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ABSTRACT

Solving partial differential equations (PDEs) is a central task in scientific com-
puting. Recently, neural network approximation of PDEs has received increas-
ing attention due to its flexible meshless discretization and its potential for high-
dimensional problems. One fundamental numerical difficulty is that random sam-
ples in the training set introduce statistical errors into the discretization of the loss
functional which may become the dominant error in the final approximation, and
therefore overshadow the modeling capability of the neural network. In this work,
we propose a new minmax formulation to optimize simultaneously the approxi-
mate solution, given by a neural network model, and the random samples in the
training set, provided by a deep generative model. The key idea is to use a deep
generative model to adjust the random samples in the training set such that the
residual induced by the neural network model can maintain a smooth profile in the
training process. Such an idea is achieved by implicitly embedding the Wasser-
stein distance between the residual-induced distribution and the uniform distribu-
tion into the loss, which is then minimized together with the residual. A nearly
uniform residual profile means that its variance is small for any normalized weight
function such that the Monte Carlo approximation error of the loss functional is
reduced significantly for a certain sample size. The adversarial adaptive sampling
(AAS) approach proposed in this work is the first attempt to formulate two essen-
tial components, minimizing the residual and seeking the optimal training set, into
one minmax objective functional for the neural network approximation of PDEs.

1 INTRODUCTION

Partial differential equations (PDEs) are widely used to model physical phenomena. Typically, ob-
taining analytical solutions to PDEs is intractable, and thus numerical methods (e.g., finite element
methods Elman et al. (2014)) have to be developed to approximate the solutions of PDEs. How-
ever, classical numerical methods can be computationally infeasible for high-dimensional PDEs due
to the curse of dimensionality or computationally expensive for parametric low-dimensional PDEs
Xiu & Karniadakis (2003); Ghosh et al. (2022); Yin et al. (2023); Zhai et al. (2022). To allevi-
ate these difficulties, machine learning (ML) techniques, e.g., physics-informed neural networks
(PINN) Raissi et al. (2019) and deep Ritz method E & Yu (2018), have been adapted to approximate
PDE:s as surrogate models and have received increasing attention Han et al. (2018); Zhu & Zabaras
(2018); Zhu et al. (2019); Weinan (2021); Karniadakis et al. (2021). The basic idea of deep learning
methods for approximating PDEs is to encode the information of PDEs in neural networks through a
proper loss functional, which will be discretized by collocation points in the computational domain
and subsequently minimized to determine an optimal model parameter Raissi et al. (2019); E & Yu
(2018); Sirignano & Spiliopoulos (2018); Zhu et al. (2019).

The collocation points are crucial to effectively train neural networks for PDEs because they provide
an approximation of the loss functional. In the community of computer vision or natural language
processing, it is well known that the performance of ML models is highly dependent on the quality
of data (i.e., the training set). Similarly, if the selected collocation points fail to yield an accurate
approximation of the loss functional, it is not surprising that the trained neural network will suffer a
large generalization error, especially when the solution has low regularity or the problem dimension
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is large. As shown in Tang et al. (2023); Wu et al. (2023), if the collocation points in the training set
are refined according to a proper error indicator, the accuracy can be dramatically improved. This is
similar to classical adaptive methods such as the adaptive finite element method Morin et al. (2002);
Mekchay & Nochetto (2005). In this work, we propose a new framework, called adversarial adap-
tive sampling (AAS), that simultaneously optimizes the loss functional and the training set to seek
neural network approximation for PDEs through a minmax formulation. More specifically, we min-
imize the residual and meanwhile push the residual-induced distribution to a uniform distribution.
To do this, we introduce a deep generative model into the AAS formulation, which not only provides
random samples for the discretization of the loss functional, but also plays the role of the critic in
WGAN Arjovsky et al. (2017); Gulrajani et al. (2017). In the maximization step, the deep generative
model helps identify the difference in a Wasserstein distance between the residual-induced distribu-
tion and a uniform distribution; in the minimization step, such a difference is minimized together
with the residual. This way, variance reduction is achieved once the residual profile is smoothed and
the loss functional can be better approximated by a fixed number of random samples, which yields a
more effective optimal model parameter, i.e., a more accurate neural network approximation of the
PDE solution.

The main contributions of this paper are as follows.

* We unify PINN and optimal transport into an adversarial adaptive sampling framework,
which provides a new perspective on neural network methods for solving PDEs.

* We develop a theoretical understanding of AAS and propose a simple but effective algo-
rithm.

2 PINN AND ITS STATISTICAL ERRORS

The PDE problem considered here is: find u € .% : Q — R where .7 is a proper function space
defined on a computational domain 2 € R”, such that

Lu(x) = s(x), VYeeld

bu(x) = g(x), Vo € 0Q, M

where L is a partial differential operator (e.g., the Laplace operator A), b is a boundary operator
(e.g., the Dirichlet boundary), s is the source function, and g represents the boundary conditions. In
the framework of PINN Raissi et al. (2019), the solution u of equation equation 1 is approximated
by a neural network ug(x) (parameterized with €). The parameters 6 is determined by minimizing
the following loss functional

J('LLQ) = JT(UQ) Jr’)/Jb(UQ) with

Jr-(ug) :/Q|r(ac;0)|2d:v and Jp(ug) = /{m \b(m;0)|2dw,

2

where r(x;0) = Lug(x) — s(x), and b(x;0) = bug(x) — g(x) are the residuals that measure
how well ug satisfies the partial differential equations and the boundary conditions, respectively,
and v > 0 is a penalty parameter. To optimize this loss functional with respect to 6, we need to

discretize the integral defined in equation 2 numerically. Let S = {a:Q 1N and Spg = {= 89}
be two sets of uniformly distributed collocation points on €2 and OS2 respectively. We then mlmmlze
the following empirical loss in practice

Ny
1 .
§ j — > b (xho;0 3
(up) N r wa 'VNb 2 (250 0), 3)

which can be regarded as the Monte Carlo (MC) approximation of .JJ(ug) subject to a statistical error
of O(N~1/2) with N being the sample size. Let ug- be the minimizer of the empirical loss Jv (ug)
and ug~ be the minimizer of the original loss functional J(ug). We can decompose the error into
two parts as follows

E (|[ues, — ullg) <E (Jluaz, — wo-

sz) + [lug- — ullg,
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where E denotes the expectation operator and the norm ||-||, corresponds to the function space .7
for u. One can see that the total error of neural network approximation for PDEs comes from two
main aspects: the approximation error and the statistical error. The approximation error is dependent
on the model capability of neural networks, while the statistical error originates from the collocation
points.

Uniformly distributed collocation points are not effective for training neural networks if the solution
has low regularity Tang et al. (2022; 2023); Wu et al. (2023) since the effective sample size of
the MC approximation of J(ug) is significantly reduced by the large variance induced by the low
regularity. For high-dimensional problems, information becomes more sparse or localized due to
the curse of dimensionality, which shares some similarities with the low-dimensional problems of
low regularity. Adaptive sampling is needed. In this work, we propose a new framework to optimize
both the approximation solution and the training set.

3 ADVERSARIAL ADAPTIVE SAMPLING

Adversarial adaptive sampling (AAS) includes two components to be optimized. One is a neural
network ug for approximating the PDE solution, and another is a probability density function (PDF)
model p,, (parameterized with o) for sampling. Unlike the deep adaptive sampling method (DAS)
presented in Tang et al. (2023), in AAS, we simultaneously optimize the two models through an
adversarial training procedure, which provides a new perspective to understand the role of random
samples for the neural network approximation of PDEs.

3.1 A MINMAX FORMULATION

The adversarial adaptive sampling approach can be formulated as the following minmax problem

min e 7 (uo,pa) = [ (i 6)pa(@)de + 1 (uo), @
Q

0 pac€

where V' is a function space that defines a proper constraint on po (). The choice of V will be spec-
ified in sections 3.2 and 3.3 in terms of the theoretical understanding and numerical implementation
of AAS.

The main difference between 7 (ug, po,) and J(ug) in equation equation 2 is that the weight function
for the integration of 72 (z; @) is relaxed to p, () from a uniform one. First of all, such a relaxation
can also be applied to J,(-). In this work, we focus on the integration of r2 for simplicity and assume
that Jp(+) is well approximated by a prescribed set Spq. Indeed, some penalty-free techniques Berg
& Nystrom (2018); Sheng & Yang (2021) can be employed to remove J,(+). Second, py () > 0 is
regarded as a PDF on {2, and an extra constraint on p,, is necessary. Otherwise, the maximization
step will simply yield a delta measure, i.e.,

d(x —xy) = argmax /rz(zc;H)p(m)dw,
;D>0,fQ pde=1JQ

where Ty = arg max,cq, r2(x; ). Nevertheless, the region of large residuals is of particular im-
portance for adaptive sampling. Third, the maximization in terms of p, is important numerically
rather than theoretically. Indeed, if the statistical error does not exist and the model ug includes
the exact PDE solution, the minimum of 2 is always reached at 0 as long as p,, is positive on €.
To reduce the statistical error induced by the random samples from p,, we expect a small variance
Var(r?) in terms of p,. If the variance of the Monte Carlo integration for r2 is smaller than the
variance of r? in terms of the uniform distribution, the accuracy of the Monte Carlo approximation
will be improved for a fixed sample size, which yields a more accurate solution of PDEs Tang et al.
(2023). To obtain a small Var(r2), the profile of the residual needs to be nearly uniform. So an
effective training strategy should not only minimize the residual but also endeavor to maintain a
smooth profile of the residual, in other words, the two models ug and p,, need to work together. See
Figure 1 for an informal description of the approach.

We will model p,, using a bounded KRnet, which defines an invertible mapping fo(-) : I? — IP
with I = [—1,1] and yields a normalizing flow model. The bounded KRnet can be achieved by
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r%(x; 0) to uniform t

{2}, to nonuniform [

Figure 1: Two neural network models are simultaneously trained in the adversarial adaptive sam-
pling framework. The residual is minimized and finally becomes “uniform”, while the collocation
points are updated and finally become nonuniform.

adding a logistic transformation layer Tang et al. (2023) or a new coupling layer proposed in Zeng
etal. (2023). Let z = fo(x) and pz(z) be a prior PDF. We define p,, as

Pa(®) = pz(fa(®))|Vafal.

Depending on a priori knowledge of the problem, the prior pz(z) can be chosen as a uniform
distribution or more general models such as Gaussian mixture model.

3.2 UNDERSTANDING OF AAS

For simplicity and clarity, we remove J,(ug) and consider
min max J (ug, p) = / r?(x; 0)p(x)dx. (5)
6 peV Q

We choose V' as
V= {p@)lllpllup < 1, 0 < p(x) < M},
where M is a positive number. We define a bounded metric
dy(x,y) = min{M,d(x,y)}, x,ycRP,
where d(z,y) = ||z — y|2 is the Euclidean metric in RP. Without loss of generality, let {2 be a

compact subset of R” with total Lebesgue measure 1, and z and v two probability measures on €.
The Wasserstein distance dyya (i, v) between p and v for the metric djs (@, y) is

= 1 f
dwn ) = _inf (g dn(ey),

where TI(Q2 x ) is the collection of all joint probability measures on £ x . The dual form (see
e.g. Villani (2003), Theorem 1.14 and Remark 1.15 on Page 34) of dy» is

s (o) = sup {_ [ (@) il = )(@)] 0 < 6(2) < o = M. a0d [0l <1}, 6)

where ||¢||Lip is the Lipschitz norm of function ¢. We now reformulate the maximization problem
as

sup/ﬂr= (z;0)p(x)dx

peV

=]§1€13/Q7"2(1';9)13(5'3)6@—/97‘2(96;G)dfc/va(fc)dccJr/ﬂ?"z(w;ﬁ)dﬂc/p(:v)dfc

Q

< /Q r?(x; 0)dx (225 { /Q p(x)du, — /Q p(w)duu] +§1615 /Q p(fc)dw>

g(dWM(ur,pu)—i—M)/ 2 (z: 0) da,
Q
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where 4, and ., indicate the probability measures on €2 induced by 72 () and the uniform distribu-
tion on € respectively. It can be shown that the constant M exists if we modify the function space
V as

V = {p(@)lllpllp < 1, p(e) > 0, /Q p(@)de = 1),

where p(x) can then be regarded as a PDF. It is seen that the upper bound includes both the loss of
the standard PINN and the Wasserstein distance between the residual induced distribution p,- and
the uniform distribution y,,. For any u, the existence of function u, which has the same total residual
loss as w and a uniform residual profile, is theoretically guaranteed (for detailed construction and
these properties of u, please see the proof of Theorem 4 in Appendix A.2). This ensures that we can
simultaneously reduce the residual and the Wasserstein distance between the (renormalized) residual
and the uniform distribution. Once the residual profile is smoothed, variance reduction is achieved
such that the Monte Carlo approximation of 7 (ug, p) will be more accurate for a fixed sample size.
This eventually reduces the statistical error of the approximate PDE solution.

We now summarize our main analytical results. Consider

igf sup J(u,p) = /Q 72 (u(x))p(x) de, (7

pEV
with the following assumption.

Assumption Al. The operator r in equation 7 is a surjection from a function space E;(RP) to
C2°(0), the class of C*° functions that are compactly supported on 2.

In general, £ (R”) can be any function space, such as space of neural networks, smooth functions,
or Sobolev spaces. And this assumption means for any smooth function f € C°(Q), equation
r?2(u*) = f admits some solution u*. For example, if r is Laplacian A, the assumption means
we can find a solution for Au = f for any f in C2°(£2). With this assumption, we can prove the
following main theorem for the min-max problem equation 7 (for the detailed proof, please see the
Section A.2 in the supplementary material),

Theorem 1. Let yu be the Lebesgue measure on R, which represents the uniform probability distri-
bution on ). In addition, we assume Assumption Al holds. Then the optimal value of the min-max
problem equation 7 is 0. Moreover, there is a sequence {u, }5_ 1 of functions with r(u,,) # 0 for all
n, such that it is an optimization sequence of equation 7, namely,

lim J (un,pn) =0,
n— oo

for some sequence of functions {p, }°2 , satisfying the constraints in equation 7. Meanwhile, this
optimization sequence has the following two properties:

1. The residual sequence {r(u,)}%_; of {u, }3°, converges to 0 in L?(dp).

2. The renormalized squared residual distributions

dv, & M du(x)
Jo 72 (un(2)) d

converge to the uniform distribution p in the Wasserstein distance dyy .

3.3 IMPLEMENTATION OF AAS

In the previous section, we have shown that p,, () and ug(x) in equation equation 4 play a similar
role as the critic and generator in WGAN Arjovsky et al. (2017); Gulrajani et al. (2017). The gener-
ator of WGAN minimizes the Wasserstein distance between two distributions; PINN minimizes the
residual; AAS achieves a tradeoff between the minimization of the residual and the minimization
of the Wasserstein distance between the residual-induced distribution and the uniform distribution.
From the implementation point of view, a particular difficulty is the constraint ||p||ri, < 1 induced by

the function space V. In this work, we propose a weaker constraint that can be easily implemented.
We consider

msin max  J(ug,pa) = /

Pa>0, Q

2 (@; 0)pa(@)dz — B / Vepa(@)de, (8
fgpa(w)dmzl ¢
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where we use a H; regularization term to replace explicit control on the Lipschitz condition. The
constraints on a PDF are naturally satisfied because po, is a normalizing flow model. p () > 0 as
long as the prior is positive since f (-) is an invertible mapping. It can be shown that the maximizer
for a fixed ug is uniquely determined by the following elliptic equation

28V2p* + r?(x; 0) \Qlfﬂ (z;0)de =0, x €,
op* (9)

In the deep learning framework, the neural networks are in general (particularly when solving PDEs)
differentiable. So the regularity constraint ||p*||Li, < M is equivalent to |Vp*|loc < M on a
compact set 2. Thus, we can adjust the penalty parameter 3 to implicitly control this regularity.
Such a choice is demonstrated to be empirically sufficient since we focus on PDE approximation
instead of PDF approximation.

To update € at the minimization step, we approximate the first term of 7 (ug, pe) in equation 8
using Monte Carlo methods:

[ @) pal@)iz~ 3" [ua(ald)]. (10)
Q i=1

where mg) can be generated from the probability density p, efficiently thanks to the invertible
mapping fo(-). To update o at the maximization step, we approximate 7 (ug,po) by importance
sampling:

o1 Juo(2))| palar)
j(ueapa)% %Z { ’ ]

vm a
i=1 pa’( ) i=1 pa’

)

where po is a PDF model with known parameters o’ and each x( ) is a sample drawn from p.
Using equation equation 10 and equation 11, we can compute the gradient with respect to 6 and
a, and the parameters can be updated by gradient-based optimization methods (e.g., Adam Kingma
& Ba (2017)). The training procedure is similar to GAN Goodfellow et al. (2014) and can be
summarized in Algorithm 1, where we let po = pq, in equation equation 11, i.e., the PDF model
from the last step is used for importance sampling when computing J (ug, pa)-

Algorithm 1 AAS for PDEs

Input: Initial p, and ug, maximal iteration M, batch size m, initial training set Sq ¢ = {mgg}f\g 1
and Spq,0 = {m(azs)),o}iv:bl
fork=0,...,M do
for j steps do
Sample m samples from Sg, .
Sample m samples from Sy .
Update ug by descending the stochastic gradient of 7 (60, ) (see equation equation 10).
end for
for j steps do
Sample m samples from Sq j.
Update p,, by ascending the stochastic gradient of 7 (0, x) (see equation equation 11).
10:  end for
11:  Generate Sq 41 C €2 through pq, .
12: end for
Output: ug

PRI ALY

9

4 RELATED WORK

There is a lot of related work, and we summarize the most related lines of this work.

Adaptive sampling. Adaptive sampling methods have been receiving increasing attention in solving
PDEs with deep learning methods. The basic idea of such methods is to define a proper error
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indicator Wu et al. (2023); Yu et al. (2022) for refining collocation points in the training set, in which
sampling approaches Gao & Wang (2023) (e.g., Markov Chain Monte Carlo) or deep generative
models Tang et al. (2023) are often invoked. To this end, an additional deep generative model (e.g.,
normalizing flow models), or classical PDF model (e.g., Gaussian mixture models Gao et al. (2022);
Jiao et al. (2023)) for sampling is usually required, which is similar to this work. However, there
are some crucial differences between existing approaches and the proposed adversarial adaptive
sampling (AAS) framework. First, in AAS, the evolution of the residual-induced distribution has
a clear path. That is, this residual-induced distribution is pushed to a uniform distribution during
training. Because minimizing the Wasserstein distance between the residual-induced distribution
and the uniform distribution is naturally embedded in the loss functional in the proposed adversarial
sampling framework. Second, unlike the existing methods, our AAS method admits an adversarial
training style like in WGAN, which is the first time to minimize the residual and seek the optimal
training set simultaneously for PINN.

Adversarial training. In Zang et al. (2020), the authors proposed a weak formulation with primal
and adversarial networks, where the PDE problem is converted to an operator norm minimization
problem derived from the weak formulation. Although the adversarial training procedure is em-
ployed in Zang et al. (2020), it does not involve the training set but the function space. Introducing
one or more discriminator networks to construct adversarial training is studied in Zeng et al. (2022),
where the discriminator is used for the reward that PINN predicts mistakes. However, this approach
does not optimize the training set but implicitly assigns higher weights for samples with large point-
wise residuals through adversarial training.

5 NUMERICAL RESULTS

We use some benchmark test problems presented in Tang et al. (2023) to demonstrate the proposed
method. All models are trained by the Adam method Kingma & Ba (2017). The hyperparameters
of neural networks are set to be the same as those in Tang et al. (2023). For comparison, we also
implement the DAS algorithm Tang et al. (2023) and the RAR algorithm Lu et al. (2021); Yu et al.
(2022) as the baseline models. The training of neural networks is performed on a Geforce RTX 3090
GPU with TensorFlow 2.0. The codes of all examples will be released on GitHub once the paper is
accepted.

5.1 ONE-PEAK PROBLEM

We start with the following equation which is a benchmark test problem for adaptive finite element
methods Mitchell (2013); Morin et al. (2002):

—Au(x) = s(x) in{, (12)
u(x) = g(x) on o,
where & = [z, 73] and the computation domain is €2 = [—1, 1]2. The following reference solution

is given by
u(z1, ) = exp (—1000[(z1 — 0.5)% + (z2 — 0.5)%]) ,

which has a peak at (0.5,0.5) and decreases rapidly away from (0.5, 0.5). The reference solution
is imposed on the boundary. The source term s(x) is derived by the exact solution and is listed in
the supplementary A.5. A uniform meshgrid with size 256 x 256 in [—1,1]? is generated and the
error is defined to be the mean square error on these grid points. From Figure 2(a), it can be seen
that our AAS method can give an accurate approximation for this peak test problem. Note that the
uniform sampling strategy is not suitable for this test problem as studied in Tang et al. (2023). The
training behaviour behavior for different regularization parameters (i.e., 5) is shown in Figure 2(a)
and Figure 2(b). It can be seen that the error behavior is similar for 8 = 5, 10, 20. Figure Figure 2(c)
shows the evolution of the residual variance and the training set during training for 3 = 5, where the
variance decreases as the training step increases and the training set finally concentrates on (0.5, 0.5)
with a heavy tail. The comparison of different adaptive sampling methods is presented in Table 1,
which also included the resultd of the following test problems.
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Figure 2: The results for the peak test problem. (a) The error behaviour. (b) The variance behavior.
(c) The evolution of the training set.

5.2 TWO-PEAK PROBLEM

We next consider the following equation

~V - [u(z)Vo(x)] + V2u(x) = s(x) inQ, (13)
u(x) = g(x) on 09,

where @ = [21,22]", v(x) = 2% + 22, and the computation domain is Q@ = [—1, 1]%. Following

Tang et al. (2023), the exact solution of equation 13 is set to be as

—1000[(z1—0.5)24(22—0.5)?] _|_ef1000[(m1+0.5)2+(zg+0.5)2]

u(xy,x2) = e ,

which has two peaks at the points (0.5,0.5) and (—0.5, —0.5). Here, the Dirichlet boundary condi-
tion on Of) is given by the exact solution. From Figure 3(a) and Figure 3(b), it can be seen that our
AAS method can give an accurate approximation for this two-peak test problem. The error behavior
for different regularization parameters (i.e., ) is shown in Figure 3(c). Figure 4 shows the evolution
of the residual variance and the training set during training for 8 = 5, where the residual variance
decreases as the training step increases and the training set finally concentrates on (—0.5, —0.5)and
(0.5,0.5) with a heavy tail.

b
i N L '

4 LELR TN 9]

AL

Ha

- —1.00 -0.75 -0.50 —0.25 0.00 0.25 0.50 0.75 1.00 0.0 0.5 1.0 1.5 2.0 25

~1.00-0.75-0.50 ~0.25 0.00 0.25 050 0.75 1.00
X1 X1 Iteration le2

(a) (b) (©

Figure 3: The results for the two-peak test problem. (a) The exact solution. (b) AAS approximation.
(c) The error behavior.

5.3 HIGH-DIMENSIONAL NONLINEAR EQUATION

In this part, we consider the following ten-dimensional nonlinear partial differential equation

—Au(zx) +u(x) —u®(z) = s(x), zinQ=[-1,1]* (14)

u(x) = g(x), xond.
The exact solution is u(x) = e~ 101213 and the Dirichlet boundary condition on 0f2 is imposed by
the exact solution. The source term s(x) is derived by the exact solution and is listed in the supple-
mentary A.S. The error is defined to be the same as in Tang et al. (2023). Figure 5 shows the results



Under review as a conference paper at ICLR 2024

1024
101 | s
109,

1074

105

Variance

103

10

1014

0.0 0.5 1.0 15 2.0 25
Iteration 1e5

Figure 4: The evolution of the residual variance and the training set for the two-peak test problem.
Left: The variance behavior. Right: The evolution of the training set.

of the ten-dimensional nonlinear test problem. Specifically, Figure 5(a) shows the error behavior
during training for different regularization parameters, and Figure 5(b) shows the evolution of the
residual variance. Figure 5(c) shows the samples during the adversarial training process, where we
select the components z; and zo for visualization. We have also checked the other components,
and the results are similar. It is seen that the training set finally becomes nonuniform to get a small
residual variance. The results of different adaptive sampling strategies for the three test problems
are summarized in Table 1.

107t

Error

Variance

1072

1072

2 3 2 3
Iteration 1e5 Iteration

(@ (b) (©)

Figure 5: The results of the ten-dimensional nonlinear test problem. (a) The error behavior. (b) The
variance behaviour. (c¢) The evolution of the training set, 1 — z2 plane (8 = 10).

Table 1: Error comparison of adaptive sampling methods

Method Test problem PDE equation 12  PDE equation 13  PDE equation 14
PINN 9.74e-04 3.22e-02 1.01
RAR Lu et al. (2021) - - 9.83e-01
DAS-G Tang et al. (2023) 3.75e-04 1.51e-03 9.55e-03
DAS-R Tang et al. (2023) 1.93e-04 6.21e-03 1.26e-02
AAS (this work) 2.97e-05 1.09e-04 1.31e-03

6 CONCLUSIONS

We developed a novel adversarial adaptive sampling (AAS) approach that unifies PINN and optimal
transport for neural network approximation of PDEs. With AAS, the evolution of the training set can
be investigated in terms of the optimal transport theory, and numerical results have demonstrated the
importance of random samples for training PINN more effectively.
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