Full Conformal Prediction
under Stochastic Non-Conformity Measure

Thanawat Sornwanee
Stanford University

Abstract

The theory of full conformal prediction uses
deterministic non-conformity measure, but
modern usage of full conformal prediction of-
ten relies on machine learning training, mak-
ing stochasticity inevitable. A simple suffi-
cient condition of almost sure permutation
invariance of the non-conformity measure can
be too restrictive, so many have suggested the
relaxation to permutation in distribution as a
condition for full conformal prediction valid-
ity. We, however, show that this commonly
known condition is actually insufficient. We
then provide a correct sufficient condition:
Conditional Independence € Permutation In-
vartance in Distribution, which encompasses
several stochastic settings that may be used
in machine learning.

1 Full Conformal Prediction

Given the dataset of
([Zz = (sz,yz)]fV:l ,$N+1) ,

where z; is the input and y; is the output, we are
interested in constructing a confidence bound on the
unobserved output yy 1.

A standard conformal prediction relies on the routine
of retrieving conformal p-value from the rank of the
non-conformity score. Afterwards, the conformal pre-
diction returns a confidence set

{;& € Y : conformal p-value ([zl]fil (ZN1, gj)) > a} .

In full conformal prediction setting, we are given a
non-conformity score function ¢ : ZN*1 — S, where
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S is a totally preordered set endowed with a binary
relation, which is reflexive, transitive, and complete,
%=, and is normally chosen to be (R, >). (Vovk et al.
2005, 2016) We the compute the score in leave-one-out
manner, and then compute the conformal p-value from
the rank of the score as outlined in the algorithm

Algorithm 1 Conformal p-value with deterministic
non-conformity measure ¢ : ZNt1 - S

Require: Full data z € ZN+!

1: fori=1to N+1do

2: Score SZ‘:t(Zl,...,Zi_1,2i+1,...,ZN+1,Z,L‘)
3: end for

4: Conformal p-value p = w4 [1 +3N lgmsni
5: return p

The result is that, if Z = [Z; = (XZ-,YZ-)]?Z[I is ex-
changeable, and the non-conformity score function ¢ is
permutation invariant in the first N arguments, then
the conformal p-value of the actual data Z is a valid
p—valueE] This implies that the actual output Y1 is

in the confidence set with respect to ([ZZ]Z\]:1 7XN+1)

with probability > 1 — «a, where the randomness is
from the stochasticity of Z itself.

In most cases, the function t uses the first N data
entries, which is {z;};»;, symmetrically to train a
regression model ji_; : X — ), and use the loss
lly; — fi—; ()] to be the non-conformity score S;. If the
training returns more estimators, such as variance esti-
mator or quantile estimator, one can modify the score
to incorporate them. [Papadopoulos et al.| (2002)); Ro-
mano et al|(2019). Overall, the non-conformity score
will often be in a form of

! (A ([Zj]j?gi) »xhyi) )

where [ is a loss function.

Note that the trained model fi_; or A ([zj]j#) does

not have to be good in its performance or satisfy any

1See appendix |A| for a formal definition of p-value va-
lidity.



Full Conformal Prediction under Stochastic Non-Conformity Measure

conditions apart from that it training process must be
deterministic and permutation invariant in the data
input {z;};»;. For example, a ridge regression or ma-
chine learning with fixed initialization and stochastic
descent will satisfy this.

Permutation invariance seems to be natural to most
modern machine learning algorithm, but deterministic
training requirement is often violated. Modern ap-
plications of full conformal prediction often rely on a
training of a machine learning model, which may in-
volve stochasticity via stochastic gradient descent as
well as random initialization. [Lee and Zhang (2025);
Tailor et al.| (2025) Some may also employ different
stochastic training model such as random forests. (Li-
nusson et al., [2014; |Gauraha and Spjuthl [2018)

Apart from the stochasticity in the training, we will
see that the stochasticity in the inference time is also
not uncommon. The emergence usage of modern LLM
(large language model) as well as other generative
model can have stochasticity in the inference such as
from the API call itseleI Angelopoulos and Bates
(2022)) also suggest adding a small white noise to each
score can also be used for tie-breaking.

This suggests that a better understanding of full con-
formal prediction under a stochastic non-conformity
measure is crucial.

2 Stochastic Non-Conformity Measure

Before discussing the prior works, we will provide some
formulation of full conformal prediction under stochas-
tic measure/score. This is when we replace the routine
of computing conformal p-value from using a determin-
istic function ¢t : Z¥*1 — S to stochastic function(s)
T. Note that we will assume that every function men-
tioned has to be measurable throughout.

Since we may evaluate different non-conformity score
with different randomness, we then need to provide
flexibility for the stochastic function of each coordi-
nate to be different. For example, w may dictate
3 independently drawn random seed €1, €2, and e3.
The training process to get score 1 may only utilize
the seed €1, while that of the score 2 only uses es.
Therefore, mathematically, we need to put the indi-
cator for T. Formally, we have the algorithmic ran-
dom space (2, F,Pyaig), which will throughout be as-

2Currently, the usage of LLM as well as other pretrained
models in conformal prediction is more limited to a split
conformal setting. (Ravfogel et al.,[2023; |Quach et al., {2024}
Su et all 2024} [Epstein et al., |2026) However, one can
imagine the use of full conformal prediction by doing a fine-
tuning steps, or other post-training alignment methods,
with the input data. Though this has not been extensively
studied

sumed to be independent from that generating data,
and a vector of stochastic functions T' = [T;]~ 1" where

T, : ZNT1 x Q — S for each i € {1,2,..., N + 1}.

The routine of computing non-conformity score be-
comes the algorithm Note that, for a given z, the
p-value P still inherits randomness from the algorithm.

Algorithm 2 Conformal p-value with stochastic non-

conformity measure T = [T} : Z¥N+1 x Q — S| j\;—;—l

Require: Full data z € ZN¥*! Algorithmic random
space (9, F, Paig)
Realize w ~ Pyg
fori=1to N+1do

SZ' = Tz (21, ..
end for

1 N

P = N+1 [1 + Zi:l 1SN+1>;SZ}
return P

©y Bi—15 RZi41y - - '7ZN+laZi;w)

The question of interest is then

What is a sufficient condition on the random
functions T = [Tl]f\:{l for the validity of the
conformal prediction?

This is when the actual observation Yy is included
in the confidence set with probability > 1 — «, where
now the randomness comes from both the data Z itself
and the algorithm. This is equivalent to asking for
a sufficient condition for the conformal p-value in the
algorithm 2] to be a valid p-value whenever the random
input Z is an exchangeable random vector. Formally,
for any exchangeable Z, we require, for all o > 0,

P (conformal p-value (Z;w) < a) < a.

2.1 Prior Works

As discussed, the stochasticity in full conformal pre-
diction is not uncommon, but the theoretical study is
lacking. To the author’s knowledge, only 5 papers ex-
plicitly mention about condition for stochastic confor-
mal score. However, the mentions are brief: 3 of them
are in footnotes. Moreover, 4 claims are also incorrect.
For the excerpt, one can look at the appendix [B]

Correct Claim |[Lee et al.| (2025]) seem to claim that
a sufficient condition is when

almost surely.

This is sufficient but quite strong. For example, it
cannot handle stochastic gradient descent in a usual
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sense. Still, we provide some examples where this is
satisfied in the subsection .2

Incorrect Claim Other 4 papers that have men-
tioned the sufficient condition for the validity of full
conformal suggests that the almost sure condition can
be relaxed into an in distribution condition.

The paper “Conformal Prediction Beyond Exchange-
ability” (Barber et al.,|2023) has claimed that in a case
where the stochastic T is such that

-3y ZN+1, Zi;w)

S ZN413W)) (%)

Ti(zl, Ry v ny Zi—1y Ri+15 ZH_Q, ..

= (A(ZhZQ, ..

cy Ri—15 Bid1y RZi4-25 - -

for some random algorithm A mapping z_; € ZV to a
function i : X — ), which is assumed to be R, then
we only require

N

A(z) L A ([Za(i)]izl ; )

for all z € Z¥N*+1 and for all permutation o € Sy.
The same permutation symmetry in distribution sense
is also claimed to be a sufficient condition in the
paper “Training-conditional coverage for distribution-
free predictive inference” (Bian and Barber} 2023) and
by |Lee et al. (2023). This condition implies that, for
alli,j € {1,2,..., T+ 1}, z€ ZN+l 5 € Sy,

Ti(z) £ T ([Zo(i)]jvzl s ZN+13 ) ;

and T; = Tj. This condition is claimed to be a suffi-
cient condition by [Bai and Jin| (2024).

If these claims are true, then we will see that most
application of machine learning will work since equal-
ity in distribution is much easier to attain. However,
all these 4 papers are not correct in these sufficient
stochasticity claims, at least not without further struc-
ture like independence. We will give out a simple coun-
terexample in the section

3 Why Permutation Equivariance in
Distribution is Insufficient?

Below we will show a simple example where the equal-
ity in distribution under permutation is satisfied for
the training algorithm A, so the equality in distribu-
tion under permutation of the first N element is satis-
fied for the stochastic scoring functions 7', but the the
full conformal prediction is invalid.

Consider the case where (X;,Y;) X Unif ([0,1]%), and
N = 2. Thus, the random vector Z = (Zy,Z5,Z3) €
([o, 1]2)3 is exchangeable.

Let the random space be such that we can de-
fine two independent standard Brownian motions

{Bt(w)}iep0,1 and {Bi(w)}yeo,1], and we define a ran-
dom scoring function for all ¢ € {1,2,3} to be

T; (zw) = (A(21, 22;w)) (23) 1= By, (W) + B, (w),

for any z € ([0, 1]2)37 thereby making
T (z;+) ~N(0,1),

and similarly A is permutation invariant in distribu-
tion, since it always return a constant function whose
value is distributed according to N(0,1).

The non-conformity scores from the algorithm [2] con-
ditioned on the data Z are

(Sl|Z) () :T(227Z3azla):BY3+Bi_y3
(52|Z) () :T(ZI7Z37ZQ;'):BY3+B17Y3 s
(S3|Z) () :T(Z17Z25Z3;') :BY2 +Bi,y2

%)
12

“ 33 (1BY2+B£7YQZBY3+B£7Y3

making the conformal p-value

14+ 1s,>5, +1g,>s.
(Pl2) () = (R R,

z).
Under the case when Y5 # Y3, which happens almost
surely, we have that By, + B|_y, > By, + B]_y, with
probability % conditioned on Y5 and Y3 (so the ran-
domness is from the algorithmic randomness). There-
fore, (P|Z) () ~ %5% + 361 almost surely in Z (not in
the algorithmic random space). Thus, almost surely
in Z,

(red)-a(ref) -4
50 (P|2)

Thus, the sufficient condition of permutation invari-
ance in distribution known to the literature is actually
incorrect[]

contradicting with that P (]5 > %) >

cannot be a valid p-value.

W=

4 Example Sufficient Conditions

Recall that the validity of conformal prediction comes
from the validity of permutation test. Thus, we only
need that, as long as the data points Z are exchange-
able, the non-conformity scores S := [Sl]i\s{l are also

exchangeable (unconditionally).

3Tt is easier to construct a counter example when we
allow the random function for each score computation to
use different part of the randomness. For example, we can
consider the case when w ~ Unif([0,1]?), and S; = S =
Wi, while 53 = Ww2.
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4.1 Deterministic with Permutation
Invariance

For deterministic case, a simple sufficient condition
is permutation invariant among first N arguments,
meaning that

N
Ti(zw) = Tj([20)) ;1 » 2N+1;W) (1)

for all 4,5 € {1,2,...,N + 1}, z € ZN*1 5 € Sy,
and for almost surely w,w’. This is a standard con-
dition, and can be achieved by symmetrization over a
deterministic function f : ZV¥*! — R such as choosing
E(Z,W) = % ZO’ESN f (20(1)3 Ra(2)s- 1 Ra(N)» ZN+1);
but this requires N! computation.

4.2 Stochastic with Almost Sure
Permutation Invariance

As mentioned, this is when we weaken the degeneracy
requirement (by dropping w’) from the conditioninto

Ti(zw) = ,Tj([za(i)]i]\il s ZN+15 W) (2)

almost surely. This is still hard to achieve, as it is
translated into that the permutation invariance holds
for each random seed w, and we have to reuse the
same seed for each score evaluation process. For ex-
ample, this can be satisfied when the randomness only
comes in through random initialization of neural net-
work parameters and full gradient descent is imple-
mented. Another example is when symmetrization is
used with the same fixed seed.

For most machine learning training, this rarely holds.
Stochastic gradient descent with mini-batch may sam-
ple a random index I(w) of the data to be used in the
gradient computation. By applying the permutation
before running the algorithm, the I(w)™ datapoint in
the permuted dataset will correspond to the o (I(w))™
datapoint of the original dataset. Thus, unless we en-
force the algorithm to re-sort the datapoints first be-
fore using any stochasticity, the data order will change
even when the random seed remains fixed.

Moreover, this condition is difficult to satisfy if we have
randomness in the inference, since we may not be able
to apply a fixed random seed for some APIL.

4.3 Stochastic with Independence &
Permutation Invariance in Distribution

We weaken the almost sure equality [2| to equality in
distribution

T; (2-) £ T ([za(k)]szl s ZN+15 ) ) (3)

but with additional independence condition that

N+1

{T5 (21,22, - 21, Zid 15 Zig 2y -+ - EN41, Zi 7)) Fin g

is a collection of independent variables.

This is perhaps the most commonly used method in
full conformal prediction. Each time we train a ma-
chine learning model, the stochasticity is assumed to
be independent from those in the past. If there exists
randomness in the inference, as long as such random-
ness are independent from each other, then the validity
of full conformal prediction will still held. However, we
can see that this can be violated in some case, such as
when each training share the same random seed, which
may be used for reproducibility.

5 Conditional Independence &
Permutation Invariance in
Distribution

Note that the deterministic case[d.]is a special case for
both stochastic cases[4.2] and but the two stochas-
tic cases are not a special case of each other. We gen-
eralize the combination of the two stochastic cases to
show that a more general condition of conditional inde-
pendence and permutation invariance in distribution is
sufficient for full conformal prediction validity.

Definition 1 (Conditional Independence & Permuta-
tion Invariance in Distribution). The stochastic non-
conformity score functions T = [TZ]fV;;l, where Tj :
ZN+L . Q — S for each i € {1,2,...,N + 1} are
conditionally independent and permutation invariant
in distribution if there exists some random variable C
defined on the algorithmic random space such that, for

all z € ZN*1 and for almost surely C,

(T (510) £ (T ([0 iy 2v017)|€) (@)

for allo € Sy, foralli,j € {1,2,...,N 4+ 1}, and the
collection of random variables

N+1

{T5 (21,22, - Zim 1, Zit 15 Zig 2y - - ENA41, Zi3 1) by

is independent conditioned on C.

By taking C' to be non-informative, this reverts back to
the independence and permutation invariance in dis-
tribution setting [4.3] and, by taking C to be w, this
reverts back to the almost sure permutation invari-
ance

Theorem 1. The conformal p-value whose stochastic
non-conformity score functions T are conditionally in-
dependent and permutation invariant in distribution is
valid.
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The proof, which is in the appendix first, shows
that the joint score computation

A(z;w)

= [T (21, 22, - - Al

© 3 Ri—1y Zit1s Zi42y « -5 EN+1, 24 w)]i:l
is permutation equivariance in joint distribution. This
means that

N
i 4 A([zw(i)]i]\:l i)

{(A(Zﬁ '))w(i)}

i=1

for all z € ZN*l and 7 € Sy 1.

Afterwards, we use exchangeability of Z to conclude
that the scores

S = A(Z;w)

are exchangeable.

Cl&D

Figure 1: DT stands for deterministic permutation in-
variance, which is a standard assumption in full confor-
mal prediction as outlined in the subsection (Vovk
et al., 2005)) AS stands for almost sure permutation in-
variance as outlined in the subsection 16D stands
for independence and permutation invariance in dis-
tribution as outlined in the subsection [£3l CI&D
stands for conditional independence and permutation
invariance in distribution as defined in the definition [Il
We have established through the main theorem [I] that
CI&D is sufficient to ensure the validity of full con-
formal prediction when the non-conformity measure
is stochastic. D stands for permutation invariance in
distribution, which is the incorrect sufficient condi-
tion in the literature (Barber et al., [2023; |Bian and
Barber, 2023; [Lee et al., 2025; [Bai and Jin, 2024).
In this figure, we show that DT C AS N I&D, while
ASUI&D C CI&D C D. Note that these conditions are
defined with respect to an algorithmic random space
(2, F,Pyg) as well as S and Z. It is easy to show
that, for each C relation, we can find a setting such
that every C relation is indeed C. See appendix [E]
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A p-Value via Order Test

We define a valid p-value, and provide background on permutation test, which is the backbone conformal pre-
diction.

Definition 2 (Valid p-Value). A random variable P is a valid p-value if
P(P<a)<a

for all a > 0.

Lemma 1. Let S := [S;]_, be an exchangeable random variable where S; € S for each i € {1,2,...,n} and
(8,%) is a total preorder. The distribution of

"ol
P, = Zi:l S177S:
n

first order stochastically dominates Um‘f({%, %, e }) =rosp Unif([0,1]).

n
j=11s;

Proof. Define P; := 7% | Exchangeability of S implies exchangeability of P. Note that, for any integer
ke {1,2,...,n}, there can be at most k values of i € {1,2,...,n} where P; < %, )

1« k
P(P)==~> lpce <
1=1

implying the first order stochastic dominations. O

Corollary 1. Py in the lemmal[l] is a valid p-value if S is exchangeable.
Proof. From the lemma I} we have that P (P < o) < (Unif([0,1])) ([0, a]) = «, so Py is a valid p-value. O

In permutation testing (Lehmann and Romano, 2005), we test a hypothesis of whether random variables Z :=
[Zi]?zl are exchangeable, by randomly permuting the variables and compute test statistic each time. Under such
hypothesis, the test statistics should be exchangeable, so P; < a with probability < «, meaning that it is a valid
p-value.

B Excerpts from the Related Works

We provide an excerpt as well as some explanation of the context for each related work.

The proof of the theorem 2 of (Lee et al.l [2025)) states that “The scoring function V(¥)(-) was trained invariant to
the order of elements inside E; (this assumes that V(¥ does not use external randomness during training; similar
results can be attained for random training procedures by conditioning on the random seed),” V*) is equivalent
to 7; in our notation. This suggests that the almost sure permutation invariance condition is sufficient, which is
true.

Next, we look at the claim that is more in line of in distribution permutation invariance.

The footnote 2 of (Barber et all [2023) states that “If A is a randomized algorithm, then this equality is only
required to hold in a distributional sense,” where the original equality refers to A (z) = A ([zg(i)] ), which is

N
i=1
a commonly used sufficient condition in deterministic full conformal prediction.

The subsubsection 2.1.3 “A note on randomized algorithm” of (Bian and Barber| |2023)) states that “The back-
ground given above implicitly the algorithm A as a deterministic function of the training data—that is, we
view A as a function ((X1,Y1),...,(Xn,Ys)) — fi. In many settings, however, it is common to use a random-
ized regression algorithm-for instance, stochastic gradient descent. In this setting, we can formally view A as
a function ((X1,Y1),...,(Xn,Yy),&) — [i, where the term ¢ introduces stochastic noise (effectively, a random
seed). All the results described above hold for both the deterministic and randomized settings. (For results that
assume A is symmetric, the symmetry condition (6) should be understood in the distributional sense-that is, the
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training data points are treated symmetrically with respect to the randomized training procedure. For example,
for stochastic gradient descent, if data points are drawn uniformly at random during the training epochs, then
symmetry is satisfied.)”

The footnote 12 of [Lee et al.| (2023) mentions that “The framework also allows for a randomized algorithm A,
in which case the symmetry condition is required to hold in a distribution sense.”

The footnote 1 of (Bai and Jin|, |2024)) mentions that “In the general case where V is a randomized algorithm,

”

we require ... Definition 4 to hold in a distributional sense, i.e., = could be replaced by i,
refers to the one used in (Barber et al., 2023)).

where the equality

C Permutation Equivariance in Distribution Algorithm

To prove the main theorem [I} we recall that Z is an exchangeable random variable whose stochasticity is
independent from that of the stochastic algorithm and (S, =) is already assumed to be a total preorder. Thus,
we only need to ensure that a stochastic algorithm A : ZVN+! x Q — SN*! that jointly return the score

S =[S = A(Z;w)

will be able to transfer the exchangeability in Z into the exchangeability in S, both of which in a distribution
sense. We can then construct a p-value

1
P:=—
N+1

N
1+ Z lsNH;si} .

i=1
and get its validity by the corollary

In this section, we first show that permutation equivariant in joint distribution is a sufficient condition (in the
definition [3)) for the stochastic algorithm A to preserve exchangeability. Next, we will show a condition on the
non-conformity score functions 7' to achieve permutation equivariant in joint distribution.

C.1 Definition & Property
A convenient sufficient condition for exchangeability to be inherited through A is that the stochastic algorithm
A is permutation equivariant in joint distribution.

Definition 3 (Permutation Equivariance in Joint Distribution). A random function A : ZN+1 x O — SN+ s
permutation equivariant in joint distribution if, for any permutation ™ € Sy1, for any z € ZN+L

A(Tr] ) £ A Dl

Recall that exchangeable is the same as permutation invariance in distribution. It is then unsurprising that
S = A(Z;w) can inherit the exchangeability in distribution from Z. Recall that the distribution of Z is fixed to
be an exchangeable one, so we leave it out of the lemma statement.

Lemma 2 (Exchangeability & Permutation Equivariance imply Exchangeability). If A : ZVt1 x Q — SN+ js
permutation equivariant in joint distribution, then A(Z;w) is exchangeable.

Proof. Consider a permutation m € Sy41. From exchangeability of Z, and the permutation equivariance of A,
we have that
d N+1\ d N+1
A2 L A([Z) ) L [A@D)]

meaning that it is exchangeable. O

Therefore, we get the following corollary.
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Corollary 2. If A: ZNTL x Q — SN+ s permutation equivariant in joint distribution, and S = A(Z;w), then,
by defining
1

Pi=—
N+1

N
1+ Z 15N+1?Si‘| )
=1

we will have that P is a valid p-value.

Proof. From the lemma [2) we have that S is exchangeable. Note that the construction of P is the same (but use
the last index instead of first index) as P; in the lemma |1} so by the corollary [1} P is a valid p-value. O

C.2 Construction & Sufficient Condition

In the last subsection, we have established that permutation equivariance will be sufficient for the validity of
the rank p-value. Note that this is more general than a conformal p-value, since A does not have to create non-
conformity scores like in the algorithm [2| In this subsection, we will restrict the attention when the algorithm A
generates non-conformity scores under full conformal prediction framework. This is when

A (Z,UJ) = [TZ (217 22y 7Zi717zi+17 Z’i+27 L 7ZN+17 wa)}f\]:tl
for any z € ZN+L
Consider
[ Ty (Zﬂ'(2)7 Zr(3)s -y Ar(N+1)) #r(1)s w) !
T2 (2r(1), Z7(3)s Zr(d)s - -+ » Zn(N+1)) Zm(2); W
N+1 :
A( Zr(i) | ;w) = ,
[ (7’)] i=1 T; (Zﬂ'(l); Zr(2)s -+ Ar(i—1)y Pr(i+1)s Br(i+2)y +  + s Er(N41)s Zﬂ(i);w)
L Tn+1 (2r(1), Zr(2)s - -+ Zn(N41)} W) i
while
[ Tﬂ'(l) (217223"'7ZTI'(1)—1327I'(1)+1?7277(1)+23"'?ZN+1527T(1);U')) 1
Tr2) (715225 -+ o5 Z0(2)— 1) Zr(2) 415 s Zm(2) 425 - -+ » EN+15 Z7(2)5 W
N+1 :
A(z;0))nii) |- =
[( ( )) ( )]121 TTr('L') (21722;~~'azw(i)—l,zﬂ'(i)—i-laaZTr(i)-‘rQa"'7ZN+1aZTr('L');w)
_T7r(N+1) (zlv 22y Bx(N41)=15 Bn(N+1)+15 9 Zr(N+1)+25 - -+ s EN+15 En(N+1)5 W)_

Thus, for each coordinate, the two random vectors share the same last element, but with different ordering
and index of the score function. If we want permutation equivariance in joint distribution, we then need the
marginal distribution of each coordinate to be the same. This can be easily satisfied by enforcing permutation
invariance in distribution |4, However, as we have shown in the section [3| this is not sufficient, since this will only
give permutation equivariance in marginal distributions but not joint distribution. Thus, a stronger condition is
required.

For example, if we have almost sure permutation invariance [2| we can rearrange the first IV terms and change
N+1
i=1 7

which is stronger than what required in permutation equivariance in joint distribution.

the index from T; to T} ;) for each coordinate. This gives A ([zﬂ(i)] w) = [(A(z;w))ﬁ(i)]i]\:;l almost surely,

Next, we will show that conditional independence and permutation invariance in distribution condition of the
stochastic scoring functions T" ensures that the stochastic algorithm A is permutation equivariant in joint distri-
bution.

Lemma 3 (Conditional Independence & Permutation Invariance in Distribution implies Permutation Equiv-

ariance). If the stochastic non-conformity score functions T are conditionally independent and symmetric,

then the stochastic algorithm A (z;w) = [T; (21,22, s Zie1, Zit1s Zit2, - - .,ZN+1,z,»;w)]£i'§1 almost surely for

all z € ZN*1 is permutation equivariant in joint distribution.
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Proof. From Dynkin’s m — A theorem, it is sufficient to show the equality in probability over rectangular set.
Consider an arbitrary B := ®N+1 B;, where each B; is a measurable subset of S. From the definition |I{and the
definition of A, we have that the collection

is independent conditioned on C, so

P(A([zw]i) € BC) = ( (Een)i)), € Buvie {12, . N +1}[C)

(
1] (4 (0 )5)), € )

Note that, from the conditional symmetry in [4]

((A ([ Zr(5) jVT)) ‘C’) (T; (2r(1) Zn(2)s - - - » Zri—1)s Zr(it1)s Zn(i42)s - - - > Zn(N+1) Zn(i)) |C)
g (TTr('L) (Z17 225y ZTr(i)fla Z7r(i)+1a Z7r(i)+2a ce 3 ZN+1, Zﬂ(i)) ’C)

= ((AE).w[C).

SO

N+1

N+1
P(A([z0],") € B|C) = H P ((A(2))x) € Bi|C)
]P’ ((A(z)),r(i) € Bi;Vie {1,2,...,N +1}|C)
=P ([(A)x] " € BC).
Note that all equalities here are held almost surely C'. We then take expectation, so
P(A([zw] D)) € B) =P ([(Aaw] L € B)-

Thus, A is permutation equivariant in joint distribution. O

D Proof of the Main Theorem

Now that we have proved other claims, we can put them together to prove the main theorem.

Proof. From the lemma |3] we have that the joint score function is permutation invariant in joint distribution.
From the corollary [2, we then have that P is a valid p-value. O

E Strict Relationship

As mentioned in the figure [I} the relationships
DT C ASNI&D,
and
ASUI&D C CI&D C D

can be strengthened from C to C for some appropriate setting ((Q2, F,Payg), Z,S).

Consider the case when N =3, Z is {0,1} x [0,1], and § = R, while the algorithmic random space sufficiently
rich that we can define 2 independent Brownian motions.
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E.l CI&DCD

Since the random space is sufficiently rich to define 2 independent Brownian motions, the same construction in
the section |3 will provide the example of T that is permutation invariance in distribution but does not yield a
valid conformal p—ValueE| From the theorem [1} we can then conclude that T is not conditionally independence
and permutation invariance in distribution. Therefore,

CI&D C D.

E.2 DT C ASNI&D

Let U(-) be a random variable distributed according to Unif([0, 1]).
We define
Uw) ifzg=29=0andz3=1
Ti(z;w) =qU(w) ifzy=zy=1and z3=0
0 otherwise
for all i € {1,2,3}, 2 € 2%, and w € Q.
Thus, T is not deterministic, but it is almost surely permutation invariantﬂ

Next, we will show that this is independent and permutation invariant in distribution. As we have discussed,
permutation invariant in distribution is weaker than the almost sure condition, so it is automatically satisfied.
For any (21,72, 3) € {0,1}3, we have that

{T1(x2, 23, 21), T (w1, 23, 22), T3(21, T2, 73) }

will have at least two of them being a degenerate random variable taking a value of 0. Thus, they are independent.

Therefore, we have shown that T is almost surely permutation invariant and independent and permutation
invariant in distribution, but is not deterministically permutation invariant. Thus,

DT C ASNI&D.

E.3 ASUI&D C CI&D

Consider the case when U;(-) s Unif([0,1]) for all ¢ € {0,1,2,3}.
Define

T;(z;w) = Co(w) + Ci(w)

for all i € {1,2,3}, z € Z2, and for almost surely w.

Thus, by choosing C(-) to be Cy(-), we will then have that the collection of scores are independent conditioned
on C. Thus, T is conditionally independent and permutation invariant in distribution.

However, it is obvious that T is not permutation invariant almost surely nor independent and permutation
invariant in distribution. Thus,

ASUI&D C CI&D.

4The construction in the section [3| assumes X = [0,1], but X is not used in the definition, so the result will be the
same.
Recall that we only require the permutation invariance over the first N = 2 arguments.



