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Abstract

We consider multi-stage sequential decision-making, where the treatment at any stage may
depend on the subject’s entire treatment and covariate history. We introduce a general
framework for doubly robust uncertainty quantification for the quantiles of cumulative out-
comes corresponding to a sequential treatment rule, given baseline covariates. While previous
studies focused on mean effects, quantile effects offer unique insights into the distributional
properties and are more robust for heavy-tailed outcomes. It is known that, doubly robust
inference is significantly more challenging and largely unexplored for quantile treatment ef-
fects. More importantly, for mean effects, doubly robust estimation does not ensure doubly
robust inference. Our approach first provides a doubly robust estimator for any quantile
of interest based on pre-collected data, achieving semi-parametric efficiency. We then pro-
pose a novel doubly robust estimator for the asymptotic variance, enabling the construction
of a doubly robust confidence interval. To overcome the challenges in non-smoothness and
parameter-dependent nuisance functions, we leverage empirical process and deep conditional
generative learning techniques. We demonstrate advantages of our approach via both simu-
lation and real data from a short video platform. Additionally, we observe that our proposed
approach leads to another mean effect estimator that outperforms existing estimators for
heavy-tailed outcomes.

1 Introduction

Treatment effect evaluation plays an important role in a large variety of real-world applications. In precision
medicine (see e.g., Murphyl, 2003; Kosorok & Laber} 2019; [Tsiatis et al. |2019), physicians wish to know the
impact of implementing an individualized treatment strategy. In technological companies, decision makers
conduct A/B testing to evaluate the performance of a newly developed product (see e.g.,[Bojinov & Shephard),
2019; [Shi et al., |2023)). In economics and social science, program evaluation methods are widely applied to
access the effects of certain intervention policies (see |Abadie & Cattaneo, 2018| for an overview). In the
aforementioned applications, a new treatment decision rule and/or policy need to be evaluated offline before
online validation. Over the past decade, offline evaluation of a fixed, data-dependent or optimal treatment has
been widely studied in statistics (Zhang et al., 2012; |Chakraborty et al,|2013; |Zhang et al.,|2013; Matsouaka,
et al.,|2014; Luedtke & Van Der Laanl [2016; [Luckett et al., 2020} [Liao et al. [2021; 2022} |Shi et al.| [2022) and
machine learning (Dudik et al., 2011} Jiang & Li, 2016} 'Thomas & Brunskill, 2016} |Cai et al.l 2020; [Kallus
& Zhou, 2020; Kallus & Ueharal 2020; Hao et al., [2021]).

Nonetheless, all the previously mentioned works have primarily focused on the mean outcome, which may
not fully capture the distributional effects of a policy, such as its impact on specific quantiles or the entire
outcome distribution, are of primary interest. Take our real-data application as an example. The data is
collected from a world-leading technological company with one of the largest mobile platforms for production,
aggregation and distribution of short-form videos. We aim to assess the impact of specific advertising policies
on user experience, measured by the length of stay on the platform. A particularly important subgroup is
the passive users, who exhibit little responsiveness to any advertising policy and tend to spend minimal
time on the platform. These users are concentrated in the lower tail of the engagement distribution, around
the 25th percentile. Policy-makers are particularly interested in addressing the needs of this subgroup, since
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Figure 1: Left: Q-Q plot that compares the sample quantiles of user watch time in our real dataset to the
theoretical quantiles of a standard normal distribution. Right: Log-log plot showing the count of data points
at each user watch time value, grouped by percentiles. Both plots highlight the heavy-tailed nature of the
outcome distribution in our dataset.

treatments with a greater impact on the lower quartile are more likely to attract potential customers who
were previously less engaged with the platform.

In addition to short video platforms, evaluating the distributional effects of a policy is crucial in many other
applications as well. For instance, in welfare programs, policy-makers may wish to identify interventions
that specifically reduce the cost of living for the lowest 10% individuals, rather than focusing on the average
population (Cui & Hanl [2023)). When studying gender discrimination, researchers often care about the entire
distribution of wages, social visibility, or media coverage, rather than solely comparing mean differences
between men and women 2007)). In microbiome research, sequencing reads (Wang et all, [2025), and
in e-commerce, advertisement clicks or profit are typically non-negative and zero-inflated.
In these cases, the mean can be a misleading summary statistic, making it more appropriate and informative
to focus on quantiles.

Even when the mean outcome is of interest, traditional sample average estimators can perform poorly in
the presence of skewed or heavy-tailed outcomes. To illustrate the prevalence of heavy-tailed outcomes in
practice, Figure [T] visualizes the distribution of the outcome variable in our real data example — user watch
time — using a Q-Q plot and a log-log frequency plot. The Q-Q plot reveals a clearly right-skewed distribution,
while the log-log plot displays an approximately linear decay in its probability density function, consistent
with a power-law tail distribution — such as the t-distribution commonly used to model heavy-tailed outcomes
— of the form =%, As we will show later in Section when outcome variables are heavy-tailed, computing
quantiles first and then averaging results in a much improved estimator for the mean. This further motivates
us to study quantile treatment effects.

This paper focuses on developing doubly robust and semi-parametrically efficient statistical inference frame-
work for the quantiles of a target treatment’s return using pre-collected datasets from multi-stage studies,
which has been less studied in literature. In causal inference, the estimation of the causal effect often depends
on two nuisance parameters, one for the propensity score and another for the outcome regression model. An
estimator is doubly robust if it is consistent for the causal effect of interest when any one of the two nui-
sance parameters is consistently estimated. While doubly robust estimation has been extensively studied
for mean-based estimators, our work introduces two key difficulties that set it apart from existing studies:
(1) estimating quantiles rather than means, and (2) conducting rigorous statistical inference beyond point
estimation. These additional complexities make our approach both novel and technically demanding.

The challenges of conducting treatment effect inference on quantiles are twofold. Firstly, constructing a
doubly robust confidence interval requires doubly robust asymptotic linearity, which is more stringent than
doubly robust consistency and has been less studied. Benkeser et al. (2017)) provided a thorough discussion
of the challenges associated with doubly robust inference for the average treatment effect at a single time
point. In particular, they revealed from a careful theoretical analysis that when flexible, data-adaptive
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estimators of the nuisance parameters are used, doubly robust estimation does not readily extend to doubly
robust inference. They showed that some natural alternatives are inappropriate for this purpose and further
proposed a doubly robust inference procedure via targeted minimum loss-based estimation, which, however,
requires additional nuisance parameters. Secondly, the efficient estimating equation for the quantile value is
nonsmooth and involves parameter-dependent conditional mean function estimation which requires learning
the conditional mean function for various values of the target parameter (Kallus et al) [2019). Directly
applying supervised learning algorithms to construct the efficient estimating equation is very computationally
intensive. This problem becomes more challenging when considering multiple-stage scenarios with history-
dependent treatment.

Our contributions can be summarized as follows: (i) We propose a comprehensive doubly-robust uncertainty
quantification procedure for quantile treatment effect in sequential decision making. In particular, we develop
a doubly-robust quantile value estimator and a doubly-robust estimator for its asymptotic variance. Semi-
parametric efficiency is established to guarantee the performance of our quantile estimator. To the best of our
knowledge, this is the first work that rigorously investigates uncertainty quantification for a target policy’s
quantile value in multi-stage studies. (ii) We propose utilizing existing state-of-the-art deep conditional
generative learning methods to handle parameter-dependent nuisance function estimation, which circumvents
the error aggregation commonly encountered in standard iterative estimation methods prevalent in sequential
decision making. (iii) We further develop a tail-robust doubly-robust estimator for the mean outcome by
aggregating the proposed quantile estimator at multiple quantile values. Our simulation study demonstrates
that the mean squared error (MSE) of the proposed estimator is around 15%-50% less than that of the
standard doubly-robust mean effect estimator with heavy-tailed responses.

1.1 Related work

In the literature, several methods have been proposed for evaluating treatment effects beyond the mean. One
line of work focuses on quantile or distribution regression (Machado & Matal, [2005; |(Chernozhukov et all
. Another line employs inverse probability weighting, using propensity scores to reweight each outcome
in order to estimate off-policy quantile treatment effects (QTE, , or cumulative distribution
functions (Donald & Hsu, 2014)). More recently, [Kallus et al.| (2019) proposed a localized debiased machine
learning approach for QTE estimation, while Muandet et al.| (2021) introduced a nonparametric method
based on kernel mean embeddings. [Huang et al.|(2021) further extended prior analyses from mean outcomes
to distributional metrics in contextual bandit settings.

A related but different line of work focuses on policy learning rather than treatment effect estimation. For
example, Wang et al.| (2018a)) and |Qi et al.| (2019)) studied optimal policy learning to maximize distributional
quantities other than the mean outcome. Later, Leqi & Kennedy]| (2021)) considered optimizing the average of
conditional quantiles to promote “across-group fairness”. More recently, |Cui & Han|(2023)) proposed minimax
policy learning that are robust to model uncertainty. Despite these developments, both strands of research —
whether focused on policy evaluation or policy learning — have largely been confined to single-stage decision-
making settings, limiting their applicability to real-world problems that require sequential decision making.

Some recent work have explored distributional evaluation and policy optimization in sequential decision
making and reinforcement learning (see e.g., Huang et al. 2022; Zhang et al. |2023; [Wu et all [2023}
. However, most of the aforementioned work focuses on point estimation of target quantiles, with
limited attention to inference procedures. Our contribution to this line of research is to provide a doubly
robust inference procedure for quantile-based policy evaluation.

1.2 Paper Organization

The rest of the paper is organized as follows. In Section [2] we introduce the doubly-robust estimation and
inference procedure for single-stage decision making. In Section [3] we formally establish the framework
to the multi-stage setting with detailed algorithm and estimation procedures. In Section [4] we study the
asymptotic properties and semi-parametric efficiency of the proposed procedure. Simulation studies and real
data analysis are conducted in Sections [f] and [f] respectively. Finally, we conclude our paper in Section [7]
All the proofs are presented in the appendix.
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2 Single-Stage Decision Making

2.1 Preliminaries

We first describe the observed data. Let X € X denote the d-dimensional vector that summarizes the baseline
information (e.g., age, gender) of a given subject before treatment assignment, let A € A = {1,--- ,m}
denote the treatment assigned to that subject where m denotes the number of treatment options, and let
R € R denote the subject’s outcome (the larger the better by convention). The observed data can thus be
summarized as N i.i.d. covariates-treatment-outcome triplets {X;, A;, Ri}fy:1 where N denotes the number
of subjects.

We next introduce the potential outcomes. For any 1 < a < m, let R*(a) denote the potential outcome had
the subject received the treatment a. Let b : X x A +— [0, 1] denote the behavior policy that generates the
data, i.e., b(a|z) = P(A = a|X = z). Likewise, let 7 : X x A — [0, 1] denote the target policy we wish to
evaluate. Notice that b is allowed to be unknown, as in observational studies.

Finally, we introduce the following standard assumptions:

(C1) Consistency: R = R*(A).
(C2) No unmeasured confounders (Rosenbaum & Rubinl [1983): A L (R*(1),---, R*(m))|X.

(C3) Positivity: There exists some constant ¢ > 0, such that P(b(A4]X) >¢€) = 1.

We remark that (C1)-(C3) are commonly imposed in causal inference and individualized treatment regimes
literature (see e.g., [Zhang et all [2012; |Wang et al., 2018a; Nie & Wager}, [2021)). They allow us to infer
the potential outcome distribution from the observed data. (C2) and (C3) are automatically satisfied in
randomized studies where the behavior policy is usually a strictly positive function independent of x.

2.2 Quantile Treatment Effect evaluation

Let R*(m) denote the potential outcome variable following the target policy . For a given quantile level
0 < 7 < 1, our problem of interest is to infer the 7th quantile of R*(7) marginalized over the initial state
distribution X € G, denoted by 7.. Specifically, we have 7 = P(R*(7) < n,) = Ex~g [P(R*(7) < n,|X)]. For
a given target policy 7, the 7th quantile of R*(7) can be decomposed to a mixture of {R*(a) : 1 < a < m}
with weights specified by w. As such,

hE

P(R () < 71 X) = 7(a|X)P(R*(a) < r|X). (1)

a=1

Under (C1)-(C3), the conditional potential outcome distribution Pg-(4)x is equal to the conditional distri-
bution of observed outcome Pg x, 4. This together with Equation [I} allows us to identify the quantile value
from the observed data. In the following, we first introduce the direct method and the inverse probability
weighting method, and then combine the two for efficient and robust estimation of the quantile treatment
effect.

2.2.1 Direct Method (DM)

The first estimator is provided by a direct method, where we integrate quantile regression with Equation|[I] to
devise an optimization-based approach for quantile estimation. The methodology is conceptually equivalent
to the g-computation formula used in causal inference (Daniel et al) |2011; |Snowden et al., |2011} [Chatton
& Rohrer} [2024)). Let pr(u) = w - (7 — I{u < 0}) denote the quantile loss function. By the law of iterated
expectation, n, = arg min, E[p, (R*(7) — n)] = argmin, E[E{p,(R*(7) — n)|X}]. Under (C1)-(C3), it follows
that

m

o = argmin >~ Blr(alX) - B{pr (R — )| A = a, X}] (2)

a=1
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where E denotes the empirical expectation calculated from the observed data. DM first estimates the con-
ditional expectation within the square brackets for each 7 and then plugs in this estimator in the above
optimization problem to learn 7.

As discussed in the introduction, it remains challenging to compute the conditional mean estimator for each
1. We will later introduce our proposal to address this issue.

2.2.2 Inverse Probability Weighting (IPW) method

An inverse probability weighting estimator, akin to the off-policy mean outcome estimation in classical causal
literature, can be developed by the change of measure theorem based on Equation [2}

m(A]X) a
rpr(R n)

ALX) : 3)

npw = argmin E
n

When the behavior policy b is unknown, it can be estimated using any proper supervised learning algorithm
with a mild convergence rate. The precise requirements are provided in Assumption (A1) and Remark 1.

2.2.3 Doubly Robust (DR) Estimator

In causal inference, an estimator is doubly robust if it is consistent for the causal effect of interest when
any one of the two nuisance functions, i.e. propensity score or outcome regression function, is consistently
estimated. As a result, the doubly-robust method combines the DM and IPW procedures and alleviates
the risk of model misspecification by only requiring one of the nuisance functions to be correctly specified.
Based on the classical DR estimator for the mean outcome, a DR quantile estimator can be formulated by
incorporating the fundamental concept of quantile regression as follows:

N
1 -

bR = argmnin v Z; U(n; X;, Ai, R;, b, E)

(4)

2

. 1 ™ 1 7T(AZ |Xz) =~
= argmin — = pr(Ri—m)+ |1 — =——= | E{p-(R; — n)| Xs, A; ~7}|,
N b b(A;] X;)
In the above formula, b represents the estimated behavior policy. IE{~|XZ-, A; ~ 7} denotes the conditional
mean functional that needs to be estimated later. Here, the reward R; in the conditional expectation is a
random variable by executing the target policy m under baseline information Xj;.

The first term of the second line in Equation [4] is identical to the IPW estimator. The second part is an
augmentation term which offers additional protection against the model misspecification of the behavior
policy while improving the estimation efficiency. When the conditional mean function is correctly specified,
the expectation of our DR estimator is equivalent to that of the DM estimator. When the behavior policy is
correctly specified, the estimator is unbiased to the IPW estimator and thus is also consistent. This verifies
that 7pgr, as a combination of DM and IPW estimators, indeed satisfies the doubly-robustness property.

Similar to DM, DR requires estimating the conditional mean function for each 1. We propose employing
a deep conditional generative learning method to compute E{- | -}. The main idea is utilizing deep neural
networks to learn a conditional sampler that takes the covariate-treatment pair and some random noises as
input and outputs pseudo outcomes whose conditional distribution is similar to that of Prj4 x. By using
the Monte Carlo method, these pseudo outcomes can be further used to approximate the conditional mean
functions for any 7. This addresses the challenge of parameter-dependent nuisance function estimation.
As a powerful approach for generating random samples from complex and high-dimensional conditional
distributions, deep conditional generative learning methods have been successfully implemented in a large
variety of applications including computer vision, imaging processing, epidemiology simulation and artificial
intelligence (Yan et al., |2016; |Shu et al.l [2017; Wang et al., 2018b; Davis et al., |2020; [Jo et al., 2021)). We
detail our estimation procedure in the next section.



Under review as submission to TMLR

2.3 Estimation and Inference Procedures

Our estimation procedure consists of four steps: 1) sample splitting, 2) nuisance functions estimation, 3)
doubly-robust quantile value and variance estimation, 4) tail-robust mean value estimation. Pseudocode
summarizing the proposed algorithm is given in Algorithm

Algorithm 1 Pseudo Code of Quantile Treatment Effect Evaluation in Single Stage

Input: {X;, A;, R;}Y, triplets; quantile levels 7; number of folds S.
Output: doubly robust quantile estimator 7PR; tail-robust DR mean estimator fipg.
procedure A. DOUBLY ROBUST QUANTILE ESTIMATOR
Randomly split the data into S folds. For any s € S, denote Z; as the sth subgroup.
for all s € S do
Estimate b by GBDT with the data in Z¢;
Estimate R|(X, A) by MDN with the data in s,
Generate {§;1a|(X =z, A=a)}}L, for any a € Aand i € T;;
end for
Solve the optimization problem in formula to obtain 7jpg.
: end procedure
: procedure B. TAIL-ROBUST DR MEAN ESTIMATOR
For all of the quantile levels of our interest, calculate 77, by Procedure A. Averaging among all quantiles
yields the tail-robust DR mean estimator [ipg.
end procedure

= e
@ NP2

—
>

2.3.1 Step 1: Sample Splitting

Step 1 of the proposed algorithm is to randomly divide samples {1,..., N} into S disjoint subgroups of
equal size. We define n = N/S and assume n € Z without the loss of generality. This step incorporates
Equation [4] with cross-fitting in Step 3 to reduce the bias of the nuisance function estimators obtained by
the aforementioned supervised and generative learning methods. For any 1 < s < 5, let Z; denote the sth
subgroup and Z¢ denote its complement. Sample splitting allows us to use the data in Z$ to compute b
and IE{}, and those in Z; to construct the estimating equation. In addition, we can get full efficiency by
aggregating the estimating equations over different s. Such a technique has been implemented for policy
evaluation in recent literature (Chernozhukov et al., 2018} [Shi et al, 2021; [Kallus & Ueharal [2022)).

2.3.2 Step 2: Nuisance Functions Estimation

Step 2 of the proposed algorithm is to use each data subset in Z¢ to estimate the behavior policy b and the
conditional distribution of R given A and X.

Firstly, notice that estimating the behavior policy is essentially a regression problem. As such, we can
apply any supervised learning algorithm designed for categorical response variables to compute b. In our
implementation, we employ a Gradient Boosting Decision Tree (GBDT) algorithm and find that it works
well in our numerical examples.

Secondly, we need to estimate the conditional expectation E[p, (R — n)|X = x, A = a]. As discussed earlier,
one approach is to apply supervised learning to approximate the conditional expectation for any 1. However,
such a method is computationally intensive when the search space of n is large, since it is unrealistic and
super inefficient to posit a separated model for each possible value of 7. To facilitate the computation, we
leverage the state-of-the-art deep conditional generative learning methods to learn the conditional reward
distribution. This type of approach includes but not limited to Generative Adversarial Networks (GAN) and
Mixture Density Network (MDN), which provide promising performance in real applications.

In the subsequent sections, we employ Mixture Density Networks (MDN) as an example for illustrative pur-
poses. It’s worth noting that our framework is adaptable to the implementation of any conditional distribu-
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tion approximation methodology, provided that the convergence rate satisfies a readily attainable assumption
(Assumption (A1)), which will be elucidated in Section

For a brief introduction to MDN; it integrates the Gaussian mixture model with deep neural networks by
assuming that the conditional density of R given X and A is a mixture of J conditional Gaussian distributions.
That is, the probability density function of R|(X, A) satisfies

(r — nj(z,a))®
flr|z,a) aj(z,a) exp{——},
(r] Z ’ \/ﬂaj (z,a) 20?(% a)
with weights {a;(z,a)};_, € [0, 1], conditional means {u;(z,a)}/_;, and the corresponding variances
{oj(z, a)}j:1 parameterized via deep neural networks. The universal approximation property of deep neu-
ral nets allows to approximate any smooth or non-smooth weight, conditional mean and variance functions
(Imaizumi & Fukumizul, 2019)). This together with the universal approximation property of Gaussian mixture

models allows f to approximate any smooth conditional density functions (see e.g., Kostantinos, [2000)).

Finally, we discuss how to compute E[p, (R —1)|X = #, A = a]. The idea is to sample i.i.d. pseudo outcomes

{jo V1< j < M} based on the estimated conditional distribution generator for R|(X, A) and approximate
the expectation via Monte Carlo, i.e.,

Elp-(R—n)|X =z,A=d]~ pr

The number of Monte Carlo samples M represents a trade—off. Notice that the bias of the estimator is the
same for any M. A large M improves the accuracy of the estimator at the cost of increasing the computation
time. In theory, as shown in Section [4} we require M — 0o to ensure the resulting value estimator achieves
the minimum asymptotic variance. In our numerical implementation, we set M to 50 to achieve a good
balance between estimation accuracy and computation cost.

2.3.3 Step 3: Doubly-Robust Quantile Value and Variance Estimation

Step 3 of the proposed algorithm is to employ cross-fitting to estimate the quantile value and construct the
associated confidence interval. In particular, we develop two doubly-robust estimators, one for the quantile
value itself, and another for the asymptotic variance of the quantile estimator.

First, let ES and IES denote the estimated behavior policy and conditional mean function, respectively. We use
cross-fitting to construct the following estimating equation to compute the doubly-robust quantile estimator,
ie.
S ~ ~
R = argrr%inz Z U (n; Wi, bs, Ey),

s=14€ly
where U is defined in Equation |4 E and W; is a shorthand for the triplet (X;, A;, R»).

Second, as shown in Theorem I (see Section ' the asymptotic variance of 7P® is given by the sandwich
formula J; ?Var(9, ¥ (n,; W;, b,E)) where Jy := fg- (W)(nT) equals the probability density function (pdf) of the
potential outcome R*(m) evaluated at 7,. While the variance term Var(9,¥(n,; W;, b, E)) can be consistently
estimated via the sampling variance estimator, the pdf is more difficult to learn from the data.

A key observation is that, fg«(r)(77) is not only the marginal pdf of the reward following 7 and the baseline
distribution G, but the expectation of a conditional pdf for fg«(r)x(1-|X) as well. This motivates us to
consider the following two estimators for fr«(x)(n-):

(i) IPW estimator for Jy: for those subjects following the target policy 7, a natural estimator for Jy can
be obtained by applying kernel density estimation (KDE). This idea, combined with the change of measure
theorem, yields the following IPW estimator for Jy:

TIPW _ ZZA EK (Ri hﬁDR>’

s=14i€Zy
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where K is some kernel function and A is a pre-specified bandwidth.

(ii) IPW estimator for Jo: In Step 2, we have obtained the conditional pdf of R|X, A via some deep
conditional generative model. Let f,; denote the conditional probability density function obtained from the
data in Zg. This yields the following direct method estimator for fr«(x)(n-),

o~

S S
TN = Fre(my(nr) = %Z SN w(alXi) faiiprla, Xi) = %Z > Fre(m.s (o] X0).

s=14i€Z; a s=14i€Z,

Combining both (i) and (ii) yields a doubly-robust variance estimator, given by

(iii) DR estimator for Jo:

As such, a Wald-type confidence interval can thus be derived for 7., which is detailed in Equation [I8] of the
theory section as a multi-stage general form.

2.3.4 Step 4: Tail-Robust Mean Value Estimation

For some studies where the mean outcome is still of interest, Step 4 of the proposed algorithm provides a
tail-robust mean value estimator based on the quantile values we estimated from Step 3. Since the target
policy’s mean value can be represented as an average of the quantile values, i.e., fol 7-dT, this motivates us
to consider the following plug-in estimator fol 7PRdr for the mean value. The integral can be approximated
numerically based on midpoint rule, trapezoidal rule or Simpson’s rule.

Compared to the standard doubly-robust estimator, the proposed estimator is tail robust in that its con-
sistency requires very mild moment conditions. Specifically, it only requires a well-defined mean value, i,e,
E|R| < co. On the contrary, the standard doubly-robust estimator requires the reward to have at least a finite
second-order moment. In our numerical studies, we find that the proposed tail-robust estimator achieves a
much smaller MSE when reward is heavy-tailed or has a quasi-infinite variance.

3 Sequential Decision Making

3.1 Preliminaries

In this section, we extend our framework to more general sequential decision making problems with K stages.
The data trajectory for a single subject is given by

(X15A17R17X27A27R2a"'7XK7AKaRK)a (6)
where (X, Ak, Ri) denotes the covariates-treatment-outcome triplet observed at the kth decision stage and
K denotes the horizon (e.g., number of decision stages).

A (history-dependent) policy m = (1, --- ,mx) maps the observed data history to a probability distribution
over the action space at each time. Specifically, let Hj denote the historical data collected prior to the
assignment of Ay, i.e., H, = {X1, 41, Ry, -+, X}

Following m, the agent will set Aj according to the probability mass function 7y (-|Hy) at each time k. In
addition, we use b = (b1, -+ ,bx) to denote the behavior policy that generates the data, which consists of N
i.i.d. realizations of equation [6] denoted by

{(X1i, A1, Ry i, Xo i, Az i, Roy oo, Xk in Ak i Ric i) 1 1 < i < N (7)
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Note that the i.i.d. assumption is imposed across trajectories (i.e., over index i), rather than across time
steps within a trajectory. That is, we do not assume (X, Ax, Ry) are i.i.d. over k, which would be unrealistic
in practice.

Usually, the final outcome can be defined as a function of rewards at all stages, i.e. f(R1,..., Rx). However,
in most cases when we periodically evaluate a specific kind of outcome of interest, it is natural to infer the
cumulative reward Zszl Ry, following the target policy 7. Note that in the following sections, although we
focus on the estimation and inference of Zszl Ry at the 7th quantile, the whole framework can be easily
extended to any reward function f(Rs,...,Rk).

Similar to Section 2] we assume versions of (C1’) consistency, (C2') no unmeasured confounders, which is
better known as the sequential randomization assumption, and (C3’) positive assumptions hold in multiple
stage settings. An explicit version of these assumptions are provided in Appendix (see e.g.,|Zhang et al.,
2013, for the detailed definitions of these assumptions).

3.2 Quantile Treatment Effect Evaluation

In multi-stage settings, our objective is to infer the 7th quantile of the sum of potential outcomes at all
stages under a fixed target policy m. Let Rj(aj) denote the potential outcome one would observe under
policy sequence ay = (as, ..., a,). Similarly, define Rj(7) as the potential outcome under policy w, where
R*(m) =3, Rj(m) is the cumulative outcome of interest. It then follows that

P(éﬁfzm < rjxl) > u«:{ [ e ) -P(éfzzw < r(xl) } (8)

{ak}szl k=1

where the summation over {ak}le can take all possible treatment combinations in |A|%, and the expectation
E is taken w.r.t. possible sequences of {Hy, Ri}1<k<i. Under (C1')-(C3’), formula can be represented
using the observed data distribution. For any given quantile 7, we solve the optimization problem

K
- = 1 E 1~ T R — ’AN 5 9
nr = argmin Ex Glp <Z it 77> m 9)

k=1

where Ex, ~g[-|A ~ 7] denotes the expectation with respect to the history data (Hg, Ak, Rk), assuming
the initial covariates X; were generated according to G and all subsequent observations were to follow the
target policy 7. In the following sections, we will first introduce the direct method and inverse probability
weighting estimator, and then combine the above two to derive the doubly robust estimator.

3.2.1 The DM estimator
Under (C1')-(C3'), it follows from () that
K R K
fioa = argmin Y {E[Hmwﬂk) B s (D Ri— )[R}, = {ak}fhxl}}}. (10)
{a} k=1 k=1

Similar to the single-stage setting, we first estimate the conditional probability function for Zszl Ry given
(Hg,Ak) and then leverage MC approximation to calculate the conditional expectation in Equation
Details will be provided in Section [3.3]

3.2.2 The IPW estimator

According to the the change of measure theorem,

K K

~ o= m(Ak|Hg)

mpw = argmin £ " pPr E Ry —n)|.
K L—1 br(Ar|Hy) (k—l )
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Notice that when the number of stages increases, the proportion of data we observe that aligns with target
policy will decrease drastically. This may lead to a poor IPW estimator. Akin to the single-stage setting,
one can implement any supervised learning algorithm to learn by that satisfies some mild convergence rate
assumptions specified in Assumption (A1) of Section

3.2.3 The DR estimator

By incorporating the DM and IPW estimators, one can derive a doubly robust estimator for K-stage quantile
treatment effect:

N
nDR:argml NZ (n; W;,b,E)

o L | o T (Awil B )
:argmr}nﬁzz [Hk 1 k(Ak |H:Z) (ZRM* ) (11)

s=14€Z, k'=1"K
k’ A H/,L A rLH 7 e
+Z<H (|k)) ( _ (ki Hii) ’“’)>Lk(H;m-) :
w1 brr (Agr i Hy ) br (Ak,i| Hr,i)

where W; is a shorthand for the observed data trajectory

)

(X145, A1, R iy Xo iy Aoy Roiy o, XKy Ak iy Ric i)

and Ek(Hk) =E {pT(Rl +--+Rp_1+Re+--+Rg — n{ A }E M {AYE_ ~ 7T7X1:|. It is worth not-
ing that in Ly(Hy), the expectation is conditioning on Hy, in which Ry,..., Rx_1 are directly obtained

from the observed data, and Ry, ..., EK are the rewards estimated from some data generating model under
treatment (7, ..., TK).

Equation 1] is the average of the sum of K + 1 terms. The first term serves as an IPW estimator, where
K

M is the probability of a subject’s actions at all K stages being consistent with policy
K/=1"FK

7. The last K terms, shown in the second line, denote the augmentation terms estimating the quantile loss

originated from the kth level of missing data. The kth augmentation term is the multiplication of two main

components: the product of the two policy ratios in parenthesis, and a direct estimator Ly (Hy). It aims to

leverage subjects whose observed actions are consistent with 7 during the first k£ — 1 stages, but inconsistent

starting from the kth stage. The product of the two policy ratios in this case roughly describes the probability

of this inconsistency occurring. Ly (Hy) is the expected quantile loss estimated by combining the observed

reward before stage k with the estimated rewards from stage k onwards. Using this DR estimator, one can

maximize the utilization of the observed information related to policy 7. The estimation details are described

in Section 3.3

the coefficient

The proposed estimator 7jpr is doubly robust in the sense that if the propensity score functions
{bk (Ak\Hk)},C , or the outcome regression models {Ly (Hy)}E_ | are consistently estimated at each stage,
then 7jpgr is a consistent estimator of 7,. Compared with the DM and IPW estimators, the DR estimator
7pr tends to be more robust w.r.t. model misspecification. This also enables us to implement more flexible
machine learning methods and leverage their advantages in estimating propensity score and outcome models.
Later in Section[d we will also prove the semi-parametric efficiency of fjpr, which provides further theoretical
guarantee for the performance of our estimator.

3.3 Estimation details

In this subsection, we focus on the estimation procedure under general K-stage settings. Similar to single
stage, our approach contains four steps in sequential decision making process: (1) sample splitting, (2)
nuisance functions estimation, (3) doubly-robust quantile value and (4) variance estimation, tail-robust
mean value estimation. The pseudo code for multi-stage quantile estimation is summarized in Algorithm [2]

10
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Algorithm 2 Pseudo Code of Quantile Treatment Effect Evaluation in Multiple Stage

Input Data trajectories {(Xl,i7 Al,iy Rl,i, Xg,i, Ag,i, Rg,i, . ,XKJ‘, AK,i7 RKJ') 1< < N},
quantile levels 7; number of folds S; a large integer M.
Output doubly robust quantile estimator #P®; tail-robust DR mean estimator ipg.

1: procedure A. DOUBLY ROBUST QUANTILE ESTIMATOR

2: Randomly split the data into S folds. For any s € S, denotes Z; as the sth subgroup.
3: for all s € S do

4: Estimate {bk}kK 1 by GBDT with the data in Z¢;

5: Estimate {RM(H;C7 Ap)HE | by MDN with the data in Z¢;

6: Generate {RJ |(Hy, = H;m,A;€ =a)}}L, for any a € A and i € Z;

7 end for

8: Solve the optimization problem in formula to obtain 7pg.

9: end procedure

10: procedure B. TAIL-ROBUST DR MEAN ESTIMATOR

11: For all of the quantile levels of our interest, calculate 7, by procedure A. Averaging among all quantiles

yields the tail-robust DR mean Estimator pgr.
12: end procedure

Steps 1 and 4 are essentially the same as the single-stage case described in Sections [2.3.1] and [2:3.4] and are
therefore omitted here. Below, we focus on the differences in Steps 2 and 3.

In Step 2, the estimation involves two sets of functions: propensity score functions {by(Hg)}X ,, and the
conditional expectation functions {L;g(Hk)}kzl. The estimation of {L;C(Hk)}k:1 is more involved. First,
the conditional distribution functions for {Ry|(H, Aj)HE | can be obtained by some conditional generative
modeling process. After getting these reward-generators at each stage, Ly (Hg) can be estimated through a
Monte Carlo approximation. As long as the number of replicates M is large enough, Ek (Hy) will converge
to the true value if the model is correctly specified. Specifically,

Li(Hy) = B [pr(Ry 4o By + B+ Ric = ) {Aw Y2k {Ap Moy ~ m, X

M
1 ~ P
= 7 PRtk R+ RY 4 R o),
j=1
where {ﬁ,&j), ce (])} 1| are obtained from the reward generator for { Ry |(Hy, A )Y, estimated from
deep conditional generative learning, and {A }_, in this case is randomly generated from target policy
7. Note that the whole procedure for estimating Lj(H}) only involves the information in the observed Hj.

The level of information we utilize in estimating R*(7) depends on how well the observed actions are in line
with the target policy, which aligns with the core idea of double robustness.

In Step 3, the main difference from the single-stage case lies in the extended form of the estimators for Jy in
the multi-stage. Define fg«(x) s as the conditional pdf of R*(7)|H; obtained by some conditional generative
learning approach from the data in Z¢. Then Jy can be estimated by

(i) DM estimator for Jg:
S ~
—fR*(ﬂ') szzf (DR |H1,0).
(i) IPW estimator for Jp: Following the same logic in Equation [3} we have:

W _ Z Z H T (Ak,i| Hy,i) 1 Zszl R; 1 — br
Yo N i ( (Agi|Hyi) P h

s=14i€Zs k=1

11
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(i) DR estimator for Jy:

ZZ [Hk’ L T (Awr i Hi i ‘)h (Zk 1 h 77DR>

s=14i€T, Hk’ 1 bk'(Ak’ 7|Hk’ )

K
+Z (H 7T'~w4fc|f‘1’k)> (1 _ W) fRz(ﬂ)(ﬁDRmk,i)]

vt Ow (Awr | Hye i) br(Ak,i|Hy i)
where féz(w)(ﬂHk,i) is the estimated conditional pdf of R}(m) := Zﬁ:k R}, (m) given Hy and Ay ~ m
obtained by MDN.

A Wald-type confidence interval can thus be constructed based on our DR quantile estimator PR and its
DR variance estimator obtained from formula . We will detail this in the corollary of Section

4 Theory

In this section, we provide asymptotic guarantees for the proposed doubly robust quantile estimator 7%

Define ¥(W;;n,&) = 8,,\II(WZ-;77,3, IE)7 which is the derivative of the objective function we are trying to
optimize. Similarly, we define ¢¥*(W;;n) = 0,¥(W;;n,b,E) where the nuisance functions for b and E are
replaced by their population function

Solving the optimization problem in is thus equivalent to obtaining the solution PR to the following

estimating equation:
S
1 .
N SO e(Wisn, ) =0, (13)
s=14i€Z,

where @ is the collection of nuisance parameters in estimating b and E using data in Z¢.

4.1 The asymptotic properties of 7jPR

Before we proceed, let’s introduce the assumptions that will be used in this section.

Assumption 1. We assume the following conditions hold:

7 ol _ - —-1/2
(A1) |[Bu(ArlH) bk(Ak\Hme o (FRZ(W)IHI,FR;(W)I,jh)HR2 —o(n~Y2), ¥V ke {l,...,K}.

(A2) Fie oy, (r|Hy) is uniformly bounded in r and Hy, ¥V k€ {1,...,K}.

(A8) 3 a constant Cy > 0, such that fg«(x)(n) > C1 holds for all n in a neighbor of n..
(A4) Fe>0, s.t. Ple <bp(Ax|Hp) <1—€) =1,V H, and k € {1,...,K}.

(A5) Op fre(x)(r )|r_ . is bounded.

Remark 1. Assumptions (A1) measures the accuracy in estimating propensity score and outcome at each
stage. Specifically, we require the product of the convergence rates of both the propensity score model and
the outcome regression model to be at least o(n~'/2), implying that each one of them must be o(n~1/4) if
both share the same convergence rate. This assumption is mild and can be achieved by various methods.
For instance, estimators constructed via lookup tables typically attain the standard o(n’l/ %) convergence
rate individually, yielding a product rate of o(n~1!), which satisfies Assumption (A1). Additionally, several
machine-learning-based approaches, such as the “lassoed” gradient boosted tree algorithm (Schuler et al.|
2022) for estimating the behavior policy, and mixture density networks (MDNs, see |[Zhou et all 2022
Theorem 3) for estimating conditional distribution functions, also meet this requirement. Similar assumptions

IThe explicit expressions for ¢ (W;;n, &) and ¢*(W;;n) are given in Appendix

12
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are commonly imposed in the literature (see, e.g., |Chernozhukov et al., [2018} [Farrell et all 2021} Kallus &
Ueharal 2022). In Assumption (A2), we require the conditional pdfs to be uniformly bounded, which aims
to guarantee the continuity of the cdf of the corresponding reward functions. Assumption (A3) ensures the
identifiability of the quantile 7, of our interest, and Assumption (A4) is an adjunctive condition on the
estimated propensity score, which is commonly assumed in related literature (Chernozhukov et al.; 2018)).
Assumption (A5) requires the derivative of fr-(x)(r) to be bounded only at the true value 7. Since the true
value is unknown to us, we may need a stronger condition that requires uniform boundedness on the support
of n.

We first introduce the two lemmas that guarantees the double robustness of both the quantile estimator and
its variance estimator.

Lemma 1. (Double Robustness of the Quantile Estimator)

Suppose that Assumptions (A3)-(A4) are satisfied. NPF is a consistent estimator of n,, as long as one of the

following two parts of models is consistently estimated:

(1) The propensity score functions at each stage, i.e. {/b\k(Hk)}f:1

(2) The conditional expectation functions at each stage, i.e. {Ek(Hk)}szl,
or equivalently the data generating models for { Ri|(Hy, Ak) He .

Lemma 2. (Double Robustness of the Variance Estimator)

In kernel density estimation, suppose the kernel function K is a real-valued, Borel-measurable function in
L>(R) which satisfies lim, o [vK (2)] = limy, o0 [2K?(2)| = 0. Define the bandwidth as hy, which can be
a function of the sample size. We assume limy_, o hy = 0, and limy_, oo Nhy = co.

We claim that 3%1«2 is a consistent estimator of 02, as long as one of the following two parts of models is

consistently estimated:

(1) The propensity score functions at each stage, i.e. {gk(Hk)}szl

(2) The conditional expectation functions at each stage, i.e. {Ek(Hk)},If:l,
or equivalently the data generating models for { Ry|(Hy, Ar) H .

The proof of Lemma [l|and Lemma [2| along with other auxiliary theoretical results are provided in Appendix
Next, we will derive the asymptotic properties of our DR quantile estimator 7PR.

Define |[|-[|p, as the L?(P) norm which satisfies ||f(W)|p, = (f1f(w)]2dP( ))1/(1. Let §(Fy, F») de-
note the total variation distance between two probability measures, where F; and Fy are the CDF of
the two distributions. Define fz. (1), (r|Hy) and Fae (o)1, (r|Hy) as the true conditional pdf and cdf of

Ri(m) = 25:1@ R;,(m) given the historical data Hy, respectively. Similarly, define fRZ(W)lHk (r|Hy) and

F R ()| Hy (r|Hy,) as the conditional pdf and cdf of Rj(r) estimated by conditional distribution generator,
respectively.

Theorem 1. (Asymptotic Normality)
Suppose that Assumptions (A1)-(A5) are satisfied. When M — oo, P is asymptotically normal. Specifically,

N
o WN@GPE — ) = —o Lyt <\/IN Zzﬂ*(Wﬁnﬁ) +0p(1) N N(0,1), (14)

where
o® = Jy "B (Win)l(Jg "), and  Jo = Op{Ew [0*(W;n)]}n=n, - (15)

Furthermore,
Jo = O {Ew [* (W)} y=n. = Emyne [fr oy (0 HL)| = fre ) (07)- (16)

13
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The results still hold when o2 is replaced by its doubly robust estimator 82DR, given by

5he= (7)) i V20600 (7). (a7)

where E,, s denotes the empirical expectation calculated with the data in fold s, and :]I)DR is estimated under
the doubly robust framework, as we’ve discussed in formula @ and (@

Estimation details are provided in Section and Section 7?7 for both single-stage and multiple-stage
settings.

Corollary According to Theorem[1], a Wald-type a-level confidence interval of n, can be constructed by

1
Cl= PR+ —o'(1 - o/2) - Gpr|, (18)

VN

where ® is the cdf of the standard normal distribution. The confidence interval constructed in (@ achieves
an asymptotic coverage rate 1 — .

As illustrated in Lemma and Theorem our quantile estimator PR satisfies the double robustness property
and is semi-parametrically efficient in both single stage and sequential decision making problems. The proof
of Theorem [I] is summarized in Appendix [C.4]

Theorem [2] below ensures that our DR quantile estimator is constructed from the efficient influence function
(EIF) and thus enjoys semi-parametric efficiency.

Theorem 2. (Semi-Parametric Efficiency)
Define C(n) = —fr=(x)(n). Under the same conditions as proposed in Theorem the EIF of n, is given by

Hf’zl T (Apr | Hyr) K
EIF, = C(n.)-E . )
n = Cr) lHﬁ—l bk,(Ak/|Hk,)( {; S n} T)

K
7Tk/ Ak/|Hk/ ( Wk(Alek))
+ 1—-———— 1 F * (7 A )
Z (H b (A |Hy') ) bi (A Hy) R( )‘HlmAk(n)

k'=1

(19)

which alignes with the DR estimator we proposed in Equation[I1l The efficiency bound for DR variance is
given by Equation [17.

The proof of semi-parametric efficiency is summarized in Appendix

5 Numerical Results

In this section, we will justify the performance of our DR quantile estimator in both single-stage and multi-
stage settings under different levels of heavy-tailness of the reward distribution. Throughout this paper, we
use student-t distributions with different degrees of freedom to measure the level of heavy tail.

In the following sections, we will first illustrate how close our estimated quantile is to the true reward
distribution, and then report the empirical coverage probability of our estimator. To show the performance
of quantile aggregation in estimating the mean outcome in the heavy-tailed cases, we compare our quantile-
based DR mean estimator Rquantile, with the DR mean estimator Rmean used in common literatureﬂ The
details of the data-generating mechanism and additional numerical results are given in Appendix

Before we proceed, let’s discuss how to choose the number of folds in cross fitting. Although a larger value of
S may yield intuitively better performance in quantile estimation, according to some comparison results in
existing work (Chernozhukov et all |2018)), there is no strong relationship between the number of folds and

2The expression of the DR mean estimator is summarized in Appendix
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estimation accuracy in the context of double machine learning. To balance the computational complexity
and the potential advantage of a large number of S, we set S = 5 throughout the simulation and real data
analysis. For ease of calculation, we first compute the DR quantile estimator under each fold s and average
over all folds to obtain our final estimator.

Quantile Estimation in Single-Stage Setting Quantile Estimation in 2-Stage Setting
1.0 4 —— Empirical CDF 1094 — Empirical CDF
* Estimated quantiles *  Estimated quantiles
0.8 1 0.8 1
o6 T 0.6
Kl Q2
2 a2
= =]
=4 c
cg; 0.4 § 0.4
0.2 0.2
0.0 4 0.01
T T T T T T T T T T T T T T T y T
-2 -1 0 1 2 3 4 5 6 -2 0 2 4 6 8 10 12
Outcome Outcome

Figure 2: Quantile estimation result in single-stage (left) and two-stage (right) settings. The blue curve
denotes the true reward distribution (the CDF under target policy ), and red stars denote the estimated
quantiles at 20 equally spaced quantile levels. Details about the data generating processes are introduced in

Appendix B11]

5.1 Quantile Estimation Performance

Figure [2] shows the estimation accuracy of our DR quantile estimator. As we can see, our DR quantile
estimator performs quite well in evaluating the true reward distributions under the target policy of our
interest.

5.2 Coverage Probability

According to the estimation details elaborated in Section and we calculate the quantile 7P and its
doubly robust variance estimator E%R by formula . For each quantile level 7, we repeat the estimation
procedure 500 times to calculate the empirical coverage probability, which is shown in Figure

Notice that when calculating the asymptotic variance, it is required to select a proper bandwidth in the
kernel function. After comparing several commonly used bandwidth selection methods, we finally choose
fixed bandwidth under this heavy-tailed circumstance due to its robustness in preventing the over-smoothing
issue in kernel density estimation[]

5.3 Comparison between Rquantile and Rmean

To compare our quantile-based mean DR estimator Rquantile with the classical DR mean estimator Rmean,
we calculated the MSE for both estimators under different heavy-tailed levels of the reward distributions.
Detailed comparisons are summarized in Table [I] and Table [2] As we can see from the Mean Square Error
(MSE), Rquantile always yields smaller MSE than Rmean. The more heavy-tailed the reward distribution
is, the more powerful our method tends to be.

To illustrate the advantage of our estimator more clearly, we visualize the estimation results of 100 times
of replicates for both Rquantile and Rmean when the reward follows t(1.2) distribution, which is shown in
Figure [

3See Appendix for details about bandwidth selection.
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Figure 3: Coverage Probability under noise level t(2), t(3), and t(4). The red dots correspond to the empirical
coverage probability estimated from 500 times of replicates, and the blue area denotes the confidence band
at each quantile level. It is clear from the plot that 0.95 falls into almost all of the confidence bands, which

means that our CI achieves nominal coverage in most cases.

Table 1: Single-stage comparison between Rquantile and Rmean. We use 5-folds cross-fitting with N = 2500.
All the results are obtained from 100 times of replicates.

Heavy-tailed level t(1.2) t(1.5) t(1.8) t(2) £(2.5) t(3) t(3.5) t(4)
MSE of Rquantile 0.00600 0.00169 0.00090 0.00099 0.00055 0.00043 0.00031 0.00037
(0.009771)  (0.002250)  (0.001190)  (0.010338)  (0.000724)  (0.000557)  (0.000355)  (0.000547)
0.59478 0.03105 0.00203 0.00186 0.00062 0.00045 0.00032 0.00038

MSE of Rmean

(32.11465)  (2.852596)  (0.044305)  (0.043518)  (0.004603)  (0.003373)  (0.003202)  (0.002741)

Table 2: Two-stage comparison between Rquantile and Rmean. Each cell reports the MSE (with standard
deviation in parentheses). We use 5-folds cross-fitting with N = 2500. All the results are obtained from 100
times of replicates.
Heavy-tailed level t(2) t(4) t(6) t(8) N(0,1)

0.006708 0.002729 0.002447 0.002427 0.001549
(0.007954)  (0.003865)  (0.003007)  (0.002709)  (0.001541)

0.027780 0.003945 0.003558 0.003710 0.002062
(1.648467)  (0.027229)  (0.024007)  (0.023832)  (0.002024)

MSE of Rquantile

MSE of Rmean
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Comparison between Rquantile and Rmean
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Figure 4: Comparison when the noise follows t(1.2) distribution. The blue line denotes the true value of
mean reward, red stars denote the estimated value of Rmean, and green stars denote the estimated value of
Rquantile. For comparisons across all levels of reward heavy-tailedness, see this anonymous GitHub repository

It is obvious from Figure [] that under a super heavy-tailed setting, Rquantile outperforms Rmean in es-
timating the true reward expectation. There are some “outliers" when estimating Rmean, which performs
much worse than other points. This is because the estimated propensity scores of some subjects are quite
close to 0, leading to extremely unstable estimators for Rmean. On the contrary, our approach divides the
mean estimation procedure into many quantile levels, and solving each estimating equation won’t affect as
much as what we may have in obtaining Rmean. This intuition explains the tail robustness of our estimator.
Since each quantile we estimate also enjoys the double robustness property, it’s reasonable that Rquantile
achieves better results than Rmean.

6 Real Data Analysis

In this section, we use a dataset collected from an advertisement experiment conducted at a world-leading tech
company. The company plans to add an advertising position with three candidate choices. This experiment
serves as an exploration applied to three groups of customers (180,000 users per group) randomly selected
from daily active users. The company conduct causal inference on this data, and come up with four different
personalized intervention policies. The key response of interest is the user watch time (the larger, the better),
which has a heavy-tailed distribution as shown by the histogram, Q-Q plot and log-log plot in Figure

We demonstrate that our method can (i) reliably infer the quantiles of revenues under the four policies,
and (ii) accurately estimate their expected revenues using only a small subset of the full dataset. Toward
that end, we repeat the following procedure 1,000 times: in each iteration, we randomly sample 1% of users
from each group and apply our method to estimate 999 quantiles — from 0.001 to 0.999 — of the outcome
distribution for each policy. Based on these estimators, we construct confidence intervals for the first, second,
and third quartiles, and use the mean of the 999 quantiles as the estimated expected value. The ground-truth
values of the four policies are obtained from online A /B tests. The mixture density network consists of two
hidden layers with eight neurons each, and four mixture components.

Table [3| shows that the coverage probabilities of the 25%, 50% and 75% quantiles of the reward distribution
of the four personalized policies are all close to the 95% nominal level. The bias, standard deviation and
root MSE are presented in Table [d] Our doubly robust quantile-based mean estimator outperforms the

17


https://anonymous.4open.science/r/QOPE_Rebuttal_TMLR-6378/Rquantile_Rmean_Comparison_All.md

Under review as submission to TMLR

Table 3: Coverage probabilities of the first, second, third quartiles of the proposed confidence intervals under
the four personalized policies.

S1 Sa Ss Sy

25% | 0.926 | 0.944 | 0.933 | 0.911
50% | 0.961 | 0.958 | 0.957 | 0.948
75% | 0.949 | 0.926 | 0.942 | 0.915

Table 4: Comparison of biases, standard deviations and root MSEs of the expected revenue estimators
between mean-based and the proposed quantile-based approaches. S1, Sa, S3, and S4 denote the four per-
sonalized policies.

Bias STD RMSE
Rmean Rquantile | Rmean Rquantile | Rmean Rquantile
S1 | 0.006 -0.013 0.076 0.069 0.076 0.071

Ss | -0.008 -0.026 0.060 0.055 0.060 0.061
Ss | 0.007 -0.014 0.066 0.059 0.067 0.061
Sy | 0.001 -0.017 0.077 0.068 0.077 0.070

traditional doubly robust mean estimator on this heavy-tailed real dataset. Furthermore, we also compare
the performance among DM, IPW and DR estimators. Details are deferred to Appendix [B.2] to save space.

7 Conclusion and Discussions

In this paper, we conducted comprehensive research on the doubly robust off policy evaluation procedure for
the entire reward distribution in sequential decision making problems. We constructed a doubly robust quan-
tile estimator with theoretical guarantees, and provided an algorithm based on deep conditional generative
learning, allowing a broad class of machine-learning-based tools to be utilized in estimating propensity scores
and reward functions at each stage. Furthermore, a doubly robust variance estimator was also proposed to im-
prove the stability of the estimated confidence interval. Our quantile estimator enjoys asymptotic normality
and semi-pamametric efficiency, which is well-illustrated from both simulation and real data analysis.

Based on our estimated DR quantiles, we proposed a tail-robust doubly-robust mean estimator which signif-
icantly outperforms the classical DR mean estimator used in the earlier literature. Both simulation and real
data analysis illustrate the power of our estimator in decreasing the MSE when the reward is heavy-tailed.

The quantile-based mean estimator has demonstrated significant advantages over classical mean estimators
in various contexts, including single-stage (Wang & Zhoul [2010) and infinite-horizon scenarios such as re-
inforcement learning (RL) (Rowland et all |2023]). Given the promising results observed in both simulated
and real-world data, further investigation into the theoretical properties of the proposed tail-robust doubly
robust (DR) mean estimator would be valuable for future research. Additionally, it’s quite interesting to
explore the potential of developing optimal treatment regimes using the doubly robust quantile estimator
introduced in this study. Another direction is to extend the binary actions to a discrete or continous action
space, which would allow the entire framework to be applied to a wider range of real-life scenarios.
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Appendix
A Assumptions and Notations

In this section, we aim to elaborate more on the explicit expressions of some assumptions and formulas
mentioned in the main paper.

A.1 Assumption (C1')-(C3’)

In multi-stage setting, we also accept the potential outcome framework in causal inference.
(C1") Consistency (or SUTVA) (Rubin |1990): For any k € {1,..., K},

Rk = Rk Ak Z R ak ]I{Ak = ak},

an €A

When k > 2,
Xp=Xj(A&-1)= > Xp(a-0){Ae 1 =ap1}.

Gp—1€AL_1

(C2') Sequential Randomization Assumption (SRA) (Rosenbaum & Rubin, 1983): Given any treatment
sequence bg, we have

Ag L {R(bk), X41(b), Regr(bry1), - - Ric (b))} Hy, VE€{1,...,K}.

(C3') Positivity Assumption: For any k € {1, ..., K}, there exists a constant € > 0, s.t. P(e < by (Ag|Hg) <
1—¢€) =1 for any Ay € {0,1}.

Note that (C1)-(C3’) are just natural extensions of (C1)-(C3) in multi-stage setting, which is also widely
assumed in causal inference literature.

A2 p(Win, &) and ¢ (Wisn)
The estimating equation of our interest is defined as

w(wi;n, &) =0, (Wi;n,b, E)

_ Ly [ e i) (H{im <n}-v)

s=14i€T, Hk/ 1 bk’(Ak’ 74|Hk, i
T A il Hir s T (Ap,i| Hp,i .
+Z H o (Al i) Y () m(Apil Hiei) e(Hia) |
o o (A | Hy ) bk (Ak il Hr i)
where I(Hy) = E {H{Eﬁ 4+ Ryo1 + R+ + R <} — 7{ A Yo {Aw Y E ) ~ F’X1}7 m which

Ek,...,ﬁK are the estimated rewards obtained by the data generating models following treatment
(7k, - .., Tk ) starting from stage k.

When the nuisance functions are replaced by the true models, we have

1/1 Wzﬂ? ZZ Hk/ 17Tk/( |H : ({ZRLk<77}—7-)
s=14€Zly k’ 1 k'i
—1
T (A il Hi i) ( _W(AMHW) _
+Z< bi (A il Hie, ’)> ! bi(Ap,i| Hr,i) lk(Hkﬂ)] '
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In the rest of this appendix, we will focus on the case K = 2. Therefore, the expressions become
»(Wisn, &) = 9,V (Wisn, b, E)

71 (A ;| H1:)m2 (A2 | Ha i)
bi(Ayi|Hy i, 0)ba(Azi|Ha i, &)

(]I{Rl,i + Ry, < 77} — 7')

7T1(A1 i|H1 7,) = =~ =~ (22)
-|— 1 — % E[(H{Rl + R2 < 77} — ’7')|X1’i, (Al’i,AQ’i) ~ 7T]
( b1 (A1:|Hi )

A 1H 7 A g H i =~ ~
(Tl ) ) () me(Azil o) E[(I{Ry; + Ry <n} — 7)|Ha, Ags ~ 7|,
by (A1,:|Hi ) ba(Azi|Ha i)

and

71 (A | Hy i) m2(As | Ho ) S
: : : 2 (I{R1; + Ra; < —7)+aiE[(I{R; + Ry <
bl(Al,i|H1,i)b2(A2,i|H2,i) ( { 1, 2, 77} ) 1 [( { 1 2 77} (23)

~)IX 10, (Avi, Az) ~ 7] + GBI Ry + Ry < ) = 7)| i, Ag ~ ]

Y (Wisn) = [

where we define a} and a} as

* Wl(A1i|Hli)> * <7T1(A1i|H11')> < 7T2(A2i|H2i))
a;=1——"""T2, a5=|—F—"—"2 1——————=". 24
! < by (A1,:|Hi ) 2 b1 (A1 Hi ) ba(Azi|Hai) (24)

A.3 Rmean

In simulation studies, we compare our quantile-based DR mean estimator with the traditional DR mean
estimator used in common literature, named as Rmean. In single-stage setting, Rmean is estimated from

1< Ay i|Hy AHL D) =~
Rmean = — E MRU +(1- M E[R1| X1 = X314, A1 ~7]| . (25)
N | bi(Aii|Hiy) bi (A1 ;|Hy i)

In two-stage settings,

1 & Ay i|Hy ) mo(Ag i |Ha g
Rmean = ,Z 711( Lil s, )7:2( 2il 2, )(Ru + Ra;)
= | b1(Avi|Hyi)ba(A2,:|Ha,i)
m(AvilHii) \ =05 5
+ {1 - =—""——= E[(Rl +R2)|H1 = Hl,ia (Al,Ag) ~ 71'] (26)
< b1 (A1 |Hi )

Ay Hy Ao il Ho )\ = _
+ M 1- M E[(R1 + Ro)|Hy = Ha i, Ay ~ ]
bi(A1:|Hi,) ba(As;|Hs ;)

B More on Simulation and Real Data Analysis

B.1 Simulation
B.1.1 Data Generating Process

We first introduce the data generating processes in both single stage and multiple stage settings.

In single stage quantile estimation problem, we generate the data as follows:
X ~G=N(0,1);
1
A =b(X), where b(X) =I{X + 1€ 0}; (27)

1
R=(1-X+2AX)(1+ ie’),
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where € and €' are noise terms with different levels of heavy tail. The more heavy-tailed ¢ and € are, the
harder it would be to estimate the reward distribution. As mentioned in the main paper, we use the student-
t distribution with different degrees of freedom to generate heavy-tailed distributions. To illustrate the
performance of our estimator under different levels of heavy tail, we let € and ¢’ follow t distribution t(1.5),
t(1.8), t(2), t(2.5), t(3), t(3.5), and t(4) respectively. The target policy here is defined as 7(A|X) = I{X > 0}.

Let’s take t(3) as an example. Figure 5| shows the PDF of reward R*(w) when € and € follows t distribution
with df = 3. From the probability plot shown in Figure [6] the rewards generated in this setting, shown by
the blue dots, aligns very well with the baseline distribution t(3) which is shown by the red line. Therefore,
the heavy tail level of € and ¢ indeed represents the heavy tail level of the reward distribution.

06 Histogram of R1 under t(3) Probability Plot
] 0 .
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Figure 5: PDF of R*(7) when € ~ t(3) Figure 6: Probability plot of R*(7) compared with

baseline distribution t(3), shown by the red line. The
reward distribution is indeed heavy-tailed.

In multiple stage settings, we will only consider the case when K = 2 for illustration purpose. The observa-
tional covariates-action-reward triplet (X1, A1, Ry, Xo, Aa, R2) is generated as follows:
1
A1|X1 = bl(Xl), where bl(Xl) = ]I{Xl + 161 > 0},

1
R1|(X1,A1) = (1 — X1 —|— 2A1X1)(1 + 162);

1 1
Xo|(X1, Ar) ~ 5 X1 + Ses;
2 2
1
A2|(X1,A1,X2) = bQ(HQ), where bQ(HQ) = ]I{XQ + 164 > O},
1
R2|(X1,A1,X2, A2) = (1 =+ 05X1 —|— A1X1 — X2 + 3A2X2)(1 + 165),

where we define € = (€1, €2, €3, €4, €5) as the noise terms which denote student-t distributions with different
degrees of freedom to control the heavy tail level of the cumulative reward distribution. The target policy
sequence at each stage is defined as

7T1(A1|X1) = H{Xl > 0},

29
7T2(A2|X1,A1,X2) = H{XQ > O} ( )

Consider the cases when e follows t(2), t(4), t(6), t(8) and N(0,1). Unlike the single-stage setting, here we
use relatively larger degrees of freedom in t distribution since the estimation is harder when the number of
decision stages increases.

The PDF of R*(w) = Ri(w) + R5(m) is shown in Figure |7} and the probability plot of R*(7) comparing with
t(2) distribution is shown in Figure [8| The true reward distribution R*() is indeed quite heavy-tailed.
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Figure 7: PDF of R*(w) when € ~ t(2) Figure 8: Probability plot of R*(7) compared with
baseline distribution t(2), shown by the red line.

B.1.2 Quantile Estimation Bias and Variance

Quantile estimation bias Quantile estimation Variance
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Figure 9: Quantile estimation bias and variance at different quantile levels. The estimation bias and variance
are quite close to 0 at most of the quantile levels in the middle, and the performance tends to become
unstable when 7 approaches 0 or 1. The poor performance at extreme quantile levels is reasonable because
of the lack of data points, which makes the statistical inference even harder to handle.

B.1.3 Bandwidth Selection

Since the estimation of jE)DR involves KDE, the choice of bandwidth h is also an important problem to
deal with. In Figure we tried three commonly used methods: cross-validation, Scott’s method, and fixed
bandwidths where h = 0.10, 0.15 and 0.20, to compare their performances in estimating the standard error
of PR, Surprisingly, both cross-validation and Scott’s method encountered some over-smoothing issues,
which is potentially caused by the heavy tail of the reward distribution. On the contrary, a reasonable fixed
bandwidth tends to stabilize the estimation of jP)DR, yielding a smaller MSE of the standard error estimated
at all quantile levels. Since the performances under different fixed bandwidths are all pretty well, we will fix
h = 0.15 in simulation studies.

B.1.4 Comparison between DM, IPW and DR

As we can see from the comparisons in Figure the performance of DM is clearly worse than IPW and
DR. The performance of IPW estimator wasn’t badly influenced due to the similarity of behavior policy and
target policy under this specific simulation setting. As is expected to us, our DR estimator always yields the
best result.

26



Under review as submission to TMLR

2) u3) t4)
07 = 05 05 =
=010 ) =010 n=0.10

L 064 * h=015 .,_li_-\ o 5 h=015 . 5 h=0.15 .
E =020 % . Eo0ad « 020 v £ o4 h=0.20 4
Bos o 4 g b= ) ] o
8 scott Ih"., e 3 scott f"‘ '\‘ .. 3 scott o
5 04 N - - & 03 Y i g 03 N $
[ . L3 - in /7 4 o i # P 4
b . % 2w T . - . b 3 = 2o "n,
2 03 I N = ! * ‘s ] . ' °¢
£ b : Eozy ., ¢ N - £029 ¢ £ H—"v..
7 . f .8 7 : 3 2 7 LI .
4 : 4 K e 4
5 02 H hY "‘ = A "'\u\ it 5 i 2 F
w w01 I w01
g0 :i \E G é -s‘ y- g i

— 00

o

s
o
s

10 00 02 04 06 08 10

00 02 04 06 08 10 00 02 04 06 08
Quantile level

Quantile level Quantile level

Figure 10: The comparison between the MSE of the standard error at each quantile level 7 with noise
distribution t(2), t(3), and t(4).
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Figure 11: The comparison between DM, IPW, and DR estimators with heavy tail level t(4). Logarithm
transformation was taken to better distinguish the performance of the three methods.

B.2 Real Data Analysis

In this section, we add the comparison between DM, IPW and DR in our real dataset.

As show in Figure our doubly robust approach performs the best in terms of bias, standard deviation
and root mean squared errors, for all the four policies we considered.

C More on Theory Section

In this section, we provide several lemmas and proofs that are omitted in the main paper.

C.1 Lemma [3t Some Basic Results

Lemma 3. Suppose W = {(Xy, Ay, R) Y, is the full data with baseline information X1 ~ G, and n, is
the Tth quantile of the potential cumulative reward function R*(m). Then we have

Ew [¢v*(W;n.)] = 0. (30)

Proof. For the brevity of content, we’ll only show the proof when K = 2. The results in K stage settings
can be derived using the same logic.

To prove Lemma [3| we first separate ¢*(W;n,) into three parts. Let ¢»(W*;n;) = a + b+ ¢, where
. 71 (A |Hy)mo (A Hy)
b1 (A1|Hy)ba(Ag|Hs)
b= G,T . E[(H{Rl + Ry < ’177—} — ’7')|X1, (Al, AQ) ~ ’/T]7
¢ =a}-E[(I{R: + Ry < 0} — 7)|Ha, A ~ 7],

(]I{Rl + Ry < 777'} - 7—)7
(31)
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Figure 12: Bias, standard deviation, and root mean squared error of quantiles over 100 replicates. The four
columns correspond to four target policies, and each plot shows the comparison of three methods: DM-direct
method, IPW-inverse probability weighting method and DR-doubly robust method.

where a} and a3 are defined in Formula (24). Now it suffices to show E[a] = E[b] = E[c] = 0.
1. E[a] = 0.

By change of measure theorem,

_ 71 (A1 |Hy)ma(Az|Ha)
E[a] = [ by (A [ H ) b | F) (I{Ry + Ro <} — 7')]
=E[{Ri(r) + Ry(r) <n;}] —7=7—7=0.

2. E[b] = 0.
E[b] =E [(1 - m) E[(H{Rl + Ry <y} —7)| X1, (A1, Ag) ~ W]}
AT S B
=E[0-E[I{R}(m1) + R3(7) <nr} —7)]] =0.
3. E[c] =0.
Similarly, since
wesie) =2 | (5 ) - (- Sy ) ) -

== Gt ) =10~ i) 1] == [ Gy ) ] =
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then we have

El] = E [a3 - BII{Ry + B> < n} = 7)| Ha, Az ~ 7]
= B [E (o3| H] - BI(I{R} (m1) + R3(m) < n} = 7)|H, A ~ 7 (34)
= E[0 - E[(I{R]} (m1) + R3(r) < n} — 7)|Ha, Ay ~ ]| = 0.
The proof is thus complete. O

C.2 Proof of Lemma [I} Double Robustness of our quantile Estimator

For illustration purpose, we will focus on the case where K = 2 for simplicity.

Proof. Suppose without the loss of generality that the sample size According to our estimating procedure,
the quantile estimator PR is the solution to the following estimating equation:

S
S B [0(Waym,64)] = 0, (35)
s=1

0|

where W, denotes the data in 7y, and E,, s is the empirical expectation over sth subgroup.

Suppose that A,, is a sequence of positive numbers that converge to 0. We define Na, (n;) = {n: |ln — .|| <
A, } as a shrinking neighborhood of 7. According to Uniform Law of Large Numbers (ULLN), it suffices to
show the following three conditions hold:

L. SuPneNAn (n+) % Zle En,s W(W’ , d)] —-E [QZ}* (W7 77)] = Op(l);

2. Ve > 0, nf{|E [*(W;n)] | : [In — ns]| > €} > 0 = E[0* (W;n,)];
3. L35 Eu [0(W;PR, )] = 0,(1).

Condition 2 can be easily proved by the identifiability of 7,. According to Assumption (A3), there exists a
positive constant C7, such that

O {Bw [* (W30} = fre@)(n) = C1 (36)

for all n € Na, (1:). According to Lemma 1, ), is the solution to Ey/ [¢*(W;n)] = 0. Therefore, the claim of
condition 2 follows.

Condition 3 guarantees the estimated ;PR to be close to the solution to the empirical estimating equation,
which naturally holds under a valid estimating procedure. To complete the consistency proof, it remains to
establish Condition 1.

Define the empirical process Gy, s [t0(Ws;n, &s)] as a linear operator on measurable functions ¢ via

Go,s [ (Wssm, 65)] = v li > (Wisn,b,) —E W(W;n,ds)]] :

1€71,

Since

S
S B (Wi, 6)] — B[4 (Wi )]

nENa, (ne) | S <=
1S (1

<53 {Ter s [GulwOimal+ s [BlOViaa)] - B OV
= VN wena, () nENa, (17)
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it suffices to show that for any s € {1,...,S}, the two terms on the RHS of the above inequality are op(1).
For the brevity of content, we omit the subscript s in G,, s and &; in the following proof to illustrate the
general results that hold for any s.

Step 1: Prove that sup,cn, () [Gn (W31, &)]| = 0p(v/n).

Define F = {t(W;n,a) : 2% € Na, (n,)}. F is a VC Class. By Conditioning on (W;);czc, & can be regarded
as a fixed value. Therefore, according to the Maximal Inequality in VC type classes (Chernozhukov et al.,
2014; |2018), there exist a sufficiently large constant C, such that with probability 1 — o(1),

sup [Gu(f)] < C - (rnlog!/2(1/ry) + 0 /2 /1 logn) | (37)
fer

where r,, = SUPpeN, (1) ||¢(W n,& )||P27 and ¢ > 2 is an integer that can be arbitrarily large. To be more
specific,

T'n =8UPneN,,, (n:) ||¢(W URRS )||P2

7T1(A1 ZlHl z)
bl (Al,i‘Hl,z; )

<A2 2|H2 l)
(AQ 2|H2 iy (X )

o
=SUPpeNa, (1) g (I{R1,;+ Roi <n}—1)

7T1(A1 2|H1'L) = S S
-|— ]. - A’i E[(H{Rl + R2 < ’17} — T)‘Xl’i, (Al,ia Agyi) ~ 7'(']
( b1 (A1,:|Hi i)

+ (T(A“HL”> <1 - P(A“'HQ*")> BI({Rs + Ba < 1) = ) i, Az ~ ]

b1 (A1, Hi,) bo(Asz,i|Ho ;) P2
1 (A1 Hi)ma(Azi | Ha )
<supnens, () ||= : < : - {Ry ;i + Rays <} — 7|
PR ( Q)ba(Az,ilHa,i &) || p i
71 (A 2|H1z> H
— ]EI[R +R <77 _TXMAMA’LNWH
H bl A1z|H11 P2 { ' ’ } )| ' ( 1 ’ ) ] P2
(A1:|H14) 2(Az; =~ 5
m(Avil ) ma(AailHai) : HE[(H{RLZ- + Ry <n} —7)|Hai, Ag i ~ 7T]H
b1 A1 1|H11 A2 z‘H2 2) P2 P2
<i 2 + 2+ 5025 %

2
where the second last mequahty is obtained from the Positivity Assumption (C3) and Assumption (A4).
Therefore, r, = O(1), and we have sup ;. |G, (f)| < Op(1) = o(y/n).

Step 2: Prove that SUPpeNA, (n)) |E [¢(W;n,&)] —E[@*(W;n)]| = op(1).

In the following proof, we use E to denote the error aggregated by Monte Carlo Method, and use ﬁk to denote
the estimated reward obtained by MDN. Likewise, R; () is to denote the estimated potential outcome under

policy 7 at the kth stage. When M — oo, no error comes from the Monte Carlo method, and thus E=E.
Let’s first start with E [w(W; n, &)).
Y(Win, &

- Al Z|H1 i) mo(Aszi|Ha,i) “({Ry; + Ros <1} —7)
bg(A21‘|H2 1’) ’ ’

T A11|H11)
+{1- H{R1+R2<77}7TX12;(A11;A21)N7T
( bi( (AvilHy ) [ | }
1(Aq1 ;| H Z 2(As ;| Ha i ~ ~
+ 1| 1 1— 2| 2,i) .E[]I{RLHLRQ<7,}77-|H27i7A27iN7r} ,
b1 A11|H11 A21|H2z)
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which is equivalent to

1 (A % ) s (A ”L|H 7i) * ™ Dk
_El (6 4 ») <322(A22,¢|H22,¢)> (BIER+ R3() < b o] = B+ B () <} )
T (Al Hii) | o L Br(n s
! <61(A1 z‘Hl z) ) ]E[H{Rl’l ’ R2( ) - 77} ’HZJ] (38)

+ (1 . 7T1(A1,i|H1,i)

= E[I{R:(x) + Ri(n) <n} —7|Hy,]| == L1+ L2 + L3,
bl(Al,i|H1,i)> ! 2 |

where we define the last three lines in as L1, L2 and L3. Then

L2 =E > [H{R1Z+R2()<77}—T‘H2,i]]

( i)

( )
K m1 (A Hi) <7T2(A2,iH2,z
i by(A1 4 H ) ba(Az | Ha i
[ ( ) <7T2(A2,iH2,z
( i) ba(As;|Ha
L[ M)
bi(Ay ;| Hy )

where we add and subtract a term in the last equality to maintain the equivalence of the formula.

Plug in L2 to Formula (38), we have

> E[I{Ry; + Rj(r) <n} — TyHQ,i]l
)

N N N NG

B[ Rys + B (m) < n}|Hoi] — E[H{Ry: + B3(r) < n}|Ho])

)

) E[I{Ry,; + Ry(r) < n} — 7| Ha,]

71 (A1 ;| H1 ) mo(Ag ;| Ha ;) _ mo(Ag ;| Ha ;)
/b\l(Al,i‘Hl z) bz(Az Z|H2 1,) b2(A27i|H2,i)
(EM{Ry + R3(m) < n}|Haa] — BI{Ryi + Ri(r) < n}|Hai))

+ 1 (A1,¢\H1,i)
by (A1 Hi,)

) BlI{Rys + Rim) < ) | Hail + (l - Dt

o ) E[I{R;(r) + R5(r) < n} — |Hy,i]

Also, similar to the logic in Lemma 1, it’s easy to show that the augmentation terms in *(W;n) are 0.

Therefore,
corront | TU(ALi [ H1)ma(Az,i|Hay) ' 4 B
]E[¢ (Wan)] =E l:bl(A |H1 z)b2(A21|H2 Z) (H{(Rl,l +R271 < 77} 7-):|

= E[{(Ri(m) + R3(m) <n} —].
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Then we have

E[p(W;n, &) = E " (W;n)] = E[p(W;n, &)] — E[{(Ri () + R3(7) <n} — 7]

1(A1,i|H1,i) 7T2(A2 ’L‘H2 z) 7T2 A2 Z‘HQ z)
(Al,i|H1 7,) b2(A2 1‘H22) b2 A2 1‘H21

(BB + Rs(m) < n}|Ha] — BI{ Ry + R (r) < n}|Hz))

(39)
(A1 Hiy)
4 | LU R Ry, + Ry () < n} — 7| Hal
<b1(A1,i|H1 i) i |
m1(ArsHig) \ 1 5
i (1= DA By fr )+ Bym) < — 7|y — BRI (7) + R3() <) — 7lHa )|
b1(Ayi|Hi
Let’s then consider the last two lines in formula .
A i H 1 = *
m (Al i) E[I{R1,; + R3(m) < n} — 7| Ha,i]
bi(AuilHy )
T1(ALi|Hii) \ o 5s * 5
+ <1 = DAL Gy Br(m) + Ry(m) < b — 7| Hud) — BRI (7) + Ri(m) < ) —TIHM]
by (Av,i|Hy ) 10

) (E[H{(R*( ) + R3(m) < n}|Hiq) — EI{R; (n) + Ry(m) < n}|H1,i])
<

n} |y = BIL{R; (x) + R3(r) < n}| o]

mi(A lH i ™ * ™ D D
~E (55 T ) (BICR (7) + Ry (m) < 3| ] — BB () + R (m) <} )
- (P ) Bri ) + B3 < b ] - BOCRS ) + R () < ) 1)
_ T (AvilHy) ™Al Hi) \ (Giryops . 1 BB () - B _
—E _(a N (AMHMJ (BRI () + B3() < n}|Hid - BB} (m) + Ry(r) < n}|H1,11)] .

[E [ (W;n, & (W

(71—1(1411|H17, ) <7T2 A2z|H21 - 772(A2,i|H2,i)>
by (Ari|Hy bo(Agi|Ha i)  b2(A2;i[Hz)
(B R + Rs(r) < n}|Hai) = BI{ Ry + R3(m) < n}|Ha] )|

<7r VAIH ) mi(Av Hy ) ) (

+E|| = - E[I{R;(r) + R5(m) < n}|Hy) — B{R;(m) + Ry(x) < n}|H,
bi (A | Hy ) o bi(AvilHig) { 5(m) < ny|Hi) — E[{R; (7) + R3(m) < n}| “])H
% bo( A22|H21)—b2(A22|H21) g FR 3 ()| Hao PRy (o) 1 P2
€
1
S

(41)
where the last inequality holds by condition (C3’) and Assumption (A4).
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Therefore, as long as the propensity score models are consistently estimated, or the outcome regression
models for R1 and Rg obtained by MDN are consistently estimated, we have

[E [y (W3, &)] = E[p*(W;n)]] = o(1),

according to formula .

To be more specific, we only need one of the following conditions to be satisfied:

1. Hgl(AﬂHl) _ bl(Aluarl)HP2 = o(1), and HZQ(A2|H2) _ 1)2(142|H2)HP2 = o(1);

i )

2 H5 (FR*(ﬂ)IHlvFR*(w)IH1> sz =o(1), and H5 (FR;(ﬂ)|H27FR§(7r)|H2> sz =o(1).

The proof of Lemma 2 is thus complete.

Notice that Assumption (A1) is not necessary to prove the double robustness. This assumption is imposed
to further prove the asymptotic normality of our quantile estimator in Appendix [C.4] O

C.3 Proof of Lemma [2t Double Robustness of our Variance Estimator
Proof. Firstly, we show that when limy_,, hy = 0, and limy_,ooc Nhy = 00, the kernel density estimator
for f(r) := fre(x) (r) attains weak consistency.

Let’s first define fn(r) as the KDE of f(r). By Chebyshev’s Inequality, at each point of continuity r of f
and for any € > 0,

E[(fn(r) = f(r))?] _ Var[fn(r)] +Bia82[f1v(7’)].

€2 €2

P(lfn(r) = f(r)] > €) <

According to the result in [Parzen| (1962), limy_ oo Bias?[fn (r)] = 0 when limy_,oc by = 0. That is, fn(r)
is asymptotically unbiased when limy_,o hy = 0.

According to the mild assumptions on K stated in Lemma 2] the asymptotic variance of the density estimator
is given by

o0
limy oo NhyVar[fn(r)] = f(r)/ K?(u)dy < oo.
—0o0
Therefore, both the asymptotic bias and variance go to 0 as N — oo. This illustrates the asymptotic
consistency of the kernel density estimator in G3.
The rest of the proof is trivial. One can follow the idea in Lemma 2 to similarly prove the double robustness

of our variance estimator. For the brevity of content, we omit the details for this part. O

C.4 Proof of Theorem [I} Asymptotic Normality of our quantile estimator

Proof. same as the proof in Lemma 1-3, we will only illustrate the case when K = 2 for the brevity of
content. We will give a brief sketch in Step 1, and leave the rest of the details in Step 2-5 accordingly.

Based on our estimating procedure in theory section, we have

S
> B [ (W PR, és Z > w(Wi PR dy) = 0;
s=1 (42)

s=14i€Z;
E[y*(Ws;n:)] =Ela+b+¢ =0 forany s e {1,...,5}.

Step 1:
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First, we apply Taylor series expansion on E[¢*(W;n)] around n,.

E[*(W;n)] = E[*(W;n.)] 4+ Jo(n — 1) + %Ho(n — 072+ o([ln = n.1I%)

1
= Jo(n = n,) + 5 Holn = 1) + ollln = )
where Jo = 0 (Ew (" (W3 )]}y, and Ho = 92{Ew [0 (Win)] e,

Suppose that IE[Zg LYW PR G)] = ]E[Zle Y (We; 1P®)] 4 0(n=1/2) (We will prove it in Step 4). Since
E[¢*(Ws;n.)] = 0, by plugglng in the definition of empirical operator, we got

S
\/ﬁzEn,s[ W€7 /\DR7&3) - 1/)*(Ws;777)]

s=1

[
R

G, s [0(We; IPR, &) — 0 (Wi ) +fZE Wy iP", ds)] (44)

W
Il
-

I
Mm

G s [ (Wes PN, ) — 0 (Wi )] +IZE (W 7)) + 0p(1).

W
Il
—

Let n = PR in formula and combine it with formula . Then

S S
VY TR =, +IZEH (Waine)] = =Y G s [0(Ws 9P, &) — 00 (Wi e )]
s=1 s=1

L (45)
4 ] 2
= 5V Ho(@?™ =) = v/ o [T = ne|[7) + 0,(1).
s=1
Therefore,
s
~DR
\/E' \/N Jo(ﬁ.,. - g g stnT)] |
S s
DR _ 777—) + ZEn,s[w*(WSQ "77')] > ZGn,s[w(Wsa ﬁPR’ g ) - 77&}.‘(‘/‘/3; 777—)]
s=1 s=1
1 5 2
+ovn Y Ho(™ = ne)? + Vi ol[[37™ = 0. ") + 0, (1),
s=1
To finish the proof of this theorem, it suffices to show that
s
VN JO(ﬁPR =) Z *(Wsine)] ‘ = op(1), (46)

which is satisfied if we can prove that all terms on the RHS of the inequality in formula (46) are 0,(1). That
is, we only need to show

HZS 1 G”l S[w(W&ADR? AS) - ¢*(WsJIT)]
if we can prove for any s € {1,...,S},

) = 0,(1), which follows directly from triangle inequality

|Gn,s [ (Was PR, ) — 4" (Wi )] || = 0p(1).
2. ||FPR — .|| = Op(n=1/2).
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3. E[Zss:l P(We; PR ay)] = E[Zle Y*(We; 1PR)] 4 0(n~1/2), which follows naturally if we can prove
for any s € {1,..., S5},

E[(We; PR, d)] = B[ (W 7P%)] + o(n™/2).
4. Hy is bounded.

Detailed proofs of these four conditions are provided in Step 2-5. Assuming condition 1-4 hold, we have

R 1S
\/N JO(T)PR - 777-) + g ;En,s[w*(Ws;n‘r)} | = Op(l)a (47)
then
1 S 1 N
VNG@PR = ne) = =Jg g SZ:;IEH,SW*(Ws;nT)] top(1) = A" o ;w*m; ) + 0p(1).

The claim of this theorem thus follows.

Next, we will prove that all of these four conditions are satisfied in Step 2, Step 3, Step 4 and Step 5
respectively.

In the following proof, when the result holds for any fold s € {1,..., S}, the subscript s in Wy, &, G, s and
E, s will be omitted to avoid the redundancy of notations.

Step 2: Prove that |G, [¢(W;7PR, &) — ¢* (W;n,)]|| = op(1).

Define N7, (n;) = {n : [[n — n-|| < 7} as a neighborhood of n, with size 7,,, and define F = {¢)(W;n, &) —
Y(Win., &) :n € N, (n:)}, where 7, is a sequence of positive constants converging to zero. (According to
Step 3, 7, can be any sequence with order 7, > O(n~/?)).

Since
|Gnl(W;7PR, &) —y*(Win)]|| < sup  [|Gu[p(Win, &) — ¥(W;in., &)
nEN7, (n7) (48)

FGulp (W37, &) = " (Win ]|l
It suffices to show both terms on the RHS of Formula is 0, (1).

Step 2.1: Prove that SUPLen,. (1) IGL[(Win, &) — p(Win., &)]|| = op(1).

First, it can be shown that F§ = {¢y(W;n, &) : n € Ny, (n-)} is a VC Class with VC-index V (F§). Also, for
some q > 2, the entropy is bounded by some constant Cj, i.e. HF&‘HRQ < (5. According to Lemma 2.6.18
in [Van Der Vaart et al| (1996), F is also a VC Class. By Conditioning on (W;);czc, & can be regarded as a
fixed value. By applying the Maximal Inequality specialized to VC type classes (Chernozhukov et al.| [2014)),
there exists a sufficiently large constant C, such that with probability 1 — o(1),

sup |G, (f)| < C- (T’N log'/2(1/rn) +n~1/2+1/a logn> , (49)
feF
where
rn = sup [[Y(W;n,&) —p(Wine, a)llpy - (50)
ln—n-lI<7N

If we can show that rx = o(1), then sup;¢ + |G, (f)| = o(1), and the claim of Step 2.1 follows.

To prove this, we split 1 into three parts and show that each part is indeed o(1). Let ¥(W;n,&) = a(n, &) +
b(n, &) + ¢(n, &), where

2
e
=
s
[\
N
(8
5
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and a1 (&), as(&) are defined as

a1(a) = 1_M . as(@) = w 1_M ) (52)
bl(Al,i‘Hl,i) bl(Al,i|H1,i) bQ(AQ,’L"HZ,i)

Specifically, when the estimating equation is ¢*(W;n), we let *(W;n) := a*(n) + b*(n) + c*(n).

Step 2.1.a: Prove that sup,cn;, () [la(n, &) —a(nr, )| p, = o(1).

sup Ha(na d) - a(n‘rv 6‘)“P,2

nENT, (1-)
= g | ATl ) e L p s R 4 Ry <
p n n
NEN=, (n+) || b1(A1[H1)b2(A2|H2) P2
= s | AN )y g L, e mingn, n), max(re,n) }
N (ne) || b1(A1[H1)b2(A2|Hz) P2
A|H As|H. 3
ML | gy (B[R () € pinGoe, ), maxtren)] ) 7) (39)
b1 (A1|Hy)ba(A2|Hs) {| f, neN=, (1)
A |H Aq|H 3
_ || A TR LRy (B [1 R () € i) max(re)]}])
b1 (A1|Hy)ba(A2|Hs) {| ) neN=, (1)
1 1
< - Sup *FR*‘IT(77)_1'7‘1%*7\'(777')2
¢ neNm(m’ ™ )|
1 1
=~ a2 sw Bt~ [Fre (), (11 H1) = Fremm, (02 H1)J |

nEN=, (1+)

where Fpge(xy(n) is the marginal cumulative density function of random variable R*(7) = Rf(7) + R3(m).
Notice that the first inequality in holds because of Cauchy-Schwarz inequality, and the second inequality
holds by Assumption (A4).

According to Assumption (A2), there exists a constant Cs, such that for all r € R and Hy, | fr= (), (r|H1)| <
Cg. Thus,

| Fre(oyez, (N1 H1) = Fre oy, (01 H) | < Cs - [l =] (54)

Then we have

sup la(n, &) — a(nr, &)l py
WENTn ()

| —
Nl

<—- suwp |Eg,~g [Fre(oym (0 H1) = Fre(oym, (n-1H1)]| (55)
€ WENTn(WT)

1 1 1
sup  (Cs-|ln—=nl))* = 7 - 0(1) = o(1),
€ WEan(nT) €

<

|

which finishes the proof of this Step 2.1.a.

36



Under review as submission to TMLR

Step 2.1.b: Prove that sup,cy, () 16(n, &) —b(nr,&)[|po = o(1).

sup Hb(nﬂ d) - b(n‘rv d)HP,Q

UEN-rn("?T)
71 (A 7H K = D D D Dk
= s (1 - 2D ) e () 4 By < n} — B () + Ri(r) < o)
nEN~, (n+) 1(ArilHy i) P2
7T1(A1.i|H1i) (A ~ = ~
sup — " | Fre(my i, (05 & Hy) — Fre(ay (UT;Q\Hl)) 56
nEN~, (17) ( 1(ArilHy i) ' ' P2 (56)
7T1(A1 i|H1 z) 5 ~ 5 ~
< : - sup HFR*(W)\Hl (n; &|H1) — Fre (x| H, (nr504|H1)H
bi(AvilHua) || py nE€N (07) P2
2 ~ ~
< - sup HFR* o, (056 Hy) — Fre(ry 1 (nT;d‘Hl)H :
LN LT ()13 o

where ﬁR*(ﬂ) (r; &|Hy) is the estimated cdf of (]?21 + ﬁz) given baseline information H; and policy m. Also,
we have

| P oo, (0 81 H2) = Pree oy e 61| < || B oy, (02 61 ) = Foe oy, (rl )|

~ (57)
| e oy, O 61 H2) = P ooy e 1|+ ([P oy, (01 H2) = Fiee g, (17 )| -
Now let’s analyze the three terms on the RHS of formula .
On the one hand, according to Assumption (Al), for any 7,
| P oo, (061 H) = Free oy, )| < |6 (P Py )| =00 (59)
The first and second terms in can thus be bounded.
On the other hand, by assuming (A2) and utilizing the same proof as in formula ,
sup HFR*(W)|H1("7|H1)_FR*(W)|H1(TIT‘H1)HPQ :0(1) (59)
neN~,, (n7) ’
Combining the result of , with formula , we have
sup Hb(777 OA‘) - b(TIT7 OA‘)||P,2
nEN7, (nr)
<2 s B o 00 61HY) — B, (6l H)|| =2 0(1) = 0(1)
=5 neN?,})(nT) R+ (m)|H. \T]; €| 11 R*(m)|Hy \Tlrs @111 P2 € o =o(l).
The proof of Step 2.1.b is thus complete.
Step 2.1.c: Prove that sup,cn () l¢(n, &) — c(nr, &)l poy = o(1).
Similar to Step 2.1.b, it follows from Condition (C3’) that
sup ”C(na d) - 0(7777 OA[) ||P,2
nEN, (1+)
= suwp la(a) - BII{R: + Rs(r) < n} = IRy + Ry(m) < e })| Hz
nENTn (7]7') P2 (60)
= sup |aa(@) - B [I{Ry + Ri(r) € [min(r,n), max(n, )] }| Ha] |
nEN7, (nr) P2

)
)

< la2(&)llpo - sup HFR;(W)\HN? — R1;&|Ha,i) — Fry(x)m, (1 — R1; &|Ha )
nEN, (1)
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where ﬁRg(ﬂ)‘Hz (r; &|Hg,;) is the estimated cdf of R, given historical data Hy and policy . We know that

1(A41:|H1 ) mo(Asi|Ha ;) 2
laz @po = || =7 | |1 - =7 s 5 (61)
b1 (A14|Hy ) ba(Az,ilHai) /|| py
Also,
HﬁR;(wnHQ (n — Ri;&|Ha ;) — F\R;(ﬂ)\Hz (nr — Ry;&|Hy ;) o
< || Frex — Ry;4|Hy,) — Frer — Ry|Hy,
< H Ry (m)|H2 (M — B3 & Hai) — Fry(r)|m, (0 — Ra|Hz,) po (62)
+ HFR;(W”HQ(T]T — R1;84|Hzi) — Fry(x)m, (1 — R1lHa,;) oo
+ | Fry () 112, (0 — RalHa5) = Fry oy, 00 — RalHo )|,
where according to Assumption (A1), it holds for any n that
"ﬁR;(w)|Hz(n — Ri;&[Ha i) — Fry(nym, (1 — Ri|Hz,i) o < H5 (ﬁR;(w)\HQaFRE(WHHz) HP2 =o0p(1), (63)
and by using Assumption (A2) and the proof in formula ,
_sup PRy (o) 122 (0 = Ru[Ho,i) = Fry oy, (0 — RalHai)|, = 0(1). (64)

Tn (777)

By summarizing the result of formula and , the LHS of formula is thus o,(1). Therefore, we
have

sup |le(n, &) = c(nr, &) py

ENTn(nT)
< [laz (@) py - HFR* ) Hy (M — Ru; & Ha ) — FR*(ﬂ')IHz( — Ry;a|Hay) (65)
WGNTW (n+) P2
2

Combining the results in Step 2.1.a-2.1.c, we have

S 1Gnlp(Wsm, &) = (Wi, Q)] = 0p(1).

N, (n7)

The claim of step 2.1 thus follows.
Step 2.2: Prove that |G, [ (W;n., &) —¥*(W;n.)]|| = 0p(1).
Notice that under each Fold s, & is independent with W. By Chebyshev’s Inequality, it suffices to show that

Var[Gn [ (W3 17, &) — " (Wine)]] = Var[p(W;n., &) — " (W3 n)] = o(1). (66)

According to our definition in formula , it follows from triangular inequality that

(Var[y)(Wsn,, &) — " (Win.))'/? < (Varla(n,, &) — a*(n:)])"/?

67
+ (Var[b(n,, &) — b*(n‘r)])lﬂ + (Var[e(n,, &) — c*(nT)])l/Q’ (67)
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in order to show the LHS is o0,(1), we only need to prove that the three parts on the RHS are all o,(1).

(Varfa(nr, &) — a*(n:)])'/? < la(nr, &) —a* (1) p o

mi(Ai|[Hy)mo(As|He)  m1(A1|Hi)ma(A2|Ho) B
<51<A1IH1>32<A2|H2> bl(A1|H1)bz(A2|Hz)> (LR + By <17} —7)

P2

< [Pt aal ) — b b Aal )| R+ B < 1) = 7l

< 634 ”31(A1|H1)32(A2|H2) - bl(A1|H1)b2(A2|H2)HP72 o
< 624 |:H/b\1(AIIH1){32(A2H2) - 52(A2|H2)}HP72 + HbQ(AQ\H2){31(A1|H1) - bl(A1|H1)}HP7J

< % |[Btatm) - nadm], + [faaalr) - maalm] | = o),

where we used Condition (C3'), Assumption (A4), triangle inequality, and last equality holds by Assumption
(A1).

Likewise,
(Var[b(n-, &) — b*(n-))"/? < [[b(nr, &) = b*(0:)l pay
= [la1(@) - BUULR; () + Ri(r) < me} = 7)) — af - BIO{Ri () + B (m) < e} — 1)

P2

< ox(@ - {BI{RI (m) + Rs(m) < e} — H{Ri(m) + Ri(m) < e} Fa]}

+|[{ar(@ - ai} - BlO{RI () + Ra(m) < ne} = 10|
)

7T1(A1,i|H1,i

HP,Q

P2
(69)

IN
)

|BmERs () + Ry(m) < ne} — R (7) + Rj(m) < "f}lHﬂH;

)
7T1(A1,72|H1,i) . 7T1(A1,i|H1,z')
b ( ) (A Hu)

Lz (Bl ) + R5x) <y =i

2 la . 2 |~
< = || P ot (13 6 = Py e )|+ 5 [Ba(Aval i) = bl )| = o().
€ P2 € P2
Under Assumption (Al) and (A4), the last equality in Formula holds because
HFR*(W)\Hl (73 &[Hy) = Fre(m) 1, (777|H1)HP2 < H5 (FR*(W)\H“FR*(wnHl) sz =o(1).
Similarly,
(Var[e(ns, &) = ¢* (n)])/? < ||e(nr, @) = ¢ ()| p g
= [Ja2(&) - BIO{ R + Rs(m) < mr} = )| Ha] - a3 - BBy + Ri(x) < .} = 7)| ]|,

< [Joat@) - {Em(R) + Bir) <0} —1{Ry + Bi() < med ]}

+ || {ax@) — a3} -Bla(r + Byx) < ) -],

2 |~ ~
||BIR + Bs(m) < 0.} — R+ Ry(m) < o} )|

< =
S 2

+ ;13 . { HEl(Al|H1) - bl(A1|H1)HP,2 + HBQ(AﬂHQ) B b2(A2‘H2)HP2 }

s

2 |~ R 4
N HFR;(@\HQ(??T — Ri;&[Ha) — Fry(rym, (e — Rl|H2)HP2 T3 o(1),

s
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which is thus bounded by
2 ~
ek H(S (FRg(W)‘szFRg(Tr)\H2> HP’2 +o(1) = o(1),

where we used Assumption (A1), (A4) and Positivity assumption (C3’).

The proof of Step 2.2 is thus complete.

Step 3: Prove that ||[7P% — .|| = 0, (n=1/2).

Similar to 1 (W;;n, ), we split the original optimization problem ¥(W;;n,a) into three parts.

U(Wisn, &) == A(n, &) + B(n, &) + C(n, &), (70)
where
Ap.a) = DAHTUIL) g |y ),
bl(A1|ih)b2E\A2|HE) (71)
B(n,&) = a1(&) - E[p- (R1 + R2 — )| X1, (A1, A2) ~ 7],
C(n, &) = as(a) - Elp- (R1 + Ry — n)|Ha, A ~ 7,

and a1 (&), az(&) are defined in formula . Specifically, when the nuisance parameters & is replaced by the
true values, we let U*(W;;n) := A*(n) + B*(n) + C*(n) in the same manner.

Furthermore, we denote M, (n, &) = E,[¥(W;n,4)] as the empirical average of our optimization function,
and M(n, &) = E[¥(W;n, &)]. When the models with nuisance parameters are correctly specified, we define
M (n) = En [ (W;n)] and M~ (n) = E[¥*(W;n)].

According to Theorem 3.2.5 of [Van Der Vaart et al.|(1996), to finish the proof of this step, it suffices to show
that for every n and a sufficiently small §, the following two conditions hold:

L E [Sup\|n7n7|\<6 | My (1, 6) = M* (1)) = My (7, &) + M* ()| | < 9
2. There exists a constant Cy, such that M*(n) — M*(n,) > Cy-|In — 777”2-

*Note: This is an extension to the original proof of Theorem 3.2.5. The result of Theorem 3.2.5 doesn’t
change after involving nuisance parameter & in this case. Moreover, notice that the two conditions listed

above hold for any s € {1,...,S}, and we omitted the subscript s to avoid redundancy.
Step 3.1: Prove E {Sup|\77*777\|<5 | M, (n, &) — M*(n) — My (n-, &) + M*(nT)ﬂ < %.
Since

E| sup [Myn(n,d&)—M*(n) — Mn(n-, &) + M (1)

ln—n-lI<d
. . . . (72)
<E| sup [My(n,&)— M(n,&)— My(nr, &) + M-, &)
[ln—n-l<d
+ sup  [(M(n, &) — M(n-, &) — (M*(n) — M*(n:))],

ln—n-ll<s
to finish the proof of this step, it suffices to show that the first term on the RHS of Formula is less than
1
or equal to %, and the second term is actually o(n™2 ||n — n,||). We will prove them in Step 3.1.a and Step
3.1.b accordingly.

Step 3.1.a: Prove that E [SUPannTHd |M,,(n,&) — M(n, &) — M, (n:, &) + M(nﬁd)q < %.
Thus, it is equivalent to proving that
E {sup | My (n, &) = M (0, &) = My (nr,8) + M (1, @)|| < O™ 2|72 = n ). (73)
n
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Let Fs = {¥(W;n,&) = W(W;n,, &)« [|n —n.l| < d}and Fy = {@(Win, &) : [|n —n.l| <5}

We claim that for any 7; and 7 satisfying ||n — n,|| < d, there exist a square-integrable function M(W; &),
such that
(W (W, &) = W(Wim2, &) < M(W;) |lny — 2| (74)

To prove this claim, we split formula into three parts:

(W(Wsm, @) = W(Wsng, &)| < JAW; 1, @) — AW 12, &)

75
+|B(W;n, &) — B(W;n2, &) + |[C(W;n1, &) — C(Wing, &)l (75)

Without the loss of generality, we assume that 7y < n2. Recall that R*(7) is the conditional cumulative
reward given Hi. Since

m — 12, R*(m) <m
(R (m) = m2){R" (7) < m2} — (R*(7) —m){R*(7) <m} = B (m) —m2, m < R*(m) <me (76)
0, R*(’/T) > 12

we have [(R*(m) — n2)[{R" () <n2} — (R*(m) —m)I{R*(7) < m}| < [[n2 —ml].

Thus,
|A(W;m1,6) — A(W; g, G)|
A |H As|H
= 711( l 1)7:2( 2| Ha) (pr(Ri+ R2 —m) — p-(R1 + Ry — 1m2))
b1 (A1|Hy)ba(Az|Ho)
1 . .
< L e (B () — ) — e (B () — )| (7)
1 * * * *
<5 { |(R*(m) — ) I[{R* (1) < m2} — (R*(7) —m)I{R*(7) < }| + 7 ||z — m]| }
T+1
< 2 2 —mll -
Similarly,
|B(W;n1,6&) — B(W;n2,4)|
= ’al(o?)[/[*i [p7(§1 + Ez —m) — pr(ﬁl + EQ - 772)|H1} ’ (78)
2 - P - 2(r+1
< 2 -E||or(But Be —m) = pr(By + R ,772)‘ IHl} < % “[ln2 = mll.
and
|IC(W;im, &) — C(W;n2,4)]
= )ag(d) E {,OT(RM + Ry — m) — pr(R1 + Ry - 772>‘H2” (79)
9 N ~ 2(r+1
S5 B { pr(B1+ Ro —m) — pr (B + Ro — 772)’ ‘H2} = ( 2 . 72 =]

Combining the result of formula , and , we can simply set M(W;&) = 5(7 + 1)/€2, so that
the condition in Formula is satisfied. More specifically, ¥(W;n, &) is Lipschitz continuous of order 1.
Therefore, Fs has envelope function F' := § - M(W;&). Based on Theorem 2.7.11 and Lemma 2.7.8 of [Van
Der Vaart et al.| (1996), its bracketing number satisfies

Co
Ny ellEN Fo, 1) < Ne {n « ln = n-ll < % I1MI) < —- (80)
Hence, according to the maximal inequality with bracketing numbers, we have
. . (Rl
B[V, (.6) = )|, ] = [ floN e Flll) de < (s1)
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Plugging in the definition of || - ||, it shows that
. . . . _ ] 6
E sup |Mn(n7a)7M(naa)7Mn(n7'70‘)+M(77T7a)‘ SO(” 1/2’|7771?an7||) < .
In—ne <5 v

Thus, the claim of Step 3.1.a follows.
N N " " it
Step 3.1.b: Prove supy, , <5 [(M(n, &) — M(n;,&)) — (M*(n) — M*(n:))| = o(n™2 |[n — 1))
By using exactly the same strategy as deriving formula in Lemma 2, we can obtain similar results for

W(W;n,d):

E[W(W;n, &)] — E[¢*(W;n)]

m1(A1[Hy) | [ 72(A2[H2)  ma(Ag|H2) | (= . = S
= = = — |\ Elp-(R1 + R5(7) — n)|Hs| — E|[p-(R1 + R5(7) — n)|H
<b1<A1|H1> il B ) (Elor (a4 R() — )|~ Blpn (s + () = )| )
mi(Ai[Hy)  m(AiHy) | (= . . S =
+E || = — N\ Elpr(R{(m) + R5(w) —n)|H1| — E|p- (R} (7)) + R5(w) — n)|H .
(bl(A1|H1) i | (Bl (i) + Ry (m) = )| Ha) = Elpr (Ri () + Bi(m) — )| 0]
(82)
Similarly, we can get the expression for M (n,,&) — M*(n,) by substituting n, for n in Formula (82).
Therefore,
|M(n, &) — M*(n) — (M (17, &) — M* (7))
Ai|H As|H. As|H. ~
< || (A ) (malally)  malfela)) gy, (a4 Ryr) )
bl(Al‘Hl) b2(A2|H2) bQ(A2|H2)
~pr(Ry + R5(m) = n) = pr(Ry + R3(7) = ) + pr(Ry + Ri(m) = ne) | 2| (83)
m(Ai[Hy)  m(AiHy) ) = . .
+|E || =< — -Elpr(Ry(7) + R5(m) —
| <b1(A1|H1) by (AL |H) [p-(RY () + R3(m) — )
~pr(Ri(m) + B (m) =) = pr (Ri (7) + B3 () = ne) + pr (i () + R (m) — )| 1] .
Let’s first focus on bounding the last term in formula .
& [pr (Ri(m) + Rs(m) = ) — pr(Ri(m) + Ri(m) )
—pe (Ri(m) + Rs(m) = ne) + pr (Bi(m) + Ri(m) — )| Hy) |
~ (84)
[ o= 1) = ol =) (Fre o O10) = o 1))
TE
< [ Uorte =) = e = )| oo (r12) = e o )
re
By mean value theorem, for any fixed r, there exists a constant
Ny € (min{n, 7, }, max{n, n,}), such that
PT(T—HT) —PT(T—U) = (T—H{’I“ < ”77"}) ! (77_7]7)' (85)
Therefore, for any r, it holds that
lpr(r —ne) = pe(r =)l = (7 =H{r < )] - In =07l < lln —n-l. (86)
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Under mild conditions and Assumption (A1),

B [pr (Ri(m) + Rs(m) = ) — pr(Ri(m) + Ri(m) =)
—pe(Ri(m) + Ra(m) = ne) + pr (B () + R3(m) — )| H1] |

< [ Vool =) = ool =l B o (1) = i o (A2 (s7)
<ln=n-l- /TER ‘]?R*(ﬂ)lHl (r[H1) = fRe (o), (7”|H1)‘ dr
= [ln —n| - 26 (ﬁR*(ﬂ')\Hl - FR*(W)|H1) :

Similarly, we can prove by Assumption (Al) that

[Blor (Ry + Ry(m) = 1) = pr (Ra + B (x) =) = pr (R + Ry(m) = 1s) + pr(Ra + Ri(m) = e | |

S/ R|Pr(Rl +r—n:)—p-(Ba +’r—n)|.‘fR;(ﬂ)\Hz(TLHQ)_fRE(Tr)|H2(T|H2) dr
re

(88)
<In=rrll- | |Feseonma (o182 = Fo o178
re
=|ln —n-ll - 20 (ﬁR;(ﬂ')\H2 - FR;(ﬂ)|H2) .
By summarizing the result of Formula , and , we have
[M(n, &) = M*(n) = (M(nr, &) = M*(n-))]
m1(A1|Hy) m2(Az|Hz)  ma(Az|Ha) H &
- '2_7"5F*7723F*7r2‘
H(bl A1|H1 ) ( 2(A2|H2) b2(A2‘H2) Po ”77 77 || ( Rz( )‘H Rz( )|H) P2
m(Ai|Hy)  m(AHy) H 5
= - -2 _‘r'éF*Tr 1F*7r H 89
h(Adlt)  bAH) | [ = n-l ( R ()| Hy» PR ( )|H1) o (89)
1 1~ ~
< = Hbz(Az|H2) - bz(A2|H2)HP72 2|n=mn.l- H5 (FR;‘(w)|H27FR;(7r)|H2> ’P,2
1 |~ -~ _1
+ 3 [P — vt 20— el 8 (e Fre i )|, = o™ n = e,
where the last inequality holds according to Assumption (Al).
Step 3.2: Prove that M*(n) — M*(n,) > Cy - ||n — n.|°.
According to Taylor series expansion, we have
* * * 1 *
M (n) = M* () + B[ (W) | (0 = ne) + SOEL" (W) (n = n7)* + oflIn —n:01%), (90)
in which E[¢*(W;7,)] =0, and
w1 (Aq|Hy)mo(As|H
0,8 Wisn)] = 0,8 | WA (alle) oy oy
b1 (A1[Hy)ba(Az|Hz)
+ 0,8 [ [af | H] - E[(L{R} () + Ry(x) <0} — 7)| Hi]] (1)

+ 0,8 [E[a5|Ha] - B(I{R, + R (r) < n} — 7)|Hs]]
=En,~c [fre(m) 1 (M H1)] 4040 = fre(m(n) >0
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where fg-(xym, (n/H1) is the pdf of random variable Rj(m;) + R5(7) given baseline information Hy, and

JRr*(=)(n) is the marginal pdf of R}(m;) + R5(m) given baseline distribution H; ~ G.
Therefore, by Assumption (A3),

* * 1
M*(n) — M*(n;) = 5'fR*(ﬂ(n)(n—n7)2+0(lln—mll2) > Cy - |In—nl?,

where Cy4 can be defined as Cy/2 — ¢ with a small enough § such that Cy > 0.
Therefore, the proof of Step 3 is complete.

Step 4: Prove that supy,_, <5 [E[0(W;n, &) — " (W;n)]| = o(n=1/2).
According to the derivation we did in formula ,

sup - [E[p(W;n,a) —¢*(W;n)]|

[ln—n-I<6
— sup -|E|[Z (Al Hi) | [ m2(Agi|Hai)  ma(A2,i|Hayi)
[ln=n-1<o b1 (A1 ’L|H1 i) bQ(AQ,i|H2,i) b2(A27i|H2vi)

/\

E[{Ry; + By(m) < n}|Ha] - B Ry + Ry(m) < n} | Ha) )]
<7T1 Al 2|H11 7T1(A1,i|H1,i)>

by(Ay|Hy ) bi(AvglHi)

(BIR; (m) + Rs(m) < n}|Ha] - BRI (7) + Bi(m) < n} | Ho,i) ]|
< % Hbz Ag|Hy) — ba(Az|Ha) HP,z : H5 (ﬁR;(n)\HZ,FR;(wﬂHz)HRZ

ety ], o B Fcan |, o)

‘P,2

where the order in the last equality comes from Assumption (Al).
Step 5: Prove that Hj is bounded.
In Formula , we obtained that 8, E[*(Wi;n)] = Exy~c [fr*(0)(nH1)] = fr=(x)(n). Therefore,

Ho = SEW" (W) = 0y (0)

n=nr

=1,

This condition holds naturally according to Assumption (A5).

(92)

(94)

By combining the results in Step 2-5, one can follow the structure in Step 1 and the whole proof of Theorem

[d]is thus complete.

C.5 Proof of Semi-Parametric Efficiency for 7,

O

In this subsection, we proof the semi-parametric efficiency of the DR estimator 7P® proposed in Equation
There are several ways of finding the efficient influence function (EIF) (see e.g., Kennedyl 2022} Hines
et al.,|2022; Levy, 2019). In our proof, we focus on deriving the explicit expression of the Gateaux derivative,
and the EIF is thus the unique mean zero function whose inner product with the score function equals the

pathwise derivative of 1, («).
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Recall that W = {(X}, Ak, Ri)}_, is the full data with baseline information X; ~ G. For the brevity of
notation, we define a function U(n, ) as U(n, a) = Ew [ (W, n, )], i.e

U, a) = Fre(x)( Z / Tk<?7}—T>'ﬁ{7Tk(ak|hk)x

{ache, 7 e {’”} =1 =1 (95)

Fry A b (Tl @k his @) - fr, 4, m o, (Pal@r—1, hi—1; a)}d{rk}d{hk}-

Notice that when k = 1, we manually set {Ay_1, H,_1} = ¢, yielding fry Ao, 1, = f(X1) ~ G. Therefore, by
definition, U(n,, a*) = Ew [(W, n,, a*)] = 0. The efficient influence function (EIF) of 7, should satisfy

Lple)) = E[V(Wing,a%) - s(W)], (96)

a=ao*

where s(W) is the score function of the entire data sequence W, given by

K
s(W) = %Z(W) = % [Z { 108(fRy | Ay, Hya) T 108(b(Ak | Hs @) + log(fHk|Ak_17Hk_l;a)}] )

k=1
Our objective is to derive the explicit expression for V(W;n,, a*), which is the EIF of n,.

To do so, we start from the LHS of Equation [96] For simplicity, we will omit the subscript 7 in 7, when
necessary, and denote n* as the true quantile value under the given target policy 7. Since U(n*, ™) = 0, we

have )
1
] [peveria)

can be easily simplified as
n=n*

0
%ﬂr (a)

a=a*

=~ [2 vt o (97)

On the RHS of Equation |97} the first term B%U(n, a®)

0 0
S0t = T ey (n) - = Fr i (7).
an (na)n:n* 877{ R () (1) T}‘n:n* fre (@@ (0%)

which is a positive constant for any given quantile n* (Notice that the positiveness is guaranteed by As-

sumption (A3)). Next, we focus on deriving the second term of Equation i.e. %U(n*,a) - Taking
a=u

into two components:

a=a*

the derivative with respect to «, we can decompose -2 U™, a)

9 K K
sl )| =31+ nb, (98)
a=«a 1 b1
where
K )

. _

T1( ) — Z / H e (ag |y ) - (H{ Z rg < 77} —T) : %ka\Ak,Hk(rk|akahk5a)x
{’lk/}f/ {rir}Ahe } k'=1 k'=1

K K

H {ka’lAk/aHk’(Tk/|a)k/7hk/;a)} : H {fHk/Ak/I,Hk/l(hk’|ak/—1,hk'—léa)}d{rk’}d{hk’}§

/: klzl
vk

K d

. _

TQ( ) — Z / H Tk ak:’|hk:’ . (H{ Z T < 7’]} — T) . %fHk‘Akithil(hk‘akflahk*l;a)x
{a}5_ {re b {he Y w21 k=1

K K

H {ka/Ak/,Hk/(rk'|ak/’hk/;a)} : H {fHk/Ak/I,Hk/1(hk'|a’k’—1ahk’—l;a)}d{rk'}d{hk/}'
k'=1 =

ok
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Step 1: For Tl(k), we can further derive

K>

’ A /‘Hkl)
T(k) E |: M / Tk ak’|hk’ . f X
1 Hi, Ak, Riem H - bi (Ay | Hye) {ak%;:i {rk/}{hk/}k]f_[ Ril A Hi

(H{ i Thr < 77} - T) ' ﬁ {ka/lAkqu/} ' ﬁ {fHk/Ak/I,Hkll}d{rk/}d{hk'}}

k'=1 k'=k+1 k'=k

Since

0 0
kalAkka 8 (longklAk,Hk> .kaIAkak

= { W)|Hy, Ay, Ri] — [S(W)\Hk,/ik,f_?kq]}'ka\Ak,Hk,

we can plug in the result above to the expression of Tl(k), which yields

TH =

, A N Ho k' >k+1 K K
H 71:: A:/||H:) /{ me(an [ foxr) - (H{ > < ”} N T) I {
=k+

{aw}E 7o bR } k’—lc+1 k=1 k' =k+1

ka’ | Ay Hyr fHk’|Ak'_1,Hk'_1 }{E[S(W)|Hk7 Ak? Rk] - E[S(W)|Hk7 Aka kal} }d{rk’}d{hk’}]

k K
_ Tyt (Ap [Hyr) T
- El H b (Agr | Hyr) By om o B b2k <H{ /«Z=:1 Ry < 77} T) E[s(W)|Hyg, Ay, Rp]

b Fk/(Ak/|Hk/) K _ —
h H bk/(flk/LH'k,)EAk/Nﬂ-ka/ka/,klzk-'rl{(H{ Z Ry < 77} - T) -E[S(W)|Hk,Ak,Rk_1]}

k'=1 =
k
T (Apr | Hyr)
Ll__ll brr (A | Hyr) ({];Rk <77} 7’)‘ ks Ak, Ry ps(W)
k
T (Apr | Hyr)
:E F i F )
[kl 1 bk/(Akl|Hk/) { R (w)lHk,Ak,Rk(W) R*(m)|Hk,Ak, Ry, 1(77)} S(W) ,

where the first expectation after all the equality signs above is taken over (Hy, Ay, Rk,l).

The derivation above works for all k € {1,..., K — 1}. When k = K, as a special case,

[H P (1 3 R <o} o)t

k=1
(A |Hgr) o
— kHI Z]/:/ A:,|H:/ E{ H k/Zle' < 7]} - T)‘H}C,Ak,Rkl}s(W)‘| (99)
1(Agr|Hyr)
— E[ 7;: A:/ ||H:/ {(I[{ kz: Ry < n} - r) — FR*(#)\Hk,Ak,Rk,l(Tl)} . s(W)]_
=1

Note that in the first line of Equation the expectation outside of the indicator function vanishes because
all observational data (Hy, Ak, Rk) were given when k = K.
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Step 2: Similarly, for Tz(k), we have

( ) Tt Ak/|Hk/ k'>k
2 EHk 1Alc 1Rk 1 H bk/ Ak/|Hk/ Z H Tk ak/|hk/ . fHk'Ak 1, Hp— 1><

{re b Ahe Y 1w —g
K K K
(X me<np=o)-1I {ka,lgk,,Hk,} L et Jitredaton|
k=1 K=k K=kt 1
Since
0 0
%fHHAkil,Hk 1 a (longk\Ak 1,Hi— 1) .fHk"Ak—th—l
{ W)|Hy, Ap—1, Rp—1] — [S(W)‘Hk—la;lk—laék—l]}'fHk|Ak71,Hk717

we can plug in the result above to the expression of TQ(k), which yields

T Ak"Hk’ E >k X . K K
H brr ( Ak"Hk/ Z /rk/} {hk/}k],‘_[ mi(aw ) - ( {k/z:_lrk/ < 77} _T> kl__[k{

ka/|Ak/,Hk/ ’ fHk/‘Ak/,lﬁHk/,l } {E[S(W”Hka Ak—la Rk—l] - E[S(W)‘Hk—lv Ak‘—17 Rk—l]}d{rk/}d{hk'}‘|

K
H Z:,, j::“g:; EAk/Nﬂ',Hk/,Rk/,k’>k{ (]1{ Z Ry < n} - 7) -]E[S(W)|Hk7[1k1,f%kl}}

k=1
Tk’ Ak/|Hk/ K ~ -
H by (Apr | Hyr) EAk'%Hk'!Rk"k’>k{(H{ > Rw< 77} - T) 'E[S(W)|Hk17Ak1,Rk1]}
k=1
’ A ’|H ’ _ _
o[ T 320 55 e <)
H Tbr:: j::||g:: {( { Z Ry < 77} )‘Hk—lvAk—bqu}s(W)}
k=1

k—
- (A |Hy)

=E 11 b (Ap | He) {FR*(w)|Hk,Ak,1,Rk,1(77) - FR*(w)\Hk,l,Ak,l,Rk,l(”7)} : S(W)] ;

where the first expectation after all the equality signs above is taken over (Hy_1, Ag_1, Rp_1).

Similar to T fk), there is a slight exception when k£ = 1. This happens when the target policy is inconsistent
with the behavior policy from the initial stage, which corresponds to the DM estimator component in the
final expression of the EIF:

E{(]I{ i Ry < 77} - T)‘Hl}s(W) —E

k'=1

TV =E

{FR*(W)|H1 (n) — T} : S(W)l .
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Step 3: By combining the expression for Tl(k) and TQ(k) derived in the previous two steps with Equation
we have

L N0 S B NS L) ) )
aana ;1+;2—1+;{1+2 }+2
1 =1 1
ko (Agr | Hyr
E“W)IIMLMLS'KHEQMNW} ) = P ot a1 ()
K-1 k (A | Hoo
+ 2 k:]’;[l W ' {FR*(W)|Hk,Ak,Rk (1) = Fre(x) | Hy, Ap R0 T
FR*("")lHkaAk—th—l(n) B FR*(T")‘kalvgk—th—l (77)} + {FR*(W)\Hl (n) — T}‘|
o e (Aw | Hy)
=E|s(W)- H W {( { Z Ry < 77} —T) - FR*(W)\Hk,Ak,Rk,l(U)}

k'=1

m ) {FR*(w)lHk,Ak,Rk (n) — FR*(#)|H;C,1,A;C,1,R,€,1(n)}

+ {f‘j}z*(w)w1 (n) — T}]

where the last equation holds since Fg. (), 4,8, 1 = Fre(x)|Hy A, 1 Re_, (1), given that my is known.
Define C(n*) = — fg+(x)(n*) as a constant independent of 7. According to Equation[97, the EIF of 7 is given

by
K
(A Hy)
EIF, = C(n H NINEAR ( {ZRk < n} - FR*(ﬂ)\HK_l,AK_l(n))
k=1
K—-1 k
Uy Ak/|ka 100
+2ﬁwhmﬁ@mwwm%wwmﬂﬁ e
7Tl(A1 Hl)

T (A (FR*w)\Hl,Al(n) - 7).

By breaking the bracket and re-arranging terms via propensity scores, this further gives us

ey | L1 T (Awr [ Hir) B
EIF, = C(r") - E [Hk/ ol {;Rk <n} 1)

iy Ak’|Hk’) < 7rk<Ak|Hk)>
+ 11— e Fo _ )
Z (H b (Agr | Hyr) ) br. (A Hy,) R*( )|Hk,Ak(77)

k'=1

(101)

The expression above aligns perfectly with the quantile DR estimator we proposed in Equation after
taking the derivative with a constant-wise difference. As the optimization result remains the same after
multiplying a constant, the EIF we derived above demonstrates the semi-parametric efficiency of our DR
estimator.
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