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Abstract

The large communication and computation overhead of federated learning (FL)
is one of the main challenges facing its practical deployment over resource-
constrained clients and systems. In this work, SpaFL: a communication-efficient FL
framework is proposed to optimize sparse model structures with low computational
overhead. In SpaFL, a trainable threshold is defined for each filter/neuron to prune
its all connected parameters, thereby leading to structured sparsity. To optimize
the pruning process itself, only thresholds are communicated between a server
and clients instead of parameters, thereby learning how to prune. Further, global
thresholds are used to update model parameters by extracting aggregated parameter
importance. The generalization bound of SpaFL is also derived, thereby proving
key insights on the relation between sparsity and performance. Experimental results
show that SpaFL improves accuracy while requiring much less communication
and computing resources compared to sparse baselines. The code is available at
https://github.com/news-vt/SpaFL_NeruIPS_2024

1 Introduction
Federated learning (FL) is a distributed machine learning framework in which clients collaborate
to train a machine learning (ML) model without sharing private data [1]. In FL, clients perform
multiple epochs of local training using their own datasets and communicate model updates with
a server. Different from a classical, centralized ML, FL systems are typically deployed on edge
devices such as mobile or Internet of Things (IoT) devices, which have limited computing and
communication resources. However, current ML models are typically too large and complex to
be trained and deployed for inference by edge devices. Moreover, large model sizes can induce
significant FL communication costs on both devices and communication networks. Hence, the
practical deployment of FL over resource-constrained devices and systems requires optimized
computation and communication costs for both edge devices and communication networks. This
has motivated lines of research focused on reducing communication overhead in FL [2, 3], training
sparse models in FL [4, 5, 6, 7, 8, 9], and optimizing model architectures to find a compact model
for inference [10, 11, 12]. The works in [2, 3] proposed training algorithms such as quantization,
gradient compression, and transmitting the subset of models in order to reduce the communication
costs of FL. However, the associated computational overhead of these existing algorithms remains
high since devices have to train a dense model. In [4, 5, 6, 7, 8, 9], FL algorithms in which devices
train and communicate sparse models are proposed. However, the works in [4, 5] used unstructured
pruning, which is difficult to gain the computation efficiency in practice. Moreover, the computation
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and communication overhead can still be large if model sparsity is not high. In [6, 7, 8, 9], the
authors investigated the structured sparsity, however, the solutions therein either fixed the channel
sparsity patterns for clients or did not optimize the pruning process. Furthermore, the FL approaches
of [10, 11, 12] can significantly increase computation resource usage by training multiple models
for resource-constrained devices. Clearly, despite a surge of literature on sparsity in FL, there is
still a need to develop new FL algorithms that can find sparse model structures with optimized
communication efficiency and low computational overhead to operate on resource-constrained
devices.

The main contribution of this paper is SpaFL: a communication-efficient FL framework for optimizing
sparse models with low computational overhead achieved by performing structured pruning through
trainable thresholds. Here, a trainable threshold is defined for each filter/neuron to prune all of its
connected parameters. To optimize the pruning process, only thresholds are communicated between
clients and the FL server. Hence, clients can learn how to prune their model from global thresholds
and can significantly reduce communication costs. Since parameters are not communicated, the
clients’ parameters and sparse model structures will remain personalized while only global thresholds
are shared. We show that global thresholds can capture the aggregated parameter importance of clients.
We further update the clients’ model parameters by extracting aggregated parameter importance
from global thresholds to improve performance. We analyze the generalization ability of SpaFL and
provide insights on the relation between sparsity and performance. We summarize our contributions
as follows:

• We propose a new communication-efficient FL framework called SpaFL, in which clients
optimize their sparse model structures with low computing costs through trainable thresholds.

• We show how SpaFL can significantly reduce communication overhead for both clients and
the server by only exchanging thresholds, the number of which is less than two orders of
magnitude smaller than the number of model parameters.

• We provide the generalization performance of SpaFL. Moreover, the impact of sharing
thresholds on the model performance is theoretically and experimentally analyzed.

• Experimental results demonstrate the performance, computation costs, and communication
efficiency of SpaFL compared with both dense and sparse baselines. For instance, the results
show that SpaFL uses only 0.17% of communication and 12.0% of computation resources
compared to a dense baseline FedAvg while improving accuracy. Additionally, SpaFL
improves accuracy by 2.92% compared to a sparse baseline while consuming only 0.35% of
this baseline’s communication resources, and only 24% of its computing resources.

2 Background and Related Work
2.1 Federated Learning

Distributed machine learning has consistently progressed and achieved success. However, it mostly
focuses on training with independent and identically distributed (i.i.d.) data [13, 14]. The FL
frameworks along with the FedAvg [1] enables clients to collaboratively train while preserving data
privacy without data sharing. Due to privacy constraints and individual preferences, FL clients often
collect non-iid data. As such, data can exhibit differences and imbalances in distribution across
clients. This variability poses significant challenges in achieving efficient convergence. For a more
detailed literature review, we refer to [15, 16]. Although most of state-of-the-art FL methods are
effective in mitigating data heterogeneity, they often neglect the computational and communication
costs involved in the training process.

2.2 Training and Finding Sparse Models in FL

To reduce the computation and communication overhead of complex ML models during training,
the idea of embedding FL algorithms with pruning has recently attracted attention. In [4, 5, 6, 7,
8, 9, 17, 18, 19, 20, 21, 22, 23, 24, 25], the clients train sparse models and communicate sparse
model parameters to reduce computation and communication overhead. To improve the aggregation
phase with sparse models, the works in [17, 20, 21] perform averaging only between overlapping
parameters to avoid information dilution by excluding zero value parameters. The authors in [18]
obtained a sparse model by selecting a particular client to prune an initial dense model and then
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Figure 1: Illustration of SpaFL framework that performs model pruning through thresholds. Only the
thresholds are communicated between the server and clients.

performed training in a similar way to FedAvg. In [4, 24], the authors presented binary masks
adjustment strategy to improve the performance of sparse models and communication efficiency. The
work in [25] progressively pruned a dense model for sparsification and analyzed its convergence. In
[19, 22], the clients optimized personalized sparse models by exchanging lottery tickets [26] at every
communication round. The work in [5] obtained personalized sparse models by l1 norms constraints
and the correlation between local and global models. In [8], the authors proposed dual pruning
scheme for both local and global models to reduce the communication costs. The FL framework of
[23] allows clients to train personalized sparse models in a decentralized setting without a central
server. Although these works [17, 18, 4, 24, 25, 19, 22, 5, 23] adopted sparse models during training,
they used unstructured pruning, which is difficult to improve the computation efficiency in practice.
Meanwhile, with structured sparsity, the authors [7] proposed a training scheme that allows clients to
train smaller submodels of a global model. In [9], clients train set of submodels with fixed channel
sparsity patterns depending on their computing capabilities. The work in [6] studied structured
sparsity by adjusting clients’ channel activation probabilities. However, the works in [7, 9] fixed
sparsity patterns and did not optimize sparse model structures. Although [6] optimized channel
activation probabilities, the communication cost of downlink still remains high as a server broadcasts
whole parameters. Similar to our work, in [27, 28], only binary masks are communicated and
optimized by training auxiliary variables to learn sparse model structures. However, the work in
[27] approximated binarization step using a sigmoid function during forward propagation. In [28],
the downlink communication costs remained the same as that of FedAvg. In [10, 11, 29], clients
perform neural-architecture-search by training multiple models to find optimized and sparse models
to improve computational and memory efficiency at inference phase. However, in practice, clients
often have limited resources to support the computationally intensive architecture search process
[30]. Therefore, most prior works either adopted unstructured pruning or they still required extensive
computing and communication costs for finding optimal sparse models. In contrast to the prior
art, in the proposed SpaFL framework, we find sparse model structures with structured sparsity by
optimizing and communicating trainable thresholds for filter/neurons.

3 SpaFL Algorithm
In this section, we first present the proposed pruning scheme for structured sparsity and formulate our
FL problem to find optimal sparse models. Then, we present SpaFL to solve the proposed problem
with low computation and communication overhead.

3.1 Structured Pruning with Trainable Thresholds

We define a trainable threshold for each neuron in linear layers or for each filter in convolutional
layers. The neural network of client k will consist of L layers as {W 1

k, . . . ,W
L
k }. For parameters

W l
k ∈ Rnl

out×nl
in in a linear layer l, we define trainable thresholds τ l ∈ Rnl

out for output neurons. If it
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is a convolutional layer W l
k ∈ Rnl

out×clin×kl×hl

, where clin is the number of input channels and kl×hl

are the kernel sizes, we can change W l
k as W l

k ∈ Rnl
out×nl

in with nl
in = clin × kl × hl. Similarly,

we can define the corresponding thresholds τ l ∈ Rnl
out for filters in that layer. Then, for each client

k, we define a set of total thresholds τ = {τ 1, . . . , τL}. Note that the number of these additional
thresholds will be at most 1% of the number of model parameters d.

For threshold τ l
i of filter/neuron i in layer l, we compare the average magnitude of its connected pa-

rameters µl
k,i = 1/nl

in
∑nl

in
j=1 |wl

k,ij | to its value τ l
i. If µl

k,i < τ l
i, we prune all connected parameters

to this filter/neuron. Hence, our pruning can induce structured sparsity unlike [31]. Thus, we do not
need to compute the gradients of parameters in a pruned filter/neuron [32] during backpropagation.
We can obtain a binary mask pl

k for W l
k, as follows

plk,ij = S(µk,i − τ li ), 1 ≤ i ≤ nl
out, 1 ≤ j ≤ nl

in, (1)

where S(·) is a unit step function. Hence, we can obtain the binary masks {p1
k, . . . ,p

L
k } by performing

(1) at each layer. To facilitate the pruning, we constrain the parameters and thresholds to be within
[−1, 1] and [0, 1], respectively [31]. For simplicity, we unroll {W 1

k, . . . ,W
L
k } and {p1

k, . . . ,p
L
k }

to wk ∈ Rd and pk ∈ Rd, respectively as done in [33]. Thresholds represent the importance of
their connected parameters (see more details in Section 3.3.1). Hence, clients can know which
filter/neuron is important by training thresholds, thereby optimizing sparse model structures. Then,
the key question becomes: Can clients benefit by collaborating to optimize shared thresholds in order
to find optimal sparse models? We partially answer this question in Table 1. Following the same
configurations in Section 5, clients with non-iid datasets only train and communicate thresholds τ
while freezing model parameters.

Algorithm FMNIST CIFAR-10 CIFAR-100
Trained τ 65.52±5.3 60.94±3.4 24.80±1.1

Initialization 10.22± 0.25 10.38± 0.42 1.43± 0.53

Table 1: Only thresholds are trained and communicated while parameters are kept frozen.

We can see that learning sparse structures can improve the performance even without training
parameters. This also corroborates the result of [28]. Motivated by this observation, we aim to find
optimal sparse models of clients in an FL setting by communicating only thresholds in order to
reduce the communication costs in both clients and server sides while keeping parameters locally.
The communication cost will decrease drastically because the number of thresholds will be at most
1% of the number of model parameters d. Essentially, we optimize the sparse models of clients with
small computing and communication resources by communicating thresholds.

3.2 Problem Formulation

We aim to optimize each client’s model parameters and sparse model structures jointly in a per-
sonalized FL setting by only communicating thresholds. This can be formulated as the following
optimization problem:

min
τ ,w1,...,wN

1

N

N∑
k=1

Fk(w̃k, τ ),

s.t. Fk(w̃k, τ ) =
1

Dk

Dk∑
i=1

L(wk ⊙ pk(τ ); {xi, yi}), (2)

where w̃k = wk ⊙ pk(τ ) is a pruned model, Fk(·) is a empirical risk associated with local data
of client k, L is a loss function, Dk is the number of data samples, {x, y} is an input-label pair,
wk captures the model parameters, and ⊙ is the Hadamard product. If an element of pk(τ ) is zero,
then the corresponding parameter of wk will be pruned. Our goal is to obtain the optimal wk and
τ for each client in order to reduce the computation and communication overhead during training.
However, solving (2) is not trivial because wk and τ are highly correlated. Moreover, structured
sparsity can induce a large performance drop due to coarse-grained sparsity patterns compared to
unstructured pruning [34].
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3.3 Algorithm Overview

We now describe the proposed algorithm, SpaFL, that can solve (2) while maintaining communication-
efficiency with low computational cost. In SpaFL, every client jointly optimizes its personalized
sparse model structure and model parameters with trainable thresholds, which can be used to prune
filters/neurons. To save communication resources, only thresholds will be aggregated at a server to
generate global thresholds for the next round. Here, global thresholds can represent the aggregated
parameter importance of clients. Hence, at the beginning of each round, every client extracts the
aggregated parameter importance from the global thresholds so as to update its model parameters.
The overall algorithm is illustrated in Fig 1. and summarized in Algorithm 1.

3.3.1 Local Training for Parameters and Thresholds

At each round, a server samples a set of clients St such that |St| = K for local training. For
given global thresholds τ (t) at round t, client k ∈ St generates a binary mask pk(τ (t)) using (1).
Subsequently, it obtains the sparse model w̃k(t) = wk(t)⊙pk(τ (t)). To improve the communication
efficiency, each sampled client performs E epochs using mini-batch stochastic gradient to update
parameters and thresholds as follows:

we+1
k (t)← we

k(t)− η(t)gk(w̃
e
k(t)), w̃

0
k(t) = w̃k(t), 0 ≤ e ≤ E − 1, (3)

τ e+1
k (t)← τ e

k(t)− η(t)hk(w̃
e
k(t)), τ

0
k(t) = τ (t), 0 ≤ e ≤ E − 1, (4)

where gk(w̃
e
k(t)) = ∇w̃e

k
Fk(w̃

e
k(t), τ (t); ξ

e
k(t)),hk(w̃

e
k(t)) = ∇τFk(w̃

e
k(t), τ (t); ξ

e
k(t)) with a

mini-batch ξ and η(t) is a learning rate. Parameters of unpruned filter/neurons and thresholds will be
jointly updated via backpropagation. To enforce sparsity, we add a regularization term R(t) to (4) in
order to penalize small threshold values. To this end, client k first calculates the following sparsity

regularization term R(t) =
∑L

l=1

∑nl
out

i=1 exp(−τi). Then, the loss function can be rewritten as:

Fk(w̃
e
k(t), τ (t); ξ

e
k(t))← Fk(w̃

e
k(t), τ (t); ξ

e
k(t)) + αR(t), (5)

where 0 ≤ α ≤ 1 is the coefficient that controls R(t). From (5), we can give thresholds τ (t)
performance feedback on the current sparse model while also progressively increasing τ (t) through
the sparsity regularization term R(t) [31]. From (5), client k then updates the received global
thresholds τ (t) via backpropagation as follows

τ e+1
k (t)← τ e

k(t)− η(t)hk(w̃
e
k(t)) + αη(t) exp{−τ e

k(t)}. (6)

After local training, each client k ∈ St, transmits the updated thresholds τ k(t) to the server. Here, the
communication overhead will be less than one percent of that of transmitting the entire parameters.
Subsequently, the server performs aggregation and broadcasts new global thresholds, i.e.,

τ (t+ 1) =
1

K

∑
k∈St

τ k(t). (7)

Here, in SpaFL, clients communicate only thresholds. Then, what will clients learn from sharing
trained thresholds? Next, we show that thresholds represent the importance of their associated
filter/neurons.
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3.3.2 Learning Parameter Importance From Thresholds

Clients can know which filter/neurons are important by sharing trained thresholds. For the threshold
of filter/neuron i at layer l of client k, its gradient can be written as below

hl
k,i(w̃

e
k(t)) =

Fk(w̃
e
k(t))

∂τe,lk,i(t)
=

nl
in∑

j=1

∂w̃e,l
k,ij(t)

∂τe,lk,i(t)

∂Fk(w̃k(t), τ (t))

∂w̃e,l
k,ij(t)

=

nl
in∑

j=1

∂w̃e,l
k,ij(t)

∂τe,lk,i(t)
{gk(w̃

e
k(t))}lij

=

nl
in∑

j=1

∂w̃e,l
k,ij(t)

∂Qe,l
k,i(t)

∂Qe,l
k,i(t)

∂τe,lk,i(t)
{gk(w̃

e
k(t))}lij

=

nl
in∑

j=1

∂we,l
k,ij(t)⊙ pe,lk,ij(t)

∂S(Qe,l
k,i(t))

∂S(Qe,l
k,i(t))

Qe,l
k,i(t)

∂Qe,l
k,i(t)

∂τe,lk,i(t)
{gk(w̃

e
k(t))}lij (8)

= −
nl

in∑
j=1

{gk(w̃
e
k(t))}lijw

e,l
k,ij(t), (9)

where Qe,l
k,i(t) = µe

k,i(t)− τe,lk,i(t) in (1), (8) is from the definition of pruned parameters in (2) and
the unit step function S(·), and (9) is from the identity straight-through estimator [35] to approximate
the gradient of the step functions in (8).

From (9), we can see that threshold τe,lk,i corresponds to the importance of its connected parameters
we,l

k,ij , 1 ≤ j ≤ nl
in, in its filter/neuron. This is because the importance of a parameter wl

ij can be
estimated by [36]

F (w, τ )− F (w, τ ;wl
ij = 0) ≈ g(w)lijw

l
ij , (10)

where F (w, τ ;wl
ij = 0) is the loss function when wl

ij is masked and the approximation is obtained
from the first Taylor expansion at wl

ij = 0. Therefore, if connected parameters were important, the
sign of (10) of those parameters will be negative, and the corresponding threshold will decrease as
in (9). Otherwise, the threshold will be increased to enforce sparsity. Hence, prematurely pruned
parameters will be automatically recovered via a joint optimization of τ and w.

3.3.3 Extracting Parameter Importance from Global Thresholds

Since thresholds represent the importance of the connected parameters at each filter/neuron, clients
can learn how to prune their parameters from the global thresholds. Moreover, the difference between
two consecutive global thresholds ∆τ (t) = τ (t + 1) − τ (t) captures the history of aggregated
parameter importance, which can be further used to improve model performance. For instance, from
(10), if ∆τ li (t) < 0, then the parameters connected to threshold i in layer l were globally important. If
∆τ li (t) ≥ 0, then the connected parameters were globally less important. Hence, from ∆τ (t), clients
can deduce which parameter is globally important or not and further update their model parameters.
After generating new global thresholds τ (t+ 1), the server broadcasts τ (t+ 1) to client k ∈ St+1,
and then clients calculate ∆τ (t) = τ (t+ 1)− τ (t).

We then present how clients can update their model parameters from ∆τ (t). For given ∆τ (t), we
need to decide on the: 1) update direction and 2) update amount. Clients can know the update
direction of parameters by considering ∆τ (t) and the dominant sign of parameters connected to
each threshold. For simplicity, assume that each parameter has a threshold. Then, the gradient of the
thresholds in (9) can be rewritten as follows:

hk(w̃k(t)) = −gk(w̃k(t))wk(t). (11)

The gradient of the loss Fk(w̃k(t), τ (t)) with respect to the whole parameters wk(t) is given by

∂Fk(w̃k(t), τ (t))

∂wk(t)
= gk(w̃k(t))|wk(t)|. (12)

From (11) and (12), the gradient direction of a parameter w is opposite of that of its connected
threshold if w > 0. Otherwise, both the threshold and the parameter have the same gradient direction.
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Algorithm 1: SpaFL
Input: Total number of clients N ; Total communication rounds T ; Local number of epochs E
Output: Global thresholds τ and personalized models w̃k

1 The server initializes τ (0) and w(0) and broadcasts them to every client ;
2 for t = 0 to T − 1 do
3 Server randomly samples St;
4 for Client k ∈ St do
5 Receive τ (t+ 1) from the server and calculate ∆τ (t);
6 Update the current local model using ∆τ (t) with (13);
7 for e = 0 to E − 1 do
8 Update we+1

k (t)← we
k(t)− η(t)gk(w̃

e
k(t)), w̃

0
k(t) = w̃k(t);

9 Update τ e+1
k (t)← τ e

k(t)− η(t)hk(w̃
e
k(t)), τ

0
k(t) = τ (t)

10 Transmit the updated threshold τ k(t) to the server
11 Generate a new global threshold τ (t+ 1) using (7)

Hence, we can deduce the following: If w > 0, the gradient direction of w and the sign of ∆τ will
have the same sign; otherwise, the gradient direction of w and the sign of ∆τ are opposite. In SpaFL,
each threshold has multiple connected parameters to its filter/neuron. As such, we decide the update
direction of connected parameters by finding the dominant sign among them. To this end, we simply
add the connected parameters of each threshold. For instance, consider threshold i in layer l of client

k, if
∑nl

in
j=1 w

l
k,ij(t) > 0, then the gradient direction of the connected parameters will be the same as

the sign of ∆τ li (t). Otherwise, it is the opposite of the sign of ∆τ li (t). Thus, the update direction can
be simply expressed with a XOR operation between the sign of ∆τ li (t) and the sign of connected
parameters sum. Next, we decide how much a parameter should be updated. From (11) and (12),
we can see that a threshold and a parameter have the same magnitude for their gradients. Hence,
we simply divide ∆τ li (t) by the number of connected parameters nl

in. We finally provide the update
equation using ∆τ (t) as follows

wl
k,ij(t+ 1) = wl

k,ij(t) +
1

nl
in
∆τ li (t) XOR

sign

 nl
in∑

j=1

wl
k,ij(t)

 , sign(∆τ li (t))

 , (13)

where sign(·) is a sign function. This parameter update corresponds to line 7 in Algorithm 1. Note
that this additional parameter update is not computationally intensive because it happens only once
before local training. We also provide the number of used FLOPs during training with inclusion of
this operation in Section 5.

4 Theoretical Analysis of SpaFL

We now present our generalization analysis of SpaFL. For the empirical risk R̂ =
1
N

∑N
k=1

1
Dk

∑Dk

i=1 L(w̃k, τ ; zi), we consider the expected riskR = 1
N

∑N
k=1 Ezk∼Dk

L(w̃k, τ ; zk),
where L is a loss function and z is an input-output pair. Suppose ρk is the ratio of remaining model
parameters of client k and ρ̄ is the average model density across clients. Then, for the hypothesis
A(D) with global thresholds τ from Algorithm 1 on the joint training dataset D = ∪Nk=1Dk with ρ̄,
we have the following generalization bound as follows:

Theorem 1. For the loss function ||L||∞ ≤ 1, the training data size D ≥ 2
ϵ′2 ln

(
16

exp(−ϵ′δ′)

)
and

the total number of communication rounds T , we have

P
[∣∣R̂(A(D))−R(A(D))∣∣ < 9ϵ′

]
> 1− exp(−ϵ′)δ′

ϵ′
ln

2

ϵ′
, (14)
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where ϵ′ =
√
2T log 1

δ̃
ϵ̃2 + T ϵ̃ exp(ϵ̃)−1

exp(ϵ̃)+1 ,

δ′ = exp

(
−ϵ′ + T ϵ̃

2

)(
1

1 + exp(ϵ̃)

(
2T ϵ̃

T ϵ̃− ϵ′

))T (
T ϵ̃+ ϵ′

T ϵ̃− ϵ′

)− ϵ′+T ϵ̃
2ϵ̃

−
(
1− δ

1 + exp(ϵ̃)

)T

+ 2−
(
1− exp(ϵ̃)

δ

1 + exp(ϵ̃)

)⌈ ϵ′
ϵ̃ ⌉(

1− δ

1 + exp(ϵ̃)

)T−⌈ ϵ′
ϵ̃ ⌉

, (15)

ϵ̃ = log

D − ξ

D
+

ξ

D
exp

√2ρ̄Mgσ
√
log 1

δ + ρ̄2M2
g

2σ2

 (16)

where ξ is the size of a mini-batch, σ is the variance of Gaussian noise, and Mg is the maximum
diameter of thresholds’ gradients (11). The proof and the definition of δ are provided in the Appendix
1.2 and (12), respectively.

From Theorem 1, we can see that, as the average model density ρ̄ decreases, the generalization
bounds becomes smaller, thereby achieving better generalization performance. This is because ϵ′ and
ϵ̃ decrease as the average model density ρ̄ decreases. Hence, SpaFL can improve the generalization
performance with sparse models by optimizing and sharing global thresholds.

5 Experiments
We now present experimental results to demonstrate the performance, computation costs and commu-
nication efficiency of SpaFL. Implementation details are provided in the Supplementary document.

5.1 Experiments Configuration
We conduct experiments on three image classification datasets: FMNIST [37], CIFAR-10, and
CIFAR-100 [38] datasets with NVIDA A100 GPUs. To distribute datasets in a non-iid fashion,
we use Dirichlet (0.2) for FMNIST and Dirichlet (0.1) for CIFAR-10 and CIFAR-100 datasets as
done in [39] with N = 100 clients. We set the total communication round T = 500 and 1500 for
FMNIST/CIFAR10 and CIFAR100, respectively. At each round, we randomly sample K = 10 clients.
Unless stated otherwise, we average all the results over at least 10 different random seeds. We also
calculate the best accuracy by averaging each client’s performance on its test dataset. For FMNIST
dataset, we use the Lenet-5-Caffe. For the Lenet model, we set η(t) = 0.001, E = 5, α = 0.002, and
a batch size to be 64. For CIFAR-10 dataset, we use a convolutional neural network (CNN) model
with seven layers used in [40] with η(t) = 0.01, E = 5, α = 0.00015, and a batch size of 16. We
adopt the ResNet-18 model for CIFAR-100 dataset with η(t) = 0.01, E = 7, α = 0.0007, and a
batch size of 64. The learning rate of CIFAR-100 is decayed by 0.993 at each communication round.

5.2 Baselines
We compare SpaFL with multiple state of the art baselines that studied sparse model structures in FL.
In FedAvg [1], every client trains a global dense model and communicates whole model parameters.
FedPM [28] trains and communicates a binary mask while freezing model parameters. In HeteroFL
[7], each client trains and communicates p-reduced models, which remove the last 1 − p output
channels in each layer. In Fjord [9], each client randomly samples a model from a set of p-reduced
models, which drops out p% of filter/neurons in each layer. FedP3 [41] communicates a subset of
sparse layers that are pruned by the server for downlink and personalize the remaining layers. Clients
only upload the updated remaining layers to the server. FedSpa [4] trains personalized sparse models
for clients while maintaining fixed model density during training. Local only performs local training
with the introduced pruning method without any communications. For the sparse FL baselines, the
average target sparsity is set to 0.5 following the configurations in [28, 7, 9, 41, 4].

5.3 Main Results
In Table 2 and Fig. 2, we present the averaged accuracy, communication costs, number of FLOPs
during training, and convergence rate for each algorithm. We consider all uplink and downlink
communications to calculate the communication cost of each algorithm. We also provide the details
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FMNIST CIFAR10 CIFAR100
Algorithms Acc Comm FLOPs Acc Comm FLOPs Acc Comm FLOPs

(Gbit) (e+11) (Gbit) (e+13) (Gbit) (e+14)
SpaFL 89.21±0.25 0.1856 2.3779 69.75±2.81 0.4537 1.4974 40.80±0.54 4.6080 1.2894
FedAvg 88.73±0.21 133.8 10.345 61.33±0.15 258.36 12.382 35.51±0.10 10712 8.7289
FedPM 63.27± 1.65 66.554 5.8901 52.05± 0.06 133.19 7.0013 28.56 ± 0.15 5506.1 5.423

HeteroFL 85.97±0.20 68.88 5.1621 66.83±1.15 129.178 6.1908 37.82±0.15 5356.4 4.3634
Fjord 89.08±0.17 64.21 5.1311 66.38±2.01 128.638 6.1428 39.13±0.22 5251.4 4.1274

FedSpa 89.30±0.20 55.256 5.2510 67.03±0.63 129.31 4.2978 36.32±0.35 5342.2 9.275
FedP3 89.12±0.14 41.327 5.8923 67.54±0.52 67.345 6.8625 37.73±0.42 2682.6 4.9384
Local 84.31±0.20 0 3.7982 57.06±1.30 0 1.9373 33.77±1.87 0 1.5384

Table 2: Performance of SpaFL and other baselines along with their used communication costs
(Comm) and computation (FLOPs) resources during whole training.

(a) Learning curve on FMNIST (b) Learning curve on CIFAR-10 (c) Learning curve on CIFAR-100

Figure 2: Learning curves on FMNIST, CIFAR-10, and CIFAR-100

Algorithm FMNIST CIFAR-10 CIFAR-100
SpaFL 89.21±0.25 69.75±2.81 40.80±0.54

w.o. (13) 88.20±1.10 68.63±1.76 38.96±0.80

Table 3: Impact of extracting parameter importance from global thresholds

of the FLOPs measure in the Supplementary document. We average the model densities of SpaFL
when a model achieved the best accuracy during training. From these results, we observe that
SpaFL outperforms all baselines while using the least amount of communication costs and number of
FLOPs. The achieved model densities are 35.36%, 30.57%, and 35.38%, for FMNIST, CIFAR-10,
and CIFAR-100, respectively. We also observe that SpaFL uses less resources and performs better
than FedP3, HetroFL and Fjord, which deployed structured sparse models across clients. For FedP3,
clients only upload subset of layers, but the server still needs to send the remaining layers. Although
FedPM reduced uplink communication costs by communicating only binary masks, its downlink
cost is the same as FedAvg. In SpaFL, since the clients and the server only exchange thresholds, we
can significantly reduce the communication costs compared to baselines that exchange the subset
of model parameters such as HeteroFL and Fjord. Moreover, SpaFL significantly achieved better
performance than Local, which did not communicate trained thresholds. Local achieved 51.2%,
50.1%, and 53.6% model densities for each dataset, respectively. We can see that communicating
trained thresholds can make models sparser and achieve better performance. This also corroborates
the analysis of Theorem 1. Hence, SpaFL can efficiently improve model performance with small
computation and communication costs. In Fig. 2, we show the convergence rate of each algorithm.
We can see that the accuracy of SpaFL decreases and then keeps increasing. The initial accuracy drop
is from pruning while global thresholds are not trained enough. As thresholds keep being trained and
communicated, clients learn how to prune their model, thereby gradually improving the performance
with less active filter/neurons.

We provide an empirical comparison between SpaFL and the baseline that does not use the update in
Section 3.3.3 in Table. 3. We can see that the update (13) can provide a clear improvement compared
to the baseline by extracting parameter importance from global thresholds.
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(a) Sparsity pattern at round 40 (b) Sparsity pattern at round 150 (c) Sparsity pattern at round 500

Figure 3: Sparsity pattern of conv1 layer on CIFAR-10

Algorithm Accuracy [%] Density [%]
SpaFL 69.78±2.62 42.2±4.8
FedAvg 59.20±0.4 100

Table 4: Performance of SpaFL with the ViT architecture on CIFAR-10

In Fig. 3, we show the change of structured sparsity of the first convolutional layer with 64 filters
with three input channels on CIFAR-10. We color active filters as black and pruned filters as white.
We can see that clients learn common sparse structures across training round. For instance, the 31th
and 40th filters are all pruned at round 40. Meanwhile, the 20th filter is recovered at rounds 150
and 500. We can know that SpaFL enables clients to learn optimized sparse model structures by
optimizing thresholds. In SpaFL, pruned filter/neurons can be recovered by sharing thresholds. At
round 40, filters are pruned with high sparsity. Since premature pruning damages the performance,
most filters are recovered at round 150. Then, clients gradually enforce more sparsity to filters along
with training rounds as shown in Fig. 3c.

In Tab. 4, we show the performance of SpaFL on a vision transformer using the ViT [42] on CIFAR-10
dataset. We used the same data distribution as done in Tab. 2. We apply our pruning scheme to
multiheads attention layers. Since a multiheads attention layer essentially consists of stacked linear
layers, we can simply use (1), thereby making sparse attention. We can see that SpaFL can be applied
to transformer architectures by achieving the density of around 42% while outperforming FedAvg.

6 Conclusion

In this paper, we have developed a communication-efficient FL framework SpaFL that allows clients to
optimize sparse model structures with low computing costs. We have reduced computational overhead
by performing structured pruning through trainable thresholds. To optimize the pruning process,
we have communicated only thresholds between clients and a server. We have also presented the
parameter update method that can extract parameter importance from global thresholds. Furthermore,
we have provided theoretical insights on the generalization performance of SpaFL.

Limitations and Broader Impact One limitation of SpaFL is that it cannot explicitly control the
sparsity of clients. Since we enforce sparsity through the regularizer term, we need to run multiple
experiments to find values for desired sparsity. Another limitation is that our analysis requires a
bounded loss function. Meanwhile, in practice, most loss functions may admit bounds that have a
large value. For broader impact, SpaFL can reduce not only the computation and communication
costs of FL training, but also those of inference phase due to sparsity. Hence, in general, SpaFL can
improve the sustainability of FL deployments, and more broadly, of AI.
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A Experiments

A.1 Implementation Detail

We run all experiments on NVIDIA A100 GPUs with PyTorch. In Table 6, we provide detailed
information of model architectures for each dataset. For the FMNIST dataset, we use the Lenet-5-
Caffe model, which is Caffe variant of Lenet-5. The Lenet model has 430500 of model parameters
and 580 of trainable thresholds. For the CIFAR-10 dataset, we use a CNN model of seven layers used
in [40]. It has 807366 of model parameters and 1418 of trainable thresholds. The ResNet-18 model
is adopted for the CIFAR-100 dataset with 11159232 of model parameters and 4800 of thresholds.
We use a stochastic gradient optimizer with momentum of 0.9. For FMNIST with the Lenet model,
we use η(t) = 0.001, E = 5, a batch size of 64, and α = 0.002. For CIFAR-10, we use η(t) = 0.01,
E = 5, a batch size of 16, and α = 0.00015. For CIFAR-100, we use η(t) = 0.01, E = 7 decayed
by 0.993 at each communication round, a batch size of 64, and α = 0.0007. All trainable thresholds
are initialized to zero. We noticed that too large sparsity coefficient α can dominate the training loss,
resulting in masking whole parameters in a certain layer. Following the implementation of [31], if a
certain layer’s density becomes less than 1%, the corresponding trainable thresholds will be reset to
zero to avoid masking whole parameters.

For the ViT, we use the patch size of 4, embedding dimension of 128, depth of 6, 8 heads, and set the
dimension of linear layers as 256. We use the same setting with the above CIFAR-10 experiments
except α = 0.0001 and E = 1.

FMNIST CIFAR-10 CIFAR-100

Conv

(5, 5, out = 20, stride = 1)
Maxpool2d

(5, 5, out = 50, stride = 1)
Maxpool2d

(5, 5, out = 64, stride = 1)
(5, 5, out = 64, stride = 1)

Maxpool2d
(5, 5, out = 128 stride = 1)
(5, 5, out = 128, stride = 1)

Maxpool2d

(3, 3, out = 32, stride = 1)
(3, 3, out = 32, stride = 1) x2
(3, 3, out = 32, stride = 1) x2

(3, 3, out = 64, stride = 2)
(3, 3, out = 64, stride = 1) x3
(3, 3, out = 128, stride = 2)

(3, 3, out = 128, stride = 1) x3

FC (800, 500)
(500, 10)

(512, 128)
(128, 128)
(128, 100)

(256, 100)

Table 6: Model architectures used in our experiments

A.1.1 More details about baselines

We compare SpaFL with sparse baselines that investigated structured sparsity. In FedAvg [1], every
client trains a global dense model and communicates whole model parameters. We used the equal
weighted average for the model aggregation. FedPM [28] optimizes a binary mask while freezing
model parameters. Clients only transmit their arithmetically coded binary masks to the server, and the
server broadcasts real-valued probability masks to the clients. We use Adam optimizer with learning
rate of 0.1 as done in [28]. HeteroFL [7] selects ⌈pC⌉ channels of each layer, where 0 ≤≤ 1 and C
is the number of channels, to make p reduced submodels. Clients train and communicate p reduced
submodels during training. We set p = 0.5 following [7]. Fjord [9] samples p from a uniform
distribution U(pmin, pmax). After sampling p, clients train p reduced submodel by selecting the first
⌈pC⌉ channels of each layer. We set pmin = 0.4 and pmax = 0.6 [9]. We provide the learning rates
of the baselines in the following table. FedP3 [41] communicates a subset of sparse layers that are
pruned by the server for downlink and personalize the remaining layers. Clients only upload the
updated remaining layers to the server. We choose ’OPU2’ method, which uniformly selects two
layers for clients from the entire network. Hence, clients only upload these chosen layers to the server.
For the pruning methods, we adopted the ordered dropout for structured sparsity. FedSpa [4] trains
personalized sparse models for clients while maintaining fixed model density during training. The
initial pruning rate is set to be 0.5 and decayed using cosine annealing.
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Algorithm FMNIST CIFAR-10 CIFAR-100
FedAvg η(t) = 0.001 η(t) = 0.01 η(t) = 0.1
FedPM η(t) = 0.15 η(t) = 0.1 η(t) = 0.1

HeteroFL η(t) = 0.001 η(t) = 0.005 η(t) = 0.01
Fjord η(t) = 0.01 η(t) = 0.01 η(t) = 0.01
FedP3 η(t) = 0.01 η(t) = 0.01 η(t) = 0.01
FedSpa η(t) = 0.001 η(t) = 0.01 η(t) = 0.1
Local η(t) = 0.001 η(t) = 0.01 η(t) = 0.01

Table 7: learning rates used by the baselines

A.2 Proof of Theorem 1

We next present the detailed proof of Theorem 1. The proof is inspired by [23] and [43] To facilitate
the proof, we first provide the definition of differential privacy and key lemmas from [43].

Definition 1. (Differential privacy). A hypothesisA is (ϵ, δ)- differentially private for any hypothesis
subset A0 and adjacent datasets S and S′ which differ by only one example such that

log

[PA(S)(A(S) ∈ A0)− δ

PA(S′)(A(S′) ∈ A0)

]
≤ ϵ. (17)

Lemma 1. (Theorem 4 in [43]) For an iterative algorithm Ai at round i, define the update rule as
follows:

Mi : (Ai−1(S),S)− > Ai(S). (18)

If for any fixed Ai−1,Mi is (ϵi, δ) private, then {Ai}Ti=0 is (ϵ′, δ′) differntially private such that

ϵ′ =
√

2
∑T

i=0 ϵ
2
i log

1
δ̃
+
∑T

i=0 ϵi
exp(ϵi)−1
exp(ϵi)+1 ,

δ′ = exp

(
−ϵ′ + Tϵ

2

)(
1

1 + exp(ϵ)

(
2Tϵ

Tϵ− ϵ′

))T (
Tϵ+ ϵ′

Tϵ− ϵ′

)− ϵ′+Tϵ
2ϵ

−
(
1− δ

1 + exp(ϵ)

)T

+ 2−
(
1− exp(ϵ)

δ

1 + exp(ϵ)

)⌈ ϵ′
ϵ̃ ⌉(

1− δ

1 + exp(ϵ)

)T−⌈ ϵ′
ϵ ⌉

, (19)

Lemma 2. (Theorem 1 in [43]) For an (ϵ, δ) private hypothesis A, the training dataset size D ≤
2
ϵ2 ln

16
exp(−ϵ)δ , and the loss function ||L||∞ < 1, we have

P
[∣∣R̂(A(D))−R(A(D))∣∣ < 9ϵ

]
> 1− exp(−ϵ)δ

ϵ
ln

2

ϵ
, (20)

Proof. The overall proof follows [23] by showing that SpaFL is an iterative machine learning
algorithm that satisfies differential privacy at each round. Then, we can use lemmas from [43] that
provide generalization bound to differential private algorithm. One major difference from [23] is that
we have global thresholds not global parameters.

We first define notations for the proof. The diameter of the gradient space is defined as Mg =
maxw,z,z′,τ ||∇F (w, τ ; z)−∇F (w, τ ; z′)||, where z is an input-output pair. We also denote Gk,B =
1
|B|
∑

z∈B hk(w̃k; z) as the average of hk(w̃k) over B. We use P as probability distribution and PA

as the probability distribution conditioned on A.

From Algorithm 1, it is clear that SpaFL is iteratively optimizing global thresholds τ in each client at
every round. We now derive the differential privacy of (9) in Algorithm 1. Here, each client calculates
hk using its subset of local data. As done in [23], we assume that additive Gaussian noise sample
is added in (9) in Algorithm 1 for the analysis. Since we always have global thresholds at round t,
(9) can be seen as sampling a mini-batch I(t) from D = ∪kD with mini-batch size ξ and we let
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B(t) = SI(t) . Then, for fixed τ (t− 1) and two adjacent sample sets S and S′, we have

PSI(t)(τ (t) = τ |τ (t− 1))

PS′
It(τ (t) = τ |τ (t− 1))

=
PSI(t)(η(t− 1)GSI(t−1)

+N (0, σ2I) = −τ + τ (t− 1))

PS′
I(t)(η(t− 1)GS′

I(t−1)
+N (0, σ2I) = −τ + τ (t− 1))︸ ︷︷ ︸

(A)

, (21)

where τ (t) = τ (t − 1) − η(t − 1)
(
GSI(t−1)

+N (0, σ2I)
)

and GSI(t−1)
= 1

N

∑N
k=1 Gk,SIk(t−1)

.
We define η(t− 1)τ ′ = τ (t− 1)− τ (t)− η(t− 1)GSI(t−1)

, then we can rewrite (21) as below

(A) =
PSI(t)(N (0, σ2I) = τ ′)

PS′
I(t)(GS′

I(t−1)
−GSI(t−1)

+N (0, σ2I) = τ ′)
. (22)

Since τ ∼ τ (t − 1) − η(t − 1)(GSI(t−1)
+ N (0, σ2I)) due to added Gaussian noise samples,

τ ′ ∼ N (0, σ2I). Then, following the definition of differential privacy, we define

Dp(τ
′) = log

PSI(t)(N (0, σ2I) = τ ′)

PS′
I(t)(GS′

I(t−1)
−GSI(t−1)

+N (0, σ2I) = τ ′)

= −||τ
′||2

2σ2
+
||τ ′ −GSI(t−1)

−GS′
I(t−1)

||2

2σ2
(23)

=
2⟨τ ′, GSI(t−1)

−GS′
I(t−1)

⟩+ ||GSI(t−1)
−GS′

I(t−1)
||2

2σ2
, (24)

where (23) is from the definition of Gaussian distribution. We now denote GSI(t−1)
−GS′

I(t−1)
in

(24) as v. We derive the bound of ||v|| as follows

||v|| = ||GSI(t−1)
−GS′

I(t−1)
|| = || 1

N

N∑
k=1

Gk,SIk(t−1)
−Gk,S′

Ik(t−1)
||

≤ 1

N

N∑
k=1

||Gk,SIk(t−1)
−Gk,S′

Ik(t−1)
||

≤ 1

N

N∑
k=1

|| 1

|SI(t−1)|
∑

z∈SI(t−1)

hk(w̃k(t− 1); z)− 1

|S′
I(t−1)|

∑
z∈S′

I(t−1)

hk(w̃k(t− 1); z′)||

(25)

≤ 1

N

N∑
k=1

ρkMg = ρ̄Mg, (26)

where (25) is from the definition of G and (26) is from the definition of the diameter of gradient Mg .
Note that some elements of hk(w̃k; z) will be zero since we do not calculate gradients of pruned
filter/neurons due to structured sparsity. Hence, we multiply the current model density to derive (26).

We next bound ⟨τ ′,v⟩ in (24). Since ⟨τ ′,v⟩ ∼ N (0, ||v||2σ2), we have the following inequality
using Chernoff Bound as

P
[
⟨τ ′,v⟩ ≥

√
2||v| σ

√
log 1/δ

]
≤ min

x
exp

(
−
√
2x||v||σ

√
log 1/δE[exp(x⟨τ ′,v⟩)]

)
. (27)

We define δ as follows

δ = min
x

exp
(
−
√
2x||v||σ

√
log 1/δE[exp(x⟨τ ′,v⟩)]

)
. (28)

Then, with the probability of 1− δ with respect to τ ′, we can derive the bound of (24) as follows

Dp(τ
′) ≤

√
2ρ̄Mgσ

√
log 1/δ + ρ̄2M2

g

2σ2
. (29)
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Following Lemma 1 and (13) in [23], we can derive that each round in Algorithm 1 is (ϵ̃, ξ
D δ)

differntially private, where ϵ̃ is given as

ϵ̃ = log

D − ξ

D
+

ξ

D
exp

√2ρ̄Mgσ
√
log 1

δ + ρ̄2M2
g

2σ2

 , (30)

where ξ is the size of SI(t−1). Subsequently, we apply Lemma 1 to have (ϵ′, δ′) differential privacy
for T communication rounds. Lastly, we finish the proof by using Lemma 2.

A.3 Convergence Rate Analysis

We derive the convergence rate of SpaFL. Since we only communicate thresholds τ , we derive the
convergence rate of the global thresholds. In SpaFL, we simultaneously update τ and w, and it is
analytically challenging to track the update of τ for multiple local epochs E. As such, we analyze
the convergence of SpaFL under the special case with E = 1. We leave a more general convergence
analysis with multiple local epochs for future works. We now make two assumptions [44] as follows
Assumption 1. (smoothness) Fk(·) is M -smooth for τ and client k, ∀k

Fk(w, τ ′) ≤ Fk(w, τ ) + ⟨∇τFk(w, τ ), τ ′ − τ ⟩+ M

2
||τ ′ − τ ||2, ∀τ . (31)

Assumption 2. (Unbiased stochastic gradient) The stochastic gradient hk is an unbiased estimator
of the gradient ∇τFk, respectively, for client k, ∀k, such that

Ehk(wk) = ∇τFk(wk, τ ). (32)

Then, we have the following convergence rate

Theorem 2. For γ(t) = η(t)(1− α(1−Mη(t))
2 ) and the largest number of parameters connected to a

neuron or filter nmax
in > 0 in a given model, we have

1

NT

T−1∑
t=0

E||
N∑

k=1

∇τFk(w̃k(t), τ (t))||2≤
T−1∑
t=0

N∑
k=1

E||∇τFk(w̃k(t), τ (t))−∇τk
Fk(w̃k(t), τ k(t))||2

MNTγ(t)

+

T−1∑
t=0

2αη(t)

Tγ(t)
{1−Mη(t)(1− α)} || exp(−τ (t))||2

+

T−1∑
t=0

N∑
k=1

M2η(t)2nmax
in

NTγ(t)
EFk(w̃k(t), τ (t))

+

T−1∑
t=0

N∑
k=1

E||τ (t)− τ k(t)||2

NTγ(t)
. (33)

From (9), thresholds τ (t) are updated using parameter gradients gk(t), k ∈ S . We can expect that the
thresholds will converge when parameters wk,∀k, converge. We can see that the sparsity regularizer
coefficient α impacts convergence. As α increases, we can quickly enforce more sparsity to the
model. However, a very large α will damage the performance as γ(t) decreases in (1). We can also
observed that the convergence depends on the difference between the received global thresholds
τ (t) and the updated thresholds τ k(t). Hence, a very large change to the global thresholds will lead
to a significantly different binary mask in the next round. Then, local training can be unstable as
parameters have to adapt to the new mask. Therefore, from Theorem 2, we can capture the tradeoff
between the computing cost and the learning performance in terms of α.

Proof. We first consider the case in which global thresholds converge. We have the following update
rule for global thresholds as

τ (t+ 1) =
1

K

∑
k∈S

τ k(t) = τ (t)− 1

K
η(t)

∑
k∈S

hk(w̃k(t)) + αη(t) exp(−τ (t)). (34)
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We take the expectation over the randomness in client scheduling and stochastic gradients as follows

Eτ (t+ 1) = τ (t)− η(t)

K
E
∑
k∈S

hk(w̃k(t)) + αη(t) exp(−τ (t)).

= τ (t)− η(t)

N
E

N∑
k=1

∇τFk(w̃k(t), τ (t)) + αη(t) exp(−τ (t)). (35)

Hence, clearly τ will eventually converge if 1
NE||

∑N
k=1∇τFk(w̃k(t), τ (t))||2 converges. We next

show that this conditional statement holds in our SpaFL framework.

From the M -smoothness of the loss function in Assumption 1, we have

Fk(w̃k(t), τ k(t))≤Fk(w̃k(t), τ (t))+⟨∇τFk(w̃k(t), τ (t)), τ k(t)−τ (t)⟩+
M

2
||τ k(t)−τ (t)||2

(36)

To facilitate the analysis, we first derive τ k(t)− τ (t) as below
τ k(t)− τ (t) = −η(t)hk(w̃k(t)) + αη(t) exp(−τ (t)). (37)

Then, we can change (36) as follows
Fk(w̃k(t), τ k(t)) ≤ Fk(w̃k(t), τ (t)) + ⟨∇τFk(w̃k(t), τ (t)),−η(t)hk(w̃k(t))⟩

+ ⟨∇τF (w̃k(t), τ (t)), αη(t) exp(−τ (t))⟩

+
Mη(t)2

2
||hk(w̃k(t))− αη(t) exp(−τ (t))||2. (38)

We next take the expectation to the above inequality and use Assumption 2 as below
EFk(w̃k(t), τ k(t))≤EFk(w̃k(t), τ (t))+⟨∇τFk(w̃k(t), τ (t)),−η(t)∇τFk(w̃k(t), τ (t))⟩

+ ⟨∇τFk(w̃k(t), τ (t)), αη(t) exp(−τ (t))⟩

+
Mη(t)2

2
E||hk(w̃k(t))− α exp(−τ (t))||2

= EFk(w̃k(t), τ (t))− η(t)||∇τFk(w̃k(t), τ (t))||2

+ αη(t)(1−Mη(t))⟨∇τFk(w̃k(t), τ(t)), exp(−τ (t))⟩︸ ︷︷ ︸
A

+
Mη(t)2

2
E||hk(w̃k(t))||2︸ ︷︷ ︸

B

+
Mα2η(t)2

2
|| exp(−τ (t))||2. (39)

We first bound A using ⟨a, b⟩ ≤ ||a||2+||b||2
2 as below

A ≤ αη(t)(1−Mη(t))

2

[
||∇τFk(w̃k(t), τ (t))||2 + || exp(−τ (t))||2

]
. (40)

We now further bound B as

B =
Mη(t)2

2
E

L∑
l=1

nl
out∑

i=1

||
nl

in∑
j=1

{gk(w̃k(t))}lijw
E−1,l
k,ij (t)||2

≤ Mη(t)2

2
E

L∑
l=1

nl
out∑

i=1

nl
in

nl
in∑

j=1

||{gk(w̃k(t))}lijw
E−1,l
k,ij (t)||2

≤ Mη(t)2nmax
in

2
E

L∑
l=1

nl
out∑

i=1

nl
in∑

j=1

||{gk(w̃k(t))}lijw
E−1,l
k,ij (t)||2

(a)

≤ Mη(t)2nmax
in

2
E

L∑
l=1

nl
out∑

i=1

nl
in∑

j=1

||{gk(w̃k(t))}lij ||2

=
Mη(t)2nmax

in

2
E||gk(w̃k(t))||2 ≤M2η(t)2nmax

in Fk(w̃k, τ (t)), (41)
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where nmax
in is the largest number of parameters connected to a neuron or filter in a given model,

(a) is from |w| ≤ 1 in Section 3.2.1, and the last inequality is from the M -smoothness of Fk. By
combining A and B with taking expectation, we have

EFk(w̃k(t), τk(t)) ≤ EFk(w̃k(t), τ(t))−η(t)
{
1− α(1−Mη(t))

2

}
||∇τFk(w̃k(t), τ (t))||2

+
αη(t)(1−Mη(t)(1−α))

2
||exp(−τ (t))||2 +M2η(t)2nmax

in EFk(w̃k, τ (t))

(42)

By arranging the above inequality, we have

||∇τF (w̃k(t), τ (t))||2 ≤
1

γ(t)

EFk(w̃k(t), τ(t))− EFk(w̃k(t), τk(t))︸ ︷︷ ︸
(A)


+
αη(t)

γ(t)
{1−Mη(t)(1−α)} || exp(−τ (t))||2+M2η(t)2nmax

in

γ(t)
EFk(w̃k, τ (t)),

(43)

where γ(t) = η(t)(1 − α(1−Mη(t))
2 ). We now further bound (A) in (43). From Assumption 1, we

have the following

(A) ≤ ⟨∇τFk(w̃k(t), τ (t)), τ (t)− τ k(t)⟩+
1

2M
||∇τFk(w̃k(t), τ (t))−∇τk

Fk(w̃k(t), τ k(t))||2

≤ γ(t)

2
||∇τFk(w̃k(t), τ (t))||2 +

1

2γ(t)
||τ (t)− τ k(t)||2

+
1

2M
||∇τFk(w̃k(t), τ (t))−∇τk

Fk(w̃k(t), τ k(t))||2. (44)

Based on (44), we can bound (43) as below

||∇τF (w̃k(t), τ (t))||2 ≤
1

Mγ(t)
E||Fk(∇τ (t)w̃k(t), τ(t))−∇τk(t)Fk(w̃k(t), τk(t))||2

+
2αη(t)

γ(t)
{1−Mη(t)(1−α)} || exp(−τ (t))||2+ 2M2η(t)2nmax

in

γ(t)
EFk(w̃k, τ (t))

+
||τ (t)− τ k(t)||2

γ(t)2
. (45)

From (45), we can bound the averaged aggregated gradients with respect to thresholds as below

1

N
E||

N∑
k=1

∇τF (w̃k(t), τ (t))||2 ≤
1

N

N∑
k=1

E||∇τF (w̃k(t), τ (t))||2

≤ 1

NMγ(t)

(
N∑

k=1

E||Fk(∇τ (t)w̃k(t), τ(t))−∇τk(t)Fk(w̃k(t), τk(t))||2
)

+
2αη(t)

γ(t)
{1−Mη(t)(1− α)} || exp(−τ (t))||2

+
1

N

N∑
k=1

2M2η(t)2nmax
in

γ(t)
EFk(w̃k, τ (t)) +

1

N

N∑
k=1

E||τ (t)− τ k(t)||2

γ(t)2
.

(46)

By summing the above inequality from t = 0 to T − 1, we can obtain the result of Theorem 2.

Based on Theorem 2, we can derive the convergence rate with the Big-O notation by following the
steps in [8]. We first assume η = 1/

√
T and 0 ≤ α < 1. Then, we can bound 1

γ(t) ≤
2

η(t)(1−α) . By

19



replacing η(t) and γ(t) with their assumed value and bound into the above convergence rate, we have
the following bound

O( A√
T (1− α)

) +O( B

T (1− α)
) +O( C√

T
) +O( D√

T
), (47)

where A =
∑T−1

t=0

∑N
k=1

E||∇τFk(w̃k(t),τ(t))−∇τk
Fk(w̃k(t),τ(t))||2

MN , B =
∑T−1

t=0 4α|| exp(−τ(t))||2,

C = M2nmax
in G2/2, and D =

∑T−1
t=0

∑N
k=1

||τ(t)−τk(t)||2
N .

A.4 Communication Costs Measure

We calculate the communication cost of SpaFL considering both uplink and downlink communica-
tions. At each round t, sampled clients transmit their updated thresholds to the server. Hence, the
uplink communication costs can be given by

CommUp = K × τ num × 32 [bits], (48)

where τ num is the number of thresholds of a given model. In downlink, the server broadcasts the
updated global threshold to sampled clients. Hence, the downlink communication costs can be given
as below

Commdown = K × τ num × 32 [bits]. (49)

Therefore, total communication costs can be given by T × (CommUp + Commdown).

A.5 FLOPs Measure

We calculate the number of FLOPs during training using the framework introduced in [32]. We
consider a convolutional layer with an input tensor X ∈ RN×C×X×Y , parameter tensor W ∈
RF×C×R×S , and output tensor O ∈ RN×F×H×W . Here, the input tensor X consists of N number
of samples, each of which has X×Y dimension. The parameter tensor W has F filters of C channels
with kernel size R× S. The output tensor O will have F output channels with dimension H ×W
for N samples. During forward propagation, a filter in W performs convolution operation with the
input tensor X to produce a single value in the output tensor O. Hence, we can approximate the
number of FLOPs as N × (C ×R×S)×F ×H ×W . Since we use a sparse model during forward
propagation, the number of FLOPs can be reduced to ρ×N × (C ×R× S)× F ×H ×W , where
ρ = ||p||0

||W ||0 is the density of the parameter matrix W . For the backpropagation, we calculate it as 2
times of that of forward propagation following [45].

For a fully connected layer with input tensor X ∈ RN×X and parameter tensor W ∈ RX×Y , the
input tensor X is multiplied with W during the forward propagation. Hence, with the density of
W , we can calculate the number of FLOPs for the forward propagation as ρ × N × X × Y . In
backpropagation, we follow the same process for convolutional layers.

We also consider the number of FLOPs to perform line 6 in Algorithm 1 for updating the local models
from global thresholds. Sampled clients first have to decide update directions by doing summation of
connected parameters at each neuron/filter (sum operation). Then, they update their local models
using the received global thresholds (sum and multiply operations). This corresponds to 1.5 × d
FLOPs, where d is the number of model parameters. Then, the total number of FLOPs during one
local epoch at round t can be approximately given by

FLOP(t) =
L∑

l=1

3N × (Cl ×Rl × Sl)× Fl ×Hl ×Wl × 1{layer l == conv}

+ 3×N ×Xl × Yl × 1{layer l == fc}+ 1.5d (50)

B Change of sparsity patterns on CIFAR-10

Here, we present the change of sparsity patterns of different layers on CIFAR-10.
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Figure 4: Sparsity patterns of conv2 layer on CIAFR-10

Figure 5: Sparsity patterns of dense1 layer on CIAFR-10

Figure 6: Sparsity patterns of conv1 layer on CIAFR-10

B.1 Change of Model Sparsity patterns in conv2

B.2 Change of Model Sparsity patterns in dense1

From Figs. 4 and 5, we can observe that clients learn common sparsity patterns across layers by
communicating thresholds.

B.3 Change of Model Sparsity patterns with different data heterogeneity

From Fig. 6, we can see that as the data heterogenity decreases, clients share more similar sparsity
patterns across their filters.
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NeurIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

• You should answer [Yes] , [No] , or [NA] .

• [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

• Please provide a short (1–2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
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• The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
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• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification:
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
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Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment Statistical Significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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