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Abstract

Estimating the score function—or other population-density-dependent functions
—is a fundamental component of most generative models. However, such function
estimation is computationally and statistically challenging. Can we avoid function
estimation for data generation? We propose an estimation-free generative method:
A set of points whose locations are deterministically updated with (inverse) gradient
descent can transport a uniform distribution to arbitrary data distribution, in the
mean field regime, without function estimation, training neural networks, and
even noise injection. The proposed method is built upon recent advances in
the physics of interacting particles. Leveraging recent advances in mathematical
physics, we prove that the proposed method samples from the true underlying data
distribution in the asymptotic regime, without making any structural assumptions
on the distribution.

1 Introduction

Given i.i.d. samples from an unknown distribution, how to generate a new sample from the distribu-
tion? Existing generative models often rely on estimating functions depending on population density
such as the score function. Such an estimation is both statistically and computationally challenging.
Computationally, estimating the score function even for a simple Gaussian mixture model with
maximum likelihood estimation of parameters is NP-hard (Arora et al., 2001). Statistically, score
estimation suffers the curse of dimensionality (Wibisono et al., [2024). This raises a fundamental
question: can we avoid function estimation for data generation? Ultimately, what is typically available
during training is an empirical distribution over i.i.d. samples, for which the score function is not even
defined. Can we generate new samples directly from this discrete empirical distribution, avoiding
(score) function estimation?

We demonstrate that data generation can be achieved without function estimation. Our proposed
approach is a novel generative method operating entirely on the empirical distribution of a finite
set of training samples. We construct an interactive system that iteratively updates the positions
of these data points in two phases: (1) applying standard gradient descent to shape data points (2)
performing an inverse gradient descent step to generate new samples. This method builds upon recent
advances in the theoretical study of systems of interacting particles (Duerinckx and Serfaty| [2020;
Frank and Matzke, [2025). Leveraging this rich literature, we prove that the proposed estimation-free
method can transport a uniform measure over a finite ball/sphere to an arbitrary data distribution in
the mean-field regime, where the number of samples tends to infinity. Finally, we experimentally
validate estimation-free data generation using a finite number of points.

Submitted to NeurIPS 2025 Workshop on Frontiers in Probabilistic Inference: Sampling Meets Learning.
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Figure 1: Convergence of the empirical distribution with optimization. Scatter plot of gradient descent

iterates mgk), defined in (@), initialized at mgo) drawn from a Gaussian mixture distribution. Different mixture
components (modes) are distinguished by color. As k evolves, the points become uniformly distributed on the
circle.

2 Method

Given the support of an empirical distribution over points z1, .. ., z,, € R?, consider the following
optimization problem:

1 n
Zy,...,Zy :=arg min ET(L“)(xl,...,xn) ::mzzwe(s)(xi—mj) , (D

R4
T1,..,Tn€ i=1 joti

() (o) — llz—yl? 1
where .WE (r—y) ="+ E=EEBEE ‘
potential" (Balagué et al., [2013} [Shu} 2025). The squared-norm term encourages attraction between
particles, while the inverse-norm term induces repulsion, preventing collapse[ﬂ These competing
forces lead to a striking structure in the distribution of the optimized points z7, ...,z in the

asymptotic regime as n — 0o, where the limiting distribution is characterized by

is called a "attractive-repulsive power-law interaction

arg min (E(p) = /W(S) (x —y) p(z) p(y) dz dy) , Q2 := {probability measures over R?}, (2)

pEN
where () := W*). The minimizer is unique up to translation and is uniform over

aball (Carrillo and Shu, 2023) if s =d — 2,
a sphere (Frank et al., 2025) if2<dand —2<s<d-—4,

with a radius that is finite and computable in closed form. By optimizing the locations z1, .. ., z,,
one can asymptotically transport any empirical distribution to a simple uniform distribution over a
compact ball or sphere. This optimization can be performed via standard gradient descent (GD):

Vi : mEkH) = xgk) - ’sz.E,(f)(xgk), N 3)
Figure |1| plots the time evaluation of points {a:gk)} indexed by k starting from the initial points

x§°) drawn i.i.d. from Gaussian mixture. We observe that the distribution becomes uniform as k

increases. Although the distribution is uniform, it contains very interesting information about the
initial Gaussian mixture distribution. For example, the ratio of area of different colors are proportional
to the number of points in each cluster. This structure indicates that it may be possible to recover
original data distribution from the final state. Whereas in the initial state a:l(»o) the data points are
i.i.d., evolving according to (3) induces strong correlations and entanglement among them under the
gradient descent dynamics. Thus, in the limit £ — oo, although the marginal distribution of each
data point becomes uniform, their joint distribution still conveys potentially useful information about
the original distribution.

Even more interesting is the inverse of gradient descent: assuming GD converges to the minimizer
of E,,, inverse GD maps points uniformly distributed on a sphere (or disk) to an arbitrary empirical
distribution supported on a finite set of points. The Proposition |l 1{in the Appendix guarantees that
this inverse exists and is computable under mild assumptions. Indeed, the inverse process can be

"For s = 0, the repulsive term is replaced by the logarithm of the norm, as given by s — 0 (Shul 2025).
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efficiently computed using gradient descent on a convex function, without requiring the score function
or any other statistical information about the population density. Combining gradient descent (GD)
and its inverse can deterministically transport an empirical distribution to a uniform distribution and
vice versa. This insight enables a three-step sampling method that operates on a finite set of points:
(1) apply GD to the n available samples from the target distribution; (2) add a new point drawn
uniformly at random from a sphere or ball; and (3) apply inverse GD. We call this three step method
estimation-free sampling (EFS).

(1) Forward optimization: Apply gradient descent to E,(f) (see (@) starting from i.i.d. samples
x§0)7 R x£? ) drawn from the target distribution. In the next section, we show that this optimization
acts as a transport map, pushing the empirical distribution toward a uniform distribution in the
asymptotic regime.

(2) Augmentation: Add a new point y*), sampled from a uniform distribution, to the set m(()k) ey x%k).

To generate y*), we first estimate the center and radius of the ball or sphere enclosing the

points J:Z(-k). y*) can also be generated by interpolating between two points in the set, i.e.,

y*) = (1 - t)atl(-k) + tw§-k) for some i # jand t € (0,1).

(3) Backward optimization: Compute the inverse GD for the newly generated point y*) by optimizing
a convex function ( defined in Proposition[TT)), using efficient gradient descent with a constant step
size. While the forward process involves n points, the backward step involves n + 1 points, consisting
of the n points from the forward step and the newly generated point from step (2). Find Algorithm
details in Appendix [A]

3 Theory

We demonstrate that the proposed estimation-free sampling (EFS) method can generate new samples
from a distribution in the asymptotic regime. As established in Proposition [TT] backward step is
convex problem with well-established theoretical guarantees. In contrast, the forward optimization
is non-convex. Nevertheless, its global convergence can be analyzed using recent advances in
Wasserstein gradient flows on interactive-repulsive energy (Duerinckx and Serfaty, 2020; (Carrillo
and Shu, |2023)). As the potential function is shift-invariant, all statements hold up to translation, and
we refrain from repeating "up to translation" for simplicity.

3.1 Forward Transport to Uniform Distribution

While our ultimate goal is to analyze the backward step of EFS, which generates new samples, the
forward step also plays a critical role in data generation. Here, we show that the forward step of EFS
transports the data distribution to a uniform distributiorﬂ
(k)

%

Consider a continuous-time model where the samples x
the following ordinary differential equation (ODE):

d/{Ei 1 s
o :_EZVW( N — xj), (4)
J#i
ODEs have been widely used to describe the limiting behavior of gradient descent with an infinitesi-
mally small step size (Su et al.|, [2016}; [Zhang et al.,|2021alb}; |Chizat and Bach} 2018). Analyzing the
above system becomes challenging due to the coupling between the variables x;, as the complexity
increases with the number of particles n. A common approach to address this challenge is to analyze
the evolution of the empirical distribution of the particles at a macroscopic level, rather than tracking
their individual trajectories. Define the empirical distribution as
n

updated by gradient descent, modeled by

n 1
= ;cszi(ty §)
where J, denotes the Dirac measure centered at x. Consider the following PDE:
d . s
& = div (/tt(x) / VW (@ = y)pe(y) dy> : (6)

A map f transports measure y to v if the distribution of f(z) is v when & ~  (Villani et al., 2008).
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where div denotes the divergence operator acting on the associated vector field. [Duerinckx and

Serfaty| (2020) prove ugn) converges in the weak sense to ji;, the solution of the PDE above.

Theorem 1 (Duerinckx and Serfaty| (2020)). If ué") converges to a regular measure L in Wasserstein
distance, then u§”> converges weakly to g, provided d — 2 < s < d.

The macroscopic measure /i, is significantly easier to analyze than the microscopic trajectories x;(t).
While the energy E,, is generally non-convex in x;(t), the limiting energy F obeys linear interpolation

convexity in p (Shul 2025). This convexity can be exploited to characterize the asymptotic behavior
of py as t — oo (Shu, 2025).

Theorem 2 (Frank and Matzke (2025); |Carrillo and Shu| (2023)). The steady state of
e is the global minimizer of E (up to translation) which is the uniform measure over:
{a ball (Carrillo and Shu, 2023) ifd —2 < s < d,

ith finite radius.

a sphere ((Frank et al.| [2025)) if2<dand —2<s<d-—4, with finite radius
Notably, proving that a steady state (i.e., a local minimizer) is in fact a global minimizer required
decades of mathematical development, beginning with the foundational work of |[Frostman| (1935)),
and has only recently been fully resolved in certain parameter regimes (Frank and Matzke| [2025)).
These advances allow us to analyze the asymptotic dynamics of the forward step in EFS.

Corollary 3. If u(()n) converges to g in Wasserstein-2 distance, then the measure u§”) converges in

the weak sense to the uniform distribution over a ball of finite radius as n — oo and t — oo, for
s=d—2.

3.2 Backward Transport to Target Distribution

It is straightforward to verify that the backward optimization can exactly recover the original training
data x,(;) by initializing EFS with y;, = x,(;). However, our goal is not to reconstruct existing data
points, but to generate new samples from the underlying data distribution. We show that this form of

generalization is achievable in the asymptotic regime.

Consider the continuous-time formulation of the backward optimization process:

dy(n) _ 1 - (s) (n) . .
T ; N4 (yt - (t)) ., where x;(t) is defined in ({@). ™)

Here, the differential df indicates that the process is reversed time (Anderson)[1982). This dynamics
corresponds to EFS in the limit of an infinitesimally small step size v and a large terminal time
T — oo. We prove this dynamics transport ji; back to pg in the asymptotic regime as n — co. In

other words, the distribution of y(()n) converges to i as n — oQ.

Theorem 4. Assume ,u(()n) converges to Ly in Wasserstein-2 distance. Suppose that yt(n) is a random

variable with law p;, where L is the solution to the continuity equation @ Then, the distribution

of y(()n)—obtained from the reversed-time ODE (I)—converges to 1y as n — oo, for continuous
measures Lo and Ly, and for s = d — 2.

To generate new samples, we assume access to i.i.d. samples from the target distribution. Since the
empirical measure u(()") converges to o in Wasserstein distance (Villani et al., |2008) which ensures
the assumption holds in the last theorem. According to Corollary [3] the measure yi; converges to a
uniform distribution as t — oo. Consequently, sampling from a nearly uniform distribution allows

for effective recovery of the initial data distribution .

Thus, a set of points whose locations are updated via (inverse) gradient descent, can provably
generate new samples from an arbitrary distribution pp—without function estimation, training neural
networks, or injecting noise. Avoiding explicit function estimation enables us to establish asymptotic
guarantees for EFS without any structural assumptions on the data distribution. In comparison,

methods such as Langevin dynamics depend on the log-concavity of the distribution and its explicit
e~ Ul

e~ U(@) dg

please see Section [B]in the Appendix.

form py = . Instead, EFS requires only i.i.d. samples. For more details on related works,



15 A Note on Proofs and Experimental Results

146 Due to space constraints, we defer the proofs, experimental results, related work, and discussion of
147 limitations to the Appendix.
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Appendix

A Algorithm

For completeness, we present the EFS algorithm in Algorithm [1| and its forward and backward
optimization subroutines in Algorithm [2]and Algorithm 3] respectively. Remarkably, even when the
distribution is uniform over a high-dimensional ball, the samples are effectively drawn uniformly
from the unit sphere, which is denoted by S?-1 as almost all the volume concentrates near the
boundary (Ball et al., [ 1997).

Algorithm 1: Estimation Free Sampling (EFS)

Input: 1.I.D samples {:cgo), . ,x%o)}
Parameters: Step size v, number of forward iterations k, learning rate of backward (proximal
step) 8, number of iterations for each backward proximal step 7', potential parameters s and €

/* Forward the training data to the sphere by gradient descent */

Set {x((f), e ,ng) .’;:1 — Forward({acgo)7 . ,:cSP)}, v, k, s,€)

/* Draw a new random point uniformly from the sphere */
_1 (k) .. _ 1 (k)

Setc= 2300 a0 r=p3 0 lle—a||

Draw v ~ S 1(c,r) // Sphere with center c and radius r

/* Backward the new data point to the original space */

Set 0 < Backward({xgj), . ,xfbj)}f:l, y®) vk, B, T, s, ¢€)
Output: Generated sample y(©)

Algorithm 2: Forward Optimization (Forward)
(0) 1,(0)}
15 Zn

Input: Training data {x

Parameters: step size v, number of forward iterations k, potential parameters s and ¢
for j <~ Otok —1do
fori < 1tondo
Ai = ﬁ Zae[n],a;éi VWE(S)(xEJ) - xgj))
x5j+1) _ ml(_j) — A
end
end
Output: {z, ... 2 b

Algorithm 3: Backward Optimization (Backward)
(4)
1o

Input: Data {z .. 71’»&3)}?:1, new sample y(*)
Parameters: Step size vy, number of forward iterations k, learning rate of backward (proximal
step) 8, number of iterations for each backward proximal step 7', potential parameters s and €
Set: j =k
while j > 0 do
Set: vy =y
fort <~ 0toT do
V=1 Zie[n] v (ve — acgj))
A=v —y) -V
V41 = U — BA
end

j=j—1landy") =vp
end
Output: y(©)
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B Related works

Data generation with estimation. Generative models traditionally rely on transporting simple to
complex distributions. A classical example is the Box—Muller transform: given independent random
variables § ~ Uniform[0, 2] and r ~ Exponential, the random vector v = r(cos 6, sin #) follows a
standard two-dimensional Normal distribution (Box and Muller, |1958)). This illustrates a fundamental
idea: sampling from a complex distribution can be achieved via a nonlinear transformation of samples
drawn from a simpler distribution.

Modern generative models adopt this principle using function approximation: Given latent variable
x sampled from a Gaussian distribution, the goal is to find a parametric function fy such that the
distribution of fy(x) approximates the data distribution. In generative adversarial networks (GANSs),
fo is implemented by a neural network and trained via adversarial objectives (Goodfellow et al.|2014).
In normalizing flows, fy is a sequence of invertible and differentiable transformations optimized
via maximum likelihood (Rezende and Mohamed, 2015). Score-based diffusion models, gradually
transform data using estimated score functions of diffusion density (Song et al.,2020). In contrast to
these methods, our proposed approach computes a non-linear transformation using a set of interacting
points, thereby avoiding the estimation of transport map fj.

Varational perspective towards generative models. Despite its distinct mechanism, EFS shares
conceptual parallels with diffusion models. Both can be interpreted as discretizations of different
"Wasserstein gradient flows" (Ambrosio et al.l [2008). This connection arises from a common
variational principle: many simple distributions from which i.i.d. samples are easily drawn, such as
the Gaussian distribution or the uniform distribution on a sphere, can be viewed as equilibrium states
of physical systems with minimum energy. For example, Gaussian distribution is the minimizer of
the negative entropy functional over the space of probability measures (Jordan et al., |1998]), while the
uniform distribution on the unit sphere minimizes a Riesz-type interaction energy (Frank and Matzkel
2025)). More generally, such distributions can be described as

p* = arg mislzl F(p), $ := {probability measures over R%}, )
pe

where F' is an appropriate energy functional.

This variational formulation provides a principled mechanism to transport any distribution to the
minimum energy state by gradient descent on F’ in the space of probability densities. Diffusion models,
optimize F'(p) = [log(p(x))p(x)dz using Wasserstein gradient flow (Jordan et al.,|1998). More
interesting observation is that the reverse of gradient flow which can transport Gaussian distribution
to any distribution. For entropy, inverse Wasserstein gradient flow is implemented by the Kolmogorov
backward equation (Kolmogoroff] |1931), enabling transformation from a Gaussian to arbitrary target
distributions. This key result forms the basis of modern generative diffusion models (Sohl-Dickstein
et al.| 20155 Ho et al., [2020; |Song et al, 2020), where the reverse-time stochastic process includes a
drift term proportional to the score function of intermediate densities (Anderson, |1982)). However,
estimating this score function for arbitrary distributions remains statistically and computationally
challenging. In this vein, Wibisono et al.| (2024) recently proved that estimating the score function of
sub-Gaussian distributions with Lipschitz-continuous scores suffers from a curse of dimensionality
in the required sample complexity. |[Song| (2024) further demonstrated that, under lattice-based
cryptographic hardness assumptions, score estimation remains computationally intractable even when
the sample complexity is polynomial in the relevant parameters.To circumvent these challenges, our
method replaces the entropy-based potential with a Riesz-type interaction energy and optimizes it
directly over discrete empirical measures.

Inspired by Formulation (§)), one may attempt to optimize functionals of the probability measure p
that quantify its distance to a target distribution p*. For example, the celebrated work of |Arjovsky:
et al.| (2017) introduce the Wasserstein GAN, which optimizes the Wasserstein-1 distance between the
model distribution p and the target distribution p* by solving its Kantorovich—Rubinstein dual via an
adversarial training objective over both the generator (which parameterizes p) and the critic (which
approximates the dual). More closely related to gradient flows on the space of probability measures,
Arbel et al.| (2019) consider the Wasserstein gradient flow of the Maximum Mean Discrepancy
(MMD) functional and provide particle-based implementations. Additionally,Mroueh et al.|(2019)
propose Sobolev Descent, deriving a particle algorithm from the Sobolev integral probability metric
that transports samples along smooth descent paths. More recently, there is been a surge in using
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the seminal proximal point method of Jordan, Kinderlehrer, and Otto (JKO) (Jordan et al.| [1998), to
discretisize the backward Wasserstein gradient flows over the chosen energy function F' (Mokrov.
et al.| 2021} |Alvarez-Melis et al., 2021} |[Fan et al.| 2022 [Bonet et al., [2022; |Bunne et al., 2022}
Altekriiger et al., 2023)). Central to almost all of these works, is the estimation of the transport
map in JKO proximal step with input convex neural networks (Amos et al.,[2017). In contrast to
these works, our approach does not require parameterizing the transport map, the functionals that
solve the variational formulations, or the underlying ODE/PDE induced by the continuity equation.
Instead, it generates data via direct (inverse) gradient descent on a finite set of points without function
estimation.

Particle gradient descent. |Nitanda and Suzuki|(2017) introduce "particle gradient descent" for
optimizing a given energy function F' over sparse measures as

1 n
min F ( E §(azz)> ,  0(x) : the Dirac measure at x. ©)
LlyeeeyTm n =1
Particle gradient descent is the gradient descent optimizing the location of 1, . .., z,. Single layer

neural networks can be viewed as particle gradient descent on a specific energy functions. Motivated
by this connection, [Chizat and Bach| (2018)) study the connection between gradient descent on
particles and gradient flow in the space of probability measure equipped with Wasserstein-2 metric
in asymptotic regime n — co. [Daneshmand et al.| (2023) establishes a non-asymptotic convergence
analysis for particle gradient descent on displacement convex functions. While primary focus of these
studies is on analyzing single-layer neural networks, we leverage (inverse) particle gradient descent
to develop an estimation-free generative method.

Physics-inspired methods. [Xu et al.[(2022)) developed a generative model that maps samples from
a uniform distribution over an infinite-radius hemisphere to an arbitrary target distribution. Their
model relies on estimating the Poisson vector field parameterized by neural networks. This idea,
primarily inspired by physical systems—especially electrostatic theory—Ied to further developments
in subsequent works (Xu et al., [2023} [Kolesov et al., [2025]).

To cope with the challenges of sampling from an infinite-radius hemisphere, Xu et al.|(2022) simulate
the corresponding ODE by perturbing the training data and then estimate the negative normalized field
from these perturbed samples. This contrasts with our approach, in which the primitive distribution is
uniform on a finite-dimensional compact manifold (the sphere), and is therefore easy to sample from.
Although we also transport samples from a uniform distribution to an arbitrary data distribution,
our transport mechanism does not rely on function estimation; rather, it is purely based on (inverse)
gradient descent over a finite set of points.

C Discussions

We demonstrate, both theoretically and experimentally, that it is possible to transport a uniform
distribution to a target distribution without estimating a score function—using only i.i.d. samples
from the target. Our method, Estimation-Free Sampling (EFS), avoids both noise injection and
function estimation. Instead, it introduces interactions between samples by optimizing an energy
functional, thereby shaping the empirical distribution of samples. EFS lies at the intersection of three
foundational fields—mathematical optimization, potential theory, and generative AI —offering rich
opportunities for interdisciplinary research.

Optimization for Sampling. While most generative models are built upon stochastic differential
equations, EFS is purely a deterministic optimization method, opening new avenues for the optimiza-
tion community to use powerful optimization techniques—such as accelerated methods, higher-order
optimization methods, and efficient stochastic techniques—to generate data.

Notably, EFS involves both convex and non-convex optimization. Linking the non-convex gradient
descent dynamics to a well-studied Wasserstein gradient flow, we establish asymptotic convergence
guarantees. However, understanding the behavior of gradient descent in non-asymptotic regimes
remains an open challenge. We believe the introduced asymptotic results provides a solid foundation
for future non-asymptotic analyses.
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Potential Theory. EFS induces attractive-repulsive interactions between training samples using
a well-known potential function studied extensively in fractional potential theory (Shu and Wang,
2021aj [Frank et al., 2025} Duerinckx and Serfaty, [2020). By linking generative modeling to this rich
theoretical framework, we gain access to powerful analytical tools for understanding and designing
generative models. In particular, our analysis leverages results on Wasserstein gradient flows of
attractive-repulsive energies (Duerinckx and Serfatyl [2020)), as well as variational analysis of these
energy functionals (Carrillo and Shul [2023; [Frank and Matzke} 2025)). This bridge between theory
and practice opens new directions for developing principled and reliable generative models with
theoretical guarantees.

Potential theory can design new interaction potentials tailored to data generation and practical
applications. As noted in our experiments, one major challenge was the choice of the power s in the
potential function, which led to numerical instability in high dimensions. Investigating alternative
potentials that avoid such issues—particularly those that do not involve dimension-dependent blow-
up—may help resolve computational challenges of EFS.

Generative AI. EFS opens up several promising directions for future research, particularly in
scaling to large-scale machine learning applications. A key practical challenge lies in the quadratic
time complexity of the forward optimization step with respect to the number of training samples. We
conjecture that stochastic optimization techniques could mitigate this issue and significantly reduce
computational cost.

D Proofs

Notations. S%~1(c,7) denotes sphere with center ¢ € R and radius r. (2 denotes the set of
probability measure over R? with Wasserstein-2 metric, which is denoted by Ws(u, ) where
i1, v € Q. Given vector function v : RY — R, its divergence is defined as div(v) = 1%, de,
Suppose E : 2 — R. Then, the first variation of E with respect to p is denoted by % (Santambrogio,
2017). Function f : R? — R9 transport . € Q to v € € if for a random vector x € R? drawn from
i, f(x) has density v. Recall W' is the potential function defined as
p = le=ul? 1

+

W) (x - .
S 2 T sle— T

(10)

For simplicity, we use the shorthand notation T (%) = Wés) and () by . The sign * denotes the
standard convolution as

fxgly) = /f(y —z)g(x)dz (11)

|| f1] L2 is the Lo functional norm defined as
11, = [ 156 de (12

Weak/Strong convergence. A sequence of measures ;(™) € Q is said to converge weakly to f if,
for all bounded continuous test functions f : R? — R, the integrals [ f(z)u(™ (z) dz converge to
[ f(x)p(z) dz. A stronger notion is convergence in the L?(v) norm, which requires that

tin [ ") (2) = p(o)|Pr(e)ds =0,

n— oo

MMD. Define MMD: Q x Q2 — R, as

MMD?(p, v) = /K(ﬂf —y) () —v(z))de(u(y) — v(y))dy, with K(A) : (13)

R

where MMD denotes the Maximum Mean Discrepancy between two measures . and v.
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Suppose that & and A denote the Fourier transforms of the functions K (x) and A(z) = p(x)—v(x),
respectively. Viewing MMD as a convolution and Plancherel’s theorem allow us to write MMD
as (Shu and Wang, [2021b)

MMD? (1, v) = /[?(w)|£(w)\2dw, (14)

where K (w) = C|jw|| =%+ with a constant C' depending only on d and s (Frank and Matzke, [2025).
Substituting the Fourier transform into the equation above establishes that MMD(p, v) = 0 implies
1 = v. Notably, it is sufficient for the Fourier transform K to be strictly positive almost everywhere
to guarantee that K is a universal kernel (Gretton et al.| 2012).

To avoid potential confusion, note that the MMD associated with the kernel K defined above is not a
metric. While machine learning often relies on positive semi-definite kernels to ensure that MMD
defines a valid metric, the kernel K is not positive semi-definite. As a result, the corresponding MMD
does not obey the triangle inequality.

Gradient dominance of £. We establish an important property of the energy function E. Define
functional F' : Q — Lo as

dE

Fo() = V5 = [ Wy - a)u(e)da. (15)
Remarkably, 1 is a steady state of the Wasserstein gradient flow on E if F'(u) = 0. The next theorem
represent MMD using F'.
Theorem 5. Suppose that p € Q) and v € ) have the same first-moment, then

IF (k) = F(v)|7, = MMD?(p, v)

holds for s = d — 2.
An application of the above theorem recovers the result of |Carrillo and Shu|(2023)): all steady states

w satisfying F'(u) = 0 are global minimizers of E (up to translation). More precisely, the theorem
implies that for all i, v such that F(11) = F(v) = 0, the following holds:

0=|F(p) = F(v)|I7, = MMD(, v). (16)

Beyond recovering existing results, the theorem will also be used to analyze the backward optimization
for EFS in Section[D.1]

Proof. Let f(w) denote the Fourier transform of function f(z). Define A := /i — ¥ which is
equivalent to the Fourier transform of A := ;¢ — v. As discussed in Section|[D] MMD can be written
as

MMD?(v, 1) = / K (w)|A(w)?dw (17)
According to the definition,
VW (z) = VK(z) +iden(2), iden(z):=z (18)
Replacing the above formula into the definition of F' obtains
IF () = F)I2, = (VK +iden) = 1 — (VK +iden) x |22, (19)

where * denotes convolution defined in and L is the norm 2 for functions defined in (12). It is
easy to check that

(iden * p)(y) = y/u(x)da: —/x,u(m)dx (20)
=1

:y/w@m_/ﬁwwm 1)

=1 E,[z]
= y/z/(x)dx - /xl/(x)dm = (iden * v)(y). (22)
E, [z]
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The last equation holds because the first moments of 1 and v are equal. This observation allows us to
significantly simplify the expression for the quantity of interest as follows:

IF(u) = FW)|Z, = IVK xn— VK v, (23)

I* g—fg
af =iwf

Recall two fundamental properties of Fourier transform as: { . These properties

together with Parseval’s theorem yield

~ 2
15 = FOIE, = [l (R(w))” Bw)Pdu Q4
For s = d — 2, it is easy to check that
w]|* (K (w))? = K (w) (25)

holds given K (w) = C||lw|| =% (Frank and Matzke, 2025). Combining all the results completes the
proof:

IF(p) — F(v)|l7, @/HwHQ | A(w)Pdw (26)
@ / W ()| A (w)[2dw @7

D mmp2 (4, v) (28)

0

A convergence result for ODEs. Consider the following two differential equations

dy _ Fy(
at = Fi(yr) ()
(n) " y Yo=Yy (29)
{ ol — Ft( )(y(n)> ‘

where F}, F™ : R? — R? and y,,y\™ € Re. If F\" converges to F; as n — oo, then 3™

converges to y; in interval ¢ € [0,T).
Lemma 6. Define

- / IFi(y) — F () 2dy.

Suppose Fy(y) is almost surely L-Lipschitz in y. Iflim,,_, o €, = 0, then fOT Hyt—yﬁn) ||2dt converges
to 0 asn — oo.

Proof. We start by writing down ODEs in the integral form and consider their difference,
0 - = | [ [0 )~ £ as
t
= [ [ - mw]as+ [ e - £]as
0

0
<t sngFs(”)(y) - Fs(y)H + L/OtHy(”)(S) - y(S)HdS

< ten + L/OtHy(")(s) - y(s)HdS (30)

The last inequality was followed by convergence of Fi ™ to F,, and boundedness of L> norm by L2,
n—oo

the first term is converging to zero, and bounded by €¢,, — 0.

Define A, (t) == SupsStHy ") (s) — y(s)|| By taking supremum from (30),

t
An(t) < ten + L / Ao (s)ds.
0
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In turn, applying Gronwall’s inequality yields,
A, (1) < tepeft 22250,

Thus,

n—oo

v () = y(s) | ===,

uniformly for all s < ¢ and proof is completed. O

Continuity equation and transporting distributions. Let v, : R? — R? be a general vector field.
(e € §2is a solution of continuity equation associated with v, if it obeys

dite

i = —diV(/J,t'Ut) (31)
Given the vector field, we define the following ODE
d
% = vt (Yr) (32)

The above ODE transports i to i as stated in the following lemma.

Lemma 7 (Lemma 8.1.6. of (Ambrosio et al., 2008)). Suppose that the vector field v; obeys the
following 3 conditions

(1) [|ve(z)]dp(z)dz < oc.
(2) For every compact subset B C R%, sup, ¢ g |vi(z)| < oc.
(3) ve(x) is Lipschitz

If yo is a random variable with distribution L, then y; is a random variable with distribution p; for
a finite t.
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D.1 Proof of Theorem[d

(almost) uniform ~ AN Yo ~ data

T(y:) = //VWy z) e (d)dt

. 7™ (n) .o
uniform ~ y; ==y, ~ ~ (almost) data « * ;=

i IR RSO t i

-08  -06 04  -02 0.0 0.2 6 4 ) 0 2

Proof sketch for Theorem EL Given the solution to the continuity equation (6], we define the map T
above, which provably transports 1, to data distribution, as stated in Lemma|8] Recall that Theorem 2]
states that p; converges to the uniform distribution, from which new samples can be drawn. T is

not implementable as it requires 1, the solution of the continuity equation (6). We show that the

empirical distribution pin), defined over the point set {21 (t), ..., x,(t)}, yields a transport map 7'("™)

(as defined above) that converges to 1" as n — oo. The * symbol in the second row indicates y; (left)
and y, (") (right). Colored points represent {z1(¢),...,2,(t)} on the left and {z1(0),...,2,(0)} on
the right.

Recap. Recall that p, (") defined as u(")

obeys

LS 1 02.(t) Where § is the Dirac measure and ; ()

dx;
. :—vamﬂs (i — ;). (33)
J#i

Using x;(t), we define y§”> which obeys

dy(™
dt

=F" "), By / VW (y — z) ™ () dx, (34)
where df indicates that the process is reversed time (Anderson, [1982).

Reversed-time transport. Recall y; as the solution of continuity equation for Wasserstein-2
gradient flow:

du
W aiv (mx) [ 9O -yt dy) | (35)
Notably, Fy(y) = [ VW (y — x)u(z)dx represents the vector field associated with the above
dynamics. leen this vector field, define the following ODE
dy _
i —Fi(y:), where Fi(y VW (y — x)ps(x)dx (36)

The above ODE transports p; backward to p as stated in the following lemma.

Lemma 8. Let yo be a random vector drawn from p. Then, the distribution of y; is .
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The above result together with a simple change of variables obtains the inverse transport from p; to
Ho-
Corollary 9. Consider the following reversed-time dynamics:
dyr
dt
The above dynamics transports i to po as long as p is not a steady state of (33).

= Fy(yt) (37)

Proof. According to definition

s Yibe — Yt dfyi. Yt—e — Yt ..

lim — = Fi(y) = i lim — = lg%Ft—e(yt—e) (38)
where Fi_.(y) = [VW(y — @) pu—(x)dz. Lemmaimp]ies F} is Lipschitz. Thus, invoking
Lemmal[6] concludes the statement. O

While the flow y, transports y; to the data distribution, its construction relies on access to 4, which
is defined as the solution to a PDE. Since p; is not feasible to compute, we cannot implement the
reverse-time ODE (36)) to recover yy. However, Theorem [ restated bellow ensures that EFS can
reconstruct the backward dynamic as n — oo.

Theorem 4. Assume p(()”) converges to Lo in Wasserstein-2 distance. Suppose that y§”> is a random

variable with law pi;, where p; is the solution to the continuity equation (0). Then, the distribution of

y(()n)—obtained from the reversed-time ODE (),

dy™ 1 (5) (,(n)
R PAU U

converges to iy as n. — 0o, for regular measures iy and iy, and for s =d — 2 > 0.

Proof. We prove that yén) converges to o, whose distribution is p, according to Lemma |8} To

establish this convergence, we use Theorem 1 of (Duerinckx and Serfaty} 2020), which shows that

ugn) converges to p; in MMD as n — oo, namely

lim MMD(q, ™) =0, for 8 > 0. (39)

n—o0
As proven in the next lemma, F;(y) is Lipschitz. This Lipschitz continuity, together with the result

above, ensures that the conditions in Lemmal|6|are satisfied. Thus, yén) converges to yg, as guaranteed

by the lemma. [

Lemma 10. Recall vector function Fy(y) = [ VW@=2)(y — 2)pu;(x)dz where ju is the solution
2d+2
of PDE (33) starting from po. Then, Fy(y) is L-Lipschitz for L = c1 + c2(E(po) + 1) d  where

constants c1 and sy depend only on d.
Proof. The first step is to cast Lipschitzness to the boundedness of the following integral
/ mﬂt(l‘)dﬁﬂ < L = F;is L-Lipschitz (40)
Then, we use properties of Wasserstein gradient flow to prove
/|y—1$||dut(x)dx <1+ eaE(po), 41)

where ¢; and co are constants that only depend on d. For the similarity, we introduce notation a < b
if there are constants c¢; and ¢, that only depends on d such that a < ¢; + c2b

Step 1. A Sufficient Condition for Lipschitz-ness. According to the definition, we have
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IR0 = Rl = | [ V5 = omtde) = [V ~optan)| @
<y -y /01 V2K (vy + (1 =)y — 2)pi(de)dy |2 (43)
< ly = v/l max ]| [ VK(y - o)pu(o)dal] @)
To prove that the right side is bounded, we bound the norm of V2K as
I [ VK- toel = | [~ @D )| s
< (d) / mut (z)dx (46)

Thus, the above integral bounds the Lipschitz constant of Fj}.

Step 1I. Gradient flow property. Since p, is a gradient flow, the following holds

E(p) < E(po) 47)
We establish an important consequence of the above inequality, namely the following bound

1
/Wﬂt(x)dx < (1+ E(uo))? (48)

holds. Using Jensen’s inequality, we have

71 d < 71 d diil 49
/ o =g @ < (/ o=yl “t(””)) “9)

Combining the last two bounds obtains
e < | [ eds| | [ u(@)da| S (14 Blo)
/Hy ol lly — Hd ! ly —
(50)

The above equation concludes that F} is Lipschitz according to step 1. To complete the proof, we
need to prove equation (@8).

sup

2d+2

We first establish a consequence of E () < E(uq) for p;. Let fi(w) denote Fourier transform of
ue(x). It is easy to check that

i< [l =1 51)

Without of loss of generality, we can assume that f zpi(z)dr = 0. An application of Jensen’s

inequality yields
/ |2y () / e / yiie(y)dy| Pdyse () (52)

< [lle =yl () dndy 53)
S E(ue) < E(po) (54)

According properties of Fourier transform, we have
g = [ ol (o)a 55)

1( / ()i + / x?ut(m)d:c> (56)
/ ol (57)

E(po) (58)
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Gagliardo—Nirenberg interpolation inequality yields

7l S (10%hll L + 1) (Il + 1) (59)
(&)
S (T+ E(po)) (1L + 1) (60)
G1)
S (14 BE(po))? (61)

We will use the above bound to complete the proof.

Recall the Fourier transform of the radial function ||z||=* is C|lw||=9+*) for 0 < s < d where C'
is a constant depending on d and s (Frank and Matzkel |2025). Using the Parseval’s theorem, (47)
translates to the following inequality in the complex (Fourier) domain

i = ; T —
C/ ||wH2 —/Hyﬂdezdut( )dpe(y) < (d = 2)E(po) (62)

holds. Similarly, we can write as

/” w)|dw < (14 E(po))? (63)

Define set A = {w|||w|| < 1}, a straightforward application of Cauchy-Schwarz obtains

( [ il |dw) / Jul 7w P [ 64)

E (10) (65)
To establish (63)), we need to bound the above integral taken over the complement of A denoted by
Ac:
1 . R (@)
[ replAtide < [ )i S 0+ Bga)y (©6)

Combining the last two inequality concludes (63)), hence the proof is complete.

D.2 Proof of the Auxiliary Lemma

Lemma 8. Let yg be a random vector drawn from pg such that E(pug) < oo. Consider the following
ODE

dy

E = _Ft(yt); Ft VW — .T)/j/t( )dmdt

Then, the distribution of y is ji.
Proof. If the vector field F} obeys 3 conditions in Lemma([7] then invoking the lemma concludes the

proof. It remains to to validate necessary conditions for the vector field. Since p is a gradient flow, it
obeys

/(d_Q)Hxl_ &= 5 A () dpue (y /H»T—EJHQth( Jdpe(y) = E(pe) < E(pe) — (67)

Condition 1: [ ||F;(x)| pe(x)dz < co.  According to the definition, we have
1)) = | [ 0+ (o= ) ) (68)

/ WCM ©)dpn(y / e = ylldpe(@)due(y) (69
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s42  We bound each term in the above upper-bound. The first term can be bounded using Jensen’s
543 inequality as

/ I — ylldpe (@) dpey \/ / o — yl2dus (@) due(y) 2 /Em) (10)

544 Similarly, we get

1/(d—2) .
[t < ([le-sPae@inm) € @@y oy
s45 The above inequality yields
——d d ————du(z)d d d 72
[ g @int < (| Gyt @ino) [t @)
< E(po) =102 (73)

s46  Condition 2. | F;(z)|| < oo for a bounded . Since all statements hold up to translation, we can
se7  assume [ ypu(y)dy = 0. This allows us to simplify the expression for the vector field as

IB@] = 12 duy(y) + 2 - / () | (74)
]
=0
1
S/Wd#t(y)+“$” (75)
@)
2 e+ el + E(uo)®) + |l (76)

s48  where c; and cy are constants independent from ¢.

s49  Condition 3. Lipschitzness. Lemma(l0lensures F; is Lipschitz. O
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E Inverse Gradient Descent

Proposition 11. Consider the following proximal optimization problem

d
; 1 (k)2
ok oo yf) = ,E ot — ~E©) 77
(3,93, S, Yn) argyhy%r'I'l.l’r;neRd2 2 llyi — ;|| YEY (y1, y2, »Yn) N

The above optimization is convex with solution y; = zgk_l) for alli € [n], as long as the learning
rate vy is sufficiently small.

Proof. Let the objective of the proximal step defined as,

n

1 k .
Hyr, yn) = 5 0 v = o 1P = vES (1, ya). (78)
i=1
And for ease of notation, let Y = (y1,- - ,yn) € (Rd)n. It is easy to observe that,

VZH(Y) = Iya — yV2E (V).

Thus, the optimization problem (TT)) is convex as long as we can prove an upper bound on the spectral

norm of VZE,(LG) (Y") and choose a small learning rate for the inverse gradient map . From this point
onward, we drop the subscript/superscript € to streamline the notation. Thus W is defined as

m 1
WiE)=———o— 4+ 222
(2) EE +€)m/2 + 2HZH

with direct calculations we have,
VW(z) = (1+m*(r* +e) "2z,
where r := ||z||. Again with differentiation,
VW (2) = (14 m*(r* + 6)7%71)1(1 —m2(m+2)(r? +e)7 % 2227,

Hence, for every unit vector v € se,

_m_1

vIVEW (2)y <1+ m2(r? 4¢)” 2
<1+4+mle %L (79)

Recall that,

n

BuY) = oy 2 S W= uy).

i=1 j#i
Taking derivatives, for each ¢ we have,
1
Vi Bn(Y) = —— > VW (y — v).
nin —1) &~
J#i
Next, for j # 4,

-1

\% E(Y):m

YirYj T

VQW(ZM - yj)
and,

2 _ 1 2 Sy
VZE,(Y)= =) ;v W (yi — ;).
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Taking an arbitrary block vector v € (R?)",

(v, V2E,(Y)) ﬁ S (VW =) | v+ T W - )

i=1 i i#j
= | 5 = ) W G — ) - )
n(n—1) A

i#]
In turn, by spectral bound on each block in (79),

1

VB < gy | 2 (i =l 7R s =
# 2 —m_1 2
= 2nfn = 1) ;(H”” =) v = vy (80)
(1+m € %_
ZQn— Dol = v

i#]

(1 + er_%_l)
e 2n;|\uz—u2

L+m2e 50
- 71||u|| ,
n—
where in (80) we used the (
Hence, for the operator norm of V2E,,(Y) we infer that,
1+m2e 2t
n—1

IV2En(Y)]l2 <

Thus, by choosing any sufficiently small v € (0, #)’

VEH(Y) = 0,
and objective of the proximal step (78) is strongly convex and hence is uniquely minimized.

Considering the optimal solution (y3,v3, -+ ,yy) to , by first order optimality condition,

* % * * k * % *
quH(y17y277yn):yz _IE )_’YquEn(y17y2a7yn):O
Thus,

k *
e = yr AV Byl v ),

and hence for all i € [n],

* k—1
yi = .’E,E )7

and proof is concluded. ]
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Figure 2: Interpolation in Latent Space. Colored points are samples drawn from a Gaussian mixture model
(left) and their positions after forward optimization (right). The xs are the generated sample y in EFS (right),
and their location after backward optimization in EFS (left). The straight line in the latent space (right) is
transformed into a curved trajectory (left) that aligns with the data distribution. Colors correspond to different
mixture components.

F Experiments

While we have proven EFS can transport an almost uniform distribution to an arbitrary target
distribution, our result is asymptotic—it holds in the limit as n — oco. This asymptotic regime greatly
simplifies the theoretical analysis. However, practical applications are inherently constrained to finite
n. We bridge this gap with experiments.

As the first estimation-free generative algorithm, EFS needs further research for a comprehensive
benchmarking. Our experiments underscore both the practical challenges and the promising potential
of this novel generative method. The code is implemented in PyTorch (Paszke et al., 2019) and was
executed on a single NVIDIA RTX 6000 GPU with 48GB memory. The total execution time is under
15 minutes.

Mixture of Gaussians: Capturing Data Geometry. EFS effectively recovers the underlying data
distribution even after transforming into a set of points uniformly distributed on a circle. Figure[2]
displays the original samples drawn from a Gaussian mixture (left) and their transformed positions
after the EFS forward optimization step (right), where they are mapped onto the circle. New samples
are then generated along a straight line on circle. Backward optimization maps these linear samples
onto a curved trajectory that closely follows the geometry of the original data distribution. The
backward process adaptively distorts pairwise distances to avoid low-density regions. Furthermore,
we observe that EFS creatively generate unseen new samples.

Generating samples from Swiss roll. We repeat the experiments on the Swiss roll dataset, similar
to those on the Gaussian mixture in Figures |1} and 2| Table|l| summarizes the parameter choices
for this dataset. We evaluate: (i) convergence to a uniform distribution via forward optimization,
(ii) generation of new samples via backward optimization, and (iii) preservation of data geometry
through interpolation.

(i) Forward optimization:In Figure 3] we observe that the distribution of data points becomes
uniform over the unit ball. Recall that Corollary [3| proves this result in the asymptotic regime
as n — oo. Figure 3| shows that this asymptotic result provides a good approximation even
when n = 500.

(ii) Backward optimization:We assert that EFS can generate new samples from the Swiss roll
dataset using a given set of i.i.d. samples. While Theorem [ establishes that EFS draws
samples from the data distribution in the mean-field regime, Figure 4| supports this result in
the non-asymptotic setting.

(iii) Interpolation: Figure[5]illustrates how backward optimization can generate new samples
from the Swiss roll dataset via interpolation. Similar to the Gaussian mixture case shown in
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Figure 3: Forward convergence for Swiss roll. Scatter plot of gradient descent iterates xﬁk), defined in @,

initialized at acl(-o) drawn from a Swiss roll with noise level 0.2. As k evolves, the points become uniformly
distributed akin to 2d example of Gaussian mixture in Figure[T] Notably, Corollary [3]establishes this convergence
in the mean-field regime as n — co.

{2} U {y® =} {2} U {y® =}

Figure 4: Sampling: The black « is the generated sample 3 ; Left: acgo) L Swiss roll with noise level 0.2:

Right: xl(-k) obtained by forward optimization. Colors: mixture components. The location of the new sample is
updated by Backward Optimization in EFS

Figure 5: Interpolation in Latent Space. Colored points are samples drawn from a Swiss roll (left) and their
positions after forward optimization (right). The xs are the generated sample y(o) in EFS (right), and their
location after applying backward step of EFS (left). The straight line in the latent space (right) is transformed into
a curved trajectory (left) that aligns with the data distribution. We observe that the algorithm avoids generating
data from no density regions.

609 Figure 2] we observe that EFS respects the data density and avoids generating samples in
610 low-density regions.
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MNIST: Generating New Samples. EFS can generate new MNIST images (LeCun et al., |{1998).
Theorem [ requires high exponents in the range d — 2 < m < d. For MNIST with d = 784,
this exponent leads to numerical overflow due to limited floating-point precision. To avoid this
issue, we reduce the data dimension before applying EFS. Specifically, we use a convolutional
autoencoder (Masci et al.l [2011) to compress the data into a 15-dimensional latent space (see
Appendix for architectural and training details). We then apply encoding — EFS — decoding to
generate new samples. Figure [6] shows generated samples alongside their nearest neighbors (in
Euclidean distance) from decoded original samples xgo)’ e ,a:%o). The generated digits exhibit
stylistic variations distinct from their closest training examples, with minimum Euclidean distance of
0.7508. To emphasize subtle differences, we include an animated image that alternates between the
generated sample and its nearest neighbor (open with Adobe Reader). See Table (1| for details.

Generated Images 8 ? 6 5 ? 0 3 Q 3 O f B 3 8 0
Closest Image 9 5’ 6 5 ? O 3 ‘? 3 O I 8 3 8 0
gerowsvallill ¢ ¢ 6 5 9 03930 /8280

Figure 6: Generative MNIST. First row: Images generated by EFS. These are obtained by applying forward
and backward optimization in the latent space of an autoencoder, followed by decoding into the image space.

Second row: The closest decoded training samples {x§°> }ie, for each generated image, determined by Euclidean
distance. Third row: An animation illustrating subtle differences between the generated images and their nearest
neighbors (use Adobe Reader to see). Note: The minimum Euclidean distance between each generated image
and its nearest neighbor is 0.75.

MNIST: Interpolation Comparison. Recall that in the previous experiment, we used an autoen-
coder for dimensionality reduction. Notably, autoencoders can generate samples with interpolation in
the latent space. To highlight differences, we compare the quality of the autoencoder samples with
those produced by EFS.

For EFS, we generate new samples by linearly interpolating between uniformly distributed samples

(k) (k)

after forward optimization as y*) = (1 — iz, +tx ;- Then, we apply the backward optimization
(0) .(0) (

to y*). Similarly, autoencoder samples are obtain by decoding (1 — t)z;  + tx ; Where zio) are
encoded samples in the latent space. Figure [7] shows generate samples with these two different
strategies. Observe interpolation in the autoencoder’s latent space often leads to unrealistic outputs
that do not resemble valid digits. As illustrated in the cartoon of Figure[7} such interpolation may
cross regions of low data density. In stark contrast, EFS effectively avoids generating samples from
these low-density regions, as similarly observed for Gaussian mixtures in Figure [6]

779999909003 33a e o
797999999999999332a3aa a2l

Figure 7: Interpolation Comparison. In the interpolation between images 7 and 2, the intermediate
autoencoder outputs do not resemble valid digits (1st row), whereas our method produces a transition via
7 — 9 — 2 (2nd row). On the right, we visualize the interpolation paths cross low density regions for
autoencoder, while moves along the underlying digit clusters for EFS. Moreover, for EFS, it can be observed that
different images are generated for each digit, illustrating that interpolation paths evolve smoothly within clusters.

F.1 Autoencoder details

As previously mentioned, the experiments in Section [Flemploy an autoencoder. In this section, we
provide further details on the architecture and training procedure of the autoencoder. The model is
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| v k T 8 € s n

Gaussian mixtures | 0.1 31 300 0.1 0.001 1 400
MNIST 0.05 120 300 0.01 0.001 d-—2 15000
Swiss roll 0.0 120 300 0.1 0.001 d-2 500

Table 1: Parameters of EFS

a standard convolutional autoencoder consisting of two encoding layers followed by two decoding
layers. The structure of the encoder is summarized in Listing [T} Importantly, the encoder serves as a
dimensionality reduction mechanism. Without this reduction, computing (%), as required in EFS,
becomes numerically infeasible.

F.2 Training Protocol

We trained the autoencoder on the MNIST dataset using the Adam optimizer with a learning rate of
1073, a batch size of 250, and for 120 epochs. The training loss, measured by mean squared error
(MSE), decreased to 0.008 after 120 epochs. Training was conducted on an NVIDIA RTX 6000
GPU with 48 GB of memory. The implementation was done in PyTorch (Paszke et al.||2019) (see the
notebook neurips-figures4-5.ipynb for details). No preprocessing was applied to the data.

Autoencoder (
(encoder): Sequential(
(0): Conv2d (1, 16, kernel_size=(3, 3), stride=(2, 2), padding=(1,
1))
(1) : RelLU(inplace=True)
(2): Conv2d (16, 32, kernel_size=(3, 3), stride=(2, 2), padding=(1,
1))
(3): ReLU(inplace=True)
(4): Conv2d (32, 15, kernel_size=(7, 7), stride=(1, 1))
)
(decoder): Sequential(
(0): ConvTranspose2d (15, 32, kernel_size=(7, 7), stride=(1, 1))
(1) : RelLU(inplace=True)
(2): ConvTranspose2d (32, 16, kernel_size=(3, 3), stride=(2, 2),
padding=(1, 1), output_padding=(1, 1))
(3): ReLU(inplace=True)
(4): ConvTranspose2d (16, 1, kernel_size=(3, 3), stride=(2, 2),
padding=(1, 1), output_padding=(1, 1))
(5): Sigmoid ()

Listing 1: Autoencoder
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