

N
Liw(®) = > (((wrk(®)? = y1.0)* + (w2, (£)* = y2)°) = [lu(t) -yl

k=1

€))

O



Embedding Surfaces by Optimizing Neural Networks with Prescribed Riemannian Metric and Beyond

Then we have

AL(W(1)) == OL(w) :
dt *;; a(ul)z  at

= 4 . ((u1,1)2 — y1,1,

d(uz)Q

J

,(ULN)Q — Y1,N, (U2,1)2 —Y2,15 - (uQ,N)2 - yQ,N) :
- 4 _
e
d
:jgN s ULN
i
d,
|0 vz,
- - _du1,1 N
uy,1(t) dt
"
u v (?) v
u i)
uz,1(t) 2.0
t du.y
i ug N (1)) |

Now we can calculate 2= for k = 1,2, ..., N straightforwardly.

dt

where

and

Using gradient descent, we have

and

OL(w)

aWi

m

dU:l,k _ T

dWi

dt’

3U17k 8u1,k

T 2
eR
ow; 1’ 8Wi,2) ’

vwiul,k - (

dWi o sz‘71 dWi72 T 2
dt = dt ' dt ) eR.
dw; _ OL(w)
dt h 8W1‘ ’

and moreover, combining above expressions that is calculated, we can furthermore conclude

B dul,l

dt

dul,N .

dt

d’u.gyl

dt

dugyN

N
=4 ([(urs)® = yrs] - urs - Vwsurs + [(uz,)® = y2.s] - uzs - Vi, ,6)
s=1

(10)

(1)

12)

(13)
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I
|
<
z
£
z
_‘
o5
&
2

I
\
B
—
—
<
=
<
=
£
iy

i=1
_Ul,l(t)
Ul,N(t)
U21 (t)
Same calculation for du2 E gives

dt

i=1
—Ulyl(t)

Ul,N(t)
u2’1(t)

d
ﬂ = (Z Vwbul 1° (lef2 k) >

m
DV urn - (Vi)

i=1

uz N (t) ]

=1

uz N (1)

,8 " vwiul,s : (Vw,',ul,k)T + [(UQ,S)Q - y2,s] cU2 s vw,;uQ,s : (vwiul,k)T )

—4- (Z VWiul,l . (vwi’U/Lk)T, ceny

") Vs (Veure)T ZVWLUQN (Vw, u1k) )

i=1 i=1

m m

vaﬂhz\r (Vwifo) Y Vo - (Ve f2r) T Y Vi v - (Vew, fo,r)

=1 =1

(u(t) —y)"

Combine above with equation 13, we finish the proof of Proposition A.1. The following notations and results will be used

for convenience in later proof. Let

(Vw, i n) T (V1N
(Vwiuz21) " (Vawatz1) "

_(le U2, N

[(Vaw,u11)" (Vwyur1) "

)T

)T (Vweuzn) "

thenG=S-ST, thus Gisa symmetric matrix.

We next establish the positiveness of matrix G*. Let

oo __
kb —

(Vw,,u1,1)"

.
((vam 1;121:))T € R2Nx2m.
Wm, s

(VWmUQ,N)T_

EWNN(O,I) []I{WX;CFZO, Wx;rzo}hu(w,xk,xb”, when 1 S k < N,l < b < N .

Ew~n(o,1) [H{wx,jzo, wbeZo}hu(W,Xk,Xb)], when1 < k< N,N <b<2N.

(14)

Ew~nN(,D) []I{ka7>0 wx] >0}h21(W Xk, Xp)], when N <k <2N,1<b< N.

EW~N(0,I) [H{WX;ZO, wx;rzo}hQQ(W,Xk,Xb)}, when N < k <2N,N <b<2N.

)
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From 8, we can already see ||u(t) — y||? will decrease with time since 8 is a symmetry matrix, thus all its eigenvalues are
non negative real numbers.

Lemma A.3. |[u(t) — y||? is a non-increasing function of time.

Proof. In7, we have
du(t) ~y|? _
dt

where M is symmetry matrix of form U(t) - U(t) T, where

—16(u(t) —y) - M(t) - (u(t) —y)"

[u1,1(t) 1
u,n(t)
U(t) = ’ -S.

®) ug,1(t)

L uz, N (1)
Thus all eigenvalues of M is non-negative, and we have
o2
dhu®) -yIP _

dt

Corollary A.4. During the training process,

w(t)| is a bounded function.

Proof. 1f ||w(t)]|| is unbounded, then u(t) will also be unbounded, that is a contradiction with the fact ||u(t) — y||* is a
bounded function from proposition A.3.

Lemma A.5. For convenience, when N < k,b < 2N, we will use b and k to represent b — N and k — N, this will not make
confuse because k,b are indexes in 1, ..., N. Then we have

L5 a?]l{wi(t)kaZO, Wi(t)xbrzo}hll(wi(t),xk,xb), whenl < k< N,1<b<N.
L5 G?H{wi(t)x,jzo, wi(t)x;ZO}h12(wi(t)7Xk7xb)? when1 <k < N,N < b < 2N.

Grp(t) = (15)
% Z:ll a?]l{wi(t)x;‘rzo, wi(t)x;ZO}h21(wi(t)7 Xk Xb), when N < k < 2N, 1 < b < N.

% S azz]I{Wi(t)x,IZO, wi(t)x;rzo}hgg(wi(t),Xk7Xb), when N < k <2N,N <b<2N.

where
hit (Wi, Xk, Xp) = (Wixgy + wi1op1)(Wixy +wi12p1) + ’wzlxk,ﬂb,m (16)
hao (Wi, Xk, Xp) = (Wix) +wiizp 1) (wiozy 1) + (Wixy 4+ wi oy 2)(wii2), )
hot (Wi, Xk, Xp) = (WiX) +wiixy1)(wioTr 1) + (Wix) 4+ wiozko)(wi12p.2), (18)
( )= ( )

T T 2
hoa (W, X, Xp WXy + Wi 2Tk 2)(WiX, + Wi 2T 2) + Wj 9Tk 1Tp,1- (19)

Remark A.6. Since during the training process, a; is always a constant, thus we will assume a; = 1 foriv =1, ...,m form
now on.

If at time 0, w; € R? is chosen from a N (0, I) distribution independently, then G(0) is an average and G is an expectation.

Our aim is to prove G is a positive definite matrix.
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H{w‘x,jzo}(w X 4 w1 Tg 1, W1TE2), whenl <k < N.
Definition A.7. ¢y (w) =
Liwxy >0y (w2 - @p1, w- X +waxko), when N <k <2N.

GP5 = (¢i(w), #;(w)), where the inner product (-, -) is with respect to the expectation to w, thus G* is a Gram matrix.

Proposition A.8. G is positive definite, and we denote the smallest eigenvalue of G by )Xo, thus Ao > 0.

Proof. Since a Gram matrix is positive definite if and only if it is constructed from a set of linear independent vectors, thus

we only need to proof { ¢ }2Y, is a linearly independent set, that is, if
N N
D asbs+ > bnpsdns =0, (20)
s=1 s=1
then
as,by4s = 0. (21

Fix an i and let D; = {w € R?*|w - x; = 0} fori = 1,2, ..., N. Then we have D; ¢ U,;;D;, and we can choose a
z € D; —Uj»;Dj and ar > 0 such that

B(z,r)ND; =0 (22)

for j # 1.
Denote B;f = B(z,r) N {w € R*|w -x; > 0} and B, = B(z,r) — B;}.

r

Now consider the integral
1 1

w(BE) S B S

when r — 0 and j # ¢ this equals to 0 since both of these two terms are equal to ¢;(z).

oj(w)dw

Thus we have

N
0:715%” / <Zas¢s >+ZbN+s¢s+N(w>> dw (23)
s=1

B,

N N
= lim ——— m B+ / (Z ashs(W) + ZbN+s¢s+N(W)> dw — }1_136 B / <; ashs(W) + ZbN+s¢>s+N(W)> dw

s=1 s=1
(24)
. 1 .
= lim ) /Bi a;$i(W) + by +idi+n (W)dw — lim () /,« ai$i(W) + by 1i@n+i(W)dw (25)
1
= lim s [ a0 (w) by 26)
where the last equality is because in B, ¢;(w) and ¢ ;(w) are equal to 0.
Since
. 1
lim W55 /B:r ai¢i(W) + bn1iOn+i(W)dwW = a;0:(2) + bnyidn+i(2), 27
and

¢i(z) = 21%] , dn+i(z) = 22X, (28)
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thus
. 1
0= 7}1_% B /Bi a;pi(W) + N1 idn1i(W)dw (29)
= (a;z1 +by1iz2)X, . (30)

which means a;z1 + byyize = 0. If a;, by 44 = 0, then we have (ai, bN+i)//Xi € R2

From above we have shown if
N N
Z as¢s + Z bN+s¢N+s =0,
s=1 s=1

then for each 4, whether (a;, by ;) = 0 or (a;,bn44)//%;. We want to proof (a;,by;)//%; is impossible.
Assume (a;,by11) = k;x; for some constant k;, and if (a;,bx4+1) = 0 then k; = 0.

Thus since Zi\]:l asps + Ziv:l bnisOn1s = 0, we have

N N
D koo 10s(W) + Y ket 2¢n4s(W) =0 31)
s=1

s=1
for almost all w € R2. Our aim is to show k, = 0 for s = 1,2, ..., N.

Write down the definition of ¢s(W), ¢ n+s(W), we have

N N
Z ksx&,l(bs (W) + Z kiirs,Z(bNJrs(w) = (32)
s=1 s=1
N N
Z ksws 1 ligar >0y (WX, +wim; 1, wiw2) + Z kss 2l tgsr >0y (Wi 1, WX, + wa;2) (33)
s=1 s=1
N N
= (Z kz‘]l{wx; >0} (”»Ui,l(WX;r +wix; ) + xi,2w2xi,1) ,Z kiH{wszo} (sz‘,2(WXZT + wax;2) + xi,lexi,l)) (34)
i=1 =1
=0 (35)

for almost all w.

Note that for every w, above equality give us a linear equation system for {k1, ..., ky }. Since this should hold for almost all
w, this will make k; = 0fori=1,2,...,N. O

G and G(0) is close with over-parametrization. The next fact which is essential in understanding the training
dynamics is the perturbation of G(0) from G>°. We start the argument with the following proposition.

2,27 (1
Proposition A.9. If m > %}1(5) for some uniform constant ¢ and ||x;||= 1 for all N sample points, then with
0

probability larger than 1 — §, we have

A
G~ G(O)]< 3,

where \g > 0 is the smallest eigenvalue of G*.
Proof. Firstly, we have

IG™ — G(0)[3< 1G™ — G(0)[[7= D |G, — Grau(0)*. (36)
k,b

Since Gy, ,(0) is an average of samples {w;(0)}; and G7%, is the expectation {w;}; (see (15) and (14)), we will use
Hoeffding’s inequality to compare G5, and G, (0).
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Let w ~ N(0,I), and denote the random variable Tty >0 wx >0y (W, Xk, X3) by X, then we claim X satisfies a
sub-gaussian distribution, that is,
2
P(X[>t) <e

for some constant cv.
We prove this claim in the case h = hi1, other cases are similar. Since we have
2
sy, >0,wx, >03 (W, Xk, Xp)[> £ & [(WXg + w1 2k,1) (WXp + w12p,1) + WiTg 272> 1, 37
and ||z;||< 1, thus this can be bounded by the norm of w, and a calculate shows

(WX}, + wizg 1) (W) + wis1) + wizg 22p2| < 5w, (38)

Thus we have P(|X|> t) < P(5||w|*>t) < e~ since w ~ N(0,I).
Then by the Hoeffding’s inequality for sub-gaussian distribution, we have

mt2

P(|GR — Grp(0)[> 1) <e ez

where £ is the sub-gaussian norm of G, ;(0). Then if we choose m >
1-96

———=—2%=, we will get with at least probability

A
1G= — G(O)]2< =2

The difference between G(0) and G(t) is characterized in the following way.

Proposition A.10. Let w1 (0), ..., wy,(0) ~ N(0,1I), then if ||w;(0) — w;(¢)||[< R = (1g1)\\/gzc>2f0” some constant c, then
with probability 1 — §, we have

Ao
[G(0) = G(t)2= 7
Proof.
E[|Grp(0) = Grp(t)]] (39)
1 m
= E[%|Z Tiw: ) owi )] 203 PWi (0), X1 Xp ) = g T a0y 20 (Wi (), Xk, Xp) ] (40)
=1
1 m
= ]E[%|Z L 0,01 ,0e,6(0) — L gty i b (8) ] 41
i=1
1 m
<E[— ;|H{i7k,b,0}hi,k,b(0) — L k. ty ik b (8) ] (42)
1 m
= E[g Zm{i,k,b,o}hi,m(o) — L,y i k6 (0) 4 L b,y i ke, (0) — L b,y P e () ] (43)
i=1
1 m 1 m
< poe ZE[|(H{i,k,b,o} — L kb, ) i, (0)]] + - ZE(m{i,k,b,t}(hi,k,b(O) — hi k()] (44)
i=1 =1

By Cauchy-Schwartz inequality, we have

m

(44) < %Z (Bl k00p = Lieny)?) * (Elhiks(0)%]) % + %Z (E[i,k,(0) — By (1)]?)

i=1 i=1

D=

[NIE

Wl
(SIS

(I s0])

(45)
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1
Since w ~ N (0,I) and ||x|| are bounded, the terms (E[h; 5,5(0)?]) > < « for some constant o, which only relies on the
expectation of w and bound of ||z||, thus independent of N. We also have (E(]I%l b t})) ® < 1. Thus we have

m

«Q 1 — 1
45) < - Z (Elgikp0y — Liignnl®)® + o Z i ep(0) = hi g (8)]?) % (46)
i=1 i=1

M\»—A

We firstly consider the term = =" | [E(Ig; 14,03 — H{i,k7b7t})2]%. Let R € R and A; , be an event defined by
Aig ={wi | [[lwi = wi(0)[|< R, Lty ,x7 20} 7 Liw, (0)x] 201} 47)

Note that A; ;, happens if and only if |w;(0)x, |< R, and since w;(0) ~ N(0,1), ||z ||= 1, by anti-concentration inequality
of Gaussian distribution we have

2R
P(A; ;) < —. 48
Then we have
o 1o 1
o Z (Elyirpoy — Lppsnl®)® = oo Z (Bl k000 — Lokt 1) (49)
i=1 =1
a 1
= Zl (Ellga, c0a,03])? (50)
2c \/*
< - R. (51
2w
For the term = Y7 [E(h; ,,5(0) — hi ,5(t))?] %, we have
(hik,p(0) = hi g p(8))* < CR*([[wi (0)]|+][wi(8)[])> (52)
< CR*(2|wi(0)[1+R)?, (53)
for some constant C. Thus we have
(Elhig5(0) — hipp(D)]2)2 < VORVE[2]w;i(0)[+R)?]. (54)
Since we assume R < 1, thus combine (51) and (54) we have
E[|Grs(0) = Grp(t)]] < \F-i—fo\/IE [(2]|lws (0)[[+R)?] < VR
\ﬁ
for some constant c. By Markov inequality, we have with probability 1 — §
4N?cVR
1G(0) ®)2< Z Grb(0) = Grp(t)|< ——5—
k,b=1
Thus if R = (;23%-)2 we will have
Ao
IG(0) - GH)]l2< . (55)
[

Now the only question is : under what condition, during the training process ||w;(0) — w;(¢)|| can satisfy the condition
given in proposition A.10? We will show this can be done by choose the number of neurons sufficient large and this will
provide an exponentially convergence rate of the distance the distance between values of neural network and zero of the loss
function ||u(t) —y| .
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Proposition A.11. Form > LY where constant L is independent of N, 5 and Ao, we have |lw;(0) — w;(t)| satisfies the

64)\
condition given in proposition A. ] 0.

Proof. We only need to prove the last part of the statement.

dw;
1))~ 9, 2w (56)

Quzj (57)
W

§4Z\(U1,j) = Y15l w5 H - ||+4Z| (u2)* = yo3 |uz, ;| 1=

Here u ; and uy ; denote their value at time s.

Since we assume {uq ;};, {uz ;}; lie in a neighbourhood of y and they are bounded by some constant M, thus

N
Ouq ou
(57) <4AM Y (I(u1,5)* = yul- 5w - ||+|(U2,g) — 24l = H) (58)
j=1
Since we have
ouq 2
a‘;’j = ﬁar]l{wix]rzo}(wix; +wi71xj_’1 N wilej_yg) (59)
Ous_; 2
avij = i Ol 20y (Wi Wi Xj Wi 2;0) (60)

and there exists a constant C' makes ||w;(t)||< C due to corollary A.4, thus there exists C' such that

Ouy j C 8u

C
_— < — 61
v S T ok ©1)
This gives
é N
(58) <4M—= > (|(u1,;)* = y1,51+](uz, ;) = y2,51). (62)
Vvm le
And since
N N
[(u1,5())? = yoj 1+ (u2,5 () = ya,31) < €70 "(|(u1,5(0))* = yuj |+ (u2,5(0)* = y2,5]) (63)
j:l j=1
< e |[u(0) —y|. (64)
Thus combine above we have
dwz( ) 4MC

I < e [u(0) - yl|

T

Do an integral, we have ||w;(0) — w;(t)||< %i [u(0) — y|I< \/7%0 Thus choose m > (?4]\/(6 for some constant L

independent of N, 0, A9 will makes ||w,(0) — w,(¢)| satisfies condition in proposition A.10. O

B. Proof of Theorem 3.1

The proof is a direct consequence of that gradient descent optimizes over-parametrized RePU neural networks. We focus on
the shallow neural network as follows,
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f(W,a,x) = \FZaka WiX),
then the partial derivative with respect to w,. is

Z wkx _ 0o (w,x)
N N7

The loss function with training set {x;, y; } is defined to be

W

=1
and the partial derivative with respect to W is
oL - of " " of
W - i:1(f(waaaxl) yl)aw o 1(f(Waaaxl) _yl);awr

For the vector w,., we can compute the partial derivatives of L

oL "0 1
ow,. pt ow,. 2

0
= (f(anv Xz) yZ)a f(waaa Xl)?
i=1 Wr
where 5 ) 9
aer(W,a, X;) = ﬁara—wra(wrxl)
If we denote ((-) = pRePUP ™! (.), the partials can be denoted as
if(w a,x;) = La C(Wri)X;
awr k) bl T - \/m T 4% (3
Thus
a—L*Li(f(Wax-)f i) arC(Wex;)%; Li (W, a,x;) — yi)ap(w,x;)PT{w,x; >0}
awrf\/ai:1 y &y, Xy r rX; 77\/7/7’11_:1 z Yi)arp\WrX; rXi 2

Next we compute the ode of evolution for predictions,

ui(t) = f(W, a, XZ‘),

and then
T =Y
- ;<8£v(:) ’ _aavfr>’
where
Gl O <3§$%>,—jjl<Uj -y 22y

(65)

(66)

(67)

(68)

(69)

(70)



Embedding Surfaces by Optimizing Neural Networks with Prescribed Riemannian Metric and Beyond

So
du; o — of(x;) Of(x;)
dt ;jzl(yﬂ ~ ) e o) 7
= fuj>Z<a£$i>,a£$j)> (72)
j=1 r=1 r r
=D (y; —u)Hi(t) (73)
j=1
where
o, Of(xi) 0f(x5)
o) = G S
and
of(x;
g\()v ) = %arqwrxi)xi (74)
8£‘(:j) = %arg(wrxj)xj (75)
Thus
1 1
Hij(t) = Z<ﬁar<(wrxi)xia ﬁ‘%((wrxj)xﬁ (76)
r=1
= Z %<Xivxj>a3C(eri)C(Wrxj) (77
r=1
= (%, %;) (nlz ZafC(WrXi)C(Wer)> (78)
r=1

Without loss of generality, we can assume a, = 1 for all r € [m], and the matrix H;; becomes

H;j = (x;,%;) (nll ZC(WrXi)<(WTXj)>

respectively, the corresponding H;;(t) at ¢ = 0 is denoted
1 m
H;j(0) = (x;,%;) (m ZC(WT(O)Xt)C(Wr(O)Xj)>
r=1

Before stating our first result, we give the following assumption.

Assumption 1. ||w,| is bounded by x during the whole training process.

For each fix pair (7, 5),
have

i3 (0) — Hlo;" can be bounded using Hoeffding inequality, i.e., with probability at least 1 — &', we

2+/log(1/¢’
|Hyy(0) — HTY| < ‘z%/).
m
Furthermore, setting §' = n2§, we have

A, | < log(n/d)
— f k)
and then |H(0) — H OQH M. Formally the optimization result for function approximation with RePU
activation functions is stated into the following theorem.
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Theorem B.1. Suppose Assumption 1 holds,

x;|| = 1 and the sample values y; are bounded. Then if we set the number of
hidden nodes m = ) (nrzlofiénm) and initializing w,. ~ N(0,1), a, = 1, then with probability 1 — § over the initialization,
we have

lu(®) =yl < exp(=Aot) [u(0) — 13-

B.1. Proof of Theorem B.1

The proof is consisted of a few lemmas.

Lemma B.2. Let wy, ..., w, be i.i.d. sample of N'(0, I), then with probability at least 1 — 6, the following holds. For any
set of vectors W1, ..., w,. that satisfy for any r € [m],

g
1w (0) = well, <R < —ore
for some constant K, then the matrix H defined by
1 - _ _
H;; = —(x;,%,) ZéQ(WTXi)E Yw,x;) M {w,x; > 0, w,x; > 0}
m r=1

satisfies ||[H — H(0)||, < 22, and furthermore, Anin(H) > 22.

Proof.

[H;;(0) — Hij| = %@%Xﬁ > wr(0)x:) (W (0)%) T T{w (0)x; > 0, w, (0)x; > 0}

=l (79)

1 % _ -
_E<Xi’xj> ZEZ(W,.xi)e Yw,x;) T M {w,x; > 0, w,x; > 0}

r=1
Since x; are sampled so that ||x;|| < 1, we have
(i 35)| < Il -l = 1,

and then

|H;j(0) — Hij|

IN

% ZKQ(WT(O)XZ')Z_l(WT(O)Xj)Z_lﬂ{WT(O)Xi > O,WT(O)Xj > 0}
r=1

- ;62(WTX1‘)271(Wrxj)gilﬂ{wrxi >0,w,x; > O} 80)
%262 |(wr(0)xi)€*1(wr(O)xj)Zflll{wr(O)xi > 0,w,(0)x; > 0}
r=1

IN

-1 -1
—(w,x;)" (wrxj)e H{w,x; >0, w,x; > 0}‘ i
For a chosen set of vectors w,.(0) ~ N(0,021), we take expectation of w,.’s, the expectation is the following

E[|H;;(0) — Hy;|] < 62% D E|(wr(0)x:) T (wi (0)x) T T{w (0)%; > 0, w, (0)x; > 0}

r=1

(81)

—(w,x;) (W) T w,x > 0, w,x;}.
We next focus on the expectation

E ’(WT(O)Xi)e_l(WT(())Xj)(_lH{WT(O)Xi >0, w,(0)x; >0} — (w,.x;) " Hw,x;) T T{w,x; > 0, w,x; > O}’
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where w,.(0) ~ N (0, 021) and all w, satisfying ||w,.(0) — w,.||, < R. The position of w,.(0) determines the form of the
expectation. We introduce some notations.

Si = {v:<v—RH§—fH,xi> > 0}

and <
S ={v:(v—- R x;) >0},
[l

itis obvious that S;” and S} are obtained from the set
{v:i{v,x;) >0,(v,x;) >0}
through translation by vectors Rlli—l” and R\;ﬁ where the length of the translated vectors are R.
Once w,.(0) € S;” N S, it holds that
Kw,(0)x; > 0,w,(0)x; >0} =1

and
Kw,x; > 0,w,x; >0} =1

for all w, satisfying ||w,(0) — w.,|, < R. As a consequence, the expectation has the following form:
|(Wr(())xi)[*l(W,«(O)xj)zf1 - (WTxi)Zfl(wrxj)wa if w,.(0) € Si+ N SJ'-".
On the other hand, we further introduce two sets:

S7={v: <v+R”§—fH,xi> <0}

and <.
S;=A{v: (v+R—1- x,) <0}
1%l

Once w,.(0) € S; U S}, it holds that
Kw,(0)x; > 0,w,(0)x; >0} =0

and
Hw,x; > 0,w,x; >0} =0

and then the expression of expectation equals to 0. In the rest of the proof, we will denote the following for convenience:

Fij(w(0)) € | (Wi (0):) " (Wi (0)7) T H{wi (0)x; > 0, w, (0); > 0} (82)
f(wrxl-)efl(wrxj)efl]l{wrxi >0, w,x; > 0}|

and let p(w,.(0)) be the probability density function of Gaussian variable in R? with O the mean and o1 the covariance
martrix.

From the above analysis, we have the following expression for the expectation:
E [(wr(0)x:) " (wr (0)%) " I{wr (0)x; > 0, wr(0)x; > 0}
—(wrxi)#l(w,«xj)zflﬂ{wrxi >0,w,x; > 0}|
= E[Fi;(w.(0))]
= [ Fuw 0w, 0))dw, 0)
83
= [ B (0)p(w 0w (0) &
sfns;
[ B ) 0)dw, 0
s7usy

+f Fiy (w0, (0))p(w, (0))dw, (0).
Ré—(SFNST)—(S;USy)
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Note that the third part tends to 0 if # — 0, and the second part, i.e., the integral over S;” U S is identically zero since

both indicator functions are zero. Thus we only have to estimate the integral over S;’ N S;r. Since the integral is for the
expression

[ (wr(0)) (Wi (0)3) 7 = (k) (wry)

can be bounded by function of w,.(0) and R, we first obtain this bound. Lemma B.3 enables us to perform the estimate on
the difference |F'(w,.(0)) — F'(w,.)| where F'(-) is following Lemma B.3. To be precise, we have the following:

[F(w:(0)) = F(w,)| = [[VF(w,(0) + 0)| - [[w,(0) — w,|| (84)

where 0 lies on the line segment connecting w,-(0) and w,.. Use Lemma B.3 and the condition ||w,.(0) — w..|| < R, we
have

|F(w(0) = F(w,)| < C [wn(0) + 0 - R (85)
< 227w () + 617 ) - R (86)
< CP R |w, (0)* 7 + C2 R0 (87)
< C2% R |w, . (0)]* 2 4+ 224 R 2, (88)

The last inequality holds for ||@|| < R. The integral of F;p over the set S;" N Sf becomes

o F 0ol (0))iw, 0) )
sfnst
- / [F (w0 (0)) — F(w,)]| p(w(0))dw,.(0) (90)
S nst
< / (02%_43 (O] 0224—4}%24‘2) p(w,.(0))dw,(0) 1)
sfns;
_ / C224R [[w, (0)]|23 p(wr (0))dw, (0) 92)
sfnst
+ / O R22 (s, (0))dw (0) 93)
sfns;
< C2* 'R W (0)1*~* p(w,(0))dw.(0) (94)
Stnst
+ | C2UR 2 p(w,(0)dw,(0) (95)
Rd
= C2* 'R W (0)[*2 p(w,(0))dw,.(0) + C22~* R ~2 (96)
Stnst

Note that the integral on the right hand side can be computed with spherical coordinate, where ||w,.(0)|| = r and the
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Gaussian density of A'(0, 0I) is also a function of r.

H(0)]%73 TOdTO:/OO / 2Hids d 97
[w,(0)[|" " p(w,(0))dw,(0) ; 6B(T)r N r (97)

Rd

2

> opg € 2
= _— dS | d 98
/o " v (2m)dod </63(r) ) ' %)

2

* g € 27
= r ———Area(dB(r))dr (99)
/ 0B
1 * opg 2 ot d—1
= — r e 207 ——r dr (100)
(2m)zod Jo r'(g)
2 o0 ’7‘2
=g / rti2e 3 dr (101)
220' F(ﬁ) 0
Let 2 = t, it holds that
oo 7‘2 o0 1
/ p2td=2¢"52 g z/ (\/iat%)QHd_Qe_t\@oit_%dt (102)
0 0
o0
:/ 9 G222 05 o1~ s ety (103)
0
— 2@"1‘%—% 20+d—1 /OC t(-‘r%—%—le—tdt (104)
0
— ol+§—35 ;20+d—1p (5 + d_ 1) (105)
2 2
Thus we have 4 1
_ rd4+s—s
[ I 0 w0 0) = 2 B2 LS 23]
R r(5)
and then the bound
/ Fij(w(0)p(w,-(0))dw,.(0) < 02%41%/ W (0)]772 p(w,(0))dw,.(0) + C22~* R (106)
sfnsy sfnst
w1, T(e+4-1 ot or
< 022 4R-2<2€ 35201 (p(?i) 2) 4+ 24 p2t—2 (107)
2
d
— CR23£717210'2£71 I (e + 2 %) + 022574R2E72 (108)
r(4)

Combining with the result of Lemma B.4, we conclude that if ||w,.(0) — w,|| < R < 1, £ > 1, then there exists a constant
K, such that
E | (wr (0)) " (wr (0))~ T{wp (0); > 0, Wi (0);; > 0}
—(wrx;) T Hwexy) T {wex; > 0, wx; > 0} (109)
< KR.
According to the expectation of E |H;;(0) — H,jl, i.e.,

m

SB[ (w (0)x) ! (W (0)x)) Tw, (0)x; 2 0, w, (0)x; > 0)

r=1

1
E|H;;(0) — Hyj| = KQE
(110)
f(wrxi)efl(wrxj)zfl]l{wrxi >0, w,x; > O}|

< ’KR,
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and then
— v
Using inequality of [|-||,, |||| z and |-|;, we have
n2’KR
IH(0) — H|, < |[H(0) HHF<Z| — Hij| < —5—
with probability at least 1 — §. So choose R such that
9o
4n2€2K
we can have )
Ao
|#(0) — H, <
with probability 1 — 4. O
Lemma B.3. Let w
F(w,) = (WTXi)e_l(WTXj)E_l-
Then there exists some constant C' such that
{—
IVE(w,)|| < Cllw, |
Proof. Direct calculation gives the gradient:
oF oF
VE(w,)=—,.., —
(W ) (810,«1 awrd)
where
or _ (0= 1) (w,x;) 2w (Wi )0+ (wox) T = 1) (wexj) 2 (111)
wr T iAW) T rX;j ik
= (0 — D (woxy) T2 (w,x)) T4+ (0= Dajr(w,x;) ™ (wex;) 2 (112)
= (- 1)(W7~Xi)£72(Wer)e (@i (Wrxj) + 25 (Wrx;)). (113)
Then the ¢3-norm of VF(w,.) can be estimated as
oF -2 -2
D ={-1) ’(w,,xi) (Wrx;) (@i (wWrxj) + xjk(wrxi))| (114)
< (0= 1) w2 Wy [T fwan (W) + @ p(wexs) (115)
< (€= 1)((well - llxall) 2wl 1 112 (lzan (W] + g (wrxi)]) (116)
< (=)Wl 1w 1 ik - [ |+ g - [ (117)
< (=) [lw, [P (VA w4+ Vx| (118)
{—
< (=) w2 (Valwl - eyl + Vw1 (119)
< V(e = 1) [|w, > (120)

where we use the inequality of ¢1-f5 norms for x;:
Il < Iy < VIl

which implies that |x;;,| and |2 | are less than v/d. The same inequality implies that

d

IVE(w,)| Z

k=1

<2d3 (0 — 1) ||w, |73,
aw,k* 2(0—1) [[w.||

The proof completes. O
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Lemma B.4. Following the notation above, let
Fi; = ‘(WT(O)Xi)Z_l(WT(O)Xj)Z_lﬂ{WT(O)Xi >0,w,(0)x; >0} — (wrxi)l_l(wrxj)e_ll[{wrxi >0,w,x; > O}‘
and A =R?%— (S;" N Sj') — (87 US}), then
/ Fijp(w,(0))dw,.(0) < C1o* 3R+ Co0® ™ R? + C30 ' R
A

for some constants Cy, Cy and Cs.

Remark B.5. If we further assume that o = 1, it is immediate that
/ Fiyp(wr (0))dw, (0) < C1 R+ CoR® + Cy R,
A
and this can be simplified to a bound of K R for some constant K.

Proof. Note that F;; might have four different forms if w,.(0) € A, i.e.,

1. 0,
2. [(wr(0)x wr<o>xj>f—<wrxi>f-1<w x;) 7L
3. |(wr(0) (W, (0)x;)1,
|<wrxz (W) |

Using previous notation, i.e.,
F(w,) = (Wrxi)e_l(wrxj)z_la

if w,. is in the neighborhood of w,.(0), i.e., ||w,(0) — w,.|| < R, the Taylor expansion with w, = w,.(0) + 6,
F(w,(0) +6) = F(w,(0)) + VF(w,(0)) - 0 + O(]|6]),
gives

|F(w,)| < [F(w,(0)] + [VE(w,(0)] - 6] + O(||0]I*) (121)
< |[F(w,(0)| + CR [[w,(0)|*~* + O([|0]]*). (122)

As we have proved,
|F(w,(0) = F(w,)| < C274R [[w, (0)]|* 7% + €22~ R* 2.

So a global upper bound of Fj; can be the following
F(w, (0)] + C22 7R [w, (0) %7 + O(|0]]%) + C22* B>,
Since ||0]] < R, and ¢ in our setting is at least 2, the above expression can be simplified as
[P (w,(0))] + C2* 4R w, (0)[*7° + C1 R

for some constant C7. We denote

I = / F(w, (0))p(w, (0))dw, (0)

/ C22 4R |w, (0)|* % p(w,(0))dw,.(0)

and

Iy = /A 1 B2 p(wr (0))dw (0).
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Further estimation can be obtained.

L :/A|(WT(O)Xi)Zfl(Wr(O)Xj)e*I|P(WT(O))dWr(O) (123)
< /A W ()2 p(w,.(0))dw, (0) (124)
o Hw(om?
2@ 2 202
/er 2 )do-ddWT(O) (125)
EI
§2~2R/ (2 — (126)
Re-1 (2m)dod

where x is the first d — 1 component of w,.(0) € R?. And then

x2
Ix[[27% e %o dx (127)

/ dad /Rd 1
7‘2
= 7/ / r22e72.2dS | dr (128)
vV (27)dad Sd=2(r)

2% Area(S972(r))dr (129)

\/ (2m) dad /
B
\/Wad / F (%)r dr (130)

—1 o) <
AR 27 2lhd—4 ,— 7 g (131)
(2m)?o? T (%57) Jo

where

/ T2£+d74e—$d7,:2€+g 5 g2t+d— 3/ =31 —tqy (132)
0 0
— 9l+5-3520+d=3p (g4 d_3 (133)
2 2
Thus we have
d_ 3
L<R- ol+5 41,20~ 3F(£+§_1_ 5)
()

C2%- 4R/ [w,(0)]172 p(w,(0))dw,.(0) (134)
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where

Y
e 202

de

3e 2a2Area(Sd 2(r))dr

/ I, ()22 p(w, (0))dw, (0) < 2 - 2R / )22
A d-1

\/ (2m) dod A

= AR 27r - Oor22+d75e_%dr
(@2m)? T (%5) Jo

a1
4R 2m > )QZ+%7302£+¢174 /Oo g 21—t gy
0

~ /@n)dod T (51

—1

d—1
_ AR 27Td_21 9l+§—=3520+d—dp <£ + d_ 2>
J/@r)iod T <*> 2

2@0.26—4 T (g

And then we end up with estimate of /5 to be
2002 1T (0 + ¢ —2)

VT (%
_ _ d
C23t—452¢ 4F(Z 2 _ 2)

VT r(%h)

I, < C2**R.R-

= R?.

Recall that
F(wy) = F(w.(0)) + VF(w,(0) + 6)(w, — w,(0))
so it is bounded as
[F(w,)| < |[F(we(0)] + C22 R, (0)* 7 + 022 R*2,
and then it remains to estimate the integral of the last term over A.

(B ||x||2

T 252
920 —4 p2t—2 e 2 dx < C22-4R2-24R
/A (2m)dgd T Ra-1 4/ (27) V(@n)dod d

4R
— (924 p2e-2 dx
2no Jra-1 \/( 27rd lgd-1
— (924 p2e-2 4R
\V2mo
_ C22E72 RQE*I
V2o

Combining with the bounds of I; and I3, we complete the proof.

Lemma B.6. Suppose for 0 < s <t, Apin(H(s)) > % Then we have
2 - 2
ly —u(®; < e ™" |ly —u(0)ll;
Proof. Tt has been calculated that for each sample i € [n], the evolution of prediction satisfies

n
dui

P Z(yj —u;(t)Hiz(t).

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)



Embedding Surfaces by Optimizing Neural Networks with Prescribed Riemannian Metric and Beyond

Thus the evolution of norm ||y — u(t)||3 satisfies

d d
2y —u®lz = 2(7 (v —u(®).y —u(t) (148)
= —2(Zu(t),y —u(t)) (149)
= =203 (5 — u; (1)) Hiz (1), y — u(t)) (150)
j=1
= —2(y —u(t))TH(t)(y — u(t)) (151)
~Xo [ly —u(@®)3. (152)
Then

d Aot 2 Aot 2 Aot d 2
= (e ly = u®lF) = 2oy —u(®)[; + e 2 lly — u(®)3 (153)
< Xoe [y — u(t)][3 = doe* |y — u(®)[3 (154)
=0 (155)

which implies that e*? ||y — u(?) ||§ is decreasing in ¢ and then it holds that

2 — 2
ly —u(®)ll; < e™" fly —u(0)]; -

The previous calculation yields

d oL 1 o
$W7~(5) = T ow, ~Um ;(uz — yi)arl(wox;) Tw,x; > 0}x; (156)
and then
dw R
Hds . H_\/ﬁ g(ui = yi)arl(w,x;) T T{wex; > 0}x; 2 (157)
Z s = i) t(w,x0) T{w,xi > 0} (158)
< == Clarl - ui = yal [ (wrxi) T - (159)
For the training of W, we let a,, = 1 and it is assumed that ||x;|| = 1, we have
dw
- Jui = wil - [lwelly” (160)
|5 <=2
E\f
S m lwell™ - u(s) =yl - (161)

Since it is assumed that during the whole training process, w;. is in a bounded region, i.e., ||w.||, < &, and this implies

k=1 /n (RN xge
Y fute) =yl < T o) -yl

dw,
ds
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Integration gives

||wr(t>—wr(0>|2s/0t ddvzr ds (162)
<O o) -y, [ as (163

= 2 )yl 2 (1) (164)

< W u(0) - yll, (165)

O

The next theorem gives the convergence guarantee of joint training of W and a.
Theorem B.7. Consider the joint gradient descent on both layers. Suppose Assumption 1 holds,

values y; are bounded. Then if we set the number of hidden nodes m = 2 ("zlofién/d)) and initializing w,.(0) ~ N(0, 1),

X;|| = 1 and the sample

a, = 1, then with probability 1 — § over the initialization, we have

2 2
[a(t) = yll; < exp(=Aot) [[u(0) =yl -
Lemma B.8. With probability at least 1 — 6, if a set of weight vectors {w, }™* and the output weight a satisfy for all r € [m],
[lw, —w,.(0)|l, < Ry and |a, — ar(0)| < Ry, the the matrix H satisfies

Ao Ao
[~ HO)l, < 22 and Apin(H) > 5.

Proof. Let
HY = (xi,%) (fn Za?qwrxoawrxj)) 7
r=1

from the proof of previous section, we have that

n?l’PKR
|~ HO)), < "
for some constant /. On the other hand,
1 m
Hij — Hjj = (xi,%;) (m > aié(mxﬁ@(wrxj)) (166)
r=1

— (xi,%x5) (7711 ZC(wrxi)C(wrxj)> (167)

- (xix;) (; S (et - 1><<wrxz-><<wrxj>> , (168)

r=1
and then
1 m
Hij — Hij| = |(xi,%;) (m > (a7 - 1)<(wrxi)<(wrxj-)> ’ (169)
r=1
1 m
S[CRNE E;wi — 1w ) (wrx;) (170)
1 m
2
< (% a7 — 1|) E;c(wrxoawrxn (171)
1 m
< (max a2 =1]) o Y Icmxoctwin). (172
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The expectation is then bounded by

1 m
E|Hi; — Hjj| < <rggnx] a7 — 1|) — ;Eldwrxi)«wrxj)l (173)
— (m[ax] ’af — 1’) E |¢(w,x;)C(W,x;)|. (174)

reim
We next bound E |{(w,x;)¢(w,x;)|. Since the expression of {(-) gives the following estimate:

[¢(w,x;)((Wrxj)| = |(Wrx,;)£(wrxj)e]1{wrxi >0, w,x; > 0} (175)
< [ (wrxi) (Wi )| (176)
< wxi|” [wex;|f (177)

¢ ¢ ¢
< w1l 15 (178)
< w1, (179)

it suffices to estimate ||w,(0) + 8]|**, given 6 = w,. — w,.(0) and ||8]| < R,

E [¢(wrx;)¢(Wrx;)| < E [[wr + 0]|* (180)
< 2271 (|lw, (0)* + 6]*) (1s1)
< 2271 || w, (0) || + 22" 'ER? (182)
=20 [ e O pw, (0)) e, (0) 22 R (183)

where p(-) is standard Gaussian distribution. The previous calculation has already given that

r+2+1
/ |w,-(0)]* p(w,(0))dw,.(0) = 2”1(+73+),
Rd F(i)
and then
20—100+1 F(E + % + 1) 20—1 p24
E|¢(w,x;)((wrx;)| <2772 O +277 R, (184)
2
r+2+1
_ulllrsrl) +2271R%. (185)

o)
If we assume R,, is less than 1, and then the above expression is bounded by some constant, we have shown that
E|H;; — Hj;| < KiR,
for some constant K;. Then we have
E|H — H'|, <n’E |H;; — Hj;| = n® K1 R,

and then

E|H — H(0)|, <E|H - H'|, +E|H — H(0)||, < n’K1 Ry + n**KR,,.
Thus, according to concentration inequality, the radius R,, and R, can be chosen based on \g and probability threshold ¢,
so that ||[H — H(0)||, < 22 with probability at least 1 — . The proof completes. O

Lemma B.9. Suppose for 0 < s < t, Apin(H(s)) > % and |a,(s) — a,(0)| < R,. Then we have |w,(t) — w,(0)]|, <
R,
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Proof.
dw,(s) R o—1
=\ = (ul - yi)ar(s)g(wrxi) ]I{Wrxi > O}Xi (186)
%), H D3 |
1 n
Zlul yil lar(s)] €| w, ]| ". (187)
vm
With the assumption that ||w..|| is less than some constant , we can prove that
dw,.(s
[w(t) = wr(0)]|, < —d( R (188)
s 2
t
<€) [ Iy~ us)lds (189)
0
t
<C) [ e Iy u(O)],ds (190)
0
—u(0
Ao
where C(k) is a constant depending on « and involving ¢, n and m. O

Lemma B.10. With probability at least 1 — § over initialization, suppose for 0 < s < t, Apin(H(s)) > % and

w,(s) — w,(0 < Ry,. Then we have |a,(t) — a,(0)| < R, forall r € [m].
2 a

Proof. Since w,.(0) ~ N(0,1), we have with probability at least 1 — 4, [w,(0)x;| < 3y/log (). For 0 < s < ¢, we
have

d

£ar(s) = Xi) — yi)o(wr(s)x;) (192)
S;mgyﬂwﬁhdﬁmo—w-wﬂﬁmﬁ (193)

Note that
[wr(s)x;| = |wr(0)x; + (Wr(s) — Wy (0))x] (194)
< |w,(0) xl\ +| w,(s) — w,.(0))x;] (195)
<3’/log +Rw, (196)

and then

|w (s §<\/log7+R).

Therefore, the differential da”(é can be bounded as
¢
da,(s) Vn mn
< Vg 1 ( ) 197

So the bound of ||a(t) — a(0)]|, can be obtained by

la) —a@)l, < [ |22 as < 6.6mim) y — u ()], - .
ds Ao

2
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B.2. Proof of Discrete Time Gradient Descent

Lemma B.11. , ,
[u(t +1) —u(®)ll; < & n*n? |lut) - yl;

Proof. Recall that the neural network has the form of

m
E WkX

mi4

f(W,a,x) =

ﬂ\

where o(+) is the ¢’th power of ReLU function. So the difference of predictions between two iterations has the following
expression by a direct calculation,

NE

wi(t+1) —u;(t) = aro(wi(t + 1)x;) \/» Zako wi(t)x;)

1

ak (o(wi(t + 1)x;) — o(wi(t)x;)) (198)

i( (a0 - w250 ) ) = o)

Since the range of ||w||, is assumed to be bounded by « during the whole training process, the function o(wx;) = (wx;)
is Lipschitz and the Lipschitz constant can be estimated as follows.

- 3~ 3=
[ANgERI

£

Vwo(wx;) = (Z(wxi)é_lxﬂ, ...,E(wxi)z_lxid)
which implies

IV wo (wxi)ll, = £(wxi ) f1xill
< O(lIwlly 1l )

_ (199)
= (wlly™
< 1
Then we have
OL(W (t)) OL(W (1))
g ) N < Y P A P4
o ((Wk(t) n Dwa(t) X; o(wg(t)x;)| < va\1|12p<n IVwo(wx)| - [|n dwa(t)
< "1 |n H (200)
8wk
OL(W
—El‘ié_l ’ ,
! 3Wk( )
and furthermore, the bound of |u; (¢t + 1) — u;(¢)| can be estimated as
1 & OL(W(t))
. 1) — s < Bt A A ) .
st + 1) ~ ua(0)] < ; >|r ((wm) 12 D) )~ o(own(0x)
= 01)
=1 (9Wk H ’
Recall that the partial of L with respect to w () is
oL 1 <
o = 7= S luslt) — wanC (i),

=1
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where
C(Wi(t)x;) = L(wi(t)x:) " T{wy (t)x; > 0},
and then the norm of dL(W((tt))) can be bounded by
OL(W(t 1 &
Ha(\?\'k(i)))H ‘\ﬁ (ui(t) = yi)arC(we(t)x;)x; (202)
1 n
< (1) — sl - N xs
< m;' ui(t) = il - [C(wi (1)) - | (203)
1< _
< ﬁZIU'()*yz‘IM ! (204)
Z ui(t) — il - (205)
Therefore,
[t +1) —u(t)]2 = Zm (t+1) —u;(t)) (206)
fliz 1 m
< 207
;< Rl H) o
2
2,.20—-2, 2 M m
_ O (Z Z ) (208)
=1 \k= =1
2
622622” mgnél
<1 (Z Vi |[u(t) - y|2> (209)
=1 \k=1
= R () - - (210)
The proof completes. O

For the rest of the proof of the theorem, we denote
A ={3w: |w —w,.(0)|| < R, I{w,(0)x; > 0} # I{wx; > 0}}

and

S; ={r € [m]:1{4; =0}}
St =m)\ s,
where R is the radius chosen based on the argument of continuous time gradient flow.
Lemma B.12. Given ¢ € (0,1), it holds that

62 20—2 2R
a5, < R

with probability at least 1 — 0.

Proof. Since H $ (t) has the following form,

Hé(t) = %(Xi,xﬁ Z £2(wk(t)xi 1(Wk(t) )e 1H{Wk( )x; > 0, wi(t)x; > 0}
kes;t
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and then
N 2R
|H; (t)] < |55
Since E[|Sf- H < %, and it holds that
2mnR

e[S ] < 22

by Markov inequality, for a given 6 € (0,1), as long as a > 2\'/7&?, it holds that

P<Z|Sil| <a> >1-4,
i=1

and for convenience we can let a = ng for each given . Moreover,
nn 2-2 n_ " 02,202, mnR 2k20-202R
IOl < 3> [H50)| < 2 Isi]= = 5
j=1i=1 j=1i=1
with probability at least 1 — 4. O

Denote I as follows,

3] < % z U s 81;%?) H _ emf—;%;s#l - HW H
- |5 < = iluz il < 2 ) -y,

we can have furthermore the bound of 12 as follows,

EQHJ%_Q’I] ‘SZL| \/ﬁ

m

13| <

[u(t) =yl -

To finish the proof of the theorem, we combine the bounds all together,

lu(t +1) —yl3 = ly —u(®)lls — 20y —u(t)) " H(t)(y — u(t)) (211)
+2n(y —u(t))TH(t) (y —u(t)) (212)
—2(y —u®) "Iy + u(t + 1) —u@®)|3. (213)
Note that .
(y —u() "I < [ly —u(®)l, [[T2lly < ly —u®)l, [Tl = [ly —a(@®)ll, Z |13
and N
n , n S
Z 1| < ¥y ly — u()]|, Z_;nM
where .
mnR
D ISt <=5~
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with probability at least 1 — §. Therefore, it holds that (with probability 1 — §)

62 /{/22—2

5

nn%R

(y —u(t) I < ly —u(t)|l5 -

Thus we have

2022 2pn2 R 202k 232 R _
[u(t+1) -yl < <1 — 1o + 5 AL . ’ Ty 4n2n2> ly —u(t)]? (214)
< (1 n\o 2 1
< (1-"20) Iy~ uo)2 @1s)

for properly chosen R and 7.

Having proven that gradient descent provably optimizes over-parametrized neural networks with RePU activation functions,
the optimization theory for higher order linear PDE follows almost immediately. We complete the proof of Theorem 3.1 as
follows.

ala\f

Proof. The proof is almost immediate. For a specific partition «, direct calculation on the partial derivative T 5
1 2 d

gives following

1 m
ar i, o ag (Jaf)
Def = mE apWpl Wes ... wpg oV (wix)
k=1

where oI*) denotes the derivative of activation function till the order of |c|. In the following context, we use notation
Wha = Wi wes ... wpg

Therefore, summing over all o with |«| = r, we have that

1 m
ap _ - (la])
5 0= 3 3 s
|ae|=r || =7 k=1
_ Li 0 Wia o1 (wx)
m o (216)
k=1 |a|=r
— L - ar Z Wi, O'(‘al)(WkX).
m e

Considering by, := ag Z\a|:r Wia as a whole parameter, we can obtain the convergence result from Theorem B.1. O



