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Abstract

Local feature attribution is a standard tool for auditing and debugging deep learning
predictions, but existing attribution methods are not designed for systems that chain
pretrained, frozen, or API-only modules. Gradient-based methods such as Integrated
Gradients require an end-to-end computational graph that may be unavailable. Perturbation-
based methods such as KernelSHAP require a reference input or background distribution
whose choice can substantially alter attributions and may not be defensible for composite
pipelines. We present SensX, a local attribution method that treats the model as a black box
and replaces arbitrary design choices with interpretable, application-grounded parameters.
SensX adapts Morris-style coordinate walks from global sensitivity analysis to local attribution.
It requires no access to model internals, training data, or arbitrary reference inputs. We
validate SensX across four case studies, each targeting a distinct limitation of existing methods.
On a synthetic benchmark where ground-truth relevant features vary per input, SensX reaches
95% top-2 attribution accuracy versus 58% for the best KernelSHAP/Integrated Gradients
variant. On a ViT with > 150,000 pixel-channel features, SensX produces spatially coherent
maps and exposes systematic intra-patch bias where KernelSHAP is infeasible and Integrated
Gradients yields task-irrelevant attributions. On single-cell classifiers with unstructured
gene-expression features, SensX attains the lowest top-k perturbation AUC. On a composite
spatial transcriptomics system where neither method is applicable, SensX reveals reliance on
preprocessing grid artifacts and a bias toward low-staining regions.

1 Introduction

Local feature attribution aims to identify which input features influence a predictive system’s output on
a given input, particularly for modern deep learning models. Explanations are typically presented as
feature-importance scores, e.g., pixel-level heatmaps in vision and ranked feature lists in tabular settings.
Such high-resolution explanations are a practical tool for debugging models, auditing shortcut learning,
and assessing whether a system’s behavior aligns with domain knowledge. This is especially important in
clinical and biomedical settings where model predictions inform diagnoses, treatment decisions, and biological
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hypotheses. For example, DeGrave et al. (2021) showed that a high-performing COVID-19 detector relied on
dataset-speci�c artifacts rather than clinically relevant features.

In many AI deployments today, the predictor to be explained is not a single end-to-end network but a
composite system built from heterogeneous pretrained, frozen, or API-only components (Wang et al., 2025; Li
et al., 2025; Hoang et al., 2024; Nonchev et al., 2025). This breaks two common assumptions behind existing
local explainers: (i) access to an end-to-end computational graph for gradients, and (ii) the availability of a
defensible reference input or background distribution for perturbation-based methods. While workarounds
exist for individual limitations (e.g., di�erentiable surrogate modeling for gradient access, dataset-based
baselines for reference selection, or Shapley-value propagation through model chains), each introduces
additional assumptions (access to intermediate representations, distributional choices at module interfaces, or
surrogate �delity) that may not hold in practice.

In particular, gradient-based methods such as Integrated Gradients (Sundararajan et al., 2017) require
access to the computational graph, which may be unavailable when individual modules are frozen or
served behind an API. Even when gradients are available, they can be numerically unstable in some deep
networks (Balduzzi et al., 2017) and �ow through frozen encoders whose representations were shaped
by pretraining objectives unrelated to the downstream task. The resulting attributions further depend
on the choice of integration reference input (Sturmfels et al., 2020), accumulate at irrelevant locations
along the integration path (Kapishnikov et al., 2021; Miglani et al., 2020), and can re�ect input structure
rather than learned model parameters (Adebayo et al., 2018). KernelSHAP (Lundberg and Lee, 2017) and
LIME (Ribeiro et al., 2016) are model-agnostic but require a perturbation distribution or background dataset
whose speci�cation can substantially a�ect the resulting attributions (Chen et al., 2022a; Merrick and Taly,
2020), and can be computationally prohibitive (e.g., KernelSHAP triggered a memory allocation request of
� 33 TB for the vision transformer analyzed here). For reference-input- or background-based explainers, the
same arbitrariness that a�ects attribution computation also a�ects evaluation: validating a ranking requires
specifying how to replace feature values, and common choices reintroduce the same reference assumptions.

Global sensitivity analysis o�ers an alternative, quantifying how input variations a�ect model output without
requiring model internals (Van Stein et al., 2022). However, existing global sensitivity methods rely on
arbitrary perturbation regimes. For example, Fel et al. (2021) applied Sobol indices (Sobol, 2001) to neural
network explainability by decomposing output variance over perturbation masks applied to image regions.
The perturbation masks interpolate each region toward a chosen reference value (e.g., black, gray, or blurred),
reintroducing the dependence on an arbitrary reference that limits IG and KernelSHAP. The approach uses a
�xed perturbation scale and requires grouping features into spatial regions to remain tractable, making it
inapplicable to domains where features lack spatial or hierarchical structure, as in single-cell transcriptomics,
where each gene must be attributed individually.

We introduce SensX, a local attribution framework that requires only forward evaluations and admissible
feature bounds. SensX identi�es an input-speci�c perturbation scale at which the model response saturates,
yielding a neighborhood calibrated to the model's sensitivity rather than chosen ad hoc. Within this
neighborhood, it adapts the coordinate-walk strategy of Morris (1991) to local attribution by anchoring
trajectories at the input being explained. SensX does not require reference inputs, background datasets, or
access to the training distribution. Its hyperparameters are interpretable and grounded in the application.

We validate and demonstrate generality of SensX using four settings, each targeting a distinct limitation
of existing methods. The settings span synthetic benchmarks with input-dependent ground truth, a vision
transformer with over 150;000 features, single-cell transcriptomics with� 27;000 genes per cell, and a
composite spatial transcriptomics pipeline where gradients are not exposed and background datasets are not
available.

2 Related Work

Shapley-based attribution methods. The Shapley value (Shapley, 1953) provides an axiomatic founda-
tion for additive feature attribution, with model-speci�c estimators for trees (Lundberg et al., 2020) and deep
networks (Lundberg and Lee, 2017), and model-agnostic estimators such as KernelSHAP (Lundberg and
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Lee, 2017) and permutation sampling (’trumbelj and Kononenko, 2010); Covert and Lee (2021) introduced
antithetic (paired) sampling for KernelSHAP, reducing estimator variance at �xed evaluation budget, and
this is now the default estimator in shap � 0:40. These advances improve estimation e�ciency but do not
change the feature removal de�nition and therefore do not a�ect which features receive attribution mass.
Lundberg and Lee (2017) showed that LIME (Ribeiro et al., 2016), DeepLIFT (Shrikumar et al., 2017), and
LRP (Bach et al., 2015) are all special cases of the SHAP framework under speci�c kernel and reference
choices, unifying a broad class of attribution methods under a single estimand. Regardless of the estimator,
every Shapley-based method must commit to a feature removal de�nition, marginal expectation, conditional
expectation, or baseline substitution, and this choice materially a�ects the resulting attribution (Chen et al.,
2022a; Sturmfels et al., 2020). Conditional SHAP (Aas et al., 2021) addresses reference arbitrariness by
conditioning feature removal on the data distribution. This answers a di�erent question from independent
perturbation. It identi�es which features are important given the co-occurrence structure of the training
data, rather than which features the model depends on in isolation. In settings where these two questions
diverge, such as composite systems, domain-shifted inputs, or models that have learned distribution-agnostic
representations, conditional SHAP re�ects data manifold structure while independent perturbation re�ects
model sensitivity. The Shapley-Taylor interaction index (Dhamdhere et al., 2020) extends this to higher-order
feature interactions but is exponential in interaction order and still requires a feature removal de�nition. For
composite pipelines, G-DeepSHAP (Chen et al., 2022b) propagates Shapley values across module interfaces
via a rescale rule, but requires model-speci�c estimators at each module and a shared background distribution
at each interface. Frozen encoders and API-only components cannot be handled. Surrogate approaches such
as ILLUME (Piaggesi et al., 2025) train interpretable proxies in a learned latent space, but the explanations
re�ect the surrogate rather than the original system.

Gradient-based methods. Integrated Gradients (Sundararajan et al., 2017) accumulates gradients along a
straight path from a reference input to x, requiring access to the computational graph and a choice of reference
whose e�ect on the attribution is well-documented (Sturmfels et al., 2020). Grad-CAM (Selvaraju et al., 2017)
uses gradients of the output with respect to intermediate spatial feature maps. It is architecture-speci�c,
produces attributions at feature-map resolution rather than individual input features, and is incompatible
with forward-only composite systems that do not expose intermediate feature maps.

Perturbation and masking methods. RISE (Petsiuk et al., 2018) estimates importance by probing the
black-box with randomly masked inputs and constructing a saliency map as a weighted average of those masks.
It is model-agnostic and requires no internals, but implicitly uses zero as the reference value for absent features
and was designed for spatially structured inputs, making it inapplicable to unstructured feature spaces such
as gene expression and not included in the benchmark. Permutation feature importance (Breiman, 2001)
measures the average drop in model performance when a feature is randomly permuted across the test set. It
is a global method and does not produce per-instance attributions. Counterfactual explanations (Wachter
et al., 2017) address a di�erent objective, identifying minimal input changes to alter a prediction, rather than
assigning feature importance scores to a given input.

Learning-to-explain methods. L2X (Chen et al., 2018) learns to select the k features that maximize
mutual information between the selected subset and the model output, training a separate instance-wise
selector network on labelled data. INVASE (Yoon et al., 2019) follows a similar paradigm. Both require: (i)
k to be speci�ed before attribution, (ii) access to labelled training data and a separate training procedure,
and (iii) a globally trained selector that may not re�ect the model's local behavior at a speci�c test input.

Attention-based methods. Raw attention maps and attention rollout (Abnar and Zuidema, 2020) are
transformer-speci�c, attribute at token rather than input-feature resolution, and are not output-speci�c. The
same map is produced regardless of which output is being explained. Chefer et al. (2021) addresses the
last point by propagating relevance scores through attention layers and skip connections via Deep Taylor
Decomposition and LRP, incorporating target-class gradients to produce output-speci�c maps, but the method
still requires full model internals and remains limited to transformer architectures and token resolution.

3



Published in Transactions on Machine Learning Research (04/2026)

Table 1: Comparison of feature attribution methods by their core requirements and capabilities.

Method
Background/

reference
Model-
agnostic

Per-feature
resolution

Integrated Gradients Yes No Yes
DeepSHAP / DeepLIFT Yes No Yes
G-DeepSHAP Per-module No� Yes
KernelSHAP Yes Yes Yes
LIME Yes Yes Yes
RISE Yes# Yes Yes
Grad-CAM No No No y

Attention rollout No No No {

Chefer et al. (2021) No No No{

L2X / INVASE No k Yes Yes?

Sobol indices Yesz Yes Yesx

SensX No � Yes Yes
� Each module must be a supported type (linear, tree, or standard deep network) with exposed
internals; cannot be applied to frozen encoders, API-only components, or unsupported architectures.

# Implicitly uses zero as the reference value for masked features; designed for spatially
structured inputs and does not extend naturally to unstructured feature spaces.

yAttributes at spatial-feature-map resolution, not individual input features.
{ Transformer-speci�c; attributes at token resolution, not individual input features.
zPerturbation masks interpolate each feature group toward a chosen reference value.
xPer-feature in principle, but computationally intractable at high feature counts; existing
applications (Fel et al., 2021) group features into spatial regions to remain feasible.

k Requires specifying k (number of selected features) before attribution, an implicit design choice analogous to a reference.
? Produces a subset of k features rather than a full feature ranking per instance.
� Requires a global domain 
 g (admissible feature bounds) grounded in domain knowledge. Unlike a background distribution, 
 g

does not embed the training distribution and can be speci�ed without access to training data.

Comparison of requirements. The common thread across gradient-based, Shapley-based, and masking
methods is the need for a reference input or background distribution whose choice is not covered by the
method's theoretical guarantees and materially a�ects the result. SensX requires neither a background
dataset nor a reference input. It does require a global domain 
g, admissible feature bounds that play a
structurally similar role to a reference but di�er in kind. The bounds are grounded in domain knowledge of
what constitutes a plausible feature value, are auditable, and have predictable consequences for attribution
(discussed further in the Discussion). Unlike a background distribution, 
 g does not embed the training
distribution's structure and can be speci�ed without access to training data. L2X and INVASE also require
no reference distribution and are model-agnostic, but requirek to be �xed before attribution and a separate
training procedure on labelled data.

3 SensX

SensX treats the model as a black box that maps input x = (x1; : : : ; xn ) to output y = m(x) : The quantity
of interest (QOI) is any continuous scalar function q(y) : SensX measures the sensitivity ofq(y) to each input
feature xj (Figure 1A). For notational convenience, we write q(x) � q(m(x)):

3.1 Local neighborhood and characteristic perturbation scale

Let 
 g =
Q

j [f �
j ; f +

j ] be a global domain bounding the input space wheref �
j and f +

j are lower and upper
bounds of the j-th input feature. SensX de�nes a local neighborhood of x parameterized by a perturbation
factor � 2 [0; 1] as


(x; �) =
Y

1�j�n

�
maxff �

j ; x j � � r j g; minff +
j ; x j + � r j g

�
; r j = f +

j � f �
j : (1)
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Figure 1: Overview of SensX. (A) An input image x is passed through a black-box system that predicts
the probability of wearing eyeglasses (the quantity of interest, QOI). (B) 
(x ; � ) is a local neighborhood
parameterized by perturbation factor 0 < � � 1 within the global domain 
 g = 
(x ; 1). (C) The prediction
envelope is the variation in QOI (shaded blue). The characteristic perturbation scale� �

x (dashed vertical
line) is the smallest � beyond which the prediction envelope remains within a user-de�ned threshold for
all larger scales. (D) Within 
(x ; � �

x ), SensX samples coordinate-wise walks (dashed arrows) from x to
random endpoints (stars) in a random feature order. Changes in QOI along these walks contribute to feature
attribution. Algorithm 1 summarizes the main steps of the full framework.

At � = 0 this reduces to f xg; at � = 1 it equals 
 g (Figure 1B). For each � in a user-de�ned discrete set �,
we draw ns inputs uniformly at random from 
(x ; � ) and form the distribution of QOIs, D(x ; �; n s). Let
D (x ; �; n s) and D(x ; �; n s) denote the 1st and 99th percentiles of this distribution, which de�ne the prediction
envelope (Figure 1C). These percentiles provide a robust measure of the prediction range that mitigates the
in�uence of extreme outliers.

The characteristic perturbation scale � �
x is the smallest � 0 2 � such that the prediction envelope remains

within a user-de�ned threshold � a for all subsequent scales,

� �
x = min

� 02�

n
max

�2�: �>� 0
D(x; �; n s) � min

�2�: �>� 0
D(x; �; n s) < � a

o
: (2)

This condition is stricter than requiring the envelope width to be small at each individual �: It ensures
the prediction range has globally saturated beyond� �

x , not merely at isolated scales (Appendix A.3). The
�nite-sample stability of the � �

x estimate is analyzed in Appendix A.10. The population saturation criterion
is shown to be monotonically non-increasing (Proposition 4), guaranteeing that the calibration identi�es
a unique transition point. A density-corrected application of the Dvoretzky�Kiefer�Wolfowitz inequality
yields an explicit concentration bound for the estimated criterion at �xed grid points, with ns scaling as
O(
 �2 f �2

min log j� j) where 
 is the margin from the threshold and f min is the minimum QOI density at the
relevant percentiles. Discretization error from �nite grid spacing is bounded by the local grid spacing near the
transition under a strict monotonicity condition (Proposition 5). Appendix B demonstrates this concretely
for the single-cell classi�ers, where the sensitivity transition occurs near zero: a uniform grid returns� � = 0
because all grid points fall in the saturated plateau, while a log-spaced grid concentrates resolution near the
transition and recovers a stable non-zero �� across all grid resolutions and sample sizes.

3.2 SensX Values

Within the local neighborhood 
(x ; � �
x ), SensX samplesnw coordinate-wise walks from x to random endpoints

e uniformly drawn from 
(x ; � �
x ) (Figure 1D). Each walk is a grounded trajectory: a sequence ofn + 1 points

Tx;e = (t 0 = x ; t 1; : : : ; t n = e) where a random permutation ( i 1; : : : ; i n ) determines the order in which
features are changed, and tk di�ers from t k�1 only in feature i k , which is set to ei k . This design adapts the
Morris method (Morris, 1991) to local attribution by anchoring all trajectories at the input being explained
rather than at random points in the input space.
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The elementary e�ect of feature ik along trajectory Tx;e is the normalized output change at step k:

dTx;e
i k

=
q(t k ) � q(t k�1 )

ei k � x i k

: (3)

The feature order is randomized across trajectories, so each elementary e�ect is measured against a di�erent
con�guration of the remaining features.

Following Campolongo et al. (2007), we use the mean absolute elementary e�ect to avoid sign cancellation
when averaging e�ects across trajectories. The SensX value of featurej , computed on grounded trajectories
anchored at x and con�ned to 
(x; � �

x ), is

bsx;j =
1

nw

X

Tx;e 2T x

�
�
�d

Tx;e
j

�
�
� : (4)

Grouped attribution. SensX also supports grouped attribution, where features are partitioned into
G disjoint groups and all features in a group are perturbed simultaneously in one trajectory step. This
reduces trajectory length from n steps (per-feature) to G steps (per-group) while still sampling independent
perturbation targets for each feature within the group. Grouped elementary e�ects are normalized by
the L 2 magnitude of the group perturbation to keep sensitivities comparable across groups of equal size
(Appendix A.6). Grouped attribution is particularly useful when features have a natural hierarchical or
spatial structure, allowing attribution to be resolved at the group level at substantially lower computational
cost than full per-feature attribution.

3.3 Theoretical Characterization of SensX Values

SensX has two qualitatively distinct perturbation regimes. Formal statements and limitations of both are in
Appendix A.11.

� � ! 0 limit. For a linear model q(x) = w > x + b, the elementary e�ect of feature j equals wj along
every trajectory for any � � and any nw � 1, sobsx;j = jw j j exactly (Proposition 1). For a nonlinear additive
model q(x) =

P
j gj (x j ), the elementary e�ect of feature j depends only on the endpointej and not on

permutation order or the values of other features. Asnw ! 1 the SensX value converges almost surely
to Eej [jgj (ej ) � g j (x j )j=jej � x j j], and further to jg0

j (x j )j as � � ! 0 (Proposition 2). For any continuously
di�erentiable model, as � � ! 0 all endpoints collapse to x, making the permutation order irrelevant and
causing the evaluation point for each elementary e�ect to converge to x regardless of which features have
already been changed. Consequentlybsx;j ! j@ j q(x) j for any �xed nw � 1 (Proposition 3, with proofs in
Appendix A.8).

� � bounded away from zero. SensX is calibrated to operate at the smallest � � at which the model
exhibits meaningful sensitivity. For nonlinear models with interactions this value is typically bounded away
from zero. The proved results for linear and additive models (Propositions 1 and 2) still hold at any� � ,
but for general non-additive models no analytic form for the estimand exists in this regime. Morris (1991)
proposed� j (x), the signed mean of the elementary e�ects of featurej across trajectories, as a measure
of overall in�uence on the output, and � j (x), their standard deviation, as a measure of nonlinearity and
interactions, since the elementary e�ect of featurej varies across trajectories when other features modulate its
impact. Campolongo et al. (2007) introduced� �

j (x), the mean of the absolute elementary e�ects of featurej ,
to avoid sign cancellation in � j (x) when the model is non-monotonic. They demonstrated empirically, on the
Morris (1991) test function and a g-function benchmark, that � �

j is approximately proportional to ST i (Sobol,
2001), the total-order variance-based sensitivity index inclusive of all interactions. This proportionality is an
empirical observation on speci�c test functions with domain-wide trajectories. � �

j and ST i measure di�erent
mathematical quantities and no theorem establishing a formal relationship between them exists. SensX
adopts � �

j and anchors all trajectories at x, the adaptation that turns global sensitivity screening into local
feature attribution with respect to a speci�c input, with x as the reference point against which all elementary
e�ects are computed. The analytical characterization of the anchored� �

j estimand at non-vanishing � � for
general non-additive models remains an open problem (Appendix A.9).
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Table 2: Computational cost of SensX across case studies on a single NVIDIA A100 GPU.nw values are those
used in the reported results. The minimumnw required for stable rankings is determined by the convergence
analysis (Figures E1 and E2). Total cost scales linearly with nw .

Case study Features n Walks nw Time per walk Total per input

Synthetic (10-d) 10 500�10k <1 s <1 min
ViT (224�224�3) 150,528 600 �5 min �50 h
Single-cell (�27k genes) 27,399 600 0.05 s �30 s
DeepSpot (pixel-level) 10,000 300 �1 min �5 h

3.4 Implementation details

Hyperparameters. Our implementation evaluates multiple feature updates per forward pass by batching
features. Batch size trades o� GPU throughput and memory.

The global domain 
 g is speci�ed by the practitioner based on domain knowledge of admissible feature
ranges. The parametersns and nw control convergence of the stability pro�le and attribution estimate,
respectively, and the discretization of the� sweep controls the resolution of the stability pro�le. The primary
context-dependent choice is the stability threshold� a , which speci�es what magnitude of output change is
considered meaningful. For classi�cation tasks,� a = 0 :1 corresponds to a 10% change in predicted probability.
For gene expression prediction,� a = 0 :5 corresponds to a half-unit change in log expression. These choices
are transparent, auditable, and grounded in the application. Algorithm 1 summarizes the main steps of the
full framework.

Computational cost. Each grounded trajectory requires evaluating the QOI at n points, one per feature
update. With batch size B , thesen evaluations are grouped intodn=Be forward passes, since the endpoint
e is reached at stepn and is therefore included in the �nal batch. Across nw independent walks, the total
number of forward evaluations isnw � dn=Be, and the total wall-clock time is C � n w � dn=Be � T; where T
is the time to complete one forward pass over a batch ofB feature updates. IncreasingB reducesdn=Be
and thereforeC, at the cost of higher peak memory. The batch size thus controls the throughput�memory
tradeo�. The walks are fully independent and trivially parallelizable across devices, reducing wall-clock time
proportionally to the number of devices.

4 Experiments

4.1 SensX recovers local feature attributions that reference-based methods miss

We benchmark SensX against KernelSHAP and Integrated Gradients (IG) with three reference-input choices
(zero vector, training-set mean, and random training samples) on four established synthetic datasets with
known relevant features (Chen et al., 2018) (Appendix F.1). KernelSHAP is feasible at the synthetic feature
count, so we use it as the model-agnostic Shapley baseline. DeepSHAP is omitted as it o�ers no advantage
over KernelSHAP when the latter is tractable.

Figure 2 shows results on the Switch dataset, where relevant features vary dynamically per input. SensX
outperforms all alternatives at every k. At top-2 ; SensX (95%) exceeds the best alternative, IG (random),
by 37 percentage points. At top-5; accuracy drops below 13% for all methods, re�ecting the di�culty of
identifying all �ve relevant features simultaneously. Results are robust to hyperparameter choice, with
accuracy varying by fewer than 5 percentage points across the full hyperparameter range for all methods
(Figures D1 and D2). On the remaining datasets, both SensX and KernelSHAP achieve perfect accuracy on
XOR (Figure D1A). On Orange Skin and Nonlinear Additive, the methods diverge only at the highest k,
where SensX converges to near-perfect accuracy while KernelSHAP plateaus below ( Figures D1B and D1C).
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Algorithm 1 SensX(x)

Require: Scalar QOI q(�), input x 2 Rn , global bounds 
 g =
Q

j [f �
j ; f +

j ], sweep set �, samples ns, walks
nw , stability threshold � a

Ensure: SensX values bsx 2 Rn

1: De�ne local neighborhoods 
(x; �) . equation 1
2: Stability pro�le / envelope:
3: for all � 2 � do
4: Sample ns perturbations � Unif(
(x; �))
5: Evaluate QOI values and record the 1st/99th percentiles
6: end for
7: Select characteristic scale:
8: Compute � �

x from the envelope and handle edge cases . equation 2
9: Grounded coordinate-walk attribution (anchored � � ):

10: Initialize S j  0 for all j = 1; : : : ; n
11: for w = 1; : : : ; n w do
12: Sample endpoint e � Unif(
(x; � �

x ))
13: Sample a random permutation � of f1; : : : ; ng
14: Set t  x
15: for k = 1; : : : ; n do . Batched (GPU-parallelism)
16: i  �(k)
17: Update ti  e i (change one feature at a time)
18: Compute elementary e�ect for feature i and accumulate magnitude: . equation 3
19: Si  S i + jd i j
20: end for
21: end for
22: SensX values:
23: bsx;j  S j =nw for all j
24: return bsx

The characteristic perturbation scale � � converges to 1 for nearly all inputs across three of the four datasets
(Figure D3B). On the Orange Skin dataset, � � shows non-trivial variance at low sample budgets before
stabilizing near 1 (Figure D3A). In the higher-dimensional case studies that follow,� � takes values below 1:

To verify that the SensX advantage is not attributable to estimator choice, we additionally benchmarked
PermutationExplainer (Covert and Lee, 2021) at the same evaluation budget as KernelSHAP. SensX
outperforms both Shapley estimators across all Top-k values (Figure 2), con�rming that the performance gap
is driven by the feature removal assumption, not estimator variance.

4.2 Feature-level attribution of a vision transformer reveals architectural bias

We �netuned two pretrained ViT models (Dosovitskiy et al., 2020) on the CelebFaces Attributes dataset (Liu
et al., 2015) for smile detection and eyeglass detection (Appendix F.2). Input images are 224� 224 pixels
across three color channels, totaling 150;528 features, where each feature is an individual color channel at a
pixel location. The characteristic perturbation scale ranges from� � = 0 :54 to 0:70 across the four (image,
model) combinations. KernelSHAP required 33 TB of memory at this scale, whereas SensX required less than
10 GB. Gradient access is available for these models, so we also computed IG with zero vector, training-set
mean, and expected gradients (Erion et al., 2021) reference inputs as a non-model-agnostic comparison.
DeepSHAP was not applied as it relies on backpropagation rules designed for standard feedforward layers
and is not straightforwardly applicable to transformer architectures with attention and layer normalization.

Fig. E1 shows how the SensX feature ranking stabilizes with the number of walks. The Spearman correlation
between rankings computed withnw and nw � 20 walks exceeds 0:99 by nw � 200 across all (image, model)
pairs. Each walk takes� 5 minutes with batch-size of 1000 on a single NVIDIA A100 GPU at 32-bit precision
for the ViT forward evaluation. The following results in this section are based on nw = 600:
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Figure 2: SensX recovers local feature attributions that reference-dependent methods miss.
Fraction of samples in which the top-k ranked features all belong to the ground-truth set, averaged over 100
independent runs (� 1 standard deviation), at the best-performing hyperparameter for each method on the
Switch dataset. SensX outperforms KernelSHAP, Unbiased SHAP, and all three IG reference-input variants
across all k values.

Figure 3A shows masks of the top-k ranked SensX features. For the eyeglasses model, the top 2;500 features
localize tightly to the eyeglass frames and for the smiling model, they localize to the mouth. IG attributions
are reference-input-dependent and mislocalize to task-irrelevant regions (Figure 3B). On the smiling model,
the mean reference input and expected gradients (Erion et al., 2021) attribute to high-contrast eyeglass
frames rather than the mouth, consistent with the input-structure dependence identi�ed by Adebayo et al.
(2018). All IG reference-input variants lack the spatial coherence of SensX attributions (Figure D5).

We validated the SensX ranking with two complementary checks. First, perturbing features from highest
to lowest SensX rank produces a rapid QOI decline, while perturbing over 130;000 bottom-ranked features
has no measurable e�ect (Figure D6A). Second, the cascading randomization test of Adebayo et al. (2018)
con�rms that attributions depend on learned weights rather than input structure. Progressively randomizing
transformer blocks destroys the SensX ranking, and at deeper randomization levels the characteristic
perturbation scale � � drops to zero, indicating that the model output becomes insensitive to input perturbations
(Figure D6B,C).

The SensX heatmaps reveal grid artifacts aligned with the 16� 16 pixel patches de�ning the ViT tokenization.
Patch-normalized SensX is consistently highest at the patch center, decays toward the interior boundary, and
rebounds at the edge (Figure 4). This pro�le holds across all color channels and all image�model combinations
( Figure D8), indicating a systematic architectural bias rather than image-speci�c structure. IG attributions
analyzed with the same patch-normalization methodology show a coarse center bias in the distance pro�les,
but the pattern is not apparent in the normalized IG heatmaps (Figure D9), suggesting that the intra-patch
structure is below the e�ective resolution of IG at this scale.

4.3 SensX rankings concentrate model sensitivity into fewer genes than DeepSHAP and Integrated
Gradients in single-cell classi�cation

We trained 14 binary classi�ers, one per cell type, on the core human lung cell atlas (Sikkema et al., 2023)
(Appendix F.3). The characteristic perturbation scale � � varies by up to two orders of magnitude across cell
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Figure 3: SensX produces spatially coherent attributions at over 150,000 features. (A) Top- k
SensX masks for two input images under the eyeglasses and smiling models. Top-ranked features concentrate
on class-relevant regions and expand coherently ask increases from 2;500 to 7;500. Features outside the
top-k are set to white, where each feature is an individual color channel at a pixel location. (B) IG masks
for image 000276 under the smiling model with three reference-input choices. Two of the three reference
inputs attribute to the eyeglass frames rather than the mouth, despite the smiling model being �ne-tuned
independently. All masks are shown in Figure D5.

Figure 4: Precise attribution exposes intra-patch spatial bias in ViT tokenization. (A) SensX
attribution heatmap (green channel, Eyeglasses model, image 000276). (B) The same heatmap after
normalizing each 16� 16 patch by its median, revealing a consistent intra-patch pattern. (C) Patch-
normalized SensX averaged across all patches as a function of distance from the patch center. Shaded regions
denote �1 standard deviation.

types (Figure D10). Lower values indicate that the classi�er's predictions are determined by �ner di�erences
in expression. The within-cell-type spread shows that SensX adapts �� independently for each cell.

The global domain 
 g was set to the feature-wise minimum and maximum of the training data. For log-
normalized gene expression data, however, biologically grounded bounds are also available independently of
any speci�c dataset: the lower bound is exactly zero for all genes, since a gene that is not expressed has zero
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counts and log(1 + 0) = 0 is a true biological state, and the upper bound is constrained by the normalization
scheme itself: for log1p-normalized counts-per-10k, the theoretical maximum islog(1 + 10;000) � 9:2. A
practitioner without access to training data could therefore de�ne 
 g = [0 ; 10]n for all genes, which is
biologically defensible and would yield the same practical result.

For a rank-convergence analysis, we computed SensX rankings cumulatively and measured the Spearman
correlation between rankings obtained with nw and nw � 20 walks (in increments of 20). Mean correlations
across 1000 cells per cell type rise quickly toward 1; while the across-cell standard deviation decreases with
additional walks, indicating that rankings stabilize both on average and across cells (Figure E2). The
following results usenw = 600 walks. The computational cost for single-cell attribution is signi�cantly lower
as compared to the ViT. SensX processes 20 coordinate-walks per second for a single cell (27; 399 features)
using a batch size of 8; 192. This represents a throughput nearly three orders of magnitude higher than the
ViT case study.

We compared SensX with DeepSHAP (Lundberg and Lee, 2017) and Integrated Gradients (Sundararajan
et al., 2017) with three reference-input variants. KernelSHAP requires over 230 GB of memory and Permuta-
tionExplainer is computationally intractable at this feature count. DeepSHAP is the viable Shapley-based
alternative since the classi�ers are standard feedforward networks. For each cell, genes are ranked by the
absolute value of their attribution. All methods attribute the same quantity of interest (predicted probability).

Figure 5A shows perturbation curves for natural killer cells at � � . The predicted probability drops fastest
with the fraction of top-ranked genes perturbed for SensX, and requires the largest fraction of bottom-ranked
genes perturbed before changing. Figure 5B summarizes the normalized AUC across all cell types. SensX
achieves the lowest top-k AUC (0:53�0:83) and the highest bottom-k AUC (0:98�1:00) across all cell types.

The perturbation validation at � � uses a scale derived from SensX's own stability analysis. We repeated the
analysis at � = 1 using the same SensX rankings ( Figure D11). SensX top-k AUC is zero (rounded to two
decimal places) for all cell types, showing that the rankings transfer to global perturbation.

The comparison across IG reference-input variants shows that reference-input choice has a substantial e�ect
on attribution quality. IG with a training-data mean reference input outperforms IG with the mean of
the high-con�dence cells in every cell type (Figure 5B), despite the latter being closer to the inputs being
explained, an instance of the reference-input sensitivity discussed in Section 4.2 and examined further in the
Discussion.

4.4 Pixel-level attribution of a composite spatial transcriptomics model

DeepSpot (Nonchev et al., 2025) is a composite framework that predicts expression of 5;000 genes from
H&E histology images. For a given spot (100� 100 pixel tile), DeepSpot integrates the tile and its eight
neighbors through the UNI pathology foundation model (Chen et al., 2024) and secondary architectures
(Figure 6A, Appendix F.4). We show results only for SensX. IG is not applicable because UNI is frozen
(no exposed computational graph or gradients). KernelSHAP is also not applicable in a principled way
because the training sets of the system and its modules are not known. We applied SensX to 745 spots from
a whole-slide H&E colon tissue image, analyzing four genes selected for high mean and high variance of
predicted log-expression.

We �rst attributed at the tile level by grouping 270 ;000 input features into 9 tiles. The center tile's SensX
value exceeds that of the strongest neighbor by more than an order of magnitude in 98:4% of spot-gene pairs,
con�rmed by independent center-tile perturbation validation (Figure D12). We then computed pixel-level
SensX values within the center tile. The characteristic perturbation scale ranges from� � = 0 :1 to 0:6 across
spots and genes ( Figure D13). Perturbation validation con�rms that the pixel-level ranking is e�ective
(Figure D15).

The pixel-level attributions reveal two systematic patterns (Figure 6). First, high-attribution pixels concentrate
near the boundaries of the 3� 3 subspot grid used in DeepSpot preprocessing. For each spot-gene pair we
test the null hypothesis that high-attribution pixels are distributed uniformly over the center tile against
the one-sided alternative that they concentrate closer to grid lines than expected under uniform sampling
(one-tailed permutation test; null distribution of mean grid-line distances from 500 uniformly sampled pixels,
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Figure 5: Perturbation validation of per-cell feature rankings across 14 cell types. (A) Top- k (left)
and bottom-k (right) perturbation curves for natural killer cells. Curves show the mean across 1;000 cells,
with shaded regions denoting� 1 standard deviation. (B) Normalized AUC of the perturbation curves for all
14 cell types. For top-k, lower is better. For bottom-k, higher is better. SensX achieves the best value (bold)
in every cell type for both metrics.

10;000 permutations, computed once and shared across all spot-gene pairs): 61:9% of spot-gene pairs are
signi�cant at p < 0:025, ranging from 60:8% (LGALS4) to 63:6% (MUC5B) ( Figure D14A), con�rming
that the subspot partitioning introduces spatial bias. Second, among spot-gene pairs without signi�cant
grid bias, we test the null hypothesis that high-attribution pixels are distributed uniformly over the center
tile against the one-sided alternative that they have lower staining saturation than expected under uniform
sampling (one-tailed permutation test; null distribution of mean saturation from 500 uniformly sampled
pixels, 10;000 permutations per spot, shared across genes): 73:9% are signi�cant at p < 0:025, ranging
from 71:0% (LGALS4) to 80:8% (TFF3) (Figure D14B), indicating that the model preferentially attends to
lighter-stained regions. These low-saturation regions are visually consistent with colonic crypts (Figure 6B).
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Figure 6: Pixel-level SensX attributions for gene expression predictions of a composite spatial
transcriptomics model. (A) The composite system chains three modules: preprocessing to get subspots,
frozen pretrained foundation model UNI to get morphological features, and custom deep neural network
(DeepSpot) to predict gene expression. (B) Whole-slide view SensX attribution overlay for MUC4 expression
in a colon tissue section. The cyan box is zoomed in to show boundary e�ects that align with the 3� 3
subspot grid that is created during preprocessing. White arrows indicate regions of lighter staining where
high-attribution pixels concentrate.

5 Discussion

Attribution granularity. The case studies collectively show that the granularity of attribution determines
what can be discovered about a model's behavior. The ViT patch-boundary bias and the DeepSpot subspot
grid e�ects are invisible to any method that attributes at the token or region level. They become visible only
when attribution is resolved to individual pixel-channels and pixels, respectively. In single-cell transcriptomics,
where genes lack spatial or hierarchical structure, feature-level attribution is the only option, and �ner
resolution directly translated into rankings that concentrated model sensitivity into fewer genes than all
alternatives tested. These artifacts would go undetected by coarser methods regardless of their theoretical
properties.

Manifold objection. An objection to independent feature perturbation is that it produces unrealistic
feature combinations o� the data manifold (Frye et al., 2020). This concern re�ects a distinction between
two di�erent objectives: explaining predictions under the data distribution and identifying which features the
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model depends on. Data-aware methods such as conditional SHAP (Aas et al., 2021) address the former by
spreading attribution across correlated features, re�ecting the dataset's covariance structure. Independent
perturbation addresses the latter by isolating whether the model has learned to rely on one feature over
another. SensX operates in this second setting. The� � calibration constrains perturbations to the model's
local sensitivity regime rather than conditioning on the data distribution.

Relationship to attribution axioms. SensX satis�es several classical attribution desiderata: sensitivity (a
feature that can alter q within 
(x ; � �

x ) receives a nonzero value in expectation), implementation invariance (two
models with identical input-output behavior receive identical attributions, since SensX is black-box), symmetry
in expectation (two functionally interchangeable features receive equal expected values via permutation-
averaging), and the dummy property (a feature with no e�ect on q receives zero in expectation). SensX
does not satisfy completeness (attributions do not sum to the prediction di�erence from a reference) and
does not provide directional information, both consequences of using mean absolute elementary e�ects. The
intended use is ranking-oriented. The high-� �

j features identi�ed by SensX provide a reduced subset on which
sign-sensitive or directional analyses can subsequently be applied at far lower cost than on the full feature set.

Hyperparameter interpretability. The three user-speci�ed inputs to SensX, the stability threshold � a ,
the perturbation factor grid �, and the global domain 
 g, are interpretable and grounded in the application,
which distinguishes them from the arbitrary choices embedded in competing methods.

Stability threshold � a . � a encodes a domain-meaningful tolerance for output variation. In the limit of
in�nite ns and in�nitely �ne � for a smooth model, � �

x is non-decreasing as� a decreases. A stricter threshold
requires the model to have saturated more tightly before� � is declared. In practice, �nite grid resolution and
sampling noise mean the e�ect of changing� a on � �

x depends on the model's sensitivity pro�le and �. When
� a is too strict, � �

x may equal zero for inputs in �at prediction regions. As the � � diagnostic paragraph below
shows, this is an explicit �ag rather than a silent failure. When � a is too loose,� � ! 1 and perturbations
span the full domain 
 g. A detailed empirical characterization of the joint dependence of� � on � a , k, and ns

for the single-cell classi�er, including single-cell and population-level convergence analysis across all 14 cell
types, is provided in Appendix B.

Perturbation factor grid �. The choice of � determines the resolution at which the stability pro�le is
estimated. An initial uniform grid su�ced in most settings. We used a log-spaced grid for the single-cell case
since� � clustered near zero. The resolution can always be re�ned in the neighborhood of the �rst estimate of
� � by a secondary stability sweep.

Global domain 
 g. Reference-based methods depend on a background dataset or reference input whose
choice has unpredictable e�ects on attribution and lacks a principled criterion (Figure 3B, Figure 5B). 
 g

plays a structurally similar role but is interpretable. It encodes admissible feature ranges grounded in domain
knowledge, with predictable consequences. Setting it too tightly risks missing genuine model sensitivity, while
setting it too broadly includes implausible feature values. The sensitivity of � � and feature rankings to � a ,
�, and 
 g is inherently model- and input-dependent. The perturbation validation protocol (Appendix A.7)
provides a model-speci�c check that rankings are meaningful for any given parameter setting.

� � as a diagnostic. � �
x = 0 �ags inputs where model output variation is below threshold under any

neighborhood size, warranting investigation rather than producing misleading attributions. This is preferable
to methods that silently produce attributions regardless of whether the model exhibits meaningful local
sensitivity.

Comparison with gradient-based methods. The coordinate-wise walks in SensX di�er structurally
from path-based methods such as IG. IG interpolates all features simultaneously along a straight path from a
reference input, accumulating gradients that can vanish in saturated regions. SensX changes one feature at a
time in random order and measures �nite output di�erences, averaging interaction e�ects across multiple
walks. This structural di�erence, together with the � � calibration, is what allows SensX to resolve the
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intra-patch bias in the ViT and the subspot grid e�ects in DeepSpot. Both patterns require perturbations
con�ned to the sensitivity regime and resolved at the level of individual features.

Limitations. Theoretical. At �nite � � , no analytic characterization of the SensX estimand exists for general
non-additive models. This is the open problem stated in Appendix A.11. In the� � ! 0 limit, SensX values
converge to local partial derivatives, a �rst-order quantity that does not capture interaction e�ects. The � �

j
statistic, and by inheritance anchored SensX, tends to underestimate features involved in strong interactions
under limited sampling. The perturbation validation protocol (Appendix A.7) provides an empirical check
for this case.

Axiomatic. As noted above, SensX does not satisfy completeness and lacks directional information. It is not
an axiomatic decomposition of the prediction. The intended use is identifying a reduced feature subset on
which sign-sensitive methods can be applied at lower cost.

Practical. Computational cost scales linearly with nw . The required nw is determined by the ranking
convergence analysis or perturbation validation protocol rather than a �xed budget. The coordinate-wise
walk structure does not extend naturally to discrete inputs such as binary, ordinal, or categorical features. A
reformulation is left to future work. Grouped attribution is currently restricted to equal-sized groups, as the
L 2 normalization of grouped elementary e�ects is not comparable across groups of di�erent sizes. Extending
to unequal group sizes is left to future work.

Code and data availability

The source code for our implementation, including the training scripts, hyperparameter con�gurations, data
simulation or data acquisition details for our case studies, is provided in the supplementary material. SensX
is also publicly available at https://github.com/nihcompmed/SensX.
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A SensX Framework: Formal De�nitions

A.1 Terminology

A trained model is a mathematical function that maps an input to an output. x = ( x1; : : : ; xn ) is a model
input of n features (all real numbers) and y = m(x) is the corresponding model output. The quantity of
interest (QOI) for GSA is a scalar function (a single real number) of the model output, which is a function of
the input,

q(x) � q(m(x)) � q(y): (A1)

A.2 Global Domain and Parameterized Local Neighborhood

We de�ne the global domain as


 g =
Y

1�j�n

[f �
j ; f +

j ] (A2)

where f �
j and f +

j are lower and upper bounds of thej -th feature. The framework accepts any user-de�ned

 g that may be contextually relevant based on expert advice. For the case studies in this work, 
g was
chosen as the smallest hypercube containing the training set.

We de�ne a local neighborhood of x 2 
 g parameterized by perturbation factor � 2 [0; 1] as


(x; �) =
Y

1�j�n

[maxff �
j ; x j � �r j g; minff +

j ; x j + �r j g]; where rj = f +
j � f �

j : (A3)

From Equation A3,


(x; 0) = fxg; (A4)


(x; 1) = 
 g, and (A5)


(x; � 1) � 
(x; � 2) if � 1 < � 2: (A6)

A.3 Identifying Input-Speci�c Characteristic Perturbation Scale

To avoid arbitrary selection of a perturbation scale, SensX identi�es a characteristic perturbation factor
� �

x for each input x. Let D(x ; �; n s) be the distribution of QOIs at ns uniformly random samples within

(x ; � ): We compute this distribution for all � in a user-de�ned discrete set of perturbation factors � : By
default, ns = 1000 and � = linspace(0:02; 1; num = 50) : Let D(x ; �; n s) and D(x ; �; n s) be the 1st and 99th
percentiles of D(x; �; n s); respectively.

We de�ne the characteristic perturbation factor � �
x as the smallest scale beyond which the prediction envelope

remains within a user-de�ned threshold �a for all subsequent scales:

� �
x = min

� 02�

�
max
�>� 0

f D(x; �; n s)g � min
�>� 0

fD (x; �; n s)g < � a
	

: (A7)

Intuitively, � �
x is the smallest neighborhood size at which the model's response to perturbations reaches a

steady state. The region 
 �
x = 
(x ; � �

x ) constitutes the input-speci�c neighborhood where the model remains
sensitive to feature variations.
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A.4 Adapting the Morris Method for Local Attribution Through Grounded Trajectories

In the standard Morris method, trajectories begin at random points in the input space, producing global
sensitivity measures. SensX adapts this design for local feature attribution by anchoring all trajectories at
the input x being explained.

For each ofnw perturbation endpoints e = ( e1; : : : ; en ) uniformly sampled from 
 �
x , we de�ne a grounded

trajectory as a sequence of points starting at x and ending at e, where one feature value in x is replaced
by its value in e at each step. The order in which features are perturbed is randomly selected. Formally, a
grounded trajectory Tx;e is a sequence of n + 1 points

Tx;e = (t 0 = x; t 1; : : : ; t n = e); (A8)

where (i1; : : : ; i n ) is a random permutation of feature indices and tk = (t k1 ; : : : ; tkn ) such that

tkj =

(
ej if j 2 fi 1; i 2; : : : ; i k g
x j otherwise.

(A9)

The set of nw grounded trajectories originating at x is denoted Tx :

A.5 SensX Values and SensX Vector

The elementary e�ect of feature ik along a grounded trajectory Tx;e 2 Tx is de�ned as

sTx;e
i k

=

�
�
�
�
q(t k ) � q(t k�1 )

ei k � x i k

�
�
�
� : (A10)

The absolute value follows (Campolongo et al., 2007), whose revised measure� �
j (x) prevents cancellation of

elementary e�ects with opposite signs in non-monotonic models. This captures the total sensitivity of each
feature, including interaction e�ects, rather than the net directional e�ect. The formal connection between
SensX values and local derivatives is established in Appendix A.8.

We de�ne the SensX value of featurei k with respect to input x as the mean absolute elementary e�ect over
all grounded trajectories,

bsx;i k =
1

nw

X

Tx;e 2T x

sTx;e
i k

: (A11)

The SensX vector with respect to input x is

sx = (bs x;1 ; : : : ; bsx;n ): (A12)

The SensX rank vector is
r x = (r x;1 ; : : : ; r x;n ) (A13)

where r x;k is the rank of bsx;k in sx , with r x;k = 1 assigned to the largest SensX value. Ties are broken by
feature index.

A.6 Grouped Sensitivity Analysis

We extend SensX to allow grouping of features. This reduces the trajectory length from the number of
featuresD to the number of groups of featuresG; while preserving independent perturbations for each feature.

Let fI 1; : : : ; I G g be a partition of the D input features into G non-overlapping groups of equal size. Each
feature is assigned an independent perturbation target drawn uniformly within its local perturbation bounds,
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but all features within a group are perturbed simultaneously in a single trajectory step. For an input x
and its corresponding perturbation target e, a step at groupm replaces all feature values inI m with their
perturbed counterparts. The grouped elementary e�ect is de�ned as:

sTx; ~e
m =

�
�
�
�
q(tm ) � q(t m�1 )

keI m � x I m k2

�
�
�
� (A14)

where the L 2 norm normalizes by the magnitude of the perturbation in the subspace of them-th group. As
with the standard analysis, the group ordering is randomized across trajectories, and the �nal grouped SensX
value is the mean absolute �nite di�erence over nw trajectories.

The current implementation restricts grouped attribution to equal-sized groups because the expectedL 2

norm of a random perturbation grows asO(
p

d) with group size d, making sensitivities across groups of
di�erent sizes incomparable. Extending the framework to unequal group sizes with appropriate normalization
factors is left to future work.

A.7 Perturbation Validation Protocol

To validate that a feature ranking concentrates model sensitivity into its highest-ranked features, we perform
a top-k/bottom- k perturbation analysis. Given a ranking of n features, for each value ofk in a speci�ed set,
the k highest-ranked (top-k) or k lowest-ranked (bottom-k) features are perturbed: each selected feature is
replaced by a value drawn uniformly at random within the local perturbation bounds de�ned by � � , while all
remaining features are held �xed. For eachk, Np independent perturbations are generated and the QOI is
recorded. If the ranking is e�ective, top-k perturbation produces a rapid change in QOI at smallk, while
bottom-k perturbation has little e�ect until the majority of features are perturbed.

To summarize each perturbation curve, we compute the normalized area under the curve (AUC). Thek-axis
is normalized to [0; 1] by dividing by the total number of features, and the QOI at each k (median over Np

perturbations) is divided by the unperturbed baseline prediction. For top-k, lower AUC indicates that the
method's highest-ranked features reduce the prediction faster. For bottom-k, higher AUC indicates that the
method's lowest-ranked features can be perturbed with less e�ect.

A.8 Convergence of SensX Values

We establish what SensX estimates under progressively weaker model assumptions. Propositions 1 and 2 give
exact or strong convergence results for linear and additive models at any� � . Proposition 3 gives a general
convergence result for any continuously di�erentiable model in the limit � � ! 0.

Proposition 1 (Linear models). Let q(x) = w > x + b be a linear function. Then for any input x, any � � > 0,
and any number of walks nw � 1, the SensX value of feature j is exactly bsx;j = jw j j.

Proof. Along any grounded trajectory Tx;e , the elementary e�ect of feature ik at step k is

dTx;e
i k

=
q(t k ) � q(t k�1 )

ei k � x i k

=
wi k (ei k � x i k )

ei k � x i k

= w i k ;

since tk and t k�1 di�er only in feature i k . Therefore jdTx;e
i k

j = jw i k j for every trajectory, and the mean
absolute elementary e�ect is bsx;j = jw j j.

Proposition 2 (Additive models). Let q(x) =
P n

j=1 gj (x j ) where eachgj is continuously di�erentiable.
Let [aj ; bj ] denote the interval for feature j within 
(x ; � �

x ), i.e., aj = maxff �
j ; x j � � � r j g and bj =

minff +
j ; x j + � � r j g. Then as nw ! 1,

bsx;j
a:s:���! E ej �Unif[a j ;bj ]

� �
�
�
�
gj (ej ) � g j (x j )

ej � x j

�
�
�
�

�
;
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where the expectation is over the random endpoint. Furthermore, as �� ! 0,

bsx;j
a:s:���! jg 0

j (x j )j:

Proof. For an additive model, the elementary e�ect of feature j along any trajectory is dTx;e
j = ( gj (ej ) �

gj (x j ))=(ej � x j ), which depends only on the endpoint valueej and not on the permutation order or the
values of other features. Sinceej is drawn uniformly from [ aj ; bj ] independently across walks, the SensX
value bsx;j = (1 =nw )

P
w jdTx;e

j j is a sample mean of i.i.d. random variables and converges almost surely by the
strong law of large numbers. As� � ! 0, the interval [aj ; bj ] contracts to fx j g and the di�erence quotient
converges to g0j (x j ) by di�erentiability.

Proposition 3 (General smooth models). Let q : Rn ! R be continuously di�erentiable in a neighborhood
of x. Then for each feature j and any �xed nw � 1, as � � ! 0, every elementary e�ect dTx;e

j converges to
@q=@xj (x) uniformly over all trajectories and endpoints, and consequently

bsx;j !

�
�
�
�

@q
@xj

(x)

�
�
�
� :

Proof. Consider the elementary e�ect of featurej at step k of a grounded trajectory Tx;e , where featurej
is the k-th feature to be perturbed. Since the trajectory is anchored at x and featurej has not yet been
changed at stepk � 1, we havetk�1;j = x j . The points t k�1 and t k di�er only in coordinate j , with tk;j = ej .
By the mean value theorem applied to the functionz 7! q(tk�1;1 ; : : : ; z; : : : ; tk�1;n ), there exists � j between
x j and ej such that

q(t k ) � q(t k�1 ) =
@q
@xj

(t k�1;1 ; : : : ; � j ; : : : ; tk�1;n ) � (e j � x j ):

Since the denominator of the elementary e�ect (Equation A10) is also ej � x j , we obtain

dTx;e
j =

@q
@xj

(t k�1;1 ; : : : ; � j ; : : : ; tk�1;n );

where � j lies betweenx j and ej , and the remaining coordinatestk�1;i for i 6= j equal either x i (if feature
i has not yet been perturbed) orei (if it has). As � � ! 0, all endpoints satisfy e! x, so all intermediate
trajectory points satisfy t k�1 ! x and � j ! x j . By continuity of the partial derivative,

dTx;e
j !

@q
@xj

(x)

for every trajectory, every permutation, and every endpoint. Since absolute value is continuous,jdTx;e
j j !

j@j q(x)j uniformly over all trajectories, and the mean bsx;j ! j@ j q(x)j.

A.9 Morris, DGSM, and the Formal Context for the Anchored Estimand

An important distinction between SensX and the standard Morris method is the anchoring of trajectories at
x. In the standard method, trajectories begin at random points uniformly distributed within the domain.
Morris (1991) proposed the signed mean� j and standard deviation � j of the elementary e�ects of feature
j across trajectories as sensitivity measures: largej� j j indicates overall in�uence on the output; large � j

indicates nonlinearity or interactions, because the elementary e�ect of featurej varies across trajectories
when other features modulate its impact. Campolongo et al. (2007) introduced� �

j , the mean of the absolute
elementary e�ects, to resolve sign cancellation in nonmonotonic models, where positive and negative e�ects
cancel in � j and render important factors invisible, and demonstrated empirically that � �

j is approximately
proportional to ST i (Sobol, 2001), the total-order Sobol sensitivity index. This empirical observation has no
formal proof; the closest rigorous result is as follows. The formal connection between Morris-style measures
and model derivatives was identi�ed by Sobol' and Kucherenko (2009), who introduced Derivative-based
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Global Sensitivity Measures (DGSM), � j =
R

[0;1] n (@q=@xj )2 dx, showed that the Morris � �
j approximates

� j =
R

[0;1] n j@q=@xj j dx in the small-step limit, and proved via the Poincaré inequality that for uniform input
distributions,

ST i �
� 2

4
�

� j

Var(q)
;

where Cj = � 2=4 is the Poincaré constant for the uniform distribution. Lamboni et al. (2013) extended this
inequality to the broader class of Boltzmann probability measures using a general Poincaré inequality. Note
that this bound applies to the standard Morris method in its small-step limit (i.e., the squared-derivative
integral � j , not to � �

j directly, and not to anchored SensX when �� is bounded away from zero).

The broader lineage connecting sensitivity methods to variance decomposition is instructive. Cukier et al.
(1973) introduced FAST, showing that Fourier spectral coe�cients of the model output estimate the variance
contributions Sj when inputs are driven by incommensurate oscillatory functions; Cukier et al. (1978) further
developed approximation results with computable error bounds under smoothness conditions. Saltelli and
Bolado (1998) proved that the FAST spectral estimator and the Sobol' �rst-order index Sj = Var(E[q j
x j ])= Var(q) estimate the same ANOVA main-e�ect quantity. The asymmetry with Morris is informative:
FAST has a formal approximation theory for Sj with convergence guarantees, whereas the Morris� �

j has
only an empirical observation of approximate proportionality with ST i (Campolongo et al., 2007) and no
analogous formal theory. The DGSM result partially closes this gap, but only in the� � ! 0 limit and only for
the global (domain-wide) method: the small-step limit in DGSM is precisely the � � ! 0 limit, since shrinking
the trajectory step size to zero is equivalent to shrinking the neighborhood from which endpoints are drawn.
In this limit, Proposition 3 establishes the pointwise analogue for anchored SensX (bsx;j ! j@ j q(x) j), and the
Poincaré-based bound towardST i then applies to the domain-wide aggregate� j =

R
(@j q)2 dx, not to any

single anchored computation. In the operative regime where� � is bounded away from zero, none of these
limit results apply and the analytical characterization of the anchored � �

j estimand remains an open problem
(Appendix A.11).

A.10 Finite-Sample Stability of the Characteristic Perturbation Scale

We establish the stability of the estimated � �
x through three complementary results: monotonicity of the

population saturation criterion, concentration of the estimated criterion under �nite sampling, and a bound
on discretization error under grid re�nement.

Notation. For a given input x and perturbation scale � 2 �, let D (� ) and D(� ) denote the population

99th and 1st percentiles of the QOI distribution D(x ; �; n s), and let D̂ (� ) and D̂ (� ) denote their empirical
counterparts from ns i.i.d. uniform samples. The population saturation criterion is

C(� 0) = max
�2�: �>� 0

D(�) � min
�2�: �>� 0

D(�);

and � �
x is the smallest �0 2 � such that C(� 0) < � a (Equation A7).

Proposition 4 (Monotonicity of the saturation criterion). For any � 0
1 < � 0

2 in �, C(� 0
1) � C(� 0

2).

Proof. The set f� 2 � : � > � 0
2g � f� 2 � : � > � 0

1g. The maximum over a subset cannot exceed the maximum
over the superset, somax�>� 0

2
D(� ) � max �>� 0

1
D(� ). Similarly, the minimum over a subset cannot be less

than the minimum over the superset, somin �>� 0
2

D(� ) � min �>� 0
1

D(� ). Subtracting gives C(� 0
2) � C (� 0

1).

Proposition 4 implies that the set f� 0 2 � : C(� 0) < � ag is an upper segment of �: once the criterion drops
below �a at some �0, it remains below �a for all larger � 0. The population � �

x is the in�mum of this segment.
This structure ensures that the calibration step identi�es a unique transition point rather than oscillating
between eligible scales.
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Estimation consistency. Both percentiles at each � 2 � are estimated from ns i.i.d. uniform samples. By
the Dvoretzky�Kiefer�Wolfowitz (DKW) inequality, the empirical CDF satis�es

Pr
�

sup
t

�
�
� F̂n s (t) � F (t)

�
�
� > " 0

�
� 2e �2n s " 2

0

for any "0 > 0. To translate CDF accuracy into quantile accuracy, the density at the relevant percentiles
is required. Let f min > 0 denote the in�mum of the QOI density at the 1st and 99th percentiles across all
� 2 �. When the QOI distribution has positive density at these percentiles (generically satis�ed when q is
continuous and the perturbation distribution is absolutely continuous), a CDF deviation of at most "0 implies
that the corresponding empirical percentile deviates from its population value by at most"0=f min (Ser�ing,
1980, Chapter 2). Setting"0 = " � f min to achieve quantile accuracy" and applying a union bound over the
2j�j percentile estimates (two per grid point) gives

Pr(all 2j�j percentile estimates within " of population values) � 1 � 4j�j e �2n s " 2 f 2
min :

The saturation criterion C(� 0) involves a maximum and a minimum over subsets of these percentile estimates.
Since the maximum (resp. minimum) over a �nite set shifts by at most " when each element shifts by at most
" , the estimated saturation criterion Ĉ(� 0) deviates from C(� 0) by at most 2" . Therefore, the estimated� �

x
equals the population ��x once 2" < 
, where


 = min
� 02�

jC(� 0) � � a j

is the margin of the population criterion from the threshold. This requires the non-degeneracy condition

 > 0, i.e., no grid point has its population criterion exactly at � a . For continuous models with absolutely
continuous perturbation distributions, C(� 0) is a continuous function of � 0 and � a is user-speci�ed, so exact
equality at any �nite set of grid points is a measure-zero event. Substituting " = 
= 2 yields the su�cient
sample size

ns �
log(4j�j=�)
2(
f min =2)2

=
2 log(4j�j=�)


 2f 2
min

for the estimated � �
x to equal the population value with probability at least 1 � � . Neither 
 nor f min is

known a priori, but both are positive under the stated regularity conditions, and the bound con�rms that ns

scales as O(
�2 f �2
min log j�j).

Discretization error. The estimation analysis above addresses how accurately ns samples recover the
population criterion at each �xed grid point. A distinct source of error arises because the true continuous
minimizer � �

cont may lie strictly between two consecutive grid points.

Proposition 5 (Grid re�nement convergence). Let C(� 0) be the population saturation criterion, which is
non-increasing by the same subset argument as Proposition 4 (applied to the continuous domain [0; 1]). Let
� �

cont denote the smallest� 0 in [0; 1] such thatC(� 0) < � a , and let � �
� denote the smallest� 0 2 � such that

C(� 0) < � a . If C is strictly decreasing in a neighborhood of ��cont , then

0 � � �
� � � �

cont � h;

where h = � i+1 � � i is the spacing of the grid interval [�i ; � i+1 ] that contains � �
cont .

Proof. Since C is non-increasing,C(� 0) < � a for all � 0 > � �
cont . The grid point � �

� is the smallest element
of � in this region, which is � i+1 , the right endpoint of the grid interval containing � �

cont . Therefore
� �

� � � �
cont � � i+1 � � i = h. The lower bound � �

� � � �
cont follows becauseC(� 0) � � a for all � 0 < � �

cont , and
therefore for any grid point below � �

cont .

Proposition 5 establishes that the discretization error vanishes as the grid is re�ned, with the rate controlled
by local grid spacing near the transition. The e�ect of grid type and resolution on � � is demonstrated
concretely in Appendix B (Figure B1) for the single-cell classi�ers, where the sensitivity transition occurs
near zero: a log-spaced grid concentrates resolution near the transition, reducingh where it matters, and
increasingk (the number of grid points) produces estimates that track the transition more precisely, consistent
with Proposition 5.
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A.11 Limitations of the Theoretical Characterization

The propositions above characterize SensX values under idealized conditions or in asymptotic limits. We
state explicitly what is not established.

� � bounded away from zero. Propositions 1�2 characterize SensX values for all � � under structural
model assumptions (linearity or additivity). The additive case escapes the di�culty because elementary
e�ects depend only on the feature's own endpoint, not on permutation order or other features. For a general
non-additive model when� � is bounded away from zero, the SensX valuebsx;j is the sample mean of elementary
e�ects whose distribution depends jointly on the model's interaction structure, the permutation order, and
the endpoint distribution over 
(x ; � �

x ). This distribution does not simplify to a known analytic functional in
general. Proposition 3 establishes only that it approaches j@j q(x)j as � � ! 0.

No formal connection to total Sobol index in the anchored setting. ST i is de�ned as an integral
over the full input domain and has no analogue at a single point. SensX anchors trajectories at x by design:
the goal is local attribution, and x serves as the reference with respect to which all elementary e�ects are
computed. Campolongo et al. (2007) introduced� �

j (x) to resolve sign cancellation in � j (x) for nonmonotonic
models, and demonstrated empirically that � �

j is approximately proportional to ST i in the global setting.
This motivates using � �

j over � j , but � �
j and ST i measure di�erent mathematical quantities and no theorem

establishing a formal relationship between them exists. In the� � ! 0 limit, Proposition 3 shows the estimand
converges to the local partial derivative j@j q(x)j, a �rst-order quantity with no formal connection to S T i .

The Lebesgue Di�erentiation Theorem provides a bridge: the DGSM integral
R

j@j qj dx, which sits in the
inequality chain toward ST i , equals the average of the pointwise limitsj@j q(x) j over inputs drawn from 
 g at
almost every point. The formal DGSM connection to ST i is therefore recoverable by aggregating SensX values
across many inputs, recovering the standard Morris method, but is not available from any single anchored
computation. The perturbation validation protocol (Appendix A.7) provides a model-speci�c empirical check
that rankings are meaningful for the speci�c input being explained.

No non-asymptotic concentration bound on rankings. The almost-sure convergence in Proposition 2
follows from the strong law of large numbers for i.i.d. random variables, with aO(1=

p
nw ) rate via the central

limit theorem under �nite second-moment conditions (on the elementary e�ect distribution). No analogous
rate is established for the convergence of the ranking of SensX values, which depends on the gaps between
features' expected elementary e�ects in ways that are model-speci�c. The empirical stability of rankings with
increasingnw is documented in Figure E1, but a theoretical analysis of ranking convergence is outside the
scope of this work.

Type II error and underestimation of interaction e�ects. Two distinct Type II failure modes are
relevant to SensX. The �rst is speci�c to local attribution: even at its limit j@j q(x) j, SensX will assign a
near-zero value to a featurej that has a negligible partial derivative at x even if it has a substantial e�ect
elsewhere in the domain. The� � calibration partially mitigates this by selecting a neighborhood where the
model is actively sensitive, but it cannot detect features that are important only outside 
(x ; � �

x ). When
� �

x = 0, the diagnostic output of SensX �ags this situation explicitly rather than producing misleading
attributions. The second failure mode is inherited from the Morris � �

j statistic itself and operates when� � is
bounded away from zero: Campolongo et al. (2007) noted, and Confalonieri et al. (2010) and Hsieh et al.
(2018) con�rmed across multiple domains, that � �

j tends to underestimate the importance of features involved
in strong interactions, because when a feature's e�ect is highly dependent on the values of other features,
individual elementary e�ects may be large in magnitude but variable in direction, and their absolute values
averaged over a �nite number of walks may not fully re�ect the total sensitivity. This is a tendency under
limited sampling, not a guarantee of failure, and it applies to both the standard Morris method and anchored
SensX. The perturbation validation protocol (Appendix A.7) provides a model-speci�c empirical check that
can detect such cases, since a factor whose� �

j is depressed by sign cancellation will still show a large output
change when perturbed in the top-k analysis.
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B Perturbation Factor Grid Selection

For synthetic benchmarks, � � was close to 1 for all inputs, so a uniform partition of [0; 1] provided su�cient
resolution and grid re�nement did not change the result. For the image-based tasks of vision transformers and
spatial transcriptomics, a uniform grid was likewise adequate, as� � fell well above the minimum grid spacing.

For single-cell transcriptomics, the prediction envelope changed rapidly at small perturbation magnitudes.
Replacing the uniform grid with a log-spaced � ( � 2 [10�4 ; 1]) concentrated resolution at the �ne scales
where the model's sensitivity was steepest and yielded stable estimates of� � . When a grid has no resolution
near zero and all points fall in the saturated plateau, the saturation criterion is never met and� � = 0. This is
an explicit diagnostic: rather than returning a misleading non-zero value, SensX �ags the situation, signaling
that the grid should be re�ned or that the model is genuinely insensitive to perturbations at any scale within

 g.

Figure B1 shows the joint sensitivity of � � to � a , k, and ns for a single natural killer cell under both grid
types. With a linspace grid, � � = 0 across all (k; � a ; ns) combinations: all grid points fall in the saturated
plateau above the sensitivity transition, the saturation criterion is never met, and the method correctly �ags
the situation rather than returning a misleading non-zero value. With a geomspace grid,� � is stable and
non-zero across allk and ns values, con�rming that log-spaced resolution near zero recovers the sensitivity
transition. � � shows greater sensitivity tok at small � a than at larger values: when� a is large, features driving
substantial changes in predicted probability dominate the saturation criterion and � � is stable regardless of
grid resolution. When � a is small, subtler output variations are deemed signi�cant and � � is more susceptible
to grid placement e�ects. The near-identical positions across allns values within each k group con�rm that
ns has no e�ect on � � for this classi�er.
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