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Abstract

This paper introduces the notion of upper-linearizable/quadratizable functions, a
class that extends concavity and DR-submodularity in various settings, including
monotone and non-monotone cases over different types of convex sets. A general
meta-algorithm is devised to convert algorithms for linear/quadratic maximiza-
tion into ones that optimize upper-linearizable/quadratizable functions, offering a
unified approach to tackling concave and DR-submodular optimization problems.
The paper extends these results to multiple feedback settings, facilitating conver-
sions between semi-bandit/first-order feedback and bandit/zeroth-order feedback,
as well as between first/zeroth-order feedback and semi-bandit/bandit feedback.
Leveraging this framework, new algorithms are derived using existing results as
base algorithms for convex optimization, improving upon state-of-the-art results
in various cases. Dynamic and adaptive regret guarantees are obtained for DR-
submodular maximization, marking the first algorithms to achieve such guaran-
tees in these settings. Notably, the paper achieves these advancements with fewer
assumptions compared to existing state-of-the-art results, underscoring its broad
applicability and theoretical contributions to non-convex optimization.

1 Introduction

Overview: The prominence of optimizing continuous adversarial y-weakly up-concave functions
(with DR-submodular and concave functions as special cases) has surged in recent years, marking a
crucial subset within the realm of non-convex optimization challenges, particularly in the forefront
of machine learning and statistics. This problem has numerous real-world applications, such as
revenue maximization, mean-field inference, recommendation systems [4} 20} 30} [12] 24} [18| 26].
This problem is modeled as a repeated game between an optimizer and an adversary. In each round,
the optimizer selects an action, and the adversary chooses a y-weakly up-concave reward function.
Depending on the scenario, the optimizer can then query this reward function either at any arbitrary
point within the domain (called full information feedback) or specifically at the chosen action (called
semi-bandit/bandit feedback), where the feedback can be noisy/deterministic. The performance
metric of the algorithm is measured with multiple regret notions - static adversarial regret, dynamic
regret, and adaptive regret. The algorithms for the problem are separated into the ones that use
a projection operator to project the point to the closest point in the domain, and the projection-
free methods that replace the projection with an alternative such as Linear Optimization Oracles
(LOO) or Separation Oracles (SO). This interactive framework introduces a range of significant
challenges, influenced by the characteristics of the up-concave function (monotone/non-monotone),
the constraints imposed, the nature of the queries, projection-free/projection-based algorithms, and
the different regret definitions.
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Table 1: Online up-concave maximization

F | Set Feedback Reference Appx. # of queries log - (a-regret)
@611 () T—e 1 12
Full Information | stoch. 351 1—e ! T9(9 €10,1/2]) 2/3—-6/3
VF Corollary[7]c 1—e? 1 1/2
N ‘ B35 _ T—e ! 5 3/4
o Semi-bandit stoch. Corollary[lc L_ e ) 2/3
) det. Corollary|7{c 1—e* 2 1/2
S) Full Information stoch 1331 1—e T T%(0 € [0,1/4]) 4/5—-0/5
2 ) Corollaryc 1—e 1 3/4
g F det [XIE: T—e! - 3/4
é Bandit ' 28] £(*) l—e? - 4/5
ok, B3] T—e - 5/6
Corollaryc 1—e” - 4/5
Full Information | stoch. [35] 1/2 T°(6 € [0,1/2]) 2/3-6/3
- A BIEC) [ 77/ +97 - 1/2
= Semi-bandit stoch. 351 1/2 - 3/4
8 Corollary[7}b | +2/(1 + ¢v?) - 1/2
g . det. | Corollary[7Ib | 7/2/(1 + %) 2 1/2
o | Pl nformation: o ogh B3l 12 7@ e 0.1/4) | 4/5-0/5
Bandit stoch. 152 1/2 B 5/6
Corollary[7]b | 72/(1 +¢v?) - 3/4
135 (1—h)/4 | T%(6c[0,1/2]) 2/3-6/3
Full Information | stoch. [48] £(*) (1—h)/4 1 1/2
| | coteflel 4ot | 1| 1
5 . . - E
42- = Semi-bandit stoch. Corollary[7}d (1—R)/4 ] 2/3
§ % det. | Corollary[/}d (T—h)/4 2 1/2
T | e Full Information stoch 1351 (1—h)/4 T7(6 € [0,1/4]) 4/5—-60/5
> r R Corollary.d (1—h)/4 1 3/4
det. G (T=h)/4 - 15
Bandit " 1351 T—h)/a 576
stoch. Corollary[7}d (1—h)/4 4/5

This table compares different static regret results for the online up-concave maximization. The logarithmic
terms in regret are ignored. Here h := mingcx ||z||co. Our algorithm is projection-free and use a separation
oracle. The rows marked with I use gradient ascent, requiring potentially computationally expensive projec-
tions. The rows marked with () denote results that could be considered special case of our framework. In
particular, we obtain those results if we use Online Gradient Ascent instead of SO-0GA as the base algorithm in
Corollary Note that the result of [39], marked by {1, uses a convex optimization subroutine in each iteration,
which could potentially be more expensive than projection and therefore not considered a projection-free result.
It is also the only existing result, in all the tables, that outperforms ours. We note that stochastic results
can be used in deterministic, and bandit/semi-bandit in full information and thus cases where our result is not
added, our result improves state-of-the-art projection free result because of the result in less information setup.
All results assume that functions are Lipschitz. Except for our results on monotone functions over general con-
vex sets, all results also assume differentiability. All previous results assume that functions are DR-submodular,
while we only require up-concavity. Results of [35] and [39] also assume functions are smooth, i.e., their gra-
dients are Lipschitz.

In this paper, we present a comprehensive approach to solving adversarial up-concave optimiza-
tion problems, encompassing different feedback types (including bandit, semi-bandit and full-
information feedback), characteristics of the up-concave function and constraint region, projection-
free/projection-based algorithms, and regret definitions. While the problem has been studied in
many special cases, the main contribution of this work is a framework that is based on a novel
notion of the function class being upper-linearizable (or upper-quadratizable). We design a meta-
algorithm that converts certain algorithms designed for online linear maximization to algorithms
capable of handling upper-linearizable function classes. This allows us to reduce the problem of
up-concave maximization in three different settings to online linear maximization and obtain corre-
sponding regret bounds. In particular, our results include monotone y-weakly up-concave functions
over general convex set, monotone y-weakly up-concave functions over convex sets containing the
origin and non-monotone up-concave functions. While the above result is for first order feedback,
we then derive multiple results that increase the applicability of the above results. We extend the ap-
plicability of FOTZ0 and STB algorithm introduced in [34] to our setting which allows us to convert
algorithms for first-order/semi-bandit feedback into algorithms for zeroth-order/bandit feedback.
We also design a meta-algorithm that allows us to convert algorithms that require full-information
feedback into algorithms that only require semi-bandit/bandit feedback.

We demonstrate the usefulness of results through two applications as described in the following. In
the first application, we use the SO-0GD Algorithm in [17] as the base algorithm for online linear op-
timization, which is a projection-free algorithm. Using this, we first obtain the adaptive regret (and



therefore also static regret) guarantees for the three setups of DR-submodular (or more generally, up-
concave) optimization with semi-bandit feedback/first order feedback in the respective cases. Then,
the meta-algorithms for conversion of first-order/semi-bandit to zeroth-order/bandit are used to get
result with zeroth-order/bandit feedback. In the cases where the algorithms are full-information and
not (semi-)bandit, we use another meta-algorithm to obtain algorithms in (semi-)bandit feedback
setting. In the next application, we use the “Improved Ader” algorithm of [43]] which is a projection
based algorithm providing dynamic regret guarantees for the convex optimization. Afterwards, the
same approach as above are used to obtain the results in the three scenarios of up-concave optimiza-
tion with first-order feedback.

Technical Novelty: The main technical novelties in this work are as follows.

1. We proposes a novel notion of linearizable/quadratizable functions and extend the meta-
algorithm framework of [34] from convex functions to linearizable/quadratizable functions.
This allows us to relates a large class of algorithms and regret guarantees for optimization of
linear/quadratic functions to that for linearizable/quadratizable functions.

2. We show that the class of quadratizable function optimization is general, and includes not only
concave, but up-concave optimization in several cases. For some of the cases, this proof uses
a generalization of the idea of boosting ([46l 48]) which was proposed for DR-submodular
maximization, as mentioned in Corollaries 2]and

3. We design a new meta-algorithm, namely SFTT, that captures the idea of random permutations
(sometimes referred to as blocking) as used in several papers such as [45] 47, 135]. While
previous works used this idea in specific settings, our meta-algorithm is applicable in general
settings.

4. We note the generality of the above results in this paper. Our results are general in the following
three aspects:

a) In this work, we improve results for projection-free static regret guarantees for DR-
submodular optimization in all considered cases and obtain the first results for dynamic and
adaptive regret. Moreover, these guarantees follow from existing algorithms for the linear
optimization, using only the statement of the regret bounds and simple properties of the algo-
rithms.

b) We consider 3 classes of DR-submodular functions in this work. However, to extend these
results to another function class, all one needs to do is to (i) prove that the function class is
quadratizable; and (ii) provide an unbiased estimator of g (as described in Equation [T).

c) We consider 2 different feedback types in offline setting (first/zero order) and 4 types of
feedback in the online setting (first/zero order and full-information/trivial query). Convert-
ing results between different cases is obtained through meta-algorithms and guarantees for
the meta-algorithms which only relies on high level properties of the base algorithms (See

Theorems [3} [7} [6] and [8)

Key contributions: The key contributions in this work are summarized as follows.

1. We formulate the notion of upper-quadratizable/upper-linearizeble functions, which is a class
that generalizes the notion of strong-concavity/concavity and also DR-submodularity in sev-
eral settings. In particular, we demonstrate the the following function classes are upper-
quadratizable: (i) monotone y-weakly p-strongly DR-submodular functions with curvature
c over general convex sets, (ii)) monotone y-weakly DR-submodular functions over convex
sets containing the origin, and (iii) non-monotone DR-submodular optimization over general
convex sets.

2. We provide a general meta-algorithm that converts algorithms for linear/quadratic maximiza-
tion to algorithms that maximize upper-quadratizable functions. This results is a unified ap-
proach to maximize both concave functions and DR-submodular functions in several settings.

3. While the above provides results for semi-bandit feedback (for monotone DR-submodular op-
timization over general convex sets) and first-order feedback (for monotone DR-submodular
optimization over convex sets containing the origin, and non-monotone DR-submodular op-
timization over general convex sets), the results could be extended to more general feedback
settings. Four meta algorithms are provided that relate semi-bandit/first-order feedback to ban-
dit/zeroth order feedback; that relate; first order to deterministic zeroth order; and that relate



first/zeroth order feedback to semi-bandit/bandit feedback. Together they allow us to obtain
results in 5 feedback settings (first/zeroth order full-information and semi-bandit/bandit; and
deterministic zeroth order). We also discuss a meta-algorithm to convert online results to of-
fline guarantees.

4. The above framework is applied using different algorithms as the base algorithms for linear
optimization. S0-0GD [[17] is a projection-free algorithm using separation oracles that provides
adaptive regret guarantees for online convex optimization. We use our framework to cover the
18 cases in Table[I] We improve the regret guarantees for the previous SOTA projection-free
algorithms in all the cases. If we also allow comparisons with the algorithms that are not
projection-free, we still improve the SOTA results in 12 cases and match the SOTA in 5 cases.

5. Using our framework, we convert online results using S0-0GD to offline results to obtain 6
projection free algorithms described in Table 2] We improve the regret guarantees for the
previous SOTA projection-free algorithms in all the cases, except for deterministic first order
feedback where existing results are already SOTA. If we also allow comparisons with the
algorithms that are not projection-free, we still improve the SOTA results in 6 cases and match
the SOTA in the remaining 3 cases.

6. We use our framework to convert the adaptive regret guarantees of SO-0GD to obtain projection-
free algorithms with adaptive regret bounds that cover all cases in Table[3] Our results are first
algorithms with adaptive regret guarantee for online DR-submodular maximization.

7. “Improved Ader” [43] is an algorithm providing dynamic regret guarantees for online convex
optimization. We use our framework to obtain 6 algorithms which provide the dynamic regret
guarantees as shown in Table[3] Our results are first algorithms with dynamic regret guarantee
for online DR-submodular maximization.

8. For monotone y-weakly functions with bounded curvature over general convex sets, we im-
prove the approximation ratio (See Lemma I)).

9. As mentioned in the descriptions of the tables, in all cases considered, whenever there is an-
other existing result, we obtain our results using fewer assumptions than the existing SOTA.

2 Problem Setup and Definitions

For aset D C RY, we define its affine hull aff (D) to be the set of ax + (1 — )y for all x, y in K and
a € R. The relative interior of D is defined as relint(D) := {x € D | Ir > 0,B¢(x) N aff (D) C
D}. For any u € KT, we define the path length Pr(u) := ZiT;ll |lu; — u;yq||. Given p > 0 and
0 < v < 1, we say a differentiable function f : L — R is u-strongly v-weakly up-concave if it is
u-strongly y-weakly concave along positive directions. Specifically if, for all x < y in K, we have

3 (95003 =30+ By = xI?) < 500 - 109 < 2 (9760.y =20 - By - xI?).

We say Vf : K — R? is a p-strongly ~-weakly up-super-gradient of f if for all x < y in K, the
above holds with V instead of V. We say f is u-strongly y-weakly up-concave if it is continuous
and it has a p-strongly y-weakly up-super-gradient. When it is clear from the context, we simply
refer to V f as an up-super-gradient for f. When v = 1 and the above inequality holds for all
x,y € K, we say f is p-strongly concave. A differentiable function f : X — R is called y-weakly
continuous DR-submodular if for all x < y, we have V f(x) > vV f(y). It follows that any ~-
weakly continuous DR-submodular functions is y-weakly up-concave. We refer to Appendix [B] for
more details.

Given a continuous monotone function f :  — R, its curvature is defined as the smallest number
c € [0,1] such that f(y +2z) — f(y) > (1 —o)(f(x+2z) — f(x)), forall x,y € Kandz > 0
such that x + z,y + z € K. We define the curvature of a function class F' as the supremum of the
curvature of functions in F.

Online optimization problems can be formalized as a repeated game between an agent and an ad-
versary. The game lasts for 7" rounds on a convex domain IC where 7" and K are known to both
players. In ¢-th round, the agent chooses an action x; from an action set XX C R¢, then the adversary
chooses a loss function f; € F and a query oracle for the function f;. Then, for 1 < i < Fky,



Table 2: Offline up-concave maximization

F | Set Feedback Reference Appx. Complexity
[311 1—e " O(1/€%)
i [19] 1—e™ o(1/€%)
o VF | stoch. i@6) ¢ L— o 0(1/52)
w Corollaryc 1—e™” o(1/é%)
o et £ I—c o(1/e)
2 F ) Corollaryc 1—e™” o(1/é*)
g stoch. | 0 T—e O(1/)
5 ) Corollaryc 1—e™” O(1/¢")
= 12011 V/A+7) o(1/€)
VF | stoch. 36 72/(1 +7?) 0(1/63)
?:; Corollary[7]b /(1 + ) 0(1/€?)
5 det B7 7/A+77) 0(1/€)
F " | Corollary[7}b /(1 +ey?) 0(1/€?)
stoch 371 v/ +77) 0(1/€)
" | Corollary[7]b 72/(1 4 c?) O(1/¢%)
g VF | stoch [3@ jg/i{lh) QL . Tlfl 0(1/(?
. : @8] + (1—h)/4 o(1/€)
Eg 5 Corollary[7]d - (}11)— h) /4 0(1/3)
1 w | B8 [ g) oo/
2 a Corollary[7}d (1—h)/4 O(1/€)

; (1—h

stoch. Lol % % - 2}7 o/e)
Corollary[7]d (1—h)/4 O(1/€h)

This table compares the different results for the number of oracle calls (complexity) within the constraint
set for up-concave maximization. We refer to [36]] for a more comprehensive table that includes results for
deterministic first order feedback. Here h := mingexk ||z|loc andy' := v + 1/7.

1 [201, [46] and [48] use gradient ascent, requiring potentially computationally expensive projections.

All previous results assume that functions are differentiable, DR-submodular, Lipschitz and smooth (i.e., their
gradients are Lipschitz). Result of [19] also requires the function Hessians to be Lipschitz. It also requires the
density of the stochastic oracle to be known and the log of density to be 4 times differentiable with bounded
4th derivatives. We only require the functions to be up-concave, differentiable and Lipschitz, except for results
on monotone functions over general convex sets where we do not need differentiability.

the agent chooses a points y; ; and receives the output of the query oracle. The precise definition
of agent (A, Ation Agdauery) is oiven in Appendix [Bl with the query oracle being any of stochas-
tic/deterministic first/zeroth order or semi-bandit/bandit.

An adversary Adv is a set of realized adversaries B = (B, --,Br), where each B; maps
(x1,--+,%;) € KT to (fr,Q;) where f; € F and Q; is a query oracle for f;. Adversaries
can be oblivious (B; are constant and independent of (xi,---,x;)), weakly adaptive (5, are

independent of x;), or fully adaptive (no restrictions). We use Advg(F) to denote the set of
all possible realized adversaries with deterministic i-th order oracles. If the oracle is instead
stochastic and bounded by B, we use Advﬁ(F,B) to denote such an adversary. Finally, we
use Adv;(F) and Advy(F, B) to denote all oblivious realized adversaries with i-th order de-
terministic and stochastic oracles, respectively. In order to handle different notions of regret
with the same approach, for an agent A, adversary Adv, compact set Y/ C K7, approxima-
tion coefficient 0 < @ < land 1 < a < b < T, we define regret as R“a“VAdV(U)[a,b] =

SUPgeaqy E [a MaXy—(u,,-. ,ur)el Zf:a fi(ay) — Z?:a ft(xt)} , where the expectation in the
definition of the regret is over the randomness of the algorithm and the query oracle. We use
the notation RZ 5(U)[a,b] := R“(;‘,AdV(U)[a,b] when Adv = {B} is a singleton. We may
drop « when it is equal to 1. When a < 1, we often assume that the functions are non-
negative. Static adversarial regret or simply adversarial regret corresponds to a = 1, b = T
and U = KT := {(x,---,x) | x € K}. Whena = 1,b = T and U contains only a sin-
gle element then it is referred to as the dynamic regret |51l 43]. Adaptive regret is defined as
maxi<a<p<r R aqy (KT)[a,b] [23]. We drop a, b and U when the statement is independent of
their value or their value is clear from the context.

3 Formulation of Upper-Quadratizable Functions and Regret Relation to
that of Quadratic Functions

Let K C RY be a convex set, F be a function class over K. We say the function class F is upper-
quadratizable if there are maps g : F x K — R% and h : K — K and constants ;1 > 0,0 < o < 1



Table 3: Non-stationary up-concave maximization

F | Set Feedback Reference Appx. regret type a-regret
. Corollary [8fc 1—e™? dynamic | TV/2(1 + Pr)'/?
Full Informat stoch. =
v | TR ormation st Corollary [7}c 1—e? adaptive T2
) Semi-bandit stoch. | Corollary|7ic 1—e™” adaptive T2/3
w det. Corollary ic 1—e™” dynamic Tt 2(1 —li-/QPT)1 2
P e » Full Information Corollary|7ic 1—e™” adaptive - T .
8 stoch Corollary 8tc 1—e” dynamic | T°/*(1+ Pr)
% " | Corollary|7}c 1—e™ adaptive T3/4
= Bandit stoch. | Corollary|7ic 1—e™” adaptive T4/
p) p) . /2 /2
VF | Semibandit | stoch, | CorNarvi8ib |y /(L4ey)) | dynamic | TTE(L + Pr)
= Corollary[7tb | v*/(1 4+ ¢y7) adaptive T
> p) p) : 72 72
i‘:,) Full Information | det. Corollaryl8jc 72/ (1+ 672) dynarplc o T/QP 7)
) F Corollary[7fc | v°/(1 + ¢y°) adaptive T
P) 2 : 377 72
Bandit stoch, | Corollary|8tb 72 /(1+ c72) dyna@lc T°/%(1 —3%—/ 4PT)
Corollary[7tb | v*/(1 4+ ¢v?) adaptive T
. Corollary[8fd | (1 —h)/4 dynamic | TV/*(1+ Pr)'/?
Full Inf t toch. =
g v | U OTmAton ) stoe Corollary|(7{d (1—h)/4 adaptive /2
‘é = Semi-bandit stoch. | Corollary(7{d (1—h)/4 adaptive T%/3
§ g det Corollary[8id (1-h)/4 dynamic | T%?(1+ Pr)Y/?
T | & Full Information " | Corollary(7}d (1—h)/4 adaptive T2
> F stoch Corollary[8;d (1-h)/4 dynamic | T%/%(1+ Pr)Y/?
" | Corollary|7}d (1—h)/4 adaptive T3/4
Bandit stoch. | Corollary|7d (1—h)/4 adaptive T3

This table includes different results for non-stationary up-concave maximization, while no prior results
exist in this setup to the best of our knowledge. The results for adaptive regret are projection-free and use a
separation oracle while results for dynamic regret use convex projection. Note that full-information algorithms
with deterministic feedback require 2 queries per function while the ones with stochastic feedback only require
one, at the cost of higher regret.

and 8 > 0 such that[]

af(y) = £160) < 5 (a5 = x) = Hlly = xI*) m

As a special case, when = 0, we say F is upper-linearizable. We use the notation F, ¢ to
denote the class of functions ¢(y) := (g(f,x),y —x) — §]ly —x||* : K — R, forall f € F and
x € K. Similarly, for any B; > 0, we use the notation Q#[Bl] to denote the class of functions
q(y) = (0,y —x) — &]ly = x| : £ — R, forall x € K and o € B% (0). A similar notion
of lower-quadratizable/linearizable may be similarly defined for minimization problems such as
convex minimization.

Algorithm 1: Online Maximization
We say an algorithm G is a first order query algorithm for By Quadratization - OMBQ(A, G, h)
g if, given a point x € K and a first order query oracle Input : horizon 7, semi-bandit

for f, itreturns (a possibly unbiased estimate of) g( f, x). algorithm A, query algorithm G
We say G is bounded by Bj if the output of G is always for g, themap b : K — K
within the ball IB%‘]f_-;1 (0) and we call it trivial if it simply fort=1,2,...,7 do

returns the output of the query oracle at x. Play h(x:) where x; is the action
Recall that an online agent A is composed of action Tiléosgse?gaé selects f, and a first
function A*"" and query function A%Y. Informally, order query oracle for f,

given an online algorithm 4 with semi-bandit feedback, Run G with access to x; and the
we may think of A’ := OMBQ(.A, G, h) as the online al- query oracle for f; to calculate oy
gorithm with ( A’ )aC“‘m ~ h( Aacnon) and ( A’ )querY ~ Gg. Return o, as the output of the query
As a special case, when h = Id and G is trivial, we have oracle to A

A = A end

“Note that, without any loss in generality, we may replace (83, u, g) with (1, Bu, Bg) and therefore assume
B = 1. However, we keep (3 as a separate variable as it makes some expressions in future sections simpler.

3Specifically, we say F is lower-quadratizable if af (y) — f (h(x)) > 3 ((g(f, x),y —x)+ &y — x|\2>.
Note that this is equivalent to —F being upper-quadratizable with the same «,3, and p, but with —g(—f, x).



Theorem 1. Let A be algorithm for online optimization with semi-bandit feedback. Also let F be a
function class over K that is quadratizable with j1 > 0 and maps g : F x K — R%and h : K — K,
let G be a query algorithm for g and let A’ = QMBQ(A, G, h). Then the following are true.

A A
1.If G returns the exact value of g, then we have Ra,Advfl(F) < 6R1,Ava(F,l,,g)'
2.0n the other hand, if G returns an unbiased estimate of g and the output of G is bounded by B,

A’ A
then we have R%Adv,i(F’Bl) < 5R1,Adv§(Qu[B1])'
As a special case, when f is concave, we may choose & = = 1, h = Id, and g(f,x) to be a
super-gradient of f at x. In this case, Theorem [I| reduces to the concave version of Theorems 2
and 5 in [34].

4 Up-concave function optimization is upper-quadratizable function
optimization

In this section, we study three classes of up-concave functions and show that they are upper-
quadratizable. We further use this property to obtain meta-algorithms that convert algorithms for
quadratic optimization into algorithms for up-concave maximization.

4.1 Monotone up-concave optimization over general convex sets

For differentiable DR-submodular functions, the following lemma is proven for the case v = 1 in
Lemma 2 in [13] and for the case ¢ = 0 in [20] (See Inequality 7.5 in the arXiv version). We show
the result for general u-strongly v-weakly up-concave function with curvature bounded by c, See
Appendix [D|for proof.

Lemma 1. Let f : [0,1]¢ — R be a non-negative monotone ji-strongly ~-weakly up-concave
function with curvature bounded by c. Then, for all x,y € [0,1]%, we have
2

2 gl = H 2
a0 - 509 < 1 (760 -0 = Gy - xI?).

where N f is an up-super-gradient for f.

Further, we show that any semi-bandit feedback online linear optimization algorithm for fully adap-
tive adversary is also an online up-concave optimization algorithm.

Theorem 2. Let K C [0, 1]¢ be a convex set, let 1 > 0, v € (0,1], ¢ € [0, 1] and let A be algorithm
for online optimization with semi-bandit feedback. Also let F be an M;-Lipschitz function class
over K where every f € F may be extended to a monotone p-strongly y-weakly up-concave function
curvature bounded by c defined over [0, 1]%. Then, for any By > M, we have

A v A A v A

< <
Riljfwg AV (F) — 1 4 2 Rl;AdVQ(Qu[Ml])’ Ril;’;Q,Adv‘i(F,Bl) 142 Rl,AdvfI(Qu[Bl])

These results follows immediately from Theorem
and Lemma [[] Note that it is important to as- Algorithm 2: Boosted Query oracle for
sume that every function in F' may be extended to Monotone up-concave functions over con-
a non-negative up-concave function over [0, 1]% for vex sets containing the origin — BQMO
LemmalI]to be applied. Input : First order query oracle, point x
Corollary 1. The results of [20], [8] and [I3] on Sample z € [0, 1] according to Equation
monotone continuous DR-submodular maximiza- Return the output of the query oracle at z * x
tion over general convex sets may be thought of as

special cases of Theorem[2lwhen A is the online gradient ascent algorithm.

4.2 Monotone up-concave optimization over convex sets containing the origin

The following lemma is proven for differentiable DR-submodular functions in Theorem 2 and
Proposition 1 of [46]. The proof works for general up-concave functions as well. We include a
proof in Appendix [E] for completeness.



Lemma 2. Ler f : [0, ]d — R be a non-negative monotone y-weakly up-concave differentiable
function and let F : [0,1]% — R be the function defined by

L=
Fix) = | Fm ) — SO,

1—e)z
Then F is differentiable and, if the random variable Z € [0, 1] is defined by the law
Z yeY(u—1)

T ™ @

Ve 0,1, P(Z<z)= /

0

then we have E [Vf(Zxx)] = VF(x). Moreover, we have (1 — e 7)f(y) — f(x) <
e VR (x),y - X).

Theorem 3. Let K C [0,1]¢ be a convex set containing the origin, let v € (0,1] and let A be

algorithm for online optimization with semi-bandit feedback. Also let F be a function class over

K where every f € F is the restriction of a monotone ~y-weakly up-concave function defined over

[0,1]¢ to the set K. Assume F is differentiable and M, -Lipschitz for some My > 0. Then, for any
By > M, we have

’ 1—e™
A
Rl—e—W,Adv’{(F,Bl) = v 731 Adv (Qo[B1])

where A’ = OMBQ(.A, BQMO, Id).

This result now follows immediately from Theorem [I]and Lemma 2]

Corollary 2. The result of [46l] in the online setting (when there is no delay) may be seen as an
application of Theorem[3|when A is chosen to be online gradient ascent.

4.3 Non-monotone up-concave optimization over general convex sets

The following lemma is proven for differentiable DR-submodular functions in Corollary 2, Theo-
rem 4 and Proposition 2 of [48]. The arguments works for general up-concave functions as well. We
include a proof in Appendix [F for completeness.

Lemma 3. Let f : [0,1]Y — R be a non-negative continuous up-concave differen-
fiable function and let x € K. Define F : [0,1]% — R as the function F(x) =

fo 3Z(1_ EP (f (2% (x—x)+x)— f(g)) dz. Then F is differentiable and, if the random vari-
able Z € [0,1] is defined by the law

# 1
Vz € [0,1], P(Z<z) :/0 30 du, 3)

— %)3

then we have E {Vf (% *(x —x) + x)] = VF(x). Moreover, we have

llj;f“wm—f(";") < SIVF 0y )

Theorem 4. Let K C [0,1]¢ be a convex set, u € K, h := ||Jul|oc and A be algorithm for online
optimization with semi-bandit feedback. Also let F be a function class over IC where every f € F is
the restriction of an up-concave function defined over [0, 1] to the set K. Assume F is differentiable

and My -Lipschitz for some My > 0. Then, for any By > My and A’ = OMBQ(A, BQN, x xtgé),

we have R’f‘%h’ Adv(F,By) = 37314 Adv. (Qo[B1])’ Algorithm 3: Boosted Query oracle

for Non-monotone up-concave func-
These results now follows immediately from Theo- tions over general convex sets — BN
rem[Iland Lemma[3l Input : First order query oracle, point x
Corollary 3. The result of [48] in the online setting Sample z & [0, 1] according to Equation3]
without delay may be seen as an application of Theo- R‘z’mm the output of the query oracle at
rem@when A is chosen to be online gradient ascent. r(x—x)+x




5 Meta algorithms for other feedback cases

In this section, we study several meta-algorithms that allow us to convert between different feedback
types and also convert results from the online setting to the offline setting.

First order/semi-bandit to zeroth order/bandit feedback: In this section we discuss meta-
algorithms that convert algorithms designed for first order feedback into algorithms that can handle
zeroth order feedback. These algorithms and results are generalization of similar results in [34]] to
the case where o < 1.

We choose a point ¢ € relint(K) and a real number 7 > 0 such that aff (K<) N B%(c) C K. Then, for
any shrinking parameter 0 < ¢ < r, we define K5 := (1 — g)IC + gc. For a function f : K — R
defined on a convex set K C R?, its §-smoothed version ﬁ; : 165 — R is given as

f5(x) = Ezwaﬂ(lC)ﬂBg(x) [f(z)] = EVNLOme(o) [f(x+dv)],
where Ly = aff (K) — x, for any x € K, is the linear space that is a translation of the affine hull of X
and v is sampled uniformly at random from the k& = dim(Lg)-dimensional ball £, N B¢(0). Thus,
the function value f5(x) is obtained by “averaging” f over a sliced ball of radius ¢ around x. For

a function class F over K, we use F5 to denote { fs | f € F}. We will drop the subscript ¢ when
there is no ambiguity (See Appendix |G|for the description of the algorithms and the proof.).

Theorem 5. Let F be an M, -Lipschitz function class over a convex set IKC and choose ¢ and r as
described above and let § < r. LetU C K™ be a compact set and let U = (1- g)u + gc. Assume
A is an algorithm for online optimization with first order feedback. Then, if A’ = FOTZ0(.A) where
FOTZO is described by AlgorithmE]and 0 < a<1, wehave

’ ~

2D
A A
Ra,Adv‘(’)(F,Bo)(u) < Ra,Adv‘i(f‘,%Bo)(u) + (3 + T) 5M1T

On the other hand, if we assume that A is semi-bandit, then the same regret bounds hold with
A’ = STB(A), where STB is described by Algorithm|6]

Theorem 6. Under the assumptions of Theorem [3] if A’ = FOTZ0-2P(A) where FOTZ0-2P is de-
scribed by Algorithm[/land 0 < o < 1, we have

/ - 2D
A A
7?’a,AdV%(F) (u) < Ra,Adv’i(F,le)(u) + (3 + ’I") OM;T.

Full information to trivial query: In this section, we discuss a meta-algorithm that converts algo-
rithms that require full-information feedback into algorithms that have a trivial query oracle. In par-
ticular, it converts algorithms that require first-order full-information feedback into semi-bandit al-
gorithms and algorithms that require zeroth-order full-information feedback into bandit algorithms.

Here we assume that A%”Y does not depend on the observations in the current round. If the number
of queries k; is not constant for each time-step, we simply assume that A queries extra points and
then discards them, so that we obtain an algorithm that queries exactly K points at each time-step,
where K does not depend on ¢. We say a function class F is closed under convex combination if for
any f1,---, fr € Fandany 6y,--- ,0, > Owith ), 0; = 1, wehave ) . d;f; € F.

Theorem 7. Let A be an online optimization algorithm with full-information feedback and with K
queries at each time-step where A" does not depend on the observations in the current round
and A" = SFTT(A). Then, for any M,-Lipschitz function class F that is closed under convex
combination and any By > M1, 0 < o < land1 < a < b <T,letd = [(a—1)/L] +1,
b = [b/L], D = diam(K) and let {T'} and {T/L} denote the horizon of the adversary. Then, we
have

Rf,Advg(F,Bl){T} (’C*T)[aa b < MiDK(V' —a' +1) + LRﬁ,Adv” (F,Bl){T/L}(’CZ/L)[a/a vl

This result (proof in Appendix [H) is based on the idea of random permutations used in [45] 47, 33].

Online to Offline: An offline optimization problem can be though of as an instance of online op-
timization where the adversary picks the same function and query oracle at each round. Moreover,
instead of regret, the performance of the algorithm is measured by sample complexity, i.e., the mini-
mum number of queries required so that the expected error from the ci-approximation of the optimal
value is less than e.



Conversions of online algorithms to offline are n - - -
referred to online-to-batch techniques and are Algorithm 4: Stochastic Full-information To

well-known in the literature (See [38]). A sim- Trivial query - SFTT(A) : :
ple approach iS to Slmply run the Online algo_ Input : base algorlthm A, horizon T, block size

rithm and if the actions chosen by the algo- L>K.

rithm are X1, -+ ,xp, return x, for 1 < ¢ < T for ¢ = }’2""’T/,Ld° sction

with probability 1/7". We use OTB to denote the Let %, .bithe action chosen by A
meta-algorithm that uses this approach to con- Let (y4)i=1 be the queries selected by A

Let (tg,1,-..,tq,r) be a random permutation
of {(q— 1)L+1,...,qL}
fort=(¢—1)L+1,...,qLdo

vert online algorithms to offline algorithms. The
following theorem is a corollary which we in-

clude for completion. (See Appendix [I| for the ift=t,, forsomel<i<K then

=tg <i<
proof.) Play the action x; =y
Theorem 8. Let A be an online algorithm that Return the observation to the query
queries no more than K = T? times per time- oracle as the response to the i-th
step that obtains an «-regret bound of O(T™) query
over an oblivious adversary Adv. Then the else ) .
sample complexity of 0TB(A) over {(f, Qy) | e‘nd Play the action x: = X,

. 140
((fa Qf)a 7(f7 Qf)) EAdV} s 0(6 17”)‘ end
end

6 Applications

Figure [6| captures the applications that are mentioned in Tables[I] [2Jand 3] The exact statements are
stated in Corollaries [7] and [§] in the Appendix. To obtain a result from the graph, let A be one of
S0-0GA or IA and select a directed path that has the following properties: (i) The path starts at one
of the three nodes on the left. (ii) The path must be at least of length 1 and the edges must be the
same color. (iii) If A is IA, the path should not contain SFTT or OTB.

For example, if A = S0-0GA and the path Figure 1: Summary of applications
starts at the middle node on the left, then A, Trivial, Id ]
passes through 0MBQ, FOTZ0, SFTT, we
get  SFTT(FOTZO(OMBQ(S0-0GA, BQMO, Id))), . _rorzor_|]
which is a projection-free algorithm (using |asonxo xz| o[ om0 | [ serr
separation oracles) with bandit feedback for
monotone up-concave functions over convex sets that contain the origin. As mentioned in Table 3]
and Corollary [7}(c), the adaptive regret of this algorithm is of order O(T*/%). Note that the text
written in the three nodes on the left correspond to the inputs of the meta-algorithm OMBQ. Also
note that the color red corresponds to the setting where G is a trivial query algorithm which means
that the output of OMBQ is semi-bandit.

OTB

A, BQM,,1d OMBQ

I

J

7 Conclusions

In this work, we have presented a comprehensive framework for addressing optimization problems
involving upper-quadratizable functions, encompassing both concave and DR-submodular functions
across various settings and feedback types. Our contributions include the formulation of upper-
quadratizable functions as a generalized class, the development of meta-algorithms for algorithmic
conversions, and the derivation of new algorithms with improved static/ dynamic/ adaptive regret
guarantees. Exploring more subset of classes of upper-quadratizable functions where such a frame-
work could be applied is an important future direction.
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A Related works

DR-submodular maximization Two of the main methods for continuous DR-submodular maxi-
mization are Frank-Wolfe type methods and Boosting based methods. This division is based on how
the approximation coefficient appears in the proof.

In Frank-Wolfe type algorithms, the approximation coefficient appears by specific choices of the
Frank-Wolfe update rules. (See Lemma 8 in [35]) The specific choices of the update rules for
different settings have been proposed in [3} 12,132,137, [10]. The momentum technique of [31] has been
used to convert algorithms designed for deterministic feedback to stochastic feedback setting. [[19]]
proposed a Frank-Wolfe variant with access to a stochastic gradient oracle with known distribution.
Frank-Wolfe type algorithms been adapted to the online setting using Meta-Frank-Wolfe [8 9] or
using Blackwell approachablity [33]]. Later [45] used a Meta-Frank-Wolfe with random permutation
technique to obtain full-information results that only require a single query per function and also
bandit results. This was extended to another settings by [47] and generalized to many different
settings with improved regret bounds by [35]].

Another approach, referred to as boosting, is to construct an alternative function such that maxi-
mization of this function results in approximate maximization of the original function. Given this
definition, we may consider the result of [20} |8, [13] as the first boosting based results. However,
in these cases (i.e., the case of monotone DR-submodular functions over general convex sets), the
alternative function is identical to the original function. The term boosting in this context was first
used in [46] for monotone functions over convex sets containing the origin, based on ideas presented
in [14)130]. This idea was used later in [39, 27]] in bandit and projection-free full-information set-
tings. Finally, in [48] a boosting based method was introduced for non-monotone functions over
general convex sets.

Up-concave maximization Not all continuous DR-submodular functions are concave and not
all concave functions are continuous DR-submodular. [30] considers functions that are the sum
of a concave and a continuous DR-submodular function. It is well-known that continuous DR-
submodular functions are concave along positive directions [} 3]]. Based on this idea, [41] defined
an up-concave function as a function that is concave along positive directions. Up-concave max-
imization has been considered in the offline setting before, e.g. [25], but not in online setting. In
this work, we focus on up-concave maximization which is a generalization of DR-submodular max-
1mization.

Projection-free optimization In the past decade, numerous projection-free online convex opti-
mization algorithms have emerged to tackle the computational limitations of their projection-based
counterparts [21} [7, 42} 9, 22} [16} |29, [17]. In the context of DR-submodular maximization, the
Frank-Wolfe type methods discussed above are projection-free.

Non-stationary regret Dynamic regret was first analyzed in [51] for first order determinis-
tic feedback. Later [43] obtained the lower bound and optimal algorithm in this setting. This
was later expanded to bandit setting in [49]. Adaptive regret was first analyzed in [23|] and
the first optimal algorithm for projection-free adaptive regret was proposed in [17]. We refer to
(23 11} 111} 144 143,150, 1491 28], 140, [17]] and references therein for more details.

Optimization by quadratization The framework discussed here for analyzing online algorithms
is based on the convex optimization framework introduced in [34]. We extend the framework to
allows us to work with a-regret. Moreover, [34] also demonstrates that algorithms that are designed
for quadratic/linear optimization with fully adaptive adversary obtain a similar regret in the con-
vex setting. In this paper we introduce the notion of quadratizable functions generalizes this idea
beyond convex functions to all quadratizable functions. (see Theorem [I) This allows us to inte-
grate the boosting method with our framework to obtain various meta-algorithms for continuous
DR-submodular maximization.

B Problem Setup in Detail

In this section, we further expand on the description in Section 2]
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A function class is a set of real-valued functions. Given a set D, a function class over D is a
subset of all real-valued functions on D. A set K C R? is called a convex set if for all x,y € K
and a € [0,1], we have ax + (1 — a)y € K. For any u € KT, we define the path length

T 1
Pr(u) =37 lwi — ]|

A real-valued differentiable function f is called concave if f(y) — f(x) < f'(z)(y — ), for all
x,y € Dom(f). More generally, given x > 0 and 0 < v < 1, we say a real-valued differentiable
function is p-strongly ~v-weakly concave if

1) - 1) < 2 (4 =) - Gl —aP)

for all z,y € Dom(f).

We say a differentiable function f : L — R is p-strongly y-weakly up-concave if it is p-strongly
~v-weakly concave along positive directions. Specifically if, for all x <y in K, we have

3 (95003 =30+ By = xI) < 500 - 109 < 2 (9760y =20 - By - xI?).

This notion could be generalized in the following manner. We say v f: K = R%is a p-strongly
~v-weakly up-super-gradient of f if for all x <y in I, we have

= % 1 (e %

3 (95003 =20+ By = xI?) < 50 - 109 < 2 (9760.y -0 - By - xI?).
Then we say f is p-strongly -weakly up-concave if it is continuous and it has a p-strongly y-weakly
up-super-gradient. When it is clear from the context, we simply refer to V f as an up-super-gradient
for f. When « = 1 and the above inequality holds for all x,y € I, we say f is p-strongly concave.

A differentiable function f : I — R is called continuous DR-submodular if for all x <y, we
have Vf(x) > Vf(y). More generally, we say f is v-weakly continuous DR-submodular if for
all x <y, we have Vf(x) > vV f(y). It follows that any y-weakly continuous DR-submodular
functions is y-weakly up-concave.

Given a continuous monotone function f : I — R, its curvature is defined as the smallest number

¢ € [0, 1] such that
fy+2)—fly) =2 1 -o)(f(x+2) - f(x),

forallx,y € Kandz > Osuchthatx+z,y +z € K. E]We define the curvature of a function class
F as the supremum of the curvature of functions in F'.

Online optimization problems can be formalized as a repeated game between an agent and an adver-
sary. The game lasts for 7" rounds on a convex domain /C where 7" and /C are known to both players.
In ¢-th round, the agent chooses an action x; from an action set X C R9, then the adversary chooses
a loss function f; € F and a query oracle for the function f;. Then, for 1 < ¢ < k;, the agent
chooses a points y; ; and receives the output of the query oracle. Here k; denotes the total number
of queries made by the agent at time-step ¢, which may or may not be known in advance.

To be more precise, an agent consists of a tuple (Q4, A%t Aduery)  where Q4 is a probability
space that captures all the randomness of A. We assume that, before the first action, the agent
samples w € . The next element in the tuple, AU = (Aaction ... - giction) jg 3 sequence of
functions such that A; that maps the history Q4 x K1 x H;;ll(lC x O)k: to x; € K where we
use O to denote range of the query oracle. The last element in the tuple, A%, is the query policy.
Foreach1 <t < Tand1 < i < ky, A" 04 x Kt x H’;ll(IC x O)ks x (K x O)i~Llisa
function that, given previous actions and observations, either selects a point y: € K, i.e., query, or
signals that the query policy at this time-step is terminated. We may drop w as one of the inputs
of the above functions when there is no ambiguity. We say the agent query function is frivial if

“In the literature, the curvature is often defined for differentiable functions. When f is differentiable, we

have [V£(y)]
— 1 Y)li
e=l- e VoL
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ki =1andy,; = x; forall1 <¢ < T. In this case, we simplify the notation and use the notation

A = A%ton — (A;,.--  Ar) to denote the agent action functions and assume that the domain of
Apis Q4 x (K x 0)t 1L

A query oracle is a function that provides the observation to the agent. Formally, a query oracle for a
function f is a map Q defined on /C such that for each x € I, the Q(x) is a random variable taking
value in the observation space O. The query oracle is called a stochastic value oracle or stochastic
zeroth order oracle if O = R and f(x) = E[Q(x)]. Similarly, it is called a stochastic up-super-
gradient oracle or stochastic first order oracle if O = R? and E[Q(x)] is a up-super-gradient of f
at x. In all cases, if the random variable takes a single value with probability one, we refer to it as
a deterministic oracle. Note that, given a function, there is at most a single deterministic gradient
oracle, but there may be many deterministic up-super-gradient oracles. We will use V to denote the
deterministic gradient oracle. We say an oracle is bounded by B if its output is always within the
Euclidean ball of radius B centered at the origin. We say the agent takes semi-bandit feedback it
the oracle is first-order and the agent query function is trivial. Similarly, it takes bandit feedback
if the oracle is zeroth-order and the agent query function is trivial. E] If the agent query function is
non-trivial, then we say the agent requires full-information feedback.

An adversary Adv is a set such that each element 5 € Adv, referred to as a realized adversary,
is a sequence (B, -+, Br) of functions where each B; maps a tuple (x1,--- ,%;) € K! to a tuple
(ft, Q) where f; € F and Q, is a query oracle for f;. We say an adversary Adv is oblivious if
for any realization B = (By,--- ,Br), all functions B; are constant, i.e., they are independent of
(x1,-+-,%¢). In this case, a realized adversary may be simply represented by a sequence of func-
tions (f1,--- , fr) € FT and a sequence of query oracles (Qy, - - - , Qr) for these functions. We say
an adversary is a weakly adaptive adversary if each function B; described above does not depend on
x; and therefore may be represented as a map defined on ! . In this work we also consider adver-
saries that are fully adaptive, i.e., adversaries with no restriction. Clearly any oblivious adversary is
a weakly adaptive adversary and any weakly adaptive adversary is a fully adaptive adversary. Given
a function class F and i € {0, 1}, we use Adv'(F) to denote the set of all possible realized adver-
saries with deterministic ¢-th order oracles. If the oracle is instead stochastic and bounded by B, we
use Adv!(F, B) to denote such an adversary. Finally, we use Adv®(F) and Adv?(F, B) to denote
all oblivious realized adversaries with ¢-th order deterministic and stochastic oracles, respectively.

In order to handle different notions of regret with the same approach, for an agent A, adversary Adv,
compact setU C KT, approximation coefficient 0 < a < land 1 < a < b < T, we define regret as

b b
Ré,Adv(u)[avb} = sup E |« max th(ut)_th(Xt) )

BeAdv u=(uy,,ur)€U =

where the expectation in the definition of the regret is over the randomness of the algorithm and
the query oracle. We use the notation R;;‘VB(L{)[a, b = R;;" Ady(U)[a,b] when Adv = {B} is a
singleton. We may drop a when it is equal to 1. When o < 1, we often assume that the functions
are non-negative.

Static adversarial regret or simply adversarial regret correspondstoa = 1,b =T and U = KT :=
{(x,---,x) | x € K}. Whena = 1, b =T and U contains only a single element then it is referred
to as the dynamic regret [51| 43]]. Adaptive regret, is defined as maxj<q,<p<7 Rf’AdV(IC*T)[a, b]
[23]. We drop a, b and U4 when the statement is independent of their value or their value is clear
from the context.

C Proof of Theorem

The proof is similar to the proof of Theorems 2 and 5 in [34].

Proof.

Deterministic oracle:

5This is a slight generalization of the common use of the term bandit feedback. Usually, bandit feedback
refers to the case where the oracle is a deterministic zeroth-order oracle and the agent query function is trivial.
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We first consider the case where G is a deterministic query oracle for g. Let o; = g(f:, x;) denote

the output of G at time-step ¢. For any realization B = (By,---,By) € Adv)(F), we define
Bi(x1,- -, %) to be the tuple (¢, V) where

7
Bg(xla T aXt) =gt =y = <Ot7y - Xt> - §||y - Xt||27

and B’ = (B}, -+, B}). Note that each B; is a deterministic function of x1, - - - , x; and therefore

B e Adv§ (F,,q)- Since the algorithm uses semi-bandit feedback, the sequence of random vectors

(x1,-+-,x7) chosen by A is identical between the game with B and 5’. Therefore, according to

definition of quadratizable functions, for any y € K, we have

B (0(y) — ) = 8 {00y =) = By = x.1?) = afly) — lhx)

Therefore, we have

b b b b
max Oéz fe(ug) — Z fe(h(x¢)) | < B%lg&( Z(h(ut) - Z%(Xt) ) “4)
t=a t=a t=a t=a
Hence
a ,Advf (F) = sup Rﬁlli’
et BEAV,(F)

b b
sup E |max | « fe(uy) — fe(h(x¢))
BeAdvi (F) | ueu ; ;

b b
< swp E|fmax (D a(u) =Y an(xi)
t=a t=a

BeAdv! (F)

A A
<p sup Rip = 5R1,Adv§(F

B'eAdvi(F, ) o)

Stochastic oracle:
Next we consider the case where G is a stochastic query oracle for g.

Let Q2 = QF x - . x Q2 capture all sources of randomness in the query oracles of Adv{(F, B;),
i.e., for any choice of § € Q<, the query oracle is deterministic. Hence for any # € Q< and
realized adversary B € Adv{(F, B;), we may consider By as an object similar to an adversary
with a deterministic oracle. However, note that By does not satisfy the unbiasedness condition of
the oracle, i.e., the returned value of the oracle is not necessarily the gradient of the function at
that point. Recall that B; maps a tuple (x1,- - ,X;) to a tuple of f; and a stochastic query oracle
for f;. We will use Eqo to denote the expectation with respect to the randomness of query oracle
and EQ? [[] :== Eqel|fi, %] to denote the expectation conditioned the action of the agent and the

adversary. Similarly, let Eg.a denote the expectation with respect to the randomness of the agent.
Let o; be the random variable denoting the output of G at time-step ¢ and let

o; :=Elo | fi,x¢] = EQ?[Ot] = g(fe,x¢).

Similar to the deterministic case, for any realization B = (f1,--- , fr) € Adv°®(F) and any § € Q<,
we define Bp ,(x1,- -+ ,x;) to be the pair (¢;, V) where

I
g =y = (04, y — X¢) — §||Y*Xt”2~

We also define B), := (B} ,,--- , B, r). Note that a specific choice of 6 is necessary to make sure
that the function returned by 3; , is a deterministic function of x4, - - - , x; and not a random variable

and therefore 53 belongs to Adv' (Q,.[B1]).
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Since the algorithm uses (semi-)bandit feedback, given a specific value of 6, the sequence of random
vectors (X1, -+ ,Xr) chosen by A is identical between the game with B, and B{g. Therefore, for
any u; € K, we have

afi(uy) — fi(h(x:)) < B <<at, w - x,) — ﬁnut = xt||2>
—8

B (E O, Uy — Xy) — g“ut —x|? | ft’XtD

=B (E qr(ug) — qr(x¢) | ft,XtD

o | forxa] e = x¢) = Sl — x|

where the first inequality follows from the fact that f; is up-quadratizable and 6, = g(f, x¢).
Therefore we have

b

b b
E o) filw) =D filh(xe)| <BE | D E [g:(w) — gi(x0)| fo, %]

t=a

b
BE | > ar(ur) — qe(x1)

Since B is oblivious, the sequence (f1, -+ , fr) is not affected by the randomness of query oracles
or the agent. Therefore we have

b b
R 5 =E Oérl?eazf{(;ft(ut) - ;ft(h(xt))

b b

= rl?g/){(E Oé;ft(ut) - ;ft(h(xt))
b b

< ﬁrgllea&(]E ;Qt(ut) - ;Qt(xt)

b b
< BE |max ;%(ut) - ;%(Xt) = BE {Rﬁsg} )

where the second inequality follows from Jensen’s inequality. Hence we have

A A A
Ra,Advg(F,Bl) = Sup Ra,B < sSup BRLB(’;
BEAVS (F,B;) BEAVS (F,B;),0€Q2
A A
< sup BRI p = 5R1’AdV§(Q“[BI]) O

B/€Adv, (Qu[B1])

D Proof of Lemmal[l]

Proof. Wehave x Vy + x Ay = x +y. Therefore, following the definition of curvature, we have

fxVyY) = f(y) =21 -o(f(x) - f(xAy)).
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Since f is non-negative, this implies that
(FxVy) - F() + $<f<x AY) - F(x))
— (f(y) - (0) + (F(xVy) - F(3) + %(f(x AY) — F(x)

> (£(3) = S(0)+ (1 = e = =)(f6) = fx 1Y) )
= J(3) = (e )06+ (1 e+ ) f(xA)
> £3) = e+ ) )
On the other hand, according to the definition, we have
Focvy) = ) < = (9760 x vy =) = vy - xl*)

= I
76 = 1y 20 (T x = xy) + = x v,
Therefore, using Inequalityand the fact that f(x Ay) > 0, we see that

fly) - - 60 < (fx v y) = £0) +72

(f(xAy) = f(x)

IN

}y((@f(x)x\/y—x) —g||x\/y—x||2—&—(@f(x),x/\y—x}

M 2
—Sx—xA
Clx—x Ayl )

(@160xvy +xny =20 - Slxvy —xiP - Sl - xy1?)

LR= 2=

= K
(7603 =30 = Gl =1
where weusedx Vy +x Ay =x+y and

vy —xP+lx—xAylP= 3 i-e)?+ Y (@)
[yli>[z]s [yli<[z]:

= (@i—v)*=lx—yl?

in the last equality. The claim now follows from multiply both sides by % O

E Proof of Lemma

Proof. Clearly we have F(0) = 0. For any x # O, the integrand in the definition of F is a
continuous non-negative function of z that is bounded by

e (z=1)
(1—e7)z

e (z=1)

(f(z*x)—f(o))gm

Myllz# x| < = Mllx]|.

Therefore F is well-defined on [0, 1]¢. Moreover, we haveﬁ

(== 1(z=1)
/0 (’1676 W)Vf Z*X dz—V/ ?ie ) (f(z*x) — f(0))dz = VF(x).

SNote that we do not require the gradient V f to be defined everywhere for this equality to hold. It is
sufficient for V f to exist at Lebesgue almost every point on every line segment. This is satisfied when the
1-dimensional Hausdorff measure of the set {x € [0, 1]% | Vf is undefined} is zero.
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It follows that F" is differentiable everywhere and E [V f(Z = x)] = VF(x). To prove the last
claim, first we note that

—e Y 1
! (VF(x),x) = </0 V(2 *x)dz,x>

v

1
:/ V(2 % x),x)dz
0
1
:/ YV Af (2 % x)
0

1
= i - [ feex)

de¥(z—1)

dz *

= f(x) — f(0) — /0 e Y £z x)dz.

On the other hand, using monotonicity and up-concavity of f, we have

e X = 167(271) 2% X z
e >,y>—/0 (VF(z ), y)d

2/0 V(2 %x),y V(2 %X) — 2% X)dz
1

> / 7D (Fy V (2 %)) — f(z %)) dz

> / 1D (f(y) = f(z ¥ %)) dz

=1 —eM)fly) - (/0 v D f (2 % X)d2> ,

where we used fol e"*=Dydz = 1 — e~ 7 in the last equality. Therefore

TRy — %) 2 (1= )~ )+ 1(0) = (1= ) f ) ~ ). O

F Proof of Lemma

We start by extending a useful lemma from the literature. Versions of the following lemma for DR-
submodular functions appeared in [2} 16, 132] and it was later extended to y-weakly DR-submodular
functions in [36]. Here we further extend it to y-weakly up-concave functions. The proof is similar,
but we include it for completeness.

Lemma 4. For any two vectors X,y € [0,1]% and any continuously differentiable non-negative
v-weakly up-concave function f we have

FxVy) > (1 —7[x[e)f(y)

Proof of Lemmal| If |x|| ., = 0, then x is the zero vector, and the lemma is trivially true. On the
other hand, if x V y =y, the lemma follows from non-negativity of f. Thus, we may assume that
z:=xVy—y > 0and|x]|_ > 0. We have

foxvy) - iy = [ e

1
; = dt:/o (2, Vf(y +t-2z))dt

r=t

1/]1%]l oo
= (1]l - / (@, VI(y + [¥oo - ¢ - 2))dt
0

1/11% oo
> (1o - / (@AY iy + - 2))dt, ©)
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where (6) holds by changing the integration variable to ¢ = t/||x||c, and the inequality follows
from y-weakly up-concavity of f, in particular because f is y-weakly concave along the line seg-
ment [y,y + t'.z] C [0,1]%. To see that the last inclusion holds, note that, for every 1 < i < d, if
xX; S Yis then Y + t- Zi = Yi S 1, and if xT; Z Yis then

2 Ti— s T
yi+t/'2i§yi+ i — oy + i — Yi i
[/l

Next we see that

1/11%]l oo 1/1%l oo
/0 (@AY (y + - 2))dt’ =~ / (2, Vi(y + 1 - ))dt

Vlxlle g ,
:7/ fly+r-z)|
0

r=t’

dr

=~ (y+ ”X”OO) —vf(y) = —f(y),

where the inequality follows from non-negativity of f. The lemma now follows by plugging this
inequality into Inequality (6) and rearranging the terms.

Proof of Lemma[3] Clearly we have F'(x) = 0. For any x # x, the integrand in the definition of F’
is a continuous function of z that is bounded by

ﬁ (f (;*(X—X)-i-X) —f(X)> < 32(123)3M1||;*(x—x)| < §M1||x—§||.

Therefore F is well-defined on [0, 1]¢. Moreover, we have
[ st (e ox)as=v [ ot (5 (Getxmx) s 4
— —*(x—x)+x = — —x(x—x)+x) - flx
o 3(1—2)p3 7 \2 A o 32(1—2)3 2 T o
= VF(x)

It follows that F is differentiable everywhere and E {V f (% * (x —x) + x>:| = VF(x).

To prove the last claim, let x, := 5 * (x — x) + x and w(z) = =y5. We have
2

1
8(1-

2R3 = [ ol VI V)i
= [ ) (F1060y 5 A3 V7D % Ay~ %2) + (T F ). 5.0
= [ (0% vy =% Tk 5 Ay = %0) + (V7))
> [l (e V3) = )+ (T A ¥) = Tc) + (7 50x2) 1)

> / (=) (6 Vy) — 20(x.) + (V(x2), ) d.
0

"Similar to Lemma we do not require the gradient V f to be defined everywhere for this equality to hold.
It is sufficient for V f to exist at Lebesgue almost every CPoint on every line segment. This is satisfied when the
1-dimensional Hausdorff measure of the set {x € [0, 1]* | V f is undefined} is zero.
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Using Lemmafd] we have

fxVy) 2 (1= [1%:l00) £ ()

> (1 - ((1 - 5) sl + ;'nxnoo)) (v

> (1 - ((1 = 5) sl + 2)) (v
—(1-3) 012 )

SVFeoy > [ w<z><(1—;) (1—|x||oo)f<y>—2f<xz>+<w<xz>,xz>> de. (1)

Therefore

Next we bound (V F'(x), x). We have

3 1 1
g<VF(X)7x):/O w(z)(Vf(x),x—xz)dz—i—/O w(zNV f(x),x,)dz

For the first term, we have

/O1 w(z)(Vf(x),x = x.)dz = /01 w(z) <Vf(x), <1 - ;) (x — X)> dz

= [ 2 (vie. 55 % )i

- / (2 - 2)w(2)df (x.)

= (2= el el = [ (2= () — ().
1 L |
= o) = 3509 | g Sl

which implies that

3 1
VR, %) = Fx) — ) - / e g)df(xz)der / W) (V1 66), )

< fix) — / dz+/01w ®)

Combining Equations[7]and 8] we have

SVFe0.y =% > [ ) ((1 = 3) (= Isl) 700 — 25+ <Vf<xz>,xz>> d

1 1
fxa) + / 2u0(2) f () dz — / ()Y F(x), x5)dz

_ %ﬂy) /01 4 (1 - Z) w(z)dz — f(x1)
_ 1 xlle

g -1 (55%). 0
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G Proof of Theorem 5

The algorithms are special cases of Algorithms 2 and 3 in [34] where the shrinking parameter and
the smoothing parameter are equal. We include a description of the algorithms for completion.

Algorithm 5: First order to zeroth order - FOTZ0(.A)

Input : Shrunk domain Ks, Linear space Lo, smoothing parameter 6 < r, horizon 7', algorithm A

Pass K5 as the domain to A

k < dim(Lo)

fort=1,2,...,Tdo

x: < the action chosen by A

Play x;

Let f; be the function chosen by the adversary

for i starting from 1, while A"” is not terminated for this time-step do
Sample v¢; € S' N Lo uniformly
Let y:,; be the query chosen by .49*”
Query the oracle at the point y; ; + dv¢ ; to get o
Pass %otvt as the oracle output to A

end

end

Algorithm 6: Semi-bandit to bandit - STB(.A)

Input : Shrunk domain Ié(s, Linear space Lo, smoothing parameter § < r, horizon 7', algorithm A
Pass K as the domain to A
k <~ dim(ﬂo)
fort=1,2,...,7T do
Sample v; € S' N Lo uniformly
x¢ < the action chosen by A
Play x: + 0v¢
Let f; be the function chosen by the adversary
Let o; be the output of the value oracle
Pass gotvt as the oracle output to .A
end

Algorithm 7: First order to zeroth order with Two Point gradient estimator - FOTZ0-2P(.A)

Input : Shrunk domain IC(;, Linear space Lo, smoothing parameter § < r, horizon 7', algorithm A
Pass I@g as the domain to A
k < dim(Lo)
fort =1,2,...,7Tdo
x¢ < the action chosen by A
Play x;
Let f; be the function chosen by the adversary
for i starting from 1, while A"“” is not terminated for this time-step do
Sample v, ; € S' N Lo uniformly
Let y: ; be the query chosen by A%
Query the deterministic oracle at the points y;,; + dv¢; and y¢ ; + 0vy;
Pass 2= (fi(ye,i + 6vei) — fe(yei — 6vei)) ve as the oracle output to A
end

end

The proof of Theorems [5] and [6] are similar to the proof of Theorems 6, 7 and 8 in [34]. The only
difference being that we prove the result for a-regret instead of regret. We include a proof for
completion.

Proof of Theorem
Regret bound for STB:
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Note that any realized adversary B € Adv{(F, By) may be represented as a sequence of func-
tions (f1,---, fr) and a corresponding sequence of query oracles (Qy,- -, Qr). For such real-

ized adversary B, we define B to be the realized adversary corresponding to ( fl, Sy fT) with the
stochastic gradient oracles

Qt(x) = th(x +6v)v, )

where v is a random vector, taking its values uniformly from S* N £y = S* N (aff(K) — z), for
any z € K and k = dim(Lg). Since Q; is a stochastic value oracle for f;, according to Remark 4

in [37], O:(x) is an unbiased estimator of V f;(x). | Hence we have B € Adv?(F, %By). Using
Equation [9] and the definition of the Algorithm [6] we see that the responses of the queries are the
same between the game (A, B) and (A’, B). It follows that the sequence of actions (x1, - - - ,x7) in
(A, B) corresponds to the sequence of actions (x; + dvy, - - - , X7 + ovy) in (A, B).

Let u € argmax,, ¢, th):a fi(uy) and @ € argmax, Z?:a f+(us). We have

b b

- . ,
Ré,/B _Rﬁ,é =E ath(ut) —th(Xt +5Vt) —E ath(ﬁt) —th(xt)
t=a t=a

t=a t=a

[/ b b b
=E | [ D filx) = filxe+0ve) | +a [ Y filw) = > fil@) | |- (10)

According to Lemma 3 in [37]], we have | fy(x;) — f:(x:)| < 6Mj. By using Lipschitz property for
the pair (x;,x; + dvy), we see that

| fo(xe + 0v0) — fu(xe)] < | fe(xe + 0ve) — folxe)| + [ fe(xe) — folxe)| < 20Mi. (1)
On the other hand, we have

b

b
th(flt) = ma¥2ft(ﬁt)

t=a ael t=a
b
> —6MT + max »_ fy(1) (Lemma 3 in [37])
aell i
b 5 5 .
= —0MT +max y _ f, ((1 - ) u; + c> (Definition of /)
ueld —a T T

b
)
= —0M T + rl?ea%;ft (ut + ;(c — X))

b

20 M1 D . .
> _ _
> —0M|T + 1111135{{ tE:a (ft(ut) ) (Lipschitz)
2D b
= — <1 —+ r) 5M1T —+ E ft(ut)

t=a

Therefore, using Equation[I0] we see that

, 2D 2D
RE — Ry <26MT +a (1 + T) SM\T < (3 + T> SMT.

8When using a spherical estimator, it was shown in [13] that f is differentiable even when f is not. When
using a sliced spherical estimator as we do here, differentiability of f is not proved in [37]. However, their

proof is based on the proof for the spherical case and therefore the results carry forward to show that f is
differentiable.
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Therefore, we have
A _ A’
RAdvg (F,Bo) — sup Ry
BeAdvy(F,Bo)

2D
< sup Rg + (3 + ) oM T
BeAAvY(F,By) r

2D
< sup Rg + (3 + ) OMLT
BeAdvy(F,Bo) r

2D

A
< RAdv‘i(F,%Bo) + <3 + ’I") 5M1T

Regret bound for FOTZ0:

The proof of the bounds for this case is similar to the previous case. As before, we see that the
responses of the queries are the same between the game (A, B) and (A’, B). It follows from the

description of Algorithm |5|that the sequence of actions (x1,--- ,xr) in (A, B) corresponds to the
same sequence of actions in (A’, B).

Let u € argmax, o, Zf:a fi(uy) and @ € argmax, Zi’:a fi(u;). We have

b

o b b
Ri —RA=E|ad fitw) =Y filx)| —E|ad_ fili) = filx)

t=a

b b b b
=E | Do) =D fulx) |+ | D felw) =D filae) | |- (12)

To obtain the same bound as before, instead of Inequality we have
‘ft(Xt) - ft(xt)l < (SMl < 25M1

The rest of the proof follows verbatim. O

Proof of Theorem[f] Note that any realized adversary B € Adv((F) may be represented as a se-

quence of functions (f1,--- , fr). For such realized adversary B, we define B to be the realized
adversary corresponding to (f1,- - , fr) with the stochastic gradient oracles

A k

Qi(x) :== % (ft(x—l—év) —ft(x—év)) v, (13)

where v is a random vector, taking its values uniformly from S' N £y = S N (aff(K) — z), for any
z € K and k = dim(Ly). Since Q; is a stochastic value oracle for f;, according to Lemma 5 in [37]],

Q,(x) is an unbiased estimator of V f;(x). Moreover, we have
k k
I55 (el +0v) = filx = 0v)) V|| < S=Mil(x +6v) = (x = 6v)[| < kM.

Hence we have B € Adve (F, kMj). Using Equation |13|and the definition of the Algorithm |5, we
see that the responses of the queries are the same between the game (A, B) and (A’, B). It follows
that the sequence of actions (x1,- - ,x7) in (A, B) corresponds to the same sequence of actions in

(A, B).
Let u € argmax, ¢, Zi’:a fi(uy) and @ € argmax, Zi’:a fi(u;). We have

b

[ b b
RA —RA=E|a) fitw) =Y filx)| —E|ad_ fla) = filx)
t=a t=a t=a t=a

b b b b
=B | [ D filx) =Y filxe) |+ [ D filw) = fild) | | - (14)
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According to Lemma 3 in [37], we have | ft(xt) — ft(x¢)| < dMj. On the other hand, we have

Z maxz fe(ay)

i—a uGI/{
b
> —6MT + maxz fe(ta) (Lemma 3 in [37])
ael
1) ) .. -
= —0M\T + maxz ft 1——-)u+ —c (Definition of Uf)
ueld —a r r
’ 5
= —0M T + rgg%;ft (ut + ;(c — X))
b
20M1D
> M T + I]?ggl{; (ft(ut) - ! ) (Lipschitz)
2D b
=— <1 + 7‘) OMT + ;ft(ut)
Therefore, using Equation[T4] we see that
/ 2D 2D
RE —Rj <M T +a (1 + ) SMT < <2+ ) SMT
r r
Therefore, we have
Rﬁdv‘[’)(F) = sup Ré
BeAdvy(F)
2D
< sup R“g + (2 + ) OMLT
BeAdvy(F) r
2D
< sup R“g + <2 + ) oM\ T
BeAdVY(F) r
2
A
RAdV FkM1)+(2+T> OMLT. O

Corollary 4. Under the assumptions of Theorem if we have Ra Advg (F,By) = = O(BT") and
§ =TU=1/2 then we have

Rf,Advg(F,Bo) — O(BOT(1+77)/2).
Corollary 5. Under the assumptions of Theorem@ if we have § = T, then R;“/A v, (F) has the
same order of regret as that ofRﬁAdvg(F B1) with By replaced with kM.

H Proof of Theorem

Proof. Given a realized adversary B € AdvS(F, B){T}, we may define B = Adv$(F, B){T/L}
to be the realized adversary constructed by averaging each T'/L block of length L. Specifically, if

the functions chosen by B are fy,-- - , fr, the functions chosen by B are fq = % Zfi(qfl)LH ft
for1 < ¢ < T/L. Note that, for any x € K and (¢ — 1)L < ¢t < gL, we have E[f;(x)] = fq(x)
and if each f; is differentiable at x, then E[V f;(x)] = V f,(x). If the query oracles selected by B

are Qy,---, Qp, then for any 1 < ¢ < T/L we define the query oracle Q, as the algorithm that
first selects an integer (q — 1)L + 1 <t < gL with uniform probability and then returns the output

of Q;. It follows that Qq is a query oracle for fq It is clear from the description of Algorithm E
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that, when the adversary is B, the output returned to the base algorithm corresponds to B. We have
1<(@—-1)L+1<a<b<VL<T.Hence

b
RB(KD)a,b] = E amaxsz up) = > fulx)
t=a

upelkl

=E|L amax—th (up) ——th (x¢)

upek L

1 VL V'L
<E|L @ max - Z fe(ug) — = Z Je(x¢)

t=(a’—1)L+1 t=(a’—1)L+1

b’

b
=E Z Z (fe(%q) = fe(xt)) + L o max Z fq(uo) Z fa(Xy)

q a’ t=(q—1)L+1 q a’ a=a’
v’ v b’ R
<Y KMD+LE OélIllong Z fa(uo) Z fa(%q)
q=a’ =a
< -a +1)KM1D+LRA (K a v
Therefore
R&L‘,Advg(ms){T}(’Cf)[a, b = sup R 5(KT)a,b]
BeAdve(F,B){T}

<MDKV —d +1)+ L sup RA (KT e b

BeAdvS(F,B){T/L}

= MiDK (V' —a' +1) + LR pqvow gy oy (K ), 6], O

Remark 1. Note that in the above proof, we did not need to assume that the query oracles are
bounded. Specifically, what we require is that the set of query oracles to be closed under convex
combinations. This holds when all query oracles are bounded by B, but it also holds under many
other assumptions, e.g., if we assume all query oracles variances are bounded by some o2 > 0.

Corollary 6. Under the assumptions of Theoremﬁ if we have RéjA ave(F,B) (KT)[a,b] = O(BT™),
K=0(T" and L = Tlﬁ;n, then we have

RﬁlAdv”(F 5 (KD)a,0] =0 <BT(1+9)"’(17’W)+77> :

As a special case, when K = O(1), then we have

’

Ré,Adv{;(F,B)(’CI)[a, b =0 (BTﬁ) .

Proof. We have

RﬁAdv"(F B){T}(’C )a,b] < MiDE(V —a' +1) + LRa LAdve(F, B){T/L}(’CT/ )a’, ']
< M\DK(T/L)+ LR} LAdve(F, B){T/L}(ICT/L)[G ]
=O(KT/L)+ O(LB(T/L)")

_0 (BT(1+9)2(1:]77)+T/) . 0
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I Proof of Theorem

Proof. Since A requires T queries per time-step, it requires a total of 7' ¢ queries. The expected
error is bounded by the regret divided by time. Hence we have ¢ = O(T"~!) after ' queries.

Therefore, the total number of queries to keep the error bounded by € is O (e~ = ). O

J Projection-free adaptive regret

The SO-0GD algorithm in [[17] is a deterministic algorithm with semi-bandit feedback, designed for
online convex optimization with a deterministic gradient oracle. Here we assume that the separation
oracle is deterministic.

Here we use the notation ¢, r and I@(; described in Section

Algorithm 8: Online Gradient Ascent via a Separation Oracle - SO-0GA

Input : horizon T, constraint set C, step size 7

X1 c€ s
fort=1,2,...,7Tdo

Play x; and observe o; = V f;(x¢)

Xi11 = X¢ + N0y

Set x¢+1 = S0-IPx (X}, 1), the output of Algorithm@]with initial point X},
end

Note that here we use a maximization version of the algorithm, which we denote by S0-0GA. Here
P denotes projection into the convex set . The original version, which is designed for minimiza-
tion, uses the update rule x; ,; = x; — 770, in Algorithminstead.

Algorithm 9: Infeasible Projection via a Separation Oracle - SO-IPx (yo)

Input : Constraint set /C, shrinking parameter § < r, initial point yo

y1 < Pasx)(yo)

Y2+ c+ m /* y1 is projection of yo over B%(c)Naff(K) */

fori=1,2,... do

Call SOk with input y;

ify; ¢ K then
Set g; to be the hyperplane returned by SOx /¥ VxeK, (yi—x,8)>0 */
g; — Paff(lc)fc(gi)
Update yi+1 < yi — 5%

else

| Returny < y;
end

end

Lemma 5. Algorithmlgstops after at most (dist(yo, K5)2 — dist(y, K5)2) /6% + 1 iterations and
returns 'y € KC such thatVz € K5, we have ||y — z|| < |lyo — z||.

Proof. We first note that this algorithm is invariant under translations. Hence it is sufficient to prove
the result when ¢ = 0.

Let SO/ denote the following separation oracle. If y € K ory ¢ aff(K), then SO} returns the
same output as SOx. Otherwise, it returns P, (k) (g) where g € R? is the output of SOx. To prove
that this is indeed a separation oracle, we only need to consider the case where y € aff(K) \ K. We
know that g is a vector such that

vx ek, (y—x,g)>0.
Since P, (x) is an orthogonal projection, we have
<y - X7Paﬂ(K)(g)> = <PaH(K)(y - X)7g> = <y - X g> > 0.

for all x € K, which implies that SO/ is a separation oracle.
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Now we see that Algorithm[J]is an instance of Algorithm 6 in [17]] applied to the initial point y; usin
the separation oracle SO}.. Hence we may use Lemma 13 in [17] directly to see that Algorithm

stops after at most (dist(y, K5)? — dist(y, K5)?)/6% + 1 iterations and returns y € K such that

Vz € Ks, we have ||y — z| < ||y1 — z|| Since y; is the projection of y over aff(K), we see that
Algorithm 9] stops after at most

dist(y1, Ks)? — dist(y, K5)? . dist(yo, K5)? — dist(y, K5)*  llyo — yal?

5 5 2o
< dist(}’o,lé(s)is; dist(y, K5)2 +1
steps and
vz € Ks Caff(K), |y —z| < [ly1 — 2| < |yo -zl O

In the following, we use the notation

A .
AR@,Adv = 1<g1<ag<<TR&4,Adv(’Cf)[a7 b,

to denote the adaptive regret.

Theorem 9. Let L be a class of linear functions over K such that ||l|| < M for all l € L and let

D = diam(K). Fix v > 0 such that 6 = vT~'/? € (0,1) and set n = SN ~1/2. Then we have

ARDIY, = OONLT'?).

Proof. Since the algorithm is deterministic, according to Theorem 1 in [34], it is sufficient to prove
this regret bound against the oblivious adversary Adv] (L).

Note that this algorithm is invariant under translations. Hence it is sufficient to prove the result when
c = 0. If aff (K) = R, then we have B¢(0) C K C B%(0) and we may use Theorem 14 from [17]
to obtain the desired result for the oblivious adversary Adv{ (L). On the other hand, the assumption
B4(0) C K is only used in the proof of Lemma 13 in [17]. Here we use Lemma instead which
does not require this assumption. O

The following corollary is an immediate consequence of the above theorem and Theorems [2] 3] [ [§]
and Corollaries [ 5] and [6]

Corollary 7. Let SO-0GA denote the algorithm described above. Then the following are true.

a) Under the assumptions of Theorem[2] we have:

ARSO:Y%GA
14ey2’
ARSD-DQGA < O(BlTl/Q),

Pz AdV{(F.By) —

ARFOTZ0(50-064) O(MlTl/z).

2 Y >
14;ch2 yAdvg (F)

If we also assume F is bounded by My and By > M, then

1/2
Adv/, (F) < O(MT™),

ARSTBgSD-DGA) S O(BoT3/4) .
T AdV§ (F, Bo)

b) Under the assumptions of Theorem[3] we have:
AREA—e_"f,Adv’{ (F,B1) < O(BlTl/z)?
A
ARFOTZU( ) (F) < O(M1T1/2)7

1—e=7,Adv]
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where A = OMBQ(S0-0GA, BQMO, Id). Note that A is a first order full-information algorithm
that requires a single query per time-step. If we also assume F is bounded by My and
Bo > My, then

Asemi-bandi 2/3
ARI*&*W,Ad\:‘i(F,Bl) < O(BlT )7

Atull-info-
ARl—feH*W,tAc(i)vg(F,Bg) < O(BOT3/4)

Abandit 4/5
‘Alee*d“f,Adv%(F,Bg) < O(BOT / )
where

Asemi-bandit = SFTT(A),  Afullcinfo-o = FOTZO(A), Abandit = SFTT(Afulinfo-0)-

c¢) Under the assumptions of Theoremd, we have:

A 1/2
AR aqvy(®.8)) = O(BT'2),

FOTZO(.A) 1/2
AR 12 Kavy ey < OOLT),
where A = OMBQ(S0-0GA, BQN, x +— xt—;@) Note that A is a first order full-information

algorithm that requires a single query per time-step. If we also assume F is bounded by
My and By > M, then

Asemi-bandit 1/2m2/3
AR < O(Byd!PT?1%),

Atull-info-
ARlile,Acfivﬁ?(F,Bo) < O(B0d1/2T3/4)a
AR»fl“andit < O(B0d1/2T4/5),

7 Advy(F,Bo) —
where

Asemi-bandit = SFTT(A),  Afull-info-0 = FOTZO(A),  Abandit = SFTT(Afuil-info-0)-

K Dynamic regret

Improved Ader (IA) algorithm [43] is a deterministic algorithm with semi-bandit feedback, designed
for online convex optimization with a deterministic gradient oracle.

Algorithm 10: Improved Ader - TA
Input : horizon 7', constraint set /C, step size A, a set H containing step sizes for experts
Activate a set of experts { E" | n € H} by invoking Algorithmfor each step sizen € H
Sort step sizes in ascending order 1 < - - - < ny, and set w{* = Z(Z%l) where C' =1+ ﬁ
fort=1,2,...,7Tdo

Receive x; from each expert E”

Play the action x; = >, _,, w;'x{ and observe oy = V fi(x:)

Define l¢(y) := (0, y — x¢)

n
w?e—/\lt(xt )

o= ALg (i)

Update the weight of each expert by w;’ =
Ppen Wi

Send the gradient o, to each expert E”
end

Algorithm 11: Improved Ader : Expert algorithm

Input : horizon T', constraint set /C, step size n
Let x7 be any point in K
fort=1,2,...,Tdo

Send x; to the main algorithm

Receive o, from the main algorithm

xi1y = Pr(x{ +noy)
end
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In Algorithm P denotes projection into the convex set K. Note that here we used the maxi-
mization version of this algorithm. The original version, which is designed for minimization, uses
the update rule x7, ; = Pc(x] — 70;) in Algorithm|11]instead.

Theorem 10. Let L be a class of linear functions over K such that ||I|| < M; for all | € L and let
D = diam(K). Set H := {n; = %\/% | 1 <i< N} where N = [$log,(1+4T/7)] +1
and \ = /2/(T M2 D?). Then for any comparator sequence u € KT, we have

R s (W) = OOy /T(L+ Pr(w)).

1

Proof. If we use the oblivious adversary Adv] (L) instead, this theorem is simply a restatement of
the special case (i.e. when the functions are linear) of Theorem 4 in [43]. E] Since the algorithm is
deterministic, according to Theorem 1 in [34], the regret bound remains unchanged when we replace
Adv{(L) with Adv' (L). O

The following corollary is an immediate consequence of the above theorem and Theorems [2} [3] 4
and Corollaries ] and

Note that we do not use the meta-algorithm OTB since Improved Ader is designed for non-stationary
regret and does not offer any advantages in the offline case. On the other hand, we do not use the
meta-algorithm SFTT in this case since Theorem [/|is only for the setting where the comparator is
KT and does not allow us to convert bounds for dynamic regret.

Corollary 8. Let IA denote “Improved Ader” described above. Then the following are true.

a) Under the assumptions of Theorem[2] we have:

R (@) = OO /T (L Pr(w)),

1+ey

R%a, Adv‘{(F,Bl)(u) = OBV T+ Pr(u)),

14cy2?
RFCTZO(A) u) = O(My\/T(1 + Pr(n))).
H;Q’Advg(F)( ) = O(M1\/T( r(u)))
If we also assume F is bounded by My and By > M, then

R oy (W) = OBGTA(1 4 Pr(w))2)
14en2’ [

b) Under the assumptions of Theorem[3] we have:
Rieﬂ,Advg(F,Bl)(u) = O(B1y/T(1+ Pr(u)))
FOTZO(IA
RATEE v ) (W) = O(My/T(1+ Pr(w))).

where A = OMBQ(IA,BQMO,Id). Note that A is a first order full-information algorithm
that requires a single query per time-step. If we also assume F is bounded by My and
Bg > My, then

RIS gy () = O(BoT/ (14 Pr(w))!/?).

where Arui-into 0 = FDTZO(A).
¢) Under the assumptions of Theorem[d} we have:
Rk s qus .5,y (W = O(B1V/T (1 + Pr(w)),
R FOTZ0(1A) — O(M W .

“We note that although Theorem 4 in [43]] assumes that the convex set contains the origin, this assumption
is not really needed. In fact, for any arbitrary convex set, we may first translate it to contain the origin, apply
Theorem 4 and then translate it back to obtain the results for the original convex set.
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where A = OMBQ(IA,BQN,x — %) Note that A is a first order full-information algo-
rithm that requires a single query per time-step. If we also assume F is bounded by M
and By > My, then

RS K, 5y () = O(Bo T (L4 Pr(w))'/2)

where Arui-info-0 = FDTZO(A).
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: The abstract and introduction clearly state the paper’s contribution and scope.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The statements of the results have the precise assumptions. Further, some
limitations are also discussed in the conclusions section as a future work direction.
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* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.
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Answer: [Yes]
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* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
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* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.
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experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?
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* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
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detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
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In the case of closed-source models, it may be that access to the model is limited in
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to have some path to reproducing or verifying the results.
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* The instructions should contain the exact command and environment needed to run to
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« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
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Guidelines:
* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

e The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: No high risk data or model have been used.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: No existing asset has been used in the paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: No new asset is introduced in the paper.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: No experiments with human subjects were conducted.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.
¢ Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.
* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|

Justification: We conducted no experiments with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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