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Abstract

We introduce SLR, an end-to-end framework for systematic evaluation and training
of Large Language Models (LLMs) via Scalable Logical Reasoning. Given a user’s
task specification, SLR automatically synthesizes (i) an instruction prompt for an
inductive reasoning task, (ii) a validation program, executable on model outputs
to provide verifiable rewards, and (iii) the latent ground-truth rule. This process
is fully automated, scalable, requires no human annotations, and offers precise
control over task difficulty. Using SLR, we create SLR-BENCH, a benchmark
comprising 19k prompts organized into 20 curriculum levels that progressively
increase in relational, arithmetic, and recursive complexity. Large-scale evaluation
reveals that contemporary LLMs readily produce syntactically valid rules, yet often
fail at correct logical inference. Recent reasoning LLMs demonstrate improved
performance but incur very high test-time computation, with costs exceeding $300
for just 1,000 prompts. Finally, curriculum learning via SLR doubles Llama-3-
8B accuracy on SLR-BENCH, achieving parity with Gemini-Flash-Thinking at a
fraction of computational cost. Moreover, these reasoning capabilities generalize
to a wide range of established benchmarks, underscoring the effectiveness of SLR
for downstream reasoning.

1 Introduction

Logical reasoning is a fundamental aspect of intelligence, yet state-of-the-art AI systems still struggle
with tasks that require robust reasoning and systematic generalization [7, 17, 47, 48, 13, 41]. Existing
benchmarks intended to evaluate reasoning capabilities, however, primarily emphasize deductive
reasoning, where conclusions necessarily follow from given premises. This includes tasks such as
math word problems [14] and logic puzzles [21, 50, 24]. Inductive reasoning, by contrast, involves
inferring general rules or patterns from specific examples, which remains particularly challenging
and underexplored in large language models [26, 49] (see also Tab. 1).

Current evaluation frameworks commonly employ constrained formats (e.g., multiple-choice) or
rely on other LLMs as judges [33, 19, 20], making it difficult to assess whether models genuinely
understand logical structure or are merely exploiting superficial patterns in the data. Moreover, as
training sets grow, benchmark items or their paraphrases increasingly overlap with pre-training data,
making apparent reasoning abilities potentially just memorization [40, 49].
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Figure 1: Overview of the SLR Framework, including task specification, automated task synthesis,
training, and evaluation. Left (blue): Language defines vocabulary and grammar, Task Config speci-
fies configuration parameters for the synthesis. Middle (green): The task synthesizer automatically
generates ground-truth rules, validation programs, and instruction prompts. Right (purple): Training
LLMs on logic tasks via SFT (cross-entropy) or RL (symbolic judge feedback). Right (orange):
Evaluates LLMs using feedback provided by the symbolic judge. Arrows denote data and control
flow through synthesis, prompting, evaluation, and downstream training loops.

To tackle these challenges, we introduce SLR (Scalable Logical Reasoning), an open-source frame-
work for evaluating and training models in inductive logical reasoning. Given a user-defined logic
task (Fig. 1, left), the task synthesizer (center) automatically generates novel reasoning tasks of
controllable complexity. Each task comes with (i) a latent ground-truth rule, (ii) an executable
validation program, and (iii) an instruction prompt. The ground-truth rule serves as the reference
answer, while the validation program deterministically evaluates any candidate hypothesis. SLR
supports both systematic model evaluation (Fig. 1, top right) and downstream model training, via
supervised finetuning or reinforcement learning with rewards provided by the integrated symbolic
judge (Fig. 1, bottom right). SLR ’s fully symbolic and automated pipeline removes the need for
human annotation and prevents dataset overlap.

Leveraging SLR, we present SLR-BENCH (Fig. 2b), a “19k task benchmark” that forms a twenty-
level curriculum of increasing logical complexity. These levels are further organized into four
curriculum tiers: basic, easy, medium, and hard. Each task is unique, with a precise and systematic
assessment of inductive logical reasoning skills. In evaluations, we find that while LLMs are generally
well-versed in generating valid rules, robust logical reasoning remains challenging. Performance
declines sharply as task complexity increases. Scaling model size brings only marginal improvements,
while scaling test-time compute boosts reasoning, but returns diminish as complexity rises.

Beyond benchmarking, SLR enables curriculum learning, boosting reasoning both in-domain and
across established reasoning benchmarks. SLR-tuned models not only surpasses conventional LLMs
on SLR-BENCH, but also outperforms reasoning LLMs, such as Gemini-2.0-flash-thinking, while
using fewer inference tokens. Notably, these enhanced reasoning capabilities generalize downstream
(e.g., GPQA [37], and CLUTRR [41]).

In sum, our contributions are: (i) SLR, an open framework for automated synthesis and symbolic
evaluation of logical reasoning in LLMs; (ii) SLR-BENCH, a 19k-task benchmark organized as a
20-level curriculum of increasing logical complexity, enabling both training and evaluation across a
controlled reasoning spectrum; (iii) a large-scale evaluation of LLMs on SLR-BENCH, revealing
key insights and trade-offs in model performance; (iv) curriculum learning with SLR substantially
improves both in-domain and downstream reasoning.

2 Related Work

Evaluating LLMs’ Logical Reasoning. Tab. 1 provides an overview of existing logical reasoning
benchmarks in terms of inference types, dataset origins, and evaluation formats. Notable datasets
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Table 1: Comparison of logic reasoning benchmarks. Reasoning Type: Logical inference type
(deduction, induction, abduction). Creation: Dataset origin (synthetic, human-annotation, DS
collection). Evaluation: Output scoring (symbolic execution, multiple choice (MC), LLM, exact
match (EM)). Task Synthesis: Supports for tasks generation. Custom Tasks: User-defined task
creation (via language, grammar, or setup). Curriculum Learning: Curriculum-based progression
of difficulty. Scalable Complexity: Supports arbitrarily scaling task complexity.
(✓: fully supported, ✗: not supported, (✓): partially/limited)

Reasoning Data Evaluation Task Custom Curriculum Scalable
Dataset Type Creation Methodology Synthesis Tasks Learning Complexity
LogiQA [23] Deduction Human MC ✗ ✗ ✗ ✗
FOLIO [12] Deduction Human EM ✗ ✗ ✗ ✗
AbductionRules [51] Abduction Synthetic/Human EM ✗ ✗ ✗ ✗
CLUTRR [41] Induction Synthetic EM ✗ ✗ ✗ ✗
PrOntoQA [38] Deduction Synthetic EM ✓ ✗ ✗ ✗
SynLogic [24] Deduction Synthetic EM ✓ ✗ ✗ ✗
FLD [29] Deduction Synthetic Symbolic ✓ ✓ ✗ (✓)
ZebraLogic [21] Deduction Synthetic EM ✓ ✗ (✓) (✓)
SLR (ours) Induction Synthetic Symbolic ✓ ✓ ✓ ✓

include LogiQA/2.0 [23, 22], FOLIO [12] (deductive reasoning), AbductionRules [51] (abductive
reasoning), bAbI [46], and CLUTRR [41] (synthetic QA with inductive reasoning). Aggregate
testbeds such as BIG-Bench [15, 42], HLE [8], FineLogic [54], and LogiGLUE [26] span a range of
tasks and inference styles. Other benchmarks, such as Proofwriter, PrOntoQA, FLD, Multi-LogiEval,
SynLogic, ZebraLogic, and the K&K Sandbox [32, 38, 29, 34, 24, 21, 50, 49] generate tasks from
fixed ontologies, often with exact-match evaluation. Classic ILP datasets (e.g. Mutagenesis [6]) lack
scalability and natural-language integration. In contrast, SLR introduces scalable, curriculum-based
synthesis with controllable difficulty and verifiable evaluation, addressing key gaps in prior works.

Limits and Promises of Reasoning LLMs. LLMs like GPT-4 [45], Llama-3 [44], and Qwen [1]
can handle basic reasoning and coding tasks but often struggle with true abstraction [40, 49]. Recent
reasoning LLMs attempt to bridge this gap by scaling test-time compute. Systems like OpenAI’s
o1/o3 [31] or DeepSeek-R1 [43] generate and re-rank thousands of reasoning traces per query,
achieving state-of-the-art results on, e.g., math or coding [35, 14, 37, 10]. However, these gains come
at a steep cost [9, 16]. Some studies question whether such models truly learn logical structure or
merely exploit surface-level patterns [9, 40, 49]. Curriculum learning has been shown to enhance
training robustness and generalization [2, 3], yet no prior framework offers a flexible framework for
task synthesis for automatic curriculum generation with symbolic evaluation for reasoning at scale.
SLR addresses this gap.

3 SLR: Automatic Benchmark Synthesis

SLR is a scalable methodology for systematically generating, evaluating, and training LLMs on
inductive reasoning tasks. Its goal is to automate the creation of diverse, challenging logical reasoning
benchmarks, embedded as natural language prompts, with model outputs that can be efficiently
verified via symbolic execution of Inductive Logic Programming (ILP) programs [30, 5]. The overall
pipeline (Fig. 1) has three main stages: task specification, synthesis, and evaluation/training.

Task Notation. SLR follows the Learning-from-Entailment (LFE) paradigm [36] in ILP, where each
task is defined as I = (B,E+, E−) consisting of background knowledge B, positive examples E+,
and negative examples E−. A candidate hypothesis H solves the task if and only if B ∪H |= E+

and B ∪H ̸|= E−. Logical entailment (|=) is evaluated via Prolog execution under the closed-world
assumption (details see App. B).

Motivating Example. Consider a simple train domain where each train consists of cars described by
attributes like color, length, or roof type. The learning goal is to induce a rule, e.g., “the train has
a yellow car.” Here, the background knowledge (B) contains all known facts about each train, e.g.,
which cars it includes and their attributes. The positive examples (E+) all have yellow cars, while the
negative examples (E−) do not have any yellow cars. During synthesis, SLR automatically generates
such tasks by varying both the background knowledge and the ground-truth rule, effectively scaling
the complexity of the reasoning problem.
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Algorithm 1 Task Synthesizer
Require: L, Bπ, κpos, κneg, Rsample, Rlen
1: B ← ∅, E+ ← ∅, E− ← ∅
2: R⋆ ← RULEGENERATOR(L, Rlen, Rsample)
3: while |E+| < κpos or |E−| < κneg do
4: b← BACKGROUNDGENERATOR(L, Bπ)
5: (y, q)← ASSIGNLABEL(R⋆, b)
6: if y = 1 and |E+| < κpos then ▷ accept positive
7: B ← B ∪ {b}; E+ ← E+ ∪ {q}
8: else if y = 0 and |E−| < κneg then ▷ accept negative
9: B ← B ∪ {b}; E− ← E− ∪ {q}

10: else
11: continue ▷ reject sample
12: end if
13: end while
14: program← VALIDATIONPROGRAM(B,E+, E−)
15: prompt← PROMPTGENERATOR(B,E+, E−)
16: return (R⋆, program, prompt)

3.1 Task Specification (Input)

The SLR synthesizer is controlled by the Task Language L, which defines the logical vocabulary and
grammar, and the Task Configuration Θ, which controls the generation process (see Fig. 1, left).

Language Specification (L): We define a language L = (V,G) that specifies the building blocks
for task generation. The Vocabulary V comprises a set of constant, function, and predicate symbols
that form the syntax for generating rules, examples, and background knowledge. The vocabulary
induces the Herbrand base HB(V), which is the set of all syntactically valid ground atoms (facts) [25].
The Grammar G is formed by a set of semantic rules that filter the Herbrand base to include only
meaningful atoms, HBG(V). For instance, a color can be assigned to a car (car_color(car, red)) but
not to semantically incompatible objects. Task Configuration (Θ): The configuration parameters
Θ = ⟨Rsample, Rlen, Bπ, κ⟩ give control over the synthesis process. The (i) Rule Sampling Policy
(Rsample) controls the synthesis of the ground truth rule R⋆, which can either be sampled randomly
(Uniform Sampling) or generated via an LLM (LLM-Guided Generation). To ensure the LLM
produces diverse and challenging logic rules, we leverage an exhaustive prompt (see App. C.5) that
covers a wide array of logical structures and Prolog features (containing arithmetics, recursions,
variables, cuts, or comparison operators, etc.). The (ii) Rule Length (Rlen) specifies the number
of literals in the body of the ground-truth rule R⋆. The (iii) Background Sampling Policy (Bπ)
defines a probability mass function that assigns a selection probability to each ground atom in the
grammar-filtered Herbrand base HBG(V), enabling designers to encode priors on the data distribution
(e.g., uniform). We further introduce mirror sampling, where backgrounds for (E+, E−) are identical
except for atoms relevant to R⋆. For each positive example, a corresponding “mirror” negative
is created by randomly altering the rule-specific atoms. The (vi) Problem Size (κ = (κpos, κneg))
specifies the target number of positive (|E+|) and negative (|E−|) examples. This directly controls
the size and class balance of each generated task.

3.2 Task Synthesis (Generation)

The task synthesizer (Fig. 1, center) is an automated process detailed in Alg. 1. Given a task
specification, the synthesizer generates complete and solvable ILP problems. It comprises two main
phases: rule synthesis and background synthesis.

Rule Synthesis (Alg. 1, line 2). The process begins with the RULEGENERATOR creating a latent,
ground-truth rule R⋆. This rule represents the underlying logical pattern that a model is expected to
induce. The generation is guided by pre-defined parameters (Rlen, Rsample) that control the length and
generation policy for the rule. The resulting rule is a syntactically valid definite clause of the form
h:-b1, . . . , bRlen .
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east(train0).
has_car(train0, car0_1).
car_num(car0_1, 1).
car_color(car0_1, red).
car_len(car0_1, long).

west(train1).
has_car(train1, car1_1).
car_num(car1_1, 1).
car_color(car1_1, blue).
car_len(car1_1, long).

Metrics

eastbound(T):-has_car(T,Car),car_len(Car,long).

Verifiable Logic Rewards

?-eastbound(train0).->true.

?-eastbound(train1).->true.

Syntax:
Solved: 
Partial:  1/2

Validation Program

LLM Hypothesis

Symbolic Judge

(a) Verifiable Logic Rewards: A candidate hypothesis is
evaluated by executing it against the validation program.
It outputs three metrics: syntactic validity (binary),
perfect task completion (binary), and a partial score for
the fraction of correctly classified examples.

Logical Complexity
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(b) Overview of SLR-BENCH: From basic to hard
tasks increase in logical and combinatorial complexity
(bars, right y-axis). As logical complexity increases,
Model performance (red, left y-axis) declines, high-
lighting current LLMs’ limitations on reasoning tasks.

Figure 2: (Left) Verifiable logic rewards. (Right) SLR-BENCH curriculum and performance trend.

Background Synthesis (Alg. 1, lines 3-13). Once R⋆ is fixed, the synthesizer enters a loop to
construct the background knowledge B and the label sets E+ and E−. This loop executes three steps
until the desired number of positive and negative examples is generated:

(i) Sample Background: The BACKGROUNDGENERATOR samples a set of ground atoms specifying
the properties and relationships of the background instance. Ground atoms are drawn from the
probability mass function Bπ over HBG(V).
(ii) Assign Label: The function determines whether a query atom q (that is the ground atom of the
target predicate h) is logically entailed by the sampled background b and the ground-truth rule R⋆

(i.e., whether b∪R⋆ |= q holds). This produces a label (positive or negative) for the query. We denote
the labeling function as: ASSIGNLABEL(R⋆, b) = (1, q) if b ∪ R⋆ |= q, and negative otherwise,
(0, q).

(iii) Accept/Reject Sample: To ensure the desired class balance, a stratified rejection sampling
strategy is used to populate the example sets. The generated background b and query q are accepted
only if the corresponding example set (E+ or E−) is not yet full, as specified by the task size
parameter (κ). If accepted, b is added to the task’s main background knowledge B, and q is added to
the appropriate example set. Otherwise, it is discarded.

Synthesizer Outputs (Alg. 1, lines 14–17). For each task, the synthesizer generates three outputs:
(1) the latent ground-truth rule R⋆; (2) a validation program, an executable logic program encoding
(B,E+, E−) for automatic evaluation; and (3) an instruction prompt presenting the task in natural
language or Prolog, ready for LLM input. See App. Fig. 5 for an example synthesis run.

3.3 Training and Evaluation

The final stage, shown in Fig. 1 (right), uses the synthesized task to evaluate and train models.

VERIFIABLE LOGIC REWARDS. In SLR verifiable rewards are implemented via the Symbolic
judge (see Fig. 2a), which is used for both training and evaluation. It deterministically assesses
candidate hypotheses for logic tasks by executing them against a validation program and providing
rewards signals. Specifically, it checks whether all positive examples (E+) are entailed and all
negative examples (E−) are not entailed (see App. C.4).

Model Evaluation. SLR streamlines the creation of logical reasoning benchmark datasets for
systematic model evaluation. By specifying various combinations of task language and configuration,
users can automatically generate diverse tasks that span a broad range of domains, prompt styles, and
reasoning complexities. Each synthesized task comprises a natural language prompt, a ground-truth
rule, and an executable validation program.

Model Training. SLR enables automated training loops, with two types of model feedback. In
supervised fine-tuning (SFT), the ground-truth rule R⋆ acts as the training target, enabling gradient-
based updates from predicted rules. In reinforcement learning, the verifiable logic rewards provide a
reward signal (RLVR) that guides policy updates. This cohesive pipeline enables scalable generation,
evaluation, and training of LLMs, driving systematic advances in logical reasoning capabilities.
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You are a train classifier who is observing trains that are traveling either east- or westbound. Each train is   
composed of one or more cars, and each car is characterized by a set of properties, represented as ground atoms over    
a fixed set of predicates. The direction (eastbound or westbound) of a train is to be determined from its composition. 
To describe the trains we define a set of predicates and grounding domains:

'has_car(Train, Car)': Specifies that 'Car' is part of the train 'Train'.
'car_num(Car, CarNumber)': Specifies the position of the car within its train. 'CarNumber' is a positive integer.
'car_color(Car, Color)': Specifies the color of the car. 'Color' can be 'red', 'blue', 'green', 'yellow', or 'white'.
'car_len(Car, Length)': Specifies the length of the car. 'Length' can be either 'short' or 'long'.
'has_wall(Car, WallType)': Specifies the wall type of a car. 'WallType' can be either 'full' or a 'railing'.

You are provided with positive and negative examples in the form of eastbound(t) or westbound(t) for each train t, 
together with background knowledge consisting of ground facts over the above predicates which describe its composition.

eastbound(train0).       westbound(train1).
has_car(train0, car0_1).      has_car(train1, car1_1).
car_num(car0_1, 1).              car_num(car1_1, 1).
car_color(car0_1, red).     car_color(car1_1, red).
car_len(car0_1, long).      car_len(car1_1, short).
has_wall(car0_1, railing).        has_wall(car1_1, railing).

Your task is to formulate a hypothesis, i.e. a prolog rule of the form 'eastbound(Train) :- Body.' that correctly 
distinguishes eastbound from westbound trains. The hypothesis must be true for all positive examples (i.e., eastbound 
trains) and false for all negative examples (i.e., westbound trains). Aim to find the shortest correct rule, that is, 
one that uses the fewest possible body literals subject to the prior constraints. Your rule must use only  predicates 
defined above and must perfectly separate eastbound from westbound trains.

Instruction & Task Prompt

Ground-Truth Rule
eastbound(Train) :- has_car(Train,Car), car_len(Car,long)

Figure 3: Illustrative prompt and ground-truth rule generated by SLR (Level 1, SLR-BENCH).
Language (L): 5 predicates, 1 car variable per train. Task configuration (Θ): κ = (1, 1) (one positive
and one negative example); Bπ = mirror; Rlen = 1; Rsample = uniform. The prompt provides the full
ILP instance, including background B, positive/negative examples (E+, E−), and natural-language
instructions for the learning task.

Novelty and Systematic Generalization. The generator enforces a strict separation between training
and test splits, ensuring that ground-truth rules (R⋆) and background knowledge (B) are entirely
distinct. As SLR is fully synthetic, overlap with existing data is statistically negligible, making it
robust against data leakage and memorization. This enables assessing whether the model is capable
of systematically generalizing to entirely new rules.

4 SLR-BENCH: Instantiating SLR

With SLR-BENCH, we instantiate SLR as a 20-level curriculum of logical reasoning tasks with
increasing complexity (see Fig. 2b). Each level specifies its own language L and configuration θ,
producing a total of 19k generated reasoning tasks. Each level contains 1k train1, 10 eval, and 50
test samples. Each task comes with (i) a generated latent ground-truth rule, (ii) the corresponding
validation program, and associated instruction prompt for the task. An illustrative example for
prompts and ground-truth rules can be found in Fig. 3.

Design rationale. The logic task is inspired by the V-LoL trains domain [13, 27, 28], chosen for
three main reasons. First, its hierarchical structure (trains → cars → attributes) naturally yields
first-order rules richer than simple lookups yet more tractable than full theorem proving. Second,
its small, discrete attribute domains enable precise control over task complexity. Third, it offers a
clean proof of concept for scalable logic synthesis, being fully synthetic and easily extendable to new
domains.

Languages. Each curriculum level is parameterized by level-specific languageL, detailed in App. C.2.
The vocabulary includes mutually exclusive class labels eastbound and westbound, which serve as the
targets for classification tasks (E+, E−). Background knowledge B is sampled from a vocabulary of
five predicates (has_car, car_num, car_color, car_len, and has_wall) with their respective grounding
domains defined in App. C.2. As curriculum levels increase, the vocabulary expands monotonically
by introducing new predicates and grounding domains selected from a predefined set. Semantic
coherence is ensured by constraining predicate groundings (e.g., only colors as arguments for
car_color), and by enforcing mutually exclusive constraints across predicates (e.g., passenger cars
cannot carry payloads).

1The train sets of levels 1-3 are smaller (26, 234, and 793), due to limited number of different tasks available
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Table 2: Curriculum Learning and Generalization. Benchmark scores (↑) for base and SLR-
tuned models on SLR-BENCH and downstream benchmarks; LRL measuring cumulative curriculum
progress. The tuned model surpasses the baseline across all curriculum stages, while generalizing to
other downstream reasoning tasks.

Curriculum Learning (SLR-BENCH)
LRL (↑0-20) Syntax(↑%) Basic(↑%) Easy(↑%) Medium(↑%) Hard(↑%)

Llama3.1-8b-it 3.8 80 70 7 0 0
Llama3.1-8b-it-SLR 8.7 (+4.9) 100 (+20) 96 (+26) 54 (+47) 18 (+18) 5 (+5)
Qwen3-8B 4.6 93 79 14 0 0
Qwen3-8B-SLR 7.9 (+3.3) 100 (+7) 96 (+17) 43 (+29) 14 (+14) 6 (+6)

Downstream Reasoning Performance
MMLU (↑%) MMLU-Stats (↑%) MMLU-CS (↑%) CLUTRR (↑%) LogiQA (↑%) LogiQA2 (↑%)

Llama3.1-8b-it 63.3 42.6 61.0 25.5 30.1 34.3
Llama3.1-8b-it-SLR 66.1 (+2.8) 59.7 (+17) 75.0 (+14) 32.1 (+6.6) 31.0 (+0.9) 39.4 (+5.2)
Qwen3-8B 49.8 18.1 44.0 19.6 25.0 27.7
Qwen3-8B-SLR 55.9 (+6.1) 18.1 (+0.0) 50.0 (+6.0) 20.6 (+1.0) 31.5 (+6.5) 31.0 (+3.3)

GPQA (↑%) GPQA-Ext. (↑%) GPQA-Dia. (↑%) ARC-Easy (↑%) ARC (↑%) HellaSwag (↑%)

Llama3.1-8b-it 31.7 26.9 21.7 81.4 52.7 57.4
Llama3.1-8b-it-SLR 32.8 (+1.1) 33.0 (+6.1) 28.3 (+6.6) 82.8 (+1.4) 54.6 (+1.9) 58.9 (+1.5)
Qwen3-8B 23.4 26.4 21.2 69.2 43.3 48.8
Qwen3-8B-SLR 26.8 (+3.4) 27.1 (+0.7) 27.8 (+6.5) 77.3 (+8.1) 49.8 (+6.5) 51.6 (+2.8)

Task configs. Each curriculum level is parameterized by level-specific settings of θ, summarized
in App. Tab. 4 and supplied directly to the synthesizer (Alg. 1). Problem size (κ) increases steadily
across levels, maintaining an equal balance of positive and negative samples. Levels 1–5 use a mirror
sampling policy for background knowledge, generating simple, nearly identical east- and westbound
trains that differ only in ground atoms relevant to R⋆. From level 6 onward, the background is
sampled uniformly from the filtered Herbrand base, increasing diversity. Rule generation is uniform
for the basic levels; from level 6, 30% of rules are LLM-guided, introducing greater variety in
variables, arithmetic, recursion, and more.

Curriculum. SLR-BENCH comprises 20 levels across four tiers: basic, easy, medium, and hard.
Each level systematically increases complexity by expanding task size (κ), adding new car constants
and predicates, lengthening rules, and varying both the background knowledge and rule sampling
policy; see App. Sec. C, Tab. 4. As a result, the combinatorial space of possible tasks grows
exponentially, and later levels become progressively harder and require deeper reasoning beyond
surface cues.

Intended Use. SLR-BENCH is designed for two complementary purposes. (1) As a static benchmark,
it enables fine-grained evaluation of an LLM’s reasoning abilities across tasks of increasing logical
complexity. It is also easily extensible to accommodate future improvements in model capabilities.
(2) As a dynamic curriculum, it serves as a training backbone, supplying structured reasoning tasks
and feedback to enhance reasoning in both conventional and reasoning LLMs.

5 LLMs Can’t Do Induction at Scale

We benchmark and train LLMs on SLR-BENCH, assessing reasoning, syntactic correctness, and
computational efficiency across four difficulty levels: basic, easy, medium, and hard. Our analysis
highlights key trends, common failure modes, and the effectiveness of curriculum-based logic-tuning.

Training Setup. We investigate how LLMs benefit from curriculum training on SLR-BENCH with
SFT (for more details see App. Sec. E). To prevent data leakage, we ensure that no prompts or rules
from the test set are included in the training set.

Evaluation Setup. All models are evaluated in a zero-shot setting using SLR-BENCH prompts, with a
single attempt per task (pass@1). We report the following metrics: (i) Logical Reasoning Level (LRL):
A cumulative score over all curriculum levels L, where #solvedℓ and #tasksℓ denote the number of
solved and total tasks at level ℓ: LRL =

∑L
ℓ=1

#solvedℓ
#tasksℓ

(ii) Syntax Score: The proportion of predicted
logic rules that are syntactically valid. (iii) Logical-Reasoning Accuracy: The fraction of correct
solutions per complexity tier. (iv) Compute: The aggregate completion tokens and computational
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Table 3: SLR-BENCH Leaderboard. We report the models’ Logical Reasoning Level (LRL), syntax
score, stage-specific logical reasoning accuracy (basic, easy, medium, hard), total completion tokens,
and inference cost. Higher LRL and accuracy indicate superior logical reasoning; lower compute,
greater efficiency. Performance drops as complexity increases, while Reasoning LLMs (orange)
consistently outperform conventional LLMs (blue).

LRL Syntax Logical-Reasoning Acc. (%)↑ Total Compute

Model (↑0-20) Score (↑%) Basic Easy Medium Hard Tokens (↓M) Costs (↓$)

o3 15.5 80 99 93 74 45 4.30 207.24
o4-mini 12.3 86 93 88 52 13 3.98 21.43
o1 11.9 68 92 89 41 15 5.19 364.72
o3-mini 11.6 75 97 90 37 7 4.73 24.71
o1-mini 10.1 95 97 82 20 3 3.65 19.98
R1-Llama-70B2 8.8 75 98 67 8 4 11.61 5.33
Gemini-thinking1 8.6 83 93 65 13 1 — —
gpt-4.5-prev 7.3 100 94 47 5 1 0.37 576.40
gpt-4o 6.2 100 93 29 2 0 0.26 20.03
Llama 3.3-70B 5.6 100 90 22 1 0 0.49 0.82
gpt-4-turbo 5.4 100 89 18 2 0 0.41 81.30
Llama 3.1-8B 3.8 80 70 7 0 0 0.20 0.14
Llama 3.2-3B 1.0 25 19 1 0 0 0.10 0.11
Llama 3.2-1B 0.0 93 0 0 0 0 0.47 0.12

1Gemini-2.0-flash-thinking-exp-01-21 2DeepSeek-R1-Distill-Llama-70B — information not available

cost for each the models. For further details on downstream evaluations, see App. Sec. E, and for
pricing, refer to App. Tab. 5.

5.1 Analysis and Key Findings

In the following, we highlight downstream gains from training via SLR curriculum learning (Tab. 2).
Next, we benchmark SOTA conventional and reasoning LLMs on SLR-BENCH (Tab. 3).

SLR Boosts Downstream Reasoning. Curriculum learning on SLR-BENCH yields substantial
improvements in both in-domain and downstream reasoning (see Tab. 2). SLR-tuned models
outperform all conventional LLMs on SLR-BENCH (cf. Tab. 3) and surpass reasoning LLMs such as
Gemini-2.0-flash-thinking, while using far fewer inference tokens and compute resources. On popular
reasoning benchmarks, SLR delivers gains on logic-intensive tasks, e.g., on MMLU High School
Statistics (+17), and Computer Science (+14) [14], as well as notable improvements on CLUTRR
[41], LogicQA [23], LogicQA2 [22], ARC [4], HellaSwag [52], GPQA, and GPQA-Extended,
GPQA-Diamond [37]. These consistent gains across curriculum levels and downstream benchmarks
show that curriculum learning with SLR not only enhances in-domain reasoning but also generalizes
to diverse reasoning tasks.

Curriculum Order Matters. An ablation study (App. C.3) examines how curriculum order affects
training performance by comparing ordered, random, and reverse progressions. Training with the
ordered curriculum achieves the best results, confirming that structured progression supports smoother
and more stable learning.

Curriculum Levels Modulate Task Complexity: LLMs Break Down as Complexity Increases.
SLR-BENCH creates a controlled gradient in logical complexity as model performance steadily
declines throughout the curriculum levels (cf. Fig. 2b, Tab. 3). Most models readily solve basic levels.
Base LLMs already falter on easy ones, solving fewer than half. Reasoning LLMs perform better,
yet their accuracy drops sharply at the medium tier, and none succeed on hard. This pattern is also
reflected in the LRL score, empirically indicating how far each model can progress before performance
collapses. An ablation study (App. F.1) further shows how increasing rule length or problem size,
and switching from “uniform” to “LLM-guided” or “mirror” to “uniform” sampling, influences task
complexity, confirming that SLR provides fine-grained control over logical complexity.

Reasoning Remains Challenging; Syntax Not. Base LLMs reliably generate syntactically valid
rules, reflected in their high syntax scores (see Tab. 3). Reasoning models exhibit slightly lower

8



scores, particularly on more complex reasoning tasks, where longer outputs can lead to invalid or
missing responses. Nonetheless, the primary barrier to higher performance is semantic, as reflected by
the gap between syntax and LRL in Tab. 3. A detailed analysis (App. H) reveals primary error modes,
i.e., (i) over-generalized rules, (ii) under-generalized rules, (iii) the use of grounded constants instead
of variables, or (iv) degenerate reasoning loops. Moreover, longer outputs tend to correlate with
lower accuracy (App. Tab. 13), suggesting that complicated reasoning traces often lead to derailment
instead of deeper reasoning.

Scaling Test-time Compute Improves Reasoning, but Returns Diminish and Costs Escalate.
Reasoning LLMs clearly outperform the base models; not even the best base model is able to
match any of the reasoning LLMs (cf. Tab. 3). CoT prompting provides modest gains (≈ 5%,
App. G.3). Further, scaling test-time computation comes at a steep cost as moving from GPT-4o
to o3 doubles accuracy, but considerably increases the number of completion tokens (1777%) and
thus the computational costs (1034%). Moreover, scaling test-time compute on the same model also
boosts overall performance (see App. F.3), but does not guarantee higher accuracy across all tasks.
E.g., while o4-mini-high typically outperforms o4-mini (LRL: 12.8 vs. 12.3), it underperforms on
the medium tier (40% vs. 52%). This plateau effect demonstrates that, beyond a certain threshold,
additional compute may yield diminishing or even negative returns.

Scaling Model Parameters Brings Limited Gains in Logical Reasoning. Increasing model size
yields only marginal gains in logical reasoning. While larger models like Llama-3-70B and GPT-
4.5-prev generally outperform their smaller counterparts, returns diminish as improvements are
increasingly modest (see Tab. 3). As even the largest base models still fall short of the reasoning
models, a capability gap remains that suggests that scaling model parameters alone does not guarantee
substantial advances in logical reasoning capabilities.

6 Limitations

While SLR and SLR-BENCH provide a scalable testbed for logical reasoning, there remain many
opportunities for further enrichment. Although SLR-BENCH currently applies SLR to the train
domain with a single rule, the framework is readily extensible to multiple more complex, multi-rule
reasoning scenarios and to entirely different domains. Our current focus on first-order, function-free
Horn clauses enables systematic benchmark creation and evaluation; future instantiations could
expand towards higher-order logic or probabilistic reasoning. While synthetic task generation comes
with many benefits, such as ensuring novelty and precise control, it makes it difficult to incorporate
real-world diversity and ambiguity. Our symbolic judge provides deterministic, discrete scoring and
could potentially be enhanced to also recognize partial solutions, syntactically invalid rules, or natural
language formulations. Overall, these points highlight the flexibility of our framework and outline
promising directions for broadening its reach and impact.

7 Conclusion and Future Direction

In this work, we introduced SLR, a fully automated and scalable framework for synthesizing logical
reasoning benchmarks with verifiable rewards provided by logic programs. Our instantiation, SLR-
BENCH, offers a 20-level curriculum spanning 19k tasks with increasing logical complexity.

Our evaluations reveal that while current LLMs readily produce syntactically valid logic rules, robust
logical reasoning remains elusive for conventional LLMs, especially as task complexity scales.
Scaling parameters yields limited gains. Reasoning LLMs, aided by increased test-time compute,
close part of this gap, albeit at significant computational costs. Notably, curriculum learning on
SLR-BENCH substantially boosts in-domain and downstream reasoning. Specifically, our SLR-
tuned Llama3-8B outperforms all conventional LLMs on SLR-BENCH and surpasses several SOTA
reasoning LLMs at a fraction of their inference costs.

Looking ahead, SLR enables diverse extensions: integrating reinforcement learning, richer logical
domains, benchmarking neuro-symbolic and interactive reasoning, and advancing to higher-order
tasks like causal inference. While SLR-BENCH targets clean single-rule ILP with a perfect judge to
isolate reasoning ability, it readily supports multi-rule interactions, noisy supervision, and language-
to-symbol grounding, providing a flexible testbed for probing and improving LLM reasoning.
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Table 4: SLR-BENCH Learning Curriculum: The table details how both language and task
configuration are systematically increased throughout the curriculum levels. Notably, higher levels
involve richer problems with more constants and predicates, larger problems, longer rules, and
a transition from mirror to uniform and LLM-guided sampling. The final column reports the
approximate combinatorial size of unique tasks available at each level.

Stage Basic Easy Medium Hard
Levels 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Language

#Const. 1 1 1 2 2 2 2 2-3 2-3 2-3 2-4 2-4 4-6 4-6 4-6 5-6 5-6 5-6 5-6 5-6
#Pred. 5 5 5 5 5 5 6 6 6 7 7 9 9 9 9 10 10 12 12 12

Task Config.
κ 2 2 4 4 6 6 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Bπ M M M M M U U U U U U U U U U U U U U U
Rlen 1 1-2 1-2 1-2 1-2 1-2 1-2 1-2 2-3 2-3 2-3 3-4 3-4 4-5 4-5 4-5 4-5 4-5 5 5
Rsample U U U U U U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L U/L

Comb. Size 103 103 105 1010 1016 1016 1024 1032 1040 1055 1065 10120 10271 10300 10330 10507 10549 10805 10861 10919

M: mirror sampling U : uniform sampling L: LLM-guided generation

A Broader Impact

SLR and SLR-BENCH provide a scalable, reproducible foundation for evaluating and advancing
logical reasoning in AI without relying on human annotation. By enabling robust measurement and
targeted training, our framework supports progress in areas such as scientific discovery, program
synthesis, and trustworthy AI. However, as LLMs acquire deeper logical competence, the risk of
dual-use knowledge increases, enabling beneficial applications but also the potential for misuse, such
as generating deceptive arguments or bypassing safety mechanisms. We urge responsible use and
active consideration of ethical risks as these capabilities advance.

B Extended Notation

We revisit essential definitions of first-order logic that we follow in this paper. An FOL Language L
is a tuple (P,A,F ,V), where P is a set of predicates, A is a set o constants, F is a set of function
symbols (functors), and V is a set of variables. A term is a constant, a variable, or a term that consists
of a functor. A ground term is a term with no variables. We denote n-ary predicate p by p/n. An atom
is a formula p(t1, . . . , tn), where p is an n-ary predicate symbol and t1, . . . , tn are terms. A ground
atom or simply a fact is an atom with no variables. A literal is an atom or its negation. A positive
literal is just an atom. A negative literal is the negation of an atom. A clause is a finite disjunction
(∨) of literals. A definite clause is a clause with exactly one positive literal. If A,B1, . . . , Bn are
atoms, then A ∨ ¬B1 ∨ . . . ∨ ¬Bn is a definite clause. We write definite clauses in the form of
A :- B1, . . . , Bn. Atom A is called the head, and set of negative atoms {B1, . . . , Bn} is called the
body. We call definite clauses by rules for simplicity in this paper. An atom is an atomic formula.
For formula F and G, ¬F , F ∧G, and F ∨G are also formulas. Interpretation of language L is a
tuple (D, IA, IF , IP), where D is the domain, IA is the assignments of an element in D for each
constant a ∈ A, IF is the assignments of a function from Dn to D for each n-ary function symbol
f ∈ F , and IP is the assignments of a function from Dn to {⊤,⊥} for each n-ary predicate p ∈ P .
For language L and formula X , an interpretation I is a model if the truth value of X w.r.t I is true.
Formula X is a logical consequence or logical entailment of a set of formulasH, denotedH |= X ,
if, I is a model forH implies that I is a model for X for every interpretation I of L.

C SLR-BENCH Details

C.1 Task Specification

Each task in SLR-BENCH is precisely governed by a combination of language features and task
configuration parameters, enabling fine-grained control over complexity and diversity. A task
specification comprises two main components: (i) the logical language, which determines the set
of predicates and argument types available, and (ii) the task configuration, which defines structural
aspects of the task such as problem size, background knowledge sampling, rule length, sampling
strategy, and the combinatorial space of realizable tasks. Tab. 4 details the curriculum’s level-wise
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Figure 4: Compute–Performance Trade-Off. Reasoning LLMs achieve higher accuracy than base
LLMs but require more compute. While more complex tasks typically demand more completion
tokens, increased compute does not always translate to higher accuracy.

specifications, showing how both language elements and the task config to create the individual
levels.

C.2 Language

Predicates and Types. SLR defines a flexible, extensible vocabulary to support the systematic
generation and evaluation of logical reasoning tasks. The primary predicate signatures and
their argument types used in SLR-BENCH are: eastbound(TRAIN), westbound(TRAIN),
has_car(TRAIN,CAR), car_num(CAR,NUM), car_color(CAR,COLOR), car_len(CAR,LEN),
has_wall(CAR,WALL), has_roof(CAR,ROOF), has_payload(CAR,LOADS), load_num(CAR,NPAY),
has_wheel(CAR,WHEELS), has_window(CAR,WINDOW), car_type(CAR,CTYPE),

Grounding Domains. Each argument type is grounded in a finite set of discrete constants:

NUM ::= J0-9K+
CAR ::= J0-9K+

COLOR ::= red | blue | green |
yellow | white

LEN ::= short | long
WALL ::= full | railing
ROOF ::= roof_foundation |

solid_roof | braced_roof |
peaked_roof | none

WHEELS ::= 2 | 3
LOADS ::= blue_box | golden_vase |

barrel | diamond | metal_pot |
oval_vase | none

NPAY ::= 0 | 1 | 2 | 3
WINDOW ::= full | half | none

CTYPE ::= passenger | freight | mixed
NPAX ::= J0-9K

Grammar Constraints. Predicates are only instantiated with semantically compatible constant
types. For example, car_color(·, ·) only takes car objects and color constants as arguments; ill-typed
facts are excluded during synthesis.
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C.3 Learning Curriculum in Detail

SLR-BENCH presents a 20-level curriculum that progresses systematically in difficulty and is
organized into four overarching complexity tiers: basic, easy, medium, and hard. For a detailed
overview of the level-wise task specifications, see App. Tab. 4. Each level increases in difficulty
through systematic modifications to both the task language and configuration, including: (i) increasing
the overall size of the task (κ), (ii) expanding the vocabulary by adding new car constants per train,
and (iii) broadening the set of predicates and grounding domains. Additionally, (iv) we adapt the
policy used for synthesizing background knowledge, (v) alter the length Rlen of the ground truth rule,
and (vi) adjust the rule sampling policy. Finally, (vii) the combinatorial space of tasks, quantified
as the approximate number of distinct tasks that can be generated per level, also increases across
the curriculum. The compounding effect of larger problems, expanded vocabulary (constants and
predicates), and more complex rules not only yields exponential growth in the combinatorial space
but also effectively increases the complexity of the tasks. Consequently, while models identifying
surface-level patterns might solve early levels, reasoning in later levels becomes more sophisticated,
demanding more advanced problem-solving capabilities to progress.

C.4 Verifiable Logic Rewards

The SYMBOLICJUDGE computes verifiable logic rewards for a candidate hypothesis H against a
given background knowledge base B and sets of positive (E+) and negative (E−) examples. These
rewards are used for both evaluation and model training, and they include three distinct metrics:

Syntax Validity Score: This binary score (0 or 1) indicates whether the candidate hypothesis H is
a syntactically and semantically valid Prolog rule. This serves as a prerequisite check for further
evaluation; if H is invalid, other scores are typically assigned 0.

OVERALLSCORE: This metric provides a binary indication of perfect task completion. It is 1 if
and only if the hypothesis H , in conjunction with the background knowledge B, correctly entails all
positive examples (E+) and correctly refutes all negative examples (E−). Otherwise, the score is 0.

OVERALLSCOREB,E+,E−(H) = J∀q ∈ E+ : (B∪H) |= q ∧∀q ∈ E− : (B∪H) ̸|= qK ∈ {0, 1}

Where J·K is the Iverson bracket, evaluating to 1 if the condition inside is true, and 0 otherwise.

PARTIALSCORE: This metric reflects the fraction of examples (from both E+ and E−) that are
correctly classified by the candidate hypothesis H when combined with the background knowledge B.
This provides a continuous signal of progress, even when the overall task is not perfectly completed.

PARTIALSCOREB,E+,E−(H) =

∑
q∈E+J(B ∪H) |= qK +

∑
q∈E−J(B ∪H) ̸|= qK

|E+ ∪ E−|

Here, the numerator sums the count of correctly entailed positive examples and correctly refuted
negative examples. The denominator is the total number of examples, ensuring the score is normalized
between 0 and 1.

These metrics provide rich feedback for both discrete evaluation (e.g., for filtering valid rules)
and continuous optimization (e.g., for guiding reinforcement learning agents), allowing for robust
assessment of learned logical hypotheses.

C.5 LLM-Guided Rule Generation

This section provides the prompt used for LLM-guided rule generation. The prompt was carefully
designed to be both diverse and comprehensive, including a wide range of logical structures and Prolog
features such as conjunction, disjunction, negation, recursion, aggregation, and pattern matching.
By presenting the model with these varied and complex examples, we encourage the generation of
challenging and realistic logic rules. This diversity is crucial for robust model generation of new rules,
as it ensures that the LLM is exposed to representative samples of possible rule types encountered in
real-world logic programming tasks.

1. Conjunction with Existential Quantification: There exists a red short car There is at least one
car that is both short and red.
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1 eastbound(Train) :-
2 has_car(Train , Car),
3 car_color(Car , red),
4 car_len(Car , short).

2. Disjunction: Some car is white or yellow. At least one car is either white or yellow.

1 eastbound(Train) :-
2 has_car(Train , Car),
3 (car_color(Car , white) ; car_color(Car , yellow)).

3. Negation: The train does not contain any red cars No car on the train is red.

1 eastbound(Train) :-
2 \+ (has_car(Train , Car), car_color(Car , red)).

4. Inequality/Distinctness: Two cars must have different colors There are at least two cars on the
train with different colors.

1 eastbound(Train) :-
2 has_car(Train , CarA),
3 has_car(Train , CarB),
4 CarA \= CarB ,
5 car_color(CarA , Color1),
6 car_color(CarB , Color2),
7 Color1 \= Color2.

5. Aggregation/Counting: There are more green cars than yellow cars The train contains more
green cars than yellow cars.

1 eastbound(Train) :-
2 findall(Car , (has_car(Train , Car), car_color(Car , green)), Greens)

,
3 findall(Car , (has_car(Train , Car), car_color(Car , yellow)),

Yellows),
4 length(Greens , G),
5 length(Yellows , Y),
6 G > Y.

6. Mutual Exclusion: Only one car is yellow; all others are not yellow There is exactly one yellow
car; all others are not yellow.

1 eastbound(Train) :-
2 findall(Car , (has_car(Train , Car), car_color(Car , yellow)), [

YellowCar ]),
3 forall(
4 (has_car(Train , Car), Car \= YellowCar),
5 (car_color(Car , NotYellow),
6 NotYellow \= yellow)
7 ).

7. Uniqueness: No two cars have the same color All cars have unique colors.

1 eastbound(Train) :-
2 findall(Color , (has_car(Train , Car), car_color(Car , Color)),

Colors),
3 sort(Colors , UniqueColors),
4 length(Colors , N),
5 length(UniqueColors , N).

8. No-Other/Uniqueness: Only two cars in the train Only two cars are present in the train.

1 eastbound(Train) :-
2 findall(Car , has_car(Train , Car), Cars),
3 length(Cars , 2).
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9. Universal Quantification: Every full-wall car is long All cars with a full wall must be long.

1 eastbound(Train) :-
2 forall(
3 (has_car(Train , Car), has_wall(Car , full)),
4 car_len(Car , long)
5 ).

10. Conditional Implication: All long cars are either red or blue Every long car is either red or
blue.

1 eastbound(Train) :-
2 forall(
3 (has_car(Train , Car), car_len(Car , long)),
4 (car_color(Car , Color), (Color = red ; Color = blue))
5 ).

11. Conditional Aggregation: All long cars are either red or blue Every long car is either red or
blue.

1 eastbound(Train) :-
2 forall(
3 (has_car(Train , Car), car_len(Car , long)),
4 (car_color(Car , Color), (Color = red ; Color = blue))
5 ).

12. Pattern Matching: All full-wall cars are white Every full-wall car is white.

1 eastbound(Train) :-
2 forall(
3 (has_car(Train , Car), has_wall(Car , full)),
4 car_color(Car , white)
5 ).

13. Symmetry: Two cars are neighbors with same color CarA and CarB are neighbors on the train
and have the same color.

1 eastbound(Train) :-
2 has_car(Train , CarA),
3 has_car(Train , CarB),
4 CarA \= CarB ,
5 car_num(CarA , N1),
6 car_num(CarB , N2),
7 (N2 =:= N1 + 1 ; N2 =:= N1 - 1),
8 car_color(CarA , Color),
9 car_color(CarB , Color).

14. Combinatorial Group: Exactly two short yellow cars There are exactly two yellow cars, and
both are short.

1 eastbound(Train) :-
2 findall(Car , (has_car(Train , Car), car_color(Car , yellow), car_len

(Car , short)), L),
3 length(L, 2).

15. Recursion: At least one long car in the train The train has at least one long car.

1 eastbound ([Car|Cars]) :-
2 car_len(Car , long)
3 ;
4 eastbound(Cars).

16. Existence of a Structure (Sublist Pattern Matching) Exists three cars in sequence: Num,
Num+1, Num+2, matching pattern.
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1 eastbound(Train) :-
2 has_car(Train , Car1), car_num(Car1 , N),
3 car_len(Car1 , short),
4 N2 is N+1, N3 is N+2,
5 has_car(Train , Car2), car_num(Car2 , N2), car_len(Car2 , long),
6 has_car(Train , Car3), car_num(Car3 , N3), car_len(Car3 , short).

17. Min/Max and Extremal Values A short car followed by a long car followed by a short car,
anywhere in the train.

1 eastbound(Train) :-
2 findall(N, (has_car(Train , Car), car_num(Car , N)), Numbers),
3 max_list(Numbers , Max),
4 has_car(Train , LastCar),
5 car_num(LastCar , Max),
6 car_color(LastCar , white).

18. Subset/Superset Constraints All full-wall cars are among the first three cars.

1 eastbound(Train) :-
2 forall(
3 (has_car(Train , Car), has_wall(Car , full)),
4 (car_num(Car , N), N =< 3)
5 ).

19. Projection/Aggregation Over Multiple Properties All pairs of cars have different (color, length)
tuples.

1 eastbound(Train) :-
2 has_car(Train , CarA), has_car(Train , CarB), CarA \= CarB ,
3 car_color(CarA , ColA), car_len(CarA , LenA),
4 car_color(CarB , ColB), car_len(CarB , LenB),
5 (ColA \= ColB ; LenA \= LenB).

20. All-Different on Multiple Attributes Enforce all car colors are different, AND all car numbers
are different (car numbers are unique by assumption, but see structure).

1 eastbound(Train) :-
2 findall(Color , (has_car(Train , Car), car_color(Car , Color)),

Colors),
3 sort(Colors , UniqueColors),
4 length(Colors , N), length(UniqueColors , N).

C.6 Data Leakage Guarantees.

We verify that no ground-truth rules (R⋆) from the training split reappear in the test split, next to
the uniqueness of the background. While ensuring complete semantic independence is inherently
challenging, surface-level similarity measures (e.g., predicate co-occurrence or template hashing) are
insufficient to capture true logical overlap. Semantically distinct rules may share identical predicates
and constants (e.g., “there exists a red car” vs. “all cars are red”).

C.7 SLR-BENCH Task Synthesis

App. Fig. 5 illustrates a full synthesis run of SLR-BENCH according to Alg. 1. Starting from a
specified language and configuration (rule length, problem size), the synthesizer first generates a
latent ground-truth rule, then iteratively samples background facts until the desired number of positive
and negative examples is met. The resulting task instance I = (B,E+, E−) forms a self-contained
reasoning problem, which can be expressed either symbolically (Prolog format) or in natural language.
This process demonstrates how SLR produces logically consistent, verifiable tasks with controllable
difficulty and interpretable representations.
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Table 5: Model Pricing ($ per 1M tokens). API rates as of 01.05.2025.

Model Model Tag Input Input(Cached) Output API
gpt-4.5-preview gpt-4.5-preview-2025-02-27 75.00 37.50 150.00 OpenAI
gpt-4o gpt-4o-2024-08-06 2.50 1.25 10.00 OpenAI
o1 o1-2024-12-17 15.00 7.50 60.00 OpenAI
o3 o3-2025-04-16 10.00 2.50 40.00 OpenAI
o4-mini o4-mini-2025-04-16 1.10 0.275 4.40 OpenAI
o3-mini o3-mini-2025-01-31 1.10 0.55 4.40 OpenAI
o1-mini o1-mini-2024-09-12 1.10 0.55 4.40 OpenAI
DeepSeek-R1 DeepSeek-R1-Distill-Llama-70B 0.10 0.40 OpenRouter
Llama-3.2-3B Llama-3.2-3B-Instruct 0.015 0.025 OpenRouter
Llama-3.1-8B Llama-3.1-8B-Instruct 0.02 0.03 OpenRouter
Llama-3.3-70B Llama-3.3-70B-Instruct 0.10 0.25 OpenRouter

D Compute Costs and Model Pricing

Compute Costs. Compute costs are reported as the total USD cost to run all prompts, based on
publicly listed API prices as of 01.05.2025. Pricing ignores server-side token caching, as actual cache
hit counts are unavailable. Table 5 summarizes per-model cost rates and API sources.

E Training and Evaluation Details

E.1 Training Setup

For curriculum learning experiments on SLR-BENCH, we fine-tune the Llama-3.1-8B-Instruct model
using supervised fine-tuning (SFT) with LoRA adapters using LLaMA-Factory [53]. Training
is performed over two epochs on approximately 17k examples, which are presented sequentially,
without shuffling, reflecting a curriculum of increasing logical complexity. Training is distributed
across 8 GPUs using DeepSpeed with ZeRO Stage 3 optimization, taking 4 hours. Both optimizer
states and model parameters are offloaded to CPU with pinned memory to maximize GPU memory
efficiency. The AdamW optimizer is used in conjunction with a Warmup Cosine learning rate
scheduler. Mixed-precision training is employed, with both bfloat16 and fp16 enabled in automatic
mode. Communication overlap and contiguous gradients are activated to improve throughput, and
model weights are saved in 16-bit precision at each checkpoint. Due to memory limitations, input
sequences are truncated to a maximum length of 6k tokens using the Llama3 template, restricting
training to slr_basic_train, slr_easy_train, and slr_medium_train splits. Optimization is
performed using cross-entropy loss over the ground truth rule R⋆, with a per-device batch size of 5
and gradient accumulation over 2 steps, resulting in an effective batch size of 80 samples per step
across 8 GPUs. The learning rate is set to 2× 10−4, scheduled with a cosine scheduler and a warmup
ratio of 0.03. All relevant hyperparameters and training scripts are included in the codebase for full
reproducibility.

E.2 Evaluation Setup

For downstream evaluation, we use the Language Model Evaluation Harness [11] with default settings
for each benchmark, enabling few-shot as multiturn prompting to support multi-turn contexts where
applicable, including the official pass rate (typically pass@1) and whether evaluation is performed in
zero-shot or few-shot mode. CLUTRR, which is not available in evalharness, follows a similar setup
with accuracy averaged across all test sets. All evaluations are conducted on 8 GPUs using vLLM [18]
for efficient batch inference. Reported scores reflect accuracy for each model and benchmark, and all
results are based on the official evaluation splits and standardized prompt formatting consistent with
the SLR curriculum.
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Table 6: Ablations Across Synthesis Parameters. Accuracy (%) averaged across the LLaMA base
models for different synthesis parameters. Each row corresponds to one ablation factor, comparing
paired configurations. Arrows in red indicate decreases relative to the first configuration in each pair.

Ablation Factor Configuration Accuracy (%)

Rule Sampling Uniform 11.0
LLM-guided 2.5 (↓8.6)

Problem Size (κ) κ = 4 35.0
κ = 6 30.0 (↓5.0)

(Rlen) 1–2 literals 7.2
2–3 literals 2.6 (↓4.6)

Background Mirror 30.0
Sampling Uniform 20.5 (↓9.5)

Table 7: Curriculum Learning Order. Comparison of curriculum learning orders (ordered, random,
and reverse) under matched training budgets (levels 5–7) using llama3.1-8b-it. The ordered curriculum
achieves the highest overall LRL.

Curriculum LRL Basic Easy Medium Hard
(↑0-20) (↑%) (↑%) (↑%) (↑%)

Ordered 6.01 88.7 28.4 3.3 0.2
Random 5.99 88.1 28.5 3.6 0.05
Reverse 5.93 86.8 27.7 4.5 0.05

F Ablation Studies

F.1 Ablation across synthesis parameters

To assess how synthesis configurations affect task difficulty, we conducted controlled ablations across
the rule sampling policy, problem size, rule length, and background sampling policy, averaging results
across all open-source LLaMA base models. As summarized in App. Tab. 6, these experiments
confirm that SLR yields interpretable and controllable gradients in logical complexity. For each
factor, we selected representative levels of the dataset where the targeted parameter changes.

(1) Rule sampling policy. To measure the influence of rule generation, we compare subsets within
the easy-difficulty tier (levels 6–10) containing either uniformly sampled versus LLM-guided rules.
As shown in Table 6, accuracy drops sharply from 11.0 %→ 2.5 %, demonstrating that LLM-guided
synthesis introduces more structured and semantically complex rules that substantially increase
reasoning difficulty.

(2) Problem size (κ). To isolate the effect of larger reasoning tasks, we compare level 4 to level 5,
where κ increases from 4 to 6. This change leads to a moderate decrease in accuracy (35.0 %→
30.0 %), showing that models begin to struggle as the relational scope and combinatorial complexity
expand.

(3) Rule length (Rlen). To examine the effect of rule depth, we compare level 8 (rules with one–two
literals) and level 9 (two–three literals). Accuracy drops markedly from 7.2 %→ 2.6 %, confirming
that even modestly longer reasoning chains substantially raise logical complexity and error rates.

(4) Background sampling policy. Finally, we compare level 5, which employs mirror sampling, to
level 6, which uses uniform sampling over the background facts. Accuracy decreases from 30.0 %→
20.5 %, indicating that the mirror trains are significantly easier to solve than the uniformly sampled
trains.

Together, these ablations highlight that the synthesis parameter in SLR modulate task difficulty,
confirming that SLR-BENCH provides a precise and controllable testbed for analyzing logical
reasoning performance across model families.
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Table 8: Scaling Test-time Compute within the o4-mini Family. Increasing compute improves
reasoning ability but raises inference costs and does not yield uniform accuracy gains across all tiers.

Model Variant LRL Basic Easy Medium Hard Cost ($)
o4-mini-low 10.3 91 81 25 9 7.26
o4-mini 12.3 93 88 52 13 21.43
o4-mini-high 12.8 98 96 40 21 24.24

Table 9: SLR-BENCH Pass@k and CoT Results. We report Logical Reasoning Level (LRL) scores
at Pass@1, Pass@4, and Pass@8 (%) for open-source models, together with total completion tokens
(M) and inference cost ($). Higher LRL values indicate stronger logical reasoning on SLR-BENCH.
Chain-of-Thought (CoT) variants illustrate the effect of explicit reasoning traces, while increasing k
reflects test-time sampling improvements.

Model LRL@1 (↑0-20) LRL@4 (↑0-20) LRL@8 (↑0-20) Tokens (M) ↓ Cost ($) ↓
llama-3.1-8b-SLR 8.2 10.5 11.3 0.05 0.14
Llama-3.3-70B-IT-CoT 5.9 7.0 7.5 0.93 0.93
Llama-3.3-70B-IT 5.6 6.8 7.3 0.49 0.82
Llama-3.1-8B 3.8 5.5 6.0 0.20 0.14
Llama-3.1-8B-IT-CoT 3.4 5.3 6.0 1.37 0.18
Llama-3.2-3B-IT-CoT 1.8 3.8 4.5 1.02 0.13
Llama-3.2-3B-IT 1.0 2.6 3.6 0.10 0.11
Llama-3.2-1B-IT-CoT 0.0 0.0 0.0 1.17 0.17
Llama-3.2-1B-IT 0.0 0.0 0.0 0.47 0.12

F.2 Curriculum Learning Order

To evaluate the effect of curriculum ordering on reasoning acquisition, we conducted a controlled
ablation comparing standard curriculum learning, random order, and reverse curriculum training.
All settings were matched for dataset, sample size, and total token budget, using the same difficulty
levels (5–7). As shown in Tab. 7, the curriculum-trained model achieves the highest overall Logical
Reasoning Level (LRL) and more balanced performance across tiers, while random and reverse orders
yield slightly lower LRL and less stable behavior across difficulty levels. These results indicate that
a structured progression of reasoning difficulty facilitates smoother learning and generalization in
SLR.

F.3 Scaling Test-time compute o4-mini Family.

Table 8 analyzes the impact of increasing test-time compute within the o4-mini family. The high
variant achieves the highest overall LRL, outperforming both o4-mini and o4-mini-low, but incurs a
cost increase of over 13%. Notably, it performs worse on the medium tier (40% vs. 52%), indicating
diminishing returns from additional compute. This supports the main text finding that higher inference
cost does not guarantee proportional reasoning gains.

G Additional Experiments

G.1 Qwen3 Leaderboard

G.2 Compute Increases with Task Complexity

As reasoning tasks grow in complexity, models generally require more completion tokens to solve
them, leading to higher inference costs (see Fig. 4). This trend serves as a sanity check confirming that
SLR-BENCH ’s task difficulty correlates with increased reasoning effort rather than being arbitrary.
However, since larger models inherently consume more compute per token, these results should not
be interpreted as direct efficiency comparisons across models.
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Table 10: Qwen-3 Leaderboard. Logical Reasoning Level (LRL), syntax score, and stage-specific
logical reasoning accuracy (basic, easy, medium, hard) and computational costs for the Qwen-3
family. Models are ranked by LRL. Models with reasoning mode enabled (orange) outperform their
base counterparts (blue) across reasoning stages, though performance decreases as task complexity
rises.

LRL Syntax Logical-Reasoning Acc. (%)↑ Total Compute

Model (↑0-20) Score (↑%) Basic Easy Medium Hard Tokens (↓M) Costs (↓$)

Qwen3-Next-80B-A3B-Thinking 9.6 96 93 73 18 8 16.03 20.33
Qwen3-32B 9.0 100 97 64 14 6 7.73 1.91
Qwen3-30B-A3B-Thinking-2507 9.0 97 97 67 14 3 17.52 4.29
Qwen3-VL-30B-A3B-Thinking 8.9 83 94 70 12 3 18.07 11.94
Qwen3-Next-80B-A3B-Instruct 8.8 100 93 64 15 5 8.68 7.68
Qwen3-VL-32B-Thinking 8.4 99 86 66 14 3 19.33 23.82
Qwen3-4B-Thinking-2507 8.1 99 98 56 8 2 12.71 0.43
Qwen3-30B-A3B-Instruct-2507 8.0 100 95 57 5 3 7.46 2.08
Qwen3-30B-A3B 7.9 100 93 57 7 1 8.62 2.33
Qwen3-VL-8B-Thinking 7.7 97 87 55 9 2 20.77 10.44
Qwen3-8B 7.6 100 93 50 7 3 10.17 1.66
Qwen3-VL-4B-Thinking 7.6 86 91 52 6 2 22.12 0.00
Qwen3-14B 7.5 100 88 53 8 2 8.99 2.34
Qwen3-4B 6.9 99 91 41 5 1 9.77 0.35
Qwen3-4B-Instruct-2507 6.6 100 73 50 6 2 9.40 0.34
Qwen3-32B 5.9 100 89 28 2 0 0.63 0.49
Qwen3-14B 5.6 100 86 25 2 0 0.90 0.56
Qwen3-Coder-30B-A3B-Instruct 5.3 100 88 17 2 0 3.32 1.27
Qwen3-30B-A3B 5.2 100 85 19 1 0 1.31 0.73
Qwen3-8B 4.6 100 78 15 0 0 1.57 0.47
Qwen3-4B 4.1 100 70 12 1 0 1.47 0.15
Qwen3-1.7B 1.9 100 35 4 0 0 8.21 0.31
Qwen3-VL-2B-Instruct 1.8 58 36 0 0 0 18.93 0.00
Qwen3-0.6B 1.5 80 30 0 0 0 4.45 0.22
Qwen3-VL-2B-Thinking 0.4 87 8 0 0 0 28.75 0.00
Qwen3-1.7B 0.3 95 6 1 0 0 1.59 0.15
Qwen3-0.6B 0.2 98 4 0 0 0 5.57 0.25

G.3 Extended Pass@k and CoT Results

To complement the main results, where we report average Pass@1 (LRL) performance, we provide
extended Pass@k scores (averaged for k < 8) and Chain-of-Thought (CoT) results for open-source
models in App. Tab. 9. The table summarizes model performance at different test-time sampling
levels (k = 1, 4, 8), together with compute requirements in tokens and cost for a single pass. Across
all models, accuracy increases with larger k, confirming that multiple sampled completions raise
the probability of generating a correct reasoning trace. Beyond improving performance, Pass@k
also reveals reasoning variance. Smaller models (e.g., 3B–8B) show larger Pass@1–Pass@8 gaps,
doubling in accuracy as we move from pass@1 to pass@8, indicating less stable reasoning, while
larger models display narrower gaps and more consistent inference. CoT variants generally show
modest gains over their non-CoT counterparts of comparable scale, indicating that explicit reasoning
traces can improve reasoning, but also come with higher computational costs. Overall, these findings
show that both test-time sampling and CoT prompting not only enhance reasoning outcomes but also
serve as useful probes into a model’s internal reasoning diversity and reliability.

G.4 GRPO Training with SLR-BENCH

To examine whether the SLR curriculum remains effective in RL setups, we applied it using Group
Reinforcement Preference Optimization (GRPO) [39] on the small-scale reasoning model deepseek-
ai/DeepSeek-R1-Distill-Qwen-1.5B. All training was performed under the same setup as SFT. The
resulting model exhibits a clear improvement in reasoning ability, with the Logical Reasoning Level
(LRL) increasing from 0.0 to 5.6. Performance gains are observed across reasoning tiers, especially
on basic and easy reasoning tasks, demonstrating that a structured progression of task difficulty
benefits even small models trained via reinforcement optimization. However, training was halted
at level 7 due to reward collapse in later stages, suggesting that smaller architectures experience
instability once the reasoning task complexity surpasses their capacity. Overall, these results indicate
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Table 11: SLR GRPO training. Benchmark scores (↑%) for base and SLR-tuned models (DeepSeek-
R1-1.5B) on SLR-BENCH; LRL measures cumulative curriculum progress. The SLR-tuned model
improves syntax and reasoning capabilities on basic, easy, and medium problems.

LRL (↑0-20) Syntax(↑%) Basic(↑%) Easy(↑%) Medium(↑%) Hard(↑%)

DeepSeek-R1-1.5B 0 54 0 0 0 0
DeepSeek-1.5B-SLR 5.6 (+5.6) 97(+43) 84 (+84) 27 (+27) 2 (+2) 0 (+0)

Table 12: CLUTRR Evaluation. Accuracy (%) of base, SLR-tuned, and reasoning models on
CLUTRR test sets (greedy decoding). SLR-tuned outperforms both base and reasoning models on
CLUTRR.

CLUTRR Variant Llama-3.1-8B-it (base) Llama-3.1-8B-it-SLR DeepSeek-R1-8B
gen_train23_test2to10 10.2 19.1 24.0
gen_train234_test2to10 9.5 16.4 25.0
rob_train_clean_23_test_all 29.1 35.6 26.0
rob_train_sup_23_test_all 43.2 45.2 23.0
rob_train_irr_23_test_all 31.3 34.5 20.0
rob_train_disc_23_test_all 29.7 41.6 18.0

Average 25.5 32.1 23.0

that the SLR curriculum not only supports SFT but also effectively enhances reasoning in RL setups
(GRPO), reinforcing its flexibility as a general training paradigm.

G.5 CLUTRR Evaluation

We evaluated SLR-tuned and baseline models on the CLUTRR benchmark [41], an inductive rea-
soning dataset requiring inference over kinship relations. All models were evaluated with greedy
decoding, focusing on accuracy since CLUTRR uses a closed classification space where syntax
validity does not apply.

Across all variants, SLR-tuning consistently improves over the base model, with an average gain
of +6.6pp, and remains competitive with or superior to DeepSeek-R1-8B on most configurations
(App. Tab. 12). Notably, Llama-3.1-8B-SLR achieves higher accuracy than DeepSeek-R1-8B on four
of six variants while using dramatically fewer resources—only 11k completion tokens vs. 8.1M for
DeepSeek (730× less compute). These results provide strong evidence that SLR enhances inductive
reasoning beyond SLR-Bench, achieving higher accuracy and far greater computational efficiency on
an established external inductive reasoning benchmark.

H Error Mode Analysis.

To better understand model failures on SLR-BENCH, we conducted an error analysis of generated
rules. As already discussed in the 4, syntax is rarely the limiting factor; most models achieve
near-perfect syntactic validity, while errors predominantly stem from semantic issues. To go be-
yond this aggregate view, we inspected a sample of errors and identified several typical seman-
tic patterns. First, (i) over-generalization: rules that are too broad, often with only one or two
predicates. Example: eastbound(T ) : −hascar(T,C).. Second, (ii) under-generalization / miss-
ing literals: rules that are overly specific, sometimes with more than eight predicates. Example:
eastbound(T ) : −hascar(T,C), carlen(C, short), .... (iii) Grounded atoms instead of variables:
constants are used where variables are required. Example: eastbound(train1) :- car1. instead of a
general rule. (iv)Degenerate reasoning patterns: outputs fall into loops or meaningless enumerations
(e.g., repeating “iiii”) rather than producing a structured rule.

On DeepSeek-R1-llama-80B, 7% of generations were short rules (≤2 literals, 38% success), 20%
overly long rules (≥8 literals, 14% success), 1% had grounded heads (0% success), and 8% showed
degenerate patterns (33% success). Degenerations were identified via simple heuristics (e.g., ≥ 10
repeated characters, ≥10 enumerated lines, or ≥ 30% dominance of a single character). While ap-
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Table 13: Success Rate by Output Length Decile. Binning generations by relative output length
(short→ long) on DeepSeek-R1-Llama-80B shows that longer reasoning traces correlate with lower
Accuracy, indicating derailment rather than deeper reasoning.

Decile (short→ long) 0 1 2 3 4 5 6 7 8 9

Accuracy(↑%) 96 87 87 80 42 7 2 0 0 0

proximate, these checks capture systematic breakdowns. Notably, even degenerate outputs sometimes
partially recover, with 25% still solving the task. We further observed that very long reasoning
traces correlate strongly with failure (see App. Tab. 13). When binned by output length, success
rates dropped from 96% in the shortest outputs to 0% in the longest, indicating verbosity reflects
derailment rather than deeper reasoning.

Additional observations: very small models (e.g., Llama-3.2-1B) often do not capture any semantic
meaning, repeat inputs, or generate overly long rules without. Smaller distilled reasoning models
more frequently produce degenerate reasoning loops; and some reasoning models sometimes attempt
to “cheat” by using grounded constants where variables are required (e.g., eastbound(train1)). Overall,
these findings confirm that the primary failure mode in SLR-Bench is semantic rule induction rather
than syntax, with verbosity and degenerate reasoning amplifying the difficulty for some model
families. For proprietary models, reasoning traces were not available, but the same semantic error
categories apply. We will expand the discussion and include representative error examples in the
revision.

I Code and Licenses

This work introduces and publicly releases several scientific artifacts, including the SLR framework
for scalable logical reasoning with large language models, the SLR-BENCH dataset comprising
19,000 tasks across 20 curriculum levels, and associated training, evaluation, and logic validation
scripts. All code and data with the logic reward interface will be made publicly available after
publication.

All original software developed as part of this research is distributed under the MIT License, while
the datasets are released under the Creative Commons Attribution 4.0 International License (CC BY
4.0), unless specified otherwise in the respective repositories. These licenses permit broad academic
and research use, as well as modification and redistribution, provided appropriate credit is given to
the original authors.

In addition to the artifacts created in this project, several external resources were utilized, including
pretrained language models (e.g., Llama, OpenAI, DeepSeek, Gemini) and open-source Python
libraries such as HuggingFace Transformers and PyTorch. All third-party resources were used strictly
in accordance with their respective licenses and intended research purposes, and are appropriately
cited in this paper and in the code repositories.

We further note that AI-based tools were used during the preparation of this work. Specifically,
AI-guided writing assistants (such as ChatGPT) were employed to refine scientific text, and GitHub
Copilot was used to support code development and debugging. The use of these tools was limited
to improving clarity and efficiency; all research design, results interpretation, and final manuscript
decisions were made by the authors.

The intended use of all released code and data is for research, academic, and educational purposes.
Commercial use or deployment in production environments is not permitted without explicit per-
mission or legal review. Any derivatives or extensions of the dataset must comply with the original
license terms and the conditions of any incorporated sources. Users are encouraged to consult the
individual license files provided in each repository for further details.

J Potential Risks

While this work is primarily intended to advance research in logical reasoning with language models,
we recognize several potential risks associated with its development and open release. Enhanced
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reasoning capabilities in LLMs may be misused, for example, in generating persuasive but misleading
arguments, automating manipulation, or circumventing safety mechanisms. The resources and
benchmarks we provide, although synthetic and research-focused, could be repurposed for unintended
or dual-use applications.

Additionally, while our work does not directly contribute to artificial general intelligence (AGI), we
acknowledge broader discussions in the AI community regarding the long-term risks of increasingly
capable AI systems. We believe the immediate risks of our work relate to dual-use and misuse
as described above, and we encourage responsible use and ongoing monitoring of downstream
applications as AI capabilities continue to evolve.
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Synthesis Process and Outputs

Task Specification:
(i) Language L = (V,G):

• Vocabulary V: Predicates P = {is_red_train/1, has_car/2, car_color/2,
car_len/2}; Constants C = {t1, t2, c1, c2, red, blue, short, long}

• Grammar G: Restricts predicates to apply to compatible constant types.
(ii) Configuration Θ: Rule length Rlen = 2; Problem size κ = (κpos = 1, κneg = 1)

Synthesis Steps:
1. Rule Synthesis: The RULEGENERATOR produces a latent ground-truth rule R⋆:

is_red_train(T) :- has_car(T, C), car_color(C, red).
2. Background Synthesis (Loop):
Iteration 1 (finds a positive example):

• Sample Background (b1): ‘has_car(t1, c1). car_color(c1, red).‘
• Assign Label: Query q1 = is_red_train(t1). Entailment b1 ∪R⋆ |= q1 holds. Result:
(1, q1).

• Accept/Reject: |E+| < κpos, sample is accepted. B ← b1, E+ ← {q1}.
Iteration 2 (finds a negative example):

• Sample Background (b2): ‘has_car(t2, c2). car_color(c2, blue).‘
• Assign Label: Query q2 = is_red_train(t2). Entailment b2 ∪R⋆ |= q2 fails. Result:
(0, q2).

• Accept/Reject: |E−| < κneg, sample is accepted. B ← B ∪ b2, E− ← {q2}.
The loop terminates as both target sizes are met. The final task is I = (B,E+, E−).
Final Synthesizer Outputs:
1. Latent Ground-Truth Rule (R⋆):

is_red_train(T) :- has_car(T, C), car_color(C, red).
2. Validation Program (B,E+, E−):

has_car(t1, c1).
car_color(c1, red).
has_car(t2, c2).
car_color(c2, blue).
is_red_train(t1).

3. Instruction Prompt (example formats):
(a) Prolog-style Prompt:

% Given the following background knowledge:
has_car(t1, c1).
car_color(c1, red).
has_car(t2, c2).
car_color(c2, blue).
is_red_train(t1).
% Find a rule "is_red_train(T) :-" that solves the bk.

(b) Natural Language Prompt:

% Given the following background knowledge:
Train t1 has a car c1. The car c1 is red.
Train t2 has a car c2. The car c2 is blue.
% Find a rule "is_red_train(T) :-" that solves the bk.

Figure 5: Step-by-step example of the automatic ILP task synthesis process in SLR. Given a task
specification, comprising a language and a task config, the synthesizer generates a ground-truth rule,
samples background knowledge, assigns positive and negative example labels, and produces symbolic
(Prolog-style) or natural-language prompts. The figure illustrates all intermediate steps and the final
output of the synthesizer.
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