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Abstract: We present EigenSafe, an operator-theoretic framework for learning-
enabled safety-critical control for stochastic systems. In many robotic systems
where dynamics are best modeled as stochastic systems due to factors such as
sensing noise and environmental disturbances, it is challenging for conventional
methods such as Hamilton-Jacobi reachability and control barrier functions to
provide a holistic measure of safety. We derive a linear operator governing the
dynamic programming principle for safety probability, and find that its domi-
nant eigenpair provides information about safety for both individual states and the
overall closed-loop system. The proposed learning framework, called EigenSafe,
jointly learns this dominant eigenpair and a safe backup policy in an offline man-
ner. The learned eigenfunction is then used to construct a safety filter that detects
potentially unsafe situations and falls back to the backup policy. The framework
is validated in three simulated stochastic safety-critical control tasks.

Keywords: Robot Safety, Safety-Critical Control, Stochastic Systems

1 Introduction

A key challenge in the deployment of autonomous robotic systems is ensuring safe operation. This is
typically formalized as requiring that, either deterministically or with high probability, the system’s
state remains within a safe subset of the state space. Current methods for ensuring safe operation of
robots, such as Hamilton–Jacobi (HJ) reachability analysis [1] and control barrier functions (CBFs)
[2], are particularly effective for deterministic systems for which a model is available. Such models
are necessary for reliable characterization of the range of behaviors of the system. However, many
complex real-world robotic systems are stochastic in nature, especially with the rise of learning-
enabled components.

This stochasticity in robotic systems arises from several factors: environment-induced randomness,
sensing limitations, and modeling uncertainty arising from learning-based components. The environ-
ment can inject stochastic disturbances into the system through both random external forces, such
as wind or contact forces, which are inherently stochastic processes, and actuator or sensor noise
caused by effects such as the photoelectric effect, thermal fluctuations, or electromagnetic interfer-
ence. Robotic systems rely on sensors to measure both the external environment and their internal
state for functions such as mapping, navigation, and control. Due to their inherent limitations, such
as latency in measurement and limited sensing bandwidth, a large portion of the robot’s state is un-
observable or, at best, available through noisy measurements, which adds additional uncertainty into
the robot dynamics. Another source of stochasticity is from learning-enabled components which
are often employed in modern robotic systems. Such components introduce model uncertainty due
to learned model errors, which can stem from limited model capacity; a representation mismatch
between the learned and real models; or insufficient training data, which is a particularly common
issue in robotics where hardware experiments are costly and data collection is slow.
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Various optimization-based approaches have been developed, including extensions of HJ reacha-
bility and CBFs, to handle real-world stochastic systems; see, for example, the surveys [3] on HJ
reachability in reinforcement learning and [4] on data-driven and learning-based safety filters. These
methods and their extensions to stochastic systems are particularly effective in providing a proba-
bilistic measure of safety for any given state (or state-action pairs) in the state space, thus enabling
probabilistic comparisons of safety across different initial states. Nevertheless, they fail to provide
a measure of the safety of the overall closed-loop system’s long-term behavior, which is crucial to
capture in stochastic systems. It is not only important to determine how safe a state is relative to
other states in the state space, but also to quantify the decay rate of the safety probability of the
closed-loop system under a given policy from a given initial state.

In this work, we present EigenSafe, an operator-theoretic framework that provides a more holistic
characterization of safety for stochastic systems than existing methods. Our presentation in this
paper focuses on the key theoretical ideas and their implications rather than full technical proofs,
to emphasize the conceptual underpinnings and practical applicability of the proposed method. In
EigenSafe, we derive the dynamic programming principle for safety probability and show that it is
governed by a linear operator, whose dominant (largest in absolute value) eigenvalue and associated
eigenfunction encode critical safety information. The eigenvalue represents the overall safety of
the closed-loop system, while the eigenfunction quantifies relative safety of each state–action pair.
Together, they provide a safety measure explicitly tied to the safety probability. The eigenfunction
value especially serves a role analogous to a safety Q function. We propose a loss functional that
allows joint learning of this dominant eigenpair together with a safe backup policy, in a model-free
and offline manner. The learned eigenfunction is used to formulate a safety filter that detects when
the action is potentially unsafe and falls back to the backup policy. The proposed safety filter is
tested in three simulated dynamical systems.

1.1 Related Work

We review relevant works that address safety-critical control problems for stochastic systems from
the traditional control and data-driven learning perspectives.

Safety-Critical Control. The design of control architectures that guarantee the safe operation
of safety-critical systems has received extensive research attention. Among the state-of-the-art ap-
proaches, HJ reachability [1, 5] and CBFs [2] are widely studied, with safety typically encoded as
inequality constraints on the state space. Although originally developed for deterministic systems,
both methods have since been extended to stochastic settings, taking into account various notions
of safety measures, e.g., finite-time safety probability [6, 7, 8], conditional value-at-risk [9, 10], etc
[11]. Such measures are useful for assessing the safety of individual states (or state–action pairs),
but they are limited in evaluating the overall safety of the closed-loop system over long horizons.
Similar to the proposed method, martingale-based approaches, such as stochastic CBFs, provide
time-varying probabilistic guarantees, typically showing that the safety probability is lower bounded
by an exponentially or linearly decaying function of time [12, 13, 14, 15, 16, 17, 18, 19, 20, 21].
The decay rate here could reflect the closed-loop safety of the system, but the resulting probability
bounds are often overly loose. These methods often suffer from poor scalability in terms of com-
putational burden with respect to the system’s dimensionality. The use of physics-based learning
methods has been shown to be a viable solution to this [22, 23].

Learning Safety Certificates from Data. Beyond model-based methods, a rapidly growing body
of work combines safety-critical control methods with learning methods to approximate the safety
value function or reachable sets, with already a number of good survey papers on this topic [3,
24, 25, 26]. CBF learning methods typically require knowledge about the dynamics model, either
completely accurate [27, 28, 29] or at least approximate [30, 31]. Reinforcement learning (RL)
methods can be used to solve the optimal control problem associated with HJ reachability [32,
33, 34]. Some works solve an RL problem subject to reachability constraints, e.g., [35, 36]. One
can leverage the strengths of learning-based methods to address more complex or learned safety
constraints [37, 38, 39, 40, 41, 42]. More recently, with world models gaining popularity [43, 44,
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45, 46], many works perform RL-based reachability analysis with respect to the latent dynamics
and learned safety constraints. The mentioned methods, however, are based on reachability analysis
for deterministic systems and fail to capture the stochastic nature of learned models, especially with
latent spaces. There are a few works that explicitly address stochasticity and safety probability using
the similar optimal control formulation [47, 48]. However, the infinite-horizon safety probability
they compute is typically zero everywhere unless the system can be made almost-surely safe, making
it hard to compare relative safety across different states.

2 Problem Setup

2.1 Safety-Critical Dynamics

The dynamics considered in this paper is modeled as a discrete-time Markov decision process (MDP)
without the reward term, a 3-tuple (S,A, P ), where S, A are the state and action spaces, and P is
the transition probability that describes the dynamics:

st+1 ∼ P (·|st, at). (1)
Here, st, st+1 ∈ S are the system’s state at time t and t + 1, respectively, and at ∈ A is the action
taken at time t.

Consider a safety constraint st ∈ C, whereC ⊊ S is the safe set: For example,C could represent the
set of states satisfying a collision-avoidance constraint. Once the system leaves C for the first time,
a permanent safety failure is recorded, and all subsequent system behavior is considered unsafe. We
model this using an unsafe (termination) state K /∈ C. If st /∈ C, then the trajectory is marked as
terminated by setting st′ = K for all t′ ≥ t, regardless of the action taken thereafter. Since we do not
distinguish between different failure modes, we consider the existence of only one unsafe state and
write the state space as S = C ∪{K}. The safety probability of the system can then be expressed as
P[st ̸= K], which is the probability that the system remains safe at time t. This probability is non-
increasing in time (i.e., P[st+1 ̸= K] ≤ P[st ̸= K]) and depends on the chosen (feedback) policy
and the initial state. Although a policy that keeps the system almost surely safe (P[st ̸= K] = 1)
may not exist, the problem of interest in this paper is to learn a policy or safety filter that maintains
the safety probability above a prescribed threshold.

2.2 Dynamic Programming for Safety Probability

Let π be either a deterministic or stochastic policy such that at ∼ π(·|st) for all t ≥ 0. Under this
policy, we define the safety probability Zπ(t, x) as the probability that the system is in the safe set
at time t when starting from the initial state x ∈ S:

Zπ(t, x) := Pπ[st ̸= K|s0 = x], (2)
where Pπ denotes the probability measure under the policy π.

From the law of total probability and the Markov property, one can easily see that the (t + 1)-step
safety probability from the initial condition s0 = x, denoted Zπ(t + 1, x), can be expressed as the
expectation of the t-step safety probability from the next state s1 = x+, Zπ(t, s1). This yields the
following dynamic programming principle: for any policy π, t ∈ {0, 1, · · · , }, and x ∈ S,

Zπ(t+ 1, x) = Eu∼π(·|x), x+∼P (·|x,u)
[
Zπ(t, x

+)
]
. (3)

Let (F ,∥·∥∞) be a Banach space of scalar functions on S, i.e., F : {β : S → R}, where∥·∥∞ is the
supremum norm defined as∥β∥∞ = supx∈S |β(x)|. We define the operator Tπ : DT ⊂ F → F as

Tπβ(x) := Eu∼π(·|x), x+∼P (·|x,u)[β(x
+)], (4)

where the domain of Tπ is DT :=
{
β : S → R

∣∣β(K) = 0
}

. We can further express Tπ as the
integral1

Tπβ(x) =

∫
S

β(y)pπ(y|x)dy =

∫
C

β(y)pπ(y|x)dy, (5)

1The integrals hereafter should be summations in case of discrete state or action spaces.
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Figure 1: A toy example describing the meaning of the dominant eigenpair of Tπ . (a) This
toy example consists of a finite state space represented by the non-gray cells, and a finite action
space represented by an arrow on each of the cells. At every time step, the system jumps to the
adjacent cell in the arrow direction with probability 0.6, and to another adjacent cell or does not move
with probability 0.1. If the system reaches a gray cell or escapes the map, it is considered unsafe
and marked as terminated, i.e., reached the unsafe state K. (b) The safety probability given initial
conditions A, B, C, corresponding to the colored cells in (a). Note that the vertical axis is log-scale
and the slopes of all three curves converge to the same value, which corresponds to the dominant
eigenvalue γπ . (c) The dominant eigenfunction values. It can be seen that cells with higher values
correspond to safer points. For finite-state systems, one can directly perform eigendecomposition of
the matrix representation of Tπ to obtain the eigenpair.

where pπ(·|x) is the probability measure on S induced by the policy π, with probability density
function pπ(y|x) :=

∫
A
π(u|x)P (y|x, u)du, which can also be understood as the density of the next

state y given the current state x and policy π. Note that second equality holds since β(x) = 0 outside
the set C. One can also find that the image of Tπ is a subset of DT , making Tπ an endomorphism
(a mapping from DT onto itself). This follows from the fact that the system cannot recover from an
unsafe state; hence, β ∈ DT implies Tπβ(x) = 0 for all x /∈ C. Combined with the initial condition
Zπ(0, x) = 1C(x), the dynamic programming principle (3) allows one to evaluate Zπ(t, x) by
applying Tπ t times to the indicator function:

Zπ(t, x) = T t
π1C(x) = Tπ ◦ · · · ◦ Tπ︸ ︷︷ ︸

t times

1C(x). (6)

2.3 Spectral Properties of Tπ

It is evident from the definition that regardless of π, Tπ is a linear operator. That is, if β1 and
β2 are two scalar functions on S and c1 and c2 are scalars, then Tπ(c1β1 + c2β2) = c1Tπβ1 +
c2Tπβ2. Moreover, regardless of π, Tπ is a nonnegative operator, meaning that if β : S → R is
nonnegative everywhere, then so is Tπβ. The operator Tπ can also be understood as the restriction of
the Koopman operator [49] of the closed-loop system to the domain DT which is a vector subspace
of the set of all measurable scalar functions on S.

As Tπ is a linear operator, we can now examine its spectral properties. Firstly, we find that Tπ is
non-expansive with respect to the supremum norm∥β∥∞ := supx∈C |β(x)|, because for all x ∈ C,

|Tπβ(x)| =
∣∣∣∣∫

C

β(y)pπ(y|x)dy
∣∣∣∣ ≤ ∫

C

|β(y)|pπ(y|x)dy ≤∥β∥∞
∫
C

pπ(y|x)dy ≤∥β∥∞ . (7)

This means that every eigenvalue of Tπ has an absolute value of less than or equal to 1. Also,
Perron-Frobenius theorem says that the biggest eigenvalue in absolute value of the nonnegative lin-
ear operator Tπ is positive real, which we call the dominant eigenvalue and denote by γπ . Moreover,
the eigenfunction (i.e., the eigenvector) corresponding to γπ is also positive. That is, there exists a
function ϕπ : S → R≥0 such that ϕπ(x) ̸= 0 for at least one x ∈ C, and Tπϕπ(x) = γπϕπ(x), for
all x ∈ S.

Usually, the eigenvalue γπ has multiplicity 1, meaning that such ϕπ is unique up to scalar multi-
plication. In that case, once t becomes large enough so that the faster-decaying modes vanish, then
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Zπ(t, x) becomes approximately proportional to ϕπ(x) and γtπ . For any β ∈ D(Tπ), there exists a
constant c ∈ R such that

T t
πβ(x) = c · ϕπ(x)γtπ + o(γtπ). (8)

This means that the asymptotic decay rate of Zπ is equal to γπ and uniform across the state space,
The eigenfunction value ϕπ(x) measures how relatively safe a given state x is compared to other
states in C. That is, γπ is a safety measure for the closed-loop system itself, ϕπ is the safety measure
for the given state. See Fig. 1 for a simple illustrative example.

2.4 The Safety Q Function

In this subsection, we extend the discussion regarding the spectral properties of Tπ to compare safety
between different actions. For that, we introduce a Q function for the safety probability Zπ , which
is defined as follows:

Qπ(t, x, u) := Pπ

[
st /∈ C

∣∣s0 = x, a0 = u
]
, (9)

where Pπ here measures the probability of the event assuming ak ∼ π(·|sk) for all k ∈ {1, · · · , t−
1}. Similar to Zπ , Qπ should have nonnegative values not greater than 1, and

Eu∼π(·|x)[Qπ(t, x, u)] = Zπ(t, x). (10)

Another interpretation ofQπ function is the safety probability of the augmented autonomous system
with state ŝt := (st, at) defined as

st+1 ∼ P (·|st, at), at+1 ∼ π(·|st+1) (11)

whose safety characteristics is the same to that of the original closed-loop system under policy π.
Similar to Tπ , we can define the operator

Aπβ(x, u) := Ex+∼P (·|x,u),u+∼π(·|x+)

[
β(x+, u+)

]
(12)

on the domain DA :=
{
β : S ×A→ R

∣∣ β(K, a) = 0, ∀a ∈ A
}

, and derive the similar dynamic
programming principle Qπ(t+ 1, x, u) = AπQπ(t, x, u)

2 and

Qπ(t, x, u) = At
π1C×A(x, u) = Aπ ◦ · · · ◦Aπ︸ ︷︷ ︸

t times

1C×A(x, u). (13)

Since Aπ is also a nonnegative linear operator and the safety characteristics of (11) are the
same as the original closed-loop system, it will have the dominant eigenpair (γπ, ψπ) such that
Aπψπ(x, u) = γπψπ(x, u) for all (x, u) ∈ S × A, with γπ ∈ [0, 1] being the same to the
dominant eigenvalue of Tπ , ψπ is a nonzero, nonnegative function on S × A. We can also say
Eu∼π(·|x)ψπ(x, u) = ϕπ(x), after appropriately scaling ψ and ϕ. The eigenfunction ψπ quantifies
the safety level of a given state-action pair (x, u), and can be used to train the policy π so that the
eigenvalue γπ , i.e., the overall safety of the system, improves.

3 The EigenSafe Framework

The proposed EigenSafe framework consists of two phases. In the offline phase, a safe backup policy
π and (γπ, ψπ), the eigenpair of Aπ are jointly learned. In the online phase, a safety filter based on
the eigenfunction ψπ is employed to prevent any potentially dangerous action given from the user
of the higher-level decision maker.

3.1 Offline Phase: Jointly Learning the Eigenfunction and the Backup Policy

Suppose a dataset D consisting of state-action-next state tuples is given, where for all (x, u, x+) ∈
D, x ∈ C but x+ might be K. This is a natural assumption because once the system has reached
the unsafe state K during data collection, then the trajectory cannot proceed further. EigenSafe in

2Here, the operator Aπ is applied to the curried form of the Q function Q(t, ·, ·) : (x, u) 7→ Q(t, x, u).
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its simplest form parametrizes the eigenfunction ψπ as a table of values (for discrete state and action
spaces) or a neural network (for continuous spaces), and minimizes the following loss functional:

Jeig[λ, ψ] =
Wλ

|D|
∑

(x,u,x+)∈D

(
ψ(x+, u+)− λψ(x, u)

)2
+Wn ·

(
max

(x,u,·)∈D
ψ(x, u)− 1

)2

(14)

where u+ is drawn from the policy π(·|x+), Wλ and Wn are positive weights which can be tuned,
and ψ(x+, u+) returns 0 if x+ = K. This loss function is closely related to power iteration. Similar
to RL where a discount rate less than 1 ensures convergence when the Bellman operator is repeatedly
applied, since the power iteration

λ←∥Aπψ∥∞ , ψ ← Aπψ

∥Aπψ∥∞
(15)

converges to the dominant eigenpair almost surely if the initial guess has nonzero component in the
eigenfunction direction, we can expect that optimizing (14) also converges to the dominant eigenpair
with proper normalization∥ψ∥∞ = 1. Upon that, an additional loss term

J+[ψ] =
W+

|D|
∑

(x,u,·)∈D

ReLU(−ψ(x, u)) (16)

could be added to Jeig in order to facilitate fast convergence in the initial course of training, where
W+ is a tunable nonnegative weight. Empirically, this additional loss quickly drops down to zero and
does not affect the overall learned result, as the dominant eigenfunction is theoretically guaranteed
to have nonnegative values everywhere in C.

Simultaneously, a backup policy that maximizes the eigenfunction value is trained. Jointly optimiz-
ing Jeig and a policy maximizing ψπ values would lead to the safest policy possible for the given
safety-critical system, leading to the result that π can serve as a safe backup policy, which is essen-
tial in the safety filtering phase. Any Q learning method could be used to find such π. In this paper’s
implementation, we minimize the following DDPG-style [50] loss functional to find a deterministic
backup policy ut = π(xt):

Jpolicy[π] = −
1

|D|
∑

(x,·,·)∈D

ψ(x, π(x)). (17)

This loss will try to learn a policy that increases the current ψ values, thereby increasing the eigen-
value γπ . Suppose a new policy π′ improves π in terms of the ψπ values, i.e., ψπ(x, π

′(x)) ≥
ψπ(x, π(x)) for all x ∈ C. Then,
Aπ′ψπ(x, u) = Ex+∼P (·|x,u)[ψ(x

+, π′(x+))] ≥ Ex+∼P (·|x,u)[ψ(x
+, π(x+))] = Aπψπ(x, u)

(18)
for all x ∈ S, so∥Aπ′ψ∥∞ ≥∥Aπψ∥∞ meaning that the spectral radius of Aπ′ , which is equal to
γπ′ , is not smaller than γπ . If the policy gradient always improves the policy, then the eigenvalue
should converge because it is a non-decreasing sequence upper bounded by the maximum possible
value 1. In practice, the limit is the safest achievable one through the policy gradient.

3.2 Online Phase: Safety Filtering

In the online phase, in order to maintain safety of the robot system while respecting the user-given
reference action, we employ a safety filter based on the learned backup policy and the eigenpair. The
proposed safety filter has the following form:

at ∼

{
πref(·|t, st) if ϕ(st) > ϵ

π(·|st) if ϕ(st) ≤ ϵ,
(19)

where πref is the reference action, e.g., manual control or a higher-level decision-making module,
and ϵ > 0 is a threshold the user can specify to well balance between safety and performance.
One can recover ϕ(st), the eigenfunction of Tπ , by directly querying ϕ(st) = ψ(st, π(st)) if π
is a deterministic policy, or in case of stochastic policy it can be learned via optimizing the loss
Jϕ[ϕ] = 1

|D|
∑

(x,·,·)∈D(ϕ(x)− ψ(x, u))2 with the learned ψ and π, where u here is sampled from
the stochastic policy π(·|x).
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Figure 2: Experiment results (the learned safety value function and the backup policy) for
the double integrator system. (a) EigenSafe with noise, (b) [32] with noise, (c) EigenSafe without
noise, (d) [32] without noise. EigenSafe captures the relative safety between different states in both
cases, but as seen in (b1), the reachability-based method [32] fails to converge with stochasticity and
yields an empty invariant set. The super-zero level set of (d1), which is the infinite-horizon backward
reachable set of C is marked with a red closed curve. The learned eigenvalues are 0.9652 for the
stochastic case (a), and 1.0042 for the deterministic case (c).

4 Simulation Experiments

Double Integrator. We first evaluate EigenSafe using a double-integrator system with position and
speed limits in two settings: a stochastic system in which Gaussian noise is added to the action, and
the deterministic case without noise. For each setting, we compare against an RL implementation of
HJ-reachability-based synthesis [32]. The dataset is obtained by uniform sampling over C ×A, and
the learned safety value function and the backup policy are shown in Fig. 2. Further experimental
details are given in the appendix.

It can be found in Fig. 2 (a) that EigenSafe successfully captures the relative safety across states
for the stochastic system. In contrast, the reachability–based method [32] fails to reliably converge
to a stable safe set, as seen in Fig. 2 (b). EigenSafe also produces reasonable results for the de-
terministic system (Fig. 2 (c)). Since safety probabilities do not decay in the deterministic case, the
dominant eigenvalue should theoretically be 1 and the eigenfunction should be the indicator function
of an invariant set. Empirically, the learned eigenfunction approaches the indicator of the maximal
control-invariant set within the bounds, consistent with the reachability-based baseline.

Gymnasium Environments. We also experiment in two gymnasium environments: Half Cheetah
and Lunar Lander. Their details can be found in the appendix.

For the Half Cheetah environment, we consider two tasks with different constraints: (i) Cheetah Bal-
ance, where the angle between the torso and the ground must not exceed π/2 (to prevent flipping),
and (ii) Cheetah Run, where the horizontal velocity must remain positive (to encourage forward mo-
tion). Although the environment itself is deterministic, frequent contacts make its aggregate behavior
appear stochastic. The trajectory dataset used in the training was collected with random actions.

The Lunar Lander environment itself is stochastic due to randomized terrain and wind disturbances.
We train on a mixed set of trajectories, comprising (i) trajectories generated by the environment’s
default heuristic controller with additional random perturbations and (ii) trajectories generated by a
purely random policy. States are labeled as unsafe whenever the lander moves beyond half of the
image frame from the center, or when it makes ground contact with a body part other than its legs.

For both environments, as shown in Fig. 3, the resulting safety filter significantly reduces observed
safety violations compared with the unfiltered reference actions. In addition, the learned eigenfunc-
tion values showed to be well capturing the system’s safety level.
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Figure 3: Evolution of safety values and corresponding images. All trajectories are generated
using random actions as references. The learned safety values decrease when the agent takes po-
tentially unsafe actions, thereby activating the safety filter (i.e., switching to the backup policy)
whenever the safety value falls below the threshold. For clearer visualization, safety value curves
are smoothed with a window size of 10 time steps.

5 Conclusion

This paper presents EigenSafe, a novel theoretical framework for learning safety value functions
based on linear operator theory rather than optimal control. We derive a linear Bellman-like operator
for dynamic programming for safety probability, whose dominant eigenpair provide a safety measure
that is directly tied to the safety probability. In particular, the dominant eigenfunction serves as a
safety Q function that quantifies relative safety of a given state-action pair. The proposed framework
jointly learns the dominant eigenpair and a safe backup policy. Then in the deployment phase, unsafe
inputs from the higher-level controller are filtered using the eigenfunction values and replaced with
the learned safe backup policy.

We summarize limitations and future research directions as follows.

Overestimation Bias in Safety Quantification. One major limitation we observed in the experi-
ments is a tendency for the learned eigenpair to overestimate the system’s safety. In particular, the
learned eigenvalue often reached above 1 which it can never exceed in theory. This overestimation
phenomenon is well-known and common in RL [51], but it is particularly problematic in terms of
safety. In the future work, we plan to apply techniques such as [51, 52] to mitigate this issue.

Out-of-Distribution (OOD) Failures. For safety-critical systems, since their safety cannot be reli-
ably assessed, states that are outside of the dataset distribution should regarded as unsafe. However,
the loss function (14) does not explicitly treat OOD state-action pairs as unsafe. Combined with
the abovementioned overestimation bias, this could lead to undesirable drifts into OOD regions
where the eigenfunction might assign higher values, particularly when the safe domain C is un-
bounded. Future work will address this by integrating OOD avoidance into the safety constraints,
e.g., [38, 40, 42], or by introducing additional penalties near the boundary of the training dataset.

Future Research Directions. In addition to addressing these limitations, we aim to extend Eigen-
Safe in two key directions. Firstly, we plan to integrate it with learned latent dynamics and safety
constraints, as in [41], to handle high-dimensional observations such as images. Since latent dynam-
ics are inherently noisy and provide only partial information about the true state, this setting naturally
necessitates the use of a stochastic control framework. Future work will also deploy EigenSafe on
physical robot hardware where real-world stochastic effects such as actuator noise and sensing errors
exist, which originally motivated the development of this framework.
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A Experiment Details

A.1 Double Integrator

The double integrator system used in the paper consists of a two-dimensional state st = (pt, vt),
where pt and vt represents the position and velocity at time t, respectively. This system is controlled
using bounded acceleration actions at ∈ A = [−0.5, 0.5]. We use the following time-discretized
model:

st+1 =

[
1 dt
0 1

]
st +

[
dt2/2
dt

]
at +

[
σdt/2

σ
√
dt

]
wt, (20)

where dt = 0.05, wt are independent and identically distributed (i.i.d.) samples from the standard
normal distributionN (0, 12). We consider the box constraint for safety: st ∈ C = [−1, 1]× [−1, 1].
The result shown in Fig. 2 was carried out using two σ values: σ = 1 for Fig. 2 (a), (b), and σ = 0
for Fig. 2 (c), (d), representing stochastic and deterministic dynamic models, respectively.

For both methods, we used a uniformly sampled state-action-next state batch every epoch. For fair
comparison with [32], we used the same hyperparameters for both. For [32], a discount rate γ = 0.99
was used. Since [32] is theoretically based on deterministic HJ reachability only, it did not converge
with γ greater than 0.99. [32] also requires a continuous scalar function l : S → R whose super zero
level set coincides with C, which we set

l(x) = 1−∥x∥∞ . (21)

The hyperparameter values other than abovementioned are summarized in Table 1.

Table 1: Hyperparameter values for training EigenSafe and [32] for the double integrator example.
The superscripts E and H denote EigenSafe and [32], respectively.

Parameter Value

Batch size EH 2048
Learning rate (eigenfunction) EH 3× 10−4

Learning rate (policy) EH 2× 10−3

Optimizer EH Adam [53]
Nonlinearity EH ReLU

Weight Wλ
E 3.0

Weight Wn
E 1.0

Weight W+
E 1.0

# of hidden layers for safety value functions EH 1
# of hidden units per layer for safety value functions EH 128

# of hidden layers for the policy EH 1
# of hidden units per layer for the policy EH 16

# of gradient steps for training EH 4000
Initial λ value E 1.0

HJ value function discount rate γ H 0.99
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Figure 4: Experimental results on the Dubins car. Eight slices corresponding to different heading
angles θ are shown. The heading angles are measured in the counterclockwise direction from the
positive horizontal axes. In the backup policy plots, colors closed to red correspond to turning left,
while blue colors mean right turns. It can be seen that the eigenfunction values well captures the
expected potentially unsafe regions right before the circular obstacle, depending on the heading
angle.

A.2 Dubins Car

We also test EigenSafe in the stochastic constant-speed Dubins car model with three-dimensional
state space st = (xt, yt, θt) and one-dimensional action space at ∈ A = [−1, 1]. Its dynamics
model is written as follows:

st+1 =

wrap(xt + cos(θt)dt+ z1
√
dt, [−3, 3))

wrap(yt + sin(θt)dt+ z2
√
dt, [−3, 3))

wrap(θt + atdt+ z3
√
dt, [−π, π))

 , (22)

where the wrap function projects any real value into the specified interval by adding or sub-
tracting integer multiples of the interval length until it lies within the interval. For example,
wrap(3.1, [−3, 3)) = −2.9 and wrap(−4, [−π, π)) = 2π − 4. This wrapping was introduced to
obtain a more meaningful eigenpair: Since the speed of the car is fixed in the dynamics model, with-
out this modification, the system would escape the domain at a very high probability in finite time,
leading to γπ ≈ 0. The time interval is dt = 0.05 and the noises z(·) are i.i.d. samples from the
normal distribution N (0, 0.52). Similarly to the double integrator example, we uniformly sample
state-action-next state data from C ×A, where the safe set C is defined as

C = {(x, y, θ) : x2 + y2 ≥ 1}. (23)
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The learned safety value function for the Dubins car example is shown in Fig. 4. The learned eigen-
value is 1.0019. It can be seen that the learned eigenfunction well captures the expected potentially
unsafe states right next the obstacle. The hyperparameter values used in this example are summa-
rized in Table 2.

Table 2: Hyperparameter values for training EigenSafe for the Dubins car example

Parameter Value
Batch size 10000

Learning rate (eigenfunction) 1× 10−3

Learning rate (policy) 2× 10−3

Optimizer Adam [53]
Nonlinearity ReLU
Weight Wλ 3.0
Weight Wn 1.0
Weight W+ 1.0

# of hidden layers for safety value functions 1
# of hidden units per layer for safety value functions 128

# of hidden layers for the policy 1
# of hidden units per layer for the policy 16

# of gradient steps for training 5000
Initial λ value 1.0
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A.3 Gymnasium environments

Half Cheetah. The default parameters for the dynamics were used.

Lunar Lander. We used the continuous action space version for the Lunar Lander example, which
is generally considered as more challenging than the default discrete action space version which only
considers bang-bang control. Other parameters are set to default, except for the safety constraints,
which is delineated in Section 4.

More details can be found in the official Gymnasium documentation at https://gymnasium.
farama.org/. The hyperparameters used in the experiments in Gymnasium environments are sum-
marized in Table 3.

Table 3: Hyperparameters for training EigenSafe for the Gymnasium environments

Parameter Value

Offline dataset size 1× 106 (Half Cheetah), 5× 106 (Lunar Lander)
Episode length 200 (Half Cheetah), 400 (Lunar Lander)
Minibatch size 512
Learning rate 1× 10−4

Optimizer Adam [53]
Nonlinearity ReLU
Weight Wλ 1.0
Weight Wn 1.0
Weight W+ 1.0

# of hidden layers 2
# of hidden units per layer 1024

# of gradient steps for training 5× 105

Initial λ value 1.0

The learning curves for the two losses (eigenfunction and policy losses), along with the eigenvalues
are shown in Fig. 5. It can be seen that all the losses and the eigenvalues converge well in practice.
As we stated in Section 5, the eigenvalues often appear to be overestimating the safety of the system
(having values greater than 1), which is a well-known and common issue in RL [51], happening
because the policy optimization tends to pick actions whose eigenfunctions are overestimated by
noise during training. This should be addressed in the future works. We also point out that the
fluctuation of these values along the course of training is not significant compared to other RL
algorithms, demonstrating computational robustness of EigenSafe, mainly because the training was
done using a fixed offline dataset.
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(a) Cheetah Balance (c) Lunar Lander(b) Cheetah Run

Eigenvalue

Eigenfunction 

Loss

Policy Loss

Figure 5: Learning curves of EigenSafe in Gymnasium experiments (4 seeds). The convergence
of the eigenfunction and policy losses, and the eigenvalue during training demonstrates the stability
of the joint optimization.
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