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Abstract

A key property of successful learning algorithms is generalization. In classical supervised
learning, generalization can be achieved by ensuring that the empirical error converges to
the expected error as the number of training samples goes to infinity. Within this classical
setting, we analyze the generalization properties of iterative optimizers such as stochastic
gradient descent and natural gradient flow through the lens of dynamical systems and control
theory. Specifically, we use contraction analysis to show that generalization and dynamical
robustness are intimately related through the notion of algorithmic stability.

In particular, we prove that Riemannian contraction in a supervised learning setting implies
generalization. We show that if a learning algorithm is contracting in some Riemannian
metric with rate A\ > 0, it is uniformly algorithmically stable with rate O(1/An), where n is
the number of examples in the training set. The results hold for stochastic and deterministic
optimization, in both continuous and discrete-time, for convex and non-convex loss surfaces.
The associated generalization bounds reduce to well-known results in the particular case of
gradient descent over convex or strongly convex loss surfaces. They can be shown to be
optimal in certain linear settings, such as kernel ridge regression under gradient flow.

1 Introduction

Since the seminal work of Bousquet & Elisseeff] (2002]), the concept of algorithmic stability has been used to
analyze the generalization properties of learning algorithms (Mukherjee et al.l 2006} [Shalev-Shwartz et al.)
2009; [2010; Hardt et al. [2016). Roughly speaking, algorithmic stability refers to the notion that small
changes to the training set will led to small changes in the output of the learning process.

In this work we focus on iterative optimizers within a supervised learning setting, where we are given access
to a number of labelled training points drawn from some underlying common distribution, as well as a loss
function which quantifies performance. Within this setting, we show that algorithmic stability is intimately
related to notions of robustness from the dynamical systems and control literature. In particular, we make
a connection between algorithmic stability and contractive stability (Lohmiller & Slotine, [1998). Loosely, a
dynamical system is contracting if it forgets its initial conditions exponentially quickly.

Contraction analysis has found wide application in nonlinear control theory (Manchester & Slotine, 2017,
robotics (Chung & Slotine), |2009), and synchronization (Pham & Slotine, 2007). However, it has only
recently been applied to machine learning and neuroscience (Bofh et al.| 2020 |Kozachkov et al., |2020; Revay!
& Manchester] 2020} [Jafarpour et al.l [2021; [Kozachkov et al., 2022} |Centorrino et al.l |2022; [Burghi et al.]
2022)). We show that if an optimizer is contracting (Lohmiller & Slotine, [1998]) in some Riemannian metric
(in a precise sense defined below) then it is algorithmically stable. Due to the generality of contraction
analysis and the flexibility afforded us by the choice of metric, our theory applies to wide variety of common
optimizers—for example gradient flows and stochastic minibatch gradient descent—operating over both convex
and non-convex loss surfaces (see Figures [[[2Jand [3)).
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Figure 1: Example loss surfaces for which our results apply. Left panel: strongly convex and convex loss
surfaces (sections and [4.2.1). Middle panel: isolated local minima surrounded by basins of contraction
(see Theorem [6). Right panel: valley of path-connected global minima (see section [4.2).

1.1 Related Work

A key early result in analyzing generalization in iterative optimization came from (Hardt et al.| 2016]),
which established algorithmic stability for stochastic gradient methods. Later (Mou et al., 2018) proved
similar results for stochastic gradient Langevin dynamics. Shortly thereafter (Charles & Papailiopoulos|
showed that for loss functions satisfying certain geometrical constraints (e.g., the Polyak-FLojasiewicz
inequality ), any optimizer that converges to a global minimum is also algorithmically stable.
Since then several follow-up works have analyzed the algorithmic stability of accelerated gradient methods,
and the tradeoffs between optimization accuracy and algorithmic stability (Chen et al. 2018 Ho et al.
[2020} [Attia & Koren| [2021). The present work is similar in spirit to [Charles & Papailiopoulos (2018)), in
the sense that we use an assumed stability property (in our case, contraction of optimizer trajectories) to
derive generalization bounds for a wide class of optimizers. The following section introduces our supervised
learning setting, which is the same setting as in [Hardt et al.| (2016), and provides necessary background on
algorithmic stability.

1.2 Algorithmic Stability Background

We consider a generic supervised learning setting where we have access to n labelled examples, assumed to
be drawn i.i.d from an unknown distribution D (Vapnikl [1999). We collect these examples into a training
set S = (z1,...,2n). The population risk with respect to a loss function ¢ is defined as:

R[@] = EZND 5(9, Z)

where 8 € R™ describes a model. We assume that we do not know the population risk, so we use the

empirical risk as a proxy:
n

Rslo] = 1> 1(6.2)

i=1

The difference between the population and empirical risk is denoted as the generalization error of model 6:
A9 (0) = R[0] — Rs[0)]

We now define the stability of an algorithm, and relate it to this generalization error. Consider an algorithm
A that takes in S and outputs a model (e.g., a parameter vector 0).

Definition 1.1 (Uniform Algorithmic Stability). An algorithm A is e-uniformly stable if for all data sets
S, 8" such that S and S’ differ in at most one example, we have

supE4[0(A(S), z) — L(A(S),2)] <€ (1)
where the expectation is taken over the randomness of A, if there is any. A fascinating result in learning

theory states that uniform stability leads to generalization in expectation (Bousquet & Elisseeff, 2002; Shalev-|
[Shwartz et all [2010; [Hardt et al) [2016). In particular we use Theorem 2.2 of [Hardt et al| (2016).
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Theorem 1. Let A be e-uniform stable and let Eg 4 denote an expectation taken over the samples S and
the randomness of A. Then, |[Eg 4 [Age”(A(S))N <e.

If the output of A is some parameter vector 8 and we assume that our loss function is L-Lipshitz for every
example z; with respect to some norm || - ||, then the difference between two trajectories of an optimizer
trained on set S and S’ can be used to bound the generalization error, because:

EAll6(0s,2) — £(0s:,2)[] < LE4||05 — O] (2)

Rather than only considering the Euclidean distance ||@s — 0s/||, in this paper we consider the geodesic
distance dp(0s,0s) computed on a Riemannian manifold M = (R™, M) (Figure|2]). Here M(6,t) € R™*™
is the positive definite metric associated to M. There are many optimization settings for which the geodesic
distance between two points —as opposed to the Euclidean norm—is the more natural distance measure to
consider (Amari, 1998; Wensing & Slotine) |2020)). The main takeaway of this paper is that: Riemannian
contraction implies generalization in supervised learning. The details about this generalization (e.g., its
dependence on the number of samples n and the training time 7") depend on the dynamical equations of
the optimizer, as well as the geometry of the loss landscape, as we will see. We now provide background on
nonlinear contraction analysis before stating our results.

1.3 Nonlinear Contraction Theory Background

Consider a state vector x € R™, evolving according to the continuous-time dynamics:
% = £(x, 1) (3)

where it is assumed that all quantities are real and smooth, so any required derivative or partial derivative
exists and is continuous. Then we have the following definition:

Definition 1.2 (Contracting Dynamical System). Denote the Jacobian of equation [3[ by J = g—i(x, t). If
there exists a symmetric positive-definite metric M(x,¢) : R™ x R — R™*™ and a scalar A > 0 such that
the following differential Lyapunov equation is uniformly satisfied in space and time:

M+ MJ +JTM < —2AM (4)

then the geodesic distance defined with respect to M between any two trajectories of equation [3] converges
to zero exponentially, with rate A, and equation [3|is said to be contracting. Discrete-time contraction can
be defined similarly (Lohmiller & Slotine, [1998).

1.3.1 Robustness of Contracting Systems

Contracting systems are robust to disturbances, in the following sense. Assume that equation [3is contracting
in metric M = T(x,t)T T(x,t) with rate \. Now consider the same dynamics as equation [3, perturbed with
some disturbance:

X, = f(xp,t) + d(xp, 1) (5)
The geodesic distance daq(x,xp) satisfies the differential inequality:
d
M6 Xp) + Ada (%, %) < [IT(x,1)d(xp, )| (6)

Assuming there exists a finite constant D such that [|d(xp,t)|| < D uniformly, equation [6] implies:

R(t) < xR(0)e ™ + % (7)

where R(t) = ||x(t) — x,(¢)|| and x denotes an upper-bound on the condition number of T. Likewise for the
discrete-time dynamics contracting in some metric with rate 0 < p < 1:

X1 = £(x¢, 1)
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Figure 2: The geodesic distance between optimizer trajectories 8g and 6g/. If the optimizer is contracting
with rate A, this distance, denoted by the dashed line in the figure and da(€s,0s/) in the text, shrinks until
the two trajectories are within a ball of radius O(=5).

the analogous result is:

R(t) < xRO) + 2 o (8)

For proofs of these statements we refer the reader to [Lohmiller & Slotine| (1998) (section 3.7, vii) as well as
[Del Vecchio & Slotine| (2012) and |Zhang et al. (2021) Proposition 1 in the appendix.

If we interpret equation [3] as an algorithm, then the only source of indeterminacy in this algorithm is the
initial condition x(0). Therefore if equation [3| is always initialized within a ball of radius C/2 of some
reference point, then equation [7] may be stated in expectation:

Ea[R(t)] < E4[xR(0)e ™ + %] < xCe ™ 4 % ©

where we have used the linearity of the expectation value operator, as well as the assumption E4[R(0)] < C.

1.3.2 Geodesics and Bounded Distortions

To ensure that our results are coordinate-free, we show that the ‘distortion factor’ between the geodesic dis-
tances computed along two different manifolds M7 and Mo is uniformly bounded. The practical implication
is that geodesic distances as measured in two different metrics can differ by no more than a constant factor,
which precludes any situation where a system is stable in one metric (geodesic distances between trajectories
shrink to zero) and not stable in another metric (geodesic distances do not shrink to zero).

Theorem 2. Consider two Riemannian metrics My (x,t) and My (x,t) satisfying:

arl <My (x,t) = il (10)
sl X My(x,t) X fol (11)

with a;, B; > 0. Then the corresponding geodesic distances evaluated between two points, x and 'y, satisfy the

bound:
/ﬂ < d./\/ll(x7y) < /ﬁ
ﬁQ B sz(X7Y) B (0%)
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2 Main Results

2.1 Contracting Optimizers are Algorithmically Stable

In this section we prove our main result for continuous-time optimizers using the entire training batch. We
start with this case because it is the simplest. Later on, we provide the same result for stochastic, discrete-
time optimizers such as mini-batch stochastic gradient descent. We assume that our parameter update is
sum-separable with respect to training set S:

. 1 <&

0s = G(esv S) ~n ;g(esa Zl) (12)
In this case the output of algorithm A(S) is the vector Og obtained by simulating equation for time
t. We also assume that ||g|| < &, for some constant . If we interpret g as the gradient of some loss ¢,
then this corresponds to assuming that ¢ is &-Lipschitz. Finally, we assume that the optimizer is always
initialized—perhaps randomly— within a ball of radius C/2 around some reference point. Now consider the
same parameter update with respect to training set S’, which differs from S in one example:

05 = G(0s:,5") (13)
We can now state our first main result:

Theorem 3. [Contraction Implies Algorithmic Stability] If the dynamics equation are contracting in
metric M = T(0,t)TT(0,t) with rate \, then A is uniformly e-stable, with:

_ 2y L&
< xLe MC 14
e < xlLe + v (14)
where x denotes a uniform upper-bound on the condition number of T(0,t). Going forward we refer to
_ 2xL¢
€stab = ", -

Proof. The goal is to write equation [L3|as a perturbed version of equation [12| and then apply the robustness
property of contracting systems to yield the result. Letting k£ denote the index of the replaced element in
S’, observe that 6g: may be written as follows:

. 1 & 1
Os = n ;g(ﬁ’su zi) = n [8(0s, 21) — &(0s5, 2]

where we have just subtracted out the term involving z; from the sum, and added in the replacement term
z;.. This may be viewed as a perturbed version of equation with disturbance:

1 2¢
14(Bs 21, 2 )| = 1= (8(0s> 1) — (81, )| < = = D
Plugging D into equation [9] multiplying through by L because of equation 2} and taking the expectation E 4

to produce R(0) yields the result. O

Remark 1 (Leave-One-Out Stability). As pointed out in (Bousquet et al., |2020), for interpolation algo-
rithms (such as, e.g., the highly overparameterized searches common in deep learning) it is more meaningful
to analyze leave-one-out stability, rather than replace-one stability as we just did. In this case the same dy-
namical robustness argument applies immediately, so that D and therefore €siqp are just reduced by a factor
of two.

Remark 2 (Generalization with High Probability). A well-known limitation of using algorithmic stability to
derive generalization bounds is that the bounds only hold in expectation. However, one can use Chebyshev’s
inequality to derive generalization bounds that hold with high probability (Bousquet & Elisseeff, |2002; | Elisseef]|
et al., |2005; |Feldman & Vondrak, |2019; |Bousquet et al., |2020). It is well known that these bounds are tight
in the case when algorithmic stability scales with 1/n, see e.g., Theorem 12 and Remark 13 in (Bousquet &
Elisseeffl, |12002). Theorem @ shows that (after exponentially decaying transients) deterministic contracting
optimizers generalize with rate 1/n. In Section Theorem will show that this 1/n scaling also holds for
the stochastic optimization case.
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Remark 3 (Scaling Dynamics Does not Change Generalization Rate). Note that if we ‘speed up’ the dy-
namics equation [I3 by some factor k > 0:

G(0s,5) — KG(0s,S5)

one might intuitively expect the contraction rate to be scaled by k as well (A — k), which would allow an
arbitrary increase of the rate of generalization in equation[I4 by simply increasing . Note however that this
is prevented by the presence of & in equation[I]], which is also scaled by k. The k terms in the numerator and
denominator therefore cancel out, leaving €siar unchanged. The exponentially decaying term in equation [I7),
however, decays with new rate K.

Remark 4 (Lipschitz Assumption). As pointed out in|Hardt et al.| (2016), there are cases where L as defined
in equation [4 may not exist. For example, strongly convex functions have unbounded gradients on R™. In
this case we will overload the symbol L to be:

L—supsup||V€( 2)||2

where ) denotes a compact set where the iterates of the optimizer are known to remain when initialized in
a given compact region. For contracting optimizers and B-smooth loss functions (V2¢ < BI), L is always
finite. In particular, if we have some compact set of initial conditions and our optimizer is contracting (in a
uniformly positive-definite metric), then the trajectories of the optimizer from any of those initial conditions
will remain bounded. Indeed, any one trajectory will converge to a fixed point, and all the others must remain
in a tube around its iterates (Lohmiller € Slotine, |1998). With this construction, we have a direct bound on
the diameter of the set that the iterates of the optimizer must remain within, which we denote diameter(S).
In this case we have L < Bdiameter(S2).

e Trajectory A
* Trajectory B 800
® Global Minimizer 700

w

o
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Figure 3: Left subplot) Two trajectories of a contracting optimizer, seeded from two different initial conditions,
evolving over a non-convex loss surface (Rosenbrock function, f(x,y) = 100(z? — y)? + (z — 1)?). Both
exponentially converge to the global minimizer of the function. Trajectories superimposed over contour plot
of the loss surface. Right subplot) A different view of the same optimization process, more clearly displaying
the non-convexity of the loss surface.

X

2.2 Stochastic, Contracting Optimizers are Algorithmically Stable

In this section we show that a variant of Theorem holds for stochastic, discrete-time optimizers (for example
mini-batch stochastic gradient descent). Consider the iterative optimizer:

b
1
t+1 = 5 Z efazz (15)

where 1 < b < n is the size of the mini-batch and z; are samples drawn randomly from set S. As before
we assume that g is smooth and bounded as ||g|| < €. Since equation [15| defines a discrete-time, random
dynamical system (Tabareau & Slotine], 2013)) we have to define what we mean by ‘contraction’. In particular
we will rely on an assumption of ‘contraction in expectation’, by which we mean the following. Consider two




Under review as submission to TMLR

instantiations of the same discrete-time, random dynamical system:

Xt41 = f(Xt, t, F)
yir1 = f(ye, 1, T)

with potentially different x¢ and yo, and where I' denotes a particular realization of a stochastic process
which is the same for both x and y. In our case, this stochasticity stems from the random sampling of
training set datapoints to form a mini-batch. We will say that this system is contracting in expectation if
for a sequence of metrics My, ..., M; we have:

EA[th+1 (f(xt’ t) F)’ f(th ta F))] < MEA [th (Xta yt)]

where 0 < p < 1 and each metric is bounded M,;nI < M; < My,q.I. We can now state the following
theorem:

Theorem 4. [Contraction Implies Algorithmic Stability (Stochastic, Discrete)] Assume equation |15 is con-
tracting in expectation, as defined above. In this case A is uniformly e-stable with bound:

2xL§

eSLﬂMt+u_um

(16)

Proof. See appendix section O

3 Examples

3.1 Preconditioned Gradient Descent On Strongly Convex Loss Functions

In this example we show that our theory reproduces known stability bounds for gradient descent on strongly
convex losses. To illustrate the role of the contraction metric, we consider preconditioned gradient descent.
Consider this descent over an empirical loss function which is y-strongly convex with respect to a parameter
vector 6:

0=-P VL

where P is a positive-definite and symmetric matrix. Denote the largest and smallest eigenvalues of P as
DPmaz and Dpmin, respectively. The Jacobian of this system is:

06

:7:_P71 2
70 VL

J
Picking the metric M = P, we see that:

2y

p’l’ﬂ(l(L‘

PJ+JTP = 2V2L < —29I < — P

and thus the system is contracting in metric P with rate A = v/ppqe. Our algorithmic stability bound is

therefore:
P 217
€stab =

Where L is given by equation [d] Note that in the case of regular gradient descent, without preconditioning
(i.e., P = I) the above analysis shows that A = v and x = 1. Plugging these numbers into equation
equation [T4] yields the following:

212

€stab = ——
mn

which is precisely the result of Theorem 3.9 in (Hardt et al., 2016]).
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Remark 5 (Natural Gradient on Geodesically Strongly Convex Losses). Natural gradients are a popular
way to incorporate geometric information about the loss surface into gradient-based optimization techniques
(Amari, 1998; |Zhang et all (2019). An equivalence between g-Strong Convexity and global contraction of
natural gradient flows was is given in (Theorem 1, (Wensing & Slotine, |2020)). That is, the optimizer
dynamics:

6=-M(9)"'VL(0)

are globally contracting if and only if L£(0) is geodesically strongly convex over M. In this case Theorem@
of the present work applies immediately, in precisely the same fashion as the preceding subsection.

3.2 Picking the Best Metric for Kernel Regression

For constant metrics, our stability bound €gzqp ~ § depends on the condition number of the contraction
metric (specifically its square root) to the contraction rate measured in that metric. Different metrics yield
different €441, so it is natural to ask whether an ‘optimal’ metric Mptimar exists, such that:

€stab (Moptinml) S €stab (M)

While finding such a metric is in general not easy to do, we show that it is possible in the case of gradient
descent for kernel ridge regression (Shawe-Taylor et al., [2004)). Kernel methods (which are inherently linear)
can be used to derive insights into nonlinear systems such deep neural networks (Jacot et al.,|[2018; [Lee et al.,
2019; [Fort et al.l |2020; |Canatar et al., 2021). Without loss of generality, we assume an element-wise feature
map such that for a matrix X € R?7*#, the matrix ¢(X) € R9** satisfies ¢(X);; = ¢(X;;). The squared-loss

for kernel ridge-regression is:
n

o
L= o ;W(Xi)w i)+ §||WH2
where the ¢(x;) are feature row vectors, w € R™ is the linear model to be learned, and the y; € R are
target labels. The parameter a > 0 is the regularization parameter. Under gradient descent w = —V L the

Jacobian of the optimizer dynamics is:

ow
—=J=—(G+al

T (G + o)

where G = 1¢(X)T¢(X) and X € R"*? is a constant matrix with x; as the i'" row. The Jacobian J is
symmetric, constant and negative-definite. Thus, the optimizer is contracting in the identity metric with
rate A\ = A\min(G) + «, where A, () denotes the smallest eigenvalue. We now prove the following:

Theorem 5. For kernel ridge regression, the algorithmic stability bound €gsiqp is minimized for M = 1.

Proof. Recall that for an arbitrary, constant metric we are looking for a positive-definite symmetric Q such
that:

MJ+JIM=-Q< -2\M

Ignoring x for a moment, we can ask: out of the set of all possible metrics, is there a metric that yields the
largest contraction rate A? An interesting result from linear dynamical systems theory is that the answer
is in fact yes. While there can be many metrics for linear systems that give the largest possible A, one can
always be found from setting Q = I and solving for M (see, e.g., section 3.5.5 in (Slotine et al.l|[1991))). Since
J is symmetric, in our case this metric corresponds to the diagonalizing metric:

1. 1 _
Mlargest =-J 1= *(G + OéI) 1
2 2
The contraction rate Ajgrgest corresponding to this metric is:

1 1
)\largest = 5 by = )\mzn(G) + «

max (Mlargest>
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which is precisely the same contraction rate as measured in the identity metric. Thus A7 = Ajgrgest. Now
we simply use the fact that x; = 1 < xas for any metric. Since M = I corresponds to the largest possible A
and the smallest possible y = 1, the ratio of y to A is minimal over all possible M when M = I. Thus:

€stab (I) S €stab (M)

60| ¢

X/

O 1 2 3 4 0.10 0.15

X A
Figure 4: For a fixed G € R3*3, we randomly generate Q and solve for M. We then calculate the ratio
X/ (the only metric-dependent terms in our algorithmic stability bound). We repeat this procedure 4000
times. Left subplot) The ratio x /A plotted against x. Right subplot) The ratio x/Aas bound plotted against
Aar. Details are in main text. These plots illustrate our theoretical result: that the identity metric gives
the optimal (i.e smallest) algorithmic stability bound. They also illustrates the reason: the identity metric
simultaneously obtains the smallest condition number and the largest contraction rate, thus minimizing the
ratio of the former to the latter.

This result is illustrated in Figure To create this plot we generated a random G € R3**3. Then we
generated random Q and solved the Lyapunov equation for M using an implementation of the Bartels-
Stewart algorithm in SciPy (Bartels & Stewart} [1972; [Virtanen et al.,|2020)). In addition to these random Q,
we also set Q =1 to obtain the M corresponding to the largest A. For each of these Q and M pairs, Ay, is

given by Ay = %% (Slotine et al., [1991). We computed T via a Cholesky decomposition (also using

SciPy) and then performed a singular value decomposition to obtain y. One interpretation of this result is:
there is no ‘better’ coordinate system. That is, there is no coordinate transformation we could perform on
the state vector w which would give us a tighter algorithmic stability bounds. This is because a constant
metric M = TTT corresponds to the coordinate change w — Tw.

4 \Weaker Notions of Stability

Contraction imposes a strong condition on optimizer trajectories: they must converge towards one another
exponentially. Such convergence can be expected around isolated local or global minima, as discussed above.
However in modern machine learning, one often observes optimizer trajectories which converge towards a
common basin of low/zero loss, where minima may lie among a low-dimensional manifold (Garipov et al.,
2018; |Draxler et al., |2018; [Fort et al.l 2020; |Liu et al.l 2021). To accommodate these cases, we now discuss
several weaker notions of contraction—specifically local contraction, semi-contraction and partial contraction—
which also yield ‘well-behaved’ algorithmic stability bounds.
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4.1 Loss Surfaces with Many Local Minima

A contraction region (i.e., a region of state space that satisfies Definition for an autonomous system
contains at most one equilibrium point (Lohmiller & Slotine, |1998). From this it follows that gradient descent
over a loss surface with many local equilibria cannot be globally contracting. Fortunately, if Definition
holds within a subset of state-space, and additionally the system can be show to remain in that subset for
all time (i.e., the subset is forward invariant), then that system is locally contracting. This motivates the
following general result, as well as optimization-specific remark.

Theorem 6. Consider the system equation [3 initialized inside an inner Euclidean ball of radius b, which
is fully contained within an outer contraction region (which we also assume without loss of generality to be
a Euclidean ball) of radius B > b. Assume that equation @ stays within the inner ball for all time. Now
consider the perturbed dynamics equation @ IfB>b(x+1)+ 2= D then equatzon@ stays within the outer
contraction region for all time, and the robustness result equatwnm holds.

Proof. By equation (7] the perturbed trajectory will be at most distance xb + % from the unperturbed
trajectory. Since the unperturbed trajectory is always contained within a ball of radius b, this implies the
perturbed trajectory is also contained in a ball of radius b+ xb+ %, assuming it stays in a contraction region.

To ensure that it does in fact stay within a contraction region, we must have that B > b(x + 1) + %. O

Remark 6. In the case of continuous-time optimizer equation[I3, we have that O converges exponentially
to the equilibrium point 8% enclosed by the contraction region:

16" — 85| < xe b
Since 0% is a particular trajectory of the optimizer dynamics, by robustness we also have:

2x§

1|05 — 05| < xe Mb4+ 22> b

by the triangle inequality:

1105 — 85/ || < 2ye b+ XS Xg

this puts the following lower bound on the size of the contmctzon region B:

2
B> by + 2XE
An

4.2 Semi-Contracting Optimizers

If the optimizer is not strictly contracting (A > 0), but instead is semi-contracting (i.e., A > 0) then our
algorithmic stability bound ey is not independent of the training time. This is because the geodesic
distance da(x,x,) between unperturbed and perturbed trajectories evolves according to:

d
M6 Xp) + Ada (%, %) < [IT(x, 1)d(xp, )|

If the only information we have about A is that it is non-negative, then we can only bound the distance
between trajectories as:
dpm(x,%p) < sup(||T(x,t)d(xp, 1)|)T + R(0)

Considering the disturbance bound ||d(x,,?)|| < 27—;5 leads to the algorithmic stability bound:

eSL{Xg

T+ R(O)} (17)
This bound holds generally for semi-contracting systems. However, without additional information about
the optimizer dynamics, this bound gets worse as T — oo. If we know additional information about the
dynamics—for example that they are modulated by a decaying learning rate—much tighter bounds can be
obtained. We show this with the following example.

10
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4.2.1 Example: Gradient Flows on Convex Losses

Here we show how the above analysis reproduces a well-known result from Hardt et al.| (2016|) regarding the
algorithmic stability of SGD on convex (but not strongly convex) losses. We suppose that the Hessian of
the loss function is positive semi-definite:

VL >0

Consider the gradient flow with learning rate scheduler (Goodfellow et al., [2016)):
6= —a(t)VL
where a(t) > 0. This optimizer is semi-contracting in the identity metric, since:
00 _
00
In this case the disturbance term in Theorem [3|is the same as before, just with an addition «(t) factored
in. To facilitate comparison with Hardt et al| (2016), we assume as they do that the optimizer is always

initialized at the origin (i.e., R(0) = 0). The Euclidean distance between the optimizer trajectories on
training sets S and S’ evolves according to:

—a(t)V2L <0

R < a(t)D
where D = 2L /n. Integrating this inequality and setting R(0) yields the algorithmic stability bound:

2L2 T

e< — a(t)dt
n Ji=o

which is the result of Hardt et al| (2016]), Theorem 3.8. We remind the reader that the extra factor of L
is picked up from equation [2] This result helps explain why a decaying learning rate is a useful strategy in
deep learning—if the learning rate decays quickly enough (e.g., exponentially), the above integral converges,
so that n and T do not compete with each other, as they do in equation
Remark 7. The equivalence between semi-contraction of natural gradient flows and geodesic convexity was
recently proven in|Wensing & Slotine (2020). Thus the above algorithmic stability bound extends immediately
to this case.

4.3 Partial Contraction

In many cases of interest, a 'pure’ contraction analysis is hard or difficult to do. For example when an
optimizer has an adaptive learning rate, this can significantly complicate the calculation of the Jacobian.
To deal with these difficulties, we make use of a generalization of contraction introduced in [Wang & Slotine
(2005), known as partial contraction.

Definition 4.1 (Partially Contracting Dynamical System). Consider the system equation [3| (not nessesarily
contracting) and an auxiliary system of the form:

y =gy, x,t)

We assume that this auxiliary system for y is contracting in metric M with rate \. We also assume that
g(x,x,t) = f(x,t). If a single, particular trajectory y(¢) of the auxiliary system is known, then all trajectories
of equationconverge exponentially towards y(¢). In this case we say that equationis partially contracting.

Partially contracting systems are also robust to disturbances (Del Vecchio & Slotine, [2012), a property we
will make use of. In particular we have the following theorem:
Theorem 7. [Robustness of Partially Contracting Systems] Assume that equatz’on@ is partially contracting,
and now perturb it with some disturbance ||d(x,t)|| < D:
xp = f(xp, 1) + d(xp, 1)
Then after exponential transients of rate X\, we have the following robustness result:
Dx

[ =[] < ==

A
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4.3.1 Adaptive Learning Rates

The above results can be extended to include the presence of a state-dependent, time-varying, learning rate
(Zeiler, [2012; [Kingma & Bay, [2014; |Goodfellow et al.l 2016} [Liu et al., [2019). In particular consider the
learning dynamics with a learning rate scheduler p(8,t):

és = —p(es, t)G(Bs, S)
where pmaz > p(0,1) > pmin > 0. Now consider the auxiliary virtual system:
éy = *p(057 t)G(Oyv S)

By Theorem [7], if the 8, system is contracting in M with rate ppminA, then we have, by the same arguments
in Theorem 3] that A(S) is asymptotically (after exponential transients of rate pp,inA) uniformly e-stable
with:

_ 2xLpmaat

Estab - T\

5 Concluding Remarks and Comments

5.1 Comparison to Related Work

Our results are similar in spirit to/Charles & Papailiopoulos| (2018)), in the sense that we also use an optimizer’s
intrinsic dynamical stability to provide generalization error bounds. In certain cases—for example gradient
flow on strongly convex losses—our results allow us to derive tighter bounds, because we do not assume the
existence of a global minimizer 8* and go through the triangle inequality to bound the distance between Og
and Og.

5.2 Future Directions

Contracting systems are robust to noise (Pham & Slotine, 2013)), and therefore it seems likely that the results
presented here can straightfowardly be extended to stochastic gradient flows—along the lines of Mandt et al.
(2015) or Boffi & Slotine| (2020). Furthermore, we only examined generalization error here and did not
analyze the bias-variance trade-off. Our work also suggests a potential connection to the double descent
phenomenon (Nakkiran et al., [2021). In particular equation implies that the generalization error can
overshoot by a factor of Ly, which gives room for the generalization to increase transiently from its initial
value before it eventually decreases. This will be explored in future work.

We conclude with some speculations on how the above results relate to biology, specifically neuroscience. The
role that non-Euclidean geometry plays in objective-based functions of the brain is an interesting and open
question (Surace et all [2020). Many local synaptic rules can be thought of as implementing optimization
over a loss function. For example in certain settings Hebbian plasticity minimizes Principal Component Loss
(Ojal |1992). It seems plausible that our results may be used to quantify the generalization behavior of such
rules. We also did not explore the combination properties of contracting systems. Contracting systems can
be combined in various forms of hierarchy and feedback in ways which automatically preserve contraction
(Lohmiller & Slotine, 1998; [Slotine & Lohmiller} 2001} Kozachkov et al.,|2021)). The results here suggest that
combinations of contracting optimizers automatically generalize well-which is a property one could easily
imagine evolution would like to preserve in a system like the brain.
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A Appendix

A.1 Proof of equation

Proof. For every time t we randomly sample b indices i1, - ,4;. Using these indices we select datapoints
2y, 2, from S and S’ to update 87 and 0;9, respectively. At every time ¢ there are two possibilities.
Either we do not draw the replaced element z;, or we do. Denote these events A and B, respectively (Figure
. We have P(A) =1— £ and P(B) = L. If event A occurs, then by assumption we expect the geodesic
distance to shrink: , )

Ealdu, . (0711, 0741)A] < nEalda, (67, 67)|A] (18)

where E[-|A] denotes the conditional expectation given event A. However, if the replaced element is drawn
(i.e., event B occurs) then we have:

b
1 R
0t5+1 = Zg(efvzi) = G(Bf)
i=1

07, = G(6;)) +d(e)

where d(87") = %(g(@f', 21) — (07", 2,)). As in Theorem equation [3} we have written the update for 85
as a ‘perturbed’ version of the update for 8°. We will now derive an analogous robustness result, and then
use the linearity of expectation to bound the overall geodesic distance. Note that:

d./\/lt+1 (05+17 9?—&-1) = de,+1 (G(of)v G(ef ) + d(ef ))
R N / 2
< th+1 (G(ats)7 G(ats )) + ]\4maa:?g
where the first inequality comes from the triangle inequality and the second comes from the boundedness
of d(0,§,) and the metric distortion bound in Theorem [2| Now applying the assumption of contraction in
expectation we get:
’ A~ A~ ’ 25

Ealdat,y, (021,0741)|B] < Ealda,,, (G(67), G(67))|B] + Mpmaz*

/ 2
< WEAldrg, (05,051 B) + /M
We can now use the linearity of the expectation operator to bound the geodesic distance, and then use the
metric distortion result to bound the Euclidean distance:

Ealdp,,, (0541, 071)] = Ealdas,,, (05,1, 051)|AIP(A) + Eald, ., (05,1,05,)|BIP(B)
’ b ’ 25 b
< IU’E.A[th (057 029 )](1 - g) + (:U’E.A[d/\/lt (057 0;5' )] + Mmam?)g
/ 2
= HE Al (05,67 )] + Vs

(19)

Using the metric distortion bounds and unravelling the recursion yields:

’ 2X§
E4[d(07,67)] < xp'C + —2>—
Where x = % has again come from the metric distortion bound. Multiplying through by L, we have
that:
2Lx¢&
€stab = —7
n(1—p)
which is the same result as the continuous-time case, expect that A — (1 — p). O
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Event A Event B

(Replaced Element Not Drawn)  (Replaced Element Drawn)

HtS mini-batch @ @ @ @ @ @
Hf/ mini-batch @ @ @ @ @ @

Figure 5: Illustration of the two cases for updating with mini-batches. At each time ¢, we randomly sample
b indices between 1 and n. Then we draw the corresponding data-points from sets S and S’ to form the
mini-batches used to update 85 and 65" respectively. In Event A (left column), the index of the replaced
element is not selected, and therefore the datapoints used to update 6; and 0;5', are the same. In Event B,
the index of the replaced element is selected, and so the datapoints used to perform the update are different.
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