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Abstract

Generalization methods offer a powerful solution to one of the key drawbacks
of randomized controlled trials (RCTs): their limited representativeness. By
enabling the transport of treatment effect estimates to target populations subject
to distributional shifts, these methods are increasingly recognized as the future of
meta-analysis, the current gold standard in evidence-based medicine. Yet most
existing approaches focus on the risk difference, overlooking the diverse range
of causal measures routinely reported in clinical research. Reporting multiple
effect measures—both absolute (e.g., risk difference, number needed to treat) and
relative (e.g., risk ratio, odds ratio)—is essential to ensure clinical relevance, policy
utility, and interpretability across contexts. To address this gap, we propose a
unified framework for transporting a broad class of first-moment population causal
effect measures under covariate shift. We provide identification results for both
continuous and binary outcome under two conditional exchangeability assumptions,
derive both classical and semiparametric estimators, and evaluate their performance
through theoretical analysis, simulations, and real-world applications. Our analysis
shows the specificity of different causal measures and thus the interest of studying
them all: for instance, two common approaches (one-step, estimating equation)
lead to similar estimators for the risk difference but to two distinct estimators for
the odds ratio.

1 Introduction

Generalization methods [33] 143|112} [10,|14] have emerged as a powerful response to the restricted ex-
ternal validity [36]] of RCTs: due to stringent inclusion and exclusion criteria, RCT populations often
exclude key segments of the real-world patient population—such as individuals with comorbidities,
pregnant women, or other vulnerable groups—resulting in trial samples that are poorly representative.
Consequently, the findings of many RCTs may lack relevance for broader clinical or policy applica-
tions. Generalization techniques address this gap by exploiting treatment effect heterogeneity—that
is, the fact that treatment efficacy can vary systematically with patient characteristics. By adjusting for
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differences in the distribution of these covariates between the trial population and a target population,
these methods can estimate treatment effects beyond the original study population. This is especially
valuable given the high costs, long timelines, and operational complexity of conducting new trials.
As such, generalization approaches are increasingly viewed as a pivotal step toward rethinking the
role of clinical trials in modern evidence generation. The implications are far-reaching. For instance,
when drug reimbursement decisions are partly tied to estimated real-world efficacy [17]], the ability to
predict treatment benefits across diverse populations could influence pricing, access, and healthcare
policy. Moreover, recent works suggest that generalization methods may also redefine the role of
meta-analysis [[L1}[37}20], traditionally viewed as the top of the pyramid of evidence-based medicine.

Most generalization methods are dedicated to estimating the average treatment effect (ATE) via the
risk difference (RD), owing to its linearity and analytical convenience. Yet this focus is incomplete.
Clinical guidelines and regulatory bodies explicitly recommend reporting both absolute and relative
effect measures [39,31]], as they capture complementary aspects of treatment impact. Among absolute
measures, the RD remains standard, but the number needed to treat (NNT), a direct, clinically intuitive
transformation of the RD, offers additional interpretability [29]. On the relative scale, measures such
as the risk ratio (RR), widely used in public health research [28]], and the odds ratio (OR), very popular
in epidemiology [18]], play a critical role in framing treatment efficacy. Presenting multiple causal
estimands is not simply recommended—it is essential. A treatment effect that appears homogeneous
on one scale may reveal heterogeneity on another, a phenomenon that may seem counterintuitive
but carries significant implications for personalized decision-making. Furthermore, the perceived
magnitude of benefit can shift dramatically depending on the baseline risk and the effect measure
used. Consider a treatment that reduces mortality from 3% to 1%: the RD of 0.02 may suggest a
minor effect, yet the RR reveals a threefold increase in risk for the untreated, reframing the impact
as clinically substantial. This striking contrast illustrates how the choice of causal measure directly
shapes interpretation and ultimately, policy and clinical decisions.

Contributions. In Section [2| we present a unified framework for transporting a broad class of
first-moment population causal effect measures, defined as functionals of the expectations of potential
outcomes. This class, composed of more than a dozen widely-used estimands, includes collapsible
(RD, RR, etc.) and non-collapsible measures (odds ratio-OR, NNT etc.) the latter posing unique
generalization challenges. Building on this formalism, we develop generic identification strategies
under two key assumptions: (i) exchangeability in mean (Section [3), and (ii) exchangeability in effect
measure (Section[d). The latter assumption, though weaker, requires access to control outcomes in the
target population—a condition met, for instance, when treatment has not yet been deployed. Crucially,
our identification results extend to non-collapsible measures even under this weaker condition, which
to our knowledge has not been previously derived. Within each setting, we derive two broad families
of estimators. The first approach adapts classical methods—such as weighting (Horvitz-Thompson)
and regression-based strategies (G-formula)—for which we establish asymptotic properties and derive
closed-form variance expressions. To the best of our knowledge, no prior work has formally studied
these properties using density ratio estimation. The second leverages semiparametric efficiency theory
to construct new doubly-robust estimators using either one-step or estimating equation approaches.
While these often coincide in the linear case (e.g., RD), we highlight that for nonlinear measures such
as the RR or OR, they diverge—leading to fundamentally different estimators. Finally, in Section[3]
we conduct an extensive empirical evaluation of all estimators on synthetic and a real-world dataset.

Related work. Most generalization work focused on RD. While the idea of weighting randomized
controlled trials (RCTs) is not new, using external data can be traced back to the foundational work
of [5]. [14}[10] provided a comprehensive survey of generalization techniques, and [6] contributed
additional consistency results for the main classes of estimators: regression-based, weighting-based,
and hybrid approaches. [8] further investigated the inverse probability of sampling weighting (IPSW)
estimator, deriving finite-sample bias and variance, as well as an upper bound on its risk under the
assumption that the covariates X are categorical. Other studies have addressed the generalization
problem by modeling the outcome directly [27} [13]. [11] extended this line of research to settings
involving multiple source datasets (i.e., several RCTs) and a set of covariates drawn from a distinct
target distribution. They position this framework as a natural evolution of traditional meta-analysis,
highlighting its potential to unify evidence across studies. Although the present work focuses on
a single RCT and a single target population, all of our results seamlessly extend to the multi-RCT
case. This generality allows us to offer a compelling alternative to classical meta-analyses—one



that supports the generalization of both absolute and relative treatment effect measures in a unified
framework. We also highlight recent works on the analysis of externally controlled single-arm trials
and hybrid trials [2,[30], which aim to enhance the precision of RCT-based estimands by incorporating
external information. Similarly, [[15]] incorporate observational data to RCTs using the prediction-
powered inference framework. While these approaches address distinct inferential questions, they
share structural similarities with ours in using auxiliary data to improve estimation. Another line of
work has focused on estimating alternative causal effect measures beyond the risk difference. For
instance, [[1] proposes several strategies for estimating the risk ratio (RR) in observational settings,
without addressing the generalization to a target population. [7]] examined several key properties (e.g.,
collapsibility) of different causal effect measures (e.g., RD, RR, and OR) to identify which estimands
are less sensitive to distributional shifts. While their work emphasizes which causal estimands
are easier to identify and generalize, ours provides a unified framework that generalizes all first-
moment causal measures, focusing on estimation strategies and efficiency for practical deployment
with theoretical guarantees. Their focus is on distinguishing treatment effects from baselines; ours
highlights the shared structure among estimands, enabling unified identification and estimation.
[34] 44, [40]] introduce methods for estimating conditional risk ratios, including approaches based
on causal forests. Yet, it is crucial to emphasize that due to the non-linearity of relative measures,
estimating the CATE does not directly yield the ATE.

2 Problem setting: notation and identification assumptions

Following the potential outcomes framework [38, 41], we consider random variables
(X,8,A,Y©® Y1) where X € RP denotes patient covariates, S € {0,1} indicates sample
membership (S = 1 for the source population and .S = 0 for the target population), and A € {0,1}
denotes treatment assignment (A = 1 if treatment is administered and A = 0 otherwise). Potential
outcomes Y (9 and Y'(!) represent outcomes under control and treatment respectively, of which only
one is observed per individual depending on the assigned treatment, yielding the observed outcome

Y =AYW (1 - Ay,

We observe data from two distinct populations: a Randomized Controlled Trial (RCT) dataset
(X, A, Y3);e[n) from the source population, where treatment assignments and outcomes are recorded,
and a target dataset (X;);c[m), Where only covariates are observed. This reflects the practical
constraint that treatment and outcome data are collected only for individuals enrolled in the trial,
while covariate information is available for both populations. We model this two datasets as stemming
from one probability distribution P,,s and we observe a N-sample:

(Zi)iein) = (i, Xi, SiAi, SiYi)ieny ™~ pSy

obs ?

Let « be the Bernoulli parameter of the random variable S. Thus, (n,m) follow a multinomial
distribution with parameter N and probability («,1 — «). Let Ps and Pr denote the conditional
distributions of Z given S = 1 and S = 0, respectively, with corresponding expectations Eg|-] and

Er[].
2.1 Causal estimands of interest

Causal effect measures, as formalized by Pearl [32], are expressed in terms of the joint distribution of
potential outcomes. Individual-level causal effects rely on this joint distribution, which is generally
not identifiable from observed data. Therefore, in this paper, we focus on a specific subclass: the first-
moment population causal measures [[L6]. This class includes commonly employed estimands—such
as RD, RR, and OR—and less frequently used quantities, including the Switch Relative Risk [22],
Excess Risk Ratio (ERR) [4]], Survival Ratio (SR), and Relative Susceptibility (RS), and Log Odds
Ratio (log-OR), see Appendix[A]for a detailed enumeration of measures falling into this class.

Definition 1 (First moment population causal measures). Let P denote the joint distribution of
potential outcomes (Y ©), Y(l)). The quantity ¥ is a first moment population causal measure if
there exists an effect measure ® : Dy — R, with Dy C R2, such that for all distributions P with
Ep[YOLEp[YM]) € Do,

=9 (EP[Y<1>],1EP[Y<°>]) . )



We require that for all o € R, the map 11 — ®(1)1,0) is injective on its definition domain. It’s
inverse, when it exists, is denoted by T'(-, 1) and is called the effect function. This definition extends
to subpopulations by conditioning on covariates X, yielding, when it exists, the conditional effect

P (X) i= @ (Ep[y|X], Ep[y ") |X]). )

Example 1. For these well-known causal measures, the effect measures and functions are given by:

Measure Effect Measure ¢ Effect Function I'
Risk Difference (RD) D(1,%0) = 1 — o D(7,¢0) =0 + 7
Risk Ratio (RR) B (th1,v0) = % D(7,%0) =7 - g
0dds Ratio (OR) B (1h1,v0) = 11";1 11‘% D(7, ) = %

The existence of I' ensures that for a fixed baseline, distinct treatment responses yield different
causal measures. In the following, we use 72 to denote any first moment population causal measure

evaluated under distribution P. Our objective is to estimate 74 := ® (Ep[Y V], Er[Y(?)]), for all
effect measures @, where the expectations are taken with respect to the target population distribution.

2.2 Identification assumptions

Because the effect 77 is defined in terms of potential outcomes in the target population, it is not
directly identifiable from trial data alone. The core difficulty lies in the fact that while treatment
assignment in the trial is randomized, the trial sample may not be representative of the broader target
population. To ensure identification of the estimand from observed data, we introduce standard causal
inference assumptions (Assumption [T) and assume covariate overlap (Assumption [2).

Assumption 1 (Trial’s Internal Validity). The RCT is assumed to be internally valid, that is:
A. Ignorability: (YD, Y(©) 1l A| S =1;
B. Stable Unit Treatment Value Assumption (SUTVA): Y = AY() + (1 — A)Y(©);
C. Positivity and Randomized Assignment: A ~ B(r), where 0 < 7 < 1 (typically 7 = 0.5).

Assumption 2 (Overlap). For all © € supp(Pr), we have P(S =1| X =z) > 0.

3 Generalization under exchangeability in mean

In addition to internal validity and covariate overlap, identification under this setting requires a
transportability condition that links the distribution of potential outcomes between the trial and target
populations. This condition can be expressed as conditional exchangeability in mean, which states
that, conditional on covariates, the average potential outcomes are the same across populations.

Assumption 3 (Exchangeability in mean). For all x € supp(Ps) Nsupp(Pr) and for all a € {0, 1},
we have u?a)(a:) = “2:1) (z) where ,ufz)(a:) =Ep[Y@ | X = z].

Leveraging observations from the randomized controlled trial and under Assumption|[I]to[3] three
identification formulas that express Er [Y(“)] in terms of source population quantities can be derived:

Er [Y(a)] =Er {ES[Y(a) |X]} (transporting conditional outcomes) 3)
Pr(X) o
=E y(a) " \
> [PS (X) } (weighting outcomes) (4)
Pr(X
= Eg [ 'r( )Es [Y(a)|X]} (weighting conditional outcomes), )
Ps(X)

see Appendix [B.T|for details. In the next section, we present several estimators of any first moment
population causal measure, based on the three identification formulas above.



3.1 Weighting and regression strategies under exchangeability in mean

The Horvitz—Thompson estimator [21]] is probably one of the most simple estimators to use in a
RCT. Based on equation (@), we construct the weighted Horvitz-Thompson estimator. The following
assumption is also required for technical reasons.

Assumption 4. For a € {0, 1}, we assume that Y(*) and Pp(X)Y () / Ps(X) are square-integrable.

Definition 2 (Weighted Horvitz-Thompson). For any first moment population causal measure ®, we
define the weighted Horvitz-Thompson estimator Tg ot as follows:

N 1 _ AY; 1 N 1-A4,)Y;
’7—<I>,WHT = CI) (n Z T(Xl) y — T(Xz)()> , (6)

T 'n 1—m
S;=1 S;=1

where (X)) is any estimator of the density ratio between the target and source covariate distributions.
When 7 is replaced by the oracle quantity r, we show that 7g wpur is asymptotically normal and an
unbiased estimator of 74 (see Proposition 8|in Appendix B.2). Since

Pr(X) PSS =1)PS=0X=nx)

") = ) PSS 0 PSS X =)

one can estimate 7(X) by estimating P(S = 1 | X = ) via a logistic regression model. By doing so,
we avoid imposing a parametric model, such as a Gaussian distribution, on the distribution of X [see
also[24]. In this context, the M -estimation framework [42] can then be applied to derive asymptotic
variances for this estimator.

Logistic model. We assume E[X X "] is positive definite, X is Sub-Gaussian, and s =
(B, BL) e RPH 5. P(S = 11X) = 0(X, Boo) = {1 + exp(—X TBL — B2}, as.
Prop051t10n 1 (asymptotic normality of weighted Horvitz-Thompson estimator). Grant Assumption|[]]

to Let ﬁ ~ denote the maximum likelihood estimate (MLE) obtained from logistic regression of the
selection indicator S on covariates X. Define the estimated density ratio as

r (2, By) = —— - 1 - o(e,Bw) with n—ZN:S. %)

’ - = 5 = i
N-—n 0(1’, BN) i

Under the logistic model, the Horvitz-Thompson estimator T g Weighted by the estimated ratio

r(z, N) is asymptotically unbiased and satisfies VN (7'<1> WHT — ) 4N (0, Vg ur).

Appendix B.3|provides full proofs and asymptotic variances for all first moment population causal
measures, including results for the Neyman estimator with estimated treatment probabilities—results
that, to our knowledge, are novel even for the RD.

Alternatively, using the identification results in equations (3)) and (3), one can adapt the regression-
based approach of Robins [35] to derive weighted or transported G-formula estimators. While the
transported version appears in Dahabreh et al. [12]] for the RD, the weighted version, to the best of
our knowledge, has not been previously presented.

Definition 3 (Weighted/Transported G-formula). For any first moment population causal measure P,
we define the weighted G-formula estimator Tg v and the transported G-formula estimator T 1 as:

N 1 N . 1 N —~
Towa = P (n > FX) g (Xa), - > T(Xi)ﬂ(so)(Xi)> : ®

Si=1 S;=1
~ 1 .
TG = ( =D (X, D “?m(Xi))a ©)
" §=0 5,=0
where T, ﬂ(sl), ZZ(SO) are any estimators of r, u?l), ﬂ?o)'
Using the M -estimation framework [42], one can derive asymptotic variance estimates for both G-

formula estimators. Furthermore, assuming a linear model for the outcomes, we prove that regression
adjustment leads to a lower asymptotic variance compared to the weighted Horvitz-Thompson.



Linear model 1. For all a,s € {0,1}, let Vi = VT 4+ €, where VT = [1, X 7] with
E[ega) | X]=0and Var(ega) | X) =02

Proposition 2 (Asymptotic Normality of weighted and Transported G-formula Estimators). Let T¢ 1
and T wa denote respectively the weighted G-formula where T is a logistic regression estimator
and ﬁ(sl), ﬁ(so) are ordinary least squares estimator. Then, under Assumptionsto

VN (Fowa —73) SN (0,VEES), VN (Fora —73) SN (0,VIES).
Besides, Vg’%‘é < Vg%vSG < V& ur, where all variances are explicit Appendix

Given these results, one might wonder whether it’s better to avoid estimating the density ratio
altogether, as the transported G-formula is more efficient under correct specification. However, when
models are misspecified, weighting the outcomes may perform better. This motivates doubly robust
estimators, which retain consistency if either model is correctly specified.

3.2 Semiparametric efficient estimators under exchangeability in mean

A common approach to constructing doubly robust estimators relies on semiparametric efficiency
theory. By deriving the efficient influence function (EIF) of the target parameter [see, e.g.[25]], one
can build estimators that are not only robust to mispecification, but also achieve the lowest possible
asymptotic variance among unbiased estimators. We denote by w4 (Z,7,¥T, ¥4 ) the EIF of 74,
which depends on (i) the nuisance parameters 1 = (1 (0), f4(1), ) and (i) the values of ¢ and ¢ .

Based on estimators ﬁ,alr 7’(27(}‘ , one can use the EIF framework via one of the following two
techniques to build new estimators of 74 whose properties are described below:

(i) One-step estimators ?gs consist in applying a first-order bias correction to an initial plug-in

estimator ?g = <I>(7$1T, /\()T), resulting in ?gs = ?g + % Zfil va(Zi, 0, T, aor)

(i) Estimating equation estimators are obtained by setting the empirical mean of the EIF to zero.

This amounts to finding an estimators 76 = ®( A,1T7 ?) such that alr , zEOT are solutions to

211'11 va(Zi, 1, 121?, JE) = 0 (Estimating Equation).
In practice and in both case, it is usual to resort to crossfitted techniques [3] by estimating 7 and
7 and evaluating the EIF g on two different datasets to enforce independence. We drop the T
superscript in the rest of this section for the sake of clarity. Both above approaches require knowing

the EIF ¢g. As 7¢ = P(11,1y), letting ¢1 (resp. o) be the EIF of 11 (resp. ), standard
calculations on EIF functions (see e.g. [26, Sec 3.4.3]) show that

S0<I>(Z7 m, wla 1/}0) = alq)(wlv Q/JO)SDI(Z7 m, wl) + an)(,(/Jh ’(/}0)(100(27 m, 1/}0)
With this equality, and the following proposition, one can compute the influence function (pg.
Proposition 3. Grant Assumption|l|to|3| For all a € {0, 1}, we have

1-5 S1{A =a}

PalZmva) = 3 (i (X) =va) + Ty

— PO = iy (X)),

The exact expressions of one-step and estimating equation estimators depend on (g, which in turns
depends on the effect measure ®. While the first approach leads to explicit expressions, estimating
equation estimators are defined implicitly through the estimating equation in (i), which writes

SO A - SO -
(i, o) 37 D @1(Z,71,00) + @1, 0) 1 > 9o(Z,7,%0) = 0. (10)
i=1 i=1

One way — though not the only — to satisfy is to find two estimators 121, 7;0 that cancels
the empirical mean of their EIF (second and fourth term in (I0)), that is the corresponding EE

estimator for 1; and 1)9. We end up with a plug-in estimator of the form (I)(QZFE, A(J;:E), whose
precise expression is given below.



Proposition 4 (Estimating equation estimators.). Given estimators [i(,) (resp. T) of ji(q) (resp. ), an
estimating equation estimator To" of T is given by TE¥ = ®( AEE7 A()EE) where for all a € {0, 1}

= () ]];{(ﬁ - “i“(X )Y =i (X)) a1
8;=0 Si=1

A similar estimator already appears in [12]. We prove below that ?gE is (weakly) doubly-robust.

Proposition 5. Let [i(,) and T be two estimators independent from Z1, . .., Z,. Then, under bound-
edness of ﬁ(“), 7and Y, and assuming that ® is continuous, the estimator ?(EE = @(L/Z;{EE, Ag:E) is
consistent as soon as either [i(q) = p forall a € {0,1} or 7 = 7.

It would be easy to extend this result to a strong robustness property, meaning that v/ N (75 — 7.1) LA

N (0, Var ¢4 (Z)) under mild convergence requirements of /i,y and 7" towards (4 and 7. Concerning
the OS estimators, we cannot derive any formal robustness results in full generality, and this property
needs to be assessed on a case-by-case basis. For instance, [1]] shows that the OS estimator for the
RR is doubly robust based on usual requirements on the estimation of the nuisance parameters and
some extra assumptions on @/EOT . In light of these observations, we recommend using EE estimators
rather than OS estimators, when possible, as they also usually lead to better results empirically, see

Figure[]
When & is a linear functional (e.g., RD), the two approaches, one-step and estimating equations

yields the same estimators, up to a scaling term depending on a and N. For nonlinear functionals
however (such as the RR or OR), the estimators generally differ (see below and Appendix [B.6).

(RD) For the risk difference, the estimating equat1on approach yields 7 TRD =5 HEE _ %E. The
one step approach, based on initial estimators wl and 1/10 yields an estimate of the form:

~0S m ~EE m ~
_— 1— — .
RD T N1 —q) R0 T ( N(i- a)) TRD

In particular, estimators 12)\(1 of the form G-formula or weighted Horwitz-Thomson yield a

final one-step estimator that has the same structure as the estimating equation estimator.

’\EE 7B
/o

(RR) For the risk ratio, the estimating equation approach yleld ThE = £ In contrast, the

one-step approach, based on initial estimators 1/11 and 1/)0 yields

cos U1 L m g oo i m oen o
L e L =¥ (e KA
In general, ?l%g #* ?PER, unless of course we initially picked z/)a = @?E

4 Generalization under exchangeability in effect measure

Estimators in Section 3| were derived under the exchangeability in mean assumption (Assumption 3).
Under this assumption, generalizing necessitates full access to all prognostic covariates whose
distributions is shifted between the source and target populations [8]. A weaker assumption consists
in transportability of conditional treatment effects.

Assumption 5 (Exchangeability in effect measure). Vz € supp(Pr) Nsupp(Ps), 75 (z) = 74 (z).
Under Assumption [5] the effect of the treatment depends on the patient’s features in the same way
in the source and target population. While exchangeability in mean implies exchangeability of the
effect measure for any @, the reverse does not generally hold.

4.1 Transporting causal measures under exchangeability in effect measure

To ensure identification, we typically require a relationship between the conditional average treat-
ment effect (CATE) and the average treatment effect (ATE). A classical concept that supports this



relationship is collapsibility: a measure is said to be collapsible if it can be expressed as a weighted
average of conditional effects [see, e.g., 19, 23]. However, some measure (like OR) are not col-
lapsible, thus questioning their transportability under this Assumption[5} However, it turns out that
under Assumption [} any first-moment causal measure is identifiable assuming access to the control
potential outcomes Y (9) for all individuals in the target population:

T4 =® (]ET [ ( S(X), p(o)(X))] JEr {Y(O)D (transporting) (12)
— 3 (ES {Z:((j(())r (Tg(X), 1) (X))] Er [Y(O)D (weighting) ~ (13)

where I' is the effect function (see Definition EI) Note that for collapsible measures such as RD or RR,
expressions and reduce to the identification results derived by [7]. Thus, our framework can
be viewed as a natural extension of their approach to any first moment population causal measures
even non-collapsible measures such as the OR. The detailed identification results for RD, OR, and RR
are provided in Appendix [C] Using the identification formula (T2), we derive I'-formula estimators,
which, to the best of our knowledge, are novel contributions.

Definition 4 (Transported I'-formula). For any first moment population causal measure ®, we define
the transported I'-formula estimator 74 sr as follows:

1
f'@,tFZ‘I’(N_n > T(ra(X0), ) (X Z“ > (14)

S:i=0

We can also define, as before, a reweighted version of the I'-formula (see Definition EI)

4.2 Semiparametric efficient estimators under exchangeability of treatment effect

Under Assumption [5] the identifiability formula serves as the basis for constructing the EIF.
Given access to the target baseline distribution, p 0) and g are known. To construct one-step and

estimating equation estimators (see Section , we require EIF of 74 , denoted o (Z,n, T4 ) which
is is related to (1, the EIF of ¢T, via the chain rule:

@@(Za m, Tg) = ¥1 (Za m, 1/1?)81@(1/}1’1‘7 '(/JOT)a
where n = (“?0)7 Te, ) is the nuisance parameters.

Proposition 6. The influence function of Y\ at Py is given by

Sr(X) (f:(y — I(7a(X), 1) (X)))>

(%

( 1 ﬂ/ﬁ)

1-5
11—«

- S (220 = i O (), (X)) + 1= (Pl (0,4, (30) = o)

o 1—m

As in Section we can either find the estimating equation estimator of ; and plug it into ®
to obtain }EE ( E &), or apply a one step correction to a initial estimator ¢1 of the form
75 = @(¢1,w0 )+ (1/N) Zfil vo(Z;, 1,74 ). Like in Section the estimating equation
estimators and one-step estimators have no reason to coincide in general. Exact computations of the
RD, RR and OR are provided in Appendix [C.3]

5 Simulations

5.1 Synthetic data

We generate data (S, X, A, Y () Y (1) using the following binary outcome model: for all a, s €
(0,11, P(Y® = 1| X,8 = s) = pl” (V) where VT = [1,X ] and X|S = s ~ N (vs, ).
We set d = 5 and S ~ B(0.3) to reflect limited RCT data relative to the target population, and
A | S =1~ B(0.5). We evaluate the estimators from Section [3| and ] estimating nuisance
components—regression surfaces and density ratios—using parametric methods (linear/logistic



regression). The red (resp. gray, when displayed) dotted line represents the treatment effect in the
target (resp. source) population. A basic linear setting, in which all estimators perform well, is
presented in Appendix

Experiment 1 (Exchangeability in mean and non-linear/non-logistic response): We consider a
setting under which Assumption [3| holds and Va,s € {0,1}, P V) = a(Bg V- (VTB)%).
Both G-formula-based estimators exhibit substantial bias across all evaluation metrics, which is
expected given that the non-linear response surfaces are misspecified by using linear regression. In
contrast, the estimating equation—based estimators remain unbiased across all measures, benefiting
from their double robustness property. Among the one-step estimators, only the RD variant is
accurate in this setting. This is also anticipated, as one-step estimators generally do not retain
double robustness—except in cases where they coincide with the corresponding estimating equation
estimator, which holds true for the RD variant.

W Horvitz-Thompson { | I_J 111 T [j 171 [j 1

W G-formula q }—[I]—{ :
|
T G-formula 4 }—[[I—{ 1 i
1
Estimating-equation 4 }—[E]—{ 1 }_[E]_{ | :

1 1
One-step ]
1 1
-02 -01 0.0 0.1 0.2 0.8 1.0 1.2 1.4 00 05 1.0 15 20 25
Risk Difference Risk Ratio Odds Ratio

Figure 1: Comparison of estimators across different causal measures under a non-linear outcome
model with a sample size of N = 50,000 and 3,000 repetitions. Source values are 0.45/3.2/7.5.

Experiment 2 (Exchangeability in effect and linear/logistic response): We now consider a setting
for which Assumption [5|holds and such that, depending on the causal measure: (RD) Model[T|and

¥ = 55 + 0. RR) p{) (X) = 0(X TB.) - (X T4)%, (OR) pi”(X) = (X (B +a-7)). In
this setting, Assumption [3is no longer satisfied, as the nuisance functions depend on S. However,
one can verify that Assumption [5 holds for each model. Estimators introduced in Section [3] still
converge for the RD, despite the violation of strong transportability, thanks to the linearity of the RD.
In contrast, the RR and OR estimators fail to converge, since these measures are nonlinear. On the
other hand, all estimators introduced in Section 4] remain unbiased, as expected.

T T
W Horvitz-Thompson - I I I I I 1 I } I I 4 I
! 1 ! I
1 ] 1

o snpy g &

-=0.15 =0.10 =0.05 0.00 0.05 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0 1.1 1.2 1.3 1.4 1.5
Risk Difference Risk Ratio Odds Ratio

Estimating-equation -

T I'-formula -
W I'-formula q
I" Estimating-equation - ::%::

I" One-step

Figure 2: Comparison of estimators across different causal measures under a linear outcome model
with a sample size of N = 50,000 and 3,000 repetitions.

5.2 Real-World Experiment

We evaluate estimators using a case study on the effectiveness of tranexamic acid on mortality
for brain injury patients, combining data from the (CRASH-3 trial and the Traumabase registry.
CRASH-3, is a RCT with over 9,000 TBI patients from 29 countries, while Traumabase provides
detailed clinical data on 8,000+ patients from 23 French trauma centers. Following [9]] we consider


https://crash3.lshtm.ac.uk
http://www.traumabase.eu/fr_FR

six covariates (age, sex, injury time, systolic BP, GCS score, pupil reactivity). Since this is a real
dataset, the true treatment effect is unknown. Results are displayed in Figure[3] All estimators (except
one) indicate a positive treatment effect; however, the confidence intervals are wide and include the
null value (zero or one), preventing any definitive conclusions about the treatment’s effectiveness.

W Horvitz-Thompson q I—[I]—| I—E]—| I—D]—|
W G-formula { —— —— ——
Estimating-equation 4 ; E]j | t E:lj | k E]j |
One-step - k mj | k mj | k mj |
T I'-formula 4 |—D:I:|—| 1 k Eﬂ: | 1 k Eﬂj |
W I-formula { ——{— 1 —El— 1 ——
T Estimating-equation - k Elj | k EI: | 1 k EI: |
I" One-step I r:—l_l | k L1 I i I L1 1] i
~0.06 —0.04 —0.02 000 0.02 0.04 07 08 09 10 11 12 06 07 08 09 10 11 12
Risk Difference Risk Ratio Odds Ratio

Figure 3: Comparison of estimators across different causal measures on the combined CRASH-3 and
Traumabase dataset. Confidence intervals were estimated using stratified bootstrap resampling.

6 Conclusion

This article introduces a general framework for the generalization of first-moment, population-
level causal estimands from RCTs to broader target populations. We propose different estimators
(weighting based on density ratios, outcome regression methods, and approaches based on EIF) and
analyze their statistical properties. A central source of complexity lies in the inherent nonlinearity of
many causal estimands, which disrupts the alignment between two classical EIF techniques: one-step
and estimating equations. This divergence gives rise to a diverse landscape of possible estimators,
which differ depending on the underlying identification assumptions. While assuming exchangeability
in effect measure is less restrictive than exchangeability in mean, few estimating methods are available
in the former case, as most of them are based on CATE estimation, which is difficult for non-linear
measure. In practice, we recommend to resort to EE estimators, as they are provably doubly robust
and behave well in our controlled experimental setting. Further layers of complexity arise from the
selection of appropriate nuisance estimators, whether parametric or nonparametric, each with its
own trade-offs. Nevertheless, this work represents a step forward in enabling the computation of
both absolute and relative causal measures in new target populations, thereby contributing to more
informed clinical decision-making and external validity in causal research.
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A First Moment Causal Measures

Measure

Effect Measure ® (1)1, 1)

Effect Function T'(7, 1)

Risk Difference (RD)

O (1,100) = 1 — 2o

F(T7 ’(/}0) = wO +7

Risk Ratio (RR) O (1hy, 1) = % T(7,10) = 7 - Yo
Odds Ratio (OR) D (11, v0) = 11_%1 . 1‘—/}% T(r,40) = %
Number Needed to Treat | ®(¢1,0) = 5o (7, %0) = L 44
(NNT)

Switch Relative Risk
(GRRR)

L— 375k if g > 4o
q’(¢17¢0) =<0 ifwl = wo
148 if g <o

T ifhg = 0

1—(1—7)(1—1o) ifpg >0
L(1,%0) =
T(1+ vo)

if o < 0

Excess Risk Ratio (ERR)

B (1, 90) = e

L(7,4p0) = 7(1 + vo)

Survival Ratio (SR) (I)(Ql)l, 'LZJ()) = 1:$; F(T7 ¢()) =1- T(]. — ’lﬁ())
Relative  Susceptibility | ®(t, 1) = (= D(r,40) = 1— 47
(RS)

Log Odds Ratio (log-OR)

D (11, o) = log (1H=03 )

L(7,%0) = exp(to) - TFaprer

Odds Product

O(¢hr,0) = - - 749

Arcsine Difference

(1, %0) = arcsin(y/11) —

arcsin(y/1o)

[ (7,0) = sin(tpo + arcsin(y/7))*

Relative Risk Reduction
(RRR)

O(¢P1,100) =1 — 4

F(T/(/)O) = T(l —77/10)

B Transporting/Reweighting a causal effect under exchangeability of

conditional outcome

B.1 Identification under exchangeability of conditional outcome

£ [r] = o 1 ]

—Er []ES [Y(“> |XH (Transportability)

—Eg []ES {Y(“) |X} : 1;288
—Eg [y(a) . ;”ZEQ]

B.2 Oracle weighted Horvitz-Thompson

] (Overlap)

Proposition 7. For ease of notation, we let w, := Pg(A = a) = (1 — w)' =% Let 1, = E7[Y (@)
denote the target population mean potential outcome under treatment a € {0, 1}. Define the oracle

estimator

1 N
7vzj;k,,wHT = ﬁ Z Si - T(XZ)
i=1

Ta

) ]l{Ai = G}Y;

where (X)) denotes the density ratio between the target and source covariate distributions and

N . . .
n =Y., S; is the number of units in the source sample. Then, under Assumptzonto we have,

VN (0} i — a) 2 N0,V ),
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where the asymptotic variance V.

awHT 1S given by

Vit = i (;ET [r(x)( )] - <wa>2) : (15)

Proof. Define
]l{Al = G}Y;

)

Ta

awHT ZZ

We first compute the expectations of Z; and S;. By the definition of Z; and using that S; ~
Bernoulli(«),

so that

1{A=a}Y
E[Z] =E {S (X)) - {“}}
Ta
1{A=a}Y
=aEg |:7=(X) . {a}:|
Ta
= aBs [r(X) Y]
= aEr[Y@)]
= Oﬁ/}aa
where we used the consistency assumption Y = Y (4 the randomization of A, and the density
ratio property. Since (Z;,S;) fori = 1,..., N are i.i.d., one can apply the multivariate central limit

theorem to

1 1Y

% 1? ) GE%D) 4 N0, ),

( V(Zi] Cov(Z;, Si)> .

which leads to
/A ((

b))

2|z~

where

COV(Si, Zz) V[SZ]
Noting that ¢ 7 can be written as

v i
w:,wHT - ]Y

~ E

one can apply the Delta method to the map h : (z,y) — x / y, whose gradient evaluated at (at),, @)
is

OZ’(/)G7 (1 ) .
«
Thus,
\/N( aWHT 1/)a) ( ) a*,WHT)7
where
it = V(g @) TSV h(ath,, ) (16)
1 (1a)? 294
= ?V[ZJ + a2 V[SA — a2 COV(ZZ,Si) (17)

It remains to compute each term. Since S; ~ Bernoulli(«),

VI[S;] = a(l — «).
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By direct computation,
V[Z;] = aEr [

Moreover, since S; X Z; = Z;, we have

COV(Zi, Sl) = (1 — a)awa.

Substituting into the expression of V', yr, we find

Viw = 5 (28 [CO07P] - 0,). (13)

Ta

as claimed. O

Proposition 8 (Asymptotic Normality Oracle weighted Horvitz-Thompson). Let 7 , r denote the
oracle weighted Horvitz-Thompson estimator. Then under Assumption[I|to[d} we have:

VN (T:I;,wHT - Tg) $ N (07 Vg,wHT) .

Proof. Noting that 75 \yr = ®(¥7 yur, Y0 wer) and using Proposition we know that
(Y7 whr> Y6 wir) are jointly asymptotically normal. Specifically,

wS,WHT — %0

VN (WW”T B wl) 4 N(0,55)
where X7 is the asymptotic covariance matrice. Applying the delta method to the smooth function
® : R2 = R, we have
VN aur — 78) 3 N (0,VOTEEVS)

where V® denotes the gradient of ® evaluated at (¢1,9). Moreover, because the treatment as-
signment A is binary (A € {0, 1}), we have that for each unit, A;(1 — A;) = 0, so the covariance
between 1] and 1 is

Cov (Y7 wur Vo wir) = —¥1¢0-

Expanding the delta method variances and fully factorizing we get:

_ (giET {Y(l)} + %ET [Y<0)]>2>.

]
Example 2.
Measure Variance
(1))2 (0)\2
Risk Difference (RD) 1 (ET (O O)] + Er [r(X)(Y)?] — (L)
«a T 1—7
T )2 (1)y2 (0)\2
Risk Ratio (RR) (i) (Er [rX)OC O] | Er [r(X)(r )]
o\ B YO (- mE [y0)]

Odds Ratio (OR)

nEr[YO])2 T (1 -m)EYO)2

%ﬁ(MMMWWﬂ+MMMWWﬂ Q
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B.3 Logistic weighted Horvitz-Thomson Estimator

Proposition 9. Let v, = Ep [Y(“)] denote the target population mean potential outcome under
treatment o € {0, 1}. Define the estimator

~ . ]_ N ~ ]]-{Az = G}Y; . ~ o n 1 - U(w7BN)
Ya,wHr = o Zsi 1(Xi, BN) - . with  r(z, BN) = N_n U(I,BN)

where n = Zivzl S; and B N the maximum likelihood estimate (MLE) from logistic regression of the

selection indicator S on covariates X, and o(x,8) = (1 + = B Y=L the logistic function. Then,
under Assumption [I|to 3.1

\/N (1@1,wHT - z/J1> g> Nm,szT)’ with  Sur = (Vl,wHT CwHT) 7

Yo,war — Yo Cwur  Vowar
where the asymptotic variance V, gt is given by

Er[r(X)(Y“)?] Er[y®]?

Va,wHT = (19)
T, 11—«
— Er[YOVTQ ' Er[Y V] 4+ 2B [Y DV TIQ ' Er[o(X)Y@DV],  (20)
€y (0)

and CWHT = —ET[Yl ]_EZ;[Y ] (21)
+Er[YOVTIQ ' Ero(X)Y OV (22)
+Er[YOVTIQ  Er[o(X)YDV] (23)
—Er[YOVTIQEL[Y OV 24)

withV = (1,X) and Q = (1 — a)Er [o(X, B)VV T].

Proof. Let Z = (S, X, S x A, S xY) and define the parameter vector § = (6, 01,62, 3). We define
the estimating function A(Z, §) and the estimator 6y as follows:

1 1-0(X,8) SI{A=0}Y ;
=0 | 705) G0 T fo Yo,wHT
L_1-0(X0) SIA=LY 5 Y1,wHT
NZ,0) = | T8 ox.p) Fsa=y |, dy=|. “iwL
’ S — 6 o= %Zizl S
V(§—ao(X,5)) B
Note that the reweighting function can be expressed as:
. (X, 3 &
r(Xi, Bn) = ( - Br) . =
U(Xi7 /BN) l-a
Thus, we can rewrite the estimator as:
N
1 A H{AJ = a}Y7
Gusrr = 3 3 (. ) A= 05)

1

p
1 o~ 1-0(X;,8y) 1{4; =a}y,
ZSJ .

]:1 ]761\7)( ) Ta

Furthermore, the log-likelihood function of 3 is:

(26)

N
—InLy(B) == silogo(X;;B) + (1 - s;)log(1 — (X 8))
i=1
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where o(X; 3) = (1 +exp(—X 81 — Bo))~*. Simple calculations show that
N

Ly . e Ly, < S aix
950 (B)——;(Sz O'(XM/B)) and 9B, (B)— ;Xz(sz (Xlaﬂ))

Recalling that V = (1, X), by definition of the MLE 3, we get

N
> Xa(Zi,0n) ZV o(Xi;By)) =
i=1

Gathering the previous equality and Equation (]E[), we obtain
N
> A2, 6,) =0, 27)

which proves that Oy is an M-estimator of type A Furthermore, letting 0, =
(Er [Y( )] Er [ ] , @, Boo ), we can compute the following quantities:
L-o(X) SH{A=a}V]| _ . [r(X)SH{A= a}y (@
o(X)(1—a) Tq N

« T

(S=1E [ (X)1{A =alY@|S = 1}
—Es r(X)1{A = a}Y(a)}
=Eg {T(X)Y(a)} since r(X) = Pr(X)/Ps(X)
—Ep {y(a)} .
Thus, we have E [\o(Z, 00)] = E [\ (Z, 00)] = 0. Besides,

EX3(Z,000)] = E[V(S — o(X))]

E[V-E[S—o(X)|X]] (Law of Total Probability)
E

0

[V-(E[S]|X]—0(X))] (o(X)isa function of X)
(Definition of o(X))

Therefore, we have
E[A(Z,00)] = 0. (28)

Now, we show that 6, defined above is the unique value that satisfies (28). We directly have that
02 = . Let

L() = ~E[S n(0(X,8) + (1-8) (1 -0a(X,1))].

A direct calculation shows that
VsL(B) = E[V(U(X, 8) — S)} and  V2L(B) = E{VVTU(X, B)(1 - o(X, 5))]
Since E[S | X] = 0(X, fo), and V = (1, X),
VsL(B) = E[V (¢(X, ) = 5)| =0

making S a stationary point. Furthermore, using overlap we have (X, 8)(1 — o(X, 3)) >
therefore Vv € RPH!:

oTVAL(BY = E[|[VTv|3o(X, 8) (1 - (X, )]
> E ||V ol 3]

> nQUTE [V v ] .
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Since we assumed that E[X X "] is positive-definite, the Hessian V3L(B) is positive-definite, so

L(3) is strictly convex. Hence there is a unique global minimizer of L(); since S, is a critical
point, it must be that unique minimizer. Consequently, any solution to

E[V (o(X,8) - 5)| =0

must equal Bo,. Since 3,6, are now fixed and since the first two components of v are linear
with respect to 6y and 61, 0 is the only value satisfying (28). We want to show that for every
# in a neighborhood of 6., all the components of the second derivatives are integrable for all
ke{0,...,3}:

82
%)\k(z ,0)
While this holds trivially for most components, the integrability of the following specific terms
requires closer attention:

)

(92 (2)2 (92
m)\a(zae) 3 ‘8686)\0,(279) 8585)\3(2,0)‘ forall a € {071}

First, consider the mixed partial derivative with respect to 6 and :

2 B 1 1-0(X,8) S1{A=a}Y _ -
’69285)\“(%9)’ C(1-6)2  o(X.B) Ta v
For each coordinate ¢ € {1, ..., d}, the expectation is bounded as follows:
0? 1 1-0(X,5) S1{A=a}Y
E = E . 4
| e o e
1/2
1 1-0(X,8)\> S1{A=a}Y? )
< . . g
SN(ErsE <E l( ) T

using the Cauchy—Schwarz inequality. The first expectation is finite under the assumption that Y
is square-integrable, and due to the exponential tail behavior of the logistic function. The sub-
Gaussianity of X implies that all moments of V' are finite, ensuring integrability of E[V;?].

Second, consider the pure second derivative with respect to S3:

‘ 0? ‘ 1 1-0(X,8) SH{A=a}Y

J— M T
WAQ(Z70) B 1—06, U(Xaﬂ) Ta e

Each entry of this matrix takes the form C'- V;V;; for some random coefficient C, and the integrability
of these entries follows from the same reasoning as above.

Third, the second derivative of \s is given by

82

By applying Holder’s inequality, the following bound is obtained:

E [[ViViVia|] < E[VZ]V? - E[ViV/* - E[V,A]'/4,

which is finite due to the sub-Gaussianity of X. Consequently, each second derivative component

020
is integrable for all k € {0, ..., 3}, in the neighborhood of .. Define

A(0) =E lax

’ 2

)\k(z,ﬁ)‘

50 0_900] and B(0x) = E [MZ,050)AZ,05)"] .
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Next, we verify the conditions of Theorem 7.2 in [42]]. To do so, we compute A (6.) and B (6).
Since

1 0 1 1-0(X,8) S1{A=0}Y —1 1-0(X,8) S1{A= O}YVT
(1-62)* o(X,8) Ps(A=0) 1-62 o(X,8) Ps(A=0)
N 0 1 1 1-0(X,B) S1{A=1}Y —11-0(X.8) SI{A=1}Y |, T
-,(Z,0) = 0-02)2 o(X.p) Ps(A=1) 1-6; o(X,B) Ps(A=1) 7
90 0 0 —~ 0
0 0 0 —o(X,B)(1 — o(X,B)VVT
(29)
We obtain with 0, = (Ep [Y (@], Y], Bo)
B,y (©
0 HEl E oV
&)
0 —1 % —Er [YOVT]
0 -1 0
0 0 —Q
where ) = E[ (X, 8x) (1 —0(X, VVT] which using Schur complement leads to:
1 0 _]ETl[E/(O)] ]ET[Y(O)VT]Q_I
Er[y ™ —
A(Goo)_l = 0 -1 - Tl[fa ] ET[YO)VT]Q !
0 0 -1 0
0 0 0 Q!
Regarding B (0 ), elementary calculations show that
I B ) e (0] 0 mE ] ooty
By = | e lole o] EEOEOT ] e [r0] e oo O]
(1 - a)Er [Y(f’)] (1 - a)Er [Y“> a(l—a) (1 - a)Er [a(X)VT]
Er [(1 - o(X)VY©] Er [(1 - o(X) vy ®)] (1 — @)Er [0(X)V] Q

Based on the previous calculations, we have:

* A(z,0) and its first two partial derivatives with respect to 6 exist for all z and for all 6 in the
neighborhood of 0,

« For each @ in the neighborhood of 6., we have for all k € {0, 3} |-%

575 C Ak (2,0) ‘ is integrable.

* A(f) exists and is nonsingular.

* B(0) exists and is finite.

‘We also have

> ANZi0n) =0 and Oy 5 0
i=1
Then the conditions of Theorem 7.2 in Stefanski and Boos [42] are satisfied, and we can conclude

that
vn (éN - 900) N (0, A(s) " B(020)(A(6se) ™))

Letting 4/ and v{ be respectively the first and second row of A ()~ !:

Ep[Y©
vy = (—1, 0, —%7 ET[Y“”VT]Q*) :

and

E[y®
v = (o, —1, —%, JET[Y(UVT]Q_1> )

21



Expanding the quadratic form explicitly, and using Lemma [I] we get:
Er[r(X)(Y@)?] Er[y@]?
T, l—«
—Er[YOV]TQ Er[YVV] + 2B [Y V] Q1 Ep[o(X)VY (@]

Va,wHT = VIB(QOO)VG. =

and:

ET[Y(U]ET[Y(O)]
l—«a
~Er[YOVTIQ'Er[(1 - o(X)Y©OV]
—Er[YOVTIQ'Er[(1 - o(X))YVV]

Cynr = vy B(0so)V1—a = — +Er[YOVTIQ B [Y OV

Lemma 1. We have E[o(X)V]TQ™! = “UH . 40 Q = (1 — a)Ey [o(X, B)VVT].

Proof.
Q=E[o(X,8)(1-0(X,B)VV']
=P(S=1)Es [0(X,8) (1 — (X, B) VV ] + (S = 0)Er [0(X,8) (1 — o(X,8) VV ]
=(1-a)Eg [0(X,8)*r(X)VV'] + (1 = a)Er [0(X,8) (1 — (X, B8)) VV ]
=(1-a)Er [o(X,8)°VVT] + (1 - a)Er [0(X,8) (1 —o(X,8) VV]
=(1-a)Er [o(X,8)VV ]
Therefore using using the block inverse matrix formula:

1 < i St S Er[e(X)X]T P! ) ,

Q= “1P-1Ep[0(X)X] P~'+ P~'Epjo(X)X|Er[o(X)X]T P-15-1

T 1l-a
where P = Er[0(X)X X "] and S = Er[0(X)] — Ex[o(X)X]" P~ Er[0(X)X].
Expanding [E7[0(X)] Er[o(X)X]T] (1 —a)Q7!, we get:

Erlo(X)]S™! — ST EBr[o(X) X" P 'Er[o(X)X] = S~HEr[o(X)] — Er[o(X)X] T P7 Er[o(X)X]) =1
S

and
—Ero(X)]ST ' Er[o(X)X]T P~ + Ep[o(X)X] P~ + Ep[o(X)X] P Ep[o(X)X|Er[o(X)X]TP71S7 =0
Hence:

U1 (d + l)T

Erlr(X)V]TQ ! =

O

Proposition 10 (asymptotic normality of weighted Horvitz-Thompson estimator). Let o(z,3) =

-1 .. . 5 . . . . .
(1 +exp(—z' B — Bg)) denote the logistic function, where 3 is the maximum likelihood esti-
mate (MLE) obtained from logistic regression of the selection indicator S on covariates X. Define
the estimated density ratio as:

5 n 1—o(z, fy) N
r(z,Bn) = N g(x”é’N) , with n = ;Si.

Let 7o \wur denote the weighted Horvitz-Thompson estimator constructed using the estimated ratio
r(x, Bn). Then, under Assumption|l|to '

\/N (7A'<I>,WHT - Tg) i> N (07 V<I>,wHT) .
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Proof. We begin by observing that the estimator of interest can be written as smooth transformations
of its vector-valued estimator:

oo it = P (Y1 wiT, Yo wHT)-
By Propositions@ the pair (1@17wHT, 1&0,WHT) is jointly asymptotically normal. Specifically,
VN ('Qzl,wHT —¢1> i)N(O S onr)
T ) HW. )
Yo wHt — %0

where Xt is the asymptotic covariance matrices, with entries determined by the variances and

covariances of the components ¢1 wht and 1/)0 wir- Since @ : R? — R is assumed to be a smooth
function, we can apply the delta method to each estimator. Let V® denote the gradient of @, evaluated
at the true parameter vector (1, ¢g). Then:

VN (7 nr — &) ~5 N (0, Vo rir),
where the asymptotic variance is given by the quadratic form:
Vot = VO Syur VO,
O

Proposition 11. Let 1), = E7[Y (a)] denote the target population mean potential outcome under
treatment o € {0, 1}. Define the estimator

) 1{A; = a}Y; . S m 1—0’(1‘,BN)
¢aN— Z‘Sl r(X;, By) - P . with r(z,fn) = N _n U(x’BN)
where
. N
RS SR TP )
n
$.21 i=1

B is the MLE from logistic regression of S on X, and o(z,3) = (1 + e‘”’”Tﬁ)_1 is the logistic
function. Then, under regularity conditions,

\/N[Z/flﬂ_wl] L N(0,y), with Sy= PgN CN]

oN — Yo n Von]’
where
Er [r(X) (Y(®)2 2 1 1
Von = T[r( ) ( ) ] _HET[Y(G)]? <__>
’ Qg a all—a) am,

—Ep[YOV]TQ ' Ep[YOV] + 2B [Y DV TQ  Ep[o(X)VY @],
120

a(l—a)

~Er[YVT]Q 1ET[( (X))Y“‘“)V]

—Ep YOV TIQ™ [( o(X))Y V]

+ Ep[Y@OVTIQ ' Er[Y V]

Cy = B[y @ B[y 1)

withV = (1, X) € RP™! and
Q=01-a)Erlo(X,8)VV].

Proof. We follow the same initial setup and notation as in the proof of the Re-weighted Horvitz-
Thomson estimator. The key difference is the empirical estimation of 7, introducing an additional
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estimating equation for 6s.

structure, and regularity conditions—follows identically. Define here:

The remainder of the proof—existence, uniqueness, M-estimation

1-0(X,8) S1{A=0}Y ) i
13202 a()(( 5)5) {9 ! — o %ON
6, 1-0(X.8) SL{A=1}Y _ g Y1N
1-02  o(X,B) 994 1 . &:NZ IS
AZ,0) = ) On = N i=
S1{A=0}—03 %Z%ﬂ Sil{A; =0}
S1{A=1} -0, & i Si1{A; =1}
V(S_U(Xaﬂ)) L ﬁ]\/ i
We now rewrite the estimator using this notation. Recall
. 1-0(X;,3 &
(0, ) = TR0 2
o(X;,PN) o
Then: N
R 1 A 1{A; = a}Y;
e N
and
N
ﬁ-a = Nd;SzI{Al ZCL}.
Substituting in gives:
1~ 1-0(X;By) a 1{A; = a}Y;
wa T = N Z . 1—a "I N .
ot & N2z Sil{di = a}

( ]761\’)

Let A(0) be the Jacobian of A(Z, 6) at the population limit 6., and B(f,) the corresponding
covariance matrix where

000 = [ET[Y(O)LET[Y(I)L @, AT, AT, BOO]T

Let
Q=Er[o(X,Bx)(1 — (X, Bx))VVT].
The inverse Jacobian block A ()~ is block lower-triangular, with expressions for rows v , vy
given by:
vl =|-1{a=0} —1{a=1} -2 EU g Brvy@]TQ-!

We then compute the asymptotic variance as
Vi =) B(Ooo)va, Ci =1y B(0oo)rn,

where the expansion of u;r B(f )y yields the desired closed-form expressions for V, y and Cy
stated in the proposition. O

B.4 Weighted and transported G-formula
Proposition 12. Let 1), = E7[Y (a)] denote the target population mean potential outcome under
treatment o € {0, 1}. Define the oracle estimators
N
N Z(l — i) - 1y (X0)

i=1

N 1
(LWG - ZS :u’(a)(X )3 and wa,tG - N —

where (X)) denotes the density ratio between the target and source covariate distributions and
N . o .
n =Y ., S; is the number of units in the source sample. Then, under Assumptlonto E]

\/N (w;,tG - wa) i> N(Oa Vajk,tG)7
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Furthermore under Section[3.1}

VN (Y506 = ¥a) 5 N0,V a),

where the asymptotic variances are given by

(Br [r(0 Gy (X))?] = Bzl (@))?)

*

1
a,wG a

* 1 2 a
e = 10 (B | (ufy0)) | - Brlre2).
Proof. Transported G-formula. Define
Zi = (1= 84) - uipy(X),

and

so that N
% Zi:l Z;
% Zi\;l 1-5;

We first compute the expectations of Z; and S;. By the definition of Z; and using that S; ~
Bernoulli(«),

w:,tG =

E[Z)] = E |(1-8) - iy (X)]

= (1- o) Br [, (%)]
= (1 - a),

where we used the consistency assumption Y = Y (4) | the randomization of A, and the density ratio
property. Since the (Z;,.5;) foralli = 1,..., N are ii.d., we can apply the multivariate central limit

theorem to
1Y 1 Y
N7 Zi7 T 1_51 )
(727 3s)

VN ((&}VE;_E fis) - <E[]? [3]94)) 4 N(0,3),

5 ( V[Z;i] COV(Zi,Si)> .

to obtain

where
Cov(S;, Z;) V[S;i]
since 1, ;¢ can be written as
% Zfil Zi
% Zf\; 1- Si’

we apply the Delta method to the map h : (z,y) — z/y, whose gradient evaluated at ((1 — «)tp,, 1 —
a) is

w:,tG =

u:Vh(u_a)wa,l—a):( L Y >

l—a’ 1-—«a
Thus,
* d *
\/N (’(/Ja,tG - wa) — N(O’ a,tG)7
where
Vi = u' Yu.

a

Expanding, we obtain

L vz Y yis -

29
(1 _a>2 2COV(ZZ‘,Si).

Va (-
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It remains to compute each term. Since S; ~ Bernoulli(«),
VIS = a(l — ).
By direct computation,
2
V12] = (1= ) Er | (5 (0) | - (1 - w2
Moreover, since (1 — S;) X Z; = Z;, we have
Cov(Z;, 8;) = (1 — a)arhs.

Substituting into the expression for V', we find

Vi = 1o (Br (s 00) ] - ).

weighted G-formula. Define
Zi = Si-r(Xa) - iy (Xa),

so that N
1 _
o _ N Zi:l Z _ Zl
a,wG T g N - o
¥ 1 Si SN

We first compute the expectations of Z; and S;. Using the definition of Z; and that S is binary,
E[Z] =B [S; - r(X) - uy (X)]
= aEs [r(X) - i) (%)
= aEr [, (X)] = avs,

where we used the importance sampling identity Eg[r(X) f(X)] = Er[f(X)]. By the multivariate

central limit theorem, -
VN ((gx) - (O‘Z’a» 4 N(0,%),

. ( N1 COV(ZZ-,SZ-)> .

where
COV(Z’iaSi) V[SZ]

The gradient of the map h : (z,y) — x/y evaluated at (atp,, @) is

1
u = Vh(a,, o) = (, _%) .
« «
By the Delta method,
/ * d *
N (z/}mwG - ’L/)a) — N( ) a,wG)7
where
* T 1 3 22/104
Va,wG =u Yu= @V[Zl] + ?V[SZ] - a2 COV(ZZ', Sz)

We compute each term:



Substituting into the expression for V,* ., we get:

v = 5 (0Br [P0y (2] - a202) + Y2a(1 = 0) - 2a(1 - a,

201 _ o 21 o
= Lo [0 (7] -+ P )_ 23— o

2
= éET [Py (X)) - %

O

[1, X]. We rearrange

1. We then define

Proposition 13. GrantAssumptionltoldeﬁning B@ = [¢le) A(a)], V.
the source Y; and V; so that the first n1 observations of correspond to
V1

A
1s

Y =Y,....Y,) and Yo = (Yo, 41,--.,Yn), aswellas V| = V)T and Vo =
(Vait1, -+, Vi) 1. Letting & = (3_7_, S;)/N and for all a € {0,1},
_ 1 !
VO =~ N"1g_ oV, and Y =(=-V]V,] —V'Y,.
Zl 11s,= Z Si=0 and ng ¢ ng ¢
Defining v = Eg[X] and ¥ = Var(X|S = 1), we have
VN@by —00) S N(0,%),
where
Var[V|S=0
A VO) Er[V] a([lja) ] 0 0
dv= (80, ou={ s | s=| o @ oml o |
30 M ol=my
B B 0 0 oA
. B B Y Vb Y
with M = |: 72711/ 271 .

Proof. Using M-estimation theory to prove asymptotic normality of the 6y, we first define the
following:

\(Z,0) (1—8)(V —by)
A(Z,0) = ( A2(Z,0) ) = S1—A) (Ve —vVT (6, — BO))
A3(Z,0) SA(VeD —VVT (6, — 1))

where 0 = (g, 01, 02, 05). We still have that 0 v is an M-estimator of type A [see 42] since

N A
> AZi,by) =0.
i=1

Note that
EAi(Z,050)] = E[(1 = 5) (V = E[V])]
=(1—-a)Er [(V —Ez[V])]
=0.
We also have
E[\(Z,00)] = E [5(1 _ A)V6<0>]
= aoEg [(1 - A)Ve(o)}
=a(l —mEg [VE(O)]

= a(1 — m)Eg [VES {é%v“
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Similarly, we can show that E [A\3(Z, 0)] = 0. Since A(Z,0) is a linear function of 6, 6, is the
only value of 6 such that E [A(Z, §)] = 0 Define

A (900) =E [gg\ 9=900:| and B(HOO) =E [)‘(Z’ QOO)A(Z’ GOO)T} :

Next, we check the conditions of Theorem 7.2 in Stefanski and Boos [42]]. First, we compute A (6o )
and B (6 ). Since

oA —(1-295)

0 0
%(Z, 0) = 0 —-S(1—-AVvvT 0 ,
0 0 —SAVVT
we obtain
—(1-a) 0 0
A(f) = ( 0 —a(l—m)M 0 ) ,
0 0 —amM
where M = Eg [VVT] , which leads to
- 0 0
A7 (0y) = 0 —ai=y O 1
0 0 —M—

[e%8

Regarding B(0), since we have A(1 — A) = 0 and S(1 — S) = 0, elementary calculations show
that:

|

Sy
=
&

1 1= 0
B(0x)1,3 = B(0)3,1 = 0.
Besides

B(0s)11 =E[(1=8)*(V-Er V)V —Er [V])']

=(1—a)Var[V|S =0],
‘We can also note that:

B(0s)ss =E [52A2VVT(6<1>)2}
= anEg [VVT(E<1>)2|A = 1]

= arnc’*M
and similarly,

B(QOO)Q’Q = a(l — 7T)O'2M.
Gathering all calculations, we have

(1 —-a«)Var[V]S =0 0 0
B(0s) = 0 a(l—mo?M 0 ,
0 0 ano?M

Based on the previous calculations, we have:

* A(z,0) and its first two partial derivatives with respect to § exist for all z and for all § in the
neighborhood of 0.

* For each @ in the neighborhood of 0., we have for all i, j, k € {1,3}:
82
—A 0)| <1.
’aaiaoj e )’ =
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* A(0) exists and is nonsingular.

* B(f) exists and is finite.

Since we have:
n

Z,\(T,-,Zi,éN):o and Oy B 0

=1

Then, the conditions of Theorem 7.2 in Stefanski and Boos [42] are satisfied, we have:

v (éN — 900) N (0, A(s) T B(020)(A(6s) ™))

where:
Var[V|S=0]
1 —INT ey 20*1 ’
A(fe) ' B(00) (A(f) ™) T = 0 ity 0
0 0 *Mt

T

O

Corollary 1. Forall a € {0,1}, let f'aoéé denote the transported G-formula estimator where linear
regressions are used to estimate u(a) Then, under Assumptiontoand '

VN (%1029 ¢1> 4N (0,39,

Toxa — Yo
with
S0LS _ ((B“UTV“EV_E“”ﬂU +Er[V]TEM R (V] (g0 T Verlt15=0l g0, )
(BT Y=l ) (BO)T VarlVIS=0] 5(0) 4 ()T M (V]

Proof. Recall that for a € {0, 1}, we have:
AOLS (ﬁ(a)) ‘/(O)
From Proposition[I3] we know that:
VN(@by - 0) S N(0, %),

with Oy = (Vidys (BONT (BOYT)T c R3%»+3, and where ¥ is the block-diagonal covariance matrix.
By applying the delta method to the map

7 A2(0) A1)y (B(l))—r‘/(())>
g(‘/(O),ﬁ 36 )_ <(B(O))T‘_/(O) ;

the asymptotic distribution of v N ( L?%é 1)) is multivariate normal with covariance matrix:
g = JBJT,

where .J is the Jacobian of g evaluated at (E1[V], 39, 3(1)):

(Bwy) 0 Ep[V]T
7= <(5(0)) Er[V]T 0 >

we obtain:
sOLs _ ((60»”“?_5‘%@ + Er(V]" =B (V] (BT EE=lpe ) |
(80T HE=A 5 (8O TR 5O 4 B (V)T S S Er[V]
(30)
O
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Proposition 14. For all a € {0,1}, let f'aO%fG denote the weighted G-formula estimators where the
density ratio is estimated using a logistic regression and linear regressions are used to estimate ,u(sa).

Then, under Assumption |Z| to m

VN bS8 o d oLs
N zﬁldLSG — <¢1> = N(0,258)-

Proof. Let Z = (5,X,5 x A, S xY) and define 8 = (01, 02, 63, 3,04, 05). Consider the estimating
function A(Z, 0) defined as:
1—0(X,8) SO,V
a()(fﬂ)) g, — 01,
1—0(X,8) S04 V
U()((ﬁ)) 1-65 02,
A(Z, 9) = S — 037
V(S -o0(X,0)),
S(1—A) (Ve(0) = VV T (s — ),
SA(Ve(d) —VVT(05 — M)

Define 0 = (zﬂg’%fc, ﬁ?kaG, &, B, B, 3, where Sy is the MLE from the logistic regression

of S on X, and (X, B N) = % . ﬁ Then, the estimators AS}WSG take the form:

. 1 o 1-o(Xi.8n)
OLS _ -~ Si . _ X (a) TV;‘.
a,wG Nl:zl U(XZ,ﬂN)(].—d) (B )

The estimator 6 solves the estimating equation:

N ~
> A(Zi,bn) =0.
i=1

This setup is structurally identical to that of proposition [9]and [I3] and the M-estimation theory in
Stefanski and Boos [42] applies directly. Specifically, the regularity conditions (e.g., smoothness of
A, identifiability, uniqueness of root) are satisfied.

As before, the asymptotic distribution of the M-estimator is:
VN(On = 0:0) 5 N (0, A7 BAT)T),

where A and B are the Jacobian of the estimating function and its variance, respectively, evaluated at
0o = (Y0, 91, @, Boo, BO) 5(1)). Focusing on the top-left 2 x 2 block of the sandwich covariance
matrix—corresponding to (Y%, 155 )—we denote this block by X0¢?, and conclude:

/ %) LSG — o) d OLS OLS Voo LSG CO(L}S
N | oots = N(0,55¢) where Y0 = <C<’)st VcV)VLs ) ;
1,wG L wG 1,wG
where using Lemmal[T] we simplify the expression to:

(B)TEL[VVT]B@

(@ T AB(a) 2
Vot = < )aAﬂ - 11@@ 2 1—a BN TEr[VVTIQ  Er[VV ]
(31)
Tar—1
4 o2 ErlV] M7 Er[V] 32)

%%

For the covariance terms we get:

(BOHYTABM) o +2(/B(1))TET[VVT}B(O)

Cve = - T T = (B Er[VVTIQT L [VVT]BY,
(33)
where A = E7[r(X)VVT]. O
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Lemma 2. Grant Assumption[l|to Linear model(l] then:
* the matrix Evov’gf — Etoés is semi-definite positive,
e the matrix X,g1 — EgLGS is semi-definite positive.

Consequently, Vgﬁé < ng o < Vawur

Proof. First statement We first start with Syt — 9%, Under Linear model
Y@ = (BNTV 4 €@ where E[ | X]=0, Var(e® |X) =02,

we can express the variances V,, wur and the covariance term Cyyr defined in @ of the weighted
Horvitz-thompson in terms of the model parameters and the distribution of X. Starting with V;, wur,

we expand each expectation by substituting the linear form of Y (). The first term of Va,wat becomes
Er[r(X)(Y@)2] = Er [r(X) ((8)TV)2 4+ 2(8) TVe® 4 ()2)].

Taking expectations and applying the assumptions E[¢(*) | X] = 0 and Var(¢(® | X) = o2, this
simplifies to
Er[r(X)(Y®)?] = Er[r(X)((8')TV)?] + 0*Er[r(X)].

The second term, becomes (E[(3(*)T X])?, since the error has mean zero. Moving to the third
term, we use linearity to write

Er[Y@VT] = (8)TEx[VV],
and thus the quadratic form becomes
ErlY@OVTIQ Erly@V] = (89)TE(VVTIQ Er(VV T},

For the fourth term, we compute

Er[o(X)Y V] =Er[o(X)VV ],
which leads to

2Er[Y OV TQ T Er[o(X)YWV] =2 (8) "Ex[VV QT Er[o(X)VV )5

Noting that Q = (1 — a)Er [o(X, 8)VV 7], this further simplifies to:

~2(B8“)TEg[VVT]@
B 1—a '

2Ep[Y OV TQ ' Ep[o(X)Y @V

Combining all components, using linearity and the definition of A, we have
(Er[(8“)TV])?
-«
(B@) Er[VVT]5@
11—« '

Va,wHT =

((5)TAB + 0*Erlr(X)]) -

a

— (BNTEL[VVTIQ 'Ep[VV TS + 2

Turning to the cross-covariance term Cy,yt, we proceed similarly. Noting that
Er[y (@] =E[(8)TV],
Er[y V] = (8) "Ex[VV ],
Er[o(X)Y V] = Erlo(X)VV T3,
we substitute these into the original definition to obtain
Er[(8M)TV]-Er[(8) V] n o (BY) "Er[VV ]

1—« 1«
— (BNTEL[VVTIQ ' Ep[VV B0,

CVWHT = -
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Now, we can compute the following quantities:

1—m, 2
VawHT — V{?‘T;SG fiﬂ(ﬂ(a))TAB(G) + o

a a

(Ex[r(X)] — Ex[V]T M 'Er[V))

and

0T A5
OwHT _ C‘?,Iés — (B )a B

Since 0 < 7, < 1, we immediately have that
1= Ma 5@)TAp@ > o,
aT,

Now, turning to the second term in the expression for Vg, wut — V WG, observe that
Er[r(X)] —Er[V]' M 'Er[V]
can be rewritten using the fact that the target distribution 7" is defined via reweighting from the source
distribution S, with r(X). This yields:
Er[r(X)] - Er[V]T M 'Er[V] = Eg[r(X)?] — Es[r(X)V] ' Es[VV | ' Eg[r(X)V].
To interpret this expression, we recognize it as a variance-type quantity. In particular, we can rewrite
it as:
Es[r(X)?] — 2Es[r(X)V] ' Es[VV | Eg[r(X)V]

+Es[r(X)V] " Es[VV T 'Es[VV " Es[VV T Eg[r(X)V],

which simplifies to:
Es [ (r(X) - Es[r(X)V] Es[VVT] V)]

This is the expected squared residual from projecting (X ) onto the linear span of V, and is therefore
nonnegative. Hence,

Er[r(X)] — Ex[V]T M~ 'Ex[V] > 0.
Combining this result with the earlier inequality, we conclude that

VOLS

Va,wHT a WG

Since this holds for both @ = 0 and a = 1, and noting that

(%

CWHT -

)
we now analyze the overall matrix difference. The trace satisfies:

tr(Swnr — 0@) = (Viwnr — Vis) + Vot — Voye) 2 0,
and the determinant becomes:

det(Zypr — 298) = (Viwnr — V4 WG)(V(W]_IT VOOVLVS(I}) (Conr — COL5)2
1
> 2 ((5(1))TA5(1) A(BNTABO — ((6(1))TA6(0))2) >0,

where the final inequality follows from Cauchy—Schwarz. Since both the trace and determinant of

Y wHT — EVOVLGS are nonnegative, we conclude that the matrix Xygr — EOIE;S is positive semi-definite.

Second statement Now, we want to prove that ¥/ — $9L5
using the expression defined in[I9} [31]and [30] we have

VOVLVSG VOtLé (B(a))THﬂ(a) and COLS COLS (IB(l))THB(O)

a a

is semi-definite positive. Observe that

where the matrix H is defined as

H:= 1ia (ET [1 ;(ig;’)ﬁ) VVT | +Er[VVT] = Er[VV ] (Er[o(X, 5)VVT])‘1ET[VVT]> )
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This can be rewritten more compactly as:

1
11—«

H= (C — AB™'A),

where we define:

C=Br| s

o(X, B)

VVT} ., A=Ep[VVT], B=Eq[o(X,5)VVT].

First, we define the vector:

e R%,

e [T
Vo (X,8) v

(Note that here we changed the definition of Vto simplify later steps.)

Then the outer product VV' T is:

- [a()g BHVVT  vVT ] .

Vvl = T 1 T
Vv WVV

Taking expectation, we define the matrix:
- B A
M :=Ez[VV'] = {AT C} .

We now show that M is PSD. For any z € R24_ we have:
2" Mz=Er [ZTVVTZ] =Er [(sz/)Q] >0,

since each term in the expectation is a square. Therefore, M > 0. By the Schur Complement Lemma
for block matrices, provided that B is invertible and square and B > 0 and M > 0, we get that

1

H:
11—«

(C— AB™'A) = 0.

Now, by definition:

oLS os _ [(BOYTHBO (BW)THBO
Yo —XG = (BOYTHBO (B THRM |-

Since this matrix is a Gram matrix induced by H = 0, it follows that £k — $:9LS = 0. O

Proposition 15. Grant Assumptionto and let ﬁthSG denote the transported G-formula estimators
where linear regressions are used to estimate ufa). Then, %thSG is asymptotically normal:

VN (785, —72) 4 N (0, VR,

where 1 9 0P
OLS __ (1) (0)
= —pW + B
2.G 11—« aq,bl ad}o Var[V'|S=0]
LB VITM BV | 1 (00 \F 100
(6% 1—m 8’(/)0 ™ (91/}1 '

Proof. We begin by analyzing the transported OLS estimator, defined as
% = ((B) Vo), (B) Vo))

where V(O) is the empirical mean of covariates in the target population. Under Linear model|l| the
corresponding population estimand is

r§ = @ ((B)TEr V], (B)E(V]),
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where E7[V] is the expectation of covariates under the target distribution
To study the asymptotic behavior of the estimator, we perform a first-order Taylor expansion of ®
(BNTE7[V], (B)TEx[V]). This yields:

around the point (¢, ¥g) :=
@ ((39) E([V), (89) Er[V])

SOLS T _ g ((B(l))TV(o), (B(O))TV(O)) B

TetG — T =

o N -
- 87/)1’(1#1‘71#3) ((/8 ) Vo) = (BY) ET[V]>
aﬁ A( ) — B ( )
" 51/)0’ ) ((ﬂ D) Vi) — (B )TET[V])

o (| Gt - Gerrin) )
BO) TV(O) (89) 4
To further decompose the linear terms, note that for each a € {0, 1}, we can write

(BN Vo) — (B TE[V] = (B — BOYTE[V] + (B) (Vioy — Er[V]).

Combining these expressions, we obtain:

os 00 o :
o0 (30 = 8O TEL(V] + (B®)T (Vio) — ]ET[V])} oy (V)

-2
o l(wi )
By the multivariate Central Limit Theorem, the Law of Large Numbers, and Slutsky’s theorem—along
with[[3we conclude:
\/JV(TthSG Tg) 4N (0, Oz;E aoo) ,
where ¥ is defined in[30]and the influence vector av is given by

0o ‘ . o0 ‘
O = —— R
Oy L) 0o | (w5 ,93)

Q0,005

and each o o € RP? is defined as

000 = ((B(a))T’ ET[V]T ) ]l{a:O}v ]ET[V]T : ]1{(1:1}) R3PT3,

O[a,oo -

Combining this with the block-diagonal form of X, we obtain the explicit asymptotic variance

1 oD
alXas = 9% sy 4 92 g0
-« 8¢ o Var[V]S=0]
Er[VITM'Er[V] | 1 (02’ L 1(o0 2
«Q 1—m \ 0y T \ 0 ’

O

~OLS

Proposition 16. Let 747 ¢

denote the weighted G-formula estimators where the density ratio is
estimated using a logistic regression and linear regressions are used to estimate 1{a) Then, under

Assumption|l|to Tgl;;ng is asymptotically normal:

VN (784 )4 N(0,VESSS),

To,wGa — To
0P oP oP oP
os _ [ 9% VOLS <) VOLS +92 ()( )COLS
R (aw ) ) OmE a1 ) \ 9y

where
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Proof. Using we apply the delta method to 7913, = @ (015, 8L%;) of the two-dimensional
asymptotically normal vector. By the delta method:

\/N (%{?L\ISG - é(wh w())) i> N (07 V<I)(¢17 ¢O)T EVOVLé}S V(I)(d)h 7/)0)) )

-
where V& (1)1,19) = ( 3851 , a‘%)) is the gradient of ® evaluated at the population means. Therefore
we get:

9% \ 2 9D \ 2 oD 0D
v = (o) vk () v 2 (o) (5 ) oo

B.5 Semiparametric Efficient Estimators under Exchangeability of conditional outcome

Proof of Proposition[3] In this proof, we use the usual machinery of influence function computation,
as described for instance in [26]]. In particular, we will for the sake of the computation, assume that
X is a categorical variable taking value in a countable space. We first recall that if

Y (Pobs) = Ep,,, [h(Z)|A] (34

for some measurable function h and some event of positive mass .4, then the influence function of 1)
at P, is given by

1{A}
IF 7Z) =

W2 = 5 "

We now rewrite 1, using functional of the form (34):
Yo :=Ep[Y (]S =]
=Ep,,[Ep[Y?|X, 5 =0]|S = 0]
=Ep,,.[Ep[Y”|X, 8 =1]|S = 0]
= Ep,.[Ep, [Y|X,5=1,4=d]S =0

= Ep, [H{X =2}S=0] xEp, [Y|X =2,5=1,4=aq]
zeX

(h(2) = ). (35)

Using (33)), and usual properties of the influence functions [26, Sec 3.4.3], we find

1-5
F(a)(2) = Y, 17— ({X =2} —Ep, [I{X =2} =0]) xEp,,[V|X =2, =1,A=d]
zEX
_ _ H{X=25=1,A=a} B B _
+ Z]Epobs[]]'{X_'r}‘S_O] X Pobs(X:(EwSz 1,A:a)(Y_]EPObS[Y‘X —Jj,S— 17A—Cl])

reEX
The first sum simply rewrites

1-95

X)—-9,(P)),
() (X) = Wa(P))
and for the second, notice that, using that A and .S are independent:

Ep,, [H{X =2}[S=0] _ rX)

PX=z,8S=1,A=a) aP(A=a)

so that the sum rewrites

1{S=1,A=a
O G o0 — i (),
In the end, we indeed find
IF(0)(2) = T (i (X) = ) + = XY = i (),
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Proof of Proposition5] By conditioning with respect to the randomness of fi(,) and 7, we can treat
these functions as deterministic. By using the law of large number, we see that m/N goesto 1 — «
and that v,y converges towards

Bl - 8 (X)] 4 [SFX)(V" ~ iy (X)]

l1—«

If /i(a) = fi(a)- then the second term in the above formula cancels and we are left with

1 —~ N
T o Bl = 8)hi) (X)] = Elti@) (X)]S = 0] = ¢a.
If 7 = r, then the second term yields
E[r(X)(Y = fi@)(X)[S = 1] = E[Y* — Ji(q)(X)|S = 0] = ¥ — E [[ia)(X)|S = 0],
which also yields the results. Using continuity of ® allows to conclude. O

B.6 Computations of one-step estimators and estimating equation estimators for the OR.

Note that )2 is solution to 3" ¢, (Z;, 7, ﬁEE) = 0. Then, given the expression of ¢, in Proposi-
tlonl it holds that for any other estimator wa

N
> 0alZi 0 00) = — e (fa — ).

i=1

We will use this observation in the subsequent computations.

(RD) For the risk difference, the estimating equation approach yields:

~EE /\EE TEE
TRD = o -

The one step approach, based on initial estimators 121 and 120 yields an estimate of the form:

m

75 =t — o + ﬁ(?‘f =01~ gy 8~ )

S S (N R PN
T N1-a)®D N1—a)) ™"

In particular, we see that starting from estimators W, of the form > 5,—0 H(a)(X;) yields a
final estimator that has the same structure as the estimating equation estimator, up to scaling
factors depending on o, N and m that are asymptotically close to 1.

(RR) For the risk ratio, the estimating equation approach yields:
T EE
~EE 1
TRR = “gg-
0
In contrast, the one step approach, based on initial estimators @1 and 120 yields an estimate
of the form:
~0S 1/’1 1 m TEE _ 7 12’\1 m TEE _ 7
A =5+ e (P — ) — S (5 — ).
Yo o N(1—a) P2 N(1—a)
In particular, we see that in general, 795 # 7EE, unless of course we initially picked EE
to apply the one-step correction.

(OR) For the odds ratio, the estimating equation approach yields:

B o
~EE _ SRR T

-9 g




In contrast, the one step approach, based on initial estimators 121 and 120 yields an estimate

of the form:
os __ U1 1-1 L 1-dy m = opp
TOR 1— {ﬁ\l ’121\0 (1 _ 12)\1)2 12)\0 N(l — a) (¢1 1 )
)

1—¢1¢%N(1_O4)
In particular, we see that in general, 795 # 7o, unless of course we initially picked
to apply the one-step correction.

JEE

C Transporting/Reweighting a causal effect under exchangeability of CATE

C.1 Identification under exchangeability of conditional outcome

Risk Difference (RD)
TRTD =Er [TFS{D(X)]
Risk Ratio (RR)
o Er[me(0) - (0]
TRR - ET [Y(Q)]
Odds Ratio (OR)

ToR () ko) (X)
1 OR (0)
ET |:1+7—8R(X)'l"’(I‘o)(X)N’(1:))(X):|

PN

C.2 Semiparametric efficient estimators under exchangeability of treatment effect

3007, ()
1—-Er |:1+T(S)R’(X)~IL’(I[‘)>(X)_H’(I£)>(X)

Proof of Proposition[] We use the same tricks as in the proof of Proposition[3] We first notice that
UL =Y Pos(X = 2|S = 0)I (70 (), (g (),
zeX

so that, with a slight abuse of notation

WD) = 3 125 (00X = )~ Ran(X = 218 = )0 ) Ty (@)
rEX
+ 3 Pon(X = IS = 0)IF (70 ()T (ra (), 10y ()

Using that 7¢(z) = ®(E[Y|A =1,5=1,X = z|,E[Y]|A = 0,5 = 1, X = z]), we further find
that

C{A=1,5=1,X =}
 PA=1,S=1,X=u1)

1{A=0,S=1X =z} . . .
T PA=0,5=Lx=a) Ho@WPm @), 1 (@)

IF (79 (x)) (Y = p(1y (@)1 @ (piy) (), 1y (2))

Again, we know that
PA=a,X=2,S=1)=arP(X =z|S=1) =armr(X)P(X =z|S =0).

Furthermore, since I'(®(a,b),b) = a for all a,b, differentiating with respect to a or b yields
Bo®(a, b)OT(®(a,b), b)) + oI (®(a, b), b) = 0 and 3y ®(a, b)d,T(P(a, b), b) = 1. Patching all of
this together yields the result. O
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C.3 Computations of one-step estimators and estimating equation estimators under
exchangeability of CATE

Example 3 (Application to the usual causal measures.). We give the expression of @E for the most
usual causal measures.

(RD) For the risk difference, we find

1 ~
I = o Z 10y (Xi) + To(X)
5,0

1-a ~ Az ~ ~8 1-— Az g
s 30700 (060 By (0) = 7 0 (X))
(RR) For the risk ratio, we find:
1 ~
= o Z 1oy (Xi)Ta (Xi)
S;=0
1—A4;

1—m

LIS A (i(y — i) (X (X0)) - (Y; — i, <Xz'>>%<Xi>) :

am
Si=1

(OR) For the odds ratio, we find:

see_ L > 10y (Xi)7e (Xi)
1 mizol- 10y (Xi) + oy (Xi)Te (Xi)

S ~
1-— . A; 100y (Xi)To (X)
+ “Zr(Xi)<<K-1 . ;?) - XAX)
am Si=1 n _/'4(0)( i) +,U(Q)( )T (X5)
1- Az ?@(Xi) )
l—m (1= iy (X5) + i) (Xi)Te (X:))? )

(Y — Fijoy (X2))

D Simulation

For the simulations we have implemented all estimators in Python using Scikit-Learn for our regres-
sion and classification models. All our experiments were run on a 8GB M1 Mac.

Linear setting under Assumption [3; we evaluate estimators under a linear response surface:
pl(Vy=plV with B, = (05,12, 1.1, 3.3, —0.6) and By = (—0.2, —0.6, 0.6, 1.7, 0.3).

Since 3y and ; remain unchanged across the source and target domains, Assumption [3]is satisfied,
results are depicted in Figure[d] As expected from the linear generative process, all estimators perform
well across all measures, with the transported and weighted G-formula exhibiting particularly low
variance in this setting—outperforming the influence function—based estimators.
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Figure 4: Comparison of estimators across different causal measures under a linear outcome model
with a sample size of N = 50,000 and 3,000 repetitions.
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* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
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J. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discussed the impact of our findings to better estimate treatment effects.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

K. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

L. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All theorems as well as the data used for real world experiment are properly
credited.
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Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
M. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

N. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

O. Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:[Yes]
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Justification: The TraumaBase© obtained approval from the Institutional Review Board
(Comité de Protection des Personnes, Paris VI,) from the Advisory Committee for Informa-
tion Processing in Health Research (CCTIRS, 11.305bis) and from the National Commission
on Informatics and Liberties (CNIL, 911461).

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs were not used for any relevant parts of this paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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