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Abstract

Conditional independence tests (CIT) are
widely used for causal discovery and feature
selection. FEven with false discovery rate
(FDR) control procedures, they often fail
to provide frequentist guarantees in practice.
We highlight two common failure modes: (i)
in small samples, asymptotic guarantees for
many CITs can be inaccurate and even cor-
rectly specified models fail to estimate the
noise levels and control the error, and (ii)
when sample sizes are large but models are
misspecified, unaccounted dependencies skew
the test’s behavior and fail to return uni-
form p-values under the null. We propose
Empirically Calibrated Conditional Indepen-
dence Tests (ECCIT), a method that mea-
sures and corrects for miscalibration. For
a chosen base CIT (e.g., GCM, HRT), EC-
CIT optimizes an adversary that selects fea-
tures and response functions to maximize
a miscalibration metric. ECCIT then fits
a monotone calibration map that adjusts
the base-test p-values in proportion to the
observed miscalibration. Across empirical
benchmarks on synthetic and real data, EC-
CIT achieves valid FDR with higher power
than existing calibration strategies while re-
maining test agnostic. Code is available at
https://github.com /tansey-lab/ECCIT.

1 INTRODUCTION

The central tool for rigorously detecting causal rela-
tionships in the presence of confounders is the condi-
tional independence test. Mathematically, there exists
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a causal edge if two variables X and Y are dependent
after controlling for all confounders Z; thus, the null
hypothesis of no causal effect is one of conditional in-
dependence,

Ho: XY | Z. (1)

One common use case for conditional independence
testing is the controlled variable selection problem.
Given data {(X1, Xa, ..., X;n, Y); }2,, we wish to find
the set of variables S C [m] such that X,;Y | X_; if
and only if j ¢ S. That is, we want the Markov blan-
ket of Y. If there are no latent confounders and all
X variables are known not to be caused by Y (e.g. if
each X; was observed before Y'), then S corresponds
to the set of causal features of Y.

In real world settings with finite data and noisy obser-
vations, it is impossible to infer S without some error
rate. Here, we work within the frequentist hypothe-
sis testing framework: the user supplies the procedure
with an acceptable error rate a and the procedure re-
turns a candidate set S. Valid testing procedures pro-
vide a guarantee that the expected error on S will be
no larger than «, the user-specified threshold. After
controlling the error rate, procedures can be compared
based on whether one has a higher true positive rate,
also known as power.

Statistical methods for testing eq. face a challeng-
ing task. Theoretically, it is impossible to produce a
method capable of having non-trivial power against
all possible alternative hypotheses (Shah and Peters|
2020)). Empirically, many methods struggle to control
the error rate when the number of features m is large
relative to the sample size n. Nonparametric meth-
ods converge too slowly to produce valid frequentist
p-values. Parametric assumptions on the structure of
the possible conditional dependencies improves sample
efficiency, but open one up to model misspecification.
Addressing the issue of error rate control in the high-
dimensional and low-sample regimes remains an open
problem, motivating a growing literature on different
approaches (Tansey et al., |2021bj; |Sudarshan et al.|
2021; |Li and Liul, 2023).
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The importance of the problem is highlighted by the
growing popularity of conditional independence tests
in science. CITs have been applied to a wide array
of biology and medical data (Shen et al., |2019; Bates
et all, [2020}; [Tansey et all [2021a; Barry et all 2021}
Sudarshan et all 2020; Niu et al. |2024b) and used
in development of models that have been integrated
into electronic health records (Razavian et al. [2020).
The ground truth error rate of these procedures is un-
knowable, but it is common for scientific datasets to
fall into the high-dimensional or low-sample regimes
where current CIT procedures typically fail.

In this paper, we propose Empircally Calibrated CITs
(ECCITs) as a wrapper method for a broad class of
conditional independence testing procedures. ECC-
ITs take an existing conditional independence testing
or controlled variable selection procedure, paired with
a dataset on which a user wishes to apply it. The
empirical calibration method then optimizes an adver-
sarial model to maximally inflate the error rate of the
CIT procedure on the target dataset. The p-values
from the CIT procedure applied to the dataset are
then calibrated such that they would be valid p-values
even against the adversary. Since ECCITs calibrate
against a worst-case function in a class F, the result-
ing procedure is calibrated or conservative for all other
functions in F.

We explore several design choices involved in ECCITs
and evaluate their tradeoffs in extensive benchmarks.
We evaluate two different types of conditional indepen-
dence testing procedures, conditional randomization
tests and the generalized covariance metric. We con-
sider two different optimization metrics for the adver-
sary and how each choice affects power. We also eval-
uate several possible function classes for the predic-
tive models used in our uncalibrated CITs, the ground
truth function class generating Y from X, and the ad-
versary function class against which we are calibrat-
ing. In semi-synthetic experiments on a large gene
expression dataset, ECCITs outperform a state-of-the-
art method for improving robustness of CITs.

2 BACKGROUND

Discovering causal relationships equates statistically
to discovering conditioning sets that render vari-
ables independent. Many methods exist for discov-
ering causal relationships using conditional indepen-
dence tests (e.g. |Spirtes et al., [2000; Kalisch and
Buhlmanl 2007} [Pellet and Elissee Kalisch and
Biihlmann| 2008} [Strobl et al.| [2016). [Kim et al.| (2021
divide conditional independence testing methodology
into three groups: local permutations, model-X, and

asymptotics. Local permutation methods (Margari-

tis, 2005; [Doran et all 2014} [Sen et al. 2017 Kim
et al.L 2021)) divide the effect variable into subclasses

and test by permuting within each subclass. Subclass-
ing requires either multiple observations of the same
confounders or some smoothness assumptions. How-
ever, in the case of continuous variables, every observa-
tion is almost surely going to be unique. Alternatively,
smoothness assumptions (e.g. fixed-width binning as
in Kim et al|(2021))) can be leveraged in combination
with kernel-based methods (Fukumizu et all) [2007)
and metrics like maximum mean discrepancy (Gret-
. Unfortunately, kernel methods are
likely to be underpowered in the high-dimensional set-
ting as all samples are going to be far away from each
other unless they lie in a low-dimensional subspace.

Asymptotic methods derive a limiting distribution for
a particular test statistic. Classical asymptotic meth-
ods (Su and White| 2008} [Huang], [2010) require linear
or quadratic parametric forms for the causal relation-
ships. More recent work has focused on flexible models
either via kernel-based tests (Zhang et al.,|2011; Wang
let al.| [2015} [Strobl et all [2019) or through using black
box machine learning methods (Shah and Peters, 2020;
|Zhou et all [2020}; [Sudarshan et all 2023). Black box
methods typically work by estimating E[X | Z] and
E[Y | Z], then testing the marginal correlation of the
residuals of X and Y after subtracting their predicted
conditional means. These methods have the benefit
of being rate doubly robust: if either the model for
E[X | Z] or the model for E[Y | Z] is correctly spec-
ified, and the fitted regressions converge sufficiently
fast, then the method will asymptotically control the
type I error rate. However, in finite samples or with
misspecified models, these methods provide no theo-
retical guarantees and often fail to control the type I
error rate, and in practice, it is unknowable whether
we are ever in that regime using black box methods.

Model-X methods (Candes et all [2018)) make no as-
sumptions about the relationship between X and Y.
Rather, approaches like knockoffs and conditional ran-
domization tests (CRTSs) assume access to a large un-
labeled dataset on which to build an accurate model of
confounders, in particular modeling P(X | Z). Such
datasets are often available in scientific domains. For
example, large genomic (Cheng et al} [2015)), transcrip-
tomic (Garnett et all [2012; Weinstein et al., 2013),
and epigenomic (Drost and Clevers| |2018)) tumor, cell
line, and organoid databases are available for analysis
in biology. Some model-X methods also enjoy the dou-
bly robust property asymptotically (Niu et al.l [2024al).
In finite samples and high dimensions, accurate esti-
mation of the conditional distributions is challenging.
As with doubly robust asymptotic methods, model-X
methods often fail to control type I error in practice.
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A number of methods have been proposed to increase
the practical robustness of both doubly robust asymp-
totic and model-X methods. The Corrected Pearson
Chi-squared CRT (Xu et al.| 2024) adapts CRTs to
be robust to covariate shift in the data. The Maxway
CRT (Li and Liu, 2023) models both P(X | Z) and
P(Y | Z), gaining theoretical and practical advantages
over a basic CRT that only models the X conditional
distribution. |Zhang et al.| (2025|) follow a similar strat-
egy by using generative neural network models to es-
timate both conditional distributions. Perhaps most
relevant to this paper, CONTRA (Sudarshan et al.|
2021)) uses a mixture of real X data and samples from
the estimated P(X | Z) to train a predictive model of
Y used to perform a CRT. By mixing real and syn-
thetic data, the predictive model is trained to predict
using a more realistic version of the covariates that
will be sampled in practice, thereby reducing the over-
all type I error rate. While the above methods all help
reduce the overall type I error or false discovery rate
(FDR) inflation in CITs with finite samples, none of
them aim to produce properly calibrated CITs. The
gap to-date is therefore that conducting CITs is some-
what robust using these methods, but it is unclear in
practice how to calibrate a CIT to control the target
error rate in finite samples.

3 METHOD

Consider a dataset D with m features (Xq,...,Xp)
and a response variable Y. The goal is to conduct
controlled variable selection via conditional indepen-
dence tests of the form X,V | X_; for j =1,...,m.

Assume for now that a conditional independence test-
ing procedure T has been given; we will consider two
concrete examples later. The requirements on T are
only that it returns p-values for each feature. The
issue we wish to resolve is that in practice it may be
impossible to know if T will truly return valid p-values,
i.e., Uniform(0, 1) under the null hypothesis. This may
be due to small sample sizes, large feature counts, or
model misspecification within 7. Any, none, or all of
these issues may be present, but we will be agnostic to
the validity of the test and, if it is invalid, the underly-
ing cause. Fix such a test T that, given (X, Y), returns
p-values we wish to calibrate. For an adversary class
F of response generators Y = f(X,¢) and a calibra-
tion metric M (-, ) with target level «, we define the
adversary by Eq. (2), choosing the generator within
F that makes the chosen metric as large as possible,
yielding the worst-case miscalibration for T' relative
to the population distribution of X. The expectation
is over the distribution of X; since this distribution
is not necessarily known in practice, we approximate
it by bootstrap resampling of the observed X. Op-

Algorithm 1 Empirical calibration (adversarial ap-
proach).

Input: Dataset (X,Y); test 7': (X,Y) > (p1,...,pm);
adversary class F with f € F and Y = f(X,¢); calibra-
tion metric M (-, «).

Fit the worst-case adversary f* as in Equation .
Let Ho = {j : v; = 0} denote the null features under f*.
forb=1,...,B do
Bootstrap xX® by resampling rows of X.
Sample Y = f*(X<b>,z~:).
Compute p® = T(X(b), Y(b)).
end for
Construct Cal, from {(p(b),?'-[(()b))}le for M (-, ).
Return the calibrated p-values:
Peal = Calo (T'(X,Y)).

timizing the bootstrap estimate produces an empiri-
cal optimizer f* and an associated worst-case metric
M(T(X, f*(X,€)), ).

At a high-level, our proposed empirical calibration
method performs the following steps.

1. An adversarial model (chosen from some class F) is
optimized to maximize the miscalibration of the test
statistics under a given calibration metric M. This
model is then used to generate adversarial outcomes
Y.

2. The test T is applied to Y to produce adversarial
p-values alongside v, a vector indicating which of the
hypothesis tests should be rejected.

3. A monotonic map, which we call the calibrator, is
fit to the adversarial p-values so that the miscalibra-
tion under M is properly controlled. This map is then
applied to the p-values generated by the test T on the
real data Y.

If F and M together capture the desired form of error
rate control, then by calibrating against the worst-case
adversary, the above will yield p-values that are either
properly calibrated or conservative.

Algorithm [1| details the full algorithm in generality.
We next detail specific design choices and discuss their
motivations and impacts.

3.1 Adversary optimization

Given X and a testing procedure T(X,Y) that re-
turns p-values pi,...,pm. Let F be a class of data-
generating mechanisms for the response Y, written
Y = f(X,e) with f € F and noise. Given a cali-
bration metric M and target error rate level «, the
ECCIT adversary chooses

f* e argl}lea}( Ex [M(T(X,f(X, g)), a)], (2)
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inflating the calibration metric as much as possible
within the bounds of the adversarial class and the
data distribution X. Intuitively, a well calibrated test
should be robust against any potential response, so we
want to look for the worst case scenario to calibrate
against.

Equation requires access to the population distri-
bution over X. This is to prevent flexible adversaries
from finding edge cases in a single fixed dataset. In
practice, we typically do not have access to this sam-
pling distribution. Instead, we generate an approxi-
mate expectation using the bootstrap.

The adversary specifies two sets of parameters. The
first set is a binary vector 7 corresponding to which
features X; will be used to generate the synthetic ¥
(7; = 1) and which will be null variables (y; = 0). The
second set is the parameters 6 to the function from the
non-null features to the synthetic Y. For simplicity,
we model the response as an additive errors model in
practice, though the choice is flexible. Specifically, let
Y be the adversarial response such that,

Y = p(X-v) + ¢, e~Ple), Ef|=0,
where g is a mean function with learnable weights.
Our implementation is flexible to the choice of classes
of pg, so long as it is a smooth, differentiable func-
tion. Learning v is a non-smooth problem as it is a
discrete vector. We use the Gumbel-softmax (Jang
et al.l [2016) to get approximate gradients for the bi-
nary mask. Both 6 and v are fit jointly.

3.2 Base Conditional Independence Test

The choice of which uncalibrated conditional indepen-
dence testing procedure to use is up to the user. In
scenarios where there are large, unlabeled data, it
may be more useful to use a model-X method. In
areas where higher order moments are difficult to ap-
proximate, doubly robust methods are more likely to
have higher power. We consider one method from each
class.

Generalized Covariance Measure (GCM) (Shah
and Peters, [2020) Fix j and set Z := X_;. We fit

estimators for the conditional mean
fi(2)=~E[X; | 2,  §(Z2)=E[Y|Z],
then form residuals

RY = X, - fi(2), RY =Y -42),

and elementwise products R()

RO = 15 RY) and 2 = 1Y

The statistic )
p _ VAR
5(5)

is approximately N(0,1), yielding two-sided p-values
pj = 2{1—@(|T}|)}. When the GCM is well-specified,
it is rate doubly robust: under the null, the test statis-
tic has the correct limiting distribution when the fit-
ted regressions for X;|Z and Y'|Z converge sufficiently
fast. In finite samples or with misspecification of the
conditional expectations, it may inflate the error rate.

Holdout Randomization Test (HRT) (Tansey
et al., 2021b) Let Z := X_;. Under the null hy-
pothesis, replacing X; by fresh draws from its condi-
tional distribution given Z should not worsen predic-
tion of Y. The HRT uses held out prediction error as
its test statistic. The HRT fits a predictor h(-) of ¥’
from X on a training split, and computes the held out
loss on a holdout set Z,

7 oA (X)),

i€L

Lobs =

As a model-X method, the HRT estimates the con-
ditional distribution ¢;(- | Z) for X; | X_;. For
b=1,...,B the HRT draws

X g 12i),  ie{l,...,n},

forms X ®) by replacing column j on the holdout set,
and computes randomized losses

1 ..
L® = mZe(yi, h(XM).
€T

Compute Lgps and {L(l’)}bB:1 per feature. A
right—tailed p—value is then

o 1+ZbB:1 1{L(b)ZL0bb}
Py = B+1 '

For computational efficiency, we approximate the null
distribution of L(®) by a normal distribution using the
sample mean and standard deviation of {L(®} and
compute p-values from this approximation.

The train-test split HRT yields valid p-values provided
g; is well specified and well estimated.

3.3 Calibration Metric

Let Ho C {1,...,m} denote the indices of null hy-
potheses, let mo = |Ho|, and let S C {1,...,m} de-
note the set of rejected hypotheses. The choice of met-
ric to optimize against directly relates to the particular
choice of error rate one is trying to control.



Milleno Pan, Antoine de Mathelin, Wesley Tansey

In the strictest case, one may wish to target the fami-
lywise error rate (FWER), i.e.,

FWER = P(|$‘ﬂ7—[0\ 21),

which is the multiple-testing analogue of type-I error.

We consider two metrics. The first directly measures
the realized type-I error. The second calibrates for the
target FDR threshold.

Type-I. Define the empirical CDF of the null p-
values by

Fo(u) = mio Z 1{p; <u}.

i€Ho

Fix a cutoff a € (0,1]. Under perfect calibration the
null p-values are uniform, so the realized type-I error
at level « is

F()(a).
We measure miscalibration by the deviation from the
nominal level,

T(a) = Fy(a) — o

Zero indicates exact calibration and positive values in-
dicate inflated type-I error.

Controlling FWER is often too burdensome in large-
scale testing because it requires protecting against
even a single false rejection, which typically leads to
very conservative thresholds and substantial loss of
power. Instead, a more common target is the false dis-
covery rate (FDR), which controls the expected frac-
tion of false discoveries among all rejections,

DR — E['S“”'] |

15| v 1
To calibrate for FDR control with BH, we use the

false discovery proportion (FDP) as the miscalibration
score.

FDP. At a target FDR level o, let p(1) < -+ < ppy)
and define

tgg = max{%i P pu) < %}

Reject all p; < tpg. This is the Benjamini-Hochberg
(BH) algorithm (Benjamini and Hochberg, [1995). Let
R:#{iipiStBH}aHdV:#{ieﬂo:piS
tpu}. The miscalibration score is the false discovery
proportion (FDP),

FDP = ——.

Lower values indicate better calibration with respect
to BH at level a.

3.4 Calibration

Given the adversary’s worst-case metric, we construct
a calibrator, a fixed monotone map that turns raw out-
puts into conservative, well-calibrated ones.

Fix a calibration metric M, and let ¢ (a) denote
the corresponding adversarial metric value at nominal
level a.. Define the adjusted level as

Qeal = sup{t €10,1] : op(t) < a}.

That is, we choose the largest nominal level whose
realized metric under the adversary does not exceed
the target a.

3.5 Validity Guarantees

The calibrator above is constructed from the worst-
case adversarial value of a chosen metric over a fixed
class of generators. As a result, calibrating to the
worst case yields valid or conservative behavior for any
other generator in the same class. We formalize this
below for the FDP metric, and provide the full proof
in the supplement.

Theorem 1. Assume the true conditional law Y | X
lies in the adversary class used to compute the FDP
metric function prpp(-). Then running BH at level
Qa1 Satisfies

FDR(BH(acal)) <a.

Moreover, aca < a, so the adjustment is conservative
whenever rpp(a) > a.

4 RESULTS

We conduct a series of benchmarks to assess calibra-
tion and power for both uncalibrated and ECCIT-
calibrated versions of GCM and HRT. We train and
calibrate using either Type-I or FDP miscalibration
metrics, and evaluate whether ECCIT calibration can
restore uniform p-value distributions and control false
discovery rates across different sources of miscalibra-
tion: (i) small sample sizes under a well-specified
model, (ii) under-specification of exogenous noise when
the true noise distribution is heavier-tailed, and (iii)
model under-specification when the conditional esti-
mators and ground truth conditionals mismatch.

In our experiments, we compare raw (uncalibrated)
p-values to FDP and Type-I calibrated variants, eval-
uating power and realized FDR at o = 0.2, a stan-
dard fixed target level. On synthetic data, calibra-
tion reduces finite-sample miscalibration. The FDP
calibration metric typically preserves more nominal
discoveries, while the Type-I metric enforces worst-
case calibration at the level of each individual test,
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rather than averaging error across many hypotheses.
This makes the Type-I metric inherently more con-
servative. We also compare ECCIT-calibrated GCM
and HRT against a state-of-the-art robustification
method, CONTRA (Sudarshan et al.||[2021)). On semi-
synthetic benchmarks, ECCIT-calibrated GCM and
HRT outperform CONTRA-calibrated versions, par-
ticularly under noise or model under-specification.

4.1 Synthetic Data Experiments

To test calibration when conditional models are harder
to estimate—e.g., under heavy tails, non-Gaussian
noise, or cross-feature dependence—we evaluate sev-
eral feature distributions. By default we sample inde-
pendent features, i.e., X;; are i.i.d. with zero mean:

e Normal: X;; ~ N(0,1).
e Laplace: X;; ~ Laplace(0,1/v/2).
e Student-t: Xij ~ 7.

We also test on correlated data with shared latent
structures. For our Correlated distribution setup,
we introduce a one—factor structure

X = vz1" + /1-42E,
ZNN(Ov]-)a EZJ NN(Ovl)v
2

with v = 0.5, yielding pairwise correlation ~ ~v* =
0.25.

We set n > 2m in all runs to keep the GCM normal-
equation matrices full-rank and well-conditioned, to
obtain low-variance CDF/FDP maps from bootstrap
resamples, and to retain enough data for testing.

Responses Y. To test the performance of our cali-
brated test, we evaluate two response models for Y: a
sparse linear model and a simple nonlinear model.

Linear response. We use a sparse linear model with
s active features (chosen uniformly without replace-
ment) and Gaussian noise:

Y = XSﬁS + €, 53 NN(Ovjs)a ENN(Ovln)

The number of active features depends on m: we set
s = 5,8,10 active features for m = 10,25, 50, respec-
tively.

Nonlinear response. Let g = |s/4] and split
the first 4g selected indices into g blocks of four,
{ib1,%b,2,%,3,%p.4}. For each block we add two linear
terms and one simple nonlinearity:

9
Y = GZ(wleib,l + w2 Xy, ,) +
b=1

g
a
qub tanh(cXib’s) + §ZUJXJ + €.
b=1 jeL
Here wyp1, w2, up, v; ~ N(0,1) independently; a, b, ¢ >
0 are fixed gains; L contains any remaining selected
indices not used in the blocks; and € ~ N(0, I,,).

Model Regressors. We use two estimator families
inside the tests and mirror the same choices in the
adversary.

Linear (Ridge). For each feature j with Z := X_;,
we fit

fiz) = 2TB7, ae) = 2TBW,
where .

B = 2Tz + ) 27X,

BW = (ZTZ+ A2y,
with a small ridge A > 0 for stability.
Nonlinear (MLP). We replace the linear maps by a
single-hidden-layer network with ReLU:

h(z) = WaReLU(W1z + by) + ba,

and set f;(z) = hgfc)(z), G(z) = hW)(z) with separate
functions for predicting X; and Y from Z.

Adversary. The adversarial generator uses the same
families to parameterize the conditional mean of Y.

Power. We compute power as the fraction of true
features recovered after applying BH correction at level
a = 0.2. The Type-I metric we use is also set so that
Pmaaz = 0.2. To report power only when the FDR
target is met, we use valid power as defined by [Tosh
et al.| (2025):

0, FDR(a) > a,
#{true positives}
#{non-nulls}

vp(a) =

, otherwise.

where FDR(a) = Pﬁ(a) — Clgpr is the 95% lower
confidence bound for the average observed FDR at
level a estimated over repeated runs. Valid power
equals standard power but is set to zero whenever the
FDR constraint is not satisfied. For all results on test
performance, we are doing an average over 100 runs
on a compute cluster, each process using 1 compute
node.

4.2 Single Hypothesis Testing

While our primary emphasis is on the multiple hy-
pothesis setting, ECCITs also apply in the single hy-
pothesis framework. In particular, the same calibrated
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Single experiment performance (correlated, HRT)
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Figure 1: Single Experiment Performance. Real-
ized Type-I error and power versus nominal « for raw
and calibrated HRT on a correlated dataset.

mapping can be used to correct finite-sample Type-I
error for a single test statistic and target level. We
use the same nonlinear response construction. We first
generate

X =27"Bx +ex, Z e R, n =200,

then set
Youi = a (w1Zi1 + UJQZZ‘Z) +bu tanh(ZiS) + e,

Yo = Yo + tanh(X).

Here we fix a = 2, b = 3, and sample coefficients
w1, ws, w with non-tiny magnitudes |A(0,1)] + 1. We
chose these parameters to strike a balance between
model complexity and signal strength, while preserv-
ing enough signal for reliable detection. We evaluate
a € {0,0.05,...,0.30} and report realized Type-I and
power before/after calibration. For the independent
setting, Z ~ N(0, I); for the correlated setting, Z gets
a shared correlation structure Z;; = yU; ++/1 — ~2 Eij
with v = 0.5. Figure [1] shows significant improvement
in Type-I error control with a tradeoff in power. Ad-
ditional results are shown in the supplement.

4.3 Sample and Feature Scaling

Well-specified setting. For our CITs, a well spec-
ified test is when the regression class used inside the
test can correctly map the true conditionals: there
exist functions f;,¢g in the fitted class such that
filw—;) = E[X; | X_j = z_;] and g(z_;) = E[Y |
X_,; = x_;], and for null features ¥ L X; | X_;. In
this regime, as n — oo the residuals are mean-zero and
the induced p-values are uniform.

Under a well-specified model, miscalibration is driven
primarily by finite-sample noise and fades as n grows.

Here we train the calibrator against a linear adversary
and fit linear regressors in both GCM and HRT. To
demonstrate this, we report calibration results across
varying sample sizes and feature counts to show how
our calibration results are impacted by the dimensions
of our data. In this regime, both tests exhibit compa-
rable calibrated performance.

In Figure 2] we see that even with a well specified
model, both tests exhibit finite-sample deviation: for
smaller n, the residual-product statistic is noisy and
the resulting p-values depart from uniformity, increas-
ingly so as m grows. Our calibration here revolves
around controlling for the sample noise to have a cali-
brated test.

4.4 Calibration under Model
Underspecification

Under-specifed Setting. The test-side regressors
can be underspecified: if the learners for fj or § cannot
capture the dependence of Y on X_;, residual struc-
ture remains and the resulting p-values are biased. To
test this, we train the calibrator against a nonlinear
adversary while the tests themselves use linear regres-
sors, and we evaluate on data generated from a non-
linear response Y. For each configuration, we fit the
calibrator and evaluate the performance for both the
uncalibrated and calibrated tests.

In Figure[3] the differences between the results for cali-
brating with our Type-I metric versus the FDP metric
show us a calibration and power tradeoff. The Type-
I calibrator applies a more conservative correction on
[0,]. In the ground-truth nonlinear setting consid-
ered, this stronger correction did not substantially pe-
nalize power; however, in other response regimes the
same global correction could over-adjust small p-values
and reduce discoveries. By contrast, the FDP calibra-
tor is targeted to BH: it selects the smallest level aca
whose realized FDP does not exceed the target, effec-
tively bringing the threshold back to the limit. As a
result, FDP calibration typically preserves more nom-
inal power subject to the FDR constraint, whereas our
Type-I metric tends to be more conservative but can
provide robustness when miscalibration varies across
quantiles. Again, the Type-I metric calibrates at the
level of each individual test, and will drive down nom-
inal power as a result.

4.5 Robustness to Distributions and Noise

Latent structure and heavy—tailed noise in X can de-
grade the conditional fits used by the tests, yielding
distorted p-values. We set up this experiment to eval-
uate how well calibration restores FDR control and
power when we vary the feature distribution and noise
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Figure 2: Miscalibration over sample size (log scaled) by features on a well-specified model for both
miscalibration metrics. The red dotted line indicates the selected nominal threshold of a = 0.2.
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Figure 3: Valid Power Gain by Features. Cali-
brated with a nonlinear adversary. Performance eval-
uated with 10m samples on a nonlinear response Y.

family. In this example, we keep the test side using
linear regressors in GCM/HRT while training the cali-
brator against a nonlinear adversary and evaluating on
data generated from a nonlinear response Y. In Fig-
ure [4] we show that across different distributions and
noise, we are able to improve on the tests and gain
valid power through calibration.

4.6 Comparisons on Gene Expression Data

To illustrate a realistic use case, we apply our condi-
tional independence tests to variable selection in gene
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correlated laplace
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Figure 4: Valid Power Gain by Distribution. Cal-
ibrated with a nonlinear adversary. Performance eval-
uated on a nonlinear response Y.

expression analysis. This is often used due to the fea-
ture space for gene expression data. Gene features are
high-dimensional and exhibit strong cross-gene cor-
relation and latent structure, and these raw counts
are often modeled with zero-inflated negative binomi-
als. We construct a semi-synthetic benchmark from
the Genomics of Drug Sensitivity in Cancer (GDSC)
dataset [Yang et al.| (2013)), treating cancer cell lines as
samples (n) and genes as features (m). We normal-
ize the expression matrix, apply a variance-stabilizing
log transform, and z-score each gene. We then com-
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Figure 5: Valid Power and FDR Comparison on Gene Expression Data. Calibrated with FDP metric.

Nonlinear response Y.

pare uncalibrated and calibrated GCM/HRT against
CONTRA baselines under both linear and nonlinear
outcome models. For each replicate, we draw a 200 x 25
slice, synthesize outcomes under nonlinear responses,
run all methods with and without calibration, and ag-
gregate power/FDR over 100 runs. Additional experi-
ments and method comparisons on other datasets are
reported in the supplement.

Figure [5| shows that calibration restores FDR control
for both GCM and HRT and increases valid power
relative to baseline methods like CONTRA. We evalu-
ate performance by sweeping the BH target level over
a € {0,0.05,...,0.30} and reporting FDR and power
at each level. The calibrated tests track the nominal
FDR and deliver consistent gains in valid power com-
pared to our uncalibrated performance.

The CONTRA-HRT variant struggles in our high-
dimensional, correlated gene-expression setting: its
conditional sampler for X; | X_; is misspecified and
the predictor is not refit under null draws, yield-
ing miscalibrated p-values and reduced valid power.
CONTRA-FASTCRT also performs poorly here be-
cause it fits only one null model per feature and reuses
a fixed statistic across null resamples. Even though

these tests provide very high nominal power, they have
a high proportion of false discoveries that give us very
low valid power.

5 DISCUSSION

ECCIT is a practical approach for calibrating con-
ditional independence tests when nominal guarantees
break down in practice. In our experiments, it im-
proves calibration and increases valid power relative
to existing correction methods while remaining agnos-
tic to the base test.

A key limitation is the tradeoff between robustness and
power. In ECCIT, this tradeoff is driven by the choice
of adversary class, which depends on prior knowledge
about the true underlying response mechanism. If the
class is too simple, it may lead to insufficient correc-
tion. If it is too flexible, the worst-case calibration
may become overly conservative and reduce power. A
natural extension is to improve power over a set of
plausible response mechanisms. We leave this direc-
tion to future work.
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Supplementary Materials

6 PROOF

This is a detailed proof of Theorem 1 in the paper related to validity guarantees.

6.1 Hypothesis testing.

Fix a nominal alpha level @ € (0,1) and a multiple testing procedure T, which, given data (X,Y’), returns a
rejection set
To: (X,)Y) = R (X,Y) CH,

where H is the index set of hypotheses. In the main paper, the specific choice is T,, = BH(«), but we write the
proof for a generic multiple testing procedure T,.

Let V,,(X,Y) denote the number of false rejections among R, (X,Y) under the true data generating process. We
then define the false discovery proportion as

Vo(X,Y)
max{|R,(X,Y)|,1}

FDP,(X,Y) :=

The corresponding false discovery rate (FDR) at level « is:

FDR, := E[FDP,(X,Y)].

6.2 FDP loss.

We first define the pointwise FDP loss at level a:

6a(Y) := (FDP,(X,Y) —a), = max{FDP,(X,Y) — a, 0},

+

so that £,(Y) = 0 whenever FDP,(X,Y) < a, and ¢,(Y) measures the amount by which we exceed level «
otherwise.

6.3 Adversarial model and miscalibration.

In our calibration procedure, we consider a class of adversary functions F (for example, linear maps f : R? — R).
For each f € F, the adversary specifies a conditional distribution P;(Y | X) (e.g., Y = f(X) + ¢ with a fixed
noise model). We write Y/ ~ P;(- | X) for a random outcome generated under this adversarial model.

We then define the miscalibration of f at nominal level « as

La(f) = E[ta(Y))] = E[(FDPo(X,Y7) - a),].

The ideal adversarial objective over this class is the worst case miscalibration

My = sup Lo(f),
feF

the largest expected excess FDP among all generators f € F.

In practice, the adversary training only approximately maximizes L,(f) over f € F. If f denotes the final
adversary we obtain, we assume an optimization error €,p¢ such that

0 < M}'_La(f) < €opt



Empirically Calibrated Conditional Independence Tests

so that

La(f) Z M]—'_eoptv

Mz < La(f) + €opt- (3)

6.4 Bounds for a fixed f.
For any fixed f € F and any § > 0,
{FDP.(X,Y') > a+ 4} C {(FDP.(X,Y/) —a), >4},
since the event on the left implies that the excess (FDP,, — a) is at least §. Therefore, by Markov’s inequality,

B/ (FDPo(X,Y7) > a1 6) < E[(FDPQ<X5,W> —a)] _ Laéf)_

This gives a tail bound for the FDP under the adversarial model Py.

Similarly, the expected FDP under P; satisfies

E;[FDP,(X,Y')] = a+ Ef[FDP.(X,Y7) — o]
<a+E;[(FDP,(X,Y') —a)]
=« + LOé(f)a

so Lo (f) also controls the FDR for the model Py as an excess over the nominal level a.

6.5 Bounds when the ground truth lies in F.

Suppose now that the true conditional distribution Pie(Y | X) belongs to our adversary class, in the sense that
there exists some fi e € F such that

Prue(- [ X) = P (- [ X).

Let Yirue ~ Pirue(+ | X) denote the true response. By construction, Y, and Y ferue have the same conditional
distribution given X, so any bound that holds under Py, also holds under Piye.

By definition of supremum, and combining with f = firue,

Loz(ftrue) < M]:,

La(ftrue) S La(f) + 6opt- (4)
Applying the tail bound above with f = fi,ue gives, for any 6 > 0,

Pirue (FDPo (X, Yirue) > a +6) =Py, (FDP (X, YFre) > o + §)
La (ftrue)

d

La (f) + 6op‘c

IN

<

Similarly, for the expected FDP under the true model,

Eirne [FDP 4 (X, Yire)] = B,y [FDPy (X, Y Firie)]
S a+ La(ftrue)

< 04+La(f) + €opt-

Thus, under the assumption that the true conditional distribution ¥ | X lies in our adversary class F, the

optimized adversarial objective L (f) provides an upper bound, up to the optimization error €y, on both the
probability of large FDP ranges and on the FDR of our procedure.
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6.6 Calibration.

For each nominal level o € (0, 1) we have the bound

B(a) = a+ Lo(f) + €opt-
To match the notation in the main text, we may equivalently write
vrpp(a) = B(a).
Since Lq( f) > 0 and €qpt, > 0, the calibration curve B(a) is pointwise lower bounded by the identity map,

B(a) > a forall a € (0,1).

Given a desired target FDR level ¢ € (0, 1), define the calibrated nominal level as the largest nominal level whose
worst-case FDR bound does not exceed gq:

aca(q) == sup {t €[0,1]: B(t) < q}.
By construction,

B(acal(q)) < q,

and therefore
Etrue [FDPacal(q) (X7 thrue)] < B(Ofcal(q» < g

The calibrated nominal level is always less than or equal to the target FDR level. In particular, this guarantees
that the calibration step can only reduce, or leave unchanged, the effective FDR, of the procedure under the true
data generating process.
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Figure 6: Single Experiment Performance. Realized Type-I error and power versus nominal « for raw and
calibrated procedures in independent and correlated settings.

7 SINGLE EXPERIMENTS

Figure [6] shows additional results for the independent and correlated Gaussian settings using GCM and HRT.
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Figure 7: GCM Performance. Calibrated with a nonlinear adversary with both metrics. Performance eval-
Results show the change in power and FDR before and after

uated on a nonlinear ground truth response.
calibration across different numbers of samples and features.

8 EXPANDED RESULTS

The results below expand on the experiments shown in the main paper with more examples, in particular for
different sample sizes and features, as well as a comparison across distributions and adversary choice.
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Figure 8: HRT Performance. Calibrated with a nonlinear adversary with both metrics. Performance evaluated
on a nonlinear ground truth response. Results show the change in power and FDR before and after calibration

across different numbers of samples and features.
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Figure 9: GCM calibration across distributions. Comparisons between different miscalibration combina-
tions on the adversary and the test. Type-I metric (top) and FDP metric (bottom).
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Figure 10: HRT calibration across distributions. Comparisons between different miscalibration combina-
tions on the adversary and the test. Type-I metric (top) and FDP metric (bottom).
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Table 1: Breast Cancer Dataset. Entries are valid power / realized FDR.

Method a=0.05 a=0.10 a=0.15 a=0.20

GCM 0.165 / 0.086 0.127 / 0.141 0.125 / 0.181 0.145 / 0.227
Calibrated GCM 0.166 / 0.058 0.179 / 0.070 0.177 / 0.075 0.177 / 0.082
HRT 0.109 / 0.220 0.074 / 0.321 0.053 / 0.388 0.057 / 0.444
Calibrated HRT 0.161 / 0.093 0.146 / 0.137 0.137 / 0.159 0.150 / 0.176
CONTRA-HRT 0.010 / 0.489 0.010 / 0.497 0.010 / 0.502 0.027 / 0.520
CONTRA-FASTCRT 0.012 / 0.539 0.012 / 0.548 0.008 / 0.562 0.017 / 0.572

Table 2: Wine Dataset. Entries are valid power / realized FDR.

Method a =0.05 a=0.10 a=0.15 a=0.20

GCM 0.372 / 0.132 0.292 / 0.203 0.255 / 0.244 0.207 / 0.281
Calibrated GCM 0.432 / 0.043 0.407 / 0.085 0.333 / 0.158 0.292 / 0.204
HRT 0.400 / 0.030 0.388 / 0.050 0.370 / 0.076 0.347 / 0.103
Calibrated HRT 0.400 / 0.030 0.388 / 0.050 0.370 / 0.076 0.347 / 0.103
CONTRA-HRT 0.122 / 0.324 0.122 / 0.333 0.092 / 0.375 0.087 / 0.388
CONTRA-FASTCRT 0.133 /0.335 0.125 / 0.352 0.068 / 0.405 0.068 / 0.425

9 ADDITIONAL DATASETS

We have added more experiments on two standard real world datasets widely used in other studies, the Diagnostic
Wisconsin Breast Cancer dataset and the Wine recognition dataset. Both datasets are available from the UCI
Machine Learning Repository. For both datasets we use exactly the same construction as in our GDSC gene
expression experiments: we fix the observed covariates X, select a small subset of “active” features, and generate
a nonlinear response from these actives plus noise. In the breast cancer configuration we take n = 300 samples,
m = 30 features, and |Sactive] = 10; in the wine configuration we take n = 100, m = 13, and |Sactive| = 4.
Calibration was done with our FDP metric and shown in Table [l and Table 2
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